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Abstract

We prove a discretized sum-product theorem for representations of Lie
groups whose Jordan-Hdélder decomposition does not contain the trivial
representation. This expansion result is used to derive a product theorem
in perfect Lie groups.

1 Introduction

Throughout this paper, G will denote a connected real Lie group, endowed
with a left-invariant Riemmanian metric. For x € G and p > 0, we denote by
Ba(x, p) the ball of center x and radius p in G. For A € G and p > 0, A"
stands for the p-neighborhood of A and N (A, p) stands for the covering number
of A by p-balls, i.e.

N
N(A,p) :min{NEN | 3zq,..., 2y € G,AC UBg(xi,p)}.

i=1

The same notation is used for other metric spaces.

1.1 Sum-product theorem in representations of Lie groups

In the first part of this paper, we study the sum-product phenomenon in rep-
resentations of Lie groups. We shall work with some linear representation of G
over some finite-dimensional real vector space V', endowed with some norm. We
shall also refer to representations of G as G-modules. For A C G, X C V and
s > 1, we denote by (A, X); the set of elements in V' that can be obtained as
combinations of sums, differences and products of at most s elements from A
and X.

Note that the distance on G induces a natural distance on each of its quo-
tients. Let N <1G be a closed normal subgroup. We denote by ng/n: G — G/N
the canonical projection. Then there is a unique distance on G/N satisfying
Ve,y € G, dlrg/n(x), ma/n(y)) = d(z~'y,N). Throughout this paper, all
quotients G/N will be endowed with this distance.

Following [22], we say that a subset A C G is p-away from closed connected
subgroups for some parameter p > 0 if for any proper closed connected subgroup
H < @G, there exists a € A with d(a, H) > p. Similarly, we say that a subset
X C Vis p-away from submodules if for any proper G-submodule W < V| there
exists © € X with d(z, W) > p.
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We say that a G-module V is in P(G) if the trivial representation does not
appear as a simple quotient in the Jordan-Hélder decomposition of G — see
Definition 2.1.

Theorem 1.1 (Sum-product theorem in representations of class P). Let G be
a connected real Lie group and V € P(G). There exists a neighborhood U of the
identity in G such that, for every eg,k > 0, there exist s > 1 and € > 0 such
that the following holds for any § > 0 sufficiently small. Assume A C U and
X C By (0,1) satisfy:

(i) For any proper closed connected normal subgroup N < G,

Vp >4, N(mg/n(A),p) > dp";

(i) A is §°-away from closed connected subgroups;

(iti) X is 6°-away from submodules.

Then,
By (0,67) C (A, X))

This is a bounded generation statement which can be viewed as a generaliza-
tion of previous sum-product results in rings. For example, applying to G = R*
acting on V' = R, one recovers a version Bourgain’s discretized sum-product
theorem [3, 4]. Note that this is not a new proof of Bourgain’s theorem as the
latter is used as an ingredient in the proof of Theorem 1.1.

In Section 2, Theorem 1.1 will be proved in a more precise form where the
conditions (i) and (ii) can be slightly relaxed. See Theorem 2.3.

1.2 Product theorem in perfect Lie groups

In the second part of this paper, we use Theorem 1.1 to derive a product theorem
in perfect Lie groups. For subsets A, B C G of a Lie group G, we denote by AB
their product set, i.e.

AB ={ab|a € Abe B}.

For k > 2, we denote by AF the k-fold product set of A with itself, A---A.
To avoid confusion with Cartesian products between sets, we write A** for the
Cartesian power A x --- x A.

Recall that a Lie group is perfect if its Lie algebra g is perfect, i.e. satisfies

9,0l = 0.

Theorem 1.2 (Product theorem in perfect Lie groups). Let G be a connected
perfect Lie group. There exists a neighborhood U of the identity in G such that
giwen k > 0, there exists € > 0 such that the following holds for § > 0 sufficiently
small. Let A be a subset of U such that:

(i) N(A,5) < §—dimGtr,
(i) for any proper closed connected normal subgroup N < G,

Vp =94, N(mg/n(A),p) = 0°p™";

(iii) A is 6°-away from closed connected subgroups in G.



Then
N(AAA,5) > 67 °N(A,)9).

For G = SU(2), the above theorem was proved by Bourgain-Gamburd [5],
and for a general simple Lie group by the second author [22], borrowing many
ideas from the work of Bourgain and Gamburd [2] on the spectral gap property
in SU(d).

It is not difficult to see that the assumption of perfectness is optimal for such
a product theorem to hold, in the following sense.

Proposition 1.3. Let G be a simply connected Lie group which is not perfect
with Lie algebra g. Write d = dim g — dim|[g, g]. For any neighborhood U of the
identity in G, for any k € (0,1) and for any 6 > 0 small enough, there exists
A C U such that

(i) N(A,6) ~y §~ dim G-+d(1—)
(i1) for any proper closed connected normal subgroup N < G,

Vp > 6, N(mg/n(A),p) >u p™"

(iii) A is #(U-away from closed connected subgroups in G.

but
N(AAA ) <y N(4,59).

Note that in a closely related setting, Salehi Golsefidy and Varja [10] have
already observed that perfectness is a sufficient and necessary condition for an
expansion result to hold. In fact, at different places, our arguments share some
conceptual similarities with the recent work of Salehi Golsefidy [19, 18] on super-
approximation. Also, these examples of approximate subgroups can be seen as
discretized analogues of measurable subgroups of intermediate dimension whose
existence is known in abelian Lie groups [9] and solvable Lie groups [20].

We shall prove Theorem 1.2 and Proposition 1.3 in Section 3.

1.3 Applications

We conclude this introduction by mentioning several applications to Theo-
rems 1.1 and 1.2 above. The first is that the spectral gap property discovered
by Bourgain and Gamburd [5, 2] in the setting of SU(d), d > 2 generalizes to
all compact semisimple Lie groups.

Theorem 1.4. Let G be a compact connected semisimple Lie group, with Lie
algebra g, and write L3(G) for the space of zero-mean square-integrable functions
on G. Let u be a probability measure on G whose support generates a dense
subgroup in G. Assume moreover that in some basis for g, for every g € Supp u,
the matriz of Ad g has algebraic entries. Then the convolution operator

T,: L§(G) — L§(G)
I = fxp

satisfies || T, | < 1.



The local spectral gap property introduced by Boutonnet, Ioana and Salehi
Golsefidy in [7] for non-compact Lie groups can also be generalized to a general
connected perfect Lie group, but in order to keep statements as elementary as
possible, we do not make this precise here.

Originally, discretized expansion statements were introduced by Katz and
Tao [12] and used by Bourgain [3] to study Hausdorff dimensions of sum-sets
and product-sets in R and give a quantitative solution to the Erd&s-Volkmann
conjecture: If A is any Borel measurable subset of R with dimg A € (0,1), then
dimyg A+ AA > dimgy A. The theorems proven here have similar consequences
on the Haudorff dimension of sum and product sets in semi-simple algebras or
perfect Lie groups. In particular, it should be possible to generalize the results
of the second author presented in [21] to the setting of perfect Lie groups; we
hope to address these matters in another paper.

