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Introduction

This course is a first introduction to Algebraic Topology with emphazise on
Homological Algebra and Sheaf Theory. An expanded version of these Notes
may be found in [27], [28].

Algebraic Topology is usually approached via the study of homology de-
fined using chain complexes and the fundamental group, whereas, here, the
accent is put on the language of categories and sheaves, with particular at-
tention to locally constant sheaves.

Sheaves on topological spaces were invented by Jean Leray as a tool to
deduce global properties from local ones. This tool turned out to be ex-
tremely powerful, and applies to many areas of Mathematics, from Algebraic
Geometry to Quantum Field Theory.

The functor associating to an abelian sheaf F' on a topological space X the
space F'(X) of its global sections is left exact, but not right exact in general.
The derived functors H’(X; F') encode the obstructions to pass from local
to global. Given a ring k, the cohomology groups H’(X; kx) of the sheaf kx
of k-valued locally constant functions is therefore a topological invariant of
the space X. Indeed, it is a homotopy invariant, and we shall explain how
to calculate H?(X;kx) in various situations.

We also introduce the fundamental groupoid IT; (X)) of a topological space
(with suitable assumptions on the space) and prove an equivalence of cate-
gories between that of finite dimensional representations of this group and
that of local systems on X. As a byproduct, we deduce the Van Kampen
theorem.

The contents of these Notes is as follows.

In Chapter 1 we expose the basic language of categories and functors.
A key point is the Yoneda lemma, which asserts that a category C may
be embedded in the category C" of contravariant functors on C with values
in the category Set of sets. This naturally leads to the concept of repre-
sentable functor. Many examples are treated, in particular in relation with
the categories Set of sets and Mod(A) of A-modules, for a (non necessarily
commutative) ring A.

Chapter 2 is devoted to projective and inductive limits. We start by
studying special cases, namely products and coproducts, then kernels and
cokernels. We give the main properties of the limits and pay special attention
to inductive limits in the categories Set and Mod(A) for which we introduce
the notion of filtrant inductive limits.

In Chapter 3 and 4 we introduce additive and abelian categories and
study the notions of complexes, exact sequences, left or right exact functors,
injective or projective resolutions, etc. We give the construction of the de-
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rived functors of a left exact functor F' of abelian categories and study their
properties, with a glance to bifunctors. Finally, we study Koszul complexes
and show how they naturally appear in Algebra and Analysis.

In Chapter 5, we study abelian sheaves on topological spaces (with a
brief look at Grothendieck topologies). We construct the sheaf associated
with a presheaf and the usual internal operations (Hom and ®) and external
operations (direct and inverse images). We also explain how to obtain locally
constant or locally free sheaves when gluing sheaves.

In Chapter 6 we prove that the category of abelian sheaves has enough
injectives and we define the cohomology of sheaves. We construct resolutions
of sheaves using closed Cech coverings and, using the fact that the cohomol-
ogy of locally constant sheaves is a homotopy invariant, we show how to
compute the cohomology of spaces by using cellular decomposition. We ap-
ply these techniques to deduce the cohomology of some classical manifolds.
We also have a glance to soft sheaves and de Rham cohomology.

Finally, in Chapter 7, we define the fundamental groupoid II;(X) of
a locally arcwise connected space X as well as the monodromy of a locally
constant sheaf. We prove that, under suitable assumptions, the monodromy
functor is an equivalence from the category of locally constant sheaves to
that of representations of IT; (X'). We then deduce the Van Kampen theorem
from the theorem on the gluing of sheaves. Finally, we define the notion of a
covering, give some examples related with the action of groups on topological
spaces and make the link with locally constant sheaves.

Thanks We thank Stéphame Guillermou for useful remarks and comments
on the redaction of Chapter 7.

Some references for Chapters 1, 2, 3: [12], [24], [23], [25], [27], [31].
Some references for Chapters 5 and 6: [14], [4], [12], [21], [22], [28].
Some references for Chapters 7: [13], [26].



Chapter 1

The language of categories

In this chapter we introduce some basic notions of category theory which
are of constant use in various fields of Mathematics, without spending too
much time on this language. After giving the main definitions on categories
and functors, we prove the Yoneda Lemma. We also introduce the notions
of representable functors and adjoint functors.

We start by recalling some basic notions on sets and on modules over a
(non necessarily commutative) ring.

1.1 Sets and maps

The aim of this section is to fix some notations and to recall some elementary
constructions on sets.

If f: X — Y is a map from a set X to a set Y, we shall often say
that f is a morphism from X to Y. If f is bijective we shall say that f
is an isomorphism and write f: X =Y. If there exists an isomorphism
f: X =Y, we say that X and Y are isomorphic and write X ~ Y.

We shall denote by Homg, (X,Y), or simply Hom (X,Y"), the set of all
maps from X to Y. If g: Y — Z is another map, we can define the compo-
sition go f: X — Z. Hence, we get two maps:

go: Hom (X,Y) — Hom (X, Z),
of: Hom (Y, Z) — Hom (X, Z).

Notice that if X = {z} and Y = {y} are two sets with one element each,
then there exists a unique isomorphism X ==Y . Of course, if X and Y are
finite sets with the same cardinal 7 > 1, X and Y are still isomorphic, but
the isomorphism is no more unique.
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In the sequel we shall denote by () the empty set and by {pt} a set with
one element. Note that for any set X, there is a unique map ) — X and a
unique map X — {pt}.

Let {X;}ics be a family of sets indexed by a set I. The product of the
Xi’s, denoted [],.; X;, or simply [], Xj, is the defined as

(1.1) HXi = {{zi}icr;z; € X, for all i € I}.

If I ={1,2} one uses the notation X; x X,. If X; = X for all ¢ € I, one uses
the notation X’. Note that

(1.2) Hom (I, X) ~ X7

For a set Y, there is a natural isomorphism

(1.3) Hom (Y, [ [ Xi) ~ [ ] Hom (Y, X;).

For three sets I, X, Y, there is a natural isomorphism
(1.4) Hom(/ x X,Y) ~ Hom(/,Hom(X,Y)).

If {X;}ier is a family of sets indexed by a set I, one may also consider
their disjoint union, also called their coproduct. The coproduct of the X;’s is
denoted | |, ; X; or simply | |, X;. If I = {1,2} one uses the notation X; X5
If X; =X for all i € I, one uses the notation X!). Note that

(1.5) X xI~XWD,
For a set Y, there is a natural isomorphism

(1.6) Hom(|_|Xi,Y) ~ HHom(XZ-,Y).

Consider two sets X and Y and two maps f, g from X to Y. We write for
short f,g: X = Y. The kernel (or equalizer) of (f, g), denoted Ker(f, g), is
defined as

(1.7) Ker(f,g) = {z € X; f(z) = g(2)}.
Note that for a set Z, one has
(1.8) Hom (Z,Ker(f,g)) ~ Ker(Hom (Z, X) = Hom (Z,Y)).

Let us recall a few elementary definitions.
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e A relation R on a set X is a subset of X x X. One writes xRy if
(x,y) € R.

e The opposite relation R°P is defined by R°Py if and only if yRx.

e A relation R is reflexive if it contains the diagonal, that is, xRx for all
r e X.

e A relation R is symmetric if 2Ry implies yRx.
e A relation R is anti-symmetric if 2Ry and yRz implies x = y.
e A relation R is transitive if 2Ry and yRz implies 2R z.

e A relation R is an equivalence relation if it is reflexive, symmetric and
transitive.

e A relation R is a pre-order if it is reflexive and transitive. If moreover it
is anti-symmetric, then one says that R is an order on X. A pre-order
is often denoted <. A set endowed with a pre-order is called a poset.

e Let (/,<) be a poset. One says that (I, <) is filtrant (one also says
“directed”) if I is non empty and for any 4,7 € I there exists k with
i <kandj<k.

e Assume (/,<) is a filtrant poset and let J C I be a subset. One says
that J is cofinal to I if for any ¢ € [ there exists j € J with ¢ < j.

If R is a relation on a set X, there is a smaller equivalence relation which
contains R. (Take the intersection of all subsets of X x X which contain R
and which are equivalence relations.)

Let R be an equivalence relation on a set X. A subset S of X is saturated
if x € S and xRy implies y € S. For x € X, denote by Z the smallest
saturated subset of X containing z. One then defines a new set X/R and a
canonical map f: X — X/R as follows: the elements of X/R are the sets T
and the map [ associates to x € X the set 7.

1.2 Modules and linear maps

All along these Notes, a ring A means an associative and unital ring, but A
is not necessarily commutative and k denotes a commutative ring. Recall
that a k-algebra A is a ring endowed with a morphism of rings ¢: k — A
such that the image of k is contained in the center of A (i.e., p(x)a = ap(x)
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for any z € k and a € A). Notice that a ring A is always a Z-algebra. If A
is commutative, then A is an A-algebra.

Since we do not assume A is commutative, we have to distinguish between
left and right structures. Unless otherwise specified, a module M over A
means a left A-module.

Recall that an A-module M is an additive group (whose operations and
zero element are denoted +,0) endowed with an external law A x M — M
(denoted (a,m) +— a-m or simply (a, m) — am) satisfying:

where a,b € A and m,m' € M.

Note that M inherits a structure of a k-module via . In the sequel, if
there is no risk of confusion, we shall not write .

We denote by A°P the ring A with the opposite structure. Hence the
product ab in A°P is the product ba in A and an A°°-module is a right A-
module.

Note that if the ring A is a field (here, a field is always commutative),
then an A-module is nothing but a vector space.

Examples 1.2.1. (i) The first example of a ring is Z, the ring of integers.
Since a field is a ring, Q, R, C are rings. If A is a commutative ring, then
Alxy, ..., ], the ring of polynomials in n variables with coefficients in A, is
also a commutative ring. It is a sub-ring of A[[xy,. .., x,]], the ring of formal
powers series with coefficients in A.

(ii) Let k be a field. Then for n > 1, the ring M, (k) of square matrices of
rank n with entries in k is non commutative.

(iii) Let k be a field. The Weyl algebra in n variables, denoted W, (k), is the
non commutative ring of polynomials in the variables x;, 9; (1 < i,5 < n)
with coefficients in k and relations :

[.Ii,.Tj] =0, [awa]] =0, [aj?xi] = 5;

where [p, q] = pq — gqp and 5;- is the Kronecker symbol.

The Weyl algebra W, (k) may be regarded as the ring of differential op-
erators with coefficients in k[zq,...,z,], and k[z,...,z,] becomes a left
W, (k)-module: z; acts by multiplication and 0; is the derivation with re-
spect to x;.
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A morphism f: M — N of A-modules is an A-linear map, i.e., f satisfies:

{ fm+m!) = f(m)+ f(m') m,m €M
flam) =af(m) m € M,a € A.

A morphism f is an isomorphism if there exists a morphism ¢ : N — M
with fog=1idy,go f =idyy.

If f is bijective, it is easily checked that the inverse map f~': N — M
is itself A-linear. Hence f is an isomorphism if and only if f is A-linear and
bijective.

A submodule N of M is a subset N of M such that n,n’ € N implies
n+n € Nand n € N,a € A implies an € N. A submodule of the
A-module A is called an ideal of A. Note that if A is a field, it has no
non trivial ideal, i.e., its only ideals are {0} and A. If A = Cl[z], then
I ={P € C[z]; P(0) = 0} is a non trivial ideal.

If N is a submodule of M, it defines an equivalence relation mRm’ if
and only if m —m/ € N. One easily checks that the quotient set M /R is
naturally endowed with a structure of a left A-module. This module is called
the quotient module and is denoted M/N.

Let f: M — N be a morphism of A-modules. One sets:

Kerf = {meM; f(m)=0}
Imf = {neN; thereexists me M, f(m)=n}.

These are submodules of M and N respectively, called the kernel and the
image of f, respectively. One also introduces the cokernel and the coimage

of f:
Coker f = N/Imf, Coim f= M/Kerf.
Note that the natural morphism Coim f — Im f is an isomorphism.

Example 1.2.2. Let W, (k) denote as above the Weyl algebra. Consider
the left W, (k)-linear map W, (k) — k[z1,...,2,], Wo(k) 2 P — P(1) €
k[zy,...,2,]). This map is clearly surjective and its kernel is the left ideal
generated by (0y,---,0,). Hence, one has the isomorphism of left W, (k)-
modules:

(1.9) Wn(k)/ZWn(k)aj L K[ay, .. )
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Products and direct sums

Let I be a set, and let {M;};c; be a family of A-modules indexed by I. The
set [ [, M, is naturally endowed with a structure of a left A-module by setting

{miti +{mi}i = {mi +mi}s,
a-{m;}; = {a-m;}.

The direct sum €, M; is the submodule of [[, M; whose elements are the
{z;}:’s such that x; = 0 for all but a finite number of ¢ € I. In particular, if
the set I is finite, the natural injection @, M; — [[, M; is an isomorphism.

Linear maps

Let M and N be two A-modules. Recall that an A-linear map f: M — N
is also called a morphism of A-modules. One denotes by Hom ,(M, N) the
set of A-linear maps f: M — N. This is clearly a k-module. In fact one
defines the action of k on Hom ,(M, N) by setting: (Af)(m) = A(f(m)).
Hence (Af)(am) = Af(am) = daf(m) = a\f(m) = a(Af(m)), and \f €
Hom , (M, N).

There is a natural isomorphism Hom ,(A, M) ~ M: to u € Hom ,(A, M)
one associates u(1) and to m € M one associates the linear map A —
M,a — am. More generally, if I is an ideal of A then Hom ,(A/I, M) ~
{m € M;Im = 0}.

Note that if A is a k-algebra and L € Mod(k), M € Mod(A), the
k-module Hom, (L, M) is naturally endowed with a structure of a left A-
module. If N is a right A-module, then Hom, (N, L) becomes a left A-
module.

Tensor product

Consider a right A-module N, a left A-module M and a k-module L. Let us
say that a map f: N x M — L is (A, k)-bilinear if f is additive with respect
to each of its arguments and satisfies f(na,m) = f(n,am) and f(n\,m) =
A(f(n,m)) for all (n,m) € N x M anda € A, X € k.

Let us identify a set I to a subset of k() as follows: to i € I, we associate
{lj}jel € k(I) given by

Lif i—i
(1.10) I S

0if j#1.
The tensor product N ®, M is the k-module defined as the quotient of
k(M*M) by the submodule generated by the following elements (where n, n’ €
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N,m,m' € M,a € A\ € kand N x M is identified to a subset of k(N>*M)):

(n+n',m)— (n,m) — (n',;m)
(n,m+m') — (n,m) — (n,m’)
(na,m) — (n,am)
A(n,m) — (nA\,;m).

The image of (n,m) in N ®, M is denoted n ® m. Hence an element of
N ®, M may be written (not uniquely!) as a finite sum »; n; ®@m;, n; € N,
m; € M and:

(n+n)@m=n@m+n @m
n@(m+m)=n@m+nem
na®m=ngam

A(n®@m) =nA®@m=n® Am.

Denote by 8: N x M — N ®, M the natural map which associates n ® m
to (n,m).

Proposition 1.2.3. The map § is (A, k)-bilinear and for any k-module L
and any (A, k)-bilinear map f: N x M — L, the map [ factorizes uniquely
through a k-linear map ¢: N @, M — L.

The proof is left to the reader.
Proposition 1.2.3 is visualized by the diagram:

NxM—-—-No,M

i
\V

L.

Consider an A-linear map f: M — L. It defines a linear map idy xf: N x
M — N x L, hence a (A, k)-bilinear map N x M — N ®, L, and finally a
k-linear map

idy@f: N, M — N®, L.

One constructs similarly g ® id,; associated to g: N — L.
There is are natural isomorphisms A ®, M ~ M and N ®, A~ N.
Denote by Bil(N xM, L) the k-module of (A, k)-bilinear maps from N x M
to L. One has the isomorphisms

(1.11) Bil(N x M,L) ~ Hom(N®, M,L)
~ Hom ,(M,Hom, (N, L))
~ Hom ,(N,Hom, (M, L)).
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For L € Mod(k) and M € Mod(A), the k-module L ®, M is naturally
endowed with a structure of a left A-module. For M, N € Mod(A) and
L € Mod(k), we have the isomorphisms (whose verification is left to the
reader):

(1.12) Hom ,(L & N,M) =~ Hom ,(N,Hom, (L,M))
~ Hom, (L,Hom ,(N,M)).

If A is commutative, there is an isomorphism: N ®, M ~ M ®, N given
by n ® m — m ® n. Moreover, the tensor product is associative, that is, if
L,M,N are A-modules, there are natural isomorphisms L ®, (M ®, N) ~
(L®, M)®, N. One simply writes L ®, M ®, N.

1.3 Categories and functors

Definition 1.3.1. A category C consists of:
(i) a set Ob(C) whose elements are called the objects of C,

(ii) for each X,Y € Ob(C), a set Hom,(X,Y’) whose elements are called
the morphisms from X to Y,

(iii) for any X,Y, Z € Ob(C), a map, called the composition, Hom,(X,Y") x
Hom (Y, Z) — Hom (X, Z), and denoted (f,g) — go f,

these data satisfying:
(a) o is associative,

(b) for each X € ODb(C), there exists idx € Hom (X, X) such that for all
f € Hom,(X,Y) and g € Hom,(Y, X), foidx = f, idx og = g.

Note that idx € Hom (X, X) is characterized by the condition in (b).

Remark 1.3.2. There are some set-theoretical dangers, illustrated in Re-
mark 2.5.12, and one should mention in which “universe” we are working.

We do not give in these Notes the definition of a universe, only recalling
that a universe U is a set (a very big one) stable by many operations and
containing N. A set E is U-small if it is isomorphic to a set which belongs to
U. Then, given a universe U, a U-category C is a category such that for any
X,Y € C, the set Hom,(X,Y) is U-small. The category C is itself U-small
if moreover the set Ob(C) is U-small.

The crucial point is Grothendieck’s axiom which says that any set belong
to some universe.
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Notation 1.3.3. One often writes X € C instead of X € Ob(C) and f: X —
Y (orelse f: Y « X) instead of f € Hom,(X,Y). One calls X the source
and Y the target of f.

A morphism f: X — Y is an isomorphism if there exists g: X «— Y such
that fog =1idy and go f = idx. In such a case, one writes f: X ==Y or
simply X ~ Y. Of course g is unique, and one also denotes it by f~!.

A morphism f: X — Y is a monomorphism (resp. an epimorphism) if
for any morphisms ¢g; and go, fo g = f o gs (resp. gy o f = go 0 f) implies
g1 = g2. Ome sometimes writes f: X —Y or else X — Y (resp. f: X—Y)
to denote a monomorphism (resp. an epimorphism).

Two morphisms f and g are parallel if they have the same sources and
targets, visualized by f,g: X = Y.

One introduces the opposite category CP:

Ob(C®) = Ob(C), Hom s (X,Y) = Hom (Y, X),

the identity morphisms and the composition of morphisms being the obvious
ones.

A category C' is a subcategory of C, denoted C' C C, if: Ob(C") C Ob(C),
Hom,(X,Y) C Hom,(X,Y) for any X,Y € (’, the composition o in C’ is
induced by the composition in C and the identity morphisms in C’ are induced
by those in C. One says that C’ is a full subcategory if for all X,Y € (',
Hom,(X,Y) = Hom,(X,Y).

A category is discrete if the only morphisms are the identity morphisms.
Note that a set is naturally identified with a discrete category.

A category C is finite if the family of all morphisms in C (hence, in par-
ticular, the family of objects) is a finite set.

A category C is a groupoid if all morphisms are isomorphisms.

Examples 1.3.4. (i) Set is the category of sets and maps (in a given uni-
verse), Set’ is the full subcategory consisting of finite sets.

(ii) Rel is defined by: Ob(Rel) = Ob(Set) and Hompg,(X,Y) = P(X xY),
the set of subsets of X x Y. The composition law is defined as follows. For
f:X—=Yandg:Y — Z, go fis the set

{(z,2) € X x Z; there exists y € Y with (z,v) € f, (y,2) € g}.

Of course, idxy = A C X x X, the diagonal of X x X.

(iii) Let A be a ring. The category of left A-modules and A-linear maps is

denoted Mod(A). In particular Mod(Z) is the category of abelian groups.
We shall use the notation Hom ,(+, +) instead of Homy q4)(*, *).
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One denotes by Modf(A) the full subcategory of Mod(A) consisting of
finitely generated A-modules.
(iv) One associates to a pre-ordered set (I, <) a category, still denoted by I
for short, as follows. Ob(I) = I, and the set of morphisms from i to j has a
single element if 7 < j, and is empty otherwise. Note that I°P is the category
associated with I endowed with the opposite order.
(v) We denote by Top the category of topological spaces and continuous
maps.
(vi) We shall often represent by the diagram e — e the category which
consists of two objects, say {a,b}, and one morphism a — b other than id,
and id,. We denote this category by Arr.
(vii) We represent by e —= e the category with two objects, say {a, b},
and two parallel morphisms a = b other than id, and id,.
(viii) Let G be a group. We may attach to it the groupoid G with one object,
say {a} and morphisms Hom(a,a) = G.
(ix) Let X be a topological space locally arcwise connected. We attach to it
a category X as follows: Ob()?) = X and for z,y € X, amorphism f: x — y
is a path form x to y.

Definition 1.3.5. (i) An object P € C is called initial if for all X € C,
Hom (P, X) ~ {pt}. One often denotes by @ an initial object in C.

(ii) One says that P is terminal if P is initial in C°, i.e., for all X € C,
Hom (X, P) ~ {pt}. One often denotes by pt. a terminal object in C.

(iii) One says that P is a zero-object if it is both initial and terminal. In such
a case, one often denotes it by 0. If C has a zero object, for any objects
X,Y € C, the morphism obtained as the composition X — 0 — Y is
still denoted by 0: X — Y.

Note that initial (resp. terminal) objects are unique up to unique isomor-
phisms.

Examples 1.3.6. (i) In the category Set, () is initial and {pt} is terminal.
(ii) The zero module 0 is a zero-object in Mod(A).

(iii) The category associated with the ordered set (Z, <) has neither initial
nor terminal object.

Definition 1.3.7. Let C and C’ be two categories. A functor F: C — ('
consists of a map F': Ob(C) — Ob(C’) and for all X,Y € C, of a map still
denoted by F: Hom,(X,Y) — Hom, (F(X), F(Y)) such that

F(idx) =idpx), F(fog)=F(f)oF(g).
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A contravariant functor from C to C’ is a functor from C°? to C’. In other
words, it satisfies F'(go f) = F(f) o F(g). If one wishes to put the emphasis
on the fact that a functor is not contravariant, one says it is covariant.

One denotes by op : C — C° the contravariant functor, associated with
idcop.

Example 1.3.8. Let C be a category and let X € C.
(i) Hom,(X, +) is a functor from C to Set. To Y € C, it associates the set
Hom,(X,Y) and to a morphism f:Y — Z in C, it associates the map

Hom (X, f): Hom,(X,Y) £ Hom, (X, Z).

(ii) Hom,(+, *) is a functor from C° to Set. To Y € C, it associates the set
Hom (Y, X) and to a morphism f: Y — Z in C, it associates the map

Hom,(f, X): Hom,(Z, X) <L Hom (Y, X).

Example 1.3.9. Let A be a k-algebra and let M € Mod(A) Similarly as in
Example 1.3.8, we have the functors

Hom ,(M, «): Mod(A) — Mod(k),
Hom ,(+, M): Mod(A)*® — Mod(k)

Clearly, the functor Hom (M, «) commutes with products in Mod(A), that
is,

Hom ,(M, [[Ni) ~ []Hom (M, N;)

and the functor Hom ,(+, N) commutes with direct sums in Mod(A), that
is,

Hom ,(EP Mi,N) ~ []Hom ,(M;,N)

(ii) Let N be a right A-module. Then N ®, +: Mod(4) — Mod(k) is a
functor. Clearly, the functor N ®, ¢ commutes with direct sums, that is,

Ne, (DM) = PWe, M),

2

and similarly for the functor « ®, M.
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Definition 1.3.10. Let F': C — C’ be a functor.

(i) One says that F'is faithful (resp. full, resp. fully faithful) if for X, Y € C
Hom,(X,Y) — Hom,, (F(X), F(Y)) is injective (resp. surjective, resp.
bijective).

(ii) Onme says that F' is essentially surjective if for each Y € C’ there exists
X € C and an isomorphism F(X) ~ Y.

(iii) One says that F' is conservative if any morphism f: X — Y in C is an
isomorphism as soon as F(f) is an isomorphism.

Examples 1.3.11. (i) The forgetful functor for: Mod(A) — Set associates
to an A-module M the set M, and to a linear map f the map f. The functor
for is faithful and conservative but not fully faithful.

(ii) The forgetful functor for: Top — Set (defined similarly as in (i)) is
faithful. It is neither fully faithful nor conservative.

(iii) The forgetful functor for: Set — Rel is faithful and conservative.

One defines the product of two categories C and C’ by :

Ob(C xC') = Ob(C) x Ob(C")
HomCxc/((X’ X/)’ (Y, Y/)) = Homc(Xa Y) x Homc/(X/aY/)-

A bifunctor F': CxC' — C" is a functor on the product category. This means
that for X € Cand X' € C', F(X,+):C" — C" and F(+,X’) : C — C" are
functors, and moreover for any morphisms f: X — Y inC, g: X' — Y’ in
C’, the diagram below commutes:

F(X,9)

F(X,X') F(X,Y')
F(fyX’)l lF(ﬁY’)
P(Y.X") 22 P(y,Y")

In fact, (f,g) = (idy, g) o (f,idx) = (f,idy~) o (idx, g).

Examples 1.3.12. (i) Hom,(+, *) : C°? x C — Set is a bifunctor.
(ii) If A is a k-algebra, Hom ,(, *): Mod(A)°® x Mod(A4) — Mod(k) and
* @, *: Mod(A%) x Mod(A) — Mod(k) are bifunctors.

Definition 1.3.13. Let F}, F5 are two functors from C to C'. A morphism of
functors 0: F| — F; is the data for all X € C of a morphism 6(X) : Fy(X) —
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F5(X) such that for all f: X — Y, the diagram below commutes:

(X)X By(x)

Fl(f)l le(f)
oY)
(YY) —=F(Y)

A morphism of functors is visualized by a diagram:

F
TS

C\U/Q//C/
F>

Hence, by considering the family of functors from C to C' and the morphisms
of such functors, we get a new category.

Notation 1.3.14. (i) We denote by Fct(C,C’) the category of functors from
C to C'. One may also use the shorter notation (C’)¢.

Examples 1.3.15. Let k be a field and consider the functor

*: Mod(k)*® — Mod(k),
V +— V* = Hom, (V k).

Then there is a morphism of functors id — * o * in Fet(Mod(k), Mod(k)).
(ii) We shall encounter morphisms of functors when considering pairs of ad-
joint functors (see (1.17)).

In particular we have the notion of an isomorphism of categories. A
functor F': C — C' is an isomorphism of categories if there exists G : C' — C
such that: G o F = id¢ and F o G = ide. In particular, for all X € C,
G o F(X) = X. In practice, such a situation rarely occurs and is not really
interesting. There is a weaker notion that we introduce below.

Definition 1.3.16. A functor F': C — C’ is an equivalence of categories if
there exists G: C' — C such that: G o F' is isomorphic to ide and F o G is
isomorphic to ider.

We shall not give the proof of the following important result below.

Theorem 1.3.17. The functor F': C — C’ is an equivalence of categories if
and only if F' is fully faithful and essentially surjective.

If two categories are equivalent, all results and concepts in one of them
have their counterparts in the other one. This is why this notion of equiva-
lence of categories plays an important role in Mathematics.
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Examples 1.3.18. (i) Let k be a field and let C denote the category defined
by Ob(C) = N and Hom ,(n,m) = M, ,(k), the space of matrices of type
(m,n) with entries in a field k (the composition being the usual composition
of matrices). Define the functor F: C — Mod/ (k) as follows. To n € N,
F(n) associates k" € Mod” (k) and to a matrix of type (m,n), F associates
the induced linear map from k™ to k™. Clearly F'is fully faithful, and since
any finite dimensional vector space admits a basis, it is isomorphic to k™ for
some n, hence F' is essentially surjective. In conclusion, F' is an equivalence
of categories.

(ii) let C and C" be two categories. There is an equivalence

(1.13) Fet(C,C")°P ~ Fet(CP, (C")P).
(iii) Let I, J and C be categories. There are equivalences
(

1.14) Fet(I x J,C) ~ Fet(J, Fet(1,C)) ~ Fet(I, Fet(J,C)).

