DYNAMICS OF SEMI-LINEAR WAVE EQUATIONS. HOMEWORK, CHAPTER 11

Exercise 1. Let N > 1, p € S(RY), which is not identically 0. Let

pe(z) = e*/Fp(x).
Show that for o > 0, lim. ¢ [|¢c| ;- = +oo Show that the sequences (||| r»), and (||lun|lz.), are
bounded for all ¢ > 0 and p € [1, c0].

Ezercise 2. Let o € R. We define the (inhomogeneous) Sobolev space H° (RY) by the space of u € S§'(RY)
such that 4 is in L*(K) for all compact K and that the following quantity is finite

I = [+ lePrIR@ P

(1) Prove that H? is an Hilbert space.
(2) Assume that o is a positive integer. Prove that f is in H? is and only if for all o € NV with
la| <o, 02f € L>(RY). Prove that the norm on H? is equivalent to the norm defined by

IF11P =" 105 fli7=.
la|<o
In the case where ¢ is even, prove that this norm is also equivalent to the norm defined by
IFI1P = N F1Z2 + 1A2 f(12a.

(3) Prove that for all (ug,u1) € H® x H°~! the formula
sin(t|D|)

D]
defines u € C°(R, H?) such that d,u € C°(R, H°~!) that satisfies the linear wave equation in the
sense of distribution.

(1) u(t) = cos(t|D])ug + Uy

Ezercise 3. Let u; € L?(RY) and consider
sin(¢| D)

ult) = —p

the solution of the wave equation with initial data (0,u7).

(1) Prove that for all ¢, u(t) € L2(RY), and ||u(t)||z> < t||u1]|z2.
(2) Give a sufficient condition on u; so that

() sup [|u(t)[[L2 < oo
teR

U,

1ve example of functions u; € such that oes not hold.
3) Gi le of f i L? h that (*) d hold

Ezercise 4 (Conservation laws). Let (ug,u;) € S'(RY) x §'(RY). Assume that up and %y are locally

integrable functions. Let

sin(¢|D|)
D]

Let ¢ € C(R") such that ([ag(£)]?[¢]? + [u1(§)[?) ¢(€) is integrable on RY. Prove that

[ e aor + o] | e

is well-defined and independent of ¢.

u(t,x) = cos(t|D|)ug + uj.

Exercise 5. Consider the fonction defined on R? by

(2) S(x) =

Compute the Fourier transform of S. Hint: compare the two formulas for the wave equation in space
dimension 3 obtained in Chapter I and Chapter II.

sin(|x|)

||



