DYNAMICS OF SEMI-LINEAR WAVE EQUATIONS. 2023-2024. FINAL EXAM

FExercice 1.

1.1. Let t > 0. Give the smallest subset A(t) of R? with the following property. If u is a solution of the
linear wave equation (LW), (ID) in space dimension 2 such that supp(ug,u;) C {z € R?, |z| < 1}. Then
supp u(t) C A(t).

1.2. Let t > 0. Give the smallest subset B(t) of R with the following property. If u is a solution of the
linear wave equation (LW), (ID) in space dimension 3, such that supp(ug,u1) C {z € R?, |z| < 1}. Then
suppu(t) C B(t).

Ezercice 2.

2.1. Let u be a solution of

(LW) 02— Au =0,

(ID) Up=0 = (uo,u1)

with (t,z) € R x R3, such that (ug,u;) € (CSO(R3))2. Prove that lim; oo ||u(t)|| L6 (®sy = 0.

2.2. Let u be a solution of (LW), (ID) with (ug,u1) = H'(R?®) = H'(R3) x L*(R?). Prove again
limy o0 [|u(t) ]| Lo(ra) = 0.

2.3. We fix 0 € {£1} and consider a solution of

(W5) 0?u — Au = oud,

where 2 € R3, with initial data as in (ID) such that (ug,u;) € H'(R?). Assume that u scatters to a
linear solution forward in time. Prove that lim;_, ||u(t)||zs = 0.

Until the end of this exercise, we consider a solution u of (W5), (ID) such that (ug,u;) € H'(R?),
with maximal time of existence Ty and such that

(1) Jim [u(®) e = 0.

2.4. Prove that

sup [|t(t)]];;: < oo.
te[0, T [

2.5. Let € > 0. Prove that there exists T € [0, T4 [ such that
vte (T, Ty), lullpsqry,y < C+ellullparyg piz):
where L'? = L'?(R3) and the constant C' > 0 depends on u, but is of course independent of ¢ and .
2.6. Prove that u € L*([0, T4 [, L'?).
2.7. Prove that wu scatters in the future to a linear solution.

Exercice 3. In this exercise we use the notations of Chapter III of the course, and in particular the notation
A; defined in Section IIL.4. One can of course use the results of Section III.4 without proof. The space
variable is in R? in all the exercise. We will use the notations L® = L°(R®) and L*L = L%(R, L*(R?)).

3.1. Let p € (2,00) and j € Z. Prove that
Vf e Sy,

eit‘DlAijLp S C(tapﬂj)||f||LP’7

where the dependence of the constant C(¢,p, ) on p, t and j should be made explicit.
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3.2. Prove _
vfe s, [ePlaf| | <100 p )AL
3.3. Prove 1
vresy, [Pl s [E2ld
f 0 € f LpN |t|1_% l | pf Lp/

3.4. Let f be a function of space and time and

u(t) = /O Sin((t_Ds)lDDf(s)ds.

Prove (for a parameter a € (1,00) depending on p to be specified) that if f € L* LP" then u € L*LP and

_4
lullzers sy S |1DI75 ]

La' Lo’ :
3.5. Let now u(t) = e®IP!|D|~Vug, where ug € L*(R?), and 7 is a real parameter. Prove that for a good
choice of v (depending on p and to be explicited), one has u € L*LP and

[ullare S [luollz2,
where a is as in the preceding question.

3.6. Let u(t) = cos(t|D|)ug + %ul, where (ug,u;) € H". Prove that u € L*LP and

lulleare S Nl(uo, ua)llgs
where a and  are as in the preceding questions.

Ezercice 4. We fix N > 3 and denote by H} the subspace of (H' x L?)({z € RY, |z| > R}) made up of
radial functions. This is a Hilbert space, with the norm | - || g defined by:

)l = [ (@un(r))? +400)

4.1. At what condition on a € R is the function 7 — (r~%,0) an element of 7-'[}%? Same question for the
function r +— (0,77%).

4.2. Assume that N = 3. Let Vg be the subvector space of ’H}% spanned by (r71,0). Let u be a radial
solution of (LW) with initial data (ug,u;) € H!. Prove that

oo

Jim [ (@t ) + @t n)?) rde = eI (o, w)|% s

where HJ‘;R is the orthogonal projection, in 7:[}%, on the orthogonal of Vi, and ¢ > 0 is a constant to be
specified.

In the three next questions, we assume N = 5.

4.3. Let u be a solution of (LW) with initial data (ug,u1).

v(t,r) = / pOyu(t, p)dp.

Prove that v is well defined for » > R + |t|, and that it is a solution of (LW) in space dimension 3 for
r> R+ |t

4.4. Let Vi be the subspace of Hk(R?) spanned by (1/r%,0) and (0,1/r%). What is the value of A(r~3)
for » > 07 Using the preceding questions, prove that

: = 2 2\ .4 gy _ L 2
tllimoo ; ((aru(t,r)) + (Opu(t,r)) ) ridt =c ||HVR(UQ, u1)||R )
4.5. What are the R-nonradiative solutions of (LW) in space dimension 57

4.6. Try to generalize to higher odd dimensions.