1.4 The Yoneda Lemma

Definition 1.4.1. Let C be a category. One defines the categories
C" = Fct(C?,Set), CY = Fct(C, Set®®),
and the functors

he : C—C", X+ Homy(+,X)
ke : C—CY, Xw— Hom,(X,*).

Since there is a natural equivalence of categories
(1.15) CY ~ CoPop
we shall concentrate our study on C*.

Proposition 1.4.2. (The Yoneda lemma.) For A € C" and X € C, there
is an isomorphism Hom . (he(X), A) ~ A(X), functorial with respect to X
and A.

Proof. One constructs the morphism ¢: Hom . (h¢(X), A) — A(X) by the
chain of morphisms: Hom . (he(X), A) — Homg,, (Hom (X, X), A(X)) —
A(X), where the last map is associated with id.

To construct 9: A(X) — Hom(he(X), A), it is enough to associate
with s € A(X) and Y € C a map from Hom (Y, X) to A(Y). It is defined
by the chain of maps Hom (Y, X) — Homg (A(X), A(Y)) — A(Y) where
the last map is associated with s € A(X).

One checks that ¢ and ¢ are inverse to each other. q.e.d.
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Corollary 1.4.3. The functor he is fully faithful.

Proof. For X and Y in C, one has Hom . (he(X),he(Y)) =~ he(Y)(X) =
Hom,(X,Y). q.e.d.

One calls he the Yoneda embedding.

Hence, one may consider C as a full subcategory of C*. In particular,
for X € C, he(X) determines X up to unique isomorphism, that is, an
isomorphism h¢(X) ~ he(Y) determines a unique isomorphism X ~ Y.

Corollary 1.4.4. Let C be a category and let f: X — Y be a morphism in
C.

(i) Assume that for any Z € C, the map Hom ,(Z, X) ELN Hom,(Z,Y) is
bijective. Then f is an isomorphism.

(i) Assume that for any Z € C, the map Hom (Y, Z) o, Hom (X, Z) is
bijective. Then f is an isomorphism.

Proof. (i) By the hypothesis, he(f) @ he(X) — he(Y) is an isomorphism in
C". Since he is fully faithful, this implies that f is an isomorphism. (See
Exercise 1.2 (ii).)

(ii) follows by replacing C with C°P. q.e.d.

1.5 Representable functors, adjoint functors

Representable functors

Definition 1.5.1. (i) One says that a functor F' from C°? to Set is repre-
sentable if there exists X € C such that F(Y) ~ Hom (Y, X) functori-
ally in Y € C. In other words, F' ~ he(X) in C”. Such an object X is
called a representative of F.

(ii) Similarly, a functor G: C — Set is representable if there exists X € C
such that G(Y') ~ Hom,(X,Y) functorially in Y € C.

It is important to notice that the isomorphisms above determine X up to
unique isomorphism. More precisely, given two isomorphisms F =% he(X)
and F' =5 he(X') there exists a unique isomorphism 6: X == X’ making the
diagram below commutative:
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Representable functors provides a categorical language to deal with universal
problems. Let us illustrate this by an example.

Example 1.5.2. Let A be a k-algebra. LetN be a right A-module, M a
left A-module and L a k-module. Denote by B(N x M, L) the set of A, k-
bilinear maps from N x M to L. Then the functor F': L +— B(N x M, L) is
representable by N ®, M by (1.11).

Adjoint functors

Definition 1.5.3. Let F': C — C' and G: C' — C be two functors. One says
that (F,G) is a pair of adjoint functors or that F' is a left adjoint to G, or
that G is a right adjoint to F' if there exists an isomorphism of bifunctors:

(1.16) Hom, (F(+), *) ~ Hom,(+,G(*))

If G is an adjoint to F', then (G is unique up to isomorphism. In fact,
G(Y) is a representative of the functor X — Hom ,(F(X),Y).
The isomorphism (1.16) gives the isomorphisms

Hom, (F o G(+),+) ~Hom,(G(+),G(+)),
Hom, (F(+),F(+)) ~Hom,(+,Go F(*)).

In particular, we have morphisms X — G o F/(X), functorial in X € C, and
morphisms F o G(Y) — Y, functorial in Y € C’. In other words, we have
morphisms of functors

(117) FOG—>idcl, idc—>GOF.

Examples 1.5.4. (i) Let X € Set. Using the bijection (1.4), we get that
the functor Homg, (X, *): Set — Set is right adjoint to the functor « x X.
(ii) Let A be a k-algebra and let L € Mod(k). Using the first isomorphism
in (1.12), we get that the functor Hom, (L, «): Mod(A) to Mod(A) is right
adjoint to the functor « &, L.

(iii) Let A be a k-algebra. Using the isomorphisms in (1.12) with N = A,
we get that the functor for: Mod(A) — Mod(k) which, to an A-module
associates the underlying k-module, is right adjoint to the functor A ®,
«: Mod(k) — Mod(A) (extension of scalars).

Exercises to Chapter 1

Exercise 1.1. Prove that the categories Set and Set°” are not equivalent
and similarly with the categories Set/ and (Set”)°P.
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(Hint: if F': Set — Set® were such an equivalence, then F()) ~ {pt} and
F({pt}) ~ 0. Now compare Homg_, ({pt}, X) and Homg_.» (F({pt}), F(X))
when X is a set with two elements.)

Exercise 1.2. (i) Let F': C — C’ be a faithful functor and let f be a mor-
phism in C. Prove that if F'(f) is a monomorphism (resp. an epimorphism),
then f is a monomorphism (resp. an epimorphism).

(ii) Assume now that F' is fully faithful. Prove that if F'(f) is an isomor-
phism, then f is an isomorphism. In other words, fully faithful functors are
conservative.

Exercise 1.3. Is the natural functor Set — Rel full, faithful, fully faithful,
conservative?

Exercise 1.4. Prove that the category C is equivalent to the opposite cate-
gory C°P in the following cases:

(i) C denotes the category of finite abelian groups,

(ii) C is the category Rel of relations.

Exercise 1.5. (i) Prove that in the category Set, a morphism f is a mono-
morphism (resp. an epimorphism) if and only if it is injective (resp. surjec-
tive).

(ii) Prove that in the category of rings, the morphism Z — Q is an epimor-
phism.

(iii) In the category Top, give an example of a morphism which is both a
monomorphism and an epimorphism and which is not an isomorphism.

Exercise 1.6. Let C be a category. We denote by id¢: C — C the identity
functor of C and by End (id¢) the set of endomorphisms of the identity functor
id¢ : C — C, that is,

End (ldc) = Hom Fet(C,C) (idc, ldc)

Prove that the composition law on End (id¢) is commutative.
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Chapter 2
Limits

We construct inductive and projective limits in categories by using projective
limits in the category Set and give some examples. We also analyze some
related notions, in particular those of cofinal categories, filtrant categories
and exact functors. Special attention will be paid to filtrant inductive limits
in the categories Set and Mod(A).

2.1 Products and coproducts

Let C be a category and consider a family {X;};c; of objects of C indexed by
a (small) set I. Consider the two functors

(2.1) C® — Set,Y +— [ [ Hom (Y, X)),
(2.2) C — Set,Y — | [ Hom(X;,Y).

Definition 2.1.1. (i) Assume that the functor in (2.1) is representable.
In this case one denotes by [], X; a representative and calls this object
the product of the X;’s. In case I has two elements, say I = {1,2}, one
simply denotes this object by X; x Xo.

(ii) Assume that the functor in (2.2) is representable. In this case one
denotes by [[, X; a representative and calls this object the coproduct
of the X;’s. In case I has two elements, say I = {1,2}, one simply
denotes this object by X; L Xo.

(iii) If for any family of objects { X}, the product (resp. coproduct) ex-
ists, one says that the category C admits products (resp. coproducts)
indexed by I.

25
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(iv) If X; = X for all ¢ € I, one writes:
xX'=1]x, Xx0:=]]x.

Note that the coproduct in C is the product in C°P.
By this definition, the product or the coproduct exist if and only if one
has the isomorphisms, functorial with respect to Y € C:

(2.3) HomC(Y,HXZ-) ~ HHomC(Y, X,),

(2.4) HomC(H X;,Y) ~ HHomC(Xi,Y).

Assume that [[, X; exists. By choosing Y = [[, X; in (2.3), we get the
morphisms

e HX] —>XZ
J

Similarly, assume that [ [, X; exists. By choosing Y =[], X, in (2.4), we get
the morphisms

Eit Xz — HXJ

J

The isomorphism (2.3) may be translated as follows. Given an object Y and
a family of morphisms f;: Y — X, this family factorizes uniquely through
[ I, Xi. This is visualized by the diagram

The isomorphism (2.4) may be translated as follows. Given an object Y and
a family of morphisms f;: X; — Y, this family factorizes uniquely through
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1, Xi. This is visualized by the diagram

Example 2.1.2. (i) The category Set admits products (that is, products
indexed by small sets) and the two definitions (that given in (1.1) and that
given in Definition 2.1.1) coincide.

(ii) The category Set admits coproducts indexed by small sets, namely, the
disjoint union.

(iii) Let A be a ring. The category Mod(A) admits products, as defined in
§ 1.2. The category Mod(A) also admits coproducts, which are the direct
sums defined in § 1.2. and are denoted €.

(iv) Let X be a set and denote by X the category of subsets of X. (The set
X is ordered by inclusion, hence defines a category.) For Si,Ss € X, their
product in the category X is their intersection and their coproduct is their
union.

Remark 2.1.3. The forgetful functor for: Mod(A) — Set commutes with
products but does not commute with coproducts. That is the reason why
the coproduct in the category Mod(A) is called and denoted differently.

2.2 Kernels and cokernels

Let C be a category and consider two parallel arrows f,g : Xg = X; in C.
Consider the two functors

(2.5) C°? — Set,Y — Ker(Hom,(Y, Xy) = Hom (Y, X7)),
(2.6) C — Set,Y — Ker(Hom,(X;,Y) = Hom,(X,,Y)).

Definition 2.2.1. (i) Assume that the functor in (2.5) is representable.
In this case one denotes by Ker(f,g) a representative and calls this
object a kernel (one also says a equalizer) of (f, g).

(ii) Assume that the functor in (2.6) is representable. In this case one
denotes by Coker(f, g) a representative and calls this object a cokernel
(one also says a co-equalizer) of (f,g).
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(iii) A sequence Z — Xy = X; (resp. Xo =% X1 — Z) is exact if Z is
isomorphic to the kernel (resp. cokernel) of X, = Xj.

(iv) Assume that the category C admits a zero-object 0. Let f: X — Y
be a morphism in C. A kernel (resp. a cokernel) of f, if it exists, is a
kernel (resp. a cokernel) of f,0: X = Y. It is denoted Ker(f) (resp.
Coker(f)).

Note that the cokernel in C is the kernel in CP.
By this definition, the kernel or the cokernel of f,g: Xo = X, exist if
and only if one has the isomorphisms, functorial in Y € C:

(2.7)  Hom,(Y,Ker(f, g)) ~ Ker(Hom,(Y, X;) = Hom (Y, X)),
(2.8)  Hom,(Coker(f,g),Y) ~ Ker(Hom,(X;,Y) = Hom,(Xo,Y)).

Assume that Ker(f, g) exists. By choosing Y = Ker(f, g) in (2.7), we get the
morphism

h: KGI'(XO = Xl) — X().

Similarly, assume that Coker(f,g) exists. By choosing Y = Coker(f, g) in
(2.8), we get the morphism

k: X1 — Coker(Xo = Xl)

Proposition 2.2.2. The morphism h: Ker(Xy = X;) — Xo is a monomor-
phism and the morphism k: X; — Coker(Xo = X1) is an epimorphism.

Proof. (i) Consider a pair of parallel arrows a,b: Y = X such that ao k =
bok=w. Thenwo f=ao0okof=aokog=bokog=wog. Hence w
factors uniquely through £, and this implies a = b.

(ii) The case of cokernels follows, by reversing the arrows. q.e.d.

The isomorphism (2.7) may be translated as follows. Given an objet Y and
a morphism u: Y — Xg such that f ou = g o u, the morphism u factors
uniquely through Ker(f, g). This is visualized by the diagram

f
Ker(f,9) Xy —= X,

Y
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The isomorphism (2.8) may be translated as follows. Given an objet ¥ and
a morphism v: X; — Y such that v o f = v o g, the morphism v factors
uniquely through Coker(f, g). This is visualized by diagram:

f
Xo == X; —2= Coker(f, g).

Y

Example 2.2.3. (i) The category Set admits kernels and the two definitions
(that given in (1.7) and that given in Definition 2.2.1) coincide.

(ii) The category Set admits cokernels. If f,g: Zy = Z; are two maps, the
cokernel of (f, g) is the quotient set Z; /R where R is the equivalence relation
generated by the relation z ~ y if there exists z € Zy with f(z) = z and
9(2) =y

(iii) Let A be a ring. The category Mod(A) admits a zero object. Hence,
the kernel or the cokernel of a morphism f means the kernel or the cokernel
of (f,0). As already mentioned, the kernel of a linear map f: M — N is
the A-module f~!(0) and the cokernel is the quotient module M/Im f. The
kernel and cokernel are visualized by the diagrams

Ker(f) —> X, —L= X1,  Xo—1= X, —*~ Coker(f).
Y Y

2.3 Limits

Let us generalize and unify the preceding constructions. In the sequel, I will
denote a (small) category. Let C be a category. A functor a: I — C (resp.
B: I°° — C) is sometimes called an inductive (resp. projective) system in C
indexed by I, or else, a diagram indexed by I.

For example, if (I, <) is a pre-ordered set, I the associated category, an
inductive system indexed by I is the data of a family (X;);e; of objects of
C and for all © < j, a morphism X; — X; with the natural compatibility
conditions.

Projective limits in Set

Assume first that C is the category Set and let us consider projective systems.
One sets
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(2.9)  limpB={{z;}; € Hﬁ(z’); B(s)(z;) = x; for all s € Hom, (i, )}.

The next result is obvious.

Lemma 2.3.1. Let 3: I°® — Set be a functor and let X € Set. There is a
natural isomorphism

HomSet(X7liLnﬁ) LliEII—IOHISet()(7 B)a

where Homg,, (X, B) denotes the functor I°° — Set, i — Homg (X, 3()).

Projective and inductive limits

Consider now two functors g: I — C and a: I — C. For X € C, we get
functors from I°P to Set:

Hom (X, 3): I°? 5 i +— Hom,(X, (7)) € Set,
Hom (o, X): I°? 5 i — Hom,(a, X) € Set.

Definition 2.3.2. (i) Assume that the functor X +— lim Hom,(X, ) is
representable. We denote by liinﬁ its representative and say that the
functor § admits a projective limit in C. In other words, we have the
isomorphism, functorial in X € C:

(2.10) Hom (X, lim 3) ~ lim Hom, (X, 3).

(ii) Assume that the functor X +— lim Hom,(a, X) is representable. We
denote by lii>na its representative and say that the functor a admits
an inductive limit in C. In other words, we have the isomorphism,
functorial in X € C:

(2.11) Hom ,(lim o, X) =~ lim Hom , (e, X),

Remark 2.3.3. The projective limit of the functor § is not only the object
lim 3 but also the isomorphism of functors given in (2.10), and similarly with
inductive limits.

When C = Set this definition of lim J coincides with the former one, in
view of Lemma 2.3.1.

Notice that both projective and inductive limits are defined using projec-
tive limits in Set.
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Assume that lim § exists in C. One gets:
lim Homc(liin B,6) ~ Hom(lim 3, linﬁ)
and the identity of lim § defines a family of morphisms
pi: lim 3 — B3(3).

Consider a family of morphisms {f;: X — (i) }ies in C satisfying the com-
patibility conditions

(2.12) fi = fio f(s) for all s € Hom (3, j).

This family of morphisms is nothing but an element of lim Hom (X, (7)),

hence by (2.10), an element of Hom (X, @ﬂ,X). Therefore, lim 3 is char-
acterized by the “universal property”:

for all X € C and all family of morphisms {f;: X — 5(i) }ier
(2.13) ¢ in C satisfying (2.12), all morphisms f;’s factorize uniquely
through lim s.

This is visualized by the diagram:

(i)
fi /
X T - linﬁ B(s)
Pj
i \
B(5)

Similarly, assume that lim « exists in C. One gets:
lim Hom(a, lim o) ~ Hom ,(lim o, lim )
and the identity of lim « defines a family of morphisms
pi: a(i) — lima.

Consider a family of morphisms {f;: «(i) — X} in C satisfying the com-
patibility conditions

(2.14) fi = fjo f(s) for all s € Hom (3, j).
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This family of morphisms is nothing but an element of lim Hom (a(i), X),

hence by (2.11), an element of Hom (lim c, X). Therefore, lim o is character-
ized by the “universal property”:

for all X € C and all family of morphisms {f;: a(i) — X }ier
(2.15) ¢ in C satisfying (2.14), all morphisms f;’s factorize uniquely
through lim ov.

This is visualized by the diagram:

Example 2.3.4. Let X be a set and let X be the category given in Exam-
ple 2.1.2 (iv). Let #: I°°> — X and «: I — X be two functors. Then

lilnﬂzﬂﬁ(i), li_r)nazUa(i).

Examples

Examples 2.3.5. (i) When the category [ is discrete, projective and induc-
tive limits indexed by [ are nothing but products and coproducts indexed by
I.

(ii) Consider the category I with two objects and two parallel morphisms
other than identities, visualized by e = e. A functor a: I — C is character-
ized by two parallel arrows in C:

(216) f,g: X():))Xl

In the sequel we shall identify such a functor with the diagram (2.16). Then,
the kernel (resp. cokernel) of (f,g) is nothing but the projective (resp. in-
ductive) limit of the functor a.

(iii) If 7 is the empty category and a: I — C is a functor, then lim o exists
in C if and only if C has a terminal object pt., and in this case liﬂla ~ pte.
Similarly, lii>noz exists in C if and only if C has an initial object (¢, and in
this case lim o ~ Dec.
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(iv) If I admits a terminal object, say i, and if 3: I°® — C and a: [ — C
are functors, then

lim 3~ B(i,)  lima >~ a(i).
This follows immediately of (2.15) and (2.13).

If every functor from I°P to C admits a projective limit, one says that C
admits projective limits indexed by I. If this property holds for all categories
I (resp. finite categories I), one says that C admits projective (resp. finite
projective) limits, and similarly with inductive limits.

Remark 2.3.6. Assume that C admits projective (resp. inductive) limits
indexed by I. Then lim : Fet(I°?,C) — C (resp. lim: Fct(I,C) — C) is a
p— —

functor.

Projective limits as kernels and products

We have seen that products and kernels (resp. coproducts and cokernels)
are particular cases of projective (resp. inductive) limits. One can show
that conversely, projective limits can be obtained as kernels of products and
inductive limits can be obtained as cokernels of coproducts.

Recall that for a category I, Mor(I) denote the set of morphisms in /.
There are two natural maps (source and target) from Mor(/) to Ob(I):

o : Mor(I) — Ob(I), (s:i1—j)—1,
7 : Mor(l) — Ob(I), (s:i—j)r j.

Let C be a category which admits projective limits and let 5: I°®? — C be
a functor. For s: ¢ — j, we get two morphisms in C:
. L s
B(i) x B(j) —= B(1)
B(s)

from which we deduce two morphisms in C: [],., 6(i) = B(o(s)). These
morphisms define the two morphisms in C:

(217) Hie[ ﬁ(l) # HsEMor(I) 6(0(8))

Similarly, assume that C admits inductive limits and let a: I — C be a
functor. By reversing the arrows, one gets the two morphisms in C:

(218) HsGMor(I) 06(0'(8)) # Hie[ Oé(l)
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Proposition 2.3.7. (i) lim 3 is the kernel of (a,b) in (2.17),
(i) lim o is the cokernel of (a,b) in (2.18).

Sketch of proof. By the definition of projective and inductive limits we are
reduced to check (i) when C = Set and in this case this is obvious.  q.e.d.

In particular, a category C admits finite projective limits if and only if it
satisfies:

(i) C admits a terminal object,
(i) for any X,Y € Ob(C), the product X x Y exists in C,

(iii) for any parallel arrows in C, f,g: X =2 Y, the kernel exists in C.

There is a similar result for finite inductive limits, replacing a terminal object
by an initial object, products by coproducts and kernels by cokernels.

Example 2.3.8. The category Set admits projective and inductive limits,
as well as the category Mod(A) for a ring A. Indeed, both categories admit
products, coproducts, kernels and cokernels.

2.4 Properties of limits

Double limits

For two categories I and C, recall the notation C! :=Fct(I,C) and for a third
category J, recall the equivalence (1.14);

Fet(I x J,C) ~ Fet(I,Fet(J,C)).

Consider a bifunctor 3: I°® x J* — (C. It defines a functor a functor
By I° — C’ as well as a functor B;: J® — CI*”. One easily checks
that

(2.19) lim § ~ lim lim 3, ~ lim lim /.

Similarly, if a: I x J — C is a bifunctor, it defines a functor a;: I — C’ as
well as a functor a;: J — C! and one has the isomorphisms

(2.20) lima ~ lim (lim ay) ~ lim (lim ar).

In other words:

(2.21) lim (i, j) ~ lim lim(5(i, 7)) = lim im(5(, 7)),
0, j ot i g
(2.22) lim a (7, j) ~ lim(lim(a(4, j)) ~ lim lim(a(7, 5)).
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Limits with values in a category of functors

Consider another category A and a functor 5: I°° — Fct(A,C). It defines
a functor 3: I°° x A — C, hence for each A € A, a functor B(A): I°v — C.
Assuming that C admits projective limits indexed by I, one checks easily that
A lim 3(A) is a functor, that is, an object of Fct(A,C), and is a projective
limit of 5. There is a similar result for inductive limits. Hence:

Proposition 2.4.1. Let I be a category and assume that C admits projective
limits indexed by I. Then for any category A, the category Fct(A,C) admits
projective limits indexed by I. Moreover, if 3: I°° — Fct(A,C) is a functor,
then lim 3 € Fct(A,C) is given by

(lim B)(A) = lim (3(A)), A€ A

Stmilarly, assume that C admits inductive limits indexed by I. Then for
any category A, the category Fct(A,C) admits inductive limits indezed by I.
Moreover, if a: I — Fct(A,C) is a functor, then lima € Fct(A,C) is given
by

(lma)(4) = lim (a(4)), A€ A
Corollary 2.4.2. Let C be a category. Then the categories C" and C¥ admit

inductive and projective limats.

Composition of limits

Let I,C and C’ be categories and let a: [ — C, 3: I°® - C and F: C — ('
be functors. When C and C' admit projective or inductive limits indexed by
I, there are natural morphisms

(2.23) F(lim §) — lim (F o §),
2.24) lim (Foa) — F(lima).

This follows immediately from (2.15) and (2.13).
Definition 2.4.3. Let I be a category and let F': C — C’ be a functor.

(i) Assume that C and C" admit projective limits indexed by I. One says
that I’ commutes with such limits if (2.23) is an isomorphism.

(ii) Similarly, assume that C and C' admit inductive limits indexed by I.
One says that F' commutes with such limits if (2.24) is an isomorphism.
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Examples 2.4.4. (i) Let C be a category which admits projective limits
indexed by [ and let X € C. By (2.10), the functor Hom,(X, *): C — Set
commutes with projective limits indexed by /. Similarly, if C admits inductive
limits indexed by I, then the functor Hom,(+, X): C°® — Set commutes
with projective limits indexed by I, by (2.11).

(ii) Let I and J be two categories and assume that C admits projective (resp.
inductive) limits indexed by I x J. Then the functor lim : Fet(J°P,C) — C
(resp. lim : Fet(J,C) — C ) commutes with projective (resp. inductive )
limits indexed by 1. This follows from the isomorphisms (2.19) and (2.20).
(iii) Let k be a field, C = C" = Mod(k), and let X € C. Then the functor
Hom, (X, +) does not commute with inductive limit if X is infinite dimen-
sional.

Proposition 2.4.5. Let F': C — C' be a functor and let I be a category.

(i) Assume that C and C' admit projective limits indezed I and F admits a
left adjoint G: C' — C. Then F' commutes with projective limits indexed
by I, that is, F(lim (i) ~ lim F(3(7)).
= A

(i1) Similarly, if C and C' admit inductive limits indexed by I and F admits
a right adjoint, then F' commutes with such limaits.

Proof. 1t is enough to prove the first assertion. To check that (2.23) is an
isomorphism, we apply Corollary 1.4.4. Let Y € C'. One has the chain of
isomorphisms

12

Hom,, (Y, F(lim (1)) =~ Hom(G(Y),lim 5(i)
Z @Homc(G(Yl), B(i))

i Hom,, (¥ F(3(1))

Hom, (¥, lim F(3(1)).

7

12

12

12

2.5 Filtrant inductive limits

Since it admits coproducts and cokernels, the category Set admits inductive
limits. We shall construct them more explicitely.
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Let a: I — Set be a functor and consider the relation on | |,.; a(i)):

a(i) 2 2Ry € a(y) if there exists k € I, s: i — kand t: j — k

(2.25) {with a(s)(@) = a(t)(y).
The relation R is reflexive and symmetric but is not transitive in general.

Proposition 2.5.1. With the notations above, denote by ~ the equivalence
relation generated by R. Then

lima ~ (|_|04(7;))/~.

i€l
Proof. Let S € Set. By the definition of the projective limit in Set we get:

lim Hom (o, 5) =~ {{uiticr;wi: a(i) — S, u; = u; 0 as)
if there exists s: i — j},
= {{p(i7x)}i61,x€a(i);p(ia [L’) € Sap(za IB) = p(]a y)
if there exists s: i — j with a(s)(z) =y}

~ Hom (| |a(i))/ ~,9).

icl
q.e.d.

In the category Set one uses the notation | | better than [].

For a ring A, the category Mod(A) admits coproducts and cokernels.
Hence, the category Mod(A) admits inductive limits. One shall be aware that
the functor for: Mod(A) — Set does not commute with inductive limits. For
example, if I is empty and a: I — Mod(A) is a functor, then «(I) = {0}
and for({0}) is not an initial object in Set.

Definition 2.5.2. A category [ is called filtrant if it satisfies the conditions
(i)—(iii) below.

(i) I is non empty,
(ii) for any ¢ and j in I, there exists k € I and morphisms i — k,j — k,

(iii) for any parallel morphisms f,g: i =2 j, there exists a morphism h: j —
k such that ho f =hog.

One says that [ is cofiltrant if I°P is filtrant.
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The conditions (ii)—(iii) of being filtrant are visualized by the diagrams:

7 k N
j k

Of course, if (I, <) is a non-empty directed ordered set, then the associated
category [ is filtrant.

Proposition 2.5.3. Let a: I — Set be a functor, with I filtrant. The
relation R given in (2.25) on [[, a(i) is an equivalence relation.

Proof. Let xz; € a(ij), j = 1,2,3 with x; ~ x5 and z9 ~ x3. There exist
morphisms visualized by the diagram:
i1 —= j1

52 h
12
& V
. t3 .

3 —>]2

ky ——1

such that a(s1)z1 = a(s2)xs, a(ta)rs = a(ts)rs, and vou; 0 sy = v o ug o ts.
Set w1 =vowu; 08, Wy =VO0UL OSy =1VOUy 0Ly and w3z = v o ugots. Then
a(wy)r; = a(wy)ry = a(ws)rs. Hence z1 ~ x3. q.e.d.

Corollary 2.5.4. Let a: I — Set be a functor, with I filtrant.

(i) Let S be a finite subset in lima. Then there exists i € I such that S is
contained in the image of a(i) by the natural map a(i) — lim av.

(ii) Leti € I and let x and y be elements of a(i) with the same image in
lima. Then there exists s: i — j such that a(s)(z) = a(s)(y) in a(j).

Proof. (i) Denote by a: | ],.;a(i)) — lima the quotient map. Let S =
{z1,...,2,}. For j =1,... n, there exists y; € a(i;) such that z; = a(y;).
Choose k € I such that there exist morphisms s;: a(i;) — «a(k). Then
z; = a(a(s;(y;)))-

(i) For z,y € (i), 2Ry if and only if there exists s: i — j with a(s)(x) =
a(s)(y) in a(j). q.e.d.

Corollary 2.5.5. Let A be a ring and denote by for the forgetful functor
Mod(A) — Set. Then the functor for commutes with filtrant inductive
limits. In other words, if I is filtrant and a: I — Mod(A) is a functor, then

for o (tm a(i)) = lim(for o a(i).

