SEMISIMPLE RANDOM WALKS ON THE TORUS

WEIKUN HE AND NICOLAS DE SAXCE

ABsTrACT. We study linear random walks on the torus and show a quantita-
tive equidistribution statement, under the assumption that the Zariski closure
of the acting group is semisimple.

1. INTRODUCTION

Let d > 2 be an integer and T¢ = R?/Z? the torus of dimension d. We study a
random walk (,),>0 on T¢ given by

VYn >0, Tn = Gn---9120

where (gn)n>1 is a sequence of independent identically distributed random variables
with law g on GL4(Z). Let T' denote the group generated by the support of p, and
G Dbe the Zariski closure of I in GL4(R). In [11], Bourgain, Furman, Lindenstrauss
and Mozes showed that if G acts strongly irreducibly and proximally on R¢, then
the random walk (x,,),>0 equidistributes in law to the Haar probability measure
mpd as SOON as xq is irrational, i.e.

Vl‘o g Qd/Zda /’L*n * 6I0 _\:zﬁ+oo mrd .

Moreover, this result is quantitative : an explicit rate of convergence is obtained in
terms of the distance from zg to rational points of small denominator. Following
their strategy, we showed in [25] that their theorem is still valid without the proxi-
mality assumption, as long as the action of G’ on R? is strongly irreducible. On the
other hand, the theory developed by Benoist and Quint in their series of articles
[3, 5, 6, 4] made it clear that when studying random walks on homogeneous spaces,
it is most natural to only assume that the acting algebraic group G is semisimple.
Indeed, under this assumption [5, Theorem 1.1] gives a full classification of station-
ary measures, which in turn implies the very general equidistribution results of [6].
It is therefore desirable to obtain quantitative convergence results similar to those
of [11] or [25] in this more general setting, and this is the goal of the present article.

Of course, without the irreducibility assumption, there can exist some proper
closed T-invariant subsets of T¢, and the random walk may not equidistribute to
the Haar measure, even if the starting point x¢ is irrational. So in order to state
our main result, we need to set up some notation. Let G° denote the identity
component of G for the Zariski topology. The subalgebra of M (R) generated by
G° is denoted by E. Since G is semisimple, we may write R4 =V, & Vi @ --- @V,
where for 4 = 0,...,r, V; is a maximal sum of simple G-modules having the same
top Lyapunov exponent for the action of u. Reordering the subspaces V;, we may
assume in addition that

)\1(M,V1) > > )\1(/‘7‘/;) > )‘1(M7V0) = 0.
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The space Vj will play a special role in our analysis of the random walk behavior.
By a result of Furstenberg, the image of G in GL(V}) is compact, and for that
reason, we shall say that Vj is the sum of all compact factors of G in R?. We define
a quasi-norm on R¢ by

|v| = max g || v
0<i<r

where v = vy + ... + v, is the decomposition of v according to the direct sum
RY = @;_,Vi. By convention, we set % = +00 and

|+<>o — {O if HUOH <1,

[[vo .
+o00 otherwise.

This quasi-norm induces a quasi-distance on R given by J(x, y) = |z — y|, which
projects to a quasi-distance on T%, still denoted by d. A finite measure y on GLg4(Z)
is said to have a finite exponential moment if there exists 7 > 0 such that

/ lgll” dua(g) < +oo,

where ||-|| denotes a norm on the space My(R) of d x d matrices; this definition does
not depend on the choice of the norm. Our goal is the following theorem.

Theorem 1.1 (Equidistribution of semisimple linear random walks on T%). Let u
be a probability measure on GL4(Z) having a finite exponential moment. Denote by
G C GL4(R) the algebraic group generated by u, by G° its identity component, and
let E be the subalgebra of My(R) generated by G°. As above, we write Vi for the
sum of all compact factors of G in R?. If the algebraic group G is semisimple, then
for every A € (0,1), there exists C = C(u,A) > 0 such that the following holds.
Given o € T, assume that for some t € (0,3), ap € Z%\ {0}, and n >

llaol|
Clog 5,
(17 % 0 ) (a0) | = .
Then, there exists v € G/G® such that, denoting Wo = (agyE)*, one has

J(a;o — g — v,Wo) <e ™

c
for some v € Vo, p € Z¢ and q € Z \ {0} such that max(||v], |q]) < (M)

In the above, of course, %, v and Wy are identified with their projection to

the torus T?. A slightly more precise version of Theorem 1.1 is stated below as
Theorem 6.1.

Remark. If G is connected, i.e. G = G°, then Wy = (agE)" is entirely determined

by ag. Existence of a large Fourier coefficient (ummo)(ao) implies that the start-
ing point of the random walk is close to a rational translate of an invariant closed
subset of the form Wy + By, (0, R) mod Z¢, where By, (0, R) denotes the centered
closed ball of radius R in V with respect to some G-invariant Euclidean norm on

V and R is controlled in terms of ||ag| and |(meo)(ao)|~

Example (Reducible random walk). Fix a probability measure pg on SLa(Z) such
that supp ug generates SLy(Z), and let u = pg ® po. Using the block diagonal
embedding SLy x SLy < SLy4, we view p as a probability measure on SL4(Z). In
that setting, £ = M5(R) x M3(R) and Vo = {0}.

Assume as in the theorem that (u*™ x d,,)(ag) is large. Write ag = (a1, ag, as, aq).
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e If (a1,az2) and (a3,a4) are both nonzero, then agE = R* and therefore
Wy = {0}. Thus, the starting point xy must be close to a rational point
with small denominator.

o If (a1,a2) = 0 and (ag,as) # 0, then apE = {0} @ R? so that Wy =
R? @ {0}. The theorem only allows us to conclude that zq is close to a
rational translate of the invariant subtorus T? x {0} = Wy mod Z*. In
particular, we can conclude nothing about the first two coordinates of .
And indeed, if one starts from a point 2y whose third and fourth coordinates
are zero, then the random walk is trapped in the proper invariant subset
T2 x {0}. For every frequency of the form ag = (0,0, as,a4) and for all n,

one has (umwo)(ao) =1
Example (Compact factors and satellite measures). Consider the quadratic form
Q(z,y,2) = 2% +y*> — V222 on R?, and SOg C SLs its special orthogonal group:
SOg = {g € SL3 | 'gJog = Jg}, where Jg = diag(1,1, —v/2).
If g is an element of the group I' = SO (Z[v/2]) of elements of SO with entries in
the ring Z[v/2], one can write g = A + /2B, with A, B in M3(Z). The map

A 2B
B A

embeds I' into SLg(Z). Let u be a probability measure on SLg(Z) whose support
generates the group I'.

Since (A QAB) is conjugate to diag(A + /2B, A —v/2B), so that T" preserves a

g—A-l-\/iBn—)(

B
direct sum decomposition R® = R3 @ R3. The group I acts on the second factor as
a subgroup of SOg, where Q(z,y,2) = 2% +y? + /222 is positive definite, so there
is a non-trivial compact factor Vo ~ R3. Note that V; embeds densely in T°.

On the other hand, one can check that in that setting E is conjugate under

V2I3 /213 . 6
( I, I, ) to the block diagonal subalgebra M3(R) x M3(R). If ag € Z°\{0},
both projections of ag to the R? factors are non-zero (note that the direct sum de-
composition is not defined over Q) and therefore one always has agE = RS, whence
Wo = {0}. .

Existence of a large Fourier coefficient (u*™ * d,,)(ao) implies that up to a ratio-
nal translation with small denominator, the starting point zg is close to the image
in T of a ball of controlled radius in Vj. Note that if the starting point zg lies on
the embedded leaf Vj, then the random walk equidistributes with respect to (the
image in T® of) the uniform probability measure on the sphere containing o for
the quadratic form z2 + 32 + /222 on Vj.

If the sequence (u*™ * d,,) does not converge to the Haar measure mrpa in the
weak-* topology, then, by Weyl’s equidistribution criterion, there are ag € Z%\ {0}
and ¢t > 0 such that |(u*™ % 0,,)(ao)| > t for an unbounded sequence of n € N.
Letting n go to infinity along this sequence, we deduce the following qualitative
statement from the above theorem.

Corollary 1.2 (Qualitative statement). Let p be a probability measure on GL4(Z)

having a finite exponential moment. Denote by G C GL4(R) the algebraic group

generated by p. Assume that G is semisimple. Then for any point xg € T?, either
M*n " 510 ok mra,

or
zo € QY4+ Vo + Wy mod Z,
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where Vi denotes the sum of all compact factors of G in R? and Wy is a proper
rational subspace of R? invariant under the action of the identity component G° of

G.

As a consequence, we recover the classification of orbit closures due to Guivarc’h
and Starkov [22] and Muchnik [34].

Corollary 1.3 (Classification of orbit closures). Let I' C GLq(Z) be a subgroup
whose Zariski closure G is semisimple. Let xy € T%. Then the orbit closure Tz is
either the whole T? or contained in a T-invariant closed subset of the form

1
~Z' 4+ By, (0,R) + ) W mod Z?
q yeG/G°

where q is a nonzero integer, By, (0, R) is a ball in Vy, the sum of all compact factors
of G in RY and Wy is a proper rational subspace invariant under the action of the
identity component G° of G.

The qualitative statement could also be reformulated more simply as follows.

Corollary 1.4 (Equidistribution). Let u be a probability measure on GL4(Z) having
a finite exponential moment. Denote by I' C GL4(Z) the subgroup generated by p.
Assume that the Zariski closure of T' is semisimple. Then for any xo € T?, either
W™k 0y = mra or T is contained in a proper I'-invariant closed subset.

A particularly simple case of the above results is when the group I' acts strongly
irreducibly on Q¢, that is, when I' preserves no nontrivial finite union of proper
subspaces of Q?. Then, for any ay € Z?\ {0} and any v € G, one must have
aoyE = (R?)*, so we obtain a simpler equidistribution statement.

Corollary 1.5 (Equidistribution of Q?-irreducible random walks). Assume that G
is semisimple and acts strongly irreducibly on Q. Then for every A € (0,1), there
exist C = C(u, \) > 0 such that the following holds.

Given xo € T¢, assume that for some t € (0, %), ag € Z%, and n > Clog @,

-

| (= 5 02y ) (a0) | > t.

c
Then there exists v € Vo, p € Z% and q € Z\ {0} such that max(||v], |q]) < (H‘lt"”>

and

d(xo — g — v70) <e .

In particular, if xo does not lie on a rational translate of the Vi leaf in T?, then
W % 0y, converges to Mrd.

It was observed by Benoist and Quint [5, Corollary 1.4] that if G is semisimple
without compact factors and acts irreducibly on Q%, then mra is the only atom-free
p-stationary probability measure on T?. By the results of [6], this implies that the
Cesaro averages % Z;é ,u*k*dzo converge to mpa. The above corollary immediately
shows that convergence also holds without the averaging process. When u is a
symmetric probability measure on SL4(Z), a general result of Bénard [2, Theorem 1]
implies this qualitative statement, but without the symmetry assumption the result

seems to be new.

Corollary 1.6. Assume that G is semisimple without compact factors and acts
strongly irreducibly on Q. Then, for every o irrational in T?, the sequence of
measures (U * 0, )n>0 converges in law to mra.
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One motivation to carry out the rather technical proof presented here is its
application to the spectral gap property for subgroups of algebraic groups, modulo
arbitrary integers. Indeed, following a strategy of Bourgain and Varju [15], one can
use Theorem 1.1 to answer a question of Salehi Golsefidy and Varju [35, Question 2|.
A particular case of the problem was studied in [26], and we hope to generalize those
results in a forthcoming paper.

1.1. Outline of the proof. The paper is entirely devoted to the proof of Theo-
rem 1.1, for which we use the strategy introduced in [11], and more precisely the
variant used in [25] to avoid the proximality assumption. Section 2 deals with
discretized algebraic combinatorics in semisimple algebras: we prove some Fourier
decay estimate for multiplicative convolutions of measures satisfying natural non-
concentration conditions, Theorem 2.1, generalizing results of Bourgain [10] for the
real line. The main input for our proof is a sum-product theorem for represen-
tations of real Lie groups [24, Theorem 1.1], which easily implies the discretized
sum-product theorem in semisimple algebras; then we use some L2-flattening lemma
similar to the one used by Bourgain and Gamburd in their work on the spectral
gap property.

After that, in order to apply the combinatorial results of the previous section to
the random walk, we need to check that the measure p*" appropriately rescaled
is not concentrated near proper affine subspaces of E, nor near singular elements;
this is done in Section 3. Just as in [25], the argument ultimately relies on the
spectral gap property modulo primes obtained by Salehi Golsefidy and Varja [35].
However, because the rescaling automorphism is no longer a homothety, the proof
involves a detailed analysis of the behavior of the random walk with respect to a
quasi-norm on the algebra E. To help the reader understand the main ideas of
the proof without having to go through all the technical details, we start with the
simpler case where FE is simple; even in that case, the argument is different and
simpler than the one presented in [25], where similar estimates are needed.

In Section 4, we prove Theorem 4.2, an important Fourier decay estimate for
the law of the random walk. This simply follows from a combination of the two
previous sections when the group G is connected, but becomes more complicated
without this assumption. We follow the argument used in [28, Appendix B], with
minor modifications.

Section 5 makes the link between the random walk on G and the random walk on
T?. The Fourier decay obtained in the previous section shows that if ;*"*d,, has one
large Fourier coefficient, then reducing slightly the value of n, the measure p*" *d,,
has many large Fourier coefficients. Using a quantitative version of Wiener’s lemma,
one infers a first “granulation statement” p*" *d,, is concentrated near a finite set
of well-separated points in T%.

To conclude the proof of Theorem 1.1, we run backwards the random walk,
starting from the granulation estimate mentioned above. The argument uses in
particular the diophantine properties of the random walk, and the exponential
unstability of closed invariant subsets, obtained using a drift function, as in Eskin-
Margulis [19] or Benoist-Quint [5]. This is the content of Section 6.

1.2. Concluding remarks. Affine random walks. After some first results of J.-B.
Boyer [16], it was explained in [27] how to obtain quantitative equidistribution of
affine random walks on the torus, under the assumption that the action on R? is
strongly irreducible. The arguments in that paper could be adapted to our setting.
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More general homogeneous spaces. Benoist and Quint [3, 5, 6] have obtained
equidistribution results that are valid in the much more general setting of homoge-
neous spaces of Lie groups. One drawback is that their convergence theorems are
not quantitative, and only concern the Cesaro averages % Z;S [T

On this subject, the first author has obtained, in collaboration with Lakrec and
Lindenstrauss, some partial results for affine random walks on nilmanifolds [28];
these spaces may be seen as the simplest generalization of tori, but the analysis
already becomes much more intricate. Very recently, in collaboration with Bé-
nard [17], using a new approach avoiding Fourier analysis, the first author has also
been able to obtain results for random walks on finite-volume spaces of the form
G/A, where G is SO(2,1) or SO(3,1), and A a lattice in G.

In a slightly different direction, W. Kim [29] studied effective equidistribution
of expanding translates in the space of affine lattices. Also in a different direction,
Lindenstrauss and Mohammadi [32], Yang [40], and Lindenstrauss, Mohammadi
and Wang [33] have studied effective density and equidistribution in some homo-
geneous spaces. Although these equidistribution results do not deal with random
walks, some of the techniques used there are similar enough to ours to be mentioned
here.

1.3. Notation. Here is a list of notation we use.

f<g, 9> f, f=0(g), there exists a constant C' > 0 such that f < Cg.
fxgif f<gand g < f.

B(z,r), the ball of center = and radius 7.

By (-, +), ball in the ambient space V.

H°, the identity component with respect to the Zariski topology of the
algebraic group H.

