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Abstract

We prove that in a simple real Lie group, there is no Borel measurable
dense subgroup of intermediate Hausdorff dimension.

1 Introduction

The main purpose of the present paper is to prove the following theorem.

Theorem 1.1. Let G be a connected simple real Lie group endowed with a
Riemannian metric. There is no Borel measurable dense subgroup of G with
Hausdorff dimension strictly between 0 and dim G.

For the group SU(2), Theorem 1.1 was proved by Lindenstrauss and Saxcé
[11]. In contrast, it is shown in [13] that in a connected nilpotent Lie group G
there exist dense Borel measurable subgroups of arbitrary dimension between 0
and dim G.

The study of subgroups of Lie groups with intermediate Hausdorff dimension
started with the work of Erdés and Volkmann [7], who constructed additive sub-
groups of the real line with arbitrary Hausdorff dimension between 0 and 1, and
conjectured that any Borel subring of the reals has Hausdorff dimension 0. This
conjecture was settled by Edgar and Miller [6] in 2002, and shortly afterwards,
Bourgain [1, 2] provided an independent and more quantitative solution.

The proof of Theorem 1.1 given in this paper follows the strategy of “dis-
cretization” used by Bourgain in its solution to the Erdés-Volkmann Conjecture,
and also yields the following more precise theorem.

Theorem 1.2. Let G be a connected simple real Lie group endowed with a
Riemannian metric. There exists a neighborhood U of the identity in G and a
positive integer k such that for all o > 0, there exists € = €(0) > 0 such that the
following holds.

Suppose A is a Borel subset of U generating a dense subgroup of G and with
Hausdorff dimension dimpg A € [0,dim G — o], then

dimyg A* > dimy A + €,

*The author is supported by ERC AdG grant 267259, and acknowledges partial support
from ANR-12-BS01-0011 (CAESAR).



where A* denotes the set of all elements of G that can be written as products of
k elements of A.

It should be noted that the assumption that the set A is Borel measurable
cannot be omitted. Indeed, Davies [5] showed that there exist non-Borel sub-
fields of the real line of arbitrary Hausdorfl dimension (see also [8]); it is then
easy to check that if F' is a subfield of R of Hausdorff dimension «, then the
subgroup SL(2, F') in SL(2,R) has Hausdorff dimension 3c.

The idea of “discretization” is to translate problems about Hausdorff dimen-
sion into combinatorial problems about covering numbers of sets by balls of
some small fixed radius ¢. For that, Katz and Tao [9] introduced the notion of
(0, €)-set at scale §, which is the natural discretized analog of sets of Hausdorff
dimension o. The study of Hausdorff dimension of product sets then consists
into three steps: first, one proves a combinatorial statement about covering
numbers of (o, €)-sets at scale §, then one deduces from it a flattening statement
for measures, and finally, using Frostman’s Lemma, on derives an inequality on
Hausdorff dimensions.

In the proof of Theorems 1.1 and 1.2, the combinatorial part is based on a
discretized Product Theorem for simple Lie groups [14, Theorem 1.1]. A key
point in this combinatorial analysis is to understand the set = of “troublemakers”
of a subset A in G. Roughly speaking, those are the elements & such that there
exist large subsets A’ and B’ in A such that the product set A’€B’ is not much
larger than A. By controlling the structure of approximate subgroups in G, we
will show that if A is a (o, €)-set at scale 4, then the set Z is included in a union
of few neighborhoods of cosets of closed subgroups of G. This observation
will allow us to prove the expansion statement needed to derive flattening of
measures.

The plan of the paper is as follows. In Section 2, we investigate the structure
of approximate subgroups of G and derive some elementary lemmas about sub-
group chunks. Section 3 is devoted to the proof of the combinatorial discretized
version of Theorem 1.2. Finally, in Section 4, we prove a Flattening Lemma for
Frostman measures, and carry out the applications to Hausdorff dimension of
product sets.
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2 Approximate subgroups and subgroup chunks

2.1 Controlling approximate subgroups

We start by recalling some elementary facts from additive combinatorics. If A
and B are subsets of a group G, we denote by AB the product set of A and B,
ie.

AB = {ab;a € A, be B}.

Similarly, for & > 1, AF denotes the set of elements that can be written as the
product of k elements of A. An important definition for us will be that of an
approximate subgroup, due to Tao [15].

Definition 2.1. Let G be a metric group, and K > 1 a parameter. A K-
approximate subgroup of G is a subset of G satisfying

e A is symmetric and contains the identity.
e There exists a finite set X of cardinality at most K such that AA C X A.

In this paper, G will always denote a connected simple Lie group, endowed
with a left-invariant Riemannian metric. If A is a bounded subset of G, and
0 > 0 is some small scale, we denote by N(A,d) the minimal number of balls of
radius 0 needed to cover A.

For the application to the study of Hausdorff dimension of product sets, the
following definition, due to Katz and Tao [9] is appropriate.

Definition 2.2. Let G be a real Lie group of dimension d. Given o € (0,d)
and € > 0, we say that a subset A in G is a (o, €)-set at scale § if it satisfies

1. N(A,0) <o 7€

2. Forall p >4, for all z in G, N(AN B(z,p),d) < p?d <N(A,9).

Remark 1. One should think of (o, €)-sets at scale § as sets of Hausdorff di-
mension o discretized at scale 6. The parameter ¢ quantifies what we lose in
the discretization process.

log 2

log 3
(o, €)-set at scale § for all § sufficiently small.

Example 1. For ¢ = and any € > 0, the usual triadic Cantor set is a

Given a connected simple Lie group G endowed with a Riemannian met-
ric, we want to describe the structure of (o,€)-sets in G that are also -
approximate subgroups. For that purpose, we make the following definition.

Definition 2.3. Let G be a Lie group, and fix O a neighborhood of 0 in the
Lie algebra g on which the exponential map is injective. Given a symmetric
neighborhood U of the identity such that U C expO, we define a subgroup
chunk in U to be a set of the form U Nexp(O N k), for some Lie subalgebra
h<g.

Similarly, a coset chunk in U is a set of the form U Ngexp(ONh), for some Lie
subalgebra h < g and some element g in U.



Throughout the paper, if X is any subset of G and p some positive number,
X () denotes the p-neighborhood of X in G, i.e.

X® ={zeG|dz,X)<p}

What will allow us to control approximate subgroups with subgroup chunks is
the following discretized Product Theorem [14, Theorem 1.1].

