CHAPTER 11

The Linear Equation in Sobolev Spaces

II.1. Reminders on the Fourier Transform

Here, we recall the definition of the Fourier transform on RY, in the most
general framework possible, that of tempered distributions. We omit the proofs.
For more details, one can consult, for example, the foundational writings of Laurent
Schwartz [5], the course of Jean-Michel Bony [2], as well as [1, Section 1.2] for a
quick introduction, and [4] for a more in-depth exposition (the first two references
are in French).

We begin by introducing a notation: a multi-indez is an element o = (v, . .., ap)
of NV. The order of a is |a] = Z;VZI a;. The derivative with respect to « of a

function f of class C1l on RN is then defined by:
N

ove= Lo s
j=1

1.a. Fourier Transform on S.

DEFINITION II.1.1. The Schwartz space S(RY) is the space of functions f of
class C* on RY such that for every p € N,

Np(f) == sup  (1+[z)?|07 f(z)| < oo.
z€RY |a|<p

It can be observed that each N, is a norm on S(RY), but N, is not complete
for any of these norms.
We equip S(RY) with the distance

1
(IL1.1) g, ¥) = sup o min (Nl — ), 1)

It can be seen that d(¢,, @) tends towards 0 as n tends towards infinity if and only
if N,(¢n — ¢) tends towards 0 for every p.

It is verified that S, equipped with the topology defined by this distance, is
complete.!

The Fourier transform of an element ¢ of § is defined by the formula

(I11.2) B = Ho(©) = [ el

It is verified that H is a continuous application from S into S.

LA complete and metrizable vector space, whose topology is defined by a family of semi-
norms, is called a Fr’echet space.

19



20 II. THE LINEAR EQUATION IN SOBOLEV SPACES

Fubini’s theorem immediately implies the duality formula:
(111.3) [ #eu©ic= [ @i
RN RN

for ¢, € S(RY).
The Fourier transformation is a bijection of S: by defining

_ 1 ) 1 -~
_ i€ — _
WLd) T = gy [ e = i),
we have the Fourier inversion formula: for all ¢ € S(RV),
(I1.1.5) HHp = HHep = .

By combining the Fourier inversion formula (II.1.5) and the duality formula (11.1.3),
we obtain the Plancherel theorem:

(IL.1.6) | e@is = e [ a@iee

The Fourier transform exchanges multiplication by powers of x and differentiation.
For all ¢ € S(RY)

1 o J[e7 « o
(IL1.7) Ya €NV, S HOTe = €93(8), i TH(p) = OFB(E).

1.b. Fourier Transform of Tempered Distributions.

DEFINITION I1.1.2. The space S'(RY) of tempered distributions is the topolog-
ical dual of S(RY), i.e., the vector space of continuous linear forms on S.

In the definition, continuity must be interpreted in the sense of the topology
induced by the distance d defined by (I1.1.1). It is easily verified that a linear form
f on S is an element of S’ if and only if:

dJpeN, Vpes, |<f790>‘ SCNP(QO)

We equip &’ with the topology of pointwise convergence: a sequence (f,)n of
elements of &’ converges to f in S’ if and only if

VoS, lim (fne)={f¢).

Several function spaces continuously embed into S’(R™) in the following manner.
If f is a measurable, locally integrable function on f such that

VR >0, / f(2)]dz < C(1 + R)C
|z|<R
for some constant C' > 0, we define an element L of S’(RY) by

(L) = [ )l

It is verified that the preceding application is injective, i.e., Ly is null if and
only if f is null almost everywhere on RY. We then identify f with the linear form
Ly, also denoted f. The preceding identification allows us to consider &, Lebesgue
spaces LP(RY) (1 < p < o0), CF (the space of C* functions on RY that are bounded
along with all their derivatives up to order k) as subspaces of S’.
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Examples of tempered distributions that are not functions are given by the
Dirac delta function at a, denoted J, and defined by (d,, ¢) = ¢(a), as well as the
surface measure o on the sphere SV =1, defined by:

o) = [ et

By duality, several actions can be defined on the elements of S’.
Differentiation. Let « € NV and f € S’. The derivative of f of order « is the
element 9% of S’ defined by:

Vo eS, (07f.0) = (1) (f,07¢).
The integration by parts formula shows that if f € Cl‘,al, its derivative of order «
in the sense of distributions coincides with its derivative in the classical sense.
Multiplication by a Function. We denote by P the space of C*° functions with
slow growth, i.e., such that
Vo, 3IM,C>0 VreRY, [0%(z)] <C1+ |z))M.