7 (2
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The proof is left as an exercise (see Exercise 2.8).
Inductive limits with values in Set indexed by filtrant categories commute
with finite projective limits. More precisely:

Proposition 2.5.6. For a filtrant category I, a finite category J and a func-

tor a: I x J°® — Set, one has limlim (7, j) == limlim (4, j). In other
i j j i

words, the functor

lim : Fet(1, Set) — Set
H
commutes with finite projective limits.

Proof. 1t is enough to prove that hi>n commutes with kernels and with finite
products.

(i) lim commutes with kernels. Let «, 5: I — Set be two functors and let
f,9: @ = [ be two morphisms of functors. Define v as the kernel of (f, g),
that is, we have exact sequences

V(1) = (i) = B(0).

Let Z denote the kernel of h_r}noz(z) = h_n)16(z) We have to prove that the

natural map A: lim~(i) — Z is bijective.

(i) (a) The map A is surjective. Indeed for = € Z, represent x by some
z; € a(i). Then fi(z;) and g;(x;) in B(i) having the same image in lim §,
there exists s: ¢ — j such that 8(s)fi(x;) = B(s)gi(x;). Set z; = a(s)z;.
Then f;(x;) = g;(x;), which means that z; € v(j). Clearly, A(z;) = x.

(i) (b) The map A is injective. Indeed, let z,y € lim v with Az) = AMy). We
may represent x and y by elements x; and y; of v(i) for some ¢ € I. Since x;
and y; have the same image in lim «, there exists ¢ — j such that they have
the same image in «(j). Therefore their images in v(j) will be the same.

(ii) hi>n commutes with finite products. The proof is similar to the preceding
one and left to the reader. q.e.d.

Corollary 2.5.7. Let A be a ring and let I be a filtrant category. Then
the functor lim : Fet(I, Mod(A)) — Mod(A) commutes with finite projective
limats.
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Cofinal functors

Let ¢: J — I be a functor. If there are no risk of confusion, we still denote
by ¢ the associated functor ¢: J°° — I°?. For two functors a: I — C and
B: I°? — C, we have natural morphisms:

(2.26) lim (Fop) — lmp,
(2.27) lim(aog) — lima.
m— —

This follows immediately of (2.15) and (2.13).

Definition 2.5.8. Assume that ¢ is fully faithful and I is filtrant. One
says that ¢ is cofinal if for any ¢ € [ there exists j € J and a morphism

s:i— p(j).
Example 2.5.9. A subset J C N defines a cofinal subcategory of (N, <) if
and only if it is infinite.

Proposition 2.5.10. Let p: J — I be a fully faithful functor. Assume that
I 1s filtrant and o s cofinal. Then

(i) for any category C and any functor 3: I°° — C, the morphism (2.26)
18 an isomorphism,

(ii) for any category C and any functor o: I — C, the morphism (2.27) is
an 1somorphism.

Proof. Let us prove (ii), the other proof being similar. By the hypothesis, for

each i € I we get a morphism a(i) — lim(a o ¢(j)) from which one deduce
jeJ
a morphism

lim (i) — Lim(ar 0 ©(j)).

icl jed
One checks easily that this morphism is inverse to the morphism in (2.24).
q.e.d.

Example 2.5.11. Let X be a topological space, z € X and denote by I, the
set of open neighborhoods of x in X. We endow [, with the order: U <V if
V cU. Given U and V in I, and setting W =U NV, we have U < W and
V < W. Therefore, I, is filtrant.

Denote by C°(U) the C-vector space of complex valued continuous func-
tions on U. The restriction maps C°(U) — C°(V'), V C U define an inductive
system of C-vector spaces indexed by [I,. One sets

(2.28) Cx . = lim C°(U).

vel,
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An element ¢ of C% , is called a germ of continuous function at 0. Such a
germ is an equivalence class (U, ¢y)/ ~ with U a neighborhood of x, ¢y a
continuous function on U, and (U, ¢y ) ~ 0 if there exists a neighborhood V/
of x with V' C U such that the restriction of ¢y to V' is the zero function.
Hence, a germ of function is zero at x if this function is identically zero in a
neighborhood of z.

A set theoretical remark

Remark 2.5.12. In these notes, we have skipped problems related to ques-
tions of cardinality and universes (see Remark 1.3.2), but this is dangerous.
In particular, when taking limits, we should assume that all categories (C, C’
etc.) belong to a given universe U and that all limits are indexed by U-small
categories (I, J, etc.). However some constructions force one to quit the
universe U to a bigger one V. We shall not develop this point here.

Let us give an example which shows that without some care, we may have
troubles.

Let C be a category which admits products and assume there exist X, Y &€
C such that Hom,(X,Y) has more than one element. Set M = Mor(C),
where Mor(C) denotes the “set” of all morphisms in C, and let 7 = card(M),
the cardinal of the set M. We have Hom,(X,Y") ~ Hom,(X,Y)" and
therefore card(Hom,(X,Y™) > 27. On the other hand, Hom,(X,Y") C
Mor(C) which implies card(Hom (X, Y™) < 7.

The “contradiction” comes from the fact that C does not admit products
indexed by such a big set as Mor(C). (The remark was found in [10].)

Exercises to Chapter 2

Exercise 2.1. (i) Let I be a (non necessarily finite) set and { X, };c; a family
of sets indexed by I. Show that [[, X; is the disjoint union of the sets X.
(ii) Construct the natural map [[, Homg, (Y, X;) — Homg,, (Y, [], X;) and
prove it is injective.

(iii) Prove that the map [[, Homg, (X;,Y) — Homg (][, X;, Y) is not in-
jective in general.

Exercise 2.2. Let X,Y € C and consider the category D whose objects are
triplets Z € C, f: Z — X, g: Z — Y, the morphisms being the natural ones.
Prove that this category admits a terminal object if and only if the product
X XY exists in C, and that in such a case this terminal object is isomorphic
to X XY, X XY — X, X XY — Y. Deduce that if X XY exists, it is unique
up to unique isomorphism.
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Exercise 2.3. Let I and C be two categories and denote by A the functor
from C to C! which, to X € C, associates the constant functor A(X): I >
i— X €C, (i— j) e Mor(l) — idx. Assume that any functor from I to C
admits an inductive limit.

(i) Prove the formula (for a: I — C and Y € C):

Homc(li_gn a(i),Y) = Hom ;o) (o, A(Y)).

2

(ii) Replacing I with the opposite category, deduce the formula (assuming
projective limits exist):

Hom (X, hLH G(i)) = Hom g (jop oy (A(X), G).

7

Exercise 2.4. Let C be a category which admits filtrant inductive limits.
One says that an object X of C is of finite type if for any functor a: I —
C with [ filtrant, the natural map lim Hom,(X,a) — Hom (X, lima) is
injective. Show that this definition coincides with the classical one when
C = Mod(A), for a ring A.

(Hint: let X € Mod(A). To prove that if X is of finite type in the categorical
sense then it is of finite type in the usual sense, use the fact that, denoting
by S be the family of submodules of finite type of X ordered by inclusion,
we have lim X/V ~0.)

ves

Exercise 2.5. Let C be a category which admits filtrant inductive lim-
its. One says that an object X of C is of finite presentation if for any
functor a: I — C with [ filtrant, the natural map h_r)nHomc(X, a) —
Hom (X, lim«) is bijective. Show that this definition coincides with the
classical one when C = Mod(A), for a ring A.

Exercise 2.6. Consider the category I with three objects {a,b, ¢} and two
morphisms other than the identities, visualized by the diagram

a<+—c—b.

Let C be a category. A functor (3: I°°? — C is nothing but the data of three
objects X, Y, Z and two morphisms visualized by the diagram

xLzay

The fiber product X xz Y of X and Y over Z, if it exists, is the projective
limit of .
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(i) Assume that C admits products (of two objects) and kernels. Prove that
X Xz Y nis isomorphic to the equalizer of X x Y = Z. Here, the two
morphisms X X Y = Z are given by f,g.

(ii) Prove that C admits finite projective limits if and only if it admits fiber
products and a terminal object.

Exercise 2.7. Let I be a filtrant ordered set and let A;,7 € I be an inductive
system of rings indexed by 1.
(i) Prove that A := lim A; is naturally endowed with a ring structure.

(ii) Define the notion of an inductive system M; of A;-modules, and define
the A-module h_n>1 M;.

(iii) Let N; (resp. M;) be an inductive system of right (resp. left) A; modules.
Prove the isomorphism

lm(N; @y, M;) = lim N; @, lim M;.

(2 7 (2

Exercise 2.8. Let I be a filtrant ordered set and let M;, 7 € I be an inductive
sytem of k-modules indexed by I. Let M = | | M;/ ~ where | | denotes the
set-theoretical disjoint union and ~ is the relation M; > z; ~ y; € M, if
there exists k > i,k > j such that ug,(z;) = ug;(y;)-

Prove that M is naturally a k-module and is isomorphic to lim M;.

7

Exercise 2.9. (i) Let C be a category which admits inductive limits indexed
by a category I. Let a: I — C be a functor and let X € C. Construct the
natural morhism

(2.29) @HomC(X,a(i)) — HomC(X,@a(i)).

K3 K3

(i) Let k be a field and denote by k[z]=" the k-vector space consisting
of polynomials of degree < n. Prove the isomorphism k[z] = lim k[z]="

and, noticing that idy,) ¢ lim Hom (k[2], k[z]="), deduce that the morphism
(2.29) is not an isomorphism in general.

Exercise 2.10. Let C be a category and recall (Proposition 2.4.1) that the
category C" admits inductive limits. One denotes by “lim” the inductive
limit in C*. Let k be a field and let C = Mod(k). Prove that the Yoneda
functor he: C — C” does not commute with inductive limits.
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Exercise 2.11. Let [ be a discrete set and let J be the set of finite subsets
of I, ordered by inclusion. We consider both [ and J as categories. Let C
be a category and a: I — C a functor. For J € J we denote by ay: J — C
the restriction of a to J.
(i) Prove that the category J is filtrant.
(ii) Prove the isomorphism lim lim a; == lim a.

— = —

JeJ jeJ

Exercise 2.12. Let C be a category which admits a zero-object and kernels.
Prove that a morphism f: X — Y is a monomorphism if and only if Ker f ~
0.



Chapter 3

Additive categories

Many results or constructions in the category Mod(A) of modules over a
ring A have their counterparts in other contexts, such as finitely generated
A-modules, or graded modules over a graded ring, or sheaves of A-modules,
etc. Hence, it is natural to look for a common language which avoids to
repeat the same arguments. This is the language of additive and abelian

categories.
In this chapter, we give the main properties of additive categories.

3.1 Additive categories

Definition 3.1.1. A category C is additive if it satisfies conditions (i)-(v)
below:

(i) for any X,Y € C, Hom,(X,Y) € Mod(Z),
(ii) the composition law o is bilinear,

)
)

(iii) there exists a zero object in C,

(iv) the category C admits finite coproducts,
)

(v

the category C admits finite products.

Note that Hom,(X,Y) # 0 since it is a group and for all X € C,
Hom (X, 0) = Hom,(0,X) = 0. (The morphism 0 should not be confused
with the object 0.)

Notation 3.1.2. If X and Y are two objects of C, one denotes by X &Y
(instead of X Y their coproduct, and calls it their direct sum. One denotes
as usual by X x Y their product. This change of notations is motivated by

45
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the fact that if A is a ring, the forgetful functor Mod(A) — Set does not
commute with coproducts.

Lemma 3.1.3. Let C be a category satisfying conditions (1)—(iii) in Definition
3.1.1. Consider the condition

(vi) for any two objects X and Y in C, there exists Z € C and morphisms
W X =2, 10:Y =57, p1: Z— X and py: Z — Y satisfying

(31) ploil :idx, ploigz()
p2oig =1idy, proip =0,
(33) il op + ig O Py = le .

Then the conditions (iv), (v) and (vi) are equivalent and the objects X @Y,
X XY and Z are naturally isomorphic.

Proof. (a) Let us assume condition (iv). The identity of X and the zero
morphism Y — X define the morphism p;: X @Y — X satisfying (3.1). We
construct similarly the morphism py: X @Y — Y satisfying (3.2). To check
(3.3), we use the fact that if f: X @Y — X @Y satisfies f oi; = i and
f e} ig = ig, then f = idx@y.

(b) Let us assume condition (vi). Let W € C and consider morphisms
f: X ->Wandg:Y — W. Set h:=fop  ®&gopy. Then h: 7 — W
satisfies hoi; = f and hoiy = g and such an h is unique. Hence Z ~ X @Y.
(c) We have proved that conditions (iv) and (vi) are equivalent and moreover
that if they are satisfied, then Z ~ X @& Y. Replacing C with C°?, we get
that these conditions are equivalent to (v) and Z ~ X x Y. q.e.d.

Example 3.1.4. (i) If A is a ring, Mod(A) and Modf(A) are additive cate-
gories.

(ii) Ban, the category of C-Banach spaces and linear continuous maps is
additive.

(iii) If C is additive, then C°P is additive.

(iv) Let I be category. If C is additive, the category Fct(I,C) of functors
from I to C, is additive.

(v) If C and C’ are additive, then C x C’ is additive.

Let F': C — C’ be a functor of additive categories. One says that F' is
additive if for X, Y € C, Hom,(X,Y) — Hom_, (F(X), F(Y)) is a morphism
of groups. We shall not prove here the following result.
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Proposition 3.1.5. Let F': C — C' be a functor of additive categories. Then
F is additive iof and only if it commutes with direct sum, that s, for X and

Y inC:

F(0) ~ 0
F(XaY) ~ F(X)aF(Y).

12

Unless otherwise specified, functors between additive categories will be
assumed to be additive.
Generalization. Let k£ be a commutative ring. One defines the notion of
a k-additive category by assuming that for X and Y in C, Hom,(X,Y) is a
k-module and the composition is k-bilinear.

3.2 Complexes in additive categories

Let C denote an additive category.
A differential object (X °,dy) in C is a sequence of objects X* and mor-
phisms d* (k € Z):

dk—l

(3.4) e xR T ek ket
A morphism of differential objects f*: X* — Y ° is visualized by a commu-
tative diagram:

mn

d
.._>Xn_X>Xn+1_>...

lf" lf"“
d'n.

.._>Yﬂ_Y>Xn+1_>...

Hence, the category Dif f(C) of differential objects in C is nothing but the
category Fct(Z,C). In particular, it is an additive category.

Definition 3.2.1. (i) A complex is a differential object (X °, dy ) such that
d"od" ! =0 for all n € Z.

(ii) Ome denotes by C(C) the full additive subcategory of Dif f(C) consist-
ing of complexes.

From now on, we shall concentrate our study on the category C(C).

A complex is bounded (resp. bounded below, bounded above) if X™ =0
for |n] >> 0 (resp. n << 0, n >> 0). One denotes by C*(C)(* = b, +, —)
the full additive subcategory of C(C) consisting of bounded complexes (resp.
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bounded below, bounded above). We also use the notation C**(C) = C(C)
(ub for “unbounded”).

One considers C as a full subcategory of C?(C) by identifying an object
X € C with the complex X * “concentrated in degree 07:

X' = ... 50X —>0—---

where X stands in degree 0.

Shift functor

Let C be an additive category, let X € C(C) and let p € Z. One defines the
shifted complex X |[p| by:

(X[p])" = X7
Ty = (1P

If f: X — Y is a morphism in C(C) one defines f[p|: X[p] — Y|p| by
(flp))™ = .

The shift functor [1]: X +— X[1] is an automorphism (i.e. an invertible
functor) of C(C).

Mapping cone

Definition 3.2.2. Let f: X — Y be a morphism in C(C). The mapping
cone of f, denoted Mc(f), is the object of C(C) defined by:

Mc(f)" = (X[A)"@Y"

. i 0
() = (ﬁﬂ dg)

Of course, before to state this definition, one should check that d”Mt(lf) o
d’l\‘/IC( n= 0. Indeed:

—d¥? 0 —dyt™ 0
fn+2 dT}z/—l—l © fn+1 dn =0
Notice that although Mc(f)" = (X[1])" & Y™, Mc(f) is not isomorphic to

X[1]e®Y in C(C) unless f is the zero morphism.
There are natural morphisms of complexes

(3.5) a(f): Y — Mc(f),  B(f): Mc(f) — X[1].

and 3(f) o a(f) = 0.
If F: C — (C'is an additive functor, then F(Mc(f)) ~ Mc(F(f)).
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Homotopy
Let again C be an additive category.

Definition 3.2.3. (i) A morphism f: X — Y in C(C) is homotopic to
zero if for all p there exists a morphism s”: X? — Y?~! such that:

D __ ptl D p—1 D
fF=8"0ody+dy, os"

Two morphisms f,g : X — Y are homotopic if f — g is homotopic to
zZero.

(ii) An object X in C(C) is homotopic to 0 if idx is homotopic to zero.

A morphism homotopic to zero is visualized by the diagram (which is not

commutative):
dp
XPl——= Xp— yptl

A

yr-1 de> YP ——yprtl
Y

Note that an additive functor sends a morphism homotopic to zero to a
morphism homotopic to zero.

Example 3.2.4. The complex 0 — X' — X' ® X" — X" — 0 is homotopic
to zero.

The homotopy category K(C)

We shall construct a new category by deciding that a morphism in C(C)
homotopic to zero is isomorphic to the zero morphism. Set:

Ht(X,Y)={f: X = Y; f is homotopic to 0}.

If f: X =Y and g: Y — Z are two morphisms in C(C) and if f or g is
homotopic to zero, then g o f is homotopic to zero. This allows us to state:

Definition 3.2.5. The homotopy category K(C) is defined by:

Ob(K(C)) = Ob(C(C))
Homy o, (X,Y) = Hom (X,Y)/HHX,Y).

In other words, a morphism homotopic to zero in C(C) becomes the zero
morphism in K(C) and a homotopy equivalence becomes an isomorphism.

One defines similarly K*(C), (x = ub, b, +, —). They are clearly additive
categories endowed with an automorphism, the shift functor [1]: X — X[1].
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3.3 Double complexes

Let C be as above an additive category. A double complex (X **,dx) in C
is the data of
{xmm A" A" (nym) € Zx L}

where X™™ € C and the “differentials” d'y™: X™™ — Xntbm o grem .
Xmm — Xl gatisfy:

(36) d/i{ _ d//i{ _ 07 dod =dod.
One can represent a double complex by a commutative diagram:

(3.7)

d//n,m

> X m Xn,erl _—
d/n,m d/n,m+1

— > yYn+tlm — o ynt+lm+l o
X d//n+1,m X

One defines naturally the notion of a morphism of double complexes, and
one obtains the additive category C?(C) of double complexes.

There are two functors Fy, Fr; : C*(C) — C(C(C)) which associate to
a double complex X the complex whose objects are the rows (resp. the
columns) of X. These two functors are clearly isomorphisms of categories.

Now consider the finiteness condition:

(3.8) forallpeZ, {(m,n)€Z xZ;X™ #0,m+n=p}is finite

and denote by C%(C) the full subcategory of C*(C) consisting of objects X
satisfying (3.8). To such an X one associates its “total complex” tot(X) by
setting:
tOt(X)p = @ern:an’ma
&l = A (1)@
This is visualized by the diagram:

- (_)nd//
X —>Xn,m+1

|

XnJrl,m

1§ 3.3 may be skipped in a first reading.
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Proposition 3.3.1. The differential object {tot(X)?, dfot(X)}pGZ is a complex
(i.e., df;gx) odiyxy = 0) and tot : C3(C) — C(C) is a functor of additive
categories.

Proof. For (n,m) € Z x 7Z, one has
d o d(Xn,m) — d/l o dl/(Xn,m) + d/ o d/(Xn,m)
+(_)n+1d// ° d/(Xn,m) + (_)nd/ o d//(Xn,m)
= 0.
It is left to the reader to check that tot is an additive functor. q.e.d.

Example 3.3.2. Let f°: X° — Y* be a morphism in C(C). Consider
the double complex Z°'* such that Z=1° = X*, Z0° =Y*°, Z%° =0 for
i # —1,0, with differentials f7: Z=17 — Z%. Then

(3.9) tot(Z"") =~ Mc(f").

Bifunctor

Let C,C’ and C” be additive categories and let F': C x C’ — C” be an additive
bifunctor (i.e., F/(«, ) is additive with respect to each argument). It defines
an additive bifunctor C*(F): C(C) x C(C') — C2*(C"). In other words, if
X € C(C) and X’ € C(C’) are complexes, then C*(F)(X,X’) is a double
complex.

Example 3.3.3. Consider the bifunctor « @ «: Mod(A°) x Mod(A) —
Mod(Z). We shall simply write ® instead of C*(®). Hence, for X €
C~(Mod(A°)) and Y € C~(Mod(A)), one has

d"" =d% @Y™, d"" = X" @ dy.

The complex Hom"

Consider the bifunctor Hom,: C%® x C — Mod(Z). We shall write Hom;"
instead of C*(Hom,). If X and Y are two objects of C(C), one has

Hom " (X, Y)™™ = Hom (X ™, Y™),
d™™ = Hom (X", dy),  d"™" =Hom/((—=)"dy" ", Y").

Note that Hom;’° (X,Y) is a double complex in the category Mod(Z) and
should not be confused with the group Hom ) (X,Y).
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Let X € C7(C) and Y € C*(C). One sets
(3.10) Hom ,(X,Y) = tot(Hom (X, Y).
Hence, Hom (X, Y)" = @, Hom (X7, Y"*/) and
d" : Hom,(X,Y)" — Hom,(X,Y) "

is defined as follows. To f = {f’}; € @, Hom (X7, Y"") one associates

JEZ

d"f = {g’}; € @ Hom (X7, Y™+,

jez
with
g = A I (L L=
In other words, the components of df in Hom,(X,Y)" ™ will be
(3.11) (@Y = &7 o fi+ (=) fi o di
Note that for XY, Z € C(C), there is a natural composition map
(3.12) Hom(X,Y) ® Hom (Y, Z) =~ Hom (X, 2).

Proposition 3.3.4. Let C be an additive category and let X,Y € C(C).
There are isomorphisms:

Z°(Hom(X,Y)) = Kerd’ =~ Hom . (X,Y),
B°(Hom}(X,Y)) =Imd™' ~ H{(X,Y),
H°(Hom(X,Y)) = Kerd’/Imd™" =~ Homy(X,Y).

Proof. (i) Let us calculate Z°(Hom(X,Y)). By (3.11), the component of
d°{f7}; in Hom ,(X7, Y7+1) will be zero if and only if &}, o f7 = fi*' o d,
that is, if the family {7/}, defines a morphism of complexes.

(ii) Let us calculate B(Hom(X,Y)). An element f/ € Hom,(X/,Y7) will
be in the image of d~! if it is in the sum of the image of Hom ,(X7,Y7~!) by
& and the image of Hom (X7, Y7) by d%. Hence, if it can be written as
f=d " osl + st od. q.e.d.

Remark 3.3.5. Roughly speaking, a DG-category is an additive category in
which the morphisms are no more additive groups but are complexes of such
groups.

The category C(C) endowed for each X, Y € C(C) of the complex Hom (X, Y))|]
and with the composition given by (3.12) is an example of such a DG-
category.
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3.4 Simplicial constructions

We shall define the simplicial category and use it to construct complexes and
homotopies in additive categories.

Definition 3.4.1. (a) The simplicial category, denoted by A, is the cate-
gory whose objects are the finite totally ordered sets and the morphisms
are the order-preserving maps.

(b) We denote by A;,; the subcategory of A such that Ob(A;,;) = Ob(A),
the morphisms being the injective order-preserving maps.

For integers m, m denote by [n,m] the totally ordered set {k € Z;n <
kE <m}.

Proposition 3.4.2. (i) the natural functor A — Set’ is faithful,

(ii) the full subcategory of A consisting of objects {[0,n]}n>_1 is equivalent
to A,

(i) A admits an initial object, namely ), and a terminal object, namely
{0}.

The proof is obvious.
Let us denote by

d}: [0,n]—[0,n + 1] 0<i<n+1)

the injective order-preserving map which does not take the value . In other
words

(k) = k for k < i,
Y k1 for k>

One checks immediately that
(3.13) d;.‘“ od! =d""o di jfor0<i<j<n+2.

Indeed, both morphisms are the unique injective order-preserving map which
does not take the values ¢ and j.
The category A,,; is visualized by

_dl9 ........... >
(3.14) 0 -y~ 0] ZHZ0,1] —ai= 0,1,2] 7
—di= -

1§ 3.4 may be skipped.
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Let C be an additive category and F': A;,; — C a functor. We set for n € Z:

P {F([O,n]) for n > —1,

0 otherwise,
n+1
dp: P — B = S (<) E()).
i=0
Consider the differential object
—1 n
(315) F' =m0 F A, po te g e O

Theorem 3.4.3. (i) The differential object F'* is a complex.
(ii) Assume that there exist morphisms sp: F™ — F"1 (n > 0)satisfying:

sttt o F(dR) = idpn forn > —1,
sptlo F(di,) = F(d Y oshk fori>0,n>0.

Then F*° is homotopic to zero.

Proof. (i) By (3.13), we have

n+2 n+1
Gtodi = 3 D (VR o d
7=0 %

_ Z z+]F dn+1 o dn) Z (_)iJer(d}erl o d?)

0<j<i<n+1 0<i<j<n+2

= Y ER@Ted) Y (SER@ o dy )
0<5<i<n+1 0<i<yj<n+2

= 0.

Here, we have used

Y (FERE@edl) = ) ()P od))

0<i<j<n+2 0<i<j<n+1

_ Z (_)iJerrlF(d;Hrl o d?)

0<j<i<n+1
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(ii) We have

n+1 o dn d%fl oS

n+1 n

D ICITRAED WENITREES
i=0
= st o F(dg) + (1) lsptto F i) + Z F(di™ o sp)
i=0
1an+Z DR o ) —1—2 F(dtosh)
lan

Exercises to Chapter 3

Exercise 3.1. Let C be an additive category and let X € C(C) with differ-
ential dx. Define the morphism dx: X — X[1] by setting 0% = (—1)"d%.
Prove that dx is a morphism in C(C) and is homotopic to zero.

Exercise 3.2. Let C be an additive category, f,¢: X = Y two morphisms
in C(C). Prove that f and g are homotopic if and only if there exists a
commutative diagram in C(C)

Y ——Mc(/f)

‘ a(f) l

— M
Y < Melo)

KU

B(g) X1

In such a case, prove that u is an isomorphism in C(C).

Exercise 3.3. Let C be an additive category and let f: X — Y be a mor-

phism in C(C).

Prove that the following conditions are equivalent:

(a) f is homotopic to zero,

(b) f factors through a(idy): X — Mc(idy),

(c) f factors through B(idy)[—1]: Mc(idy)[—1] — Y,
)

(d) f decomposes as X — Z — Y with Z a complex homotopic to zero.
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Exercise 3.4. A category with translation (A, T) is a category A together
with an equivalence T: A — A. A differential object (X,dx) in a cate-
gory with translation (A, T) is an object X € A together with a morphism
dx: X — T(X). A morphism f: (X,dx) — (Y,dy) of differential objects is
a commutative diagram

X -2 rx

lf lT(f)
dy

Y —=TY.

One denotes by A, the category consisting of differential objects and mor-

phisms of such objects. If A is additive, one says that a differential object

(X,dy) in (A,T) is a complex if the composition X 25 T(X) T, T%(X)

is zero. One denotes by A, the full subcategory of Ay consisting of complexes.
(i) Let C be a category. Denote by Z; the set Z considered as a discrete
category and still denote by Z the ordered set (Z, <) considered as a category.
Prove that CZ := Fct(Zg, C) is a category with translation.

(ii) Show that the category Fct(Z,C) may be identified to the category of
differential objects in CZ.

(iii) Let C be an additive category. Show that the notions of differential
objects and complexes given above coincide with those in Definition 3.2.1
when choosing A = C(C) and T = [1].

Exercise 3.5. Consider the catgeory A and for n > 0, denote by
st [0,n]—[0,n — 1] 0<i<n-1)

the surjective order-preserving map which takes the same value at ¢ and ¢+ 1.
In other words

<
(k) = k fork:_zl,
k—1 for k >i.

Checks the relations:

s?os?+1 = s?_1osy+1 for 0 <j<i<mn,
s;?“od?:d?flosglq for 0 <i < j <n,
si*todp = i for0<i<n+li=jj+1,

s?“od?:d?:llos? for1<j+1l1<i<n+1.