Theorem 2.4 (Product Theorem). Let G be a simple real Lie group of di-
mension d. There exists a neighborhood U of the identity in G such that the
following holds.
Given o € (0,d), there exists T = 7(0) > 0 and ey = €o(0) > 0 such that, for all
e € (0,¢€p), for all & > 0 sufficiently small, if A C U is a set satisfying

1. N(A,0) <6 7€

2. Vp >0, N(A,p) >dp~°

3. N(AAA, ) <07 °N(A4,9)
then there exists a closed connected subgroup H C G, such that

Ac HOD,

Moreover, T and €y remain bounded away from zero when o varies in a compact
subset of (0,d).

Remark 2. Note that if A is a (o, €)-set at scale J, then it necessarily satisfies
the first two conditions of the Product Theorem.

Remark 3. In the conclusion of the Product Theorem, we may of course assume
that the closed connected subgroup H is maximal. If this is the case, then we
know [14, Proposition 2.1] that, provided U has been chosen small enough, HNU
is just the subgroup chunk in U with Lie algebra h = Lie H.

Given a (o, €)-set H that is also a & ~-approximate subgroup, we know from
the Product Theorem that H is included in a small neighborhood of a proper
subgroup chunk. The purpose of the following lemma is to allow us to choose
the subgroup chunk H’ of minimal dimension that can control H.

Lemma 2.5. Let G be a simple Lie group of dimension d. There exists a
neighborhood U of the identity in G such that the following holds.
Given o € (0,d) and b € (0,1), there exist constants Ky and 7y = 7¢(c,b) > 0,
forte{l,...,d—1}, and eg = €g(0) > 0 such that the following holds for any
€ € (0,€) and any § > 0 small enough.
Suppose HcCUisa (0,€)-set at scale § and a §~C-approximate subgroup.
There exists £ in {1,...,d— 1}, a subgroup chunk H' in U* of dimension ¢ and
a subset H' C H'™) | such that:
1. There is_a finite set X of cardinality at most 5 Kee such that
HCXH NH'X.
2. If D s any coset chunk in U such that dim D < ¢, then
N(H' 1 DO §) < 8K N (H ).



Proof. Choose a symmetric neighborhood U, and parameters 7 and ¢y for which
the Product Theorem 2.4 holds. We also assume that U* is still an exponential
neighborhood of the identity in G.

Then, let K; =2-10%* and 7, = (%)d*eT, and choose ¢ maximal such that for
any coset chunk D of dimension less than £,

~ by ~
N(HND®?) §) < §%eeN(H,0).

By the Product Theorem 2.4 and Remark 3, there exists a proper subgroup

chunk Hy in U such that HcC HS(ST). This shows that £ < d — 1.

On the other hand, coset chunks of dimension 0 are just points, and using that
H is a (o, €)-set at scale 4, we see that, provided e is sufficiently small, for any
z in G, one has,

N(H N B(x,52),8) < 67 % ~N(H,8) < 8°K1*N(H,9).

So we also have ¢ > 1.
By maximality of ¢, there exists an ¢-dimensional coset chunk C'in U such that

37y

~ LArESY ~ ~
NHNCC > ) §)=NHNCO ?),§) > §"Ker1eN(H, 5).

Writing C' = gH’ for some subgroup chunk H’ and some element g in U, one
readily sees that, for some constant L depending only on U,

~ ary ~ _
N(E? A HE ) 5) > 69KeneN(H,§) > 6565 N (T, ).

Note that we allow ourselves here a slight abuse of notation, denoting by H’
both the subgroup chunk in U and the subgroup chunk in U?2.

Let A= H? ﬁH’(L‘s%) and B = H. We have
N(AB,8) < N(H?,8) < 6°N(H, ) < §5~DeN (A, ),

so that by Rusza’s Covering Lemma (see below Lemma 2.6), we find that there
exists a finite set X of cardinality at most §~%¢¢ such that

HcC XH NnH'X,

3T
where H' is a neighborhood of size O(d) of the set (H2N H’(L‘sTZ))? Provided
0 is sufficiently small, we have H' c H'®™), where H' now stands for the
subgroup chunk in U*. N
It remains to check Condition 2. Using that H is a §~“-approximate sub-

group, one sees that H’ can be covered by at most 6~4¢ translates of neighbor-
hoods of H of size O(9):

6—45

' | mEOO).
i=1



Let D be any coset chunk in U of dimension less than /.
For each i, we have,

N (z; HO®) ﬂD(‘sW), §) = N(H©®) ﬂxi_lD(‘sw), 5) < N(ﬁﬂx{lD(‘;%), ),
and therefore, by assumption on ¢,
N(z; HCO) A DO 5) < 69K N(H, 5).
This shows that
N(H' N DO §) < 57495 N(H, 5) < 855 N(H, 5).
O

For convenience of the reader, we now give the version of Ruzsa’s Covering
Lemma we used in the above proof.

Lemma 2.6 (Ruzsa Covering Lemma). Let G be a Lie group and U a compact
neighborhood of the identity. There exists a positive constant L such that the
following holds for any parameter K > 1.

Suppose A and B are subsets of U such that N(AB,0) < KN(A,d). Then there
exists a finite set X of cardinality at most LK such that B is included in the
neighborhood of size LS of A~*AX. Similarly, if N(BA,d) < KN(A,§), there
exists a finite set Y of cardinality at most LK such that B is included in the
neighborhood of size L§ of Y AA™!L.

Proof. Let X = {x1,...,2} be maximal among subsets of B such that for each
i # 7, the translates Ax; and Azx; are away from each other by at least 20, in
the sense that

Vo € Ax;, Vy € Ax;, d(x,y) > 20.

Let L; > 0 such that left and right translations by elements of U are L;-bi-
Lipschitz on U. For each i, we have

N(Az;,0) > N(A, L16) > N(A,J).

The set AB contains all the translates Ax;, and those are 20 separated, so we
find
N(AB,5) > Y N(Ax;,6) > (card X)N(4,0),

and therefore,
card X < K.

On the other hand, by maximality of X, if b is any element of B, there exists
an element x; is X such that Ab meets the neighborhood of size 20 of Ax;. This
shows that d(b, A=t Ax;) < 2L16 and thus,

BC AT AXER),



2.2 Intersections of neighborhoods

For us, an important property of neighborhoods of coset chunks is that they are
stable under intersection. Recall that if X is a subset of G, then X(») denotes
the p-neighborhood of X. The lemma we will need is as follows.