Another nice application of Theorem 1.1 is the very recent work of Li [14, 15]
on the regularity of the Furstenberg measure associated to a random walk on a
semisimple Lie group.

Finally, our results could be used to construct new family of expanders, in
the spirit of the works of Bourgain-Yehudayoff [6] or Vigolo [25].

2 Sum-product theorem in representations of ¢

The goal of this section is to prove Theorem 1.1 from the introduction. In fact,
our proof will yield a slightly more precise version, see Theorem 2.3.

2.1 Representations without trivial simple quotients

We now define the class of representations to which our theorem will apply,
and gather some elementary properties. Then, we state the refined version of
Theorem 1.1 which will be proved here, Theorem 2.3.

Definition 2.1. Let G be a connected Lie group. We let P(G) denote the
class of finite-dimensional linear representations V' of G such that there exists
a sequence {0} = Vo < Vi < --- <V, =V of subrepresentations of V' such that,
for each i = 0,...,¢ — 1, the quotient representation V;1/V; is non-trivial and
irreducible.

Equivalently, V' is in P(G) if the trivial representation does not appear as
a simple quotient in a Jordan-Hd&lder decomposition of V. This property, of
course, does not depend on the choice of the Jordan-Hoélder decomposition. We
now list some elementary properties of representations in P(G).

Proposition 2.2. Let V' be a representation of a connected Lie group G.

(i) If W is a subrepresentation of V', then V' belongs to P(G) if and only if
both W and V/W belong to P(G).

(i) If H is a closed subgroup of G and V € P(H) as a representation of H,
then V € P(G).



(iii) Let H be a normal subgroup of G. If the representation G — GL(V)
factors through G/H, then V. € P(G/H) as a representation of G/H if
and only if V € P(G) as a representation of G.

Proof. Indeed, (i) follows from the fact that the set of simple quotients of the
Jordan-Ho6lder decomposition of V' is the union of those of W and those of
V/W. For (ii), note that a Jordan-Holder sequence of G-submodules in V' can
be refined to a Jordan-Hoélder sequence of H-submodules, and that if there is
a trivial quotient in the first sequence there must be also one in the refined
sequence. Finally, (iii) is clear, since Jordan-Holder decompositions of V' into
G-modules coincide with Jordan-Holder decompositions into G/H-modules. O

Remark 1. The class P(G) is the smallest class of finite-dimensional G-modules
that contains all non-trivial irreducible representations of G and is closed under
extension (i.e., if W and V' are in P(G), and 0 - W — V — V' — 0 is a short
exact sequence of G-modules, then V' is in P(G)).

Example 1. e If a representation V contains the trivial representation,
then it is not in P(G). Similarly, if V' admits the trivial representation as
a quotient, then it is not in P(G).

e Let n be a positive integer. The representation of G = R} on R" given
by g-v = gv (scalar multiplication) is in P(G).

e The adjoint representation of a semisimple Lie group G is in P(G).

Throughout this article, we shall consider representations of G as normed
vector spaces: By normed G-module, we mean a G-module endowed with a norm
which makes the underlying linear space a normed vector space.

Whenever V is a normed vector space, and W < V is a linear subspace, we
shall alway consider on W the norm induced by the norm on V', and on quotient
space V' = V/W the norm given by the formula

Yo eV, ||r(v)|| = d(v, W),

where m: V' — V' is the canonical projection. Finally, we endow the space of
linear endomorphisms End(V') with the associated operator norm.

Let p € (0,3) be a parameter and V a normed G-module, we say that a
subset X C V is p-away from submodules if for every proper submodule W < V|
there exists € X such that d(x, W) > p. Similarily, a subset A C G is said to
be p-away from closed connected subgroups if for every proper closed connected
subgroup H, there exists a € A such that d(a, H) > p. Finally, a subset A C G
is said to be p-away from identity components of proper stabilizers if for any
subspace W C V which is not a G-submodule, there exists a € A such that
d(a, (Stabg W)°) > p, where (Stabg W)° denotes the identity component of
the stabilizer Stabg W of W in G.

We shall prove the following.

Theorem 2.3 (Sum-product in representations of class P). Let G be a con-
nected real Lie group and V' a normed G-module. There exists a neighborhood
U of the identity in G such that, for every g,k > 0, there exist s > 1 ande > 0
such that the following holds for any § > 0 sufficiently small.

Assume A C U and X C By(0,1) satisfy:



(i) There is a Jordan-Holder sequence 0 = Vo < ... <V, =V such that for
every i =0,...,0—1,

Vp >0, N(pv,, v,(A),p)>6p ",

where py,_, jv,: G — GL(Viy1/V;) denotes the representation of G on
‘/i—‘rl/‘/i;

(i) A is §¢-away from identity components of proper stabilizers;
(iii) X is 6°-away from submodules.

Then,
By (0,0%°°) C (A, X)s + By (0,0).

Note that the assumption (i) implies that V is of class P(G). The proof
goes by induction on the length of V' (i.e. the length of any Jordan-Holder
decomposition of V). We shall prove the base case, where V is a non-trivial
irreducible representation, in the next subsection. The induction step will then
be carried out in Subsection 2.3.

2.2 Irreducible representations

In the case V is an irreducible representation of G, the above theorem is a
variant of [11, Theorem 3|. For clarity, we restate our theorem in this particular
case. Then, we shall explain how to derive it from the first author’s sum-product
theorem in simple algebras [11, Theorem 2].

Theorem 2.4 (Base case: irreducible representations). Let G be a connected
real Lie group and my : G — GL(V) a non-trivial irreducible representation.
There exists a neighborhood U of the identity in G such that, for every eg, k > 0,
there exist s > 1 and € > 0 such that the following holds for any 6 > 0 sufficiently
small.

Assume A C U and X C By(0,1) satisfy:

(i) For every p >4, N(myv(A),p) = 6°p~";
(i) A is §¢-away from identity components of proper stabilizers;
(i1i) There exists v € X such that ||v|| > 0°.

Then,
BV(O,(SE") C <A7X>S + Bv(o,é)

The proof of this theorem is based on Proposition 2.5 below, a sum-product
statement in matrix representations, which is essentially contained in [11]. Be-
low, A denotes a subset of End(V), for some real vector space V, and (A)s
denotes the set of elements in End(V') that can be obtained as combinations of
sums and products of at most s elements in A. If V is a real vector space, if
A is a subset of EndV, and if p € (0, %) is a parameter, we say that A acts
p-irreducibly on V if for every non-trivial proper linear subspace W < V', there
exists v € By (0,1) and a € A such that d(a - v, W) > p.



Proposition 2.5 (Sum-product in irreducible representations). Let V' be a
finite-dimensional normed vector space. Given gg,k > 0, there exist s > 1
and € > 0 such that the following holds. Let A C Bgna(v)(0,67°) be a subset of
EndV and v € V' a vector. Assume that

(i) For every p > 6, N(A,p) > dp";
(i) A acts 6¢-irreducibly on V;
(111) 6¢ <||v|]| < §7°.