V*, the space of linear forms on a linear space V.

e A\ (u, V), the top Lyapunov exponent associated to the random walk on
a Euclidean space V defined by a probability measure p supported on a
group acting linearly on V.

w * v, multiplicative convolution.

W% = px - - % u, multiplicative convolution power.

w B v, additive convolution.

pBk = @ - .- B p, additive convolution power.

w B v, the image measure of y ® v under the map (z,y) — = — y.
Ta(z)=1ifx € A, 14(x) = 0 otherwise.

#A, cardinality of a finite set A.

|A|, Lebesgue measure for subsets A of an Euclidean space or a torus.
|-|~, a quasi-norm

J( -, ), a quasi-distance, usually associated to a quasi-norm.

B(-, +), ball with respect to d.

P[-] and P[- | ], probability and conditional probability.

fept, image measure of p under the map f.

M (R), the space of d x d real matrices.

P(X), the space of Borel probability measure on a topological space.

(-, ), according to the context, the natural pairing V* x V' — R or the
natural pairing Z¢ x T¢ — T.

2. SUM-PRODUCT, L2-FLATTENING AND FOURIER DECAY

In this section, we study multiplicative convolutions of measures on a semisimple
associative algebra E. Our goal is to derive Theorem 2.1 below, which shows that
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under some natural non-concentration assumptions, such multiplicative convolu-
tions admit a polynomial Fourier decay. This generalizes results of Bourgain [10]
for E =R, of Li [31] for E=R @& --- &R, and of [25] for a simple algebra FE.

Let E be a normed real algebra of finite dimension. The determinant detg(a) of
an element a € F is simply defined as the determinant of the multiplication map
E — E, x+— az. Given p > 0, we let

Sp(p) ={x € El|detg(z)| < p}.
If W C E is any subset, we let W) denote the p-neighborhood of W, defined by
WP ={zcE|FweW: |zt—w|<p}

The following definition summarizes the non-concentration conditions we shall need
in order to prove some Fourier decay for multiplicative convolutions.

Definition (Non-concentration conditions). Let € > 0, k > 0, 7 > 0 be parameters.
We say a measure n on E satisfies NCy(e, k,7) at scale 6 > 0 if
(i) suppn C B(0,07°);
(i) for every x € E, n(x + Sg(6%)) < 07;
(iii) for every p € [0,1] and every proper affine subspace W C E, n(W®)) <
6 cp".

We say that a measure 1 on E satisfies NC(e, &, 7) at scale § > 0 if it can be written
as a sum of measures

_ . no satisfying NCq(e, k, T)
n=mno+m with { nm(E) < 6.

Given a finite measure p on E, its Fourier transform § is the function on the
dual space E* given by the expression

vee B, (e = [ TN auto)

If v is another finite measure on F, the multiplicative convolution p * v is defined
as the image measure of 4 ® ¥ on E x F under the map (z,y) — zy. It should
not be confused with the additive convolution B v, image of p ® v under the map
(2,9) > 7+ y.

Theorem 2.1 (Fourier decay of multiplicative convolutions). Let E be a normed
finite-dimensional semisimple algebra over R. Given k > 0, there exists s =
s(E,k) € N and € = ¢(E,k) > 0 such that for any parameter 7 € (0,ex) the
following holds for any scale § > 0 sufficiently small.

If m,...,ns are probability measures on E satisfying NC(e, &, T) at scale §, then
for all ¢ € E* with =1+ < ||¢]| < 6-17¢,

[(2 5+ ) (€)] < 07

For E = R, this is due to Bourgain [10, Lemma 8.43]. For algebras of the form
E=R®- - - ®R, this is due to Li [31, Theorem 1.1]. We shall first prove this
theorem when all n; are equal, i.e. 71 = --- =1, = 1 and then deduce the general
statement from this particular case following the argument in |27, Proof of Theorem
B.3]. Alternatively, one could adapt the first part of the proof to handle directly
the general case, but this would make notation cumbersome.

The proof we give for Theorem 2.1 follows a strategy originating in the work
of Bourgain, Glibichuk and Konyagin [14] on exponential sums in finite fields: one
deduces the bound on the exponential sum from a combinatorial “sum-product”
statement, using an L?-flattening statement. In our case, the combinatorial input
is a discretized sum-product theorem in semisimple algebras, which follows from a
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general sum-product statement for representations of real Lie groups obtained in
[24, Theorem 2.3].

2.1. Sum-product in semisimple algebras. Sum-product estimates go back to
the work of Erdés and Szemerédi [18] who showed that there exists some positive
constant € such that for any subset A of integers,

A+ Al +[AA] > Al

where A + A and AA denote respectively the sum-set and the product-set of A,
defined by A+ A={a+b; a,be A} and AA = {ab; a,b € A}. In the following,
we consider a normed semisimple algebra E of finite dimension over R, and our goal
is to prove a similar statement for subsets A C E, with the cardinality replaced by
the covering number N(A4,§) of A at small scale § > 0. Recall that by definition,
N(A,§) is the minimal cardinality of a cover of A by balls of radius 6 in E. In
order to ensure that the covering number of A at scale § grows under addition or
multiplication, one of course has to assume that A is not essentially equal to a ball
in some subalgebra of E. We make a stronger assumption and require that A is
not concentrated near any proper affine subspace of F.

Definition (Affine non-concentration). Let V' be a Euclidean space, and €,k > 0
two parameters. We say a subset A C V satisfies ANC(e, k) at scale ¢ if
(i) AcC B(0,07¢) and
(ii) for every p > & and every proper affine subspace W C V, N(ANW ) §) <
I Ep"N(A,9).

Essentially, we want to show that if E is a semisimple algebra, then for every
k > 0, there exists € > 0 such that for any set A C Bg(0, 1) satisfying ANC(e, k)
and 67" < N(A,5) < §~4mEFTR one has N (A+ A, 0) + N (AAA,8) > 6N (A,0).
We shall prove a slightly more technical growth statement, involving the tensor
algebra £ ® E°P, where E°P denotes the algebra with the same linear structure as
E but with multiplication (a, b) — ba. Note that the algebra F'® E°P acts naturally
on E by

VYa,xz € E, Vb € E°?, (a® b)x = axb.

Theorem 2.2 (Sum-product in semisimple algebras). Let E be a finite-dimensional
real semisimple algebra. Given k > 0, there exists ¢ = (F, k) such that the follow-
ing holds for all § > 0 sufficiently small.

(i) Let A be a subset of E satisfying ANC(e, k) at scale 6 and
(ii) 67" < N(A,6) < §- dimEr,
(i1i) Let B C E ® E°P be a subset satisfying ANC(e, k) at scale 0.
Then there exists f € B such that

N(A+ A5+ N(A+ fA5) > 5N(A,0).

The theorem above is almost equivalent to the fact that one can obtain from
A a small ball in E using a bounded number of sums and products. This is the
content of the proposition below, which we obtain as a simple application of [24,
Theorem 2.3]. For a subset A in an algebra E and s € N*, we let (A), denote the
set of elements in F that can be obtained as sums of at most s products of at most
s elements of A or —A.

Proposition 2.3 (Bounded generation in semisimple algebras). Let E be a finite-
dimensional real semisimple algebra. Given k > 0 and g9 > 0, there exists ¢ =
e(E,k,e0) > 0 and s = s(E,k,e9) > 1 such that the following holds for all 6 > 0
sufficiently small. If A C B(0,07°) satisfies ANC(e, k) at scale 0 in E, then

B(0,6%) c (A), + B(0,6).
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Proof. We consider the group G = E* of invertible elements in E and its action
by multiplication on V' = E. By semisimplicity, we may decompose E into a sum
of non-trivial irreducible representations £ = @®;V;. Let m;: G — GL(V;) denote
the representation of G on V;. By [24, Theorem 2.3], there is a neighbourhood U
of the identity in G and constants € = ¢(F, k,e09) > 0 and s = s(E,k,€) > 1 such
that the following holds for all § > 0 sufficiently small. Let Ay be a subset of U
and A; a subset of By/(0,1). Assume
(i) foralli=1,...,k, for all p >3, N(m;(Ag),p) > 6p~ ",
(ii) for any linear subspace W C V which is not G-invariant, there is a € Ag
such that d(a, Stabg(W)°) > é¢,
(iii) for any proper G-invariant linear subspace W C V, there is a € A; such
that d(a, W) > ¢é°.
Then
By (0,6%°) C (Ap, A1)s + B(0,9).

Here, (Ap, A1)s denotes the set of elements in V' that can be obtained as sums of
at most s products of at most s elements of Ay and elements of A; U(—A;). In the
argument below, we apply this result with e replaced by O(e/k).

Our set A is not necessarily contained in the neighborhood U, but we may cover
A by translates of U in F, and then, by the pigeonhole principle, there is a € A
such that A9 = (A — a) N U satisfies

N (Ao, 8) >p °CIN(A4,9).

This set Ay satisfies ANC(O(¢g), k) at scale 6. This non-concentration condition
applied to affine suspaces parallel to @;.;V; shows that the first condition above
is verified. Moreover, if W C E is not G-invariant, then the algebra generated by
Stabg (W) is a proper subalgebra of E. In particular, it is included in a proper
affine subspace of F, and by ANC(O(¢), k), there must exist a in Ay such that
d(a,Stabg(W)) > §9¢/%); so the second condition is also satisfied. To conclude,
take A; = Ay, which satisfies the third condition with e replaced by O(e/k). O

In short, Theorem 2.2 will follow from Proposition 2.3 applied to the set B in
the tensor algebra F ® E°P, and from the Pliinnecke-Ruzsa inequality.

Proof of Theorem 2.2. For K > 1, define
Rs(A,K)={f € E®E®|N(A+ fA,§) < KN(A,¥)}.

Let us show that Rs(A, K) is almost stable under addition and multiplication.
By Ruzsa’s covering lemma, if f € Rs(A, K), there exists a set Xy such that
N(Xy,6) = O(K) and
fACA—-A+ Xy
Therefore, for fi, fo in Rs(A, K), one has
A+ (fi+ ) ACA+ LA+ fLAC3A—-2A+ X4 + Xy,

With the Pliinnecke-Ruzsa inequality, this yields N (A+(f1+f2)A,8) < KODN (A, ),
ie. fi+ fois in Rs(A, KOM). Similarly, fif» € Rs(A, K°M). By induction, this
implies that for s € N,

(Rs(A, K))s + Bpgror(0,6) C Rs(A, KW,

Now assume for a contradiction that BU{1} C Rs(A,d¢). Since E is a semisimple
algebra, £ ® E°P is also one. Thus, by Proposition 2.3 applied to the set B C
E ® E°P, for any g¢ > 0, there is s = s(E, k,£0) > 1 such that

Brgr-r(0,0°) C (B)s + B(0,0)
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and therefore,
Brgre»(0,0°) C (B)s + B(0,0) C Ra(A76—OS(5)).
In particular, 6°° € Rs(A,6~9+(#)). This certainly implies § % € Rg(A, 5~ (ote))
and then, using once more stability of Rs(A, K) under product,
Brgger(0,1) C Rs(A, s Os(c0te)),

If ¢¢ and € are chosen small enough, this contradicts Lemma 2.4 below. O

We are left to show the next lemma, stating that if A has ANC(e, k) at scale §,
then Bpgper (0,1) is not contained in Rs(A,d¢).

Lemma 2.4. Let E = E1®---@ E, be a finite-dimensional real semisimple algebra
decomposed as a direct sum of minimal two-sided ideals. Write mj: E — E; for the
corresponding projections.

Given k > 0, there exists ¢ = ¢(E,k) > 0 such that the following holds for all
§ > 0 sufficiently small. Let A C B(0,67¢) be a subset of E. Assume

(Z) N(A, (5) < 5~ dim E+k
(”) f07" each .] = 37 -, T, MaXgzeE; N(A N Trj_l(BEj (Z‘, p)),é) < pﬁN(Aa 6)7
where p = §*FTamE
Then there exists f € Bpgrer(0,1) such that
N(A+ fA,8) >0 °N(4,0).

Proof. The image of E® E°P in End(FE) is equal to the image of @;:1 E;®E;. Let
fi, 7 =1,...,r be a family of jointly independent random elements of BEJ,®E;?P (0,1)
distributed according to the Lebesgue measure on F; ® E;’p, and set

f=f+the

regarded as a random element of End(FE). In the following argument, probabilities
and expectations are taken with respect to these random variables. For each j,
since the algebra £ is simple, the action of E; ® E;’p on Ej is irreducible. Hence
E; ® E;°(y) = Ej for any non-zero y € E; and consequently,

(21)  V6>0,Va,y € By, Plfi(y) —all < 8] < 6 Fy||m 5

Consider the map
p: AxXA — FE
(z,y) = x+fy
The energy of the map ¢ at scale § > 0 is defined as
Es(p, Ax A) =N ({(a,d',b,t)) € Ax Ax Ax A ||p(a,b) — (V)| <d5},0).

By the Cauchy-Schwarz inequality — see also [23, Lemma 12(i)],

N(A4,0)*
Ax A)d) =N(A A > ——
Npld x 4),6) =N (A + fA.0) 2 g B0
Taking expectations and applying Jensen’s inequality, we find
N(4,6)*

(22) E[N(A + fA, 5)] > W

so it suffices to bound E[E5(p, A x A)] from above.
For that, let A be a maximal d-separated subset of A. By [23, Lemma 12(ii)],

E[Es(p, Ax A)] < Z P[f(y' —y) € B(z —',54)].

zy,x Y €A
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Let p = dam e . We split the sum into two parts according to whether
ijl,---,r, ||7rj(y/7y)||2p
If this is the case, then (2.1) implies
P[f(y' —y) € Bz —2/,50) | < gHmEp=dimE,

Otherwise, there is j € {1,...,r} such that 7;(y’) € B(m;(y),p). For fixed y the
number of such 3’ in A is

#(AN 7 Bl (v). 0) < N(AN T (Blms (1), ). 8) < PN (A,6).
Moreover for fixed y,y’ and x, we have

Z P[f(y' —y) € Bz —2',58)] < 1

€A
because the balls B(x’,55) have overlap multiplicity at most O(1). Putting these
considerations together, we obtain

E[Es5(p, A x A)] < 6 Ep= ImEN(A )" + p"N (A, 5)?
< (67pImE 4 RN (A, 6)°
< STHETE N (A, 6)°
Combined with (2.2), this finishes the proof of the lemma. O

2.2. L2-flattening. Our goal is now to translate the sum-product theorem ob-
tained above in terms of measures on the semisimple algebra E. The result we
obtain is an L2-flattening lemma for additive and multiplicative convolutions of
measures on F. Statements of this form already appear implicitly in the work of
Bourgain [9, 10] on the Erdés-Volkmann ring conjecture, and were later much popu-
larized by their application to the spectral gap problem by Bourgain and Gamburd
[13, 12]. They are usually derived from the analogous combinatorial growth state-
ment, via a decomposition of the measures into dyadic level sets, combined with an
application of the Balog-Szemerédi-Gowers lemma.

Before we can state our result, we give a non-concentration condition for mea-
sures on F, analogous to the one given for subsets in the previous paragraph.

Definition (Affine non-concentration for measures). Let V' be a Euclidean space,
and g,k > 0 two parameters. We say that a measure n on V satisfies ANC(g, k) at
scale § if

(i) suppn C B(0,67°);

(ii) for every p > & and every proper affine subspace W c V, n(W () < §—<p*.