Chapter 4

Abelian categories

Convention 4.0.4. In these Notes, when dealing with an abelian category
C (see Definition 4.1.2 below), we shall assume that C is a full abelian sub-
category of a category Mod(A) for some ring A. This makes the proofs
much easier and moreover there exists a famous theorem (due to Freyd &
Mitchell) that asserts that this is in fact always the case (up to equivalence
of categories).

4.1 Abelian categories

Let C be an additive category which admits kernels and cokernels. Let
f: X — Y be a morphism in C. One defines:

Coim f := Coker h, where h: Ker f — X
Imf := Kerk, where k: Y — Coker f.

Consider the diagram:

Ker f X ! y —* Coker f

Coim f %> 1Im f

Since foh = 0, f factors uniquely through f, and ko f factors through ko f.
Since ko f =ko fo s = 0 and s is an epimorphism, we get that k o f = 0.
Hence f factors through Ker k = Im f. We have thus constructed a canonical
morphism:

(4.1) Coim f = Im f.

57
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Examples 4.1.1. (i) For a ring A and a morphism f in Mod(A), (4.1) is an
isomorphism.

(ii) The category Ban admits kernels and cokernels. If f: X — Y is a
morphism of Banach spaces, define Ker f = f~1(0) and Coker f = Y/Im f
where Im f denotes the closure of the space Im f. It is well-known that there
exist continuous linear maps f: X — Y which are injective, with dense and
non closed image. For such an f, Ker f = Coker f = 0 although f is not an
isomorphism. Thus Coim f ~ X and Im f ~ Y. Hence, the morphism (4.1)
is not an isomorphism.

(iii) Let A be a ring, I an ideal which is not finitely generated and let M =
A/I. Then the natural morphism A — M in Modf(A) has no kernel.

Definition 4.1.2. Let C be an additive category. One says that C is abelian
if:

(i) any f: X — Y admits a kernel and a cokernel,

(ii) for any morphism f in C, the natural morphism Coim f — Im f is an
isomorphism.

Examples 4.1.3. (i) If A is a ring, Mod(A) is an abelian category. If A is
noetherian, then Modf(A) is abelian.

(ii) The category Ban admits kernels and cokernels but is not abelian. (See
Examples 4.1.1 (ii).)

(iii) If C is abelian, then C° is abelian.

Proposition 4.1.4. Let I be category and let C be an abelian category. Then
the category Fet(1,C) of functors from I to C is abelian.

Proof. (i) Let F,G: I — C be two functors and ¢: F' — G a morphism of
functors. Let us define a new functor H as follows. For i € I, set H(i) =
Ker(F(i) — G(i)). Let s: i — j be a morphism in I. In order to define the
morphism H(s): H(i) — H(j), consider the diagram

e F(i) - Gi)

H(s) F(s) G(s)
. (1) .
— F(j) == G(j).
Since ¢(j)o F(s)oh; = 0, the morphism F(s)oh; factorizes uniquely through
H(j). This gives H(s). One checks immediately that for a morphism ¢: j —

kin I, one has H(t) o H(s) = H(t o s). Therefore H is a functor and one
also easily cheks that H is a kernel of the morphism of functors ¢.
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(ii) One defines similarly the functor Coim . Since, for each i € I, the
natural morphism Coim ¢(i) — Im (i) is an isomorphism, one deduces that
the natural morphism of functors Coim ¢ — Im ¢ is an isomorphism. q.e.d.

Corollary 4.1.5. If C is abelian, then the categories of complexes C*(C)
(x =ub,b,+,—) are abelian.

Proof. Tt follows from Proposition 4.1.4 that the category Dif f(C) of differ-
ential objects of C is abelian. One checks immediately that if f*: X* —Y*
is a morphism of complexes, its kernel in the category Dif f(C) is a complex
and is a kernel in the category C(C), and similarly with cokernels. q.e.d.

For example, if f: X — Y is a morphism in C(C), the complex Z defined by
Z" = Ker(f": X™ — Y™), with differential induced by those of X, will be a
kernel for f, and similarly for Coker f.

Note the following results.

e An abelian category admits finite projective limits and finite inductive
limits. (Indeed, an abelian category admits an initial object, a terminal
object, finite products and finite coproducts and kernels and cokernels.)

e In an abelian category, a morphism f is a monomorphism (resp. an
epimorphism) if and only if Ker f ~ 0 (resp. Coker f ~ 0) (see Exer-
cise 2.12). Moreover, a morphism f: X — Y is an isomorphism as soon
as Ker f ~ 0 and Coker f ~ 0. Indeed, in such a case, X = Coim f
and Im f =Y.

Unless otherwise specified, we assume until the end of this chapter that C is
abelian.

Consider a complex X' Lx % xn (hence, go f = 0). It defines a
morphism Coim f — Kerg, hence, C being abelian, a morphism Im f —
Kerg.

Definition 4.1.6. (i) One says that a complex X’ L X % X" is exact if
Im f =5 Kerg.
(ii) More generally, a sequence of morphisms X? L. X" with dt o
d' = 0foralli € [p,n—1] is exact if Im d* == Ker d"** for all i € [p,n—1].
(iii) A short exact sequence is an exact sequence 0 — X' — X — X" — 0
Any morphism f: X — Y may be decomposed into short exact sequences:

0 — Ker f — X — Coim f — 0,
0—Imf—Y — Coker f — 0,

with Coim f ~ Im f.
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Proposition 4.1.7. Let

(4.2) 0-xXLx%x o0

be a short exact sequence in C. Then the conditions (a) to (e) are equivalent.
(a) there exists h: X" — X such that g o h = idx».

there exists k: — such that ko f =1dx.
b) th k: X — X' h that ko f =1id

(c) there exists p = (k,g) and b = ( £ ) such that X % X' ® X" and

X'o X" % X are isomorphisms inverse to each other.
(d) The complex (4.2) is homotopic to 0.

(e) The complex (4.2) is isomorphic to the complex 0 — X' — X' & X" —
X" —=0.

Proof. (a) = (c). Since g = go ho g, we get go (idy —h o g) = 0, which
implies that idy —h o g factors through Ker g, that is, through X’. Hence,
there exists k: X — X’ such that idy —hog = fok.

(b) = (c) follows by reversing the arrows.

(¢) = (a). Since go f =0, we find g = gohog, that is (goh—idx»)og = 0.
Since ¢ is an epimorphism, this implies g o h —idx~» = 0.

(c) = (b) follows by reversing the arrows.

(d) By definition, the complex (4.2) is homotopic to zero if and only if there
exists a diagram

0—= X'~ x o x7 0
Sl S l
id| & i p7 |id
ey
/ "
0 X 7 X—=X 0

such that idxs = ko f,idx» =goh and idx =hog+ fok.

(e) is obvious by (c). q.e.d.

Definition 4.1.8. In the above situation, one says that the exact sequence
splits.

Note that an additive functor of abelian categories sends split exact se-
quences into split exact sequences.

If A is a field, all exact sequences split, but this is not the case in general.
For example, the exact sequence of Z-modules

0722372 —-7/2Z —0

does not split.
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4.2 Exact functors

Definition 4.2.1. Let F': C — C’ be a functor of abelian categories. One
says that

(i) F' is left exact if it commutes with finite projective limits,
(ii) F is right exact if it commutes with finite inductive limits,
(iii) F is exact if it is both left and right exact.

Lemma 4.2.2. Consider an additive functor F': C — C'.
(a) The conditions below are equivalent:

(i) F is left exact,

(ii) F commutes with kernels, that is, for any morphism f: X — Y,
F(Ker(f)) = Ker(F(f)),

(iii) for any exact sequence 0 — X' — X — X" in C, the sequence
0— F(X') — F(X)— F(X") is exact in C',

(iv) for any exact sequence 0 — X' — X — X" — 0 in C, the sequence
0— F(X') — F(X)— F(X") is exact in C'.

(b) The conditions below are equivalent:

(i) F is exact,
(i) for any exact sequence X' — X — X" in C, the sequence F(X') —
F(X)— F(X") is exact in C',
(iii) for any exact sequence 0 — X' — X — X" — 0 in C, the sequence
0— F(X')— F(X)— F(X") — 0 is exact in C'.

There is a similar result to (a) for right exact functors.

Proof. Since F' is additive, it commutes with terminal objects and products
of two objects. Hence, by Proposition 2.3.7, F' is left exact if and only if it
commutes with kernels.

The proof of the other assertions are left as an exercise. q.e.d.

Proposition 4.2.3. (i) The functor Hom,: C® x C — Mod(Z) is left ea-
act with respect to each of its arquments.

(ii) If a functor F: C — C' admits a left (resp. right) adjoint then F is left
(resp. right) exact.
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(iii) Let I be a category. The functor lim : Fet(I°P,C) — C is left exact and
the functor lim : Fet(1,C) — C is right exact.

(iv) Let A be a ring and let I be a set. The two functors [[ and @ from
Fct(I,Mod(A)) to Mod(A) are ezxact.

(v) Let A be a ring and let I be a filtrant category. The functor lim from
Fct(I,Mod(A)) to Mod(A) is ezact.

Proof. (i) follows from (2.10) and (2.11).

(ii) Apply Proposition 2.4.5.

(iii) Apply Proposition 2.4.1.

(iv) is left as an exercise (see Exercise 4.1).

(v) follows from Corollary 2.5.7. q.e.d.

Example 4.2.4. Let A be a ring and let N be a right A-module. Since the
functor NV ®, < admits a right adjoint, it is right exact. Let us show that
the functors Hom ,(+, «) and N ®, « are not exact in general. In the sequel,
we choose A = k[z], with k a field, and we consider the exact sequence of
A-modules:

(4.3) 0— A5 A— A/Az — 0,

where -x means multiplication by x.
(i) Apply the functor Hom ,(+, A) to the exact sequence (4.3). We get the

sequence:
0 — Hom ,(A/Az,A) = A= A—0

which is not exact since x- is not surjective. On the other hand, since z- is

injective and Hom ,(«, A) is left exact, we find that Hom ,(A/Axz, A) = 0.

(ii) Apply Hom ,(A/Az, +) to the exact sequence (4.3). We get the sequence:
0 — Hom ,(A/Az, A) — Hom ,(A/Az, A) — Hom ,(A/Az, AJ/Az) — 0.

Since Hom ,(A/Axz, A) = 0 and Hom ,(A/Ax, A/Az) # 0, this sequence is
not exact.
(iii) Apply » ®, A/Ax to the exact sequence (4.3). We get the sequence:

0— A/Az =5 AJAr — AJzA®, A/Az — 0.
Multiplication by = is 0 on A/Az. Hence this sequence is the same as:
0— A/Az > AJAz — AJAz ©, AJAz — 0

which shows that A/Ax ®, A/Ax ~ A/Az and moreover that this sequence
1s not exact.

(iv) Notice that the functor Hom ,(+, A) being additive, it sends split exact
sequences to split exact sequences. This shows that (4.3) does not split.
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Example 4.2.5. We shall show that the functor lim : Mod (k)™ — Mod (k)
is not right exact in general.

Consider as above the k-algebra A := k[z] over a field k. Denote by
I = A - x the ideal generated by z. Notice that A/I"*1 ~ k[z]=", where
k[z]=" denotes the k-vector space consisting of polynomials of degree < n.
For p < n denote by v,,: A/I"—»A/I? the natural epimorphisms. They
define a projective system of A-modules. One checks easily that

lim A/I" = K[[a]].

n

the ring of formal series with coefficients in k. On the other hand, for p < n
the monomorphisms I"— I? define a projective system of A-modules and one
has

Iim I™ ~ 0.
(—

Now consider the projective system of exact sequences of A-modules
0—-I"—>A—A/I"—0.

By taking the projective limit of these exact sequences one gets the sequence
0 — 0 — k[z] — Kk[[z]] — 0 which is no more exact, neither in the category
Mod(A) nor in the category Mod(k).

The Mittag-Leffler condition

Let us give a criterion in order that the projective limit of an exact sequence
remains exact in the category Mod(A). This is a particular case of the so-
called “Mittag-Leffler” condition (see [17]).

Proposition 4.2.6. Let A be a ring and let 0 — {M]} In, {M,} 2
{M!} — 0 be an exact sequence of projective systems of A-modules indezxed
by N. Assume that for each n, the map M), — M), is surjective. Then the
sequence
0 — lim M, L tim M, & lim M — 0
— P P

15 exact.

Proof. Let us denote for short by v, the morphisms M, — M,_; which define

the projective system {M,}, and similarly for vy, v,. Let {z}}, € lim M.

n

1" i " ny __ "
Hence z; € M/, and vy (z)) = x,_;.
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We shall first show that v,: g;t(2”) — ¢, (2_,) is surjective. Let
7

T € g (! ). Take x, € g;'(2"). Then g, 1(va(2,) — 7,_1)) =
0. Hence v,(x,) — xp—1 = fn-1(z),_;). By the hypothesis f,_1(z],_;) =
Jn-1(v () for some !, and thus v, (z, — fu(2))) = xp_1.

Then we can choose z,, € g, (z”) inductively such that v,(z,) = z,_1.

q.e.d.

4.3 Injective and projective objects

Definition 4.3.1. Let C be an abelian category.
(i) An object I of C is injective if the functor Hom(+, ) is exact.

(ii) Onme says that C has enough injectives if for any X € C there exists a
monomorphism X—1I with [ injective.

(iii) An object P is projective in C if it is injective in C°P, i.e., if the functor
Hom (P, «) is exact.

(iv) One says that C has enough projectives if for any X € C there exists
an epimorphism P—X with P projective.

Proposition 4.3.2. The object I € C is injective if and only if, for any
X, Y € C and any diagram in which the row is exact:

0—x' L= x

h
£

I
the dotted arrow may be completed, making the solid diagram commutative.

Proof. (i) Assume that I is injective and let X” denote the cokernel of the
morphism X’ — X. Applying Hom,(+,I) to the sequence 0 — X' — X —
X", one gets the exact sequence:

Hom (X", I) — Hom (X, I) 25 Hom (X', I) — 0.

Thus there exists h: X — I such that ho f = k.
(ii) Conversely, consider an exact sequence 0 — X' L X £ X" = 0. Then
the sequence 0 — Hom (X", 1) ok, Hom (X, I) o, Hom (X',I) — 0 is
exact by the hypothesis.

To conclude, apply Lemma 4.2.2. q.e.d.
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By reversing the arrows, we get that P is projective if and only if for any
solid diagram in which the row is exact:

P
£ f
X —= X" —=0

the dotted arrow may be completed, making the diagram commutative.

Lemma 4.3.3. Let 0 — X' L X % X" = 0 be an ezact sequence in C, and
assume that X' is injective. Then the sequence splits.

Proof. Applying the preceding result with & = idy, we find h: X — X’ such
that k o f =idxs. Then apply Proposition 4.1.7. q.e.d.

It follows that if F': C — C’ is an additive functor of abelian categories, and
the hypotheses of the lemma are satisfied, then the sequence 0 — F(X') —
F(X) — F(X") — 0 splits and in particular is exact.

Lemma 4.3.4. Let X', X" belong to C. Then X' & X" is injective if and
only if X' and X" are injective.

Proof. 1t is enough to remark that for two additive functors of abelian cat-
egories ' and G, X — F(X) @ G(X) is exact if and only if F' and G are
exact. q.e.d.

Applying Lemmas 4.3.3 and 4.3.4, we get:

Proposition 4.3.5. Let 0 — X' — X — X" — 0 be an exact sequence in C
and assume X' and X are injective. Then X" is injective.

Example 4.3.6. (i) Let A be aring. An A-module M free if it is isomorphic
to a direct sum of copies of A, that is, M ~ AD It follows from (2.4) and
Proposition 4.2.3 (iv) that free modules are projective.

Let M € Mod(A). For m € M, denote by A, a copy of A and denote by
1,, € A,, the unit. Define the linear map

(N @Am—ﬁ\/l

by setting 1(1,,) = m and extending by linearity. This map is clearly surjec-
tive. Since the left A-module @, ., Am is free, it is projective. This shows
that the category Mod(A) has enough projectives.
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More generally, if there exists an A-module N such that M ® N is free
then M is projective (see Exercise 4.3).

One can prove that Mod(A) has enough injectives (see Exercise 4.4).
(ii) If k is a field, then any object of Mod (k) is both injective and projective.
(iii) Let A be a k-algebra and let M € Mod(A°). One says that M is
flat if the functor M ®, «: Mod(A) — Mod(k) is exact. Clearly, projective
modules are flat.

4.4 Complexes in abelian categories

Cohomology

Recall that the categories C*(C) are abelian for « = ub, +, —, b.
Let X € C(C). One defines the following objects of C:

Z"X) = Kerdy
B"(X) := Imdy'
H"(X) := Z"(X)/B"(X) (:= Coker(B"(X)— Z"(X)))

One calls H"(X) the n-th cohomology object of X. If f: X — Y is a mor-

phism in C(C), then it induces morphisms Z"(X) — Z"(Y) and B"(X) —

B™(Y'), thus a morphism H"(f): H"(X) — H"(Y). Clearly, H"(X ®Y) ~

H"(X)® H™(Y). Hence we have obtained an additive functor:
H"(+):C(C)—C.

Notice that H"(X) = H°(X|[n]).
There are exact sequences

X" Kerd — HY(X) — 0, 0— H*(X) — Cokerd’ <5 X7+,
The next result is easily checked.
Lemma 4.4.1. The sequences below are exact:
(44) 0 — H"(X) — Coker(d%1) 25 Ker ! — H™1(X) — 0.
One defines the truncation functors:

: ST L O0C) — 07 (0)
(4.6) =T OC) — CT(C)



4.4. COMPLEXES IN ABELIAN CATEGORIES 67

as follows. Let X :=--- — X" 1 5 X» 5 X7+l 5 ... One sets:
X )= o= X" X" S Kerdy — 0 — -
TSN = ---—>X"71—>X"—>Imdnx—>0—>--~

(X)
(X)

TZH(X):: ---—>O—>Cokerd?‘(_1 — Xl o xnt2 L
(X)

= o= 0—-Imdy! — X" — X" — ...
There is a chain of morphisms in C(C):

X 575X - X - 72X - 12X
and there are exact sequences in C(C):

0— 751X — 75" X — H"(X)[-n] — 0,
0— HY(X)[-n] —» 72"X — 72" X — 0,
0—75"X — X — 72" X — 0,

071X 5 X - 712X — 0.

(4.7)

We have the isomorphisms

12

. ) j <
HI(1="X) ~% HI(75"X) HI(X) J=n
0 ] >n.

(4.8)

12

: : HI(X >
HI (72" X) ~% HI (2" X) { &) gz

0 7 <n.
The verification is straightforward.

Lemma 4.4.2. Let C be an abelian category and let f: X — Y be a mor-
phism in C(C) homotopic to zero. Then H™(f): H"(X) — H™(Y) is the 0
morphism.

Proof. Let f* = s""lod%+dy 'os™. Then d% = 0 on Ker d% and dy 'os™ = 0
on Kerdy /Imdy . Hence H™(f) : Kerd%/Imdy ' — Kerdy/Imdy ! is
the zero morphism. q.e.d.
In view of Lemma 4.4.2, the functor H": C(C) — C extends as a functor

H°: K(C) — C.

One shall be aware that the additive category K(C) is not abelian in general.
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Definition 4.4.3. One says that a morphism f: X — Y in C(C) is a quasi-
isomorphism (a qis, for short) if H*(f) is an isomorphism for all k € Z. In
such a case, one says that X and Y are quasi-isomorphic. In particular,
X € C(C) is qis to 0 if and only if the complex X is exact.

Remark 4.4.4. By Lemma 4.4.2, a complex homotopic to 0 is qis to 0, but
the converse is false. One shall be aware that the property for a complex
of being homotopic to 0 is preserved when applying an additive functor,
contrarily to the property of being qis to 0.

Remark 4.4.5. Consider a bounded complex X ° and denote by Y* the
complex given by Y7 = H/(X"*),d}, = 0. One has:

(4.9) V' =@H(X")[—i].

The complexes X° and Y have the same cohomology objects. In other
words, HY(Y*) ~ HI(X"*). However, in general these isomorphisms are
neither induced by a morphism from X* — Y *, nor by a morphism from
Y*® — X, and the two complexes X* and Y * are not quasi-isomorphic.
Long exact sequence

Lemma 4.4.6. (The “five lemma”.) Consider a commutative diagram:

al

ap g

X0 X1 X? X3

AR

0 1 2 3
Y ﬂoY ,6'1Y ﬁQY

and assume that the rows are exact sequences.

(i) If f° is an epimorphism and f', f3 are monomorphisms, then f? is a
monomorphism.

(i) If f2 is a monomorphism and f°) f? are epimorphisms, then f! is an
epimorphism.

According to Convention 4.0.4, we shall assume that C is a full abelian
subcategory of Mod(A) for some ring A. Hence we may choose elements in
the objects of C.

Proof. (i) Let x5 € X5 and assume that f?(z2) = 0. Then f3 o ay(z3) = 0
and f? being a monomorphism, this implies as(z2) = 0. Since the first row
is exact, there exists x; € X; such that ay(z1) = z9. Set y; = f(x1). Since
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By o fl(x;) = 0 and the second row is exact, there exists yo € Y such that
Bo(yo) = fY(xy). Since f° is an epimorphism, there exists zo € X° such
that yo = f%(zg). Since f! o ap(zg) = f'(z1) and f! is a monomorphism,
ap(xg) = x1. Therefore, o = ay(z1) = 0.

(ii) is nothing but (i) in C°P. q.e.d.
Lemma 4.4.7. (The snake lemma.) Consider the commutative diagram in
C below with exact rows:

x Lo x L xr

« B ol
0 ii/ ! 1¢f 4 Y¢”

Then it gives rise to an exact sequence:

Kera — Ker g — Ker~y 2, Coker o — Coker 3 — Coker 7.
The proof is similar to that of Lemma 4.4.6 and is left as an exercise.
Theorem 4.4.8. Let 0 — X' L X % X" — 0 be an ezact sequence in C(C).
(i) For each k € Z, the sequence H*(X') — H*(X) — H*(X") is exact.

(ii) For each k € Z, there exists 6 : H*(X") — H*"Y(X') making the long
sequence

(4.10) -+ — HYX) — HYX") 5 HY(XY) — HYX) — -

exact. Moreover, one can construct 6% functorial with respect to short
exact sequences of C(C).

Proof. Consider the commutative diagrams:

0 0 0
| | I
HE(X) HE(X) HE(X")

| | |

Coker d"%,* —> Coker di ! —;~ Coker dit —=0

d’c \L d})c( \L d])c(// \L
0 — Ker dii! — Ker d5™ —— Ker dsit
| | |
Hk:-i—l(X/) Hk+1(X) Hk+1(X//)
| | |
0 0 0

The columns are exact by Lemma 4.4.1 and the rows are exact by the hy-
pothesis. Hence, the result follows from Lemma 4.4.7. q.e.d.
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Corollary 4.4.9. Consider a morphism f: X — Y in C(C) and recall that
Mec(f) denotes the mapping cone of f. There is a long exact sequence:

(411) o = H(Me(f) = HYN(X) S HH(Y) = HE(Me(f) = -+
Proof. Using (3.5), we get a complex:
(4.12) 0—Y — Mc(f) — X[1] — 0.

Clearly, this complex is exact. Indeed, in degree n, it gives the split exact
sequence 0 — Y™ — Y @ X"t — X"t (. Applying Theorem 4.4.8, we
find a long exact sequence

(4.13)-- — H* 7 (Me(f)) — H*H(X[1) S HE(Y) = HY(Me(f) = -+
It remains to check that, up to a sign, the morphism §*=1: H*(X) — H*(Y)
is H*(f). We shall not give the proof here. q.e.d.

Double complexes

Consider a double complex X** as in (3.7).

Theorem 4.4.10. Let X** be a double complex. Assume that all rows X7
and columns X*7 are 0 for j < 0 and are exact for j > 0. Then HP(X"*) ~
HP(X*Y) for all p.

Proof. We shall only describe the first isomorphism HP(X%*) ~ HP(X*?) in
the case where C = Mod(A), by the so-called “Weil procedure”. Let 2"* €
XY with d'z?° = 0 which represents y € HP(X*?). Define 27! = d"2P°.
Then d'2P! = 0, and the first column being exact, there exists 2P~ 1t ¢ XP~11
with d’'zP~11 = 2P, One can iterate this procedure until getting 27 € X%P,
Since d'd"z%? = 0, and d’ is injective on X°? for p > 0 by the hypothesis, we
get d"2% = 0. The class of 27 in HP(X%*) will be the image of y by the
WEeil procedure. Of course, one has to check that this image does not depend
of the various choices we have made, and that it induces an isomorphism.
This can be visualized by the diagram:

d/l
xovp —_— 0
d// d/\l/
.CEI’?_Q s xl,p—l
v
xp—l,l .
/
0" “l 1
I-pv —_— xp’

d'y
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4.5 Resolutions

Solving linear equations

The aim of this subsection is to illustrate and motivate the constructions
which will appear further. In this subsection, we work in the category
Mod(A) for a k-algebra A. Recall that the category Mod(A) admits enough
projectives.

Suppose one is interested in studying a system of linear equations

No
j=1

where the p;;’s belong to the ring A and wu;, v; belong to some left A-module
S. Using matrix notations, one can write equations (4.14) as

(4.15) Pou=v

where Py is the matrix (p;;) with N; rows and Ny columns, defining the
A-linear map Py : S™ — S™M . Now consider the right A-linear map

(4.16) Py : AN — ANo,

where - P, operates on the right and the elements of A™ and A™M are written
as rows. Let (ey,...,en,) and (fi,..., fn,) denote the canonical basis of AN
and AM | respectively. One gets:

(417) fZP():ZpUeJ, (Z:]_,,Nl)

J=1

Hence Im F, is generated by the elements Z;.V:Olpijej for v = 1,...,Ny.
Denote by M the quotient module AN/AM . By and by ¢ : AN — M
the natural A-linear map. Let (uy,...,uy,) denote the images by v of
(e1,...,en,). Then M is a left A-module with generators (uq, ..., uy,) and
relations ZjV:()l piju; = 0fori=1,..., N;. By construction, we have an exact
sequence of left A-modules:

(4.18) AN o, gNo 2 hr .
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Applying the left exact functor Hom ,(+,S) to this sequence, we find the
exact sequence of k-modules:

4.19 0 — Hom , (M, S) — §No o, oM
(4.19) A (MM,

(where Py operates on the left). Hence, the k-module of solutions of the
homogeneous equation associated to (4.14) is described by Hom ,(M, S).

Assume now that A is left Noetherian, that is, any submodule of a free
A-module of finite rank is of finite type. In this case, arguing as in the proof
of Proposition 4.5.3, we construct an exact sequence

C AN PN P qNo B,

In other words, we have a projective resolution L* — M of M by finite free
left A-modules:

L': o =L =L ... "0

Applying the left exact functor Hom 4,(+,S) to L*, we find the complex of
k-modules:

(4.20) 0— SN fory oM P gnNe

Then

{ H°(Hom ,(L",S)) ~ Ker R,
H'(Hom (L, S)) ~ Ker(P;)/ Im(F).

Hence, a necessary condition to solve the equation Pyu = v is that Piv = 0
and this necessary condition is sufficient if H'(Hom ,(L",S)) ~ 0. As we
shall see in § 4.6, the cohomology groups H’(Hom ,(L",S)) do not depend,
up to isomorphisms, of the choice of the projective resolution L* of M.

Resolutions

Definition 4.5.1. Let J be a full additive subcategory of C. We say that
J is cogenerating if for all X in C, there exist Y € J and a monomorphism
X—Y.

If J is cogenerating in C°P, one says that 7 is generating.

Notations 4.5.2. Consider an exact sequence in C, 0 — X — J% — ... —
J* — .- and denote by J° the complex 0 — J° — -+ — J* — ... We
shall say for short that 0 — X — J* is a resolution of X. If the J*’s belong
to J, we shall say that this is a J-resolution of X. When J denotes the
category of injective objects one says this is an injective resolution.
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Proposition 4.5.3. Let C be an abelian category and let J be a cogenerating
full additive subcategory. Then, for any X € C, there exists an exact sequence

(4.21) 0-X—->J"—> ... J" ...

with J* € J for alln > 0.

Proof. We proceed by induction. Assume to have constructed:
0-X—>J'—5...5J"

For n = 0 this is the hypothesis. Set B" = Coker(J" ! — J") (with J~! =
X). Then J" ! — J* — B™ — ( is exact. Embed B" in an object of J:
0 — B" — J**! Then J* ! — J* — J*! is exact, and the induction
proceeds. q.e.d.

