
DYNAMICS OF SEMI-LINEAR WAVE EQUATIONS. HOMEWORK, CHAPTER 4

In this exercise sheet, we consider the equations:

(W5) (∂2
t −∆)u = σu5.

Exercise 1. Assume σ = 1.

(1) Prove that there exists a solution of the ODE: Y ′′ = Y 5 defined on ]− 1,+1[ and such that

lim
t→±1

|Y (t)| = +∞

(2) Prove that for all a, b with a < b, there exists a solution of (W5) with maximal interval of
existence (a, b).

Exercise 2. Assume σ = 1. Let u be a solution of (W5) such that u0 = 0 and u1 ∈ L2∩C1 is nonnegative.
Prove that u(t, x) ≥ 0 for all x and for all t ≥ 0 in the domain of existence of u.

Exercise 3. (1) Let R > 0 and u, v be two solutions of (W5) defined on [0,∞[×R3. Assume that
u⃗(0, x) = v⃗(0, x) for |x| > R. Prove that u⃗(t, x) = v⃗(t, x) for t ≥ 0, |x| > R+ |t|.

(2) Prove that there exists a small δ1 > 0 with the following property: if u is a solution of (W5) with

initial data u⃗0 = (u0, u1) ∈ Ḣ1 at t = 0 with maximal time of existence T+ = +∞ and such that∫
|x|>R

|∇u0|2 + (u1)
2dx = δ2 ≤ δ21 ,

Then

(1)

∫
|x|>R+|t|

|∇u(t)|2 + (∂tu(t))
2dx ≤ 2δ2

Exercise 4. Exercise IV.1, p.45 of the course.

Exercise 5. Exercise IV.6, p.54 of the course.
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