Then
By (0,6°°) C (A)s - v+ By (0,9).

Proof. Given €1 > 0, it follows from [11, Proposition 31] that there exists ¢ > 0
such that, provided € > 0 is small enough, there exists a §~9()-bi-Lipschitz
linear bijection f: V — K™, where K is R, C or the quaternions H, n is g:ﬁx
and K™ is endowed with its usual L? norm, and a scale §; with § < §; < §¢
such that

fAf~' € Mat,(K) + B(0,6,)
and such that for every proper real subalgebra F' < End(K™),
Ja € A: d(faf ' F) > 65

Choosing €1 small enough in terms of £y and «, we may then apply [11, Theorem
5] to conclude that, provided € > 0 is sufficiently small, for some integer s,

Bitat, (5)(0,65°) C f(A)sf ™" + Butat, (1) (0, 61).
Therefore, without loss of generality, we may assume that V' = K™ and
Biat, (k)(0,07°) C A+ Byat,, (1)(0,01). (1)
We can further assume that ||v|| = 1. Then
By (0,07°) C A-v+ By(0,67).

In other words, the conclusion of the proposition holds at scale §;. It remains
to bring the scale back to §. To do this, we note that from (1), we have in
particular

1
512 ide A+ BMatn(K) (0, 51)
Hence, starting from (1), we may multiply both sides by 51% id to obtain
1 3
By (0,61) C By (0,6;°72) € (A)y - v + By (0,267),
and iterating this procedure, we get a sequence of integers so = 1,53 = 2, 54, ...
such that for any k > 2,
k Bt1
By (0,5107) C (A)spyy v+ By (0, 55416, ).

k
Choose k > % so that spd7 < d. Combining all these inclusions, we find, for
s=8z+ -+ sp,
By (0,05°) C (4)s - v + By (0,9),

which proves the proposition. O



The above proposition readily implies Theorem 2.4.

Proof of Theorem 2.4. Tt suffices to apply Proposition 2.5 to the set my(A4) C
End(V). By the assumption on A, conditions (i) and (iii) of the proposition are
satisfied for the set my (A). That condition (ii) is also satisfied is a consequence
of Lemma 2.6 below. O

Lemma 2.6. Let 0 < p < 3 be a parameter. Let m: G — GL(V) be a non-
trivial irreducible representation. There is a neighborhood U of 1 in G such that
if A C U is p-away from identity components of proper stabilizers then w(A)

acts pO~M) irreducibly on V.

It might be interesting to understand how the implied constant in O, (1)
depends on 7 and G, especially if one wants to have explicit constants in Theo-
rems 1.1 and 1.2. Our proof does not provide any insight on this matter since we
rely on an application of Lojasiewicz’s inequality and effectivizing Y.ojasiewicz’s
inequality can be difficult and involves mathematics far away from the scope of
the present paper (see for example [13] and references therein).

The proof of this lemma is an application of Lojasiewicz’s inequality (which
we recall below as Theorem 2.8). First, it is convenient to reduce to the case
where A is finite. This reduction is the subject of the next lemma. Given a
representation m: G — GL(V) of G, a subset A C G and a parameter p € (0, 3),
we say that A is p-away from proper stabilizers if for any linear subspace W of
V' which is not a G-submodule, there exists an element a in A whose distance
to the stabilizer Stabg W is at least p.

Lemma 2.7. Let 0 < p < 3 be a parameter. Let 7: G — GL(V) be a repre-
sentation. There is a neighborhood U of 1 in G such that if A C U is p-away
from identity components of proper stabilizers then A is p°~ -away from proper
stabilizers. In fact, A contains a subset of cardinality at most dim G which is
O~ _qway from proper stabilizers.

Proof. The representation 7 differentiates to a representation of the Lie algebra
g of G, which we denote by Ti7: g — End(V). The stabilizer of W in g

Stabg W ={z € g | lim(x)W C W}

is the Lie algebra of Stabg W. In particular, its image under the exponential
map is contained in (Stabg W)°, the identity component of Stabg W. We may
assume that exp induces a diffeomorphism from U to its image, and denote the
inverse map by log. Say that log A is p-away from proper stabilizers in g if for
any linear subspace W < V which is not a G-submodule, there exists a € A
such that d(loga, Stabg W) > p.

We claim that there is a neighborhood U of 1 in G such that if A C U is p-
away from identity components of proper stabilizers then log A is &-away from
proper stabilizers in g and conversely if log A is p-away from proper stabilizers
then A is Z-away from proper stabilizers.

Let us prove this claim. Let 2 € g. From the identity m(e*) = e7(®) we
can express Tiw(z) as an absolutely convergent series

Tin(z) =— Z %(idv —7(e”))"

n>1



whenever ||7(e”) —idy || < 1. Therefore, if e* € Stabg W is such that the above
series converges, then x € Stabg W. It follows that there is 7 > 0 depending
only on 7 such that

B (1,7) NStabg W C exp(Stabg ).

Let U = Bg(1,5). Then for any g € U and any proper linear subspace W,

%d(g, (Stabg W)°) < d(log g, Stabg W) < Cd(g, Stabg W)
where C' > 0 is some constant depending only on the the representation. This
proves our claim, and the first part of the lemma.

For the second part, one can reproduce the argument in [22, Lemma 2.5| to
show that if log A is p-away from proper stabilizers then log A contains a subset
of cardinality at most dim g which is p@aim(s)(D_away from stabilizers. O

Remark 2. Note that in the above lemma, the neighborhood U depends on
the representation m, and not only on G. This is readily seen by considering
G =R,V =C=~R? and 7(z)v = ™0, n € N.

Let us recall Lojasiewicz’s inequality [16, Théoréme 2, page 62] before we
proceed to prove Lemma 2.6.

Theorem 2.8 (Lojasiewicz’s inequality). Let M be a real analytic manifold
endowed with a Riemannian distance d and let f: M — R be a real analytic
map. If K is a compact subset of M, then there is C' > 0 depending on K and
f such that for all x € K,

|f(2)] > C™ min(1,d(x, Z2))°
where Z ={x € M | f(z) = 0}.

Proof of Lemma 2.6. Let U be the neighborhood given by Lemma 2.7. On
account of this lemma we may assume that A is finite of cardinality n < dim G
and p-away from proper stabilizers.

Let 0 < k < dim(V') and consider the real-analytic map f: G"xGrass(k,V) —
R defined by

i=1

Bw (0,1)

The integration is with respect to the k-dimensional Lebesgue measure on each
W € Grass(k,V). To see that this map is real-analytic, remark that we can
trivialize locally the tautological bundle over Grass(k,V), i.e. for any Wy €
Grass(k, V) there is a neighborhood U of Wy in Grass(k, V') and a map ¢: U X
R* — V such that for all W € Grass(k, V), the partial map o(W,-): RF — V
is linear and have W as image. Moreover, we can choose ¢ to be real-analytic
and such that (W, -): R¥ — W is an isometry for the Euclidean structures, for
any W € Grass(k,V). Thus, for all W € Grass(k,V) and alli =1,...,n,

/ d(gi-w,W)gdw:/ ||(gi-cp(VV,v))/\gp(W,el)/\~--/\<p(I/V76k)||2dv
Bw (0,1) By (0,1)



where (ey,...,ey) is the standard basis of R¥. The righthand side is obviously
real analytic.
The zero set of f is exactly

Z ={(g,W) € G" x Grass(k, V) | Vi, g; € Stabg W }.