In this paper, measures are often studied at some fixed small positive scale J.
For that reason, it is convenient to define the regularized measure ns of a measure
n on E at scale § by

ns = n B Ps

L20.9) io the normalized indicator function of the ball of radius o

[B(0,0)]
centered at 0. The measure 75 will be identified with its density with respect to

the Lebesgue measure on F, and we write

where Ps =

11ll2,5 = [I9s]]2-

Proposition 2.5 (L?-flattening). Let E be finite-dimensional semisimple algebra
over R. Given k > 0, there exists € = e(E, k) such that the following holds for all
0 > 0 sufficiently small. Let n be a probability measure on E satisfying

(i) n is supported on E\ Sg(6°);
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(ii) n satisfies ANC(e, k) at scale § on E;
(iii) 07"F < |Inll3 5 < o7 EERE

Then,
[n*n+xnBnxnxnlzs < 0°nll2s.

We wish to deduce this proposition from Theorem 2.2. A first useful obser-
vation is that the non-concentration condition for measures is closely related to
non-concentration for subsets.

Lemma 2.6. Given an Fuclidean space V', and parameters € > 0 and k > 0, the
following holds for all § > 0 sufficiently small.

(i) If ACV has ANC(g, k) at scale 6, then there is a measure supported on A
which has ANC(2¢, k) at scale 6.

(ii) Let n be a probability measure on V satisfying ANC(e, k) at scale §. If
A CV is a subset such that n(A) > 6% then there is a subset A" C A which
satisfies ANC(6¢e, k) at scale 6.

Proof. For the first item, let A be a maximal d-separated subset of A. The nor-
malized counting measure on A satisfies the desired property. The second item is
slightly more subtle. Since the normalized restriction of ) to A satisfies ANC(2e, k),
we may assume without loss of generality that A = suppn. Let i, be the largest
integer such that 2min < §264imV For every integer i > ipmin, set

wB(0.20) _ iy

2i-1 <
1B(0,9)]

Ai,O:{aeA

and then
A_o=A\ |J Ao

1>4min

Next, for every i > iy, set A; = AE:SO) and also A_ = A(_%. By this construction,

(2.3) ns < gredimViy Z oi 14,
iZimin
and
(2.4) Vi > imin, 2" 1a, < 1350
_ log|B(

10g02a5)| + 1. Thus, integrating (2.3) and
recalling suppn C B(0,67°) from ANC(e, k) for n, we obtain some i > iy, such
that 2°|A;| > 6°. Fix this ¢ and set A’ = A; . If W is a proper affine subspace in
V and p > §, we can bound using (2.4) and ANC(e, k) for 7,

Note that A; is empty whenever i >

NA AW, §) < §=dimV / Ly oo (2) da
Vv

< g~ dmV /V 27 Ly () dss ()
= 674V ings (W)
< g dimVo-ig—e
and using the above lower bound on 2¢|4;|, we get
NA WP ) « 6 dmV| 4,672 "
<L 07PN (A, 0)
This shows that A’ satisfies ANC(3¢, k) at scale 6. O
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The next lemma is similar in spirit to the previous one. Roughly speaking, given
measures 7 on V and g on GL(V') such that the convolution p*nH p *n has large
L?norm at scale §, we construct related subsets A C V and B C GL(V) such
that A — BA is not much larger than A. This is the central part of the proof of
Proposition 2.5; it relies on the Balog-Szemerédi-Gowers lemma.

Lemma 2.7. Let V' be a Euclidean space and p a probability measure on GL(V)
such that

Vg esuppp, gl + g7 <67
Let n be a probability measure on By (0,07¢) such that

B pxnllzs > 6%[Inll,s.
Then there exist a subset A C By (0, 5‘0(5)) and an element g1 € supp p such that

5 AmV O 22 < N(4,6) < 5 Am VO

—2
2,6
and

1({g€GLV)|N(A-ggr'A,0) <5 CCN(A,5)}) > 596
If moreover n satisfies ANC(e, k) in V at scale § for some k > 0 then A satisfies
ANC(O(e), k).

Proof. We use the following rough comparison notation : for positive quantities f
and g, we write f < g for f <69 gand f~gfor f <gand g < f.
We have
[ ms Bpsnslla 2 wxnBpxnllzs 2 lnslla-
As in the proof of Lemma 2.6, we can approximate 7; using dyadic level sets : there
are §-discretized sets' (4;);>o in By(0,67°) such that A; is empty for i > log
and

(2.5) s < Y214, Snss+ La, -
i>0

By the pigeonhole principle, there are i, 7 > 0 such that

Imsll2 < (g * ns B o+ ns |2
S 22+]Hu * ]]‘Ai EI:U * ]]‘Aj HQ

s2 | 1104, 810, 2 (1 @ )9, ).
GL(V)xGL(V)
In the last inequality, we used g * 14, = |detg|™' 1,4, and |detg| ~ 1 for all
g € supp p. By the right-hand inequality in (2.5), we have
24 S 1 and 2[A;]% < nslle
and similarly
Y141 $1 and 247 5 [nsll2-
By Young’s inequality and the estimate on det g, we have for all g, ¢’ € supp p,
279 Lga, By a,llz < lnslla-

Thus, by the pigeonhole principle again, there exists gy € supp p and a set By C
supp p such that u(Bg) 2 1 and for all g € By,

[msll2 2 247 [ 1g,a, B 1ga,ll2 2 [Insll2-

1A §-discretized set is a union of balls of radius 4.
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By the above estimates, this implies
H]lgoAi B ]lgAj Hg Z 272 H775||%
227|214
3 3
Z Al 2[4,
3 3
~ |goAilZ[gA; 2.

By the Balog-Szemerédi-Gowers lemma [37, Theorem 6.10], for each g € By there
are ¢-discretized subsets A, C A; and A; C Aj such that

1 1
[ Agl ~ [A4il, [Ag] ~ 1451, and - N(goAg — gAg,8) < N(goAg,0)2N (g Ay, 6)2.
Set X =A; x Aj and X, = Ay x A; C X and write

150 0 X auton) duten) = [[ 16,0 15,0 a0 diton) an(en)

=/</ Lx, (@) dﬁb(g))2 dz
> ﬁ (// Ix,(z) dxdu(9)>2

Z X1
This shows that there exists g1 and By C By such that p(By) 2 1 for all g in By,
| X4, N X4| 2 |X]|. Equivalently,
Vg€ B, [Ag N Al ~ |Ag| ~ 4] and |4}, 04| ~ |AD | ~ A},

For subsets A, A’ € V, write A = A’ it N(A—A",6) SN(A,8)2N (A, 5)2. Ruzsa’s
triangle inequality [38, Lemma 2.6] is still valid for covering numbers at scale 4, so
if A~ A’ and A’ =~ A”, then A ~ A", and moreover, if A ~ A’ for some sets A and
A’ then A~ Aand A" =~ A’

The above shows that for every g € Bo, goA, ~ gAj. This implies goAy ~ goAy,
and since g is §~°-Lipschitz, A, =~ A4. Therefore, for g1 € By and g € B; as above,
we find A,, = A, N A, ~ Ay Similarly, A) ~ A}, Finally

goAg, ~ goAg ~ gAl ~ gAl ~ ggi ' goAg,,

showing that A = ggA,, has all the desired properties.
For last assertion, note that n(A;) 2 1. By the proof of Lemma 2.6(ii), A;
satisfies ANC(O(e), k) and hence so do A, and A. Note also that

N (A,0) ~ N(Agy,8) ~ N(Ai,0) ~ 5~ VA~ 67 SV )13 5.
O

To prove Proposition 2.5 we use the above lemma for the action of £ ® E°P on
E, and then apply the sum-product theorem in E.

Proof of Proposition 2.5. Let p be the image measure of n ® n in GL(E), so that
pxnBuxn=nxnxnBEn*n=xn. We argue by contradiction: Assuming

% B pxnllas > 6°[Inlla,s,

we shall construct sets A, B satisfying all assumptions of Theorem 2.2, with x and
e replaced by k/2 and O(g) but violating its conclusion. By Lemma 2.7 there is a
subset A C E satisfying ANC(O(e), k) at scale § and an element ¢g; € supp p such
that

6—5—&-0(5) < ./\/(A,(S) <6 dimE—&-n—O(e).
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and
1({g € GL(V)|N(A—ggytA,6) <5 9CN(A,6) }) > 69,
By definition of u, we may write g1 = a1 ® by, and the above inequality becomes
(2.6)
(mxar")® (b7 +n)({ (a,b) € E x E|N(A —adb, ) <6 N (4,6) }) > 596,

Since a1,b; € Sg(6%), the measures n * a;' and by * 1 satisfy ANC(O(¢), »)
at scale 6. Moreover, Lemma 2.8 below shows that (n * a;')®(b;! * 1) sat-
isfies ANC(O(¢),%). By Lemma 2.6(ii), there exists a subset B C supp((n *
a; )& (by ' xn)) satisfying ANC(O(e), £). Equation (2.6) shows that N(A+fA, ) <
5 OEIN (A, ) for all f in B. Since 7 is supported on E \ Sg(6%), one also has
N(fA,8) > 69N (A, ), and so by Pliinnecke’s inequality one also has N (A +
A,6) <5 OCIN(A, ) and in turn.

N(A+ A8+ N(A+ fA,5) <5 PCN(A,9).
Thus, A and B violate the conclusion of Theorem 2.2 with parameters /2 and

O(e). This yields the desired contradiction, provided ¢ is chosen small enough. O

Lemma 2.8. Let Vi and Va be finite-dimensional linear spaces. For each i =1,2,
let n; be a measure on V; and denote by n,®ny the image measure of 11 @ 1y by the
natural bilinear map Vi x Vo — Vi ® Vs.

Given two parameters e,k > 0, the following holds for § > 0 sufficiently small.
If m and 1y both satisfy ANC(e, k) at scale 6, then m®n;y satisfies ANC(2¢, %) in
Vi ® Vs at scale 6.

Proof. Let v; and vy be independent random variables taking values respectively
in V1 and V3 and distributed according to 7; and 7. To establish ANC(2¢, §) for
71®12, it is enough to show that for any linear form ¢ € (Vi ® V5)* with ||¢|| = 1,
any t € R and any p > §, we have

(2.7) P[lo(vi @ va) — t| < p] < 675p"/2.

Note that (V7 ® Va)* = Vi* ® V5. Hence, letting (¢1,...,%q) be a orthonormal
basis of V}*, we can write ¢ € (V1 ® V2)* as

p=11®@p1+- +Yi®a
where @1,...,¢q4 € V5 are uniquely determined. Moreover,
(2.8) L=l = lleal® + -+ lleall

On the one hand, when v, is fixed, the map

d
v = (v @vy) = Z%(m)%(%)

is the linear form E?Zl vi(v2)Y; € Vi, which has norm Z?:1|<pi(v2)|2. Thus, by
independence of v; and vy and property ANC(e, k) for 71, we can estimate the
conditional probability

d
(2.9) P“gp(vl Ruy) —t| < p‘ Z|%(v2)|2 > p1/2} < 67pr/2,

=1

On the other hand, by property ANC(e, k) for 1o, for each i = 1,...,d,

P[li(va)| < p2lpill ] < 67%p"72.
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Hence, recalling (2.8),

d
(2.10) P[Z|g0i(v2)\2 < p] < d6—epr/2.
i=1

Inequalities (2.9) and (2.10) together imply (2.7) and finish the proof of the lemma.
O

2.3. Fourier decay. To prove Theorem 2.1 we apply the L?-flattening Proposi-
tion 2.5 repeatedly. The measures we obtain are images of tensor powers n* under
polynomial maps E¥ — E, and we need to compare their Fourier decay to that of
simple multiplicative convolutions of 7. This is the content of the next lemma. This
technique will also be useful to weaken slightly the assumptions of Theorem 2.1,
see Corollary 2.11 below.

Lemma 2.9. Let E be any real associative algebra, and let n be a measure on E
with n(E) < 1. Let u=n+n*xnBnxn*n then for any integer m > 1,

Ve B, (e < pm(e).

Proof. By [28, Lemma B.6], if n, ', n” are probability measures on E, then the
Fourier transform of n x (' Bn’) x " takes non-negative real values and moreover,

VEe BY, (= =) NE2 < (nx (1 Bry')=1")" (€).

By a simple scaling argument we see that the same holds when 7, n’, n” are finite
measures with total mass n(E),n (E),n”(E) < 1. Using this inequality m times
with measure n’ = n*3, so that p =’ B/, we get

(E) = | =D w3 = - > [t (€))P
O

We shall also need a lemma on Fourier decay for multiplicative convolutions
of measures with small L?-norm. In the case where E = R, such bounds origi-
nate in the work of Falconer [20] on projection theorems, and appear explicitly in
Bourgain [10, Theorem 7|. The result below is taken from [25, Lemma 2.9].

Lemma 2.10. Let E be a finite-dimensional real associative algebra with unit.
The following holds for any parameters k > 0 and € > 0 and any scale § > 0 small
enough. Let n and v be probability measures on E. Assume

(i) InlBs <67,
(i) suppn C B(0,07¢) and suppv C B(0,57¢),
(iii) for every proper affine subspace W C E, v(W®) < §2~,
Then for £ € E* with 517 < ||¢]| < 67172,

TE)] < dam 0,
We can finally derive Theorem 2.1.

Proof of Theorem 2.1. First case: 1 = --- =mns = 1.
For a measure n satisfying NC(e, x,7) at scale §, we write ess(n) to denote the
essential part of 1, defined as a measure on E satisfying
(i) ess(n) < and ess(n)(E) > n(E) — 367,
(ii) ess(n) is supported on B(0,67¢) \ Sg(d9),
(iil) ess(n) satisfies ANC(e, k) at scale 4.
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The second and third conditions from NCj are invariant under translation, so
that if p is a measure satisfying NCq(e, k,7) and v any measure supported on
Bg(0,07¢), then pu B v always satisfies NCy(2¢, k, 7). Therefore, if n and n’ satisfy
NC(e, k,7) at scale 0, then n B 7’ satisfy NC(O(¢), k, §) at scale ¢, with essential
part ess(nM7’) = ess(n)Bess(n’). Similarly, nBn’ and n 7’ satisfy NC(O(e), s, §).
We may therefore define inductively ny = ess(n), and for k > 0,

M1 = ess(n;” B i),
to get, for each k > 0,
(i) m(B) > 1— 60,
(ii) ny is supported on B(0, 5P\ Sp(§9x()),
(iii) 7y satisfies ANC(Og(g), k) at scale §.
Note that ANC(Og(e), ) implies
an”;é < 57dimE+N70k(e).

! K

e %. By Proposition 2.5 applied with ' instead of x, there exists ;

t K =
e1(E, k") such that, provided ¢ > 0 is small enough, we have for each 0 < k
[4mE] cither [gl3; < 07 or

€1

w0
IA ]

711135 < 6l 13 -

Hence there exists s < [%—‘ such that

Insll3,6 <67

By Lemma 2.10 applied with " instead of &, for ¢ € E* with §717¢ < ||¢]| < 5717,

K

()] < 6300 < 57 <47,

provided € is chosen sufficiently small. Now, a first application of Lemma 2.9 to
=m0, 8y, with m = 2 yields

g %23

ME2(E) 4+ 6T > p2(€) > 23 ()2

A second application of the same lemma to 1 = 733, B0, with m = 2 - 3 gives

23 oI = %23 232 23
;27 (€) + 09 > pi?3(€) > ;25 ()
and repeating this process s times, we finally obtain
%237 ([0 (1)

Mo €) <

This allows to conclude:
237 (E)| < [mg? 3 (€)] + Os(67) < 67,

provided e is sufficiently small. This proves the theorem, with parameter s(E, k) =
2- 3%,

General case

To deduce the general case from the previous one, we follow [28, Proof of Theo-
rem B.3]. In short, one applies the previous case to the measures

M = )‘1(771 5771) +"'+)‘S(ns Bns),

where A = (A1,..., ) in RY is such that A\; +--- 4+ Ay < 1. The Fourier decay
for mp * -+ - % 1 can be deduced from that of 7y * - -- x ny for every A using the fact
that Fourier coefficients of 7y * --- % 1, can be written as polynomials in A whose
coefficients are essentially Fourier coefficients of n; * - - - ns. The reader is referred
to [28] for details. O

N2(E)] + 675 < 67 4 57T < 5T




18 WEIKUN HE AND NICOLAS DE SAXCE

We conclude this section by showing that the conclusion of Theorem 2.1 still
holds if the non-concentration assumption is only satisfied for some additive con-
volution of the measures 7;, = 1,...,s. This will be useful when we study Fourier
decay of random walks on linear groups.