It is easily verified that multiplication by an element of P is a continuous application
from S into §. We then define, for f € §’ and g € P, the product fg by:

(fg,0) = (f.9%).

It is shown that fg is an element of S’ and that f +— fg is a continuous application
from &’ into S'.
Fourier Transform. We define the Fourier transform of an element f of S’ by

voes, (Fe)=(9)
The duality formula (II.1.3) shows that if f € S, its Fourier transform according
to formula (I1.1.2) and its Fourier transform in the sense of &’ coincide.

It is recalled that L'(RY) and L?(RY) are subspaces of &’(RY). The Fourier
transform on &’ thus applies to elements of these two spaces. On L!'(RY), we
recover the Fourier transform in the classical sense.

ProPOSITION I1.1.3 (Fourier Transform in L'). Let f € L*(RY), and f be its

Fourier transform in S’. Then f 18 identified with the continuous function given by
the formula:

~

for = [ e s
RN
The second proposition immediately follows from the Plancherel theorem:

PROPOSITION 11.1.4 (Fourier Transform in L2?). Let f € L2(RN) then f €
L*(RYN) and

1 ~
1 fllz: = Wllfllm-

The properties of the Fourier transform on S are transmitted by duality to the
Fourier transform:
e We define the inverse Fourier transform F of an element f of S’ by
Then we have the Fourier inversion formula:

VfedS, HHf=HHf=F
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e Property (II.1.7) remains valid for p € §’.

I1.2. Sobolev Spaces

2.a. Definition. (cf [1, Section 1.3]) Here, we will mainly focus on homo-
geneous Sobolev spaces based on L2. We refer to the exercise sheet for classical
Sobolev spaces H?.

Sobolev spaces on RY are easily defined using the Fourier transform:

DEFINITION I1.2.1. Let 0 € R. The Sobolev space H?(RY) is the set of f €
S’'(RY) such that f € L'(K) for every compact set K, and such that the following
quantity is finite:

11 = Gy [, PP

The space H?, equipped with the inner product:
]. 20 7 =
= o d
(1-9ie = Ty |, 1€P"Tle)Te

is a pre-Hilbert space.

THEOREM 11.2.2. The space H"(RN) is complete if and only if o < N/2. In
this case, the vector space Sy of functions in S whose Fourier transform vanishes
in a neighborhood of 0 is dense in H(RY).

Note that HO is exactly the space L2.

2.b. Sobolev Inequalities. We have the following Sobolev inclusion on RY.

Then

THEOREM 11.2.3. Let o €]0,N/2[, and p € (2,00) such that % =

H°(RYN) is contained in LP, and this inclusion is continuous.

1_ o
2 N

The result is well-known. We give a proof based on the Fourier transform,
which yields a slightly stronger result that we will need later.

By the density result in Theorem I1.2.2, it suffices to show that there exists a
constant C' > 0 such that

(I1.2.1) VieSMRY), |fllre@ny < Cllf Il o mvy-
Let f € S. We denote

2 1 20| 7(¢)|2
10 =50 g [ lePIR@RaE

and observe that || f|| 5o < || f|| go. We will prove the following result, which implies
(IL.2.1):

THEOREM I1.2.4 (Improved Sobolev Inequality). Let o and p be as in the pre-
vious theorem. Then there exists a constant C > 0 such that

Vi€ S®Y) L < I
NOTATION I1.2.5. Let ¢ be a function on RY. For u € §&'(RY), we denote

p(D)u=F (p(§)u(s)) -
The operator ¢(D) is called the Fourier multiplier.
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The tempered distribution ¢(D)u is not well-defined for all functions ¢ and
u € §8': we need pu to define a tempered distribution. This is for example the case
if p € L and u € H (in this case p(D)u € H?), or if ¢ € P(RN) (the space of
C*° functions with slow growth).

PROOF. We fix a parameter A > 0 and decompose f into a high-frequency part
f>a and a low-frequency part fc:

fsa=F (Lg\»f(f)) =lip>af, fca=lpcaf=1-1F.

Let k(A) be the largest integer such that 25(4) < A. By using the Cauchy-Schwarz
inequality, then the fact that o < N/2, we obtain:

DY / 7e)a

k<k(A) k<|§\<2k“

1
|f<A( )| (27_(_)]\[

/ € Fe)de| <
[gl<A

1/2
<G O 20 (/ e |€|2”f(£)|2d§> < O AN ] o,

k<k(A)

where Cy depends only on the dimension N. Then we write (using Fubini’s equal-
ity):

it = furas= [ o [" otana
=P/0+DO)\”1H9C€RN C1f ()] zk}‘d/\.

Let A(A\) be such that
CNAN)Z 7| f|B7 = /2.

For any z in RY,
A
F< AW@) < 2.

Thus [f(z)| > X = |f>a0(2)| > A/2. Hence:
98 <p [ X7 {z € RY & oy (@)] > A/2}[ar
0
By integrating |fs a(y)[? over the set {z € RN : |fo 40\ ()] > A/2}, we get

4
{o eRY ¢ [Lam @] > M2} | < S5l a2

Combining with the Plancherel theorem, then Fubini’s theorem, we obtain

4p
IfIE, < / -1 / £)2ddn
E\>A(>\)

i % ol /OC(M) wtans = G [ (6] elr. 00

where ¢(f,&) = 2C’N||f\|3a|f|%_s, and Cp y depends only on N and p. It can be
easily verified that (4 —s)(p—2) = 2s, which proves the announced inequality. [
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We will focus more particularly on the case s = 1. According to the above,
the Sobolev space HI(RN), N > 3, is a Hilbert space, contained in L%7 which
can be defined as the closure of the space S(RY) under the norm H'(RN). We can
characterize this norm with the first-order partial derivatives of f. Indeed,

1B = Gy | KEIFOPde =3 [l67@) P

which shows by Plancherel’s theorem and formula (I1.1.7)

1%, = / IV f(z)2da.

The attentive reader will have noticed that the space H'(RY) is not the set of
¢ € S'(RY) such that for all j, 9,,¢ € L*(RY): indeed, constant functions are
in this space, but not in H' (RY). However, the density result of Theorem II.2.2
implies that H'(RY) is the closure of C§°(RY) under the norm || - ||i[1

I1.3. The Wave Equation in the Schwartz Space

Let (ug,u1) € S(RY). We will write the solution u of (I.1.1), (I.1.3) using the
Fourier transformation. We start with a formal calculation, assuming that u(t) € S
for all ¢ (which we will prove later). We denote u(t) as the Fourier transform of u
with respect to the spatial variable, i.e.,

u(t, &) = /RN e~ ly(t, x)dx.

Thus, we have

Au(t,€) = —[¢la(t,€),
and the wave equation (I.1.1) is formally equivalent to the linear differential equa-~
tion

ara(t, €) + [€[*u(t, €),
where the variable £ is considered as a parameter. The solution to this equation,
with initial conditions (u(0), 9;u(0)) = (ug,u1), yields

sin(t[¢])

u(t, §) = cos(t[¢])uo(§) + €] ul(g),
or, with the previously introduced notation,
in(t|D
(IL3.1) u(t) = cos(t|D|)ug + %ul.

THEOREM I1.3.1. Let (ug,u1) € S(RV)2. Then u defined by (11.3.1) is an
element of C=(R x RN). It is the unique C? solution of (1.1.1), (1.1.3).

PROOF. Uniqueness follows from Theorem 1.4.1. Hence, it suffices to prove
that u, defined by (I1.3.1), is C*° and satisfies (I.1.1), (I.1.3). We have

ltr) = e [RYS (COS(té)ﬁo(E) | sinltie ”A(g)) de.

i
By writing

1
(2m)™

sin(t[¢]) _ Z (=D (tleh?*

a4 & <2k+1>' ’
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J a3 j
w < [t||€)7. Similarly,

(t,€) ¥ cos(t|¢]) is C*° and ‘81{ cos(t\ﬂ)‘ < |¢). Using the fact that 1y and 4y are

elements of S(RY), by the theorem of differentiation under the integral sign, we
obtain that u is C*° and satisfies (I.1.1). The Fourier inversion formula shows that
u also satisfies the initial conditions (I.1.3). O

we see that it is a C* function of (¢,€). Moreover,

I1.4. The wave equation in Sobolev spaces

4.a. The equation in general homogeneous Sobolev spaces. Let (ug,u1) €
H x H=1 o < N/2. We define as before u by (I1.3.1). We also define the formal
derivative of v with respect to time:

w' (¢, 2) = cos(t|D])uy — | D|sin(t|D|)uo.
Then u and v’ satisfy the following properties:
CLam IL4.1. uw € CO(R, H?), v’ € CO(R, H*~1), u(0) = ug, v/(0) = u.
Using that 1y € L%(|£[>?d€) and @y € L2(|€]?772d¢), it is easy to see that
(I1.4.1) aeCOUR,[¢%7), o eCOR,[¢*2),

which yields the announced continuity property. The facts that @(0) = up and
u'(0) = uy follow immediately from the definition.

CraiM I1.4.2. Vi, H(u(t),u’(t))HH(,XH(,,l = ||(u0,u1||HaXHa,1.
Indeed,
/ e, €)[2(€P7 de + / (1, )l de
RN RN
- sin(tlé]) -
= /R g

+ /RN ‘ — [&] sin(t[€])uo(§) +Cos(t|§|)61(§)‘2‘§|2"*2d§

2

|€[%7dg

cos(tl&])uo (&) +

= [ (@) + ©)PIel?) e,
which gives the desired property.

Cram I1.4.3. Let (ugn,u1,) € (So(RM))? such that (ugn,uin) converges to
(ug,ur) in H? x H°™'. Let u, be the solution of (L.1.1) with data (ugn,u1n)-
Then

Hm sup [lun (t) — w(t)ll o + [|Opun(t) — @' (@)l ra-s = 0.

It follows immediately from the preceding point, applied to (v — ty, v’ — Qzuy,).

CrAM I1.4.4. One can identify u with a distribution on R xRN | and it satisfies
the wave equation (1.1.1) in the distributional sense. Furthermore v’ = Owu in the
sense of distribution.

We first give a “concrete” proof of these facts for the reader which is not familiar
with the theory of distributions, assuming that o is large enough so that the object
considered are all functions on R x R¥.
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Let 0 > 0. We let u,, be as in Claim I1.4.3. Using that u,, is a C°° solution of
(I.1.1) and integrating by parts, we obtain

// Uy (t,2)(0F — A)pdzdt = 0.

Using the Sobolev embedding H? C L?, % =
that

% — £, and the point (I1.4.3), we see

lim Hu — un||Lp(K) = O,
n—oo

for all compact K of RY. This implies

0= lim // Un (t,2) (02 — A)pddt = ILm //u(t, x)(0? — A)pdxdt,

n—oo

and thus
Vo € C°(R x RY), // u(9} — A)pdtdr = 0,

which is precisely the meaning of 92u — Au in the distributional sense.
Let 0 > 1. The equality

Opupn, = —|D|sin(t|D|)ug,n + cos(t|D])u1 .
holds by differentiation below the integral sign. By integration by parts,

Yo € C3° (R x RYM), // Oyuppdtdr = — // upOppdtde,

Letting n — oo, we obtain

Vo € C5°(R x RY), // ' pdtdr = — // uOppdtdz,

which means that ' = d,u in the distributional sense.

The proof for general o is essentially the same, and can be skipped by the
reader who is not familiar with distributions.

If ¢ € C°(R x RY) (the space of smooth functions with compact support on
R x RY), one defines the action of u on S by

—+oo
o= [ o), o0y s,
— 00

where ¢(t) is the function ¢t — ¢(t,-). It is a straightforward exercise to prove
that u is well-defined and that is is a distribution on R x RY. The facts that u
satisfies the wave equation in the distributional sense and that u'(t) = dyu(t) follow
immediately from Claim I1.4.3, that implies that limu,, = w in the distributional
sense, where u,, is a in Claim I1.4.3. This last fact is an immediate consequence of
Claim I1.4.3.

In the sequel of the proof, we will use the formula (II.1.2) as the definition of
the solution w of (I.1.1), (I.1.3) with (ug,u1) € (S(RN))Q. The preceding claims
show that such a u is a limit of smooth, classical solutions of (I.1.1), (I.1.3), and
that it satisfies (I.1.1) in a weak sense. Also, we have

Owu = —|D|sin(t|D|)ug + cos(t|D])uy

in the sense of distribution. In the sequel, we will always use the notation diu to
denote this quantity.
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4.b. The wave equation in the energy space. Of particular interest for us
is the case s = 1. We will call “finite energy solutions” the weak solutions with initial
data H' x L? given by the preceding subsection in the case s = 1, N > 3. We will
focus on the case N = 3. We note that if (ug,u;1) € (C3xC?)(R3)N (Hl X L2) (R3),
we have two ways of defining the solution u: by integrals on spheres, as in Theorem
1.5.2, and using the Fourier transform, i.e. by formula (II.3.1). Let us prove that
these two definitions coincide:

PROPOSITION 11.4.5. Let u € C*(R x R3) be a solution of (1.1.1), (1.1.3).
Assume furthermore ug = u(0) € H*, uy = d;u(0) € L?. Then

sin(t|D|)

U(t) = COS(t|D|)U0 + TUl,

Owu(t) = —|D|sin(t|D|)uo + cos(t|D])u;.

PROOF. Let (ug ,u1,) € (SRY))? with
Jimfuon — woll s+ lurn — w2 = 0.

Let u, be the corresponding solution of (I.1.1) given by (II.3.1) (note that by
uniqueness it is also the solution given by Theorem 1.5.2). Since u — u, is a C?,
finite energy solution of (I.1.1), Theorem 1.6.1 yields

Vt u(t) = un ()3, + 100u(t) — dun(®)]I72 = lluo — vonllF + lur — urnllz,

which tends to 0 as n goes to infinity. This proof the result, since u,(t) converges
to cos(t|D|)uo + %ul in H'(R3) and d,u, (t) converges to —|D|sin(t|D|)ug +

cos(t|D])uy in L? by Claim 11.4.3. O

Using the approximation of finite energy solutions by solutions with initial data
in S, we can transfer several results of Chapter I to general finite energy solutions.
This is the case of the decay of energy on past wave cones, which imply finite speed
of propagation. If u is a finite energy solution (in any dimension N > 3) and R > 0,
xo € RN, ¢y € R, we denote by

Eioc(t) = / eu(t, x)dx.
lz—xzo| <R—|t—to]

Then
THEOREM I1.4.6. El..(t) is nonincreasing for t > tg.

PRrROOF. It follows immediately from Theorem 1.4.1 the fact that this quantity
is nonincreasing when (ug,u1) € S, and that for the approximation given by Claim
11.4.3, we obviously have, as a consequence of this claim,

vt, lim ey, (t,x)dx = / ey (t, x)dx
N0 Jlz—zo|<R—|t—to| |z—z0|<R—|t—to|

O

We note that for general finite energy solution the integration by parts used

in the proof of Theorem 1.4.1 is no longer valid (since the boundary terms are not
always well-defined).
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4.c. Equation with a source term. We next consider the wave equation
with a source term (I.1.4). By linearity, it is sufficient to study the equation with
zero initial data:

(11.4.2) O*u—Au=f, il =0 = (0,0).
PROPOSITION 11.4.7. Assume f € C© (]R,S(RN)). Then u defined by
(IL4.3) u(t) = / Wf(s)ds
0

is the unique solution of (11.4.2).

PRrROOF. The uniqueness follows as usual by Theorem 1.4.1. It is thus sufficient
to check that u defined by (I1.4.3) is of class C?, and is a solution of (I1.4.2). We
consider F the function defined on R x R x RN by

F(t,s,x) = <Sm((t_D|S)|D)f(s)> ().

o ((t = s)€]) -
1 em_gsin 13
F(t7s,x)—(2ﬁ)N/ €] f( ,§)dg

Using that f e (R,S(RN)), it is easy to check that F' is continuous and C'*°
with respect to the variable (¢, x), and that one can differentiate below the integral
sign. The result follows since by integration by parts in the & variable,

sin ( )IEI)

AF(t,s, ) | ¢ ( ,€)dg

O

We note that Duhamel formula (I1.4.3) is still valid when f € L*([-T, +T], H°~1)
for all T', where o is a fixed real number (assumed to be < N/2 for simplicity), and
that it yields a function v € C°(R, H°) with d,u € C°(R, H° 1),

(I1.4.4) Opu = /0 cos ((t — s)|D|) f(s)ds,

in the sense of distribution, and such that

t
(11.4.5) I cres < [ 176

Note that (I1.4.5) is exactly the energy inequality proved in Chapter I when o = 1.
We can approximate f by a sequence of functions (f,,) with

o ] +T B . B
fn e C°(R,S), Vi, nh_)rrgo 1f(s) = fa(9)|l go—1ds = 0.
-7

The corresponding solutions u,, defined by
sin ((t — s)|D|)
un(t) = / A, (s)as
0 D]
are C? solutions of (I1.4.2) and satisfy

(I1.4.6) S [0 (t) = @O o o1 =2 0-
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As in the case of the free wave equation, this proves that u satisfies (I.1.1) in
the sense of distribution. In this situation, we will take the formula (I11.4.3) as a
definition of the solution u of (I.1.1).

EXERCICE II.1. Assume that 0 = 1. Let f defined on R x RY, such that
f € LY([-T,+T, L>(RY)). Prove that there exists a sequence of functions f, €
Cs°(R x RY) such that

VT >0, nh—>n;o ||fn — f||Ll([7T,+T]}L2(]RN)) =0.

EXERCICE I1.2. Let u be a C? solution of (I.1.1) for some f € C°(R x RY).
Assume that f € L([-T,+T], L*(RY)) for all T > 0. Show that u satisfies (11.4.3).