By Lojasiewicz’s inequality (Theorem 2.8) applied on U™ x Grass(k, V), there
is a constant C' > 0 such that for any (g, W) € U™ x Grass(k, V),

Flg W) > Zd((e 1), 2)°.

Assuming that A does not act % pC-irreducibly on V, we can find W € Grass(k, V)
such that for all @ € A and all w € Bw/(0,1), m(a)w € W + By (0, 5p°).
So f(a1,...,an,W) < £p©, and by the inequality above there exists W’ €
Grass(k, V) such that for all a € A, d(a,Stabg W) < p, so that A is not p-away
from proper stabilizers. [

2.3 Induction step

The core of the induction step in the proof of Theorem 2.3 is the following
lemma. It is a quantitative discretized version of the following elementary fact:
let V be a G-module, and Vi, X two submodules of V; if 7 : V — V/V; maps X
onto V/Vq and if X NV} = {0}, then V = X @ V4. Once more, the proof relies
on f.ojasiewicz’s inequality.

Lemma 2.9. Let G be a connected Lie group and V a normed G-module. There
ezist a neighborhood U of the identity in G and a constant C' > 1 such that for
any parameters 0 < n < 1 < 1, the following holds when § is sufficiently small.
Let V1 be a proper submodule of V and m: V — V/V; the canonical projection.
Let ACU and X C By(0,1) and assume that

(i) (A, X)sn VY ¢ By(0,67),

(it) m(X) = By, (0,4"),
(iii) A is 67 -away from identity components of proper stabilizers.
Then there exists a submodule W <V such that:

(a) The restriction wy : W — V/Vy is 30~ "-bi-Lipschitz;

(b) Bw(0,6") ¢ X©) and X c W),

Proof. For convenience, we write V/ = V/V;. On account of Lemma 2.7, which
gives us the neighborhood U, we may assume that A is finite of cardinality
n < dim(G) and is 617 -away from proper stabilizers, where C; > 2 is a constant
depending only on V. Shrinking again the neighborhood U if necessary, we can
ensure that the action on V of any element in A is 2-bi-Lipschitz.

Assumption (ii) allows us to pick a section o : By+(0,67) — X of the pro-
jection m, i.e. for any y € By (0, "),

roaly) =y

10



The choice of such o is arbitrary. In fact, thanks to assumption (i), different
choices only differ by at most §¢7. Indeed, for any x € X, we have z —o(7(x)) €
(X — X)NV; and therefore, by assumption (i),

lz = o (m(2))]| < 67 (2)

Again from assumption (i), it follows that o is almost a morphism of G-modules,
in the sense that for all y,z € By/(0,67) and all a € A,

lo(y)|| <697 if y € By+(0,0); (3)
lo(y) +0(z) —a(y+2)| <67 if y+ 2 € By(0,8); (4)
la-o(y) —o(a-y)|l <67 ifa-ye By/(0,67). (5)

Indeed, we have, respectively, o(y) € X ﬁVl(é), oy)+o(z)—o(y+z) €3XNNW;
anda-o(y) —o(a-y) e (A- X -X)NW.

In particular, (3) and (4) says that o is almost additive; by Lemma 2.10
below, o is close to a genuine linear map. More precisely, there exists a linear
section ¢ : V' = V of w (i.e. wo p = Idy/) such that for all y € By/(0,46"),

le(y) — o)l < 6€7D7, (6)

provided ¢ is small enough. From the linearity of ¢, the fact that X C By (0,1),
and (2), (5) and (6), we obtain that for all y € V', alla € A and all z € X,

o)l <26yl

la - o(y) = pla-y)| <8 27yl;
Iz = (m(x))|| < 6.
Let Wy be the image subspace of ¢. From the above, it follows that:

the restriction mjyy, : Wo — V' is 26 "-bi-Lipschitz; (7)
X C Wy + By(0,5¢27); (8)

Buw, (0,8"/2) C @(By+(0,6")) C X + By (0,6~ 17); (9)
Va € A, Vw € By, (0,1), d(a-w, Wy) <637, (10)

The inequality (10) says that Wy is almost invariant under the action of A.
We now use Lojasiewicz’s inequality to show that it is close to a G-submodule.
Let ay,...,a, be the elements of A and write a = (ay,...,a,). Consider the
real-analytic function on G*™ x Grass(dim(V”), V') defined by

n

i=1 Y Bw(0,1)

From (10) follows f(a, Wy) < §¢=77 provided § is small enough. By Fo-
jasiewicz’s inequality (Theorem 2.8) applied to the compact set U %% x Grass(dim(V"), V),
there exists a constant C's depending only on the representation V' such that for

all g = (g1,...,9n) € U™ and W € Grass(dim(V"), V),

e W) > OiQd((gWxZ)Ca

11



where Z is the zero set of f. Therefore, there exists b = (b1,...,b,) € G*™ and
W e Grass(dim(V"), V) such that f(b, W) =0 and

d((a’ WO)v (bv W)) < 5017—7

provided 2C — 7 > (Cy + 1)Cy. The equality f(b, W) = 0 exactly means that
each b; belongs to the stabilizer Stabg W, and hence

A C (Stabg W)@

But A is 6“1"-away from proper stabilizers, hence W must be a G-submodule.
Finally, conclusions (a) and (b) follow from (7), (8), (9) and the fact that W is
517 -close to Wy. O

In the above proof, we made use of the following elementary lemma, a dis-
cretized version of the fact that any continuous additive map between two vector
spaces is automatically linear.

Lemma 2.10 (Almost additive maps). Let 0 < § < p1 < pa < 1 be parameters.
Let V and V' be finite-dimensional normed vector spaces. If o: By:(0,p2) =V
satisfies

(i) o(By(0,6)) C By (0, p1) and
(ii) for all x,y € By/(0,p2), if x +y € By/(0, pa) then
o(z)+o(y) —o(z+y) € By(0,p1).
Then there is a linear map @: V' — V such that for all x € By (0, p2),
lo(z) — e(@)|| <v (—logd +1)p1.