Corollary 2.11. Let E be a normed finite-dimensional semisimple algebra over R.
Given D € N* and k > 0, there exists s = s(E,k) € N and ¢ = ¢(E,k,D) > 0
such that for any parameter 7 € (0,ek) the following holds for any scale § > 0
sufficiently small.

If n;, i = 1,...,s are probability measures on E such that each r]l-EED satisfies
NC(e, k,7) at scale §, then for all £ € E* with 6~ < ||¢|| <6172,

[(2 5+ ) (€) < 07

Proof. Let £ € E* with §~1%% < ||€|| < §~'~°. Since all the measures 7" B P,
i=1,...,s satisty NC(e, k, 7) at scale §, Theorem 2.1 shows that

A T
(0P BHEP) w5 (P BEP)) ()] < 07
Applying [28, Lemma B.6] repeatedly s times, we see that
A
(P B9EP) (PP BEP)) (¢)|

‘((niﬂD ByEP) « -« (28 81EL) «n,)" ()

Y

Y

)N (€)| 3P

Y4
=
3
=
*

so that
(11 % - ms) " (E)] < 6T

3. NON-CONCENTRATION FOR RANDOM WALKS ON SEMISIMPLE GROUPS

In this section we consider a probability measure p on SL4(Z), and we prove some
non-concentration property for the law of the associated random walk, viewed as
a measure on the algebra generated by p. Let I' be the group generated by the
support of x4 and G be the Zariski closure of I" in SLg(R). We assume that G is
semisimple and Zariski connected.

Let E denote the R-linear span of G in M (R), which is also the subalgebra
generated by G in M4(R). Since G is semisimple, one may decompose E into a
direct sum of irreducible G-modules. This gives a decomposition of E into minimal
left ideals, so that by the fundamental theorem of semisimple rings [39, §117], E is
a semisimple algebra. Let

(3.1) E=FE & - --@E,
be the decomposition of F into simple factors, i.e. into minimal two-sided ideals.
For j =1,...,7, let m;: E — E; denote the corresponding projections. Consider

the top Lyapunov exponent associated to p on each of the factors Ej, defined by
1
A E)= lim — [1 ; dp*™(g).
() =t [ loglmi(9) (o)

In order to study the law at time n of the random walk, we shall use the rescaling
automorphism ¢,,: £ — E defined by
T

(3.2) onlg) =Y e "MEDm(g).

j=1
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Recall that by Furstenberg’s theorem [21] on the positivity of the Lyapunov
exponent, one has A (p, E;) > 0 with equality if and only if 7;(G) is compact.
After reordering the factors, we may assume that A\;(u, E;) > 0 if and only if j < s
for some integer s < r. Let B/ = E1 @ ---@® E; and n’: E — E’ the corresponding
projection. Finally, for n > 1 we define

fin = (" 0 n). (1™").
The goal of this section is as follows.

Proposition 3.1 (Non-concentration). Let p be a probability measure on SLq(Z)
having a finite exponential moment. Let G denote the algebraic group generated by
w. Assume that G is semisimple and Zariski connected, and denote by E C My4(R)
the algebra generated by G. Writing D = dim E, there exists k = k(p) > 0 such
that for any € > 0 there exists T > 0 such that NE;D satisfies NC(e, k, T) at scale
e~" n E’ for all n sufficiently large.

The readers can easily convince themselves that p,, does not satisfy NC(e, &, 7),
especially the non-concentration condition near singular matrices. Hence taking an
additive convolution power is necessary.

3.1. Non-concentration near affine subspaces. In this subsection we show that
if 4 is a probability measure on SL;(Z) generating a connected semisimple algebraic
group G, the law at time n of the random walk associated to p is not concentrated
near proper affine subspaces of the algebra generated by pu.

We introduce a quasi-norm adapted to the random walk on the algebra E gener-
ated by p. Given an element g in E, we write g = Y _;_, g; according to the direct
sum decomposition (3.1) and set

1
~ = | 3B |
lg” = max flgif| >+

Note that |g| = 0 if and only if g lies in the sum
EO ::E5+1@"'@ET

of all compact factors. We denote by d the quasi-distance on E given by J(x, y) =
|z — y|~. For instance, if W is any affine subspace of F, we write

d(g,W) = inf |g —w]|".
(9, W) o lg — wl
Our goal is the following proposition.

Proposition 3.2 (Affine non-concentration on E). Let 1 be a probability measure
on SLy4(Z) having a finite exponential moment. Let G denote the algebraic group
generated by p. Assume that G is semisimple and Zariski connected, and denote by
E C M4(R) the algebra generated by G.

There exists k = k() > 0 such that for every n > 0 and p > e~ ™, for every
affine hyperplane W C E such that W — W D Fy,

W ({g € Gldlg,W) < p in|mi(9)l" }) < p*
where Jyy ={1<j<r|V; ¢ W-W}

Remark. In general, it is not possible to replace the minimum minje s, |7, (g)|~
by |g|~. This can be seen for example by taking G = G; x G and g = p1 ® py; in
other words, the random walk is the direct product of two independent copies of a
random walk on G;. By the central limit theorem for random matrix products [8,



20 WEIKUN HE AND NICOLAS DE SAXCE

Theorem 5.1, page 121], the probability to obtain at time n an element g = (g1, g2)
such that ||g1|| < e~ V7"||g2|| has a positive limit ¢. Therefore, for large n,

* _ C
W ({g=(91.92) €G|llonl < e V"llgll}) = 3.
and taking W = {0} x Spang(G;), we find
*n 7 —/n| |~ c
pwr({geGldgWw)<e Vgl }) > 3
3.1.1. The case of a simple algebra. For clarity, we first explain the proof of Propo-
sition 3.2 when the algebra F generated by G is simple. In that case, the quasi-norm
1
is a norm on E and minje s, |7;(g)]™ = ||g]|>. The key result in the proof is the

following proposition, which we shall later apply to the irreducible action of G x G
on F.

Proposition 3.3. Let u be a probability measure on SLq(Z) with a finite exponen-
tial moment. Assume that the algebraic group G generated by p is Zariski connected
and acts irreducibly on V= R?. There exists k = k(p) such that for every v € V,
and any affine hyperplane W C V,

" ({g € Gldgv,W) < pllgv]| }) < p".

Proof. First step: escape from affine subvarieties.
We claim that there exists ¢ > 0 such that for every affine map f on E that is not
identically zero on G,

W {geGlflg) =0}) <e

Indeed, by [3, Lemme 8.5|, the group G is semisimple. So the desired inequality
is a particular case of [25, Proposition 3.7], whose proof is a combination of the
spectral gap property modulo prime integers [35] and the Lang-Weil estimates on
the number of points on algebraic varieties in finite fields.

Second step: a small neighborhood via a Diophantine property.

Let us show that there exist C, ¢ > 0 such that for every non-zero polynomial map
f of degree at most 1 on G,

Wt {geGlIf (9 <e PIfI}) < e

In the above, a polynomial map f on G is simply the restriction to G of a polynomial
map on F; it is said to have degree at most D if it is the restriction of a polynomial
map on F of degree at most D. We endow the finite-dimensional space of polynomial
maps of degree at most 1 with a fixed norm |||, say [|f|| = supyecnp,a,lf(9)l
By the large deviation principle (see Theorem 3.11 below), there exists ¢ > 0 such
that for all n large enough, p**({g € G | ||g|| > e*"**(=V)}) < e=¢". Therefore, to
prove the desired inequality, it suffices to show that for C' > 0 large enough, the
subset A, C Mg4(Z) defined as

A, ={geT||f(9)l < e “"|f] and ||g| < M V) )

is included in G Nker v for some affine map ¢ : E — R not identically zero on G.

Suppose for a contradiction that this is not the case. Letting k = dimR<1[G] be
the dimension of the space of polynomial maps on G of degree at most 1, we may
choose g1, ..., gk in A, such that the linear map

L: RG] — R¥
(0 = (¢(91)7~-~7¢(9k))
is bijective. Since it has integer coefficients and norm at most e“o™, we get [|[L ™1 <

e“™. In particular, [|f| < e“|Lf|| = e“" maxi<i<k|f(gi)] < D" f]],
which is the desired contradiction if C' > C;.
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Third step: distance to proper subspaces.
We claim that there exist C,c¢ > 0 such that for every v € V and every affine
hyperplane W C V,

P ({g € G | d(gv, W) < e™"|lol]}) < e "

Indeed, let o : V' — R be an affine map such that ker oy = W, and consider the
affine map on G given by

fv,W(g) = SDL(QU)

lew |l

Note that |f,w(g)| < d(gv, W). Let B = Bg(1,1) denote the unit ball centered
at the identity in G. Note that [|v|| < || f,,w | = sup,ep|fo,w(g)| within constants
independent of v and W. Indeed, otherwise, we may find v, and W, such that
sup,e g d(gvn, W) — 0. Extracting subsequences if necessary, we may assume that
v, — v and W,, — W; then for every g € B, d(gv, W) = limd(gv,, W,,) = 0. This
implies that G - v C W and contradicts the assumption that G acts irreducibly on
V. The desired inequality therefore follows from the previous step.
Fourth step: scaling.
First observe that increasing C' slightly, we can assume that for every v € V and
every affine hyperplane W C V,

W ({g € Gldlgo. W) < e gu }) < e
Indeed, by the large deviation estimate,
p({geallgol <o }) =1 —eme

where Ay = A1 (p, V) is the top Lyapunov exponent of u. To conclude, let k = £

where C,c > 0 are the constants obtained above. Choose m € N* such thgiz
p=e"%™ and write
w({g € Gld(gv, W) < pllgu]| })
= [ W ({9 € Gl dlggro. W) < gl }) ")
<e M =pt.
U

Proof of Proposition 3.2, case where E is simple. For x € E, let L, : E — E and
R, : E — E denote the left and right multiplication by z, respectively. Given a
probability measure p on G, we define a probability measure i on GL(E) by

1 1
i=—L.i+ -R.p.
p=glant R

The group generated by f is isomorphic to G x G and acts irreducibly on E.
Moreover, in an appropriate basis, the elements of supp iz have integer coefficients,
so we may apply Proposition 3.3 to f, with vector v = 1, the unit of E. Note that
if g is a random element distributed according to p*”, then g- 15 has law p*", and
therefore we find, uniformly over all affine hyperplanes W C E,

w({g€Gldg,W) <pllgl}) < p",

which is exactly the content of Proposition 3.2 in the case where F is simple. [
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3.1.2. General case. The proof of Proposition 3.2 in the general case follows the
same strategy as in the simple case, but the argument becomes slightly more tech-
nical, because the norm on F is replaced by a quasi-norm, and E contains proper
ideals.

To state the appropriate generalization of Proposition 3.3, we consider a proba-
bility measure p on SLg(Z) with some finite exponential moment, and let G be the
algebraic group generated by pu. We assume that G is Zariski connected and that
the space V = R? can be decomposed into a sum of irreducible representations of
G:

V=i ---aV,.

We denote by m;: V. — V;, j = 1,...,r the corresponding projections. To define
a quasi-norm on V, we fix @« = (@1,...,a5) an s-tuple of positive real numbers,
where s is some fixed integer 1 < s < r, and set

ol = ol = max ;)]

For example, |v|~ =0 if and only if v € V) := V41 @& --- @ V,.. The quasi-distance

associated to |- |~ on V is given by

d(v,w) = do(v,w) = v —w|}.
It satisfies a weak form of the triangle inequality:
Yu,v,w €V, d(u,w) <o d(u,v) + d(v,w).
Given a subset W C V, and v € V, we define the distance from v to W by

i = inf d :

d(v, W) Jnf d(v,w)
Remark. In all our applications, we shall take s so that V) = V11 @ --- @ V. is
the sum of all compact factors and

Q; forj=1,...,s

N )\1(/1'7 V)
to obtain a quasi-norm adapted to the random walk associated to u, same as the
one defined in the introduction. However, the proof works in the more general
setting of any choice of s and a.

In the remainder of this subsection, s and « are fixed and the implied constants
in all Landau and Vinogradov notations may depend on d and «.

Proposition 3.4. Assume that G is Zariski connected and that the linear span of
G in End(V) contains m; for j =1,...,s. Then there exists k = k(p, &) > 0 such
that for any v € V' and any affine hyperplane W C V with Vo C W — W,

Yn>0,Yp>e", p"({geG|dgv.W)< pjfél}rvt|ﬂj(g’l)>|w }) < pt

where Jyy ={1<j<r|V; ¢ W-W}

Remark. The requirement that the linear span of G' contain 7;, j = 1,...,s is
here to exclude examples such as V = V; @ Vi, with G acting irreducibly on V;.
Indeed, in that case the diagonal subspace W = {(v1,v1) ; v1 € V1} is stable under
G, so the proposition cannot hold.

In the proof, we will use Lemma 3.5 and Lemma 3.6, whose proofs will be given
right after.
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Proof. First and second step: spectral gap and Diophantine property.
Arguing exactly as in the proof of Proposition 3.3 we obtain that there exist C,c > 0
such that for every polynomial map f of degree at most 1 on G,

({9 € GlIf(g)l e OMIfI}) < eem.

As before, the norm on polynomial maps of degree at most 1 is defined by || f]| =
SngeBG(1,1)|f(g)|~

Third step: distance to proper subspaces.

We claim that there exist C7,c¢ > 0 such that for every v € V and every affine
hyperplane W such that W — W D Vg,

w"({g€@ldlgu, W) < e min [m;(v)]" }) < e
Jj€Jw
To prove this, Lemma 3.5 below shows that it is enough to show that if B is some
large ball in G, then

pm({ g€ Gld(gu, W) < e " sup d(hv, W) }) < e
heB

Now let py: V' — R be an affine map such that ker pyy = W, and denote by fy
the linear part of ¢y ; by Lemma 3.6 below, the distance to W for the quasi-norm
is given by

@ (4)

ow (v)

where (u;)1<i<q4 is an orthonormal basis compatible with the quasi-norm and u; €
Via for i = 1,...,d. Therefore, if g satisfies d(gv, W) < e~ supy, e g d(hv, W),
there must exist ¢ such that

YoeV, dv,W)= elin

‘(pw (gv) o <q e~ Cin sup @W(hv) o
by (u;) neB | fw(u;)
whence
_Cin
lpw (9v)| <o € 9 sup|ow (hv)].
heB
If ac—(l) > (', the previous step applied to the affine map f: g — ow (gv) shows that
J(i
the p**-measure of such points is bounded above by e™", so the desired statement
is proved.

Fourth step: scaling
Note that there are Cy = Ca(p, ) > 1 and ¢ = ¢(u) > 0 such that for any vector
v € V and any affine hyperplane W C V with Vo, C W — W,

(3.3) vn>0, p"({ged| d(gv, W) < e~ =" jlél}n Imi(gv)|™ }) < e ™.
w

This readily follows from the previous step, and from the fact that, by the expo-
nential moment assumption, there are C3 = C3(u) > 1 and ¢ = ¢(u) > 0 such
that

i ({g € Gllgll = €€ }) < emom.

