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Abstract: We construct dense Borel measurable subgroups of Lie
groups of intermediate Hausdorff dimension. In particular, we gener-
alize the Erdgs-Volkmann construction [6], showing that any nilpo-
tent o-compact Lie group N admits dense Borel subgroups of arbi-
trary dimension between 0 and dim N. In algebraic groups defined
over a finite extension of the rationals, using diophantine properties
of algebraic numbers, we are also able to construct dense subgroups
of arbitrary dimension, but the general case remains open. In partic-
ular, we raise the following question: does there exist a measurable
proper subgroup of R of positive Hausdorff dimension which is sta-
ble under multiplication by a transcendental number? Subgroups of
nilpotent p-adic analytic groups are also discussed.

1 Introduction

In 1966, Erdss and Volkmann [6] constructed measurable additive subgroups
of R of arbitrary dimension between 0 and 1 (see also [7], example 12.4). This
particular problem can be put in a more general setting: given a metric group
G, what can be the Hausdorff dimension of a measurable subgroup of G?7 In
this paper, we investigate the case of nilpotent Lie groups, endowed with a
left-invariant Riemannian metric. In particular, we show the following theorem.

Theorem 1.1. If G is a nilpotent real Lie group, and ' is a countable sub-
group of G, then, for all o € [0,dim G], there exists a measurable subgroup of
G containing T' that has Hausdorff dimension «. In particular, if G has at
most countably many connected components, then G admits dense measurable
subgroups of arbitrary dimension.

The construction used to prove this theorem is based on induction, and the
subgroups we obtain are not very "homogeneous" in the sense that, although
they have intermediate dimension, their projection on the quotients of the lower
central series might not. Therefore, we investigate an alternative way to con-
struct dense subgroups having intermediate dimension in all quotients. This
alternative construction is an adaptation of the Erd&s-Vokmann construction,
using approximating lattices in G; as such, it only works for nilpotent Lie groups
having rational structure constants. We obtain the following proposition.



Proposition 1.2. Let N be a connected nilpotent Lie group having rational
structure constants. Denote | the nilpotency class of N, and (C")o<i<; the lower
central series of G. Then, for all a > 1, N admits a dense measurable subgroup
F such that, for all p € {0,...,1}, the Hausdor(f dimension of the projection of
F on N/CP is equal to 2 3T _ i(dim C*~1/C").

a

Using elementary diophantine properties of algebraic numbers, we are also
able to get a partial result for solvable groups:

Theorem 1.3. If G is the group of real points of a solvable linear algebraic
group defined over a number field, then G admits dense measurable subgroups
of arbitrary Hausdorff dimension.

Theorems 1.1 and 1.3 can be put into contrast with the main result of [11]:
if G is a compact simple Lie groups, then measurable subgroups cannot have
Hausdorff dimension arbitrarily close to dim G (see also [10]). This phenomenon
is closely related to what happens in additive combinatorics: nilpotent groups
admit approximate subgroups whereas simple algebraic groups do not (see for
instance [3, 4]).

For p-adic analytic groups, the study of the Hausdorff dimension was ini-
tiated by Abercrombie [1] who, among other things, proved the analog of the
Erdés-Volkmann theorem for Q,. Here, the ideas used in the real setting also
apply for p-adic analytic groups, and yield the following result:

Theorem 1.4. Let N be a p-adic analytic nilpotent group, then N admits mea-
surable subgroups of arbitrary dimension between 0 and dim N that are dense in
a neighborhood of the identity.

Again, it should be noted that such a theorem is false without the nilpotency
assumption, as one can see by studying the case of SLq(Z,) (see [11]).