The sequence
(422) J.IZO—)JO—)..._>(]T7‘_)...

is called a right J-resolution of X. If 7 is the category of injective objects
in C, one says that J° is an injective resolution. Note that, identifying X
and J* to objects of CT(C),

(4.23) X — J' isaqis.

Of course, there is a similar result for left resolution. If for any X € C there
is an exact sequence Y — X — 0 with Y € 7, then one can construct a left
J-resolution of X, that is, a qis Y* — X, where the Y"’s belong to J. If
J is the category of projective objects of C, one says that J° is a projective
resolution.

Proposition 4.5.3 is a particular case of a result that we state without
proof.

Proposition 4.5.4. Assume J is cogenerating. Then for any X* € CT(C),
there exists Y € CT(J) and a quasi-isomorphism X* — Y *.

Injective resolutions

In this section, C denotes an abelian category and Z. its full additive subcat-
egory consisting of injective objects. We shall asume

(4.24) the abelian category C admits enough injectives.

In other words, the category Z¢ is cogenerating.
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Proposition 4.5.5. (i) Let f*: X° — I" be a morphism in CT(C). As-
sume I* belongs to Ct(Zc) and X* is exact. Then f° is homotopic to
0.

(i) Let I° € CT(Z¢) and assume 1° is exact. Then I* is homotopic to 0.

Proof. (i) Consider the diagram:

Xk2 —— Yol —— Yk —— Xk
_ L _

£ 2

Ik72 ]kfl ]k Ik+1

We shall construct by induction morphisms s* satisfying:
b =slo d];( + d];_l o s*.

For j << 0, s/ = 0. Assume we have constructed the s’ for j < k. Define
g* = f¥ —d¥ ' os*. One has

gk o d];(_l = fl€ o d];(_l — d];_l os¥o d];(_l
k k—1 k—1 k—1 k—1 k—2 k—1
ffody —dj "o f 4+dj od] “os
= 0.

Hence, g* factorizes through X*/Im d’)“{l. Since the complex X is exact,
the sequence 0 — X*/Imdf ' — X*+!is exact. Consider

0— X*/Imdi! — Xk

k1 .
S
gkl

a

]k
The dotted arrow may be completed by Proposition 4.3.2.
(ii) Apply the result of (i) with X* =TI° and f = idx. q.e.d.

Proposition 4.5.6. (i) Let f: X — Y be a morphism inC, let 0 — X —
X* be a resolution of X and let 0 — Y — J* be a complex with the
J¥’s injective. Then there exists a morphism f°: X* — J° making
the diagram below commutative:

(4.25) 0—X—X"*

|l

0—Y——J°
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(ii) The morphism f° in C(C) constructed in (i) is unique up to homotopy.

Proof. (i) Let us denote by dy (resp. dy) the differential of the complex X *
(resp. J°), by dy' (resp. dy') the morphism X — X° (resp. Y — J°) and
set f~1=f.

We shall construct the f*’s by induction. Morphism f° is obtained by
Proposition 4.3.2. Assume we have constructed f°,..., f". Let ¢" = d3 o
fm X" — J*L. The morphism g" factorizes through A" : X"/ Imdy ' —
JrL Since X° is exact, the sequence 0 — X"/Imdy ' — X" is exact.
Since J"™! is injective, A" extends as fm*! . X"+t — jnotl
(ii)) We may assume f = 0 and we have to prove that in this case f° is
homotopic to zero. Since the sequence 0 — X — X ° is exact, this follows
from Proposition 4.5.5 (i), replacing the exact sequence 0 — Y — J* by the
complex 0 — 0 — J"*. q.e.d.

4.6 Derived functors

Let C be an abelian category satisfying (4.24). Recall that Z. denotes the full
additive subcategory of consisting of injective objects in C. We look at the
additive category K(Z¢) as a full additive subcategory of the abelian category

K(C).

Theorem 4.6.1. Assuming (4.24), there exists a functor \: C — K(Z¢) and
for each X € C, a qis X — NX), functorially in X € C.

Proof. (i) Let X € C and let Iy € C™(Z¢) be an injective resolution of
X. The image of Iy in K*(C) is unique up to unique isomorphism, by
Proposition 4.5.6.

Indeed, consider two injective resolutions Iy and Jy of X. By Propo-

sition 4.5.6 applied to idy, there exists a morphism f°: [y — Jy making
the diagram (4.25) commutative and this morphism is unique up to homo-
topy, hence is unique in K*(C). Similarly, there exists a unique morphism
g :Jy — Iy in KT(C). Hence, f* and g° are isomorphisms inverse one to
each other.
(ii) Let f: X — Y be a morphism in C, let Iy and Iy be injective resolutions
of X and Y respectively, and let f°: Iy — Iy be a morphism of complexes
such as in Proposition 4.5.6. Then the image of f* in Hom . ;. (Ix,Iy)
does not depend on the choice of f* by Proposition 4.5.6.

In particular, we get that if g: Y — Z is another morphism in C and I,
is an injective resolutions of Z, then g* o f* = (go f)* as morphisms in
K+ (Ze). q.e.d.
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Let F': C — C' be a left exact functor of abelian categories and recall that
C satisfies (4.24). Consider the functors

c A KYT) LK) L e
Definition 4.6.2. One sets
(4.26) R'F=H"oFo\
and calls R"F' the n-th right derived functor of F'

By its definition, the receipt to construct R"F(X) is as follows:

e choose an injective resolution Iy of X, that is, construct an exact
sequence 0 — X — [y with Iy € CT(Z¢),

e apply F' to this resolution,

e take the n-th cohomology.
In other words, R"F(X) ~ H"(F(Iy)). Note that

e R"I"is an additive functor from C to C’,

e R"F(X) ~0 for n < 0 since I} =0 for j <0,

2

e ROF(X) ~ F(X) since F being left exact, it commutes with kernels,

)
)

o R"F(X)~0 for n#0if F is exact,
) =~

e R"F(X) ~0forn # 0if X isinjective, by the construction of R"F(X).

Definition 4.6.3. An object X of C such that RFF(X) ~ 0 for all k > 0 is
called F-acyclic.

Hence, injective objects are F-acyclic for all left exact functors F.

Theorem 4.6.4. Let 0 — X' L X % X" — 0 be an ezact sequence in C.
Then there exists a long exact sequence:

0— F(X)— F(X)—---— RF(X') — RFF(X) - RFF(X") —

Sketch of the proof. One constructs an exact sequence of complexes 0 —
X" = X* — X"" — 0 whose objects are injective and this sequence is
quasi-isomorphic to the sequence 0 — X’ LXx % X" 5 0 C(C). Since
the objects X" are injective, we get a short exact sequence in C(C’):

0= FX'")=F(X') = F(X"") =0

Then one applies Theorem 4.4.8. q.e.d.
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Definition 4.6.5. Let J be a full additive subcategory of C. One says that
J is F-injective if:

(i) J is cogenerating,

(ii) for any exact sequence 0 — X' — X — X" - 0inC with X' € J,X €
J, then X" € 7,

(iii) for any exact sequence 0 — X' — X — X” — 0in C with X’ € J, the
sequence 0 — F(X') — F(X) — F(X") — 0 is exact.

By considering C°P, one obtains the notion of an F-projective subcategory,
F being right exact.

Lemma 4.6.6. Assume J is F-injective and let X € CY(J) be a complex
qis to zero (i.e. X° is exact). Then F(X"*) is qis to zero.

Proof. We decompose X ° into short exact sequences (assuming that this
complex starts at step 0 for convenience):

0—-X'=-X'=527' >0
0—-2'—=X*—=2*=0
0—=2Z"1 s X" = 72" =0

By induction we find that all the Z7’s belong to 7, hence all the sequences:

0— F(Z"")— F(X") — F(Z")— 0
are exact. Hence the sequence
0— F(X°) — F(X') — -
is exact. q.e.d.

Theorem 4.6.7. Assume J is F-injective and contains the category Zc of
injective objects. Let X € C and let 0 — X — Y ° be a resolution of X
with Y* € CH(J). Then for each n, there is an isomorphism R"F(X) ~
H"(F(Y")).

In other words, in order to calculate the derived functors R"F(X), it is
enough to replace X with a right J-resolution.
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Proof. Consider a right J-resolution Y ° of X and an injective resolution I°
of X. By the result of Proposition 4.5.6, the identity morphism X — X
will extend to a morphism of complexes f°:Y*® — I° making the diagram
below commutative:

0—X——Y"*

|

0—X——=1I".

Define the complex K * = Mc(f "), the mapping cone of f°. By the hypoth-
esis, K" belongs to C*(7) and this complex is qis to zero by Corollary 4.4.9.
By Lemma 4.6.6, F(K ") is qis to zero.

On the other-hand, F(Mc(f)) is isomorphic to Mc(F(f)), the mapping
cone of F(f): F(J*) — F(I"). Applying Theorem 4.4.8 to this sequence,
we find a long exact sequence

= HYF(JT)) — HY(F(I7)) — H'(F(K")) — -
Since F(K ") is qis to zero, the result follows. q.e.d.

Example 4.6.8. Let F': C — C’ be a left exact functor and assume that C
admits enough injecives.

(i) The category Z¢ of injective objects of C is F-injective.

(ii) Denote by Zp the full subcategory of C consisting of F-acyclic objects.
Then Zr contains Z¢, hence is cogenerating. It easily follows from Theo-
rem 4.6.4 that conditions (ii) and (iii) of Definition 4.6.5 are satisfied. Hence,
Ir is F-injective.

Theorem 4.6.9. Let ': C — C' and G: C' — C” be left exact functors of
abelian categories and assume that C and C' have enough injectives.

(i) Assume that G is exact. Then R/(Go F)~Go R'F.

(i) Assume that F is exact. There is a natural morphism R (G o F) —
(RIG)o F.

(iii) Let X € C and assume that R7F(X) ~ 0 for j > 0 and that F sends the
injective objects of C to G-acyclic objects of C'. Then R(G o F)(X) =~
(B G)(F(X)).

Proof. For X € C, let 0 — X — Iy be an injective resolution of X. Then
RI(Go F)(X)~ H/(Go F(Iy)).
(i) If G is exact, H(G o F(Iy)) is isomorphic to G(H’(F(Iy)).



4.6. DERIVED FUNCTORS 79

(ii) Consider an injective resolution 0 — F(X) — Jz y) of F(X). By the
result of Proposition 4.5.6, there exists a morphism F(Ix) — Jpxy. Ap-
plying G we get a morphism of complexes: (G o F)(Iy) — G(Jpx,). Since
HI((Go F)(Ix)) ~ R/ (G o F)(X) and H(G(Jgy,)) =~ RIG(F(X)), we get
the result.

(iii) Denote by Zg the full additive subcategory of C’ consisting of G-acyclic
objects (see Example 4.6.8). By the hypothesis, F(Iy) is qis to F(X) and
belongs to C*(Zg). Hence RIG(F(X)) ~ H/(G(F(Iy))) by Theorem 4.6.7
and H(G(F(Iy))) ~ R (G o F)(X). q.e.d.

Derived bifunctor

Let F: C x C' — C” be a left exact additive bifunctor of abelian categories.
Assume that C and C' admit enough injectives. For X € C and Y € C’, one
can thus construct (R/F (X, +))(Y) and (R7F(+,Y))(X).

Theorem 4.6.10. Assume that for each injective object I € C the functor
F(I,+): C" — C" is exact and for each injective object I' € C' the functor
F(e,I'): C — C" is exact. Then, for j € Z, X € C andY € C', there is an
isomorphism, functorial in X andY: (RIF(X, *))(V) ~ (R F(+,Y))(X)

Proof. Let 0 = X — Iy and 0 — Y — I, be injective resolutions of X and
Y, respectively. Consider the double complex:

0 0 0
l | !

0 0 F(I%,Y)— F(IL,Y) —
l J )

0— F(X,I%) — F(I%, 1) — F(IL, 1%) —
) J )

0—F(X, Iy) = F(Ix, Iy) — F(Ix, Iy) —

! ! !

The cohomology of the first row (resp. column) calculates RFF(+,Y)(X)
(resp. R*F(X, «)(Y)). Since the other rows and columns are exact by the
hypotheses, the result follows from Theorem 4.4.10. q.e.d.

Assume that C has enough injectives and enough projectives. Then one
can define the j-th derived functor of Hom,(X, ¢) and the j-th derived func-
tor of Hom(+,Y’). By Theorem 4.6.10 there exists an isomorphism

RiHom, (X, *)(Y) ~ R"Hom,(*,Y)(X)
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functorial with respect to X and Y. Hence, if C has enough injectives or
enough projectives, we can denote by the same symbol the derived functor
either of the functor Hom,(X, ¢) or of the functor Hom,(+,Y’).

A similar remark applies to the bifunctor ®,: Mod(A°®) x Mod(A) —
Mod(k).

Definition 4.6.11. (i) If C has enough injectives or enough projectives,
one denotes by Extjc( *, *) the j-th right derived functor of Hom,.

(ii) For a ring A, one denotes by Tor]A(-, +) the left derived functor of
. ®A .

Hence, the derived functors of Hom , are calculated as follows. Let X, Y €
C. If C has enough injectives, one chooses an injective resolution Iy of Y and
we get

(4.27) Ext’ (X,Y) =~ H/(Hom(X,Iy)).

If C has enough projectives, one chooses a projective resolution Py of X and
we get

(4.28) Ext’ (X,Y) =~ H/(Hom(Pg,Y)).

If C admits both enough injectives and projectives, one can choose to use
either (4.27) or (4.28). When dealing with the category Mod(A), projective
resolutions are in general much easier to construct.

Similarly, the derived functors of ®, are calculated as follows. Let N €
Mod(A°P) and M € Mod(A). One constructs a projective resolution Py of
N or a projective resolution Py, of M. Then

Tor]A(N, M)~ H 7 (Py®, M)~ HJ(N®, Py).

In fact, it is enough to take flat resolutions instead of projective ones.

4.7 Koszul complexes

In this section, we do not work in abstract abelian categories but in the
category Mod(A), for a non necessarily commutative k-algebra A.

If L is a finite free k-module of rank n, one denotes by A\’ L the k-module
consisting of j-multilinear alternate forms on the dual space L* and calls it
the j-th exterior power of L. (Recall that L* = Hom, (L, k).)

Note that \' L ~ L and A" L ~ k. One sets \" L = k.
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If (e1,...,e,) is a basis of L and I = {i; < --- < i;} C {1,...,n}, one
sets

efzeil/\---/\ei]..

For a subset I C {1,...,n}, one denotes by |I| its cardinal. Recall that:

J
/\ L is free with basis {e;, A+ Ae;1 <ip <ip <+ <ij <n}.

If i1,..., 4, belong to the set (1,...,n), one defines e¢;, A---Ae;, by reducing
to the case where 4; < --- < ¢;, using the convention e; A e; = —e; A e;.

Let M be an A-module and let ¢ = (¢4, ..., ¥,) be n endomorphisms of
M over A which commute with one another:

(Recall the notation [a,b] := ab — ba.) Set MU = M & A’k". Hence
M© = M and M™ ~ M. Denote by (ey,...,e,) the canonical basis of k.
Hence, any element of M) may be written uniquely as a sum

m = Zm;@e;.

=g

One defines d € Hom , (MW, MUY by:
d(m ®61) = Zgol(m) Xe; N\er
i=1

and extending d by linearity. Using the commutativity of the ¢;’s one checks
easily that d o d = 0. Hence we get a complex, called a Koszul complex and
denoted K* (M, p):

0 MO L ... p0 o

When n = 1, the cohomology of this complex gives the kernel and cokernel
of 1. More generally,

HY (K" (M,p)) ~ Kerpin...NKergp,,
HY(K"(M,¢)) = M/(e1(M)+ -+ ¢u(M)).

Set ¢’ = {¢1,...,¢n_1} and denote by d’ the differential in K * (M, ¢'). Then
v, defines a morphism

(4.29) Gn KW (M, @) — K* (M, )
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Lemma 4.7.1. The complex K * (M, ¢)[1] is isomorphic to the mapping cone
Of _an'
Proof. ! Consider the diagram

Mec (3, )p4>1\/[c (@n)P T

)\pl >\p+1l

Kerl(M, ) . Kp+2( )

p+1
given explicitly by:

(MRA EY e (Me A k)

(M ® /\p+2 kn—l) D (M ® /\p+1 kn—l)
id ®(id enA) id & (id ®enA)

M ® /\P+1 En M ® /\p+2 R

Then

di(a@e;+bRek)=—d(a®ey)+ (d(b@ek) — pnla) ®ey),
Na®e;+b®eg) =a®e;+b®e, Nek.

(i) The vertical arrows are isomorphisms. Indeed, let us treat the first one.
It is described by:

(4.30) ZCU@Q]-}-ZZ)K@GKHZGJ@GJ-FZZ)K@&Z/\(?K
7 K J K

with |J| = p+1 and | K| = p. Any element of M @ A”*" k" may uniquely be

written as in the right hand side of (4.30).

(ii) The diagram commutes. Indeed,

N odh (a@e;+b®ek) =—d(a®ey) +e, Nd (bRek) — pnla) e, Aey
=—-d(a®ey) —d(bRe, Neg) — pnla) e, Ney,

d o XN(a@e;+bRex) = —dla®@e; +bRe, Aek)
=—d(a®ey) —pnla) e, Ney —d (b®e, Aek).

q.e.d.

!The proof may be skipped
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Theorem 4.7.2. There exists a long exact sequence
(4.31) -+ — HI(K" (M, ') = H/(K" (M, ¢')) — H*HK" (M, 9)) — -
Proof. Apply Lemma 4.7.1 and the long exact sequence (4.11). q.e.d.

Definition 4.7.3. (i) If for each j, 1 < j < n, ¢, is injective as an endo-
morphism of M/(¢1(M) + -+ 4+ ¢;—1(M)), one says (p1,...,¢n) is a
regular sequence.

(ii) If for each j, 1 < j < n, p, is surjective as an endomorphism of Ker ;N
...NKery,_1, one says (g1, ..., py,) is a coregular sequence.

Corollary 4.7.4. (i) Assume (¢1,...,¢n) is a reqular sequence. Then
HI(K* (M, ) ~ 0 for j # n.

(i) Assume (o1, ..., ¢,) is a coreqular sequence. Then HI (K (M, )) ~ 0
for 5 #0.

Proof. Assume for example that (1, ..., ¢,) is a regular sequence, and let us
argue by induction on n. The cohomology of K * (M, ¢’) is thus concentrated
in degree n — 1 and is isomorphic to M/(¢1(M) + -+ + ¢,_1(M)). By the
hypothesis, ¢, is injective on this group, and Corollary 4.7.4 follows. q.e.d.

Second proof. Let us give a direct proof of the Corollary in case n = 2 for
coregular sequences. Hence we consider the complex:

0= MIS5MxMLM=0

where d(z) = (¢1(2), ¢2(2)), d(y,2) = paly) — @1(2) and we assume @ is
surjective on M, (s is surjective on Ker ;.

Let (y,z) € M x M with ¢o(y) = ¢1(z). We look for x € M solution
of p1(x) =y, @a(x) = 2. First choose ' € M with ¢1(2’) = y. Then

paop1(e) = pa(y) = ¢1(2) = prowa(a’). Thus ¢1(z —@a(2')) = 0 and there
exists t € M with p1(t) =0, ¢o(t) = z—@a(2). Hence y = ¢ (t+2'), z=
ot + ') and =t + 2’ is a solution to our problem. q.e.d.

Example 4.7.5. Let k be a field of characteristic 0 and let A = k[xy, ..., z,].
(i) Denote by ;- the multiplication by z; in A. We get the complex:

O—>A(O)i>---—>A(")—>O

where:

n

d(ZaI ®er) :Zij-aI®ej/\e,~.

I j=1 I
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The sequence (x1-,...,%,) is a regular sequence in A, considered as an A-
module. Hence the Koszul complex is exact except in degree n where its
cohomology is isomorphic to k.

(ii) Denote by 0; the partial derivation with respect to x;. This is a k-linear
map on the k-vector space A. Hence we get a Koszul complex

0_>A(0)i>...i>A(n)_>0

where:
d(ZaI ®er) :Z Oj(ar) ®e; Ney.
I j=1
The sequence (0, ...,0,) is a coregular sequence, and the above complex

is exact except in degree 0 where its cohomology is isomorphic to k. Writing
dx; instead of e;, we recognize the “de Rham complex”.

Example 4.7.6. Let k be a field and let A = k[z,y], M =k~ A/xzA+ yA
and let us calculate the k-modules EXtJA(M ,A). Since injective resolutions
are not easy to calculate, it is much simpler to calculate a free (hence, pro-
jective) resolution of M. Since (z,y) is a regular sequence of endomorphisms
of A (viewed as an A-module), M is quasi-isomorphic to the complex:

M :0—-A5A? 5 A0,

where u(a) = (ya, —za), v(b,c) = xb + yc and the module A on the right
stands in degree 0. Therefore, Ext’, (M, N) is the j-th cohomology object of
the complex Hom ,(M ", N), that is:

0-NL N2 N o,

where v" = Hom (v, N), v/ = Hom (u, N) and the module N on the left stands
in degree 0. Since v'(n) = (zn,yn) and u'(m,l) = ym — i, we find again a
Koszul complex. Choosing N = A, its cohomology is concentrated in degree
2. Hence, ExtJA(M, A) ~0 for j # 2 and ~ k for j = 2.

Example 4.7.7. Let W = W, (k) be the Weyl algebra introduced in Ex-
ample 1.2.2, and denote by -0; the multiplication on the right by 9;. Then
(+O1,...,:0y) is a regular sequence on W (considered as an W-module) and
we get the Koszul complex:

Oéw(o)g._.qw(n)éo
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where:
Z&]@@[ ZZ@I 0, ®ej Ney.
j=1 1

This complex is exact except in degree n where its cohomology is isomorphic
to k[z] (see Exercise 4.9).

Remark 4.7.8. One may also encounter co-Koszul complexes. For I =
(i1,...,1x), introduce

ejLeI:{O it5 ¢ {ir, ... ik}

(=) ep = (=1)!*ley, A NG A Ney, ife; = ¢

where e;, A... A€, A... \e;, means that e; should be omitted in e;; A...Ae;, .
Define ¢ by:

m®€l ZQOJ

Here again one checks easily that 6 o 0 = 0, and we get the complex:
K.(M,gp) -0 — M®™ LR cee — MO -0,

This complex is in fact isomorphic to a Koszul complex. Consider the iso-
morphism

* /J\k"%n/_\Jk"

which associates e;m @ e; to m ® ey, where I = (1,...,n)\ I and ¢ is the
signature of the permutation which sends (1,...,n) to I U [ (any i € [ is
smaller than any j € I). Then, up to a sign, * interchanges d and §.

De Rham complexes

Let E be a real vector space of dimension n and let U be an open subset of
E. Denote as usual by C*(U) the C-algebra of C-valued functions on U of
class C*°. Recall that Q'(U) denotes the C>(U)-module of C*°-functions on
U with values in E* @, C ~ Homy(F, C). Hence

QN U) ~ E* &, C™(U).
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For p € N, one sets

»
o) = Q')
p
~ (N\E") @ C*(U).
(The first exterior product is taken over the commutative ring C*(U) and
the second one over R.) Hence, Q°(U) = C>*(U), QP(U) = 0 for p > n and
Q*(U) is free of rank 1 over C*°(U). The differential is a C-linear map

d: C>®(U) — QY(U).

The differential extends by multilinearity as a C-linear map d: QP(U) —
QPTY(U) satisfying

(4.32) @ =0,
' d(wy Awy) = dwy Awy + (—)Pw;y A dwy for any wy € QP (U).

We get a complex, called the De Rham complex, that we denote by DR(U):

(4.33) DR(U) :=0 — Q°(U) % -+ — Q*(U) — 0.
Let us choose a basis (eq,...,e,) of E and denote by z; the function which,
tox =3 ;e € F, associates its i-th cordinate z;. Then (dzy, ..., dz,)

is the dual basis on E* and the differential of a function ¢ is given by
dy = Z Oip dx;.
i=1

0
where 0;p := 9. By its construction, the Koszul complex of (9y,...,0,)

a.flfi
acting on C*(U) is nothing but the De Rham complex:

K*(C®(U), (8,...,0,)) = DR(U).

Note that H°(DR(U)) is the space of locally constant functions on U, and
therefore is isomorphic to C#*(Y) where #cc(U) denotes the cardinal of the
set of connected components of U. Using sheaf theory, one proves that all
cohomology groups H’(DR(U)) are topological invariants of U.



Exercises to Chapter 3 87

Holomorphic De Rham complexes

Replacing R™ with C", C*°(U) with O(U), the space of holomorphic functions
on U and the real derivation with the holomorphic derivation, one constructs
similarly the holomorphic De Rham complex.

Example 4.7.9. Let n = 1 and let U = C\ {0}. The holomorphic De Rham
complex reduces to

0— o) & oW —o.

[ts cohomology is isomorphic to C in dimension 0 and 1.

Exercises to Chapter 4

Exercise 4.1. Prove assertion (iv) in Proposition 4.2.3, that is, prove that
for a ring A and a set I, the two functors [[ and € from Fct(Z, Mod(A)) to
Mod(A) are exact.

Exercise 4.2. Consider two complexes in an abelian category C: X| —
X; — X! and X} — Xy — X/. Prove that the two sequences are exact if
and only if the sequence X| @ X}, — X7 ® Xy — X| @ X is exact.

Exercise 4.3. (i) Prove that a free module is projective.

(ii) Prove that a module P is projective if and only if it is a direct summand
of a free module (i.e., there exists a module K such that P & K is free).
(i) An A-module M is flat if the functor « ®, M is exact. (One defines
similarly flat right A-modules.) Deduce from (ii) that projective modules are
flat.

Exercise 4.4. If M is a Z-module, set MY = Hom (M, Q/Z).

(i) Prove that Q/Z is injective in Mod(Z).

(ii) Prove that the map Hom, (M, N) — Hom,(NV, M) is injective for any
M, N € Mod(Z).

(iii) Prove that if P is a right projective A-module, then P" is left A-injective.
(iv) Let M be an A-module. Prove that there exists an injective A-module
I and a monomorphism M — [.

(Hint: (iii) Use formula (1.12). (iv) Prove that M — M"Y is an injective
map using (ii), and replace M with MVY.)

Exercise 4.5. Let C be an abelian category which admits inductive limits
and such that filtrant inductive limits are exact. Let {X;};,c; be a family
of objects of C indexed by a set [ and let ¢y € I. Prove that the natural

morphism X; — .., X; is a monomorphism.
0 el <
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Exercise 4.6. Let C be an abelian category.

(i) Prove that a complex 0 — X — Y — Z is exact iff and only if for
any object W € C the complex of abelian groups 0 — Hom (W, X) —
Hom ,(W,Y) — Hom (W, Z) is exact.

(ii) By reversing the arrows, state and prove a similar statement for a complex
X—->Y—>7-—0.

Exercise 4.7. Let C be an abelian category. A square is a commutative
diagram:

v-_Loy

g lg

x—1-z
A square is Cartesian if moreover the sequence 0 — V — X xY — 7 is
exact, that is, if V'~ X x 7Y (recall that X x Y = Ker(f—g), where f—g:
X®Y — Z). A square is co-Cartesian if the sequence V — X @Y — Z — 0
is exact, that is, if Z ~ X @y Y (recall that X @, Y = Coker(f’ —¢’), where
ff=g:V—->XxY).
(i) Assume the square is Cartesian and f is an epimorphism. Prove that f’
is an epimorphism.
(ii) Assume the square is co-Cartesian and f’ is a monomorphism. Prove
that f is a monomorphism.

Exercise 4.8. Let C be an abelian category and consider a commutative
diagram of complexes

0 0 0
ool
0— X{j— Xo— X[

Lol

O—>X{—>X1—>X{/

R

0— X} — Xy — X/

Assume that all rows are exact as well as the second and third column. Prove
that all columns are exact.

Exercise 4.9. Let k be a field of characteristic 0, W := W,, (k) the Weyl
algebra in n variables.

(i) Denote by z;- : W — W the multiplication on the left by z; on W (hence,
the x;-’s are morphisms of right W-modules). Prove that ¢ = (z1-,...,2,")
is a regular sequence and calculate H’(K * (W, p)).
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(ii) Denote -0; the multiplication on the right by d; on W. Prove that ¢ =
(01, ...,-0,) is a regular sequence and calculate H?(K* (W, 1)).