Noting that for any j = 1,...,s, |m;(gv)|~ < |lg]|*|7j(v)|~, we obtain (3.3) by
taking Cy = C7 + (maxlgjgs Oéj)Cg.
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Finally, given e™ < p <1, set m = L%E"J. Writing p*" = p*™ % p1*(»=") and

using the fact that (3.3) holds uniformly in v, we find
p ({9 € G|d(gv, W) < p min |m;(gv)|" })
Jj€Jw

< / " ({geq@ ’ d(ghv, W) < e~%™ min |r;(ghv)|* ) dp =) ()
G JjeJw

Le M

< pCz,

This finishes the proof of Proposition 3.4. O

We are left to show the two technical lemmas on quasi-norms and distances to
hyperplanes that we used in the proof.

Lemma 3.5. Assume that the linear span of G in End(V) contains mj, for j =
1,...,s. Then there exists a ball B C G such that for any affine hyperplane W C 'V
with Vo CW — W, and anyv €V,

min |m;(v)|~ < sup d(gv, W).

j€Jw geB
Proof. In the particular case r = 1 (irreducible case), one may assume that the
quasi-norm is equal to the Euclidean norm. So the desired inequality with B =
Be(1,1) has already been proved in the third step of the proof of Proposition 3.3.

For the general case, first observe that by working in the quotient space V/Vj,
we may assume that Vo = {0}, that is, V. = V4 @ --- @ V. Then assume for a
contradiction that for arbitrarily large R and arbitrarily small ¢ > 0, there exist
v €V and W C V such that
(3.4) Vg € Ba(1,R), d(gv, W) < ¢ min |r;(v)|".
J

cJw

Fix j € {1,...,s}. Let us construct a basis of V; such that

ij,1 A AUjdim vy H > || (v) || 4™ Vs

and
(35) Vz:l,,dlmV], Vji GBg(l,l)ﬂ'j(U)—’]Tj(”U).
For that, we proceed iteratively. Assuming v;1,...,v;; have been constructed,

we know from the irreducible case applied in V; with vector v = 7;(v) and sub-
space W = m;(v) + Span(vj1,...,v;,), that there exists g in Bg(1,1) such that
d(gm;(v) — m;(v), Span(vj g k < i) > ||mj(v)|. So we set v; ;41 = gmj(v) — m;(v).
By construction, the vectors v;;, ¢ > 1 are linearly independent, and in the end,
we get a basis for V; with the desired property. Concatenate these bases to get a
basis (u1,...,uq) of V, which has the property that

S
(3.6) lua A+ Aual > T T Il (0) 45
j=1
Let Wy = W — W denote the direction of W. By assumption, for j = 1,...,s,
there exist constants 3;; € R and elements g5 in G such that

T = Bjkgk:
k

Set R large enough so that for all k, B¢(1,1)gr C Be(1,R). Fix i € {1,...,d}.
From (3.5) we may write u; = gm;(v) — m;(v) for some g € Bg(1,1), so

u; = Zﬁj,k(ggk = gr)v
3
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and (3.4) allows us to bound
d(uz, Wo) < 2c§kj\6j,k| min [ (0)[".

For each i =1,...,d, let w; € Wy be such that

d(us, wi) < ¢ min |m;(v)]”,
jeJw

where the involved constant depends on the numbers ;. Using the assumption
that EBJ‘§Z 7w Vi C Wo, after adjusting w;, we can moreover ensure that

w; —U; € @ ‘/j

J€JIw

We can bound

S
(37) ||w1 Ao Awg—ug A= A ud” < leny a; H”,ﬁj(v)”dlmvj.
j=1

Indeed, developing the first wedge product using w; = u; + (w; — u;) and then
decomposing each vector along Vi & --- @ Vs and further developing the sum, we
can express wi A -+ Awg —uy A -+ Aug as a sum of wedge products of d vectors
of the following types

(1) (first type) mj(w; —w;) with j € Jy, or

(ii) (second type) m;(w;) with 1 < j <s.
In each wedge product, the first type appears at least once and the product is zero
unless 7; appears exactly dim V; times. We can bound vectors of the first type by

~ B a
705 (wi — wi) | < d(wi, i) * < e [ (v)]|
and vectors of the second type by

[l (ua) || < [l (0)
This proves (3.7).
To conclude, we choose ¢ be to small enough so that (3.7) combined with (3.6)
implies w1 A -+ A wg # 0 contradicting the condition that W, is a proper linear
subspace of V. O

The second lemma is an elementary computation using the definition of the
quasi-norm. It is instructive to convince oneself with a picture that the lemma
holds when the quasi-norm is simply the euclidean norm on R<.

Lemma 3.6. Let (u;)1<i<q be a union of orthonormal bases of each of the Vj,
j=1,...,r. Fori=1,...,d, denote by j(i) the unique integer such that u; € Vj.
Let v € V and let W C V' be an affine hyperplane with with Vo C W — W. Let
pw: V = R be an affine map such that
W={veV]pow(v)=0}.
Let by : V — R denote the linear part of oy . We have for any v € V,
~ Qj(i)
d(v, W) = ow (V)
Proof. Note that £y (u;) # 0 implies that j(i) € Jy and Jyw C {1,...,s} because
Vo CW — W. It follows that o) is defined and positive.
For any i € {1,...,d} with ¢y (u;) # 0, we have v — £w(v) ). e W. Hence

KW(Ui)ui
5 ow (v)
dlv,W) <
( ) ‘KW(W)

®j(4)
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Let uw € V be such that v — u € W. Write u = 24—1 z;u;. Then

ew (v) = ow (v — u) + lw (u ZJS b (us).

It follows that there exists ¢ with £y (u;) # 0 and such that

|z:| > ’@W()
= d |ty ()|

This allows to conclude since
d(v,v —u) = u|” > 7w (@)]|*0 > || .
O

To conclude, we explain how to obtain Proposition 3.2 from Proposition 3.4.
The argument is essentially the same as the one used in the particular case where
FE is simple.

Proof of Proposition 3.2, general case. Forx € E)let L, : E - Fand R, : E > F
denote the left and right multiplication by x, respectively. Then, define

L: E — EndFE R: E — EndFE
and
T L, T R,
Given a probability measure p on G, we define a probability measure i on GL(F)

by
1 1
= Lo+ =R,
fi=gLlipt SRap

The group G generated by fi is isomorphic to G x G and the decomposition of E into
irreducible G-submodules is simply the decomposition into simple ideals £ = @;E;.
By definition, the algebra generated by G contains the unit 15, of E; for each j. It
follows that the linear span of G contains all projections m;: E — E;. Moreover,
in an appropriate basis, the elements of supp i have integer coefficients, so we may
apply Proposition 3.4 to fi, with vector v = 1g. Note that if g is a random element
distributed according to p*™, then g-1g has law p*™, and therefore we obtain x > 0
such that uniformly over all affine hyperplanes W C E with W — W D Ej,

Yn>0,Vp>e ", u({geG|dgW)< p min |m;(g)|” 1) < p".
O

3.2. Non-concentration at singular matrices. As in the previous paragraph,
u denotes a probability measure on SL;(Z). We assume that the algebraic group
G generated by p is semisimple and connected, and let E be the algebra generated
by G in My(R). Recall that for € E, we defined detg(z) to be the determinant
of the map ¥ — FE, y — xy. Note that detg is a homogeneous polynomial function
on E of degree equal to D = dim E. Recall also that

pin = (7' 0 o)« (1™"),
where n’: E — E' is the projection to the direct sum E' = E; @ --- @ E, of all
simple ideals with non-zero Lyapunov exponent, and ¢,,: E — F is the scaling map

defined in (3.2). As before, we write m; : E — E;, j = 1,...,s for the projection
to the simple factors.

Lemma 3.7. Given w > 0 there exists ¢ = c(u,w) > 0 such that the following
holds.

Vn >0, Vy € E, ,ufD({ z € E ||detp (x—y)| <e ™" }) e
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Note that for all z in E', detp/(v) = [[;_, detp, (m;(x)) and hence for every
n >0, and every x € F,

detp (7 0 g (x)) = H e~ (dim Ej) A1 (4, Ej)n detE,- (mj ().
j=1

This immediately reduces the proof of Lemma 3.7 to the following.

Lemma 3.8. Given w > 0 there exists ¢ = ¢(u,w) > 0 such that the following holds
foreveryj=1,...,5, alln >0 and ally € E;,

(520 ({2 € B |deti, (m;(z) — y)| < e@mEDMGEIn-wn )  gmen,

The idea is to apply [25, Proposition 3.2|, where the case where E is simple was
treated. However, upon projecting to a simple factor, the random walk might no
longer be defined with integer coefficients: simple factors of E are only defined over a
number field. So we cannot apply [25, Proposition 3.2] as it is stated. Nevertheless,
we can remark that, in the proof of [25, Proposition 3.2|, [25, Lemma 3.13| holds
more generally for the projected random walk from E to each E; and then the rest
of the proof of [25, Proposition 3.2] for a projected random walk is identical.

Here is the detailed proof. We need two ingredients from [25]. For a probability
measure f on a semisimple Lie group G and a finite-dimensional linear representa-
tion (p, V') of G over R, recall that

M V)= lim /G logllo(9)] ™ (9)

n—+oco n

denotes the top Lyapunov exponent associated to the random walk induced on V.
By semisimplicity V is a sum of irreducible sub-representations. The sum of irre-
ducible sub-representations of same top Lyapunov exponent is a sum of isotypical
components. For A € R, we will denote by py: V — V the G-equivariant projection

onto
> 14

V' CV, irreducible
M (V) >A

We also write R[G]<p for the set of polynomial maps of degree at most D on G,
i.e. restrictions to G of polynomial maps of degree at most D on E. We fix a norm
on R[G|<p, for instance || f|| = supep,,1,1)/f(9)]- The following is [25, Proposition
3.17).

Proposition 3.9. Let p be a probability measure on SLg(Z) having a finite ex-
ponential moment. Let G denote the Zariski closure of the subgroup generated by
supp(p) in SLg(R). Assume that G is semisimple and Zariski connected. Given
D>1,A>0, and w > 0, there is ¢ = c(p, D, \,w) > 0 such that the following
holds for every f € R[G]<p.

¥n >0, @ ({geGIIf(g)l <P AN} < e
Here py: R[G]<p — R[G|<p is defined as above.

The following is [25, Lemma 3.18]. For k > 1 and a measure p on G, u®* =
U ® -+ ® p denotes the product measure on G* = G x --- x G. Again, R[G*]<p
denotes the space of restrictions to G* of polynomial functions of degree at most
D on EF.

Lemma 3.10. Let V be a Euclidean space. Let p be a Borel probability measure
on SL(V') having a finite exponential moment. Let G denote the Zariski closure of
the subgroup generated by supp(u) in SLg(R). Assume that G is Zariski connected,
is mot compact and acts irreducibly on V.
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Let E denote the R-span of G in End(V) and k > dim E an integer. Let D > 1
an integer and f € R[E]<p be such that its homogeneous part fp of degree D does
not vanish on E. Define F € R[G*]<p to be the polynomial function

V(z1,...,25) €GY, F(xy,...,21) = f(x1 + -+ 2p).
Then we have
PO () (F) # 0
where ppy, (uv): R[G¥l<p — R[G*<p denotes the projection to the sum of irre-
ducible G*-subrepresentations M C R[G*|<p with Ay (u®*, M) > DXy (11, V).

Remark. The conclusion of the above lemma can be improved to

IPDx (V) (F)IR(GH < p >0k 1 DIIRIE< -

Indeed, it is enough to check it when f = fp is homogeneous, and then one may
assume || fp|rig)., = 1. The left-hand side is a positive continuous function of fp,
so it admits a uniform positive lower bound on the unit sphere || IollrE<, = 1.
This shows the desired lower bound.

Proof of Lemma 8.8. Fix j € {1,...,s}. Remember that E; is a simple algebra
over R. Using Wedderburn’s structure theorem, we can find a real vector space V;
and an irreducible faithful linear representation E; — End(Vj}). It is easy to see
that A (u, E;) = M (ﬂj*u, Vj) The Zariski closure of the subgroup generated by
supp(;, p) is precisely 7;(G). It spans Ej, is Zariski connected, acts irreducibly
on V; and is not compact. Thus, we may apply Lemma 3.10 to 7; p with D = D;
and k= D.

Let y € E; and consider the polynomial function f € R[E}], f(z) = detg, (z—y).
The degree of f is D; = dim F; and its degree D; homogeneous part is det ;. Recall
D =dim E. Consider F € R[r;(G)P]<p, defined as

Vzi,...,ep € mj(G), F(x1,...,2p)= f(x1+---+zp).
By Lemma 3.10 and the remark that follows it
Hijf\l(u,Ej)(F)HR[M(G)D]SD], > ||detg, lrip,)<p, >e 1.

The linear map O, : R[r;(G)P] — R[GP] obtained by precomposing (7, ..., ;)
is injective and sends irreducible 7;(G)P-subrepresentations to irreducible GP-
subrepresentations. Moreover, for any irreducible 7 (G)P-subrepresentation M C
R[m;(G)P], we have

)‘1 ((ﬂj*:u)®Da M) = )‘1 (M®D7 @j (M)) .
It follows that
P2, (F o (oo )|y, >0 1
Then we obtain Lemma 3.8 by applying Proposition 3.9 to the measure y®” and
the polynomial function F o (rj,...,m;) € R[GP]<p,. O

3.3. Proof of Proposition 3.1. In order to obtain the required non-concentration
properties for the measure p,,, we shall use the basic large deviation estimates for
matrix products that have already been used in the proof of Proposition 3.4. The
statement below is taken from Boyer [16, Theorem A.5], which generalizes previous
results of Le Page [30] and Bougerol [8, Theorem V.6.2].

Theorem 3.11 (Large deviation estimates). Let p be a Borel probability measure
on GL4(R) having a finite exponential moment. For any w > 0, there is ¢ =
c(p,w) > 0, such that the following holds.
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(i) For alln >1,
1 ; _
*70 - _ > cn
I ({961“‘ ’nlogHgI Al(u,R)‘w}) Ly e M

(ii) Assume further that the group generated by supp(p) acts irreducibly on RY.
For allm > 1 and all v € R\ {0},

w({oer]

To prove Proposition 3.1, we shall only need the first item; the second item will
be used later in Section 6.

gl
o]l

- >\1 (/’h Rd)

1
— log > w }) <, e M.
n

Proof of Proposition 3.1. Note that condition NC(g, k,7) was defined for algebras
endowed with a norm, and not with a quasi-norm. However, for some constants
a, 3 > 0, we have, for every v € F’,

{ [[oll < IUINZ if floll = 1
ol < fo[~7if fvf| < 1.

So if some measure satisfies condition NC(g, x,7) for the quasi-norm |-|~ on E’,
then it satisfies NC(ae, 5, 7) for the usual norm [|-|| on E’. It is therefore sufficient

to check the non-concentration properties of u, for the quasi-distance d.
For that, let € > 0 be some small parameter. By Theorem 3.11(i) applied to
each 7;_fi, there exists 7 = 7(j,€) > 0 such that

pn({g € E'|Vi=1,....8 |mj(g)" > e }) > 1—e ™.
Let vy be the restriction of u, to such g and write
pn =Vo + 11

so that v1(F) < e~ ™. By Proposition 3.2, there exists k = x(u) > 0 such that for
any affine hyperplane W C F with Eg C W — W,

Yoz e " ({g €Gldlg. W) < pminlmi(g)] }) < p"

By definition of ¢,, and of the quasi-norm |-| on E, we have |p,(g)] = e~ "|g| for
every g € G and therefore, for every affine hyperplane W C E’,

Vp>e " pu({geE |dg,W)<pmin|r(g)] }) < p"
jeJw
By definition of v, this implies
(3.8) Vp>e ", wn({geF| d(g, W) < pe==" }) < p”

and this inequality is still valid for any convolution voHn, where 7 is a finite measure
with n(E) < 1. On the other hand, Lemma 3.7 shows that for some 7 > 0,

(3.9 Vy € E', M;IED({ z € FE ||detp (z —y)| < e " }) e
Let 70 be the restriction of 1o B pe ® Y to B/ (0, e25"), and write
pn” =10 + 1.