Lemma 2.7. Let G be a real Lie group. There exists a neighborhood U of the
identity in G and constants a,b > 0 such that for all p > 0 sufficiently small,

for any two coset chunks C1 and Co in U, satisfying Cy ¢ Cg(pa), we have
C{P) N Céﬂ) C CO(Pb)7
for some coset chunk Cy in U with dim Cy < dim CY.

The proof goes into three steps. First, we study intersections of linear sub-
spaces in a Euclidean space, then we consider intersections of subalgebras of a
Lie algebra, and finally, we prove Lemma 2.7.

Definition 2.8. Given two subspaces V; and V5 of a Euclidean space F, we
define the distance from V; to V, by

d(V1,Va) = sup{d(v, Vo) ; v unit vector in V;}.

Note that d does not define a distance on the set of subspaces of F, as
d(V1,Va) = 0 just means that V; is included in V5.

Lemma 2.9. Let d be a positive integer. There exists a constant co = co(d) > 0
such that if E is a Euclidean space of dimension d, the following holds for any
p > 0 small enough.

Suppose Vi and Vo are two proper subspaces of E such that d(Vi,Va) > p.
Then there exists a nonnegative integer £ < dimVy, a constant ¢ > ¢y, and an
orthogonal family (u;)1<i<e of unit vectors such that,

Vi, u; € V3 NV (1)

and 3¢ .
BE(O, 1) nviN VQ(P ) C ‘/(Pg)7
where V' = Span(u;)1<i<s-

Proof. We will prove the lemma with constant cq = 27971,
Let £ > 0 be maximal such that there exists an orthonormal family (u;)1<;<¢ of
vectors in V; such that

Vie{l,....0}, d(u,Va)<p® .

The assumption d(V3, Va) > p ensures that £ < dim V;. Choosing ¢ = 27, the
u;’s certainly satisfy condition (1).



3c
Now let v be a vector in Bg(0,1)NV; ﬁV2(p ) Write v = Ay =+ -+ Apug +7,
with v’ in Vi N (uq,...,us)*. We have, provided p is small enough,

d(v', Vo) = d(v =Y Ny, Vo) < pF +£p° < pF,

and therefore, by maximality of £,

v’ e
s Va) > [[V/[|p2

2c
3 > [V Id
P = ||’U || (Hv/”a 2

which implies
d(v,V2) = [[v']| < po.

3c c
This shows that Bg(0,1)N VA NV» ") c V), .

The next step, passing from linear subspaces to Lie subalgebras, is an appli-
cation of Lojasiewicz’s inequality.

Lemma 2.10. Let g be a real Lie algebra endowed with a Euclidean metric.
There exist positive constants a and b such that for all p > 0 small enough, we
have the following. Let 1 and ho be two Lie subalgebras of g, and assume that
d(b1,b2) > p*. Then, there exists a Lie subalgebra b such that dimb < dim b,
and ,
By(0,1) nb{ npy” < b,

Proof. For each ¢ in {1,...,d}, the variety M, of orthogonal ¢-tuples of unit
vectors in g is compact and real analytic. We define a real-valued function f on
My by

flur,..oug) = > d([ui,ug], Span(us)i<i<e)?,

1<i<j<t

where [,] denotes the Lie bracket in g.

Note that f(uq,...,ug) =0 if and only if Span(u;) is stable under Lie brackets,
i.e. if and only if the ¢-tuple (u;) is the basis of a Lie subalgebra of g. The
function f is real-analytic so that by the Lojasiewicz inequality [10, Théoréme
2, page 62|, there exists a constant C' such that for r small enough,

Q=

flur,...,ue) <r = d((w),Zy) <717,

where Zy is the zero set of f. In other terms, if f(u1,...,us) < r, then there

exists a Lie subalgebra b of dimension ¢ such that d(Span(u;),b) < re.

Let ¢g be the constant from Lemma 2.9, and let a = ¢p.

Now suppose by and hs are two subalgebras as in the lemma. Choose ¢ < dim by,

¢ > ¢o and a orthonormal family (u;)i1<i<¢ as given by Lemma 2.9. For each

i < j, we have u; and u; are in h, so that [ui,uj] € bh1. Moreover, u; and u; are

in hgpc) so, for some constant L depending only on g, we have [u;,u;] € l‘)éLPC).
3c c

Thus, for p > 0 small enough, [u;, u;] € h1 N hgp ) (Span(ui))(ps), and

flut, ... u) < d?ps < p7.



Therefore, there exists a Lie subalgebra  of dimension ¢ such that d(Span(u;), ) <
p7c. However, by definition of the u;’s, the intersection Bg(0,1)N bgp) N bép) is
included in (Span(ui))(p*‘p%)7 so that, setting b = g&, we indeed get, provided
p is small enough,
bgp) n béﬂ) C h(pb).
O

The above Lemma 2.10 can of course be reformulated in terms of subgroup
chunks, and thus allows to prove Lemma 2.7.

Proof of Lemma 2.7. Suppose without loss of generality that the intersection
ngf’)) N ggHép) is nonempty, and fix gy € ng{p) N ggHQ(p). Then we have, for
some constant L depending only on the compact neighborhood U,

gonLp) ) ngfp) and gOHQ(LP) D) 92H2(p).

All we have to show is that gOHpr) OgOHQ(LP) is included in the p®-neighborhood
of some coset chunk. From g, Hy ¢ ggHz(pa)7 we have goH1 ¢ goHQ(%) whence

il
H, ¢ Hép ), Therefore, by Lemma 2.10 — adjusting slightly the values of a
and b —, there exists a subgroup chunk H, of dimension less than dim H; such
that .
H£LP) e H2(LP) C Héﬂ )7

and this allows us to concude that

b
G HP N goHY C goHY .

3 The set = of troublemakers

Let G be a Lie group and U a compact neighborhood of the identity. If A C
U is a (0,¢)-set at scale ¢ in a Lie group G, we associate to it the set = of
troublemakers for A, defined as

N(9Q,0) > 6N (A,6)? } 2)

== {geU ’chwaith and N(re(0). 8) = 5-N(A.5)

where 7 : (z,y) — xfy. Roughly speaking, an element ¢ is a troublemaker for

the set A if there exist large portions A’ and B’ of A such that the product set
A’¢B’ is not much larger than A.

Example 2. Suppose A = HNU for some closed subgroup of the Lie group G.
If ¢ € U is any element of the normalizer Ng(H) of H, we have A(A C HENU?,
which has roughly the same size as A. So E contains Ng(H)NU.