(iii) Now consider the left W, (k)-module O := k|z, ..., z,] and the k-linear
map 0; : O — O (derivation with respect to x;). Prove that A = (0y,...,0,)
is a coregular sequence and calculate H?(K° (O, \)).

Exercise 4.10. Let A = Wy(k) be the Weyl algebra in two variables. Con-
struct the Koszul complex associated to ¢; = -x1, o = -0 and calculate its
cohomology.

Exercise 4.11. Let k be a field, A = k[z,y] and consider the A-module
M = @, k[z]t", where the action of z € A is the usual one and the action
of y € Ais defined by y - 2"/t = 2"t/ for j > 1, y - 2"t = 0. Define the
endomorphisms of M, ¢1(m) = z - m and py(m) = y - m. Calculate the
cohomology of the Kozsul complex K ° (M, ¢).
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Chapter 5

Abelian sheaves

In this chapter we expose basic sheaf theory in the framework of topological
spaces. Although we restrict our study to topological spaces, it will be con-
venient to consider morphisms of sites f: X — Y which are not continuous
maps from X to Y.

Recall that all along these Notes, k£ denotes a commutative unitary ring.
Some references: [14], [4], [12], [21], [22].

5.1 Presheaves

Let X be a topological space. The family of open subsets of X is ordered by
inclusion and we denote by Opy the associated category. Hence:

{pt} fUCV,

HomOpX (U.V) = { 0 otherwise.

Note that the category Opy admits a terminal object, namely X, and finite
products, namely U x V =U NV. Indeed,

Homg, (W,U)x Homq, (W,V)=>Homg, (W,UNV).

Definition 5.1.1. (i) One sets PSh(X) := Fct((Opx)°?, Set) calls an ob-
ject of this category a presheaf of sets. In other words, a presheaf of
sets in a functor from (Opy)° to Set.

(ii) One denotes by PSh(kyx) the subcategory of PSh(X) consisting of func-
tors with values in Mod (k) and calls an object of this category a presheaf
of k-modules.

91
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Hence, a presheaf F' on X associates to each open subset U C X a set
F(U), and to an open inclusion V' C U, a map pyy : F(U) — F(V), such
that for each open inclusions W C V' C U, one has:

puv = idy, PWU = PWV © Pvu.

A morphism of presheaves ¢ : ' — G is thus the data for any open set U of
a map p(U) : F(U) — G(U) such that for any open inclusion V' C U, the
diagram below commutes:

If F'is a presheaf of k-modules, then the F'(U)’s are k-modules and the maps
pvu are k-linear.

The category PSh(ky) inherits of most of the properties of the category
Mod(k). In particular it is abelian and admits inductive and projective
limits. For example, one checks easily that if /' and GG are two presheaves,
the presheaf U — F(U) ® G(U) is the coproduct of F' and G in PSh(kx). If
¢ : F — G is a morphism of presheaves, then (Ker)(U) ~ Kerp(U) and
(Coker ¢)(U) ~ Coker p(U) where p(U) : F(U) — G(U).

More generally, if ¢ — F;,i € I is an inductive system of presheaves, one
checks that the presheaf U — lim F;(U) is the inductive limit of this system

in the category PSh(kx) and similarly with projective limits.
Note that for U € Opy, the functor PSh(kx) — Mod(k), F' +— F(U) is
exact.

Notation 5.1.2. (i) One calls the morphisms pyy, the restriction mor-
phisms. If s € F(U), one better writes s|y instead of pyys and calls s|y
the restriction of s to V.

(ii) One denotes by F'|yy the presheaf on U defined by V' +— F(V'), V open in
U and calls F|y the restriction of F' to U.

(iii) If s € F(U), one says that s is a section of F' on U, and if V' is an open
subset of U, one writes s|y instead of pyy(s).

Examples 5.1.3. (i) Let M € Set. The correspondence U +— M is a
presheaf, called the constant presheaf on X with fiber M. For example, if
M = C, one gets the presheaf of C-valued constant functions on X.

(i) Let C°(U) denote the C-vector space of C-valued continuous functions on
U. Then U +— C°(U) (with the usual restriction morphisms) is a presheaf of
C-vector spaces, denoted C%.
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Definition 5.1.4. Let x € X, and let I, denote the full subcategory of Opy
consisting of open neighborhoods of x. For a presheaf F' on X, one sets:

(5.1) F, = lim F(U).

UelgP
One calls F, the stalk of F' at x.

Let x € U and let s € F(U). The image s, € F, of s is called the germ
of s at z. Note that any s, € F, is represented by a section s € F(U) for
some open neighborhood U of z, and for s € F(U),t € F(V), s, = t, means
that there exists an open neighborhood W of x with W C U NV such that
pwu(s) = pwv(t). (See Example 2.5.11.)

Proposition 5.1.5. The functor F — F, from PSh(kx) to Mod(k) is ezxact.

Proof. The functor F' — F), is the composition
PSh(kx) = Fet(Opy, Mod(k)) — Fet (5P, Mod(k)) LR Mod(k).

The first functor associates to a presheaf F' its restriction to the category
IP. 1t is clearly exact. Since U,V € I, implies U NV € I, the category IoP
is filtrant and it follows that the functor lim is exact. q.e.d.

5.2 Sheaves

Let X be a topological space and let Op, denote the category of its open
subsets. Recall that if U,V € Opy, then U NV is the product of U and V
in Opy.

We shall have to consider families U := {U;};c; of open subsets of U
indexed by a set I. One says that U is an open covering of U if |J,U; = U.
Note that the empty family {U;;i € I} with I = ) is an open covering of
0 € Opy.

Let F' be a presheaf on X and consider the two conditions below.

S1 For any open subset U C X, any open covering U = |J, U;, any s,t €
F(U) satistying s|y, = t|y, for all 4, one has s = t.

S2 For any open subset U C X, any open covering U = |J, U;, any family
{s; € F(U;),i € I} satistying s; v,; for all 7,7, there exists
s € F(U) with s|y, = s; for all i.

Uyj — S5

Definition 5.2.1. (i) One says that F is separated if it satisfies S1. One
says that F'is a sheaf if it satisfies S1 and S2.
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(ii) Ome denotes by Sh(X) the full subcategory of PSh(X) whose objects
are sheaves.

(iii) One denotes by Mod(kx) the full k-additive subcategory of PSh(kx)
whose objects are sheaves and by ¢x : Mod(kx) — PSh(ky) the for-
getful functor. If there is no risk of confusion, one writes ¢ instead of
Lx.

(iv) One writes Hom, (+, *) instead of Homy; 40 y(* ).

Let U be an open covering of U € Opy and let F' € PSh(kx). One sets

(5.2) FUU) = Kee(J[[FV)= J[ FOV V).
veu V'v'eu

Here the two arrows are associated with [], o, F'(V) — F(V') — F(V'NV")
and [[, o, (V) — F(V") = F(V' nV").

In other words, a section s € F(U) is the data of a family of sections
{sy € F(V);V € U} such that for any V', V" € U,

SV/\v'mv” = SV//\V/mv”-
Therefore, if F' is a presheaf, there is a natural map
(5.3) FU)— FU).
The next result is obvious.

Proposition 5.2.2. A presheaf F is separated (resp. is a sheaf) if and
only if for any U € Opy and any open covering U of U, the natural map
F(U) — F(U) is injective (resp. bijective).

One can consider U as a category. Assuming that U is stable by finite
intersection, we have

(5.4) F(U) ~ lim F(V).
veu

Note that if F' is a sheaf of sets, then F(()) = {pt}. If F is a sheaf of
k-modules, then F(0) = 0. If {U;}ies is a family of disjoint open subsets,
then F( ], U;) = [, F(U,).

If F'is a sheaf on X, then its restriction F|y to an open subset U is a
sheaf.

in the sequel, we shall concentrate on sheaves of k-modules, although
many results hold for sheaves of sets.
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Notation 5.2.3. Let F' be a sheaf of k-modules on X.

(i) One defines its support, denoted by supp F', as the complementary of the
union of all open subsets U of X such that |y = 0. Note that F'| x\quppr = 0.
(ii) Let s € F(U). One can define its support, denoted by supp s, as the
complementary of the union of all open subsets U of X such that s|y = 0.

The next result is extremely useful. It says that to check that a morphism
of sheaves is an isomorphism, it is enough to do it at each stalk.

Proposition 5.2.4. Let ¢ : F' — G be a morphism of sheaves.

(i) ¢ is a monomorphism of presheaves if and only if, for all v € X,
0, F, — G, 1s injective.

(ii) @ is an isomorphism if and only if, for allx € X, ¢, : F, — G, is an
1somorphism.

Proof. (i) The condition is necessary by Proposition 5.1.5. Assume now ¢,
is injective for all z € X and let us prove that p: F(U) — G(U) is injective.
Let s € F(U) with ¢(s) = 0. Then (¢(s)). = 0 = ¢.(s:), and ¢, being
injective, we find s, = 0 for all x € U. This implies that there exists an open
covering U = U;U;, with s|y, = 0, and by S1, s = 0.

(ii) The condition is clearly necessary. Assume now ¢, is an isomorphism
for all # € X and let us prove that ¢: F(U) — G(U) is surjective. Let
t € G(U). There exists an open covering U = U;U; and s; € F(U;) such that

(si)-

Then, QD(SZ) i T QD(S]') iNUj hence by (l)a Si
S2, there exists s € F(U) wi v; = Si. Since ¢(s)|y, = t|y,, we have
©(s) =t, by S1. q.e.d.

Examples 5.2.5. (i) The presheaf C% is a sheaf.

(ii) Let M € Mod(k). The presheaf of locally constant functions on X with
values in M is a sheaf, called the constant sheaf with stalk M and denoted
Myx. Note that the constant presheaf with stalk M is not a sheaf except if
M = 0.

(iii) Let X be a topological space in (a) below, a real manifold of class C'*
in (b)—(d), a complex analytic manifold in (e)-(h). We have the classical
sheaves:

(iii)—(a) kx: k-valued locally constant functions,

(iii)—(b) C¥: complex valued functions of class C*,

(iii)—(c) DbX complex valued distributions,

(iii)—(d) Cx ) p-forms of class C™, also denoted O,
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(iii)—(e) Ox: holomorphic functions,

(iii)—(f) Q%: holomorphic p-forms (hence, Q% = Ox).

(iv) On a topological space X, the presheaf U — C¥’(U) of continuous
bounded functions is not a sheaf in general. To be bounded is not a local
property and axiom S2 is not satisfied.

(v) Let X = C, and denote by z the holomorphic coordinate. The holomor-

phic derivation % is a morphism from Ox to Ox. Consider the presheaf:

FoUo owy%ow),

that is, the presheaf Coker(Z : Ox — Ox). For U an open disk, F(U) =0

since the equation % f = g is always solvable. However, if U = C\ {0},

F(U) # 0. Hence the presheaf F' does not satisfy axiom S1.
(vi) If F'is a sheaf on X and U is open, then F|y is sheaf on U.

5.3 Sheaf associated with a presheaf
Consider the forgetful functor
(55) Lx MOd(kx) — PSh(kx)

which, to a sheaf F' associates the underlying presheaf. In this section, we
shall rapidly construct a left adjoint to this functor.

When there is no risk of confusion, we shall often omit the symbol ¢tx. In
other words, we shall identify a sheaf and the underlying presheaf.

Theorem 5.3.1. The forgetful functor vx in (5.5) admits a left adjoint
(5.6) “: Mod(kx) — PSh(kx).

More precisely, one has the isomorphism, functorial with respect to F €

PSh(ky) and G € Mod(ky)
(5.7) Hom pgy, ) (F} txG) = Hom, (F, G).

Moreover (5.7) defines a morphism of presheaves 6 : ' — F* and 0, : F, —
F? is an isomorphism for all xz € X.

Note that if F'is locally 0, then F'* = 0. If F is a sheaf, then 0 : FF — F*
is an isomorphism.

If F is a presheaf on X, the sheaf F'® is called the sheaf associated with
F.
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Proof. Define:

{s:U = |,y Fo; s(x) € F, such that, for all x € U,
F*(U) = there exists V 3> x, V open in U, and there exists t €
F(V) with t, = s(y) for all y € V'}.

Define 6 : F' — F as follows. To s € F(U), one associates the section of F'*:
(x+—s,) € FY(U).

One checks easily that F'* is a sheaf and any morphism of presheaves ¢ :
F — G with G a sheaf will factorize uniquely through 6. In particular,
any morphism of presheaves ¢ : F' — G extends uniquely as a morphism of
sheaves ¢ : F* — G* and F' — F“ is functorial. q.e.d.

Example 5.3.2. Let M € Mod(k). Then the sheaf associated with the
constant presheaf U +— M is the sheaf My of M-valued locally constant
functions.

Theorem 5.3.3. (i) The category Mod(kx) admits projective limits and
such limits commute with the functor vx in (5.5). More precisely, if
{F,}ier is a projective system of sheaves, its projective limit in PSh(kx)
is a sheaf and is a projective limit in Mod(kx).

(ii) The functor ® in (5.6) commutes with kernels. More precisely, let ¢ :
F — G be a morphism of presheaves and let p® : F* — G* denote the
associated morphism of sheaves. Then

(5.8) (Ker ¢)* ~ Ker ¢”.

(iii) The category Mod(kx) admits inductive limits. If {F;}ier is an induc-
tive system of sheaves, its inductive limit is the sheaf associated with its
inductive limit in PSh(kx).

(iv) The functor® commutes with inductive limits (in particular, with coker-
nels). More precisely, if { F};}ier is an inductive system of of presheaves,
then
(5.9) lim(£7") & (lim £5)*,
where hi>n on the left (resp. right)is the inductive limit in the category
of sheaves (resp. of presheaves).

(v) The category Mod(kx) is abelian and the functor @ is exact.
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(vi) The functor tx : Mod(kx) — PSh(kx) is fully faithful and left exact.
(vii) Filtrant inductive limits are exact in Mod(kx).

Let ¢ : FF — G is a morphism of sheaves and let txp : (1xF — 1xG
denote the underlying morphism of presheaves. Then Keri.xy is a sheaf
and coincides with ¢x Kerp. On the other-hand, one shall be aware that
Coker tx ¢ is not necessarily a sheaf. The cokernel in the category of sheaves
is the sheaf associated with this presheaf. In other words, the functor ¢x :
Mod(kx) — PSh(kx) is left exact, but not right exact in general.

Proof. (i) Let U be an open covering of an open subset U. Since F' —
F(U) commutes with projective limits, (lim F;)(U) == (lim F;)(@/). Hence a

projective limit of sheaves in the category PSh(kx) is a sheaf. One has, for
G € Mod(kx):

@Homkx (G, F;) ~ liranom psh(ky) (Gs 1)

~ Hom pg,, (G, lin E)

~ Hom, (G,limF;).

It follows that lim F; is a projective limit in the category Mod(kx).

(ii) The commutative diagram

0—— Kergp F G

L

0 — Ker(¢?) — F¢ —=G*

defines the morphism Ker ¢ — Ker ¢, hence, the morphism v : (Ker ¢)* —
Ker p®. Since the functor F' +— F, commutes both with Ker and with ¢, v,
is an isomorphism for all x and it remains to apply Proposition 5.2.4.
(iii)—(iv) Let G € Mod(kx) and let {F;}ie;r be an inductive system of of
presheaves. We have the chain of isomorphisms

Homkx((mﬂ)a,G) ~ Hom PSh(kX)(@E,G)
= liLnHom psh(ky) (Fis G)
= lileHomkx(F’iaaG)-

2
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(v) By (i) and (iii), the category Mod(kx) admits kernels and cokernels. Let
¢ : F — G be a morphism of sheaves and denote by ¢x¢ the underlying
morphism of presheaves. Using (5.9) we get that Coim ¢ := Coker(Ker ¢ —
F') is isomorphic to the sheaf associated with Coim(txp). Using (5.8) we get
that Im ¢ := Ker(G — (Coker txp)*) is isomorphic to the sheaf associated
with Im(cx¢). The isomorphism of presheaves Coim(tx ) == Im(txp) yields
the isomorphism of the associated sheaves. Hence Mod(ky) is abelian.

The functor F'+— F® is exact since it commutes with kernels by by (5.9)
and with cokernels by (5.8).
(vi) The functor tx is fully faithful by definition. Since it admits a left
adjoint, it is left exact.
(vii) Filtrant inductive limits are exact in the category Mod(k), whence in
the category PSh(kyx). Then the result follows since ¢ is exact. q.e.d.

Recall that the functor F' — F% commutes with the functors of restriction
F +— F|y, as well as with the functor F' +— F,.

Proposition 5.3.4. (i) Let ¢ : F' — G be a morphism of sheaves and
let x € X. Then (Kery), ~ Kerp, and (Coker ¢), ~ Coker y,. In
particular the functor F — F,, from Mod(kx) to Mod(k) is ezact.

(i) Let F' & F Y F" be a complex of sheaves. Then this complex is exact

if and only if for any © € X, the complex F! 2% F, Ya, F! is exact.

Proof. (i) The result is true in the category of presheaves. Since tx Ker ¢ ~
Ker tx ¢ and Coker ¢ ~ (Coker tx )%, the result follows.

(ii) By Proposition 5.2.4, Im ¢ ~ Ker if and only if (Im ), ~ (Ker ), for
all z € X. Hence the result follows from (i). q.e.d.

By this statement, the complex of sheaves above is exact if and only if for
each section s € F(U) defined in an open neighborhood U of x and satisfying
Y (s) = 0, there exists another open neighborhood V' of x with V' C U and a
section t € F'(V) such that ¢(t) = s|y.

On the other hand, a complex of sheaves 0 — F' — F — F" is exact if
and only if it is exact as a complex of presheaves, that is, if and only if, for
any U € Opy, the sequence 0 — F'(U) — F(U) — F"(U) is exact.

Examples 5.3.5. Let X be a real analytic manifold of dimension n. The
(augmented) de Rham complex is

(5.10) 0 Cx —C@ 4 . e o
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where d is the differential. This complex of sheaves is exact. The same result
holds with the sheaf C¥ replaced with the sheaf C% or the sheaf Dby.

(ii) Let X be a complex manifold of dimension n. The (augmented) holo-
morphic de Rham complex is

5.11 0-Cx—0% % ... 50
X X

where d is the holomorphic differential. This complex of sheaves is exact.

Definition 5.3.6. Let U € Opy. We denote by I'(U; ) : Mod(kx) —
Mod(k) the functor F' — F(U).

Proposition 5.3.7. The functor I'(U; ) is left exact.

Proof. The functor I'(U; «) is the composition
Mod(ky) % PSh(ky) 2% Mod(k),

where Ay is the functor F' +— F(U). Since tx is left exact and Ay is exact,
the result follows. q.e.d.

The functor I'(U; «) is not exact in general. Indeed, consider Example 5.2.5
(v). Recall that X = C, z is a holomorphic coordinate and U = X \ {0}.

Then the sequence of sheaves 0 — Cx — Ox %, Ox — 0is exact. Applying
the functor I'(U; ), the sequence one obtains is no more exact.

54 Hom and ®

Definition 5.4.1. Let F,G € PSh(kx). One denotes by Hom pg, (£, G)
or simply Hom (F,G) the presheaf on X, U +— Hom PSh(k;U)(F|U7G‘U) and
calls it the “internal hom” of F' and G.

Proposition 5.4.2. Let F,G € Mod(kx). Then the presheaf Hom (F,G) is
a sheaf.

Proof. Let U € Opy and let U be an open covering of U. Let us show that
Hom (F,G)(U) ~ Hom (F,G)(U). In other words, we shall prove that the
sequence below is exact, (in these formulas, we write Hom instead of Hom oy
W open, for short):

0 — Hom (Fly, Gly) — [ [ Hom (Flv, Glv)
Veu

= H Hom (F‘V’HV’U G‘V’HV”)-
Vivreld
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(i) Let ¢ € Hom, (F|y,Gly) and assume that ¢|y : F|y — Gly is zero for
allV e Y. Thenfor V e U, any W € Opy and any s € F(W), ¢(s)|wnv = 0.
Since {WNV;V € U} is a covering of W, ¢(s) € G(W) is zero. This implies

@ =0.
(ii) Let {¢v} belong to ] <, Hom (F|y, G|y). Assume that

evilviave = pvrlvinove

for any V', V" € U. Let W € Opy. Then {py} defines a commutative
diagram

FW) S JJcwnvy= [ ¢wnv nv”)
veu vivieu

where ay is given by F(W) 3 s +— @y (s|wnv). Since G is a sheaf, ay, factors
uniquely as
Fov) 22 gy — [[ e nv).
Veu

It is easy to see that ¢ : Opy > W — (W) € Hom (F (W), G(W)) defines
an element of Hom, (Fly,G|v). q.e.d.

The functor Hom,_(+, +) being left exact, it follows that
Hom (=, +) : Mod(kx ) x Mod(kx) — Mod(kx)
is left exact. Note that

Hom; (+, ) ~T(X;*)oHom(, ),
Hom, (kx,*) ~T(X;*).

Corollary 5.4.3. Let {U;}ic; be an open covering of X, let F,G be two
sheaves on X and assume to be given isomorphisms p;: F|y, == G|u,, these
isomorphisms satisfying ¢ilv,nu; = ¢jlvinu, for any i,j € I. Then there
exists an isomorphism @: F' =5 G such that ¢|y, = ¢;.

Proof. Define the isomorphism v; € T'(Uy; Hom (G, F)) as ¢; = o; *. Then
Y € T'(UsHom (G, F)) and ¥ilu,nu; = ¥jluau, for any i,5 € I. Since
Hom (G, F) is a sheaf, there exists a morphism ¢: G — F such that ¢|y, =
;. Since 1) is a local isomorphism, it is an isomorphism. q.e.d.

Since a morphism: ¢: F' — G defines a k-linear map F, — G, we get
a natural morphism (Hom (F,G)), — Hom (F,,G,). In general, this map is
neither injective nor surjective.



102 CHAPTER 5. ABELIAN SHEAVES

Definition 5.4.4. Let F,G € Mod(kx).

sh
i) One denotes by Fp®G the presheaf on X, U — F(U) ®, G(U).
k

sh
(ii) One denotes by F'®, G the sheaf associated with the presheaf F’ EYe.
and calls it the tensor product of F' and G. If there is no risk of
confusion, one writes F' ® G instead of F' ®, G.

Proposition 5.4.5. Let F,G, K € Mod(kx). There is a natural isomor-
phism:
Hom (G ® F,H) ~ Hom (G, Hom (F, H)).
We shall skip the proof.
The functor

LIS I I MOd(kix) X MOd(kx) — MOd(kx)

psh
is the composition of the right exact functor ® and the exact functor . This
functor is thus right exact and if k is a field, it is exact. Note that for z € X
and U € Opy:

(i) (FeG), ~F,®G,,

(ii) Hom (F,G)|y ~ Hom (F|y, Gly),
(iii) Hom (kx,F) ~ F,
(iv) kx @ F ~ F.

Example 5.4.6. Let CY denote as above the sheaf of real valued C°-
functions on a real manifold X. If V' is a finite R-dimensional vector space
(e.g., V. = C), then the sheaf of V-valued C*-functions is nothing but

C g, Vi

5.5 Direct and inverse images

Let f : X — Y be a continuous map. We denote by f! the inverse image of a
set by f. Hence, we set for V. .C Y: fi{(V):= f~1(V) and f': Opy — Opy is
a functor. Note that f! commutes with non empty products and coverings,
that is, it satisfies

for any U,V € Opy, fA(UNV) = f{(U)N f1(V),
(5.12) [ for any V € Opy and any covering V of V| f1(V) is a covering
of fH(V).
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Definition 5.5.1. Let U — X be an open embedding. One denotes by
7t : Opy — Opy the functor Opy, 2V — V € Opy.

The functor j}; satisfies (5.12). It is a motivation to introduce the follow-
ing definition which extends the notion of a continuous map.

Definition 5.5.2. A morphism of sites f : X — Y is a functor f*: Opy, —
Opy which satisfies (5.12).

One shall be aware that we do not ask that f! commutes with finite
projective limits. In particular, we do not ask f{(Y) = X.

Note that if f: X — Y and g : Y — Z are morphisms of sites, then
go f: X — Z is also a morphism of sites.

Definition 5.5.3. Let f : X — Y be a morphism of sites and let F €
PSh(kx). One defines f.F € PSh(ky), the direct image of F' by f, by
setting: f.F (V) = F(fY(V)).

Proposition 5.5.4. Let F' € Mod(kx). Then f.F € Mod(ky). In other
words, the direct image of a sheaf is a sheaf.

Proof. Let V' € Opy and let V be an open covering of V. Then f!(V) is an
open covering of f*(V') and we get

FE(V) = F(f1(V) = F(f'(V)) = £ F (V).
q.e.d.
Definition 5.5.5. Let f: X — Y be a morphism of sites.
(i) Let G € PSh(ky). One defines fTG € PSh(ky) by setting for U € Opy:

fIGU) = lim G(V).
Ucfi(v)

(i) Let G € Mod(ky). One defines f~'G € Mod(kx), the inverse image of
G by f, by setting

G = (e
Note that if f is a continuous map, one has for x € X:

(5.13) (f7'@)e = (f1G)s = Gy,
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Example 5.5.6. Let U — X be an open embedding and let F' € Mod(kx).
Then ZI]F ~ 9y, F is already a sheaf. Hence:

(5.14) il =it ~ gy,
Theorem 5.5.7. Let f : X — Y be a morphism of sites.

(i) The functor f~': Mod(ky) — Mod(kx) is left adjoint to the functor
f«: Mod(kx) — Mod(ky). In other words, we have for F' € Mod(kx)
and G € Mod(ky):

Hom, (f'G,F)~Hom, (G,f.F).

(ii) The functor f. is left exact and commutes with projective limits.
(iii) The functor f~1 is exact and commutes with inductive limits.
(iv) There are natural morphisms of functors id — f.f~' and f~1f, — id.

Proof. (i) First we shall prove that the functor f7: PSh(ky) — PSh(kx)
is left adjoint to f.: PSh(kx) — PSh(ky). In other words, we have an
isomorphism, functorial with respect to F' € PSh(kx) and G € PSh(ky):

(5.15) Hom pgy o) (fTG, F) =~ Hom g (G, foF).
A section ¢ € Hom gy, (G, fiF ) is a family of maps

{ev : G(V) = F(f{(V))}veop,

compatible with the restriction morphisms. Equivalently, this is a family of
maps

{ov:G(V) = F(U)U C f{(V)}veopy veopy
compatible with the restriction morphisms. Hence it gives a family of maps

{Yv: lim G(V) — F(U)}veopy
Ucfi(v)

which defines ¢ € Hom PSh(kX)( fTG, F). Clearly, the correspondence ¢ —
is an isomorphism.

Using the isomorphism (5.15) we get the chain of isomorphisms

Hom, (G,f.F) =~ Hom pgq (G, fiF) =~ Hom PSh(kX)(fTG, F)
Hom, ((f'G)*,F)=Hom, (f™'G,F).

12
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(i) With the exception of the fact that f~! is left exact, the other assertions
follow by the adjunction property. If f is a continuous map, f~! is left exact
by (5.13). Let us give a proof in the general case. Let

(5.16) 0—-G —-G—-G"

be an exact sequence of sheaves and let U € Opy, V € Opy with U C f1(V).
The sequence 0 — G'(V) — G(V) — G"(V) is exact.

Consider the category (Opy )Y := {V € Opy,U C f1(V)}. The sequence
(5.16) defines an exact sequence of functors from ((Opy-)Y)°P to Mod (k). The
category ((Opy)Y)°P is either filtrant or empty. Indeed, if U C f!(V;) and
U C fY(Va), then U C f1(Vy N V3). It follows that the sequence

0— lim G(V)— lim GV)— lim G"(V)
— - —
Ucfi(v) ucri(v) Ucfi(v)

is exact. Hence the functor G — fTiyG' from Mod(ky) to PSh(ky) is left
exact. Since the functor ¢ is exact, the result follows. q.e.d.

Consider morphisms of sites f: X - Y, g:Y - Zandgo f: X — Z.

Proposition 5.5.8. One has natural isomorphisms of functors

g0 fi =~ (gOf)*,
flog™ =~ (gof)7h.

Proof. The functoriality of direct images is clear by its definition. The func-
toriality of inverse images follows by adjunction. q.e.d.

Note that inverse image commutes with the functor ¢ (see Exercise 5.9).