By Theorem 3.11(i), we have 1 (E’) < €™ for some 7 = 13(¢) > 0, and by equa-
tions (3.8) and (3.9), the measure 7o satisfies NCo(2¢, §,7) with 7 = min(r, 72). O
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4. FOURIER SPECTRUM OF THE RANDOM WALK

Let p be a probability measure on GL4(Z). Denote by I' C GL4(Z) the subgroup
generated by supp(p) and G C GLg(R) the Zariski closure of ' in GL4(R). Under
the assumption that p has a finite exponential moment and that G is semisimple,
we want to show some Fourier decay property for the measure p*™ on the algebra
E generated by G.

4.1. Connected case. The result we need about Fourier decay for random walks
is particularly transparent and easy to prove when the algebraic group G generated
by wp is Zariski connected. So we first explain this particular case. Recall that
¢n: E — FE is the rescaling automorphism given by (3.2), that 7’: F — E’ denotes
the projection to the direct sum of all non-compact factors in F, and that for any
integer n > 1, we let
pn = (7" 0 )« (1)

be the image of p*™ after rescaling and projection to E’. The proof of the Fourier
decay for p,, will be a consequence of the results of Section 2 for multiplicative con-
volutions on semisimple algebras, and of the multiplicative structure of u, simply
expressed as

Vma n, Hntm = Um * lUn.
We will denote by E’* the space of linear forms on E’ over the real numbers.
Theorem 4.1 (Fourier decay for random walks in E’). Assume that G is semisim-
ple and Zariski connected, and that p has a finite exponential moment. Then there

exists ag = ap(p) > 0 such that for every aq € (0, aq), there exists co = co(p, ) >
0 such that for all n sufficiently large, for all € € E' with

e < e < e
the following estimate on the Fourier transform of pu*™ holds:
[n (§)] < e
We let E act on E’* on the right by

VEe B, Yo,y € B, (€-a)(y) = E(ay).
Moreover, we let E act on E'* via «’.
Proof. Let D =dim E’, e = e(E’,k, D) and s = s(E’, k) be the quantities given by
Corollary 2.11. By Proposition 3.1, given «a; € (0, 1), there exists £ > 0 such that
for any € > 0, there exists 7 > 0 such that ui‘?D satisfies NC(%3%, K, 7) at scale e™"

in B for all n sufficiently large. This formally implies that P satisfies NC(e, #, 7)
at all scales § € [e™", e~ %"

—yny
Without loss of generalit;l we may of course assume that 7 € (0,ex). Let £ € E'*
be such that e 2 < ||¢|| < e™. Taking § = ||¢]|~%, we have § € [e™™,e™ "% ] so
B satisfies NC(e, s, 7) at scale §. Therefore, Corollary 2.11 shows that p, =
[ % -+ - % Uy, satisfies
[sn(§)] < e™=.

1

This shows the desired property if n € sZ. In general, take g = 4. For n large

and £ € E'" such that e™™ < [|£]| < e®0™, write n = sm + 7, with 0 < r < s and

fn(6) = /G (€ 2) dpr(a).

Then, observe from the exponential moment assumption that outside of a set of
fir-measure at most =", one has e” 2 ||€]| < [|€ - z|| < e2=||€]| and so

1n

e <t < € x| < ezsets <e™.
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For such ¢ - x, we may bound

|[am (- 2)| < e < e
whence
Fn(€)] < e”F temm <emeon

with co = min(§, §%). O

4.2. Disconnected case. As before, u denotes a probability measure on GL4(Z),
and G the algebraic group generated by p. We still assume that p has a finite
exponential moment and that G is semisimple but no longer that it is Zariski
connected. The identity component G° is then a finite index subgroup in G. We
now write E for the subalgebra generated by G in M4(R). As before, we decompose

E=E® ---9E,

into simple ideals. The rescaling automorphism ¢,,: £ — E is now defined by

(4.1) onlg) =Y e "M EDz(g)

where Ay (i, Ej) denotes the top Lyapunov exponent associated to x on each of the
factors E;. Also, we assume that A (u, Ej) = 0 if and only if j > s and denote by
7' E— E' = FE @®---® E, the projection to the non-compact factors.

Example. When G is not Zariski connected, we shall write £ for the algebra

generated by G, and let E denote the algebra generated by the identity component
o (11 (1 0 (0 1

G° of G. Let ag = (O 1), a; = (1 1) and w = (_1 0). Then define by

w 0 w 0

) and 4, = (

blocks Ag = (O a0 0 a

) in SL4(Z) and set

1
n= 1(5140 +da, +5Agl +5Af1)'

One has G ~ (Z/4Z) x SLy(R) and E ~ C x M3(R). On the other hand, the algebra

generated by G° is E ~ R x Ms(R) if one identifies C ~ {<—ab Z) ; a,b € R}

and R ~ R1. The law p*" of the random walk at time n is supported by E if n is
even, and by AoE ~ iR X M> (R) if n is odd. It is always supported on a proper
subspace of E.

To overcome this issue, we shall use the algebra E C E generated by the identity
component G° in G. The group G° has finite index in G and we let
F=G/G".

With a slight abuse of notation, we identify F with a set of representatives in G
and write G as a disjoint union

G=|]~G
yeF
Any measure v on G can then be decomposed uniquely in the form
v= Z Vsl
YEF
where each v, is a measure on E. Finally, we let £ = 7/(E), and for n > 1 and
yEF,
Hn,y = (m' o ©n)«[(1")4]-
Fourier decay for (integer coefficient) random walks on non-connected semisimple
groups can be stated as follows.
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Theorem 4.2 (Fourier decay for random walks in E’). Let pu, G, G° and F be as
above. Then there exists ay = ap(p) > 0 such that for every aq € (0,p), there
exists co = co(, o) > 0 such that for all n sufficiently large, ally € F and £ € E'™
with

e < |IEfl < e

the following estimate on the Fourier transform of pu*" holds:
|y ()] < e

One can show that the above theorem is still valid under the assumption that
the measure p is supported on the group GL4(Q) of matrices with algebraic coeffi-
cients. It seems a difficult problem to prove the same statement without any such

assumption on the support of u.

4.3. Induced random walk on the identity component. In order to prove
Theorem 4.2, we shall use the induced random walk on G°, whose definition is given
below. Since by definition G° is connected, this will allow us to use the results of
Section 3. The drawback is that we can no longer use the simple identity ps, =
[ % -+ % [, 5 O we shall have to write pg, as a weighted sum of convolutions related
to the induced measure p° on the identity component, which makes the argument
more technical. The argument is identical to the one given in [28, Appendix B],
but we include it for completeness.

Let (gn)n>1 be a sequence of independent random variables distributed according

to p. Consider the return times to G°,
7(1)=inf{n>1]g, g1 €G°}
and recursively for m > 2,
T(m)=inf{n>1(m—-1)|gn---g1 € G°}.
Those are the return times of a Markov chain on the finite space G/G°, so that for
every m > 1, 7(m) is almost surely finite. In fact, by Kac’s formula [7, Lemma 5.4
E[r(1)] =[G : G°].

The random variables (g7 (m) - - - 9r(m—1)+1)m>0 are independent and identically dis-
tributed with law 1°, the law of g;(1)---g1. Note that u° is a probability measure
on G° and has the following properties [1, Lemmas 4.40 and 4.42].

Lemma 4.3. Let p be a probability measure on a real algebraic group G and p°
the induced measure on the identity component G°. Let T =[G : G°]. If p admits
some finite exponential moment, then:
(i) The measure pu° has some finite exponential moment;
(ii) For every w > 0, there exists ¢ = c(u,w) > 0 such that for all m sufficiently
large, P[|T(m) — Tm| > wm] < e~°™.

In order to prove Theorem 4.2, we shall need to relate the random walk defined
by p and the one defined by p°. For that, we introduce, for m > 1 and £ > 1, the
law vy of the random variable

Gr(m) g1 conditional to the event 7(m) = /.

Naturally, v, is also the law of the variable g, -- - g1 conditional to 7(m) = £. On
the one hand, we may relate the measures vy to (u°)*™ with the formula

(4.2) ()™ =" peve.
teN

where py = P[r(m) = {]. Here, we are hiding the dependency of vy and p, on m in
order to make notation less cumbersome.
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On the other hand, writing ¢; + --- 4+ ¢5 + k = n for some natural integers n, s
and fq,...,¢s, we have

@3) W= X papen v e v+ (Blr(sm) > )
L4t +h=n

where the notation ((¢)) for some positive quantity ¢ means some unspecified posi-

tive measure of total mass at most ¢. These two formulae will allow us to use the

non-concentration properties of (u°)*™ to prove some Fourier decay estimate for

M*n.

Before we derive Theorem 4.2, we note that the scaling automorphism ¢;, on E
associated to p° is simply given by ¢, = @mr, where T' = [G : G°]. This readily
follows from the fact that if E; is any simple ideal in E' and V' any G°-irreducible
submodule of F;, then Ay (u°, V) = TA (u, E;).

Proof of Theorem 4.2. Let a; > 0 be a given small number. Since the algebraic
group generated by u° is connected, Proposition 3.1 applies to the induced random
walk on G°. We let k = k(u°) > 0 be the constant given by that proposition. Let
D =dimF and s = s(E,k) > 1 and € = e(E, k, D) > 0 be the constants given by
Corollary 2.11.

Given oy > 0, Proposition 3.1 shows that for all m large enough, the measure

(7 0 @mr) (((1°)™)FP B ((u*)™)FP)

satisfies NC(%3%, K, 7) in E' at scale e for some 7 > 0. This implies that the
same measure satisfies NC(5,k,7) in E" at all scales 0 € [e™™,e”*""]. Without
loss of generality, we may assume that 7 < ke/2 and 7 < /2.

Let w = w(u, 1) be a constant whose value is to be determined later. Fix n > 1
large, and set m = [(1 — Qw)TisJ, where T' = [G : G°]. Everything below is true
for n sufficiently large (larger than some ng depending on p and «q). The letter ¢
denotes a small positive constant, whose value may vary from one line to the other,
depending on p and aq but independent of n.

By Lemma 4.3, we have

Plr(sm) >n —wn| <e™ "
and
Plr(sm) < n —3wn| < e”".
Put
L={leN|p >e ™}
We can bound
Z Doy Do, < sne~To ™ <e

Thus, (4.3) becomes
*n *k —cn
p = > Pey e w v, x kv £ ((€77)).

l1,...0s€L,wn<k<3wn
L+ AHLs+hk=n

Let v € F. To finish the proof of the theorem, it suffices to establish an upper
bound of the form e™¢" for the quantity

Tal®)= [ el€o o pu ) Al wv, v ) (0
= //e o e(¢om (n—smr(V ' 9)smr () A (g) d(ve, - * v, ) (h)

:/GO (7" 0 Psmr)e (v, % - % 10,)) " (€ - @nsmr (7™ 19)) A (g)
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uniformly for all ¢1,...,¢s € £L and wn < k < 3wn with {1 +---+ s+ k =n.

First, we claim that uniformly for all £ € £, the measure
(7 0 omr) (P BYPP)

satisfies NC(e, k,7/2) in E’ at all scales § € [e”™, e 2*1™], provided that m > 1
is large enough. Indeed, developing ((1°)*™)®P B ((1°)*™)®P using (4.2), we see
that for any £ > 1,

()™ PP B (1) ™% = piP (P BrP) +((1)).

Observe that given two measures 1,7’ such that n = §7% + ((1)), if n satisfies
NC(e, k, ), then 7’ satisfies NC(¢ + o, k,7 — o). Therefore, the inequality p?° >
e~ ™M™ for £ € L together with the fact that the left-hand side rescaled by =’ o
©mr satisfies NC(5,k,7) in B’ at all scales § € [e™™,e”*'™] show our claim. By

Corollary 2.11, this implies, for all ¢ € (E’)* such that e21™ < ||¢|| < e™,

|((7T/ ° SDSmT)*(VlS koeee ok Vfl))/\(C)| < ei%m <e .

Note that for any g € vG°,

(4.4) el 17 < 1IE - pn—smr (v 9| < IElllon—smrlllgll-

On the one hand, we have 0 < n — smT < 3wn. Hence, there exists a constant
C = C(u) > 1 such that

||90n—smT|| < eCwn'

On the other hand, using the assumption that p has a finite exponential moment
and Markov’s inequality, we can find a constant C' = C(u) > 1 such that for any
k > 1, the p**-measure of the set of g € I" such that

(4.5) lgll < €% and [lg~ || < e

is at least 1 — e~ .

Set ag = 7 and let &€ € (E’)* be such that e®™ < [|£]| < e®™. Using k < 3wn,

4T's
we have, for any g € supp(u**) satisfying (4.5),

e(a1—40w)n < ||§ . (Pn—smT('Y_lg)H < e(oc0+5Cw)n.

With the choice w = min{ }, we can guarantee that this implies

1™ < M2 <€ pnsmr (YT )] < €™
Putting everything together, we obtain
Loy e k()] S e e <em ™ e

for all 41,...,0, € L, wn <k < 3wn with #1 +---+ €5 + k = n. This concludes the
proof of the theorem. O

5. FROM FOURIER DECAY TO GRANULAR STRUCTURE

As in the previous section, p denotes a probability measure on GL4(Z) and we
study the random walk associated to u on T¢, with starting distribution v € P(T?).
The law of the walk at time n is v,, = p*™ * v. The goal of this section is to show
that if v, has a large Fourier coeflicient, then the starting distribution v must have
some strong concentration property.
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5.1. Concentration statement for the random walk. In order to state the
main proposition of this section, we need to set up some notation. As before, G
denotes the algebraic subgroup generated by p, E C Mg4(R) denotes the algebra
generated by the identity component G° of G, F' denotes the finite group G/G°
and T = #F.

Changing notation slightly, we now consider a decomposition of F

E=E®FE & - ®E,

into maximal sums of minimal ideals with same Lyapunov exponent for the action
of u°. We assume that the summands are ordered so that

)\1(MO,E1) > > Al(MO,ET) >0= )\1(/LO,E0).

Here, Ejy is eventually trivial.

The group G acts naturally on the space V = R? and for 1 < j < r, we let V;
be the sum of all simple G°-submodules W C V such that A\ (u°, W) = A\ (p°, E).
Equivalently, V; is also the sum of all simple G-submodules W C V such that
M, W) = £ (p°, E;). We have

V=WeWhe - aV.
Let m;: V' — V; denote the corresponding projection. Define a quasi-norm on V' by

1
ol = masx () 5700

where by convention
1
wmww=wmmW*:{

This induces a quasi distance on T?. For z,y € T¢, define

d(z,y) = lv —w|~ if there are lifts v € V of 2 and w € V of y such that [jv — w]|| < 1,
YT otherwise.

0 if [[m(v)]| <1
+o0o  otherwise.

Neighborhoods of subsets of T with respect to this quasi-distance will be denoted
by Nbd(-, -). Finally, for a rational subspace W C V, we let W mod Z? denote
its projection in T¢, which is a subtorus.

Proposition 5.1. Let y be a probability measure on GL4(Z) with some finite expo-
nential moment and v be a Borel probability measure on T?. If the algebraic group
G generated by p is semisimple, then there exist C' = C(p) > 0 and 7 > 0 such that
the following holds.

Assume that for some t € (0, 3),

| s v(ag)| >t for some ag € Z% and n > Clog @.
Then, there exists v € F' such that, denoting
W= (CLOVE)L
there exists a finite subset X C T such that
(X — X) N Nbd(W mod 24, e~(1=27m) = {0}
and
V(X 4+ Nbd(W mod Z%,e~(1=7m)) > O,

The proof of Proposition 5.1 is in two steps: First, using the results of Section 4,
one shows that the inequality |u*/”?u(a0)| > ¢ implies that p*" * v has many
large Fourier coefficients (reducing slightly the value of n) and then, one applies a
Fourier analysis lemma originating in the work of Bourgain, Furman, Lindenstrauss
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and Mozes [11, Proposition 7.5]. We start with the statement and proof of a general
version of that lemma adapted to our needs.

5.2. A quantitative version of Wiener’s lemma. Wiener’s lemma in harmonic
analysis states that a measure v on the torus T¢ is atom-free if and only if its Fourier
series tends to zero in density, i.e. given t > 0, the proportion of vectors a € Z?
in a large ball B(0, N) such that |#(a)| > t, tends to zero as N goes to infinity. In
their paper [11], Bourgain, Furman, Lindenstrauss and Mozes observed that this
statement could be made quantitative: If B(0, N) contains a proportion at least
s > 0 of integer vectors satisfying |(a)| > ¢, then there exists a ball B = B(z, &)
of radius % in T¢ such that v(B) > (st)?, where the involved constant depends
only on d. In order to later be able to use the quasi-norm adapted to a random
walk, we need to generalize this statement. It turns out to be most convenient to
formulate the lemma in terms of convex sets and polar pairs.

We will need to generalize slightly the notation N'(-,d) of covering number.
Instead of covering a set by balls, we will use translates of a convex body. Recall
that a convex body is a compact convex set in RY, symmetric about 0, i.e. such
that B = —B, and containing 0 in its interior. Given a convex body B C R?, and
A C V a bounded non-empty subset, we define the covering number of A by B by

N
./\/(A,B):min{NZI‘Elxl,...,xNEV,AC U(mH—B)}.
=1

We shall also say that A is B-separated, if (A — A) N B = {0}. Let us briefly list
some useful properties of covering numbers. These may be used without explicit
mention in the rest of the paper; the elementary proofs are left to the reader. Notice
that if ||-|| is the norm on V for which B is the unit ball, then N (-, B) is simply the
covering number at scale 1 for the distance associated to the norm.

e Let f: V — W be a linear map to another Euclidean space W. Then, for
any set A C V and any convex body B C W,
(5.1) N (f(A), f(B)) < N(A,B)

with equality if f is a linear isomorphism.
e Let B’ C V be another convex body, then

N(A,B') < N(A, BIN(B, B").

e The previous point combined with John’s ellipsoid theorem [36, Theo-
rem 2A, page 87| shows that for any convex body B there is an ellipsoid £
such that for all non-empty subsets A C V,

N(A,B) < N(A,E)

where the implied constant in the < notation depends only on dimV. In
particular,

N(A,2B) < N(A, B)

within constants depending only on dim V.
e In A, maximal B-separated subsets have cardinality at least N(A, B).
e If B is symmetric and A is 2B-separated then N (A, B) > #A.
e For any set A C V and any convex body B C W,

N(A,2B) < N(4, B)

where the implied constant depends only on dim V.
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e Let f: V — W be a surjective linear map between Euclidean spaces. Let
B,C C V be convex bodies and let A C C be a subset of C. We have

N(f(A).1(B)) _ N(4,B)
N(F(C).1(B) ~ N(C.B)

where the implied constant in the > notation depends only on dim V.

(5.2)

Let R? be endowed with the usual scalar product. Given a convex body C' C R¢,
its polar set C* is defined by
C*={zeRVyeC, (x,y) <1}

If C D B(0,2), then C* C B(0, 1) and we naturally identify C* with its projection
to T?. The quantitative version of Wiener’s lemma that we need is given by the
proposition below.

Proposition 5.2. Let v be a probability measure on T® and write for t > 0

Ay ={acZ|p(a)| >t}
Assume that for some conver bodies B C C C R containing B(0,1), we have, for
some ¢y € Z% and some s > 0

C
(5.3) N(A:N(co+C),B) >s-|;|.
Then there exists a B*-separated subset X C T¢ such that
V(X +C%) >4 8325,

Proof. The implied constants in the Vinogradov notation in this proof depend only
on d. We shall need two auxiliary functions; the first one corresponds to the pair
of convex sets (C,C*), the second to (B, B*):
(1) There exists a smooth function 1): T¢ — Rxq such that
(a) f’]l‘d Y =1,
(b) ¥ < oy Lo,
(c) ¥ > lyonga.
(2) There exists a smooth function ¢: T? — Rx( such that
(i) > 1p-,
(ii) @ is real and positive and ¢ < ﬁ 15815 < &ﬁ\ 1:5.
One obtains ¢ by taking any smooth symmetric bump function supported on %GC’*
with integral f 1p = 1. The third property follows from the fact that for every
£ €20NZ% and x € £-C*, one has (¢, z) < & and hence R(e((¢,z))) > 1. The

2
function ¢ can be given explicitly by the formula ¢(x) = ’ﬁ > actpnze e((a, o:))’
8

for all z in T%. The second item is immediate by definition of ¢, and the first one
follows from the fact that by Minkowski’s first theorem on convex bodies, one has
#(sBNZY > |B|.

Pick a maximal 2B-separated subset A’ C A; N (co+ C) such that all coefficients
v(a), a € A’ fall in the same quadrant of C. One still has #A4’ > N(A;N(co+C), B)

and moreover )
t#A
‘E:WWZ:#-
acA’ \/§

By the Cauchy-Schwarz inequality,

Z v(a—b) = /]]‘d‘ Z €(<a,$>)’2du(x) > ’/ﬂ‘d Z e({a,z)) dv(x) ’ > t2(#A)2.

a,be A’ acA’ acA’
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Hence, there exists a translate A of A’ such that A c A’ — A’ ¢ 2C and
> ita)| > 244
a€cA

and

(5.4) HA=H#A>s- |g:

Consider the function f: T¢ — R defined by
Vo e T, f(x) = e((a,x)).
acA

On the one hand, using the definition of f, the properties of ¢ and the fact that A
is 2B-separated, one has, for any y € T¢,

2= «(x — T 2 z
L= [ sl
< 2 /%O(x—y)e(<a1—a2,x>)dx

ai,a2€A

< Y élar—az)
a1,a2€A

1
<L — Z ]].23(&1 — a2)

‘B‘ ai,az€A

#A
1Bl
On the other hand, from the properties of 1) and of those of A,

’/ fd(v @ ¢)’ - ‘Z ﬁ(a)é(a)‘ > ]Z ﬁ(a)‘ > 2H#A.
T4 acA a€cA

<

Let (yi)ier be a maximal family of (4B*)-separated points in T¢. Then the
translates (y; + B*);er are disjoint and have a total volume > 1. By Fubini’s
theorem,

/de/HmB*fd(uEHw =S+ B [ fdwE ).

i€l icl

Hence, translating all y; by some = € T if necessary, we may assume that

(5.5) Z‘/W* Fd(v EEq/J)’ S 24A.

iel

By the Cauchy-Schwarz inequality, for each i € I,

d(v B 2 )2
‘/?/H»B* / (V dj)’ : \/Al+B*|f| \//i+B* (V 1/})
A
< \/@wuwxyi +B°) max v
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|C* | max,,.  gx vHYp . .
where h; = === rm—. Recalling (5.4) and (5.5), we obtain some constant
L = L(d) > 1 depending only on d such that
1/242
st
> v+ B+ O = T
iel
v(z+C™)
Ic=1 >

On the other hand, since for every z in T¢, one has (v Bv)(z) < S0

_ |C*|max,, y g~ VB Y  maxgey, 45+ v(x + C*) .
v(yi + B* +C*) viyi+B*+C*)
and therefore, increasing the value of L if necessary, we may assume that
Vi, h; < L.
Finally, (y;)icr is 4B*-separated so

vy + B +C) <> w(yi+2-B7) <1
el iel

i

and we may set J={i€I|hi2%}toﬁnd
. L
;y(%‘—l—B +0") 2 o
For each i € J, fix x; € y; + B* such that
(v B ¢)(z:) = max vEy

and let

X={zx;;ieJ}.
Since the family (y;):cr is 4B*-separated, the set X is B*-separated. For the second
property, note that for each 7 in J,

v(z; +C*) > |C*|(v BY)(z;) = hiv(y; + B* +C*) > stv(y; + B* + C*).
so that
V(X +C%) =) vz +C*) > st*> vy + B+ C*) > 5720,
ieJ ieJ
O

5.3. Proof of Proposition 5.1. To prove Proposition 5.1, we follow the same
pattern as in [25]. The only difference here is that we need to find the correct polar
pairs (B, B*) and (C,C*) to apply Proposition 5.2. Before we start the proof, we
record to elementary lemmas from [25].

Lemma 5.3 (|25, Lemma 4.3] Additive structure of large Fourier coefficients). Let
u be a Borel probability measure on SLy(Z) and v a Borel probability measure on
T, If
|t xv(ag)| > to > 0,
then for any integer k > 1, the set
A= {g € M(Z) | 9(aog)| = 1§"/2}
satisfies
2k
(MEEIkElluESk)(A) > %
Lemma 5.4 ([25, Lemma 4.4] Regularity from Fourier decay). Given D > 1 and
a > 0 sufficiently small, there exist constants ¢ = ¢(D,a) > 0 and C; = C1(D, a) >
0 such that the following holds for all 0 < § < ct. Let n be a Borel measure on RP,
of total mass (RP) < 1. Let A be a subset of RP. Assume
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(i) supp(n) C B(0,57%),
(ii) for all € € R with 6= < ||¢|| < 6=, [a(9)] < [|€]~C",

(iir) n(A) =t
Then there exists a € RP such that
N(AN B(a,§%),8) > ctP+! (?)D
where = (2D 4+ 1)«
We are ready to prove the main proposition of this section.

Proof of Proposition 5.1. We shall use Lemma 5.4 with D = dim £’ and

o < Mini<ir A1(p, Vi) 0 B< ming <; <, A1 (p, Vi)
~ 3(2D + 1) max; A1 (p, V;) ~ 3maxi<i<r A1 (p, Vi)’
Let C1, = C1(D, @) be as in the lemma. Take oy = () as in Theorem 4.2 with

the additional condition that

B < @lgrh(u,%)

and set a; = “§¢ and cg = co(p, 1) as in Theorem 4.2. Set also kg = {O‘g—fﬂ and
k = Tky, where T' = #F.

Assume
¥ 5 v(ao)| =
By Lemma 5.3, there is a subset A C M4(Z) s ch that
12k
Vge A, |P(aog)| > >
and
12k

((‘u*n)EEIk: g (‘LL*n)Ek)(A) > ?

Note that p*™ is supported on E. We can cover p*" by its restrictions
p pp Ler Y p*" by

(") |4k to each subspace yE. Thanks to the choice of k and the commutativity

of additive convolutions, there exists v € F such that

((N*H)WE)

Hence for some z1 € My(Z), we have

Bk 2k

’ | (a probability measure)(A) > STk

*n Bko tQk

Let ' be the pushforward of ((,u*")hE)EkO under the map g — (7' 0 ,) (v 1g)
and let
A= (' op,)(ENny Hz1 +A)) C E
so that
(5.6) n' (A > 2k

Lemma 5.4 will be used at scale § = e~ “%" . By the definition of p,, , in Section 4,
we have ' = uEkO By Theorem 4.2, for all £ € E™* with 67 = e™™ < €] <

@on — §=2 we have

e
7 (€)] < eFocom < |j¢] =,

In view of the large deviation principle for p*", we may replace ' by its restriction

to B(0,0~%) while maintaining (5.6) and the conclusion of Theorem 4.2. Thus by

Lemma 5.4 applied to " and A’, there exists x5 € Bg/(0,07%) such that
(5.7) N (A" N B(s,67),5) > 0§~ PA=H),
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Now define convex bodies in E by
Co = ¢—n(Br/(0,0°) x B, (0,R)) and By = ¢_n(Bx/(0,0) x Bg, (0, R))

where R = O,,(k) is a constant large enough so that v~ A C E’ x Bg, (0, R). Note
that Cy D By and, since we took apf < minj<;<, A1 (1, Vi),

By © Bg(0,1).
Then inequality (5.7) implies that for some z3 in E,

N(HTAN(Cy + x3), By) > t0W§=PO=A) 400 l'go.
0

Indeed, with

f1 : EF — B

r = mTop,(ylr +x)
one has fi(y71A) D A, 7' o v,(By) = Bg/(0,6), and taking z3 € E’ such that
7' o (v tey 4+ 23) = w2, f1(Co + 23) = Brr(22,8%). The choice of R guarantees
that fi (’y_lA N (Co + xg)) = fi(y"tA) N f1(Co + x3). One concludes using the
inequality (5.1) on fi.
Now let

Cl = ao’}/CO and Bl = ao’yBo

and apply (5.2) to f: z +— agyx to obtain, with ¢y = agyzs,

N(CLQA N (Cl + CQ),Bl) > N(’y_lA N (Co + 1‘3),30)

o)
N(Cy, By) N (Cy, By) >t

whence c
N(apAN (C1 + o), By) > tOﬂ)Hﬂ.
IBl|a07E
Since C C B and B; contains a ball of radius 1 in agyFE, we may set
C=C1+Bra(0,2) and B = B;+ Bra(0,2)
to get convex bodies in R? containing Bpa(0,2) such that
N(CL()A N (C + CQ), B) 2 t0(1)|g’||.

Since P(agg) > t°M) for every g € A, Proposition 5.2 shows that there exists a
B*-separated subset X C T? such that

V(X +C*) > 90,

To conclude, it remains to describe the sets B* and C*. For that, first consider a
decomposition of the space of linear forms on R? into irreducible components under
the right action of G°

Ry =V =vVg...qov"
and write p;, i = 1,..., k for the corresponding projections. Since ag7y is an integer

vector, and each V) is defined over a number field, there exists a constant C' > 0
such that for each 4 such that p;(agy) # 0, one has

—C
laol| =™ < lIpiaoy)| < llaoll-

Therefore, for any € > 0, we may choose C. > 0 such that n > C; log M

fori=1,...,k,

implies,

pi(agy) =0 or e < [pi(agy)|| < e
Thus, if pi(agy) # 0 and Ay (, V) # 0, then

pi(ao'}/)BO C BV(i) (0, e(Al(;L,V(i))+a)n5)
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and o
pi(agy)Co D By (0, eP V) =eInghy,
Now consider the decomposition of V' = R? according to Lyapunov exponents
V=WweWhe eV,

where for ¢ = 0,...,7, V; is the sum of all irreducible G-submodules of V' with
Lyapunov exponent A;(u, F;). Since W = (agyE)* is a submodule, it can be
written
W=Wy&---®&W,, where W;=WnNV, i=0,...,r
An elementary computation based on the above observations shows that for some
compact subset Ag C V; containing By, (0, §), (we identify subsets of By (0, ) with
their projections in T%)
1
B* D Ay x H {v; € Vi |d(vi;, W;) < e~ il Vi)te)ng=1 anq [los || < 5}
1<i<r
and
1
C* C Ao x [ {vi € Vild(vi,W;) < emMl¥d=ang=F and [|v;]| < 5}
1<i<r
Recalling 6 = e~ "% and setting 7 =
enough so that
e~ Vtemg—1 _ o= Vi)te=F)n > o—(1-27)xi(1,Vi)n

WM > 0, we may choose £ > 0 small

and

e~V —emg—8 _ o= (wVi)—e=50)m < o=(1=r)M(nVi)n
Finally, since Ay can be covered by a bounded number of translates of By, (0, %),
we may assume Ag C By, (0, 1), and then B* > Nbd(W mod Z%, e~(1=27)") while
C* ¢ Nbd(W mod Z%, e~ (1-7)n), O

For some technical reason, we shall have to work on a union of tori T¢ x F', where
I' acts diagonally. For a measure v on T¢ x F' and a € Z%, we write M*/"Ty(a, 1)
for the Fourier coefficient at frequency a of the restriction of v to T¢ x {1} viewed
as a measure on T¢.