Moreover, if there are linear maps m: V. — V" and ¢: V' — V" such that
moo =1 on By/(0,ps), then we may also ensure that mop =1 on V',

Proof. We first consider the special case where pa = 1 and V' = R. In this case
define ¢: R — V to be the unique linear map such that ¢(1) = o(1). From
assumption (ii), it follows that

1
Y € [0, 5], I20(x) — o (22)|| < p1.
Using this and a simple induction, we prove that
VneN, [o(2) -2 )] < p. (11)

Let N be the integer such that 2=V < § < 27N¥+1_ [t follows from (11) and
assumption (i) that

le@™M)II < 2p1 (12)
For any z € [0,1], let (z1,...,zx) € {0,1}" be the N first digits in its binary
expansion, i.e. for some r € [0,4], z = 22[:1 2™ ™ + r. Then by assump-
tion (ii), (11) and (12),

N
lo(@) = w(@)ll < Y zallo2) = @) + o ()l +2Vrlle )] + Npy

< (2N +5)ps.

12



Consequently,

lo(=2) = p(=2)|

This proves the lemma in the case V/ = R and p; = 1. For general normed
vector space V', in the case p; = 1, pick a basis (u1, ..., uq) consisting of vectors
of unit length then apply the special case to each partial function o; : ¢t — o (tu;),
i = 1,...,d. This yields linear maps 1,...,pqs : R — V, and we define ¢ :
V' =V by o(tiur + - -+ tqua) = @1(t1) + - - - + @a(tq). Then by (ii), we have
the desired inequality for any vector in By (0,1) N ([—1, 1Jug + - - + [—1, ug).
This domain contains a ball By (0, +) where k € N depends only on V’ and the
choice of the basis. We conclude by using k times the almost additivity (ii).

The general case po < 1 follows from the case p; = 1, by considering the
map o' : V' — V defined by o'(z) = o(p22).

The moreover part is clear from the proof. O

We are now ready to prove Theorem 2.3. The main idea is to use induction
on the length of the module. Note that among the assumptions of Theorem 2.3,
(ii) is preserved by passing to any submodule or any quotient of V' and (iii) is
preserved by passing to any quotient. Finally, (i) passes to the quotient V/V;
of V by the first submodule V; in the Jordan-Hélder decomposition. Thus by
the induction hypothesis, it is easy to produce a large ball in V/V;. Then it
can be proved (this is done in the third step of the proof below) that we can
produce a large vector in V; and hence a large ball in V; by the base case. Then
a technical difficulty arises : a large ball in V/V; and a large ball in V; does not
add up to a ball in V. To deal with this difficulty we need to produce the large
ball in V/V; using only vectors of controlled length (this is done in the first step
in the proof below). Another technical difficulty is in the third step where we
want to produce vector in V; of length > §°2 for any given €2 > 0. The idea is
that, otherwise we could apply Lemma 2.9 to conclude that X is trapped in a
submodule, which would contradict assumption ((iii)).

Proof of Theorem 2.3. The proof goes by induction on the length ¢ of the mod-
ule V. The base case £ = 1, where V is a non-trivial irreducible representation,
corresponds to Theorem 2.4, and is proved above. Assume that the result holds
for all representations of length less than ¢ > 2, let V' € P(G) be a representa-
tion of length ¢, and suppose A C G and X C V satisfy conditions (i)-(ii)-(iii)
of the theorem, for some small ¢ > 0. Let 0 = Vo < ... < Vp = V be the
Jordan-Holder sequence given by assumption (i). Write V/ = V/V; and denote
by my: V. — V' the projection. Then the module V' has length £ — 1 and
as noted above, the conditions in Theorem 2.3 are satisfied for A acting on
TV (X) c V.

First step: We first prove that there exists €1 > 0 and s; > 1 depending on V/,
€0 and k such that

Bvl(O,(SEO) C 7TV/(<A,X>51 N B(O,égl)) + BV/(O,é).

Let 1 € (0,£0) be a small parameter, whose precise value will be specified
at the end of this step. By applying the induction hypothesis to V', whose
length is at most ¢ — 1, and replacing X by (A, X)s, we may assume that
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By(0,6°) C 7y (X)), Cover X with §~9¢1) balls of radius %1, pick a ball
B such that N(my/ (BN X),d) is maximal, and translate it back to the origin
to get

Ny (X7),8) > 5~ V)06,

with X’ = (X — X) N By(0,6%1). This lower bound ensures that my/(X’) is
69()_away from proper linear subspaces in V’. The induction hypothesis, ap-
plied to the subset 7y (X’) C V', with acting set A, yields the desired inclusion
provided that e; is small enough.

Second step: Assuming X ®) N V4 contains a large vector.

Let s2,e2 > 0 be the quantities given by Theorem 2.4 applied to the repre-
sentation V7, with constants k,e,. We may choose sy and €2 uniformly over all
choices for V;; indeed, up to a (dim V')-bi-Lipschitz isomorphism of G-modules,
there are only finitely many choices for V3. And assume that there exists
v e XO NV, with ||v]| > 6°2. Then, using the base case for the action of
G on the irreducible module V7, we find that

By, (0,6°%) € (A, XY, + By(0,6). (13)

Now let z € By (0,6%°). By the first step, we may find y € (A, X)s, N By (0,0°)
and t € V; such that z = y 4+t + O(6). Necessarily, ||t|| < 26°*, so that by (13),
t € (A, X)as, +O(d). All in all, setting s = s1 + O, (s2), we find

BV(O,&EO) - <A7X>s + By (0, Os, s, (6))-

This finishes the proof of the theorem in this case.

Third step: Finally, we prove that there exists s3 > 1 depending on V', ¢y and
k such that (A, X >§‘f) NV1 always contains a vector of length at least §°2, which
allows to conclude, using the second step.

Let C be the constant given by Lemma 2.9. Let 0 < e3 < 3 be a parameter
whose value will be chosen later according to e5. Let 0 < €4 < 3 be a parameter
whose value will be chosen later according to 3. Using the induction hypothesis
for the representation V' with ¢4 and &, and replacing (A4, X )F;” by X, we may
assume without loss of generality that

BV/(O,5E4) C ’ﬂ'V/(X). (14)

Either (A, X)3 N Vl(é) contains a vector of length > 62, in which case we are

done or (4, X)sN Vl(é) C By (0,62). In the latter case, Lemma 2.9 applied with
T = & and 1 = g4 gives a submodule W <V such that the restriction of 7y~
to W is 36~ %4-bi-Lipschitz and

1
B (0, 50%) € X060 (15)
where 6, = §¢. Now we apply the base case, Theorem 2.4, to the non-trivial
irreducible representation V/W with €3 and . Observe that 7|y, being 36 ~+-
bi-Lipschitz implies that my v, : Vi — V/W is 46~°4-bi-Lipschitz. Hence, for
the projections py/w : G — End(V/W) and py, : G — End(V1), we have

Vp >4, N(pvyw(A),p)> SOEIN (py, (A), p) > 6O+ .

14



Therefore, provided €4 and € are small enough in terms of V, €3 and k, The-
orem 2.4 yields some constant s > 1 depending only on V/W, k and e3 such
that

By w(0,0%) C myyw ({4, X)s) + Byyw (0,0).

Together with inclusion (15), this implies that
N(<A’X>g + ){*7 51) > (51—1553)dimV/W(51—1564)dimW > 51—dimV5O(€3).