Proposition 5.5.9. (i) Let f : X — Y be a morphism of sites, let F' €
Mod(kx) and let G € Mod(ky). There is a natural isomorphism in
MOd(ky)

Hom, (G, f.F) > f,Hom, (f~'G,F).
(ii) Let Gy,Gq € Mod(ky). There is a natural isomorphism in Mod(kx)
UG ®,, Go) =5 fTIGL @, [71Ga.

Proof. The proof is left as an exercise. q.e.d.
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Let V € Opy, set U = f(V) and denote by fy the restriction of f to V:

x-Loy
‘R

v

(5.17)

l@

Proposition 5.5.10. Let F' € Mod(kx). Then iy, f.F =~ fy,ig'F

Proof. Consider the morphisms of presites:

f

(5.18) X Y
J'Ul/ jvl
UL

By Proposition 5.5.8, one has jy,f. F' >~ fv,ju.F. q.e.d.

We denote by ax the canonical map ax = X — {pt}. (Recall that {pt}
is the set with one element.) There is a natural equivalence of categories

Mod(ky) == Mod(k),
F — T(pt;F).

In the sequel, we shall identify these two categories.
Examples 5.5.11. (i) Let F' € Mod(kx). Then:
['(X; F) ~ax,F.

(ii) Let M € Mod(k). Recall that My denotes the sheaf associated with the
presheaf U — M. Hence:

My ~ a)}lM{pt}.
Let f: X — Y be a continuous map. Since ax = ay o f, we get
x =~ [T My.
(iii) Let x € X and denote by i, : {x} < X the embedding. Then
i, F ~ F,.

(iv) Let iy : U < X be the inclusion of an open subset of X and let F' be a
sheaf on X. Then I'(V;iy'F) ~T'(V; F) for V € Opy.
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(v) Let X = Y| ]Y, the disjoint union of two copies of Y. Let f: X — Y
be the natural map which induces the identity one each copy of Y. Then
fof 'G ~ G @ G. In fact, if V is open in Y, then we have the isomorphisms

L(Viff'G) ~ D(VUV;f'G)
~ I(V;G)aT(V;G).
(vi) Let ig: S < X be the embedding of a closed subset S. Let G € Mod(ks).

Then (ig,G), is isomorphic to G, if z € S and to 0 otherwise. It follows that
the functor g, is exact.

Example 5.5.12. Let f: X — Y be a morphism of complex manifolds. To
each open subset V C Y is associated a natural “pull-back” map:

L(V;Oy) — I(V; £.0x)

defined by:
prpof

We obtain a morphism Oy — f,Ox, hence a morphism:
1Oy — Ox.

For example, if X is closed in Y and f is the injection, f~!Oy will be the
sheaf on X of holomorphic functions on Y defined in a neighborhood of X. If
f is smooth (locally on X, f is isomorphic to a projection Y x Z — Y'), then
f71Oy will be the sub-sheaf of Ox consisting of functions locally constant
in the fibers of f.

Examples 5.5.13. (i) Let ig : S — X be the embedding of a closed subset
S of X. Then the functor ig, is exact.

(ii) Let iy : U — X be the embedding of an open subset U of X. Let
F € Mod(kx) and let x € X. Then

(ivyig' F)e ~ im T(U NV F).

Vozx

Notation 5.5.14. On X x Y, we denote by ¢; and ¢» the first and second
projection, respectively. If F' € Mod(kx) and G € Mod(ky ) we set:

FRG=q'Foq'G.

One can recover the functor ® from X . Denote by § : X «— X x X the
diagonal embedding and let F} and F» be in Mod(kx). We have:

(5_1(F1 X FQ) = (5_1(q1_1F1 ®q2_1F2) ~ F1 ®F2
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5.6 Sheaves associated with a locally closed
subset

Let Z be a subset of X. One denotes by
(5.19) iz 4 — X

the inclusion morphism. One endows Z with the induced topology, and for
F € Mod(kx), one sets:

Fl; = i,'F,
I(Z;F) = T(ZF|z).

If Z .= U is open, these definitions agree with the previous ones. The mor-
phism F' — iz*iglF defines the morphism ayx,F — ax*iz*iglF ~ @Z*z’;F,
hence the morphism:

(5.20) [(X;F) — T(Z; F).

One denotes by s|z the image of a section s of F' on X by this morphism.

Replacing X with an open set U containing Z in (5.20), we get the mor-
phism I'(U; F') — I'(Z; F'). Denote by I, the category of open subsets con-
taining Z (the morphisms are the inclusions). Then (1) is filtrant, F’
defines a functor (/7)°® — Mod(k) and we get a morphism

(5.21) lim D(U; F) — T(Z; F).
UDZ

The morphism (5.21) is injective. Indeed, if a section s € I'(U; F') is zero in
['(Z; F), then s, = 0 for all z € Z, hence s = 0 on an open neighborhood
of Z. One shall be aware that the morphism (5.21) is not an isomorphism
in general. There is a classical result which asserts that if X is paracompact
(e.g., if X is locally compact and countable at infinity) and Z is closed, then
(5.21) is bijective.

A subset Z of a topological space X is relatively Hausdorff if two distinct
points in Z admit disjoint neighborhoods in X. If 7 = X, one says that X
is Hausdorff.

Proposition 5.6.1. Let Z be compact subset of X, relatively Hausdorff in X
and let ' € Mod(kx). Then the natural morphism (5.21) is an isomorphism.

Proof. ' Let s € ['(Z;F|z). There exist a finite family of open subsets
{U;}1_, covering Z and sections s; € I'(U;; F') such that s;|znu, = $|znwv,-

!The proof may be skipped
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Moreover, we may find another family of open sets {V;}; covering Z such
that Z NV; C U;. We shall glue together the sections s; on a neighborhood
of Z. For that purpose we may argue by induction on n and assume n = 2.
Set Z; = Z N V. Then 81|72, = S2|zz,- Let W be an open neighborhood
of Zy N Zy such that sy = so|lw and let W;(i = 1,2) be an open subset of
U; such that W; D Z; \ W and Wi N W, = ). Such W;’s exist thanks to the
hypotheses. Set U,i = VVZ U W, (Z = 1, 2) Then Sl‘U’lmU/Q = SQ‘U’lmU/Q‘ This
defines t € T'(U’'y UU'y; F) with t|z = s. q.e.d.

The case of open subsets

Let U be an open subset. Recall that we have the morphisms of sites

Jju: X—=U UDV—=VCLX,
i U—X, X-SVeUNVCU

Hence, we have the pairs of adjoint functors (i;;', iy, ) and (j;;', ju,). Clearly,
there is an isomorphism of functors jy, ~ i;;" : Mod(kx) — Mod (ky/).

Definition 5.6.2. (i) One defines the functor iy : Mod(ky) — Mod(kx)
by setting iy := j{,l.

(ii) For F' € Mod(ky), one sets Fy :=iyiy,' F = j; ' ju. F.
(iii) For F' € Mod(ky), one sets Iy F =iy, i;' F = iy, ju.F.
(iv) One sets kxy := (kx )y for short.

Hence, we have the functors

(4og
i51—> MOd(kU),

U %

MOd(kx)

and the pairs of adjoint functors
(ig" iv.) (i) = (g Jos)-

Note that iU,i(_le — I defines the morphism Fy; — F and ' — iU*i(_le
defines the morphism F' — I'y F.
Moreover

F ~F Fy), ~Fifzel,
(5.22) ulv o in particular (Fy) n 6_
Fylxw ~0, (Fy): =~ 0 otherwise.
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Proposition 5.6.3. Let U C X be an open subset and let F' € Mod(ky).
(i) The functor F — Fy is exact.

(ii) Let V' be another open subset. Then (Fy)y = Fyay.

(iii) We have I'(U; F') ~ Hom,_(kxuv, F).

(iv) We have Fy ~ F Q@ kxy.

(v) Let Uy and Uy be two open subsets of X. Then the sequence below is
eract:

(5.23) 0 — Fynu, — Fy, © Fy, LN Foou, — 0.

Here o = (o, ) and f = [y — By are induced by the natural morphisms
a; : Fy,nv, — Fu, and B; - Fy, — Fu,uu,-

Proof. (i) follows from (5.22).
(ii) By (5.22), we have the isomorphisms Fyny <~ (Fynv )y == (Fy)v.
(iii) We have the isomorphisms

HOIHkX(kXU,F) = Homkx(jgljy*kx,F
HomkU(jU*anjU*F)
Hom, (ky, Flv) ~ F(U).

12

12

(iv)—(v) are proved similarly as (ii). q.e.d.

Note that the functor T'y(*): Mod(ky) — Mod(ky) is left exact and more-
over I'(U; F) ~T(X;TyF). Indeed,

I'X;I'yF) ~ Hom/(kx,I'yF)
= HOm(kx,Z'U*Z'ﬁlF)
~ Hom (iy,'kx,i;'F) =~ T(U; F).

The case of closed subsets
Definition 5.6.4. Let S be a closed subset of X.
(i) For F' € Mod(kx), one sets Fg = ig,ig F.

(ii) One sets kxgs := (kx)g for short.
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Note that ' — ig*z'glF defines the morphism F' — Fg. Moreover

F ~ F Fq), ~F,if S,
(5.24) sls s in particular (Fs) = 6_
Fs|x\s =0, (Fs), =0 otherwise.

Proposition 5.6.5. Let S C X be a closed subset and let F' € Mod(kx).

(i) Set U:=X\S. Then the sequence 0 — Fy — F — Fg — 0 is exact in
Mod(kx).
(ii) The functor F +— Fg is exact.
(iii) Let S’ be another closed subset. Then (Fs)s = Fgnsr.
(iv) We have Fs ~ F @ kxg.
)

(v) Let Sy and Sy be two closed subsets of X. Then the sequence below is
exact:

(5.25) 0 — Fsus, % Fs, @ Fs, 5 Foyng, — 0.

Here a = (o, a0) and 3 = P1—Ps are induced by the natural morphisms
a; : Fsyus, — Fs, and B; : Fs, — Fs,ns,.

Proof. The proof is similar to that of Proposition5.6.3. q.e.d.

The case of locally closed subsets

A subset Z of X is locally closed if there exists an open neighborhood U of
Z such that Z is closed in U. Equivalently, Z = S N U with U open and S
closed in X. In this case, one sets

FZ = (FU)S'

One checks easily that this definition depends only on Z, not on the choice
of U and S. Moreover, (5.24) still holds with Z instead of S.

5.7 Locally constant and locally free sheaves

Locally constant sheaves

Definition 5.7.1. (i) Let M be a k-module. Recall that the sheaf My is
the sheaf of locally constant M-valued functions on X. It is also the
sheaf associated with the constant presheaf U +— M.
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(ii) A sheaf ' on X is constant if it is isomorphic to a sheaf M, for some
M € Mod(k).

(iii) A sheaf F' on X is locally constant if there exists an open covering
X =, U; such that F|y, is a constant sheaf of U;.

Recall that a morphism of sheaves which is locally an isomorphism is
an isomorphism of sheaves. However, given two sheaves F' and G, it may
exist an open covering {U,}ier of X and isomorphisms F|y, == G|y, for all
1 € I, although these isomorphisms are not induced by a globally defined
isomorphism F' — @G.

Example 5.7.2. Consider X = R and consider the C-valued function ¢ +—
exp(t), that we simply denote by exp(t). Consider the sheaf Cx - exp(t)
consisting of functions which are locally a constant multiple of exp(t). Clearly
Cx -exp(t) is isomorphic to the constant sheaf Cx, hence, is a constant sheaf.
Note that this sheaf may also be defined by the exact sequence

0— Cy-explt) = CF L CF — 0

0
where P is the differential operator — — 1.

ot

Examples 5.7.3. (i) If X is not connected it is easy to construct locally
constant sheaves which are not constant. Indeed, let X = U; U U, be a
covering by two non-empty open subsets, with UjNU, = ). Let M € Mod(k)
with M # 0. Then the sheaf which is 0 on U; and My, on U, is locally
constant and not constant.
(i) Let X =Y = C\ {0}, and let f : X — Y be the map z — 22, where
2 denotes a holomorphic coordinate on C. If D is an open disk in Y, f~1D
is isomorphic to the disjoint union of two copies of D. Hence, the sheaf
f+kx|p is isomorphic to k%, the constant sheaf of rank two on D. However,
LY, fukx) = T'(X;kx) = k, which shows that the sheaf f.kx is locally
constant but not constant.
(iii) Let X = C\ {0} with holomorphic coordinate z and consider the dif-
ferential operator P = z% — a, where v € C\ Z. Let us denote by K, the
kernel of P acting on Ox.

Let U be an open disk in X centered at 2y, and let A(z) denote a primitive
of a/z in U. We have a commutative diagram of sheaves on U:
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Therefore, one gets an isomorphism of sheaves K|y == Cx|y, which shows
that K, is locally constant, of rank one.

On the other hand, f € O(X) and Pf = 0 implies f = 0. Hence
I'(X;K,) = 0, and K, is a locally constant sheaf of rank one on C\ {0}
which is not constant.

Let us show that all locally constant sheaf on the interval [0, 1] are con-
stant.
Recall that for M € Mod(k), Mx is the constant sheaf with stalk M.

Lemma 5.7.4. Let M, N € Mod(k). Then
(i) (M ® N)x ~ Mx ® Nx,
(ii) (Hom (M, N))x ~ Hom, (Mx,Nx).
The proof is left as an exercise.

Lemma 5.7.5. let X = U; UUs; be a covering of X by two open sets. Let F
be a sheaf on X and assume that:

(i) Uya = Uy NUy is connected and non empty,
(ii) Fly, (1 =1,2) is a constant sheaf.
Then F' is a constant sheaf.

Proof. By the hypothesis, there is M; € Mod(k) and isomorphisms 6; :
Fly, =(M;)x|v, (i = 1,2). Since U; N Uy is non empty and connected,
M, ~ M, and we may assume M; = M, = M. define the isomorphism
010 = 61 005" Mx|v,nv, == Mx|v,nv,-  Since Uy N Uy is connected and
non empty, I'(Uy N Uy; Hom (Mx, Mx)) ~ Hom (M, M) by Lemma 5.7.4.
Hence, 615 defines an invertible element of Hom (M, M). Using the map
Hom (M, M) — I'(X; Hom (Mx, Mx)), we find that 6,2 extends as an iso-
morphism 6 : My ~ My all over X. Now define the isomorphisms: «; :
Fly, = (Mx)|y, by ay = 01 and ay = 0|y, o 6,. By Corollary 5.4.3, o and
as will glue together to define an isomorphism F' =5 Mx. q.e.d.

Proposition 5.7.6. Let I denote the interval [0, 1].
(i) Let F be a locally constant sheaf on I. Then F is a constant sheaf.

(ii) In particular, if t € I, the morphism T'(I; F) — F, is an isomorphism.
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(iii) Moreover, if F = M for a k-module M, then the composition
1s the identity of M.

Proof. (i) We may find a finite open covering U;, (i = 1,...,n) such that F
is constant on U;, U; N U;11 (1 < i < n) is non empty and connected and
U;NU; =0 for |i — j| > 1. By induction, we may assume that n = 2. Then
the result follows from Lemma 5.7.5.

(ii)—(iii) are obvious. q.e.d.

Locally free sheaves

A sheaf of k-algebras (or, equivalently, a kx-algebra) A on X is a sheaf of
k-modules such that for each U C X, A(U) is endowed with a structure
of a k-algebra, and the operations (addition, multiplication) commute to the
restriction morphisms. A sheaf of Z-algebras is simply called a sheaf of rings.
If A is a sheaf of rings, one defines in an obvious way the notion of a sheaf
F of (left) A-modules (or simply, an A-module) as follows: for each open set
UcC X, F(U) is an A(U)-module and the action of A(U) on F(U) commutes
to the restriction morphisms. One also naturally defines the notion of an .4-
linear morphism of .4-modules. Hence we have defined the category Mod(.A)
of A-modules.

Examples 5.7.7. (i) Let A be a k-algebra. The constant sheaf Ax is a sheaf
of k-algebras.

(ii) On a topological space, the sheaf C is a Cx-algebra. If X is open in R",
the sheaf CS is a Cx-algebra. The sheaf Dby is a C-module.

(iii) If X is open in C", the sheaf Ox is a Cx-algebra.

The category Mod(A) is clearly an additive subcategory of Mod(ky).
Moreover, if ¢ : F' — G is a morphism of A-modules, then Ker ¢ and Coker ¢
will be A-modules. One checks easily that the category Mod(.A) is abelian,
and the natural functor Mod(A) — Mod(ky) is exact and faithful (but
not fully faithful). Moreover, the category Mod(A) admits inductive and
projective limits and filtrant inductive limits are exact. Now consider a sheaf
of rings A.

Definition 5.7.8. (i) A sheaf £ of A-modules is locally free of rank &
(resp. of finite rank) if there exists an open covering X = U;U; such
that L|y, is isomorphic to a direct sum of k copies (resp. to a finite
direct sum) of Aly,.



5.8. GLUING SHEAVES 115

(ii) A locally free sheaf of rank one is called an invertible sheaf.

We shall construct locally constant and locally free sheaves by gluing
sheaves in the §5.8.

5.8 Gluing sheaves

Let X be a topological space, and let U = {U, };c; be an open covering of X.
One sets U;; = U; N U;, Ui, = U;; N Uy. First, consider a sheaf ' on X, set
F,=F|y, 0;: Fly, = F,, 0, =0; o 9[1. Then clearly:

9“- = id on UZ',
(526) eij o ejk = ezk on Uz]k }

The family of isomorphisms {6;;} satisfying conditions (5.26) is called a 1-
cocycle. Let us show that one can reconstruct F' from the data of a 1-cocycle.

Theorem 5.8.1. Let U = {U,}ier be an open covering of X and let F; be
a sheaf on U;. Assume to be given for each pair (i,7) an isomorphism of
sheaves 0j; : Fily,, = Fjlu,;, these isomorphisms satisfying the conditions
(5.26).

Then there exists a sheaf F' on X and for each i isomorphisms 60; :
Fly, & F; such that §; = 6;; 0 0;. Moreover, (F,{0;}ic1) is unique up to
unique isomorphism.

Clearly, if the F;’s are locally constant, then F' is locally constant.

Sketch of proof. (i) Existence. For each open subset V' of X, define F((V) as
the submodule of ], , Fi(V N U;) consisting of families {s;}; such that for
any (i,7) € I x I, 0i(silvau,;) = Sjlvau,,- One checks that the presheaf so
obtained is a sheaf, and the isomorphisms 6;’s are induced by the projections
[Lic; Fx(V N U:) — F(VNU;).

(ii) Unicity. Let 0; : F|y, =~ F; and \; : G|y, == F;. Then the isomor-
phisms \; ' 06, : F|y, — G|y, will glue as an isomorphism G =% F on X, by
Proposition 5.4.2. q.e.d.

Remark 5.8.2. Let U = {U, };e; be an open covering of X and let {F}, G, }ier
be families of sheaves on the U;’s as in Theorem 5.8.1, both satisfying con-
ditions (5.26). Let F' and G be the associated sheaves on X given by the
theorem. Then on easily checks that

(5.27) Hom, (F,G)~ liLnHomkUi(E,Gi).

(2
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Example 5.8.3. Assume £k is a field, and recall that £* denote the multi-
plicative group k\ {0}. Let X = S' be the 1-sphere, and consider a covering
of X by two open connected intervals U; and U,. Let Uf; denote the two
connected components of Uy N U;. Let a € k*. One defines a locally con-
stant sheaf L, on X of rank one over k by gluing ky, and kg, as follows. Let
95 . kU1|U152 — kUg’UfQ (6 = :l:) be defined by (9+ = 1, 0_ = a.

Assume that £ = C. One can give a more intuitive description of the sheaf
L, as follows. Let us identify S* with [0, 27]/ ~, where ~ is the relation which
identifies 0 and 27. Choose (8 € C with exp(i3) = a. If 5 ¢ Z, the function
0 — exp(i30) is not well defined on S! since it does not take the same value
at 0 and at 27m. However, the sheaf Cx - exp(if6) of functions which are
a constant multiple of the function exp(i36) is well-defined on each of the
intervals U; and Us, hence is well defined on S', although it does not have
any global section.

Example 5.8.4. Consider an n-dimensional real manifold X of class C*, and
let { X}, f;} be an atlas, that is, the X; are open subsets of X and f; : X; =~ U;
is a C*-isomorphism with an open subset U; of R". Let U}, = fi(X,;) and
denote by f;; the map

xy 0 fi! vi, + Uiy = Ul

The maps f;; are called the transition functions. They are isomorphisms of
class C*°. Denote by J¢ the Jacobian matrix of amap f:R*" DU — V C
R". Using the formula Jyor(x) = J,(f(x)) o Jp(x), one gets that the locally
constant function on Xj;; defined as the sign of the Jacobian determinant
det Jy,, of the f;;’s is a 1-cocycle. It defines a sheaf locally isomorphic to Zx
called the orientation sheaf on X and denoted by ory.

Remark 5.8.5. In the situation of Theorem 5.8.1, if A is a sheaf of k-algebras
on X and if all F;’s are sheaves of A|y, modules and the isomorphisms 6
are Aly, -linear, the sheaf I constructed in Theorem 5.8.1 will be naturally
endowed with a structure of a sheaf of A-modules.

Example 5.8.6. (i) Let X = P!(C), the Riemann sphere. Then Qx := Q)
is locally free of rank one over Ox. Since I'(X;{x) = 0, this sheaf is not
globally free.

(ii) Consider the covering of X by the two open sets U; = C, Uy = X \ {0}.
One can glue Ox|y, and Ox|y, on U; N Us by using the isomorphism f +—
2Pf (p € Z). One gets a locally free sheaf of rank one. For p # 0 this sheaf
is not free.
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Exercises to Chapter 5

Exercise 5.1. Let S (resp. U) be a closed (resp. an open) subset of X and
let F' € Mod(kx).

(i) Prove the isomorphism I'(X; Fg) ~ T'(S; F|s).

(ii) Construct the morphism I'(X; Fy) — T'(U; F) and prove that it is not
an isomorphism in general.

Exercise 5.2. Assume that X = R, let S be a non-empty closed interval
and let U = X \ S.

(i) Prove that the natural map I'(X;ky) — T'(X;kxs) is surjective and
deduce that T'(X; kxy) ~ 0.

(ii) Let € R.Prove that the morphism kx — kx{,} does not split.

Exercise 5.3. Let F' € Mod(kyx). Define F € Mod(kx) by F = D.cx Fray-
(Here, Fy;3 € Mod(ky) and the direct sum is calculated in Mod(kx), not in
PSh(ky).) Prove that F, and F, are isomorphic for all z € X, although F
and F are not isomorphic in general.

Exercise 5.4. Let Z = Z; LU Z5 be the disjoint union of two sets Z; and Z,
in X.

(i) Assume that Z; and Z, are both open (resp. closed) in X. Prove that
kxz ~kxz @ kxz,.

(ii) Give an example which shows that (i) is no more true if one only assume
that Z; and Z are both locally closed.

Exercise 5.5. Let X = R* Y =R, S = {(z,y) € X;zy > 1}, and let
f: X —Y be the map (z,y) — y. calculate f.kxg.

Exercise 5.6. Let f : X — Y be a continuous map, and let Z be a closed
subset of Y. Construct the natural isomorphism f~'ky; °% kx(-12).-

Exercise 5.7. Assume that X is a compact space and let {F;};c; be a fil-
trant inductive system of sheaves on X. Prove the isomorphism lim I'(X; F})

=5 T(X; lim F).

—
Exercise 5.8. Let S be a set endowed with the discrete topology, let p : X x
S — X denote the projection and let F' € Mod(kxxs) and set Fy = F|x{s}-
Prove that p, " ~ [],.¢ Fs.

Exercise 5.9. Let f : X — Y be a continuous map and let G € PSh(ky).
Prove the isomorphism (fTG)* =% f~1(G2).
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Exercise 5.10. Let X = [J,U; be an open covering of X and let F' €
PSh(kyx). Assume that F|y, is a sheaf for all i € I. Prove that F' is a sheaf.
(Hint: compare F' with the sheaf constructed in Theorem 5.8.1.)

Exercise 5.11. Let M be a k-module and let X be an open subset of R".
Let F' be a presheaf such that for any non empty convex open subsets U C X,
there exists an isomorphism F(U) ~ M and this isomorphism is compatible
to the restriction morphisms for V' C U. Prove that the associated sheaf is
locally constant.

Exercise 5.12. Prove Lemma 5.7.4.

Exercise 5.13. Assume k is a field, and let L be a locally constant sheaf
of rank one over k (hence, L is locally isomorphic to the sheaf kx). Set
L* = Hom (L, kx).

(i) Prove the isomorphisms L* ® L = kx and kx =~ Hom (L, L).

(ii) Assume that k is a field, X is connected and I'(X; L) # 0. Prove that
L~ kx. (Hint: T'(X; L) ~ T(X;Hom (kx, L).)



Chapter 6

Cohomology of sheaves

We first show that the category of abelian sheaves has enough injective ob-
jects. This allows us to derive all left exact functors we have constructed.
Next we prove an important theorem which asserts that the cohomology
of constant sheaves is a homotopy invariant. Using Cech’s resolutions by
closed contractible coverings, this allows us to calculate the cohomology of
some classical manifolds. We also have a glance to soft sheaves and De Rham

cohomology.
Some references: [14], [4], [12], [21], [22].

6.1 Cohomology of sheaves

A sheaf F' of k-modules is injective if it is an injective object in the category
Mod(kx).

Lemma 6.1.1. (i) Let X andY be two topological spaces and let f : X —
Y be a morphism of sites. Assume that F' € Mod(kx) is injective. Then
f+F is injective in Mod(ky ).

(i) Letiy : U — X be an open embedding and let F' € Mod(kx) be injec-
tive. Then ij,' F is injective in Mod(ky).

Proof. (i) follows immediately from the adjunction formula:
Hom, (f7'("), F) ~ Hom,_ (-, f.F)

and the fact that the functor f~! is exact.
(i) follows from (i) since ij;' ~ jy,. q.e.d.

Theorem 6.1.2. The category Mod(kx) admits enough injectives.

119
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Proof. (i) When X = {pt}, the result follows from Mod(kx) ~ Mod(k).
(ii) Assume X is discrete. Then for F,G € Mod(ky), the natural morphism

Hom, (G,F)— H Hom, (G, F;)

zeX

is an isomorphism. Since products are exact in Mod(k), it follows that a
sheaf F' is injective as soon as each F} is injective. For each x € X, choose
an injective module [, together with a monomorphism F,—1I, and define the
sheaf F” on X by setting T'(U, F°) =[],y .. Since the topology on X is
discrete, (F°), = I,. Therefore the sequence 0 — F — F° is exact and F°
is injective.

(iii) Let X denote the set X endowed with the discrete topology, and let
f : X — X be the identity map. Let F' € Mod(ky). There exists an
injective sheaf G° on X and a monomorphism 0 — f~'F — G°. Then f,G°
is injective in Mod(kx) and the sequence 0 — f,f~'F — f.G° is exact. To
conclude, notice that the morphism F' — f,f~'F is a monomorphism, since
on an open subset U of X it is defined by F(U) — [[, e F- q.e.d.

It is now possible to derive all left exact functors defined on the category of
sheaves, as well as the bifunctors Hom ky and Hom, . The derived functors

of these two bifunctors are respectively denoted by Extj]'C and <‘th”llC . Recall
X X

that, for G, F' € Mod(kx), the k-module Ext”ll€ (G, F) is calculated as follows.
X
Choose an injective resolution F'® of F'. Then

(6.1) Ext]];X(G, F) ~ H/(Hom, (G, F*)).

Let F' € Mod(kyx) and let U (resp. S, resp. Z) be an open (resp. a closed,
resp. a locally closed) subset of X.

As usual, one denotes by iz : Z — X the embedding of Z in X and by
ay the map Z — {pt}. Note that ay = ax oiz. Recall that for a sheaf F' on
X, we have set: I'(Z; F) =T'(Z; F|z). One sets

(6.2) H)(U;F) = RT(U;)(F).

By (6.1), we have

(6.3) HI(U; F) ~ Extﬂl'gx(kXU, F).

Proposition 6.1.3. (i) IfU is open in X, then HY(U; F) ~ H/(U; F|y).

(i) If S is closed in X, then H(X; Fs) ~ HI(S; F|s).
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(i) If K is compact and relatively Hausdorff in X, then the natural mor-
phism lim HY(U; F) — HI(K;F) is an isomorphism.
USK

Proof. (i) We have the chain of isomorphisms:

H/(U;F) ~ R(ap,ig")F ~ (Ray,)i;' F
HI(U; Fly).