A more careful look at the proof gives us the following slightly more precise
version of Proposition 5.1.

Corollary 5.5. Let p be a probability measure on GLg(Z) with finite exponential
moment. Assume the algebraic group G generated by p is semisimple and write
F = G/G°. Let v be a Borel probability measure on T¢ x F. Then there erist
C =C(u) >0 and 7 > 0 such that the following holds.
Assume that for some t € (0, 3),

|,u*/”?1/(ao, 1)| >t for some ag € Z% and n > C'log ”(Z—O”.

Then, there exists v € F such that, denoting
W= (CLWE)L
there exists a finite subset X C T¢ x {y~'} such that
(X — X) N Nbd(W mod 24, e~1=27m) = {0}

and

V(X + Nbd(W mod 2%, e~ (=) > 00,

Here, of course, the addition on T? x {71} is defined for the torus coordinate.



SEMISIMPLE RANDOM WALKS ON THE TORUS 43

Proof sketch. Decomposing the measure (pu*" * v)pay; as

(W™ % V) imas iy = 3 Bitge * Vimax{r-1}
~YEF

we find that for some ~, one has, up to a constant depending only on [G : G°],
|(H5Ge * Vmax(5-13)" (ao)| > t.
Let k = dim E’. Lemma 5.3 shows that there exists a set A C My(Z) such that
Vg € A, Vra -1y (aog)| > 7.
and
(ki)™ B (1) ™) (4) > 2+
Reasoning as in the proof of Proposition 5.1, we deduce that vjpa, -1} has many

large Fourier coefficients in agyE and therefore must be concentrated around a
finite subset of well-separated translates of neighborhoods of W = (agyE)*. O

6. CONCENTRATION AND UNSTABILITY OF THE RANDOM WALK

In this section, we finally prove the main result of the paper. We consider a
probability measure z on GLg(Z) and the associated random walk on the torus T¢,
starting from a point o € T¢. Letting I be the group generated by supp p and G
the Zariski closure of I', we assume that G is semisimple as an algebraic group, and
we show — in a quantitative way — that if the law p*" % d,, of the random walk
is not exponentially close to the Haar measure on T¢, then the starting point zg is
exponentially close to a proper closed invariant subset.

But let us first introduce a new space on which it is convenient to study the
random walk, especially to overcome issues related to being Zariski disconnected.
As before, G° denotes the identity component of G, and F = G/G°. The subalgebra
of M4(R) generated by G° is denoted by E. In order to keep track of the coset
modulo G°, we let

Yo=Tx F
and let I' act on Y|, diagonally.

Let Wy be a rational G°-invariant subspace of V' = R?%. We can define a factor
of Yo =Y by

Y = || V/i(aWo + 2% x {3},
yEF
The action of I" on Y is defined in the obvious way. This way, the natural projection
Yy — Y is I'-equivariant.

Let Vi denote the sum of all compact factors of G in V = R¢, that is, the sum
of irreducible subrepresentations W C V such that A (u, W) = 0. Given ag € Z¢
for which the random walk p*™ * d,, has large Fourier at ag, we shall set

Wo = Vo + (agE)*

and study the random walk on the space Y associated to this Wj.

In the introduction, we defined the quasi-distance adapted to the random walk
on V =R? and on T?. Similarly, we can define a quasi-distance on each of the tori
V/(Z% 4+ ~yWy) in Y. Together, theses quasi-distances define a quasi-distance on Y’
by the formula

B d(le, xZ) if Y1 = V2,
d((z1,m), (22,72)) = {+oo otherwise

Below we will state a slightly more precise version of Theorem 1.1. We fix a
G-invariant Euclidean norm on Vj and write By, (0, R) for the closed ball in V;
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with radius R > 0 with respect to this norm. Given some parameter ) > 0, we
note that
1
BV0(07Q) + U 7Zd cV= Rd
7<Q

is I'-invariant. As a consequence, the set

Zq= |_| (BVo 0,Q) + U 1Zd mod (YWy + Zd)) x {v}
= q<Q

is a I'-invariant closed subset of Y.

Theorem 6.1. Assume that p has a finite exponential moment and the algebraic
group G is semisimple. Then for every A € (0,1), there exist C = C(u, \) > 0 such
that the following holds.

Given ag € 72, let Wy = Vo + (aoE)* and Y be defined as above. For any
Xo € Td, if
laol|

t )

then there is vo € F such that writing yo = (xo mod voWo,v) € Y, we have

(6.1) |(umzo)(a0)| >t for somet € (0, %) and n > C'log

C
a~l(y0, Zg) < e for some Q < (lat()”> .

To obtain Theorem 1.1 from this theorem, it suffices to lift yo and Zg to Yy =
T? x F and then project to T?.

We proceed to the proof of Theorem 6.1. We fix the meaning of ag € Z%¢, Wy C V,
zo € T¢ as in the statement. By the pigeonhole principle, (6.1) implies that there
is 79 € F such that

t

(6.2) |7 % 8 (2 70y (a0, 1)| > Tyl

where the notation u*"m,%)(ao, 1) is defined in the paragraph preceding Corol-
lary 5.5. This choice of vy determines yp € Y. We fix this gy for the rest of the
proof.

6.1. Bootstrapping concentration. In order to prove Theorem 6.1, we start
from the granulation estimate obtained in the previous section as Proposition 5.1.
The first step is then to run backwards the random walk to increase the concentra-
tion.

Proposition 6.2 (High concentration). Assume (6.1). Given n > 0, there exists
llaoll

= and p > 0 with |log p| < ny such that for some y €Y,

)by, (Bly. p) 2 .
Proof. Using (6.2) and Corollary 5.5 and observing that (agyE)t = v 1(agE)*,

llaoll —(1-27)ng

ny =<, log

we obtain that for ng > log *5*, there exists an e
contained in a single torus in Y such that

-separated subset X

N*(n—no) *6yg (Nbd(Xo,e_(l_T)no)) > tCO.

Increasing Cy if necessary, we may also assume that #X, < e“°™. Fix some

large k € N and then ¢ > 0 such that 2ke < 1. Starting with
Mo = L%J’ To = 6_(1_27—)n07 and Po = e_(l_T)nOa
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we apply Lemma 6.3 below k times successively. This yields integers m;, and scales
r; > p;, defined inductively by

rip1 = e M0ty
pit1 = e mil=e)p,
mip1 = [m;(1— %)J

and at each step, an r;-separated set X; such that #X; < #X, and

*(n—no—mo—-+—m;) N tco ¢
H ' *6yo(Nbd(Xi7pi)) > 5 .

Notice that by induction on 7, one always has e(4t1)™ip, < r; so that Lemma 6.3

may indeed be applied. Moreover, choosing ng < log M large enough (the involved

constant will depend on k, 7, Cy, etc.), we may ensure that all m; are large enough

so that the error term e~ <™ from that lemma is always small compared to (%)
Set ny =ng+mg + -+ +myg and p = pi. One has # X < #X( and

- #Co\ ¢

so that for some y € X},

k k
~ 1 tCO d tCO d
*(n—mn1) ( ) > > —Cono
a *0n (Blw:0) ) 2 ( 2 ) =€ 2

Now, since mg + - - - +my > kg“’ we may choose k large enough so that mg+--- +

my > 30#””, and then ng =< log M large enough to ensure that

ak
n n CO n

The proposition follows. O

After using Corollary 5.5, we can now forget how W) is constructed from ag. All
what we need is that Wy is a G°-invariant rational subspace containing V.

We now prove the lemma that was used in the above proof. The notion of
r-separated sets in Y are with respect to the quasi-distance on Y.

Lemma 6.3. For any € > 0 there exist ¢ > 0 and my € N depending only on p
and € such that the following holds for any Borel probability measure v on'Y and
any m > my.

Letr >0 and p > 0 be such that el4TD™p < r. Set

ro=e ™0 and pL = efm(lfs)p.

If X is an r-separated subset contained in a single torus in Y, then there is an ri-

separated subset X1 C Y, contained in a single torus, with cardinality #X, < #X
and such that

v(Nbd(X1,p1)) > (0™ * v) (Nbd(X, p))d —e .

Proof. In this proof, we write X(*) for Nbd(X, p). By Jensen’s inequality and the
definition of p*™ x v, (see [11, Lemma 7.6] for details),

)XY < ST ) (g (g X g X)),
g1,---,94€T

This implies that the set of d-tuples (g;)1<i<q such that
(6.3) V(g ' XN N gt XW) > (i xv) (X D) —emom
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has (p*™)®%-measure at least e=“™. Using the fact that the large deviation esti-
mates Theorem 3.11(i) and (ii) are valid under the only assumption that the action
is irreducible, one readily checks that [25, Lemma 5.5] and its proof are also valid
under this assumption. Applying this lemma in each irreducible subrepresentation
of R?, one obtains that if ¢ is chosen small enough, there must exist gi,...,g9q € I’
satisfying (6.3) and moreover,

d (1—e)m < |gi’U|~
(6.4) Yo € RY/Wy\ {0}, e < max o

and (using the large deviation estimates again and the fact that —Agim w (g, W) <
(dim W — 1)\ (u, W) for any G-invariant W C V)

(6.5) Vie{l,....d}, |gi|" <eT™ and |g;!|" < eldTITO™,

We fix such elements g1, ..., gq for the rest of the proof.

Since X is contained in a single torus, all the g;’s are contained in the same class
in G/G°.

We claim that the set gle(p)ﬂ . -ﬂg;lX(”) is included in a union of at most #X
balls of radius p; = e~ (1=)"p. Indeed, from (6.5) and the fact that e(d*)™p < r,
we find, for a given z € X and ¢ > 1, that the set gl_lf%(ac,p) meets at most
one component g, 1B(y, p), y € X. Therefore, there are at most #X non-empty
intersections gl_1]~3(x1, p)N---N gd_llé(xd,p), for xy,...,zq € X.

If x,y lie inside such an intersection, then, for each i, dN(gix,giy) < p. Then
(6.4) and (6.5) implies that d(z,y) < e 179"y = p;. Thus, each intersection
g7 ' Bz, p) NN g;lf%(xd, p) is included in a ball of radius p;.

Finally, using (6.5), we see that these p;-balls are separated by at least r =
e~ (4e)mye - Moreover they are contained in the same torus in Y because the g;’s
are in the same G° coset. This finishes the proof of the proposition. O

6.2. A diophantine property. From the high concentration property obtained
in the previous paragraph, we want to infer that p*("~"1) « dy, is concentrated near
a proper ['-invariant subset. The argument relies on a diophantine property of the
random walk, coming from the fact that p is supported on GL4(Z).

Proposition 6.4 (Concentration near a closed invariant subset). Given > 0,
there exists C' > 0 such that the following holds.

Assume (6.1). Then there exist n; € N* such that % log Hat‘)” <n; <Clog Hatio\l
and p € [e=C™ e and Q < p~F such that

This proposition is an immediate consequence of Proposition 6.2 and of a dio-
phantine property of the random walk, given by the following lemma.

Lemma 6.5 (Diophantine property). For every 8 > 0, there exist constants C and
1 > 0 depending on p and B such that for any yo,y € Y, if for n > Cllogp|, one
has

(1" 5 6y, )(B(y, p)) = p"
then d(y, Zg) < p'=P for some Q < p~F.
Proof. Consider the action of G on Vg = |, cp V/7Wo x {7}. Since V/W, contains
no G°-invariant vector, for every non-zero (vi,v2) in Ve X Vi, the set { g | gv1 = va }

is a linear subvariety in G of dimension less than dim G. Using the spectral gap
property modulo prime numbers [35] (or applying the first step of the proof of
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Proposition 3.3), we obtain that for m large enough, for some ¢y independent of
(Ula U2)7

(6.6) pE" L (g1s - Gm) | Gm - grvr = v }) <™,

Fix m such that

cgm
e 2 >pl>e O™

If C is large enough, the condition n > Cllog p| ensures that n > m. From the
assumed inequality, it follows that there exists some y; € Y such that

(w6, )(B(y, p)) 2 ",

which implies that the set

A ={(91,--,9m) € (supp )™ | d(gm - .- 191,y) < p}

satisfies
O™ (A) 2 7 > €O,
Using the finite exponential moment of y and reducing the set A,,, we can assume

further that for all (g;) € A, lgm -+ 91| < e©o™ for some Cy = Cy(y). Since all
matrices have integer coeflicients, the set

AL ={gm---91; (91,---,9m) € A}

is then finite.

Write y1 = (z1,71) and y = (z,7). Recalling (6.6) above, one infers that the
linear map

0: V/imWox V/AWy —  (V/aWo)An
(v1,v2) = (gu1 — 'UZ)gGA;n

is injective. Moreover, in the canonical bases, its matrix has coefficients in Z
bounded by e“°™, so its inverse has coefficients in éZ for some Q < €“1 and
bounded by e“1™. Therefore, any solution (vi,vs) in V/y1 Wy x V/yWy to

v(.gla s 7gm) € Ama Gm ---01V1 — V2 € B(()?p) + Zd mod ’YWO

can be written, for some wy,ws € Z% and wuy,uy in B(0,e“1p),

1 1
v = awl +u; mod 1 Wy and vy = an + ug mod yWp.
This applies in particular to representatives of (z1,z) in V/yi Wy x V/4Wy. Tt
follows that

d(y, Z,cym) < eS1™p.

If 7 > 0 is chosen so small that %77 < f3, one has

so the lemma is proved. O

6.3. Unstability of closed invariant subsets. To conclude the proof of Theo-
rem 6.1, we use a variant of the argument given in [27, §3]. It is based on Foster’s
exponential recurrence criterion, applied to a well-chosen function associated to a
closed invariant subset. This technique has been used extensively in homogeneous
dynamics since the work of Eskin and Margulis [19], in particular by Benoist and
Quint for their study of stationary measures [3, 5, 6, 4].



48 WEIKUN HE AND NICOLAS DE SAXCE

Lemma 6.6 (Margulis inequality). For every A € (0,1), there exist constants
C,a > 0 depending only on p such that the following holds. For @ > 2, define a
function pg: Y — RU {+oo} by

_ [ dly, Zg)™ ifdly, Zq) >0
valy) = { +00 otherwise.

For all y € Y and all integers n > 1,

/ volgy) du™™(9) < e po(y) + QF.

The proof of such inequalities is an application of Furstenberg’s law of large
numbers [7, Theorem 4.28], using also the exponential moment assumption on .
Since it is rather standard, we leave it to the reader, and turn to the proof of
Theorem 6.1.

Proof of Theorem 6.1. Let C,« > 0 be the parameters given by Lemma 6.6 applied
with M = % instead of A. Then set 3 = &%5.

Proposition 6.4 shows that for some n; =<3 log
there exist Q < p~? such that

) s 5, (Nbd(Zg, p) > P
Applying Lemma 6.6 yields
pt < / o (gyo) dp* "= (g)

< e Nemmog (yo) + QF.
Note that Q¢ < p=¢# < %p_“"‘ﬁ and therefore

llaoll

; —Cin —cin
1224 and some p € [e” 1™ em ™M

pal) = dlyo, Za) ™ > o)yt 35 Neme=Cralioclan,
Since n; < log ”a—t"” and N =\ + %, taking n > ﬁ log Hat—”‘l yields
d(yo, Zg) < e ™"

and the theorem is proved. O
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