DYNAMICS OF SEMI-LINEAR WAVE EQUATIONS. 2026. HOMEWORK OF
CHAPTER III

Ezercise 1. Let ug € (HY? x H™'/2)(R?3), f € L*3(R x R3). Let

sin(t|D]) /t sin((t — s)|D|)
0

u(t) = cos(t|D])up +
D] Dl

f(s)ds.
Using the dispersion inequality
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and the general strategy of the proof of Strich;rtz) estimates of Chapter III prove:

(1) u € L4R x R3) and
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(2) (u,dpu) € CO(R, H'/? x H~'/2) and
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Ezercise 2. For ug € S'(RY), N > 1 we denote u(t) = e'*ug the element of C°(R,S’(R)) defined by
u(t) = F (e w5 (9))
which is (formally at least) the solution of the linear Schrédinger equation
10w + Au = 0.

One can show, by explicit calculation, the dispersion inequality:
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Let (p,q) € [2,00]?, with p > 2 and % + % = . Show

||eitAuO||LP(]R,L‘1(RN)) S lluoll 2@y

Exercise 3. We fix N > 2. An element z of RY is denoted by (21, 2') with #; € Rand 2’ = (z2,...,25) €
RN=1 Let € > 0 be a small parameter and denote by

Se={eeRY : 1<& <2 |¢|<e}, wuelt,z) = / elretitlel ge,
Sa

(1) Prove that u. is a solution to the wave equation, and that for all o,
d—1
[ue (0)ll o = [|Orue (0) o > €77,
uniformly with respect to small € > 0.
(2) Prove that on Se, |¢] = & + O(e?).

(3) Prove that if ¢ > 0 is small enough, then for all (t,z) € R x RY with

—c<t4axz<ec, |t|<ce? |2 <ece?,

then Re e i€l > 1. Deduce a lower bound of ||uc|| o (g, rary)) by a power of e.
(4) Prove that if the Strichartz inequality
||UHLP(R,L<1(RN)) N H(UOaul)”Hvaﬂ—l

holds for all solution of the wave equation 9?u — Au = 0 with initial data (ug,u;), then
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This counterexample to a potential Strichartz inequality is known as Knapp’s example.