Cutting (A, X)s41 into cylinders of axis V; and diameter 6°* and picking the
part with largest size, we see that

N((A, X)25s0 N VO™ 51) > 57 dimV 50(s)

which ensures that X' := (A, X)os42 N V1(§€3) is 09(=s)_away from proper linear
subspaces and a fortiori from submodules. Remembering (14), we know that

WV/(XI) = BV/ (0, 653).

€2

At this stage apply Lemma 2.9 to the set X’ with 7 = 2 and = e3.
If e5 is chosen sufficiently small compared to €2, conclusion (b) fails while all
assumptions except (i) are satisfied. So there must be v € (4, X"}3 N \/1(5) with
lv]] > d°2. This concludes the proof of the theorem. O

3 A product theorem for perfect Lie groups

The goal of this section is to use Theorem 2.3 to prove Theorem 1.2. More
precisely, we prove the following essentially equivalent version of Theorem 1.2,
which is a bounded generation statement.

Theorem 3.1 (Product theorem in perfect Lie groups). Let G be a connected
perfect Lie group. There exists a neighborhood U of the identity in G such that
gwen K > 0 and €9 > 0, there exist € > 0 and s > 1 such that the following
holds for § > 0 sufficiently small. Let A be a subset of U such that:

(i) For any projection m; : G — G/H; to a simple factor,
Vp =4, N(mi(A),p) =6 p™"

(ii) A is 6¢-away from closed connected subgroups in G.

Then
Ba(1,6%) c (Au{1} U A~H*Bg(1,9).

Theorem 1.2 follows immediately from Theorem 3.1 in combination with
Ruzsa-type inequality [24, Theorem 6.8].

The proof of Theorem 3.1 goes as follows. We shall first prove the special case
where the radical of our perfect Lie group G is abelian. In this case, the adjoint
representation of G belongs to P(G), as we shall see in Lemma 3.4 below. So
Theorem 2.3 applies and shows that we can produce in the Lie algebra g of G a
large ball using addition and the adjoint action of G: By(0,6%°) C (A, log A>g5).
Then we want to exponentiate this inclusion to the level of the group G. For
that, we use the Campbell-Hausdorff formula, which allows us to approximate
sums in g by products in G with any desired precision; this is the content of
Lemma 3.6. Finally, to deduce the general case from the special case, we shall
use an induction on the nilpotency class of the radical of G.
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3.1 Perfect Lie algebras and Lie groups

We begin by recording some elementary facts about perfect Lie groups and Lie
algebras.

Let G be a connected Lie group with Lie algebra g. Using Levi’s decompo-
sition theorem [23, Corollary 1, p. 49|, we may write g as a semi-direct product
g = s X vt of a semi-simple Lie algebra s and a solvable radical t. Writing
5 =51 @ Psy as a sum of simple ideals, one sees that for each ¢ in {1,...,k},
h; = (Pj2is;) X v is an ideal in g. The Lie algebra bh; is the Lie algebra of a
closed normal subgroup H; <t G. The projection maps m; : G — G/H; are the
projections of G to its simple factors. Note that any left-invariant Riemannian
metric d on G induces a left-invariant metric on G/H;. Indeed, if N < G is any
closed normal subgroup, one defines a distance on the quotient G/N by

Vo,y € G, d@g) = inf d(zn,yn') = d(y,zN) = d(z""y, N).

For later use, we now list three elementary and standard lemmas about
perfect Lie algebras.

Lemma 3.2. If g is a perfect Lie algebra, then its solvable radical ¢ is nilpotent.
In particular, g can be written as a semi-direct product g = s Xt of a semi-simple
Lie algebra s with a nilpotent ideal t.

Proof. See for instance [1, Lemma 2.4]. O

Lemma 3.3. Let g be a perfect Lie algebra, with Levi decomposition g =6 X t.
The image of a proper ideal of g under the map g — g/v is a proper ideal. In
particular, the image of a mazimal proper ideal is a maximal proper ideal.

Proof. Let n be an ideal in g such that n +v = g. We want to show that n = g.
Denote by D’ t, i > 0 the derived series of t, i.e. D°t = tand D" ¢ = [D¢; D],
Vi > 0. We show by induction that Vi > 0,

g=n+D'r. (16)

Indeed, (16) is true for ¢« = 0. Suppose that it is true for some 7 > 0; then it
follows from [g, g] = g that

g=[n,n+[nD't]+ [Dit,D't] C n+ Dy,

because n is an ideal in g. Since t is solvable, we may take i such that D't =0
to conclude that n = g. O

Lemma 3.4 (Perfect abelian extension of a semi-simple group). Let G be a
perfect Lie group with Lie algebra g. If the radical v of g is abelian, then the
adjoint representation of G is of class P.

Proof of Lemma 3.4. We have an exact sequence of G-modules
0—>t—>g—g/t—0,

and by Proposition 2.2(i), all we need to check is that both v and g/t belong to
P(G). Let R be the solvable radical of G; it is equal to the closed connected
subgroup of G with Lie algebra v. The Lie group G/R is semi-simple, so its
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adjoint representation belongs to P(G/R). By Proposition 2.2(iii) , g/t is of
class P as a representation of G.

On the other hand, v is totally reducible under the action of the semisimple
group S = G/R, and moreover,

t= [5at]7

because g is perfect and v abelian. This implies that t is a representation of
class P for S, and therefore for G by Proposition 2.2 (iii). O

Remark 3. If G is not perfect, then g/[g, g] is non-zero, and G acts trivially
on g/[g, g], so that the adjoint representation does not belong to P(G).

Remark 4. It is not true in general that the adjoint representation of a perfect
connected Lie group is of class P. Indeed, there exist perfect Lie algebras with
non-trivial centers. For instance, let F» 5 denote the free 2-nilpotent Lie algebra
over 2 generators x,y. It is the Lie algebra of the Heisenberg group Hj3(R).
The action of SL(2,R) on F» 2 by linear substitution integrates to an action of
SL(2,R) on H3(R) by group automorphisms. This allows us the define the Lie
group G = SL(2,R) x H3(R). Its Lie algebra g = sl(2,R) x Fy 2 is perfect.
However, the adjoint representation of G is not of class P, because G acts
trivially on the center of g, generated by [x,y].

3.2 Abelian extensions of semi-simple groups

Here, we prove Theorem 3.1 in the case where the Lie algebra of G can be
written as a semi-direct product g = s x ¢, with v abelian. We shall see in 3.3
that the general case follows from this one.

We fix a connected perfect Lie group G with Lie algebra g = s x t, where
5 is semi-simple and t is an abelian ideal. To prove Theorem 3.1 in this case,
the idea is to apply Theorem 2.3 to the adjoint representation of G on its Lie
algebra, and then to use the Campbell-Hausdorff formula. Before that, we note
that condition (i) in Theorem 3.1 automatically implies non-concentration for
the image of A under any non-trivial group homomorphism.