The organization of the paper is as follows. After a few preliminary state-
ments given in section 2, the first theorem is obtained by a simple induction on
the dimension of the group, starting from the Erdds-Volkmann theorem. This is
discussed in section 3, together with the other constructions in nilpotent groups.
In section 4, we investigate subgroups of solvable groups and prove theorem 1.3.
The induction we use there is very similar to the one used in the proof of the-
orem 1.1, but the starting point requires more effort: we need to construct
additive subgroups of the Euclidean space of arbitrary dimension, which are
invariant under matrix transformations with entries in a number field. This is
where we use some basic diophantine properties of algebraic numbers. Finally,
in section 5, we describe the p-adic setting and prove theorem 1.4.
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2 General setting, notations and preliminary lem-
mas

If A is a subset of a metric space G, for s € R* and ¢ > 0, we define
HO(A) = inf(d ] r7}

where the infimum is taken over all countable coverings of A with balls of radius
at most e. Then we let H(*)(A) = lim._,q qe (A). The Hausdorff dimension of
A is defined to be the nonnegative number

dimy A = inf{s € R*|H)(A) = 0}.

Here, G will be a real Lie group or an analytic p-adic Lie group. If G is a
real Lie group, we endow it with a left-invariant Riemannian metric, whereas if
it is a p-adic analytic, we will use any left-invariant metric such that the local
charts from G to ZgimG are bilipschitz maps.

We will make use of the Vinogradov notation: if x and y are two quantities,
we write  « y if there exists an absolute constant C' such that z < Cy, and
reyifrgyify«a.

We now recall two basic lemmas which we will use in the course of the paper.
The first one will be used for the inductive constructions in nilpotent Lie groups,
or Lie algebras:

Lemma 2.1. Denote K =R or Z,. If A is a measurable subset of K, then
dimpy (A x K = 1 4 dimy A.

Proof. This follows from formulae 7.2 and 7.5 of [7], because the Hausdorff
dimension of K! is equal to its upper Minkowski dimension, which is equal to
l. O

The second one will enable us to go easily from nilpotent Lie algebras to
connected nilpotent Lie groups using the fact that the exponential map is a
covering map. For completeness, we include a proof.

Lemma 2.2. Letp: X — Y be a covering of smooth manifolds, and A c X.
Then, dimpg A = dimgy p(A).

Proof. First, p is locally Lipschitz, so
dimpy p(4) < dimy A.

For the converse inequality, as p is a covering map, we may choose a countable
open covering (X;);en of X such that for all 4, p induce a diffeomorphism from
X; onto p(X;). Then,

dimy A = maxdimyg (A n X;) = maxdimy p(A n X;) = dimg p(A).



3 Nilpotent Lie groups

3.1 The Abelian case
Let us start by recalling the Erdés-Volkmann result about subgroups of R¢:

Theorem 3.1 (Erdds-Volkmann, 1966). There exist measurable additive sub-
groups of R% of arbitrary Hausdorff dimension in [0, d].

Using lemma 2.2, one can reformulate the Erdgs-Volkmann theorem in the
slightly more general setting of connected Abelian Lie groups:

Theorem 3.2. If G is a connected Abelian Lie group of dimension d, then G
admits measurable subgroups of arbitrary dimension in [0, d].

Now in order to generalize this theorem to nilpotent Lie groups having at
most countably many connected components, it is convenient to start in the Lie
algebra setting.

Definition 3.3. If g is a Lie algebra, we define a Q-subalgebra of g to be a
Q-vector subspace of g that is stable under the bracket operation.

Definition 3.4. Let V' be a vector space. A subgroup of GL(V) will be called
unipotent if there exists a basis of V' in which all the elements of G are upper
triangular with all diagonal entries equal to 1.

With these definitions, we have the following:

Proposition 3.5. Let n be a nilpotent Lie algebra of dimension d, and D be
a countable unipotent subgroup of Aut(n). For any « € [0,dimn], there exists
a dense measurable Q-subalgebra of n of Hausdorff dimension « that is stable
under the elements of D.

Proof. We use induction on the dimension of n.

If d = 1, the only unipotent element is the identity, so the result follows imme-
diately from the Erdd@s-Volkmann theorem, noting that if H, is a subgroup of
dimension «, then J; o %Ha is a Q-vector subspace of same dimension.

Now let n be a nilpotent Lie algebra, and suppose we know the result for nilpo-
tent Lie algebras of dimension less than that of n. As D is unipotent, there
exists a one-dimensional subspace V' < n which is fixed under D. Moreover,
as the center of n is stable under the elements of D, we may assume that V is
central in n.

First case: a < 1.

Then, by the d = 1 case, we can choose a measurable dense Q-subspace V,, of
V' of Hausdorff dimension «. Choose any dense countable Q-subalgebra Cj of
n stable under D (this is easily seen to exist) and let n, = Cy + V. Then n,
is a countable union of copies of V,,, so dimg n, = «a; n, is a dense measurable
Q-subalgebra of n; and n,, is stable under D, because Cy and V,, are.

Second case: a > 1

In this case, we choose a subspace V' such that n = V @ V’. Identifying V'
with n/V, and using the induction hypothesis, we can find a dense measurable
Q-subalgebra V!_; of V' of Hausdorfl dimension v — 1 which is stable under
D. Let n, = V +V._,. This is a dense measurable Q-subalgebra of n; by
lemma 2.1, it has Hausdorff dimension «; and it is stable under D because V is
stable, V! _, is stable modulo V, and V < n,,. O



The following observation is the tool we need to pass from nilpotent Lie
algebras to nilpotent Lie groups.

Lemma 3.6. Let N be a nilpotent Lie group and n its Lie algebra. If n, is
a Q-subalgebra of n, then N, = expn, = {expzx|x € n,} is a subgroup of
N of Hausdorff dimension «. Moreover, if n, is stable under a family D of
automorphisms of n, then N, is stable under the automorphisms of N whose
tangent map at the identity lie in D.

Remark: In the preceding lemma, if n, is dense and N is connected, then is
N, is dense in N.

Proof. The fact that expn, is a subgroup follows from the Campbell-Hausdorff
formula (see [5], chapter 1):

expXexpY =exp(X +Y + P(X,Y))

where P(X,Y) is a finite (because N is nilpotent) Q-linear combination of
multiple brackets of X and Y. And it must have dimension «, by lemma 2.2,
because the exponential map is a covering map from n to the identity component
of N. Finally, if ¢ is an automorphism of N whose tangent map Ty lies in D,
then we have, for X € n,,

p(exp X) = exp(T'p(X)) € Na,
because n,, is stable under T'p. O

We can finally state and prove our theorem about measurable subgroups of
nilpotent Lie groups:

Theorem 3.7. If N is a nilpotent Lie group and D 1is a countable subgroup
of N, then, for all o € [0,dim N], there exists a measurable subgroup of N
containing D which has Hausdorff dimension c.

Proof. Denote N° the identity component of N and n the Lie algebra of N.
Then N acts on n by the adjoint action. If a € N, we want to show that Ada
is a unipotent transformation on n. For this, we show (with a slight abuse of
notation) that Ad a is unipotent on each c?(n)/cP**(n), where c?(n) is the lower
central series of n (defined by c’(n) = n and, for p > 0, c?**(n) = [n,cP(n)]).
Using that ¢P(n)/cPT1(n) is Abelian, we find, for X € cP(n)/cP*1(n),

exp((Ada —1)X) = aexp Xa™* exp(—X) = (a, exp X),

where (z,y) = xyz~'y~! is the commutator map, and the exponential is from

cP(n)/cPTL(n) to N /{expcPTt(n)). Thus, for n € N large enough, and indepen-
dent of X,

exp((Ada —1)"X) = (a,(a,...,(a,exp(X))...) = 1.

Therefore, (Ada — 1) (cP(n)/cP*1(n)) lies in the discrete set exp~*({1}) and,
by connectedness, (Ada — 1)" (¢?(n)/cPT1(n)) = {0}, i.e. Ada is unipotent
on c?(n)/cPT(n). As (cP(n)),=0 terminates at {0}, we indeed get that Ada in
unipotent on n.

By Kolchin’s theorem (see [12], part I, page 5.7), the group Ad D is unipotent.



As it is also countable, we may apply proposition 3.5 and get that there exists
a dense measurable Q-subalgebra of n of dimension « which is stable under
Ad D. Denote by N, its image under the exponential map; by lemma 3.6, this
is a measurable subgroup of N of Hausdorff dimension «, which is stable under
conjugation by the elements of D. Finally, let M, be the subgroup generated by
N, and D. Then, M, is a measurable subgroup of N containing D. Moreover,
using that N, is stable under conjugation by elements of D, we see that any
element of M, can be written d.n, where d € D and n, € N,. Hence M, is a
countable union of copies of N, so it has Hausdorff dimension «. This is what
we wanted. O

Using that any o-compact Lie group admits a dense countable subgroup, we
get,

Corollary 3.8. If N is a nilpotent Lie group having at most countably many
connected components, then it admits dense measurable subgroups of arbitrary
dimension.

Remark: This corollary is false without the o-compactness assumption. In-

deed, let U = {( (1) 316 ) JTE R} endowed with the discrete topology, and

consider the semi-direct product G = U x R?. If H is a dense subgroup of
G, then, as U is discrete, H must contain a representative of each coset of G
modulo R?2. But then, H contains the orbit of a nonzero vector of R? under
the whole action of U, which has dimension 1. So any dense subgroup of G has
Hausdorff dimension at least 1.

3.2 Approximating lattices

The subgroups constructed in the proof of theorem 3.7, although they have an
intermediate dimension in GG, may not have an intermediate dimension in all
the quotients of the lower central series. In fact, it is easily seen that they have
intermediate dimension in at most one of the quotients.

Recall the lower central series of a group N is defined inductively by C°(N) = N
and, for p > 0, CP*Y(N) = (IV,CP(N)), the subgroup generated by the com-
mutators (z,y) = zyx 'y~ ! with x € N and y € CP(N). If N is nilpotent, the
series terminates to {1}, and the smallest integer [ such that C'(N) = {1} is
called the nilpotency class of N.

It is natural to ask whether it is possible to construct more "homogeneous" in-
termediate dimensional subgroups. It turns out that in the case where NV admits
approximating lattices, we are able to mimic the Erd&s-Volkmann construction
and so to prove the following.

Proposition 3.9. Let N be a connected simply connected nilpotent Lie group
having rational structure constants. Denote | the nilpotency class of N. Then,
for all a > 1, N admits a dense measurable subgroup F' satisfying:

For allp € {0,...,1 — 1}, the Hausdor[f dimension of the projection of F on
N/CP(N) is equal to 2 ¥ | i(dim C*~1(N)/C¥(N)).

Recall that if N is a connected nilpotent Lie group, N admits a lattice if
and only if it has rational structure constants (see [9], theorem 2.12) this is the
reason why we have to restrict attention to these groups when trying to adapt
the Erd&s-Volkmann proof.



Proof of proposition 3.9. Let N be a connected simply connected nilpotent Lie
group having rational structure constants. Let B be a basis of n in which the
structure constants are rational. Let (CP(n))o<p<i be the lower central series of
n, defined by C°(n) = n, and, for p > 0, CP*1(n) = [n,CP(n)]. Starting from B,
and using successive brackets of elements of B, one easily obtains subspaces m,,
such that, for each p,

CP~(n) = CP(n) ®m,

together with a basis (e;) of n adapted to the decomposition n = @ m,, in which
the structure constants of n are rational. The Campbell-Hausdorff formula (cf.
[5], chapter 1) then describes the product law in N = R? = P Re;:

For z € n we write = x1e; + --+ + zqeq, and, if a € N4, z* = H?Zl xh.
Denote deg(e;) the largest integer j such that e; € C7~1(n). Also denote, for
aeN? d, =Y deg(e;);. Then, one has

(xy)i =z +yi + Z Copz®y?

where the C, g are rational constants, and the sum is on the indices o and 8
such that do + dg < deg(e;), do = 1 and dg > 1. We may replace the basis
(e;) by a proportional basis (e}) = (Ae;); then, the Campbell-Hausdorff formula
becomes

()i = o} + yi + DN HITIC, gaty”

so that, without loss of generality, we may assume that the C, g are integers.
We then have, for n € N*,

€i . .
T, = @Zm is a lattice of N.

Now we define, for (nx) an increasing sequence of integers:

F.={xe N :VYk,d(z,I'y,) <rn. "}

F = U F..

reN¥

and

Of course F' is a dense measurable subgroup of N. Let us compute its Haus-
dorff dimension. For conveniency, denote A = prdim mp and B = dim N =

Zp dimm,,. First, for any ball U, F' n U is covered by at most C.n,;A balls of

radius rn, “, and therefore dimpy F, < %. Using that F' is a countable union of
F., we get
. A
dimpg F < —.
a

To prove the reverse inequality, we show dimg Fiy nU > % for some open ball
U containing 1. For this we use the mass distribution principle as described in
Falconer [7], chapter 4:

Starting from a total mass 1 (for U), we equidistribute it at each step on
the balls of lower scale which appear in the construction of F;. This gives us a
sequence of measures p,. Then we choose a converging subsequence of (p,) to
obtain a Borel measure p supported on F; n U and we check that the measure
w is s-Holder for s > %.



The p-measure of a ny “-ball Bj, appearing at stage k is bounded above by
the inverse of the number of such balls, which is

A A A A k=1
™ e _ T HnAfaB
VolU noB naB Vol U ! '

1 k—1 i=1
Hence,
k—1
VolU

aB—A
u(Br) < — [[ni®.

ng

=1

Now, let B, a ball of radius p > 0. Choose k such that ny < p < ng_1. Then
B, meets at most (pPni') many balls of scale k, so

k—1 k—1
B_ay YolU aB—A _ B aB—A
w(By) < (o)== [ [ ni?~" = pP Vol U [T g4
k i=1 i=1

At the same time, B, meets at most one ball of scale k — 1, hence

A=
w(By) < V(,)q v H ”?B_A'
Me-1 321

Taking the geometric mean of ratio s € (0,1), we find,

k—1 s k—2 1=s
B aB—A VolU aB—A
w(B,) < | p° VolU H ng A== H ng

i=1 g1 =1

k—2
_ sB,_A—saB A—aB
= p"n; | | n; .
1=1

Therefore, if we take (ny) to increase sufficiently rapidly, we have, for s > %,

u(B,) « p*P.

The measure p has support in F' and is (sB)-Holder for all s > %, thus,

Sl

dimg F > ,

which is exactly the content of the proposition, in case p = [. Exactly the
same computation can be made for any p in {0,...,l} in order to prove the
proposition, we leave the details to the reader. O

4 Solvable Lie groups

4.1 Additive subgroups of R? stable under matrices with
coefficients in a number field

We explain here how the diophantine properties of algebraic numbers can be
used to construct subgroups of R? of arbitrary dimension that are stable under
the action of matrices with entries in a number field. The fundamental observa-
tion is the following lemma, which should be classical, but for which we could
not find a suitable reference.



Lemma 4.1. If o is a real algebraic number of degree p, then there exists a
constant ¢ = c¢(a) > 0 such that for all n € N*,

&
min{|ag + ara + - + ap_10” s |a;| € {-n,...,n}} =

np—1’

Proof. Without loss of generality, we may assume that « is an algebraic integer.
Otherwise, we replace a by ka where k € N* is appropriately chosen. Denote
B =ap+- - +a,—1aP" . Then 3 is an algebraic integer, hence its norm N ()
is a nonzero integer; in particular, |[N(8)| = 1. Now using the fact that N(5) is
the product of all Galois conjugates of 3, we get

P
= H lag + a10i (@) + -+ + ap_104(a)?]

p
=181 Jlao + ar03(e) + - - + ap_103 ()"

i=2
< Cy.|BlnP T,
where C,, = max{l, |o2(a)|?,...,|op(a)|P}. So that
1 1
Vﬂ = Ei;np_l'

O

In order to construct intermediate dimensional subgroups that are stable
under multiplication by some algebraic numbers, it is convenient to have the
following lemma, which generalizes the Erdés-Volkmann construction.

Definition 4.2. If S is a subset of a metric space U, we will say that S is
d-dense in U if U can be covered by balls of radius & centered at points of S.

Lemma 4.3. Denote I' a finitely generated subgroup of R?. Let Br(n) be the
ball of radius n centered at 1 in T, for the word metric associated to some finite
generating set of I'. Assume that for some a > 1, for all ball U centered at 0 in
R?, there exists § > 0 arbitrarily small and ns € N* such that

Br(ns) is 0-dense in U (1)
and
N(Br(ns) nU,6%) ~§~% Vol U, (2)

where N(A,d) denotes the minimal cardinality of a covering of A with ball of
radius 6. Choose a sequence (0y) of such 6 and, denoting n = ng,, let

F=|J F,
r,s=1
with
Frs = [ \(Br(sni))rs,
where Arse denotes the ré;; neighborhood of the set A.

Then F is a measurable subgroup of R® of Hausdorff dimension g, provided (Jy,)
decreases sufficiently fast to zero.



Proof. First, it is clear that F' is measurable, and that it is a subgroup of N.
Besides, (2) shows that F,. , can be covered by at most d, ¢ balls of radius rdf,
and therefore that dimpy F;. o < %. Using that F' is a countable union of F; ,,
we get

SHESH

Now we have to prove the reverse inequality. For this we use the mass distribu-
tion principle (see Falconer [7], chapter 4). Choose a maximal Ji-separated set
S in each Br(ng) nU, and, starting from a total mass 1 (for U), equidistribute
it at each step on the balls of lower scale. Finally choose a converging subse-
quence to obtain a Borel measure i supported on Fy 1 nU. The p-measure of
a 0p-ball By, at stage k is bounded above by

1 1
N(Br(ny) nU,61)  minges,_, {N(Br(ng) n B(x,0%_,),0%)}

Now, using assumption (1), we have, for all z € S;_1,
N(Br(ny) n B(z,8{1),8;) » 684,674
and so

k
u(Br) « [ ] ot
i=1

Now we claim that u is Holder. To see this, let B, a ball of radius p > 0. Choose
k such that 0 < p < 0k—1. Then B, meets at most (%)d many balls of radius

9, %, so

k
P \d —ad sd
w(B,) « (5*) H ;05 -
kooiz1
And at the same time, B, meets at most one ball of radius dj;_; centered at an
element of S;_1, hence

51?71 b —a
w(B,) « (Tk)dilj[léi—ld(szd'
Therefore,

i—1 Y

min{p, 6¢_1} 417 4
w(By) « (Tkl)dn(s- 107
’ i=1

Now, for 8 €]0, 1[, min{p, §} ,} < pﬁég(_ll_ﬁ) SO
ad(l—pB)—ad+d ¢d—a —a
H(B,) « pHap et gl gdgad
« B0 ab)gd-ad - sd—ad
« p¥
as long as 8 > L and (6;,) decrease sufficiently fast to 0.
The measure p has support in F, and is (8d)-Holder for all 8 > é, therefore,

dimH F Z

a
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Remark: Suppose that I' is generated by p elements, and that there exists
¢ = ¢(T") such that, for all n € N, Bp(n) is c.n~d*!-separated. Then I' satisfies
conditions (1) and (2) for all a > 1.

Proposition 4.4. Let K be a real number field. For any s € [0,d], there exists
a dense measurable subgroup of RY of Hausdorff dimension s which is stable
under multiplication by the matrices with entries in K.

Proof. From the primitive element theorem, we may write K = Q[a] where
« is an algebraic integer. Let I' = Z¢ + Za + --- + Z%P~! where p is
the degree of . Endow I' with the word metric for the set of generators
er, e, ..., aP7 ey, ... eq,...,aP ey, where the (e;) is the usual basis of RY.
From lemma 4.1, for all n € N* the ball Br(n) is ;=r-separated. Hence,
using lemma 4.3 and the following remark, we can construct a dense measur-
able subgroup F' of dimension %, which is easily checked to be invariant under
multiplication by matrices with entries in Z[«]. Letting

=] %F,

neN*

one gets a dense measurable subgroup of R? of dimension g which is stable
under multiplication by matrices with entries in K = Q[a]. O

The previous proposition leads to the following natural questions: For what
real numbers « does there exist a measurable subgroup of R having arbitrary (or
just positive) Hausdorf{f dimension which is invariant under multiplication by «?
Does there exist a measurable subgroup of R of positive Hausdorff dimension
which is invariant under multiplication by a transcendental real number? etc.

4.2 Solvable algebraic groups defined over a number field

Starting from proposition 4.4 and using induction, we will prove the following
lemma, which we will need for our study of solvable algebraic groups:

Lemma 4.5. Let n be a nilpotent Lie algebra, and let D be a family of auto-
morphisms of n such that, in an appropriate basis of n, all the elements of n
have entries in K, where K is a real number field. Then for any o € [0,dimn],
there exists a dense measurable Q-subalgebra of n of Hausdorff dimension « that
is tnvariant under D.

Proof. We use induction on the nilpotency class of n.

If n is Abelian, then the result follows from proposition 4.4.

Now let n be a nilpotent Lie algebra, and suppose we know the result for nilpo-
tent Lie algebras of nilpotency class less than that of n. As the elements of D
are automorphisms of the Lie algebra n, the center 3 of n is invariant under D.
First case: a < dim3.

Then, by the Abelian case, we can choose a measurable dense QQ-subspace 3,
of 3 of Hausdorff dimension «. Choose any dense countable Q-subalgebra Cjy of
n stable under D (this is easily seen to exist) and let n, = Cy + 3o. Then n,
is a countable union of copies of 3, so dimgy n, = a; n, is a dense measurable
Q-subalgebra of n; and n,, is invariant under D.

Second case: a > dim 3

11



In this case, we choose a subspace V'’ such that n = 3 @ V’. Identifying V'
with n/3, and using the induction hypothesis, we can find a dense measurable
subgroup V. _; of V' of Hausdorff dimension « —dim 3 which is stable under D.
Let n, =3 + V. _;; this is a dense measurable Q-subalgebra of n; by lemma 2.1
it has Hausdorff dimension «; and it is invariant under D because V is stable,
V! _, is stable modulo 3, and 3 c n,. O

We are now ready to state and prove our theorem about measurable sub-
groups of connected solvable algebraic groups defined over a number field.

Theorem 4.6. If G = G(R) is the group of real points of a connected solv-
able algebraic group G defined over a number field K, then G admits dense
measurable subgroups of arbitrary dimension.

Proof. By the structure theorem for connected solvable algebraic groups (see
Borel [2], theorem 10.6), G can be written as a semidirect product G = T.G,,
where T is a maximal torus and G, is the connected unipotent group of unipo-
tents elements of G. Denote g, the Lie algebra of G,. We distinguish two cases.
First case: a < dimG,,

From theorem 7.7 of [8], the group D = G(K) is a dense subgroup of G. More-
over, it acts (by the adjoint action) on g, with matrices with entries in K.
Therefore, by lemma 4.5 we can choose a dense measurable Q-subalgebra of g,
of Hausdorff dimension o which is invariant under Ad D. By lemma 3.6 and the
remark following it, its image under the exponential map is then a dense mea-
surable subgroup G, of G,, of dimension a which is stable under conjugation
by the elements of D. We define G, to be the subgroup generated by D and
Guy,a- One easily checks that G, has the required properties.