3.1 Controlling the troublemakers

The purpose of this subsection is to show that if A is a (o, €)-set in a simple
Lie group G, then the set of troublemakers for A is included in a small number
of neighborhoods of cosets of proper closed subgroups of G. Our aim is the
following.

Proposition 3.1. Let G be a simple Lie group. There exists a neighborhood
U of the identity in G such that, given o € (0,dimG), there ezist constants
n=mn(o) >0 and e; = €1(0) > 0 such that the following holds for any € € (0,¢€1)
and any 6 > 0 small enough.

If AC U is a(o,€)-set at scale §, then the set 2 of troublemakers for A, defined
as in (2), is included in a union of at most §~°) neighborhoods of size 5" of
coset chunks in U.

Moreover, n and €1 remain bounded away from 0 when o varies in a compact
subset of (0,dim G).

First, we recall the following proposition on “almost stabilizers” of subspaces
in the adjoint representation of a simple Lie group [14, Proposition 2.7].

Proposition 3.2. Let G be a simple Lie group with trivial center. There exists
a neighborhood U of the identity in G, and a constant ¢ > 0 such that for all
p > 0 small enough, the following holds.

For each proper subspace V' < g, there exists a proper closed connected subgroup
Sy such that for all £ in U,

WAV, V)< p = d(&,Sv) < p°.
That proposition has the following corollary.

Corollary 3.3. Let G be a simple Lie group. There exists a neighborhood U of
the identity and a constant ¢ > 0 such that the following holds for any p > 0
sufficiently small.

For any two proper subgroup chunks H and R of same dimension in U, there
exists a coset chunk C in U such that, for all £ in U,

¢He ' c RPW —  gce W),

Proof. Since the statement only involves a neighborhood of the identity, it is
enough to prove it in the case the group G has trivial center. Choose a neigh-
borhood U of the identity and a constant ¢ > 0 such that Proposition 3.2 holds
for UU~! and 2c.

Given two subgroup chunks H and R having the same dimension, assume that
for some & in U, {HE, !is included in R¥). If ¢ is another element satisfying
€HE' ¢ R, we have, for some constant L depending only on U,

(& OHEL ) c HER,

and this implies, if h denotes the Lie algebra of H,
d((Ad&;€)b.b) < Lp.

10



From Proposition 3.2, it follows that there exists a closed subgroup S such that
for p small enough,

¢HE ' cRP — ¢« EOS(LP%) C €SP,
This proves the lemma. O

The proof of Proposition 3.1 is based on the following lemma, which is an
application of the inclusion-exclusion principle.

Lemma 3.4. Let G be a Lie group, and fix a neighborhood U of the identity
and constants a and b as given by Lemma 2.7.
Let o € (0,d) and fix an integer £ € {1,...,d — 1}. Let A be any subset of
U, and 6 > 0 some small scale. Given two parameters K and 7 > 0, we are
interested in subsets C' of U such that:

1. 65<N(A,8) < N(C N A,0)

2. We have C C C7) | for some coset chunk C of dimension (.

3. If D is any coset chunk such that dim D < ¢, then

N(C N DO §) < §4E<N(A, 6).

Let C be the union of all such sets C. Then, there exists a family (C;)1<;<os-xe
of coset chunks of dimension £ such that

26~ K¢
cc | e

i=1

Proof. Choose successively sets 5’1-, 1 > 1 satisfying all requirements of the
lemma — in particular C; C C’i(é ) for some (-dimensional coset chunk C; — and
such that for each 1,

i
(67) (6°7)
cilzljoy .
k=1
Clearly, this procedure must stop, and when it does, we obtain a finite family
(Ci)1<i<n of coset chunks such that

N aT
ccljol.

i=1
It remains to check that N < 26~%¢. For that, first note that for all 1 < i <
j < N, by Lemma 2.7, there exists a coset chunk D with dim D < ¢ such that
C’i((s N Cj(-é )« D@ In particular,

N(C;nCy,8) < N(C;n e n el 6) < N(C;n DO, 5),

whence, using the third assumption on 6’;,

N(CiNCj,68) < 6N (A,6).

11



Now, as A certainly contains Ufil AN @, we find

N(A,8) > N(ANCy,8) + (N(ANCy,6) — N(ANCy N Cs, 8))
+(N(ANC5,8) —N(ANCy N C5,8) — N(ANCoN Cs,68)) + . ..
> 0NEN(A,6) [1+ (1 —6°F) + (1 —28%F) +...],
keeping only the first min(V, §3£¢) terms in the sum. The terms on the right-

hand side of the above inequality are non-negative and form an arithmetic pro-
gression, so that we get the lower bound

N(A,5) > 5“% min(N, 53K\ N (4, §).

This forces min(N,§~3%€) = N and in turn,
N <2675
U

Proof of Proposition 3.1. A. Choose a symmetric neighborhood U such that
both Lemma 2.5 and Lemma 3.7 hold in the neighborhood U*. Let £ be an ele-
ment of Z. From the non-commutative version of the Balog-Szemerédi-Gowers
Lemma, due to Tao [15, Theorem 6.10], there exists a constant K > 2 such that

there exists a 6~ ¢-approximate subgroup H and elements z,y in G such that
§KEN(A,0) < N(zHNA,8) < N(H,6) <5 KN(4,0)

and
6KeN(A,8) < N(¢'HynA,8) < N(H,5) <5 5°N(A4,6).

B. First, we claim that H is a (o, 3K¢)-set at scale 4.
Indeed, suppose for a contradiction that for some ball B, of radius p > J, we
have _ _
N(HNB,,8) > 6 3K p"N(H,Ss).
Then, _ B B _
N((H N B,)H,5) < N(H?6) <5 ¥°N(H,9),
so that B B B
N((H N B,)H,d) < §**p"N(H N B,, ).

Applying the Covering Lemma 2.6 to the sets HN B, and H, we find that for
some constant L depending on U only, there is a set W of cardinality at most
L&*5€p=7 such that,

HcW-(H*nB(1,Lp) ¢ |J B(w,Lp).
weW

Recalling that N(zH N A,08) > 65<N(A, ), we see that for some w in W, we
have

1 5 1 K
> € > € o
N(AN B(zw, Lp),d8) > p— 0%°N(A, ) > L(5 P’ N(4,9),

12



contradicting the fact that A is (o, €)-set at scale J, since for § small enough,

1760’ g L—€
Z(st > (Lp)°d~°.