Lemma 3.5. Let G be a perfect connected Lie group. Given a non-trivial homo-
morphism @: G — H to some connected Lie group H, there exists a neighbor-
hood U of the identity in G such that the following holds. Let € > 0 and k > 0
be parameters and let A C U be a subset satisfying condition (i) of Theorem 3.1.
Then

Vp 2 67 N(@(A),p) >>80 &sp_m-

Proof. The isomorphism G/ker¢o — ©(G) is bi-Lipschitz when restricted to
compact neighborhoods. Hence without loss of generality, we may assume that
H = G/kery. Since ker is closed, there exists a neighborhood U of the
identity in G, such that Vz,y, d(z 71y, ker @) = d(x~'y, (ker ¢)°). This allows
us to further assume that ker ¢ is connected.

Let n be a maximal proper ideal of g containing the Lie algebra of ker ¢. By
Lemma 3.3, n is exactly the kernel of the projection of g to one of its simple
factors. It follows n is the Lie algebra of a proper closed normal subgroup N <G,
with G/N one of the simple factors of G. We deduce the desired estimate from
condition (i) of Theorem 3.1 by using the fact that G/kero — G/N is 1-
Lipschitz. O
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Proof of Theorem 3.1, in the case where t is abelian. In this proof, implied con-
stants in Landau and Vinogradov notations depend on G and on the parameter
K.

By Lemma 3.4, the adjoint representation of G on g is of class P. Setting
X =log(A'ANBg(1,6%)) C g, the hypotheses of Theorem 2.3 are all met with
e replaced by O(e). Indeed, assumption (i) is guaranteed by Lemma 3.5, and A
being a d°-away from subgroups is exactly assumption (ii) of Theorem 3.1. So it
remains to check that X is 6°(9)-away from any proper submodule W in g. We
may assume that W is maximal. Then, it is a maximal proper ideal of g, which
by Lemma 3.3 is equal to the kernel H; of some projection 7; : g — g/b; of G on
a simple factor. In particular, there are only finitely many such W. Shrinking
the neighborhood U if necessary, it suffices to check that A=A N Bg(1,6°) is
69 _away from H;. By assumption (i), for any p > 6,

N(mi(A™'AN Bg(1,69),p) > m?x N(m;(AN Bg(g, %)), p)

> 59N (mi(A), p)
> (SO(E)p_K.

The last quantity is larger than 1 if we choose p = 6°¢ with a large constant
C = O(1). This shows that A='A N Bg(1,6°) is 6°)-away from ker ;.
Thus, we can apply Theorem 2.3 to get an integer s > 1 such that

Bg(0,0%°) C (A, X)s + By(0,0) (17)

when ¢ is small enough.

The idea is now to apply the Campbell-Hausdorff formula at an order £ such
that the error term is of size at most . We identify an element w of the free
group Fs generated by s elements and the word map w : G** — G it induces.
If 2,y are elements in g, we want to approximate e*™¥ by a word in e?, e¥. For
example, with a remainder term of order 2, e*t¥ = ee¥eOUzl’+1vlI*) | Tn order
to get a remainder term of order 3, it is easier to approximate e2(*t¥) and then,
we get e2(TTY) = (e7)2(e¥)2(e¥)2e” (e¥) ~2(e®) ~LeOUI*+1vI”) | We shall use the
following lemma, which generalizes these elementary computations, and follows
from the Campbell-Hausdorff formula.

Lemma 3.6. Let exp: g — G denote the exponential map of a Lie group.
We fix a Euclidean norm on g and endow G with the associated left-invariant
Riemannian metric. For all integers s > 1 and £ > 1, there exists an integer
C > 1, a word map w € Fs and a neighborhood U of O in g such that for all
T1,...,25 €U,

d(exp(Czy + -+ + Cg), wlexp ... expay)) ¢ (fan ] + -+ )"

Proof. Consider g-valued functions f defined on a neighborhood of 0 in g** that
can be written as a sum of a convergent series

+o0
flxy,. ... xs) = ka(ml, cey Tg)
k=1

where for each k, fr(x1,...,25) is a Q-linear combination of repeated brackets
[Ty -y @i] = [iys [Tigs - ooy [y, @iy ] - ]] of length k. The series converges
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on By(0,7)*® for some r > 0 in the sense that the numerical series obtained
by replacing each repeated bracket of length k by r* and each coefficient by its
absolute value is convergent. Identifying two such functions if they agree on a
neighborhood of 0, we get a linear space G5 over Q. Equipped with its obvious
Lie bracket, G is a graded Lie algebra over Q. For ¢ > 1, we write O(d°® > /)
to denote an unspecified element in G, of valuation at least £.

By the Baker-Campbell-Hausdorff formula [§], the map defined by (z,y) —
x *y = log(exp(x) exp(y)) belongs to Go and moreover,

1
x*y:x+y+§[x,y]+0(d°23). (18)
From that we deduce, by induction on s, that
Tyk-okxg=x1+ -+ x5+ O(d° > 2). (19)

We denote by [z, y]. the group commutator xxy(—xz)*(—y) and by [z1, ..., T«
the repeated group commutator [x1, [2 ..., [Ts—1,Zs]x - .. |«]«. We have by (18),

[z,yls = [z, y] + O(d® = 3)
and again by induction on s,
1,y Ts]e = [21, ..., 2] FO(d° > s+ 1). (20)

Now we prove by induction on ¢ that there exists an integer C, and a word

wyp € Fy such that
X Ts

s=w,(=,...,— o(d° > 1), 21

1t = wi (G C€)+ (d°>1) (21)

where wy is the word map induced by w,, which is well defined on a neighbor-

hood of 0 in g**. For ¢ = 2, this is given by (19). Suppose the result has been

proved for some ¢ > 2. Let f be the sums of terms of degree ¢ in the remainder

term O(d® > ¢) on the right-hand side of (21). Since f has rational coefficients,
there is an integer C' > 1 such that we can write

N
f(xl,...,xs): mi(ﬂ,...,ﬁ)
; C C

where each m; is a repeated bracket of length ¢. Therefore, by (20) and (19),
there is w’ € Fy a product of repeated commutators such that
1

f(xl,...,a:s):w’*(c,...,%)+0(doze+1).

Thus,

Z1 Ls Z1 Zs
x1+...+x8 * —_—

wé(@,...,a) w’*(c,...,5)+0(d°2£+1)

/L1 Tg 7 /L1 Ts o
= — e, = — e, =)+ 0d®>l+1).
wilgy o) v (G g) HOE 2 D)
In the last step we used the fact that w’*(%, ce %) has valuation at least
£. This finishes the proof of the induction step and concludes the proof of the
lemma. O
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To conclude the proof of Theorem 3.1 in the case t is abelian, we choose
¢ > 1 and apply Lemma 3.6 to elements z; of the form z; = Ad(a;)y;, with
a; € A® and y; € X. By definition X C Bg(0,6%), so the error term is indeed of
size O4(6%) = O(6), and therefore,

exp[C Ad(ay)y; + -+ C Ad(ay)ys] € w(are¥ arl, ... ase? a; ) Ba(1,0(5))
€ (AU{1}UAY* Ba(1,0(6)),
for some s’ = O, 4(1). Recalling (17), we obtain
B (1,0%°) C exp[C - Bg(0,6%0)]
Cexp[C - (A, X)s + By(0,C0))]
C A¥ Ba(1,0(6)).