Second case: o > dim G,

Then, as T is a connected Abelian Lie group, it contains a dense subgroup

To—dima, of dimension (o — dimG,). So we let G4 = To—dima, -Gu- The
group GG, is a dense measurable subgroup of GG, and it has Hausdorff dimension
a, because of lemma 2.1. O

Example: The more general question which asks whether any solvable Lie
group admits dense measurable subgroups of arbitrary dimension remains open.
For instance, let G be the semidirect product R¥ xg R? where

6: R* — AutR?
t o () (ta,ty),
with A € R—Q. If o > 2, one easily construct a dense subgroup of G of
dimension « of the form H, x R?, where H, is a subgroup of R* of dimension
a—2. If a € [1,2], it is still possible to construct a dense subgroup of dimension
a of the form Q% x (H, x R), with H, a dense subgroup of R of dimension o — 1
which is invariant under multiplication under the rationals. However, if a < 1,
then the existence of a dense measurable subgroup of dimension « is unclear.

5 The p-adic setting

5.1 Nilpotent p-adic analytic groups

The proof of theorem 1.4 follows the same lines as in the real case: we start with
the Abelian case, then use induction to study nilpotent Lie algebras, and finally
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lift the result to nilpotent Lie groups, using the Campbell-Hausdorff formula
instead of the exponential map.

In the p-adic setting, dense subgroups of arbitrary dimension of Z, were con-
structed by Abercombie [1].

Theorem 5.1 (Abercrombie). There are dense measurable subgroups of Z, of
arbitrary dimension between 0 and 1.

In fact, one can prove this theorem using almost the same construction as
Erdés and Volkmann: define

F, ={x € Zy|Vk,32' € {0,...,rp"™ — 1} : |z — 2’| < p~"*},

F=JF,

reN

and check that F is a measurable subgroup of Z, of Hausdorff dimension *.
The analog of proposition 3.5 is the following.

Proposition 5.2. Let n be a nilpotent Lie algebra over Q, of dimension d, and
D be a countable unipotent subgroup of Aut(n). For any a € [0,dimn], there
exists a measurable Q-subalgebra of n of Hausdorff dimension o which is stable
under the elements of D.

The proof is exactly the same as that of proposition 3.5, so we omit it. Now,
in order to obtain results about p-adic nilpotent Lie groups, we start by the
following consequence of the proposition:

Corollary 5.3. Let n be a p-adic nilpotent Lie algebra. Define Ny to be the
group whose elements are the elements of n, and whose law is defined using the
Campbell-Hausdorff formula (see [12], part II, page 5.18, remark 1). Let T be a
countable subgroup of No. Then, for all a € [0,dim Ny], there exists a measur-
able subgroup of Ny of Hausdorff dimension « containing I'. In particular, Ny
contains a dense subgroup of Hausdorff dimension «.

Proof. The group D = AdT is a countable unipotent subgroup of GL(n), so, by
the previous proposition, there exists a dense Q-subalgebra n,, of n of Hausdorff
dimension « which is stable under D. Then, as in the proof of proposition 3.6,
one checks that N, = exp(n,) is a subgroup of Ny of Hausdorff dimension «
which is stable under conjugation by the elements of I'. This implies that the
subgroup M, generated by N, and I' is a countable union of copies of N, and
hence has Hausdorff dimension «. Of course, M, is measurable and contains I"
so we have what we wanted. O

We can finally state and prove our theorem on nilpotent p-adic analytic
groups:

Theorem 5.4. If N is a nilpotent p-adic analytic group, then, for all a €
[0,dim N], there exists a measurable subgroup of N of Hausdorff dimension «
which is dense in a neighborhood of the identity.

Proof. From [12], page 5.34, corollary 1, N contains an open subgroup which is
isomorphic to an open subgroup U of the group Ny above. But, by the previous
proposition, Uy contains a dense subgroup of Hausdorff dimension «, so we are
done. O
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Remark: If N contains a normal open subgroup which is isomorphic to a
subgroup of Ny, then, reasoning in the same way as we did in the real setting, it
is possible to show that IV has a dense subgroup of Hausdorff dimension c. So we
ask the following question: given a nilpotent p-adic analytic group N does there
exist an open normal subgroup of N which is isomorphic to a subgroup of Np,
where Ny is defined from the Lie algebra of N, using the Campbell-Hausdorff
formula?
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