C. Now, let ¢y, Ky and 79, 1 < ¢ < d — 1, be as in Lemma 2.5. Provided
€ < € := 5%, Lemma 2.5 shows that there is an integer £ € {1,...,d — 1} and
a subgroup chunk H’ of dimension ¢ such that, for some set H' c H'(™,
1. There is a finite set X of cardinality at most §—3%¢¥¢ such that HC
XH NnH'X.
2. If D is any coset chunk in U such that dim D < ¢, then
N(H' 0 DO"™) §) < §24K:Ke N ([ | §) < §28KeKeN (A, §).
We have 2H C 2X H’, and recalling that N(zH N A,8) > 65<N(A, ), we find
that for some 2’ in X,

1
rd X

N(z'H' N A,0) > = SKEN(A,8) > KN (A, ).

Similarly, there exists 4’ such that
N(ETH'y' N A, 8) > §*KKeN (A4, 6).

Denote by C the union of all subsets C of U* satisfying the conditions of
Lemma 3.4, with constants K’ = 4K,K and 7 = 7,. By Lemma 3.4, there
is a family of coset chunks (C;);<;<o5-1x,x< such that

95— 4KKe

cc | o
i=1

D. As 2/H' and £'H'y’ both satisfy the conditions of Lemma 3.4, there must
exist indices ¢ and j such that

JH cCc® and ¢HY C C](-(SM). (3)

Denote by H; the left-direction of Cj, i.e. the subgroup chunk such that there
exists z; such that C; = z;H;, and by R; the right-direction of C;. From (3),
we get

¢ Hg c R,

and therefore, by Corollary 3.3, for some small ¢ > 0 depending only on U,
(7
gecl)

where C} ; is a left-coset of some proper maximal closed subgroup in G.

Letting n = carg—1 = minj<y<q—1 care and considering all (at most 600
cosets C; ; arising for some dimension ¢ € {1,...,d — 1}, this proves the propo-
sition. 0
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3.2 Escaping from the troublemakers

We start by a lemma that will allow us to escape from hyperplanes in the adjoint
representation.

Lemma 3.5. Let G be a connected simple real Lie group of dimension d. There
exist integers k and s such that for any set A containing 1 and generating a dense
subgroup of G, there exists a finite family (a;)1<i<i of elements of the product
set A® such that for any nonzero vector v € g and any hyperplane V < g, there
exists an index i for which

(Ada;)v ¢ V.

Proof. Let A be a topologically generating set of G, and fix (a, b) a topologically
generating pair of elements of A (for the existence of such a pair, see for example
[4]). By induction on ¢ < d we will show that for any nonzero vector v in g and

any subspace V of dimension ¢, there exist elements ay,...,a, in {1,a,b} such
that

ag...ai1 v € V.
(=1

If v gV, just take a3 = 1. Otherwise, V = Ruv. The stabilizer StabV of the
line V is a proper closed subgroup of G and therefore we must have a ¢ Stab V'
or b ¢ Stab V. This shows that av € V or bv ¢ V.
{—=0+1
Suppose we know the result for subspaces of dimension at most ¢, and let V' be a
proper subspace of g of dimension £ +1 < d. Let V; = VNa~ 'V Nb~'V. Either
a or b is out of the proper closed subgroup Stab V', so we must have dim V; < /.
By the induction hypothesis, there exist elements ay, ..., a in {1, a, b} such that
ag...a1-v € Vi. By definition of V; this shows that for some a,q; in {1, a,b},
we must have

agy10p...a1-v & V.
This proves the lemma, with constants s = d — 1 and k = 2% — 1 (the number

of words of length at most d — 1 in a and b). O

The goal of this subsection is to show that one can always escape from the
set = of troublemakers of a (o, €)-set A, in the following precise sense.

Proposition 3.6. Let G be a simple Lie group. There ezists a neighborhood U
of the identity such that, given o € (0,d), there exists ¢ = €(o) > 0 such that
the following holds.

Suppose {a; }1<i<k s a finite set of elements satisfying the conclusion of Lemma 3.5,
let n = d% and consider the set I1 of all projections ™ : GX™ — G of the form

71—(1'1» ceey xn) = Liy Uy Tig Ay« v - Qi Ty s

where {i1 <iy < -+ <im} C{l,...,n} and (j1,-..,jm-1) € {1,..., k}m7L.
Then, for all 6 > 0 small enough, if A C U is a (0,€)-set at scale 6, and if

14



is any subset of the Cartesian product set A*™ such that N(Q,8) > §°N(A,d0)",
then there exists some m in II such that

m(Q) ¢ =,
where 2 is the set of troublemakers for A, as defined in (2).

The proof of Proposition 3.6 will be based on a repeated application of the
following lemma.

Lemma 3.7. Let G be a simple Lie group. There exist a neighborhood U of the
identity and a constant b > 0 such that given co > 0, for all p > 0 small enough
(in terms of ¢p), the following holds.

Let A be a subset of U, and Q2 a subset of the Cartesian product set A*™ (n > d).
Assume that there exist coset chunks C;, 1 < i <d in U such that

Qcc x...xCP xU - xU.

For each i, write C; = g;H;, for some subgroup chunk H; and some element g;
in U, and suppose that there exist elements a;, 1 < i < d—11in U and unit
vectors v; € b;, such that, denoting t; = a;g;+1ai+1Gi+2 - - - @g—194, we have,
foreach i in {1,...,d—1},

d
d((Adt; i, @ R(Adt; ;) > co. (4)
j=it1

Finally, let ™ be the map G*™ — G defined by
(X1, ey Tp) = T1Q7 - .. Tg—10g—1%4

and assume that for some proper coset chunk C in U,

() c C¥,
Then there exists an index ig in {1,...,d} and elements u; € U, 1 < i < d,
i # 19, such that the set
Q = {(Tig, Tag1, - Tn) € A (uy o Uiy 1, iy Uig 15+ - -5 Udy Tdg1s - - -5 Tn) € Q}
satisfies
L N(,08) > yiagar

2. C C'P) x U x -+ x U, for some coset chunk C' in U satisfying
dim " < max;<i<qdim C;.

Proof. Choose U such that Lemma 2.7 holds.

Let ¢; > 0 be as in Lemma 3.8 below. Write C' = gH for some ¢ in U and some
subgroup chunk H with Lie algebra . By Lemma 3.8 applied to the family
(u;) = ((Adt;)~1v;), there exists an index i in {1,...,d} for which

d((Adt; v, b) > .

15



Fix a large constant L > 2, and let ig € {1,...,d} be maximal such that

—1 C1
A(AdE, b, h) > T+
Then choose any elements u;, i # ig, 1 <14 < d so that the set ' defined in the
lemma, satisfies

/ N(6,0)
N(,0) 2 s

Now let (z;,,Zd4+1,--.,%n) be an element of . We want to show that

z;, stays in a neighborhood of size p® of a coset chunk C’ satisfying dim C’ <
dim Cj,. This will follow from

T;, € gion‘(Op) and wiag... Ao —1Tio Ay - - - Ug € gH(p)

For simplicity, denote ¢t = t;, and s = ti_olaio ...ugq, so that the above can be
rewritten, for some w in U,

Zi, € gioHiop) and z;, € utsH® g= 1471,

To conclude, we want to apply Lemma 2.7, but for that, we need to check
that the two coset chunks above are away from one another. For each i, write
u; = g;h;, for some h; is the subgroup chunk H;, so that

-1 -1
s = ti0+1hio+1tio+1 RPN td_lhd_ltd_lhd.

By maximality of ig, we have, for each i > ig, d((Adt;)"h;, b) < &,
so that in particular, for some constant Ly depending only on U,

L
Vi > 10, d(ti_lhiti,H) < zfl
This shows that s is quite close to H:
Locl 2L061
d(SaH)S Li = Lio+t1’

>0

which implies, for some constant L; depending only on U,

Lic
—1 1¢1
d(sHs *,H) < TiotT"

On the other hand, by our choice of iy, we have, for some constant Lo depending
on U only,

_ C1
d(t™'H; t,H) > _
( 0 )—L2L10

Now, for some constant L3 depending only on U,

1
d(H;,,tsHs 't 1) > L—d(t_lHiOt,sHs_l)
3
1
> L—[d(t_lHiOt, H) —d(H,sHs™ )],
3
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so that

1 c Lic
) —1,—1 L 1 _ 1¢1
d(H;,,tsHs "t~ ") > Lg[LQLiO Lio+1]
C1
- Li0+1

provided L has been chosen larger than Lo(Ls + L1).

To conclude, let a and b be the constants from Lemma 2.7. The above
inequality ensures that for p > 0 sufficiently small,

d(H;,, tsHs 1) > p%,

07
so that there exists a coset chunk C’ with dim ¢’ < dim C;, and
gioHi(Op) NutsH® s~ 141 ¢,
Thus,
QO x Ax - x A,
and the lemma is proven. O

At the beginning of the above proof, we made use of the following easy
lemma.

Lemma 3.8. Let F be a Fuclidean vector space of dimension d. Given ¢y > 0,
there exists a constant c¢; > 0 such that the following holds.
Suppose (u;)1<i<q 15 @ family of unit vectors of E such that

Vie{l,...,d—1}, d(uit1,Span(u;)i<;<i) > co. (5)
Then, for all proper linear subspace W < E, there exists an index i for which
d(u;, W) > e;.
Proof. Given a d-tuple (u;) of elements of g and a hyperplane W < g, we define
o(u1,...,uq, W) = max d(u;, W).

1<i<d
The map ¢ is continuous, and strictly positive whenever (u;) is a basis for g.
The set E., of d-tuples (u;) of unit vectors satisfying (5) is compact, and so is
the Grassmannian variety G of hyperplanes of g. This proves the lemma, with
constant ¢; equal to the minimal value of ¢ on the compact set E., x G. O

For simplicity, if €2 is a subset of the Cartesian product set G*™, we will say
that a set Q' comes from Q if there exist indices i1 < ia < --- < i, in {1,...,n}
and elements x;,, ..., ;. such that

r

Q' c {(IEZ) 1<i<n
ig{ils"wir}

(xi)lgign S Q} .

We now turn to the proof of Proposition 3.6.
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Proof of Proposition 3.6. The neighborhood U is chosen such that Lemma 3.7
holds.

Recall from Proposition 3.1 that there exists a finite family (C;)i<;<s-o of
coset chunks in U such that o

=c | o (6)

1<i<§=0(9)

Let 2 be a subset of the Cartesian product A*™ such that N(£,6) > 6N (4, )",
and assume for a contradiction that for all 7 in II,

() C =. (7)

For s € {0,...,d— 1}, we let n, = d%~* and 7, = b*n. To reach a contradiction,
we apply Lemma 3.7 inductively. We decompose the reasoning into (at most) d
steps.
Step 0
Just using the inclusion (7) for all projections on the coordinates, and recalling
that = is controlled by (6), we see that  is included in a union of at most 6 ~©(¢)

sets of the form C§6”) Xoeee X 07(167]), where the C;’s are proper coset chunks in
U. By the pigeonhole principle, there must exist coset chunks Cpyy, ..., Cy, of
dimension at most d — 1 and a set 5 C € such that

1. N(Qq,0) > 0°IN(Q,5)

2. Qo x.ox it
Steps+1,5>0
Suppose we have constructed a set 2, C A*™ coming from €2, and coset chunks
Csi, ..., Csy, of dimension at most d — 1 — s and at least 1 such that

1. N(Q,0) > 6CCN(A, 5"

2. Q, ) . ox ol
For each i € {1,...,ns}, write Cs; = g;H; for some subgroup chunk H; and
some element g; in U. By assumption on the family {a;}, there exists a constant
co > 0 such that for all unit vector v € g and all hyperplane W < g, there exists
an element a; such that d((Ad a;)v, W) > ¢g. This allows us to choose ay, ..., aq
among the a;’s so that condition (4) of Lemma 3.7 is satisfied (for some constant
¢o depending only on the set of parameters {a;}). Denote by 7 the associated
projection. From the inclusions 7(€2s) C = and (6), we see by the pigeonhole
principle that there exists a coset chunk C' = gH in U and a subset Q. C Q;
such that N(Q,8) > 62O N(Q,,d) and 7(Q,) c C©"),
We now apply Lemma 3.7 to 2., at scale p = §", and get a set {J;; C AX7s—d+L
coming from Q4 and a coset chunk C(,11); in U of dimension at most d —2 — s
such that

L. N(Q1,6) > 5O(€)N(A’ §)ns—d+1

(87s+1) (67%) (67%)
2. Q4 C C(s+1)1 X Cs(d+1) <+ X Csn,

Repeating this argument with the next d coordinates, and then again with
the d following, etc., we finally get a set Q541 coming from s and included
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in the Cartesian product A*"s+1 and coset chunks Csi1y1,- .5 Clsqiyn,,, of
dimension at most d — 2 — s in U such that

1. N(Qy1,08) > OCIN(A, 5+
2. Q) x0T

(s+1)1 (s+1)n
As the dimensions of the coset chunks Cj; are bounded above by d — s — 1, we
must obtain, for some s < d — 1 and some i € {1,...,ns} that dimCs; = 0. In

other terms, the set Cj; is reduced to a point, so that the projection S of €
on its i-th coordinate is included in a ball of radius §". By construction, S is
included in A, so that recalling that A is a (o, €)-set at scale §, we find

N(S,8) < 67" ~°N(A, 6).

However, from the lower bound 69 N(A,§)" on the cardinality of €, it is

readily seen that
N(8,0) > 69IN(4,6),

which yields the desired contradiction, provided € has been chosen small enough.
O

Let n = d?, and II be the set of projections G*™ — G as defined in Propo-
sition 3.6. Let N denote the cardinality of II, and consider the map

w: GXntN+l — G
(T15+ s Ty Yos 5 YN) = Yo (X1, Tn)Y1 - YNATN(T15 -5 T )YN
(8)
Proposition 3.6 has the following corollary on expansion of (o, €)-sets in the
simple Lie group G.

Corollary 3.9. Let G be a simple Lie group. There exists a neighborhood U of
the identity such that, given o € (0,d), there exists e = €(o) > 0 such that the
following holds.
Suppose (a;) is a family of elements of U satisfying the conclusion of Lemma 3.5,
and let w : GX"tNTL 5 G be the associated map, as defined above.
For all 6 > 0 sufficiently small, if A C U is a (0,¢€)-set at scale § and Q is a
subset of the Cartesian product A*"+N+1 satisfying N(Q,d) > 6N (A, §)" TN+
then

Nw(Q),8) > 6" °N(A4,9).

Proof. For a n-tuple x = (z1,...,2,) of elements of U, we denote

Qx = {y: (y()v"'vyN)'(xlvu'vxn?yOv"'vyN) GQ}

Let
@ = {(2,9) € O N(Qu.0) > SN (4,57},
One has
SEN(A, )N < N(Q,6) < N(,6) + N(A, 6)”%N(A,6)N+1,
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so that 5¢
N(Q,6) > EJV(A,(S)N+"+1.

This shows that we may assume without loss of generality that for all x in the
projection of € onto the first n coordinates,

N(Qy,8) > 6N (A, 6N+,

Now, provided € is small enough, we may apply Proposition 3.6 to the projection
of Q to the first n coordinates, and we obtain an index i € {1,..., N} and
20 = (29,...,2%) such that

E=m(9,...,20) ¢ E.

As N(Q40,8) > 6°N(A,6)N*!, we may find elements 49, j & {i —1,i} such that
denoting

Ql = {(yiflayi) | (x(l)a R 7x27y?5 N 7y?72’yiflayiay?+17' .. 7y9\[) € Q}a

we have

N(Q4,08) > 6°N(A, )%
By definition of the set = of troublemakers, £ € = implies that
N(me(1),0) > 67 °N(A4,0),

where 7¢ : (z,y) — z€y. However, it is readily seen that for some elements u and
v in UL (where L is the total length of the word w), we have ume(Q1)v C w(Q),
and therefore,

N(w(Q),6) > I °N(A4,9).

4 Flattening and dimension increment

It is now time to translate the combinatorial results of the previous section into
statements about measures, and in turn, about Hausdorff dimension of product
sets.

Definition 4.1. A Borel probability measure on the Lie group G is called o-
Frostman if it satisfies, for all § > 0 sufficiently small, and all x in G,

w(B(x,0)) < 6°.

The importance of this definition lies in the following lemma (see Mattila [12,
Chapter 8]).

Lemma 4.2 (Frostman’s Lemma). Let G be a Lie group of dimension d, and
o€ (0,d).
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e Suppose u is a o-Frostman measure on G, and A is a Borel subset of G
such that p(A) > 0. Then dimg A > 0.

o Conversely, if A is a Borel subset of G satisfying dimyg A > o, then there
exists a o-Frostman measure . whose support in included in A.

The goal of this section is to prove the following Flattening Lemma, in the
spirit of Bourgain-Gamburd [3, Proposition 1].

Lemma 4.3. Let G be a connected simple Lie group of dimension d. There
exists a neighborhood U of the identity in G such that, given o € (0,d), there
exists €1 = €1(0) > 0 such that the following holds.

Suppose {a;} is a family of elements of U satisfying the conclusion of Lemma 3.5,
and let w: G*P — G be the associated map, as defined in (8).

If u is a o-Frostman finite measure supported on U and v is the pushforward of
pu®P under the map w, then v * v is (o0 + €1)-Frostman.

Moreover, €1 is bounded away from 0 if o varies in a compact subset of (0, d).

From the flattening lemma, it is easy to prove the results announced in the
introduction:

Theorem 4.4. Let G be a connected simple Lie group of dimension d. There
ezists a neighborhood U of the identity in G and a positive integer k such that
given o > 0, there exists € = €(c) > 0 such that if A C U is any Borel measurable
topologically generating set of Hausdorff dimension « € [o,d — o] then

dimH Ak Z €+ diIl’lH A.

Proof. Choose a neighborhood U of the identity and €; > 0 such that Lemma 4.3
holds, and let € = 5.

The set A is topologically generating, so we may choose in a product set A® a
finite collection of elements {a;} satisfying the conclusion of Lemma 3.5.

By Frostman’s Lemma, there exists a Borel probability measure p which is
(o — €)-Frostman and whose support is included in A.

Let v be the image measure v = w, (u®?). All the a;’s are in a product set A*
and the measure u is supported on A, so there exists an integer k (depending
only on G) such that v v is supported on the product set A*.

By Lemma 4.3, we know that, provided we have chosen e small enough, the
measure v * v is (a + €)-Frostman, and this shows that dimg A* > a +e. O

As a corollary, we obtain:

Corollary 4.5. Let G be a connected simple real Lie group. Any dense Borel
measurable sub-semigroup of G has Hausdorff dimension 0 or dimG.

Before we turn to the proof of Lemma 4.3, we record the following elementary
lemma.

Lemma 4.6. Let v be a finite measure on a measurable space T, let U be an
open subset of R%, and p be a Borel measure on U with square integrable density.
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Suppose w : U x T — R% is a measurable map such that for each t in T, the
partial applzcatzon wy : u > w(u,t) is injective and differentiable, with Jacobian
Jw, . If C is a positive constant such that,

Vt7u7 |Jwt( )‘ 2

Ql=

then the measure w. (1 ® v) has square integrable density, and

lwa(n @ v)|l2 < C20(T)||l2-

Proof. Denoting by f the density of u, it is readily checked that the measure
ws(p ® v) has density 6 given by

) = [ T w7 ) ) vt

By Cauchy-Schwarz’s inequality, we have

luwtns = | (/ sy 07 () s (2 )|du)2dz
<ol [ emwn S ()P )P o e

By assumption, we have for all ¢ and z, \Jwt—l (2)] < C, and therefore, using also
Fubini’s Theorem and the obvious change of variables,

e ) < CoT) [ [ W Fr ()21 2) s
= Cu(T| 1l
0

We will apply the above lemma to the map w defined in (8). By the following
lemma, this will be possible, provided we restrict to a suitable neighborhood of
the identity.

Lemma 4.7. Let G be a simple Lie group. There exists a neighborhood U of
the identity in G and a constant C depending on G only such that the following
holds.
Suppose {a;1<i<k s a finite set of elements of U satisfying the conclusion of
Lemma 3.5, and let w : UP — G be the corresponding map, defined as in (8). If
(ti)i<i<p is any family of elements of U, then the partial application

i#£i0

wy T Wt tig—1, %, bigt1s - - -5 Tp)

is injective on U and its Jacobian satisfies

1

> —.
‘Jwt| = C
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Proof. Let w be the map

Gk+p - G
({ai}, (z5)) = wiay(@1,...,1p).

Since w is a word in the a;’s and x;’s with only positive exponents, its derivative
at the identity has the form

(nil |noI| ... | ngypl),

where the n;’s are positive integers. The lemma easily follows from this obser-
vation, by continuity of the derivative of w and by a quantitative version of the
Inverse Function Theorem (see e.g. [14, Theorem 2.11]). O

For any small scale § > 0, we denote by Ps the function %, and if p is

any Borel measure on the Lie group G, we write us = u * Ps.

The proof of Lemma 4.3 goes by approximating the measure pus by dyadic
level sets. We say that a collection of sets {X;}ics is essentially disjoint if for
some constant C' depending only on the ambient group G, any intersection of
more than C distinct sets X; is empty. We will use the following lemma.

Lemma 4.8. Let G be a real Lie group and U be a compact neighborhood of
the identity in G. Suppose i is a Borel probability measure on G and § > 0 is
some small scale.

Then, there exist subsets A;, 0 <1 < log% such that

Lops < 32,200, < puas
2. Each A; is an essentially disjoint union of balls of radius ¢.

Proof. A proof in the case G = SU(2) is given in [11] and also applies in this
more general setting, up to some minor changes. O

Proof of Lemma 4.3. Let p be a o-Frostman probability measure supported on
U, and assume for a contradiction that for some small € > 0 and some arbitrary
small ball B(z,d), we have

v v(B(x,68)) > 57T

From
v v(B(z,0)) < 6%s x vs(x) < 6% vs|2,

we find
lvsll3 > 6=t (9)

Using Lemma 4.8, we approximate us by dyadic level sets:

s K ZQi]lAi K 45,

7
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each A; being an essentially disjoint union of balls of radius §.
By inequality (9),

—dto+te . .
7 < wslla < || D wa(@Ma, @ @271 4, )
i1l )
< 3 @ 1a, @ @214, )2,
74‘1’“'57;}7
so there exist indices 4,...,1%, such that
w20 1a,, ® - @27 14, )2 267 2400, (10)

Given ¢ in {1,...,p}, Lemma 4.7 ensures that we may apply Lemma 4.6 to the
map w and to the measures with density 2”1141'@ and ®é,# 214, and this
I

yields
—d+o ) .
§Tz 1000 ”2@@114” lo - || ®2w. ILAW 1
Py
=2 4q,|* [ 21451
e,

Using also that the definition of the A;’s implies that
2A;l <1 and 24|27 < ||psl)2,

the above forces

2i/2 > §FTHOE) and W 40, 2|4, | > 69,

This must hold for each ¢, and therefore, for each ¢,
20 = §74ro+0(O)  and  2i¢|4,,| = 6909, (11)
As the set A;, is a union of ball of radius §, this shows that
N(A;,,8) > 674 A,;,| > 67100,
Moreover, as the measure pu is o-Frostman, we have, for all p > §,
2| A;, N B(z, p)| < pw(B(z,4p)) < p°,
whence
N(A;, N B(z,p),0) < §~4A;, N B(x,p)| < p”6 PN (A,,,0).

Thus, each 4;, is a (o, O(¢))-set at scale §, and therefore, so is
P
A=A,
=1
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Now let ¢ be the density function of the measure w, (2" 14, ®--- ® 2' la,,)-
On one hand, by (10), we have

H@H% _ 5—d+a+0(e).

On the other hand, p is o-Frostman and v can be written 14 * p for some
probability measure vy, so that v is also o-Frostman, which implies

lplloo < 674

Let

E={relp@ > 128

We have
loll2 loll2
W@s/w+/ wswm/¢+—ﬁ o <llolo [ o+ 122
E G\E E 2 Ja E 2

whence )
E 2/lelloo

Letting  be the inverse image w1 (E), the above inequality certainly implies
that
:u®k(Q) > 60(6)7

which, by the fact that u is o-Frostman, shows that
N(Q,8) > 6 ko0 > §OIN(A, )k,

To obtain a contradiction, we will bound the size of w(f2) = E using that ¢
takes large values on that set. First observe that isolating the last letter of w —
in (8), the letter yn — allows us to write ¢ as a convolution

© =1 * (2iPILAp).

Then, as A, is a union of balls of radius J, we have 14, < 14, * Pg and
therefore,
<L Px* Pg .

In particular, for each x in F,

[\] V)

lellz p(r) < 5_d/ @,
2 B(z,2)

and summing this inequality for = in a maximal d-separated set in E, we find
lell3 —d —d
5 N(E,0) <6 p <o

Thus,
N(w(R),6) <7779 < §7ON(4, ),

which contradicts Corollary 3.9, provided we have chosen € small enough. [
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