This finishes the proof of the theorem in the case t is abelian. O

3.3 Proof of the product theorem, general case

We now explain how to deal with a perfect Lie group G with Lie algebra g = sxrt,
where t is nilpotent by Lemma 3.2 but not abelian. This will follow from the
previous case, together with a quantitative version of the following fact: If R is
a nilpotent Lie group, a subset A C R generates the group R if and only if A
mod [R, R] generates R/[R, R].

For A and B subsets of a group G, we shall write [A, B] to denote the set of
all commutators [a,b], a € A, b € B. This notation is in conflict with the group
theoretic commutator which is the subgroup generated by all commutators.
Despite this inconvenience, it will be clear from the context what [A, B] means.
The precise lemma that we shall use is as follows.

Lemma 3.7. Let R be a connected nilpotent Lie group with descending central
series R;, i > 1, i.e. Ry = R and fori > 1, R;41 = [R, R;]. For each i > 1
there is k > 1 such that for all p > 0 small enough,

BRi+1 (17 pZ) - [BR(L p)7 BRi (17 p)]k'

Proof. Denote by t;, ¢ > 1 the descending central series of the Lie algebra t.
Let (#1,...,2m) be a basis of v;11 consisting of commutators z; = [z;,y;] with
z; € v and y; € v;. For each j, consider the map f;: R — R;11 defined by
fi() = [exp(Vtw;), exp(vty;)] if £ >0
! [exp(v/—ty;), exp(v/~tx;)]  ift <0

and further define f: R™ — R,y by f(t1,...,tm) = f1(t1) - fin(tm). The
function f is of class C' and its differential at 0 is

Tof(hl, .. .,hm) =hiz1 + -+ hmzm,

so it is a C'-diffeomorphism on a neighborhood of 0. This implies that for some
constant ¢ > 0 depending only on R,

BR1+1(1ﬂcp2) c f(BR(O7p)) C [BR(l,p),BRi(l,p)]m.

This finishes the proof of the lemma, because for p small enough, Bg, (1, cp?)-
BRi+1(17cp2) > BRi+1(172cp2)' N
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We are now ready to finish the proof of Theorem 3.1.

Proof of Theorem 8.1, general case. Here again implied constants in Landau
and Vinogradov notations depend on G and k. Write the Lie algebra of G
as a semi-direct product g = 5§ X t, with s semi-simple and ¢ a nilpotent ideal,
and let R be the nilpotent radical of G, i.e. the closed connected normal sub-
group of G with Lie algebra t. The proof goes by induction on the nilpotency
class £ of R.

We have already seen that Theorem 3.1 holds if / < 1. Now suppose that
R has nilpotency class equal to ¢ > 2 and that Theorem 3.1 has been proved if
the nilpotency class is strictly less than /.

Let R;, ¢ > 1 denote the lower central series of the group R. Each R; ,
i > 1 is closed and connected, and the Lie algebra of R; is exactly the i-th
term in the lower central series of t, see e.g. [17, Theorem 5.7, p. 55|. We first
remark that the assumptions of Theorem 3.1 are preserved when projecting to
a quotient. The nilpotency class of the radical of G/Ry is £ — 1. Let €1 > 0 be
some constant, whose value will be specified later. By the induction hypothesis
applied to G/ Ry, provided ¢ is small enough compared to €1, for some integer s
depending on « and €1,

Bg(1,6%%) c (AU{1} U A_l)sBGf(l, 0)Ry

Without loss of generality, we may replace (AU {1} UA™1)*Bg(1,6) by A, and
assume that

Bgr(1,6°*) C(RNA)R; and Bpg, ,(1,6°) C (Re—1 NA)R,.
By Lemma 3.7, we also have
Bg,(1,6°") C [Bg(1,6%), Br,_, (1,5)]°0.
From these inclusions and the fact that Ry is in the center of R, it follows that
Bg,(1,0%1) ¢ A°M Bg(1,0(6)). (22)

At this stage replace A Bg(1,0(5)) by A. The fact that Br(1,0°') C AR,
and Bg,(1,6%1) C A does not prove what we want yet but gives the lower
bound

N(AQ, (5) >a 6 dim(G)-l—O(el).

Covering A? by balls of radius 1631, we obtain
N(A242 N Bg(1,6%1),0) > 6~ 4m(@+06E0),

Write A’ = A72A4% N Bg(1,8%1). Then A’ satisfies the assumptions of Theo-
rem 3.1 with xk =1 and € = O(e;). Hence if &1 is small enough compared to &g,
then by the induction hypothesis again,

Ba(1, (58[)) C AISB(;(L 0)Ry

for some s depending on gy. Since any element in Ry involved in this inclusion
is within distance §¢* from the identity, we can conclude using (22) that

Bg(1,6%) ¢ A'°MBg(1,0)A.
This finishes the proof of Theorem 3.1. O
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3.4 Approximate subgroups in non-perfect Lie groups

Here we prove Proposition 1.3. First, observe that in a nontrivial abelian Lie
group, generalized arithmetic progressions (i.e. sums of arithmetic progressions)
are the prototypes of approximate subgroups. Then in a non-perfect Lie group
G, it suffices to lift a generalized arithmetic progression in its abelianization
G/|G, G] to obtain an approximate subgroup with the desired properties.

Proof of Proposition 1.3. First consider the abelian case G = R*%, with d > 1.
Let x € (0,1]. Given a neighborhood U of 0 € R*¢ let r > 0 be such that
Bgra(0,7) C U. Define

P={"zeR* 22N [—6‘“7‘,(5‘“7“]”}.

It is easy to check that P satisfy the required properties.

Now let G be a simply connected non-perfect Lie group. Then G/[G,G] ~
R*4 where d = dimg — dim[g,g]. Let 7: G — R*? the projection. Given
a neighborhood U of 1g € G, let r > 0 be such that Bg(1lg,2r) C U and
Bga(0,7) C w(U). Let P be defined as above and put A = Bg(1g,2r)N71(P).

On the one hand,

N(A,6) ~q, 6N (1(A),0) ~g, 6~ IEGAN (P §) mg, 6~ dimleal—dr
and for similar reason,
N(AAA,$) g, 0~ dmleslN(P 4 P4+ P 6) <q., N(4,06).

On the other hand, when ¢ is small so that §* < r, A is §*-dense in Bg(1g, 1),
that is,
Bg(lg,r) - A(é ).

It follows immediately that for any connected normal subgroup N <G, 7 /n(A)
is 0"-dense in Bg/n(lg/n,7) and hence

Vp > 6, N(mg/n(A), p) >c,r p "

Moreover, it is not difficult to see that given a simply connected Lie group G and
r > 0, there is ¢ = ¢(G, r) > 0 such that no proper closed connected subgroup is
c-dense in Bi(1g,r). From this we deduce that A is (¢ — 6")-away from proper
closed connected subgroups. O
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