1 is exact and sends

The second isomorphism follows from the fact that i,
injective sheaves to injective sheaves (Lemma 4.6.9 (iv)).

(ii) We have the chain of isomorphisms:
HI(X;Fs) ~ (Rlax,)(is,ig")F ~ R (ax oig,)ig'F
~ HI(S;F|s).
The second isomorphism follows from the fact that ig, is exact and sends
injective sheaves to injective sheaves (Lemma 4.6.9 (iv)).

(iii) The result is true for j = 0 by Proposition 5.6.1. Consider an injective
resolution /' — F'* of F'. Then

HI(KGF) = HI(T(K; F*)) = HY(lim T(U; F*))

UDK

~ lim H/(T(U; F*)) ~ lim H/(U; F).
— —
UDK UDK

q.e.d.

Let 0 - F/ — F — F” — 0 be an exact sequence of sheaves. Applying
a left exact functor ¥ to it, we obtain a long exact sequence

0= U(F) = Y(F)— - — RY(F) - RU(F") - RITU(F) — ...
For example, applying the functor I'(X;-), we get a long exact sequence
(6.4) HYX: F') — HYX; F') — H*(X; F) - HY(X; F") — - --
There are similar results, replacing I'(X; -) with other functors, such as f..

Proposition 6.1.4. Let S; and Sy be two closed subsets of X and set S1o =
S1NSy. Let F € Mod(kx). There is a long exact sequence

i Hj(X; FS1U52> - Hj(X;F&) D Hj(X;F52> - Hj(X;F512)
- H]+1(X) FS1USQ) —
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Proof. Apply the functor I'(X;-) to the exact sequence of sheaves 0 —
FSlUSQ - FS1 S¥ FS2 — F312 — 0. qed

Proposition 6.1.5. Let Uy and Uy be two open subsets of X and set Uyy =
Uy NUs. Let F € Mod(kx). There is a long exact sequence

o — H(UyUUy F) — H (U F) @ H (Uy; F) — H?(Uyg; F)
—>Hj+1(U1UU2;F) —

Proof. Apply the functor Hom, (-, F) to the exact sequence of sheaves 0 —
kXUlg — kXU1 D kZXUQ — kU1UU2 — 0 and use (63) q.e.d.

6.2 Cech complexes for closed coverings

Let I be a finite totally ordered set. In this section, we shall follow the same
notations as for Koszul complexes. For J C I, we denote by |J| its cardinal
and for J = {ip < --- <'i,}, we set

p+1

eJ::eiO/\-~-/\eip€/\Z|I|.

Let & = {S;}icr be a family indexed by I of closed subsets of X and let
F € Mod(kx). For J C I we set

Sy=nesS;, S=JS

el

F2:= P Fs,®e;, F5'=Fs.
|J|=p+1

For J C Iyq and a € I,a ¢ J, we denote by J, = J U {a} the ordered
subset of the ordered set I and we denote by r;,: Fs, — Fyg,, the natural
restriction morphism.

We set

(6.5) 0ja:=7Tsa(*)®e, N *: Fg,®e; — Fs, ®eyq,.

The morphisms 6, (J C I, a ¢ J) in (6.5) define the morphisms
dv: Fb — FBH

Clearly, dP*! o d? = 0 and we obtain a complex

(6.6) Fe=0— Fg SL R0 prd
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Proposition 6.2.1. Consider a family S = {S;}icr of closed subsets of X
indexed by a finite totally ordered set I. Then the complex (6.6) is exact.

Proof. Tt is enough to check that the stalk of the complex (6.6) at each x € X
is exact. Hence, we may assume that x belongs to all 5;’s. Set M = F,. Then
the complex (6.6) is a Koszul complex K*(M, ¢) where ¢ = {; }ier and all
p; are idy;. The sequence ¢ being both regular and coregular, this complex
is exact. q.e.d.

Example 6.2.2. Assume that X = Sy U S| U Sy, where the S;’s are closed
subsets. We get the exact complex of sheaves

—1 0 1
O%FLFSO@F&@F& LFSlQ@F»Sb?@FSOl i_>FSO12 — 0.
Let us denote by
sit F'— Fs,, si: Fs, = Fg,;, sp1 Fs,; — Fsy,, (a1, 5, k) € {0,1,2}),

the natural morphisms. Then

1 2
-1 _ 0 _ 0 2 1 _
d=| s, |, d= S0g 0 —S& d" = (s3,—55, 57)-
0 1

6.3 Invariance by homotopy

In this section, we shall prove that the cohomology of locally constant sheaves
is an homotopy invariant. First, we define what it means.
In the sequel, we denote by I the closed interval I = [0, 1].

Definition 6.3.1. Let X and Y be two topological spaces.

(i) Let fo and f; be two continuous maps from X to Y. One says that f
and f; are homotopic if there exists a continuous map h: I x X —» Y
such that h(0,-) = fo and h(1,-) = fi.

(ii) Let f: X — Y be a continuous map. One says that f is a homotopy
equivalence if there exists g : Y — X such that f o ¢ is homotopic to
idy and g o f is homotopic to idx. In such a case one says that X and
Y are homotopic.

(iii) Ome says that a topological space X is contractible if X is homotopic
to a point {xg}.
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If fo, f1 : X = Y are homotopic, one gets the diagram

(6.7) X {tyx XU x X sy
p

X

where t € I, 4, : X ~{t} x X — I x X is the embedding, p is the projection
and f; =hoi;, t=0,1.

One checks easily that the relation “f; is homotopic to f;” is an equiva-
lence relation.

A topological space is contractible if and only if there exist g : {xo} — X
and f : X — {xo} such that f o g is homotopic to idx. Replacing =, with
g(xo), this means that there exists h : I x X — X such that h(0,z) = idy
and h(1,z) is the map = — . Note that contractible implies non empty.

Examples 6.3.2. (i) Let V' be a real vector space. A non empty convex set
in V' as well as a closed non empty cone are contractible sets.

(ii) Let X = S™! be the unit sphere of the Euclidian space R™ and let
Y = R"\{0}. The embedding f: S*~! — R™\ {0} is a homotopy equivalence.
Indeed, denote by g: R"\ {0} — S"! the map = + z/||x||. Then go f = idx
and f o g is homotopic to idy. The homotopy is given by the map h(x,t) =
/|||l + 1 = t).

Statement of the main theorem

Let f: X — Y be a continuous map and let G € Mod(ky). Remark that
ax ~ ay o f. The morphism of functors id — f, o f~! defines the morphism

RjaY* - Rj(&Y* o f* o fﬁl)
~ Rj(&X*Ofil)'

Using Theorem 4.6.9, we get the morphism of functors
R'(ax.o [7') — (Rax,)o f7".
Applying this morphism to G we get
(6.8) Y. H(Y;G) - H(X; f'Q).
Lemma 6.3.3. Let f: X — Y and g: Y — Z be continuous maps. Then

g7 o [ = (fog)”



6.3. INVARIANCE BY HOMOTOPY 125

Proof. We have a commutative diagram of morphisms of functors

#
g _
azs az.0g.0g""

aZ*o(gof)*o(gof)*l:az*og*of*offlog*

1

Applying the functor R’(+) we find the commutative diagram:

1

Ri(az,0g.0g™") R(az.09:) 09"

| |

Rj(&z* O g« Of* of_l 09_1)—>Rj(az* O g« Of* Of_l) og_l

T

Rj(aZ* 0 g« © f*) © f_l og_l

R]CLZ*

The composition of the arrows on the top gives the morphism ¢¥, the com-
position of the vertical arrows gives the morphism f% and the composition
of the diagonal arrows gives the morphism (g o f)%. q.e.d.

The aim of this section is to prove:

Theorem 6.3.4 (Invariance by homotopy Theorem). ' Let fo, f1: X =Y
be two homotopic maps, and let G be a locally constant sheaf on'Y . Consider
the two morphisms f¥ : HI(Y;G) — H/(X; f7'Q), for t = 0,1. Then there
eaﬁm’sts an isomorphism 07 : Hi(X; f;'G) — HI(X; f7'G) such that 07 o fi7 =
j
.
If G = My for some M € Mod(k), then, identifying f, ' My with Mx
(t=0,1), we have f¥ = f¥.

Proof of the main theorem

In order to prove Theorem 6.3.4, we need several preliminary results.
For F' € Mod(k;) and a closed interval [0,¢] C I, we write H?([0,t]; F)
instead of H7([0,t]; Fjo) for short.

Lemma 6.3.5. Let F' € Mod(k;). Then:
(i) Forj > 1, one has H'(I; F) = 0.
(ii) If F(I) — F; is an epimorphism for all t € I, then H'(I; F) = 0.

IThe proof of this theorem may be skipped
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Proof. Let j > 1 and let s € H/(I; F). For 0 < t; < t, < 1, consider the
morphism:

ftl,tQ : H]([? F) - Hj([tth]?F)

and let

J={te0,1]; fo.(s)=0}.
Since H’({0}; F) = 0 for j > 1, we have 0 € J. Since fo.(s) = 0 im-
plies fou(s) = 0 for 0 < ¢’ < t, J is an interval. Since H’([0,to]; F) =
lim H7([0,t]; F'), this interval is open. It remains to prove that J is closed.
t>to

For 0 <t < ty, consider the Mayer-Vietoris sequence (Proposition 6.1.4):
o — HI([0,t0); F) — H([0,t]; F) @ H ([t to); F) — H ({t}; F) — - -

For j > 1, or else for j = 1 assuming H°(I; F) — H°({t}; F) is surjective,
we obtain:

(6.9) H([0,t0]; F) =~ H([0,1]; F) @ H([t, to]; F).
Let to = sup {t;t € J}. Then fy.(s) =0, for all t < ty5. On the other hand,

lim H([t, to]; F) = 0.

t<to

Hence, there exists t < to with fi4,(s) = 0. By (6.9), this implies fo+,(s) = 0.
Hence ¢, € J. q.e.d.

Recall that the maps p: I x X — X and 4;: X — I x X are defined in (6.7).
We also introduce the notation I, := I x {z}.

Lemma 6.3.6. Let G € Mod(krxx). Then (Rip,G), ~ H(I,;G|z,).

Proof. Let GG* be an injective resolution of G. We have the isomorphisms

(ij*G):B = (Hj(p*G.))ﬂc = Hj((p*G.)x)
~ Hj(liigf‘(f x U;G*))
zelU
lim H7(I x U; G) ~ H'(I; G|y,).

zeU

12

where the last isomorphism follows from Proposition 6.1.3 (iii). q.e.d.

Lemma 6.3.7. Let G € Mod(krxx) be a locally constant sheaf. Then the
natural morphism p~'p,G — G is an isomorphism.
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Proof. One has

(p_lp*G)(t,x) = (p*G);B
= F(IIL')G‘I»E) 2G(t,$)‘

Here the last isomorphism follows from Proposition 5.7.6. q.e.d.

Lemma 6.3.8. Let F € Mod(kx). Then F =5 p,p~'F and (Rip.)p™'F =0
forj > 1.
Proof. Let x € X and let t € I. Using Lemma 6.3.6 one gets the isomorphism

(Rip)p™'F), ~ H/(I,;p~*F|;,). Then this group is 0 for j > 0 by Lemma
6.3.5 and is isomorphic to (p~'F);, ~ F, for j = 0. q.e.d.

Lemma 6.3.9. Let F' € Mod(kx).
(i) The morphisms p* : HI(X; F) — HI(I x X;p~F) are isomorphisms.

(i) The morphisms i : Hi(I x X;p~'F) — Hi(X; F) are isomorphisms
and do not depend ont € I.

Proof. (i) We know that R/p.(p~'F) = 0 for j > 1. Applying Proposi-
tion 4.6.9 (iii) to the functors ax,,p. and the object p~'F, we get that
Ri(ax.p.)(p~'F) ~ Riax,(p.p 'F) ~ Rlax,F. Hence p¥ is an isomor-
phism.

(ii) By Lemma 6.3.3, 7;53' opH is the identity, and p¥ is an isomorphism by (i).
Hence, igj which is the inverse of p¥ does not depend on t. q.e.d.

End of the proof of Theorem 6.3.4. (i) Consider the diagram

47
23

HI(I x X;p 'p.h1G) —— HI(X;i; 'p~lp,h71Q)

| |

Hi(I x X;h'\G) —— HI(X;i;'h1@).

Since h™'G is locally constant, the morphism p~!p,h'G — h7'G is an
isomorphism by Lemma 6.3.7 and the two vertical arrows are isomorphisms.
By Lemma 6.3.9 (ii), the row on the top is an isomorphism. Therefore,
the row on the bottom is an isomorphism.
By Lemma 6.3.3, the diagram below commutes:

Hi(Y;G) 2 HI(I x X;h1G)

tﬁj
\ llgj

Hj(X§ ft_lG)
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w1
Set § = i%i% . Then

. m . o oi—1 s . .

= o h = T o = o g0

(ii) If G = My, then h™'G ~ M;xx = p ' My and i does not depend on ¢
by Lemma 6.3.9. q.e.d.

Applications of Theorem 6.3.4

Corollary 6.3.10. Assume f : X — Y is a homotopy equivalence and let G
be a locally constant sheaf on'Y. Then H/ (X, f7'G) ~ H/(Y;G).

In other words, the cohomology of locally constant sheaves on topological
spaces is a homotopy invariant.

Proof. Let g : Y — X be a map such that fog and go f are homotopic to the
identity of Y and X, respectively. Consider f* : HI(Y;G) — HI(X; f1G)
and ¢¥ : Hi(X; f7'G) — HI(Y:@). Then: (fog)¥ = g¥o fi ~id¥ =id
and (go f)¥ = f¥ o0 g¥ ~id¥ =id. q.e.d.

Corollary 6.3.11. If X is contractible and M € Mod(k), then I'(X; My) ~
M and H'(X; Mx) ~ 0 for j > 0.

We shall apply this result together with the technique of Mayer-Vietoris
sequences to calculate the cohomology of various spaces. We shall follow the
notations of Section 5.6.

Theorem 6.3.12. Let X =
satisfying the condition

i1 Zi be a finite covering of X by closed subsets

(6.10) for each non empty subset J C I, Z; is contractible or empty.

Let F be a locally constant sheaf on X. Then H?(X; F) is isomorphic to the
j-th cohomology object of the complex

[(X;F2):=0—-T(X;FY) L DX FL) — -

Proof. Recall (Proposition 6.1.3) that if Z is closed in X, then I'(X; Fz) ~
['(Z; F|z). Therefore the sheaves F% (p > 0) are acyclic with respect to the
functor I'(X; ), by Corollary 6.3.11. Applying Proposition 6.2.1, the result
follows from Theorem 4.6.7. q.e.d.

Corollary 6.3.13. (A particular case of the universal coefficients formula.)
In the situation of Theorem 6.3.12, let M be a flat k-module. Then for all j
there are natural isomorphisms H?(X; Mx) ~ H(X; kx) ® M.
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Proof. The k-module H’(X; Mx) is the j-th cohomology object of the com-
plex I'(X; M%). Clearly,
D(X; M) ~T(X; k%) @M
Since M is flat we have for any bounded complex of modules N°:
HI(N*®@ M) ~ H'(N*) ® M.
Hence,
H(D(X; Mz)) = H(D(X; k) @ M
To conclude, apply Theorem 6.3.12 to both sides. q.e.d.

Proposition 6.3.14. (A particular case of the Kiinneth formula.) Let X and
Y be two topological spaces which both admit finite closed coverings satisfying
condition (6.10). Let F' (resp. G) be a locally constant sheaf on X with fiber
M, (resp. on'Y with fiber N). Assume that k is a field. Then there are
natural isomorphisms:

HY(X xY;FRG) ~ P H'(X;F) @ H(Y;G).
i+j=p
Sketch of proof. First, notice that F'IXG is locally constant on X x Y. Next,
denote by S = {S;}tier (resp. Z = {Z;}jes) a finite covering of X (resp.
Y') satisfying condition (6.10). Since the product of two contractible sets is
clearly contractible, the covering S x Z = {S; x Z; } (i j)erxs is a finite covering
of X x Y satisfying condition (6.10). Then H?(X x Y;F X @) is the p-th
cohomology object of the complex
DX xY;(FRG)%, 2)-

One checks that this complex is the simple complex associated with the
double complex

NX xY; FSXG%)
and this double complex is isomorphic to

DX Fs) @ T(Y;G%).

q.e.d.

It may be convenient to reformulate the Kiinneth formula by saying that
HP(X xY; FXG@G) is isomorphic to the p-th cohomology object of the complex

@HZXF @HJYG .
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6.4 Cohomology of some classical manifolds

Here, k denotes as usual a commutative unitary ring and M denotes a k-
module.

Example 6.4.1. Let X be the circle S! and let Z,’s be a closed covering
by intervals such that the Z;;’s are single points and Zys = (). Applying
Theorem 6.3.12, we find that if F' is a locally constant sheaf on X, the
cohomology groups H’(X; F') are the cohomology objects of the complex:

0 — T(X; Fz) @ T(X; Fp) @ T(X; Fp) 5
F(X;FZU)@F(X;Fzzo)@F(X;FZm) — 0.

Recall Example 5.8.3: S! = U; U U,, U; NUs has two connected components
U, and Uy, k is a field, « € k* and L, denotes the locally constant sheaf of
rank one over k obtained by glueing ky, and ky, by the identity on U, and
by multiplication by o € £* on Uy,.

Then for j = 0 (resp. for j = 1), H/(S'; L,) is the kernel (resp. the

0 -1 1
cokernel) of the matrix 1 0 —a | actingonk®. (See Example 6.2.2.)
-1 1 0

Note that these kernel and cokernel are zero except in case of & = 1 which
corresponds to the constant sheaf k.

It follows that if M is a k-module, then H?(S'; Mgi) ~ M for j = 0,1
and 0 otherwise.

Example 6.4.2. Consider the topological n-sphere S™. Recall that it can
be defined as follows. Let E be an R-vector space of dimension n + 1 and
denote by E the set E \ {0}. Then

S" ~ E/R¥,

where R denotes the multiplicative group of positive real numbers and S™ is
endowed with the quotient topology. (See Definition 7.3.4 below.) In other
words, S™ is the set of all half-lines in E. If one chooses an Euclidian norm
on E, then one may identify S” with the unit sphere in E.

We have S = DTUD™, where Dt and D~ denote the closed hemispheres,
and DT N D~ ~ S" . Let us prove that for n > 1:

M j=0o0rj=n,

Jj(Qn. _
(6.11) HI(S"; Ms») = { 0  otherwise.
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Consider the Mayer-Vietoris long exact sequence

(6.12) — HI (D", Mp)@® H (D™ ; Mp-) — HY(S"™"; Mgn-1)
_ Hj+1(S";M§n) — .

Then the result follows by induction on n since the closed hemispheres being
contractible, their cohomology is concentrated in degree 0.

Let E be a real vector space of dimension n + 1, and let X = E \ {0}.
Assume E is endowed with a norm |- |. The map x — z((1 —t) + t/|z]|)
defines an homotopy of X with the sphere S”. Hence the cohomology of a
constant sheaf with stalk A on V '\ {0} is the same as the cohomology of the
sheaf Mgn

As an application, one obtains that the dimension of a finite dimensional
vector space is a topological invariant. In other words, if V and W are two
real finite dimensional vector spaces and are topologically isomorphic, they
have the same dimension. In fact, if V' has dimension n, then V '\ {0} is
homotopic to S*~1.

Notice that S™ is not contractible, although one can prove that any locally
constant sheaf on S™ for n > 2 is constant.

Example 6.4.3. Denote by a the antipodal map on S (the map deduced
from x +— —x) and denote by " the action of a on H"(S"; Mg.). Using
(6.12), one deduces the commutative diagram:

(6.13) H (S Mg ) —%> H™(S"; Mgn)

aﬁnfl l/ aﬁn l

H"Y(S" 1 Mgn1) ——= H™(S"; Mgn)

For n = 1, the map a is homotopic to the identity (in fact, it is the same as
a rotation of angle 7). By (6.13), we deduce:

(6.14) af" acting on H™(S"™; Mgn) is (—)"*!.

Example 6.4.4. Let T" denote the n-dimensional torus, T" ~ (S')". Using
the Kiinneth formula, one gets that (if & is a field) @; H?(T"; k) =~ (k @
k[—1])®". For example, H’(T?; kp2) is k for j = 0,2, is k% for j = 1 and is 0
otherwise.

Let us recover this result (when n = 2) by using Mayer-Vietoris sequences.

One may represent T2 as follows. Consider the two cylinders Z, = S x I,
Zy =S! x I where Iy = I, = [0,1]. Then

T2 ~ (Z()Ll Zl)/ ~
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where ~ is the relation which identifies S! x {0} C Z, with S* x {0} C Z;
and S! x {1} C Z, with S' x {1} € Z;. Then

Z01 = ZO N Z1 >~ Sl |_|S1
We have a short exact sequence of sheaves
(6.15) 0= kpe S kg @ kizy S kg — 0

Write H?(X) instead of H?(X; ky) for short. Applying the functor T'(T?;-),
we get the long exact sequence of Theorem 6.1.4:

0 — H(T?) 2% HY(Zy) @ H(Z,) 2% H(Zy) — HM(T?)
s HY(Zo) & HN(Z,) 25 HY(Zy) — H*(T?) — 0.
Although we know the groups H’(Zy), H?(Z1) and H?(Zy,) (since Zy and Z;
are homotopic to S'), this sequence does not allow us to conclude, unless we

know the morphism . Since Z, and Z; are homotopic to S!, we may identify
the sequence (6.15) with the sequence

(6.16) 0— kp S ks @ kg > ks ® kg — 0
where 3 is given by the matrix i i . Identifying H(S'; kg1)
Sl - Sl

with k for j = 0,1, §y and 3; will is given by the matrix < -l

1 1 ) and one
gets that H7(T?; kr2) is k for j = 0,2 and k? for j = 1.

6.5 De Rham cohomology

The aim of this section is to explain why the de Rham complex allows us to
calculate the cohomology of the constant sheaf Cx on a real smooth manifold
X.

In this section, we assume that X is locally compact. Recall that for a

sheaf F' on X and a compact subset K of X, one has I'(K; F) ~ 1i_n>1F(U; F),

U
where U ranges over the family of open neighborhoods of K.

Definition 6.5.1. A sheaf F' on X is c-soft if for any compact subset K of
X, the map I'(X; F') — I'(K; F) is onto.

We shall admit the following result.
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Theorem 6.5.2. Assume that X is locally compact and countable at infinity.
Then the category of c-soft sheaves is injective with respect to the functor

[(X; ).

Let X be a real C*-manifold of dimension n (this implies in particular
that X is locally compact and countable at infinity). If n > 0, the sheaf Cy is
not acyclic for the functor I'(X; -) in general. In fact consider two connected
open subsets U; and Us such that U; N Us; has two connected components,
V1 and V5. The sequence:

0—-T(U,UU;Cx) = T(U;;Cx) @ IN(Uy;Cx) = TN(U; NUy;Cx) — 0

is not exact since the locally constant function ¢ = 1 on Vi, ¢ = 2 on 1,
may not be decomposed as ¢ = 1 — o, with ¢, constant on U;. By the
Mayer-Vietoris long exact sequence, this implies:

Hl(Ul U UQ,C)() 7& 0.

On the other hand, for K a compact subset of X and U an open neigh-
borhood of K in X, there exists a real C**-function ¢ with compact support
contained in U and which is identically 1 in a neighborhood of K (existence
of “partition of unity”). This implies that the sheaf C¥ is c-soft, as well as
any sheaf of C¥-modules.

Denote by C¥®) or else, Q% the sheaf on X differential forms of degree
p with C¥ coefficients. These sheaves are c-soft and in particular I'(X;-)
acyclic.

Consider the complex of sheaves on X:

DRx := O—>Qg(i>--~—>9}—>0.
We call it the De Rham complex on X with C*> coefficients.

Lemma 6.5.3. (The Poincaré lemma.) Let I = (]0,1])" be the unit open
cube in R™. The complex below is exact.

0—C—CoO ... =) o

Proof. Consider the Koszul complex K*(M, ¢) over the ring C, where M =
C*(I) and ¢ = (01,...,0,) (with 0; = %). This complex is nothing but
the complex:
0—CO(1) L. = eoM(T) - 0.

Clearly H°(K*(M,p)) ~ C, and it is enough to prove that the sequence
(O1,...,0,) is coregular. Let M;;; = Ker(d) N--- N Ker(9;). This is the
space of C*°-functions on I constant with respect to the variables z1, ..., z;.
Clearly, 0;41 is surjective on this space. q.e.d.
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Lemma 6.5.3 implies:

Lemma 6.5.4. Let X be a C*°-manifold of dimension n. Then the natural
morphisms Cx — DRx is a quasi-isomorphism.

Corollary 6.5.5. (The de Rham theorem.) Let X be a C*®-manifold of
dimension n. Then H?(X;Cy) is isomorphic to H’(T'(X;DRy)).

Note that this result in particular implies that H’(T'(X;DRy)) is a topo-
logical invariant of X.

Exercises to Chapter 6

Exercise 6.1. Let {F;};,c; be a family of sheaves on X. Assume that this
family is locally finite, that is, each € X has an open neighborhood U such
that all but a finite number of the F;|y’s are zero.

(i)Prove that ([ [, )z ~ [ [;(Fi)e-

(ii) Prove that if each F; is injective, then [, F; is injective.

(iii) Let F;* be an injective resolution of F;. Prove that [ [, F;* is an injective
resolution of [, F;.

(iv) Prove that H/(X; ][, Fi) ~ [[, H(X; F;).

Exercise 6.2. In this exercise, we shall admit the following theorem: for

any open subset U of the complex line C, one has H’(U; O¢) ~ 0 for j > 0.
Let w be an open subset of R, and let U; C U, be two open subsets of C

containing w as a closed subset.

(i) Prove that the natural map O(U; \ w)/O(Us) — O(U; \ w)/O(U,) is an

isomorphism. One denote by B(w) this quotient.

(ii) Construct the restriction morphism to get the presheaf w — B(w), and

prove that this presheaf is a sheaf (the sheaf Bg of Sato’s hyperfunctions on

R).

(iii) Prove that the restriction morphisms B(R) — B(w) are surjective.

(iv) Let Q an open subset of C and let P = 7", aj(2)Z” be a holomor-

phic differential operator (the coefficients are holomorphic in €2). Recall the

Cauchy theorem which asserts that if Q is simply connected and if a,,(z)

does not vanish on 2, then P acting on O(€) is surjective. Prove that if w is

an open subset of R and if P is a holomorphic differential operator defined

in a open neighborhood of w, then P acting on B(w) is surjective

Exercise 6.3. Let X and Y be two topological spaces, S and S’ two closed
subsets of X and Y respectively, f: S ~ S a topological isomorphism.
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Define X g Y as the quotient space X LI'Y/ ~ where ~ is the relation
which identifies x € X and y € Y ifz € S, y € S" and f(z) = y. One still
denotes by X, Y, S the images of X,Y, SUS in X Ug Y.

(i) Let F' be a sheaf on X LgY. Write the long exact Mayer-Vietoris sequence
associated with X, Y, S.

(ii) Application (a). Let S™ denote the unit sphere of the Euclidian space
R™1 B the intersection of S with an open ball of radius € (0 < ¢ << 1)
centered in some point of S", ¥ its boundary in S". Set X = §"\ B,
S = Y and let Y and S’ be a copy of X and S, respectively. Calculate
H](X |_|5 Yr7 qusY)-

(iii) Application (b). Same question by replacing the sphere S™ by the torus
T? embedded into R3.

Exercise 6.4. Let X = R* and consider the locally closed subset Z =
{(x,y,2,t) € RY: 1 = 22 +y* + 2%t > 0}. Denote by f: Z — X the natural
injection. Calculate (R f,kz)o for j > 0.

Exercise 6.5. Let p,q,n be integers > 1 with n = p+ ¢ and let X = R"
endowed with the coordinates x = (z1,...,2,). Set So = {z € X;> 1 a7 =
1}, Sy = {z € X500 a7 +2377 a7 =1}, S = S U S, Calculate
HI(S; kg) for all j.

Exercise 6.6. Let v = {(z,y,2,t) € X = Ry 22 + y? + 22 = t*} and let
U=X\n~.

(i) Show that v is contractible.

(ii) Calculate H?(X;kxy) for all j. (Recall that there exists an exact se-
quence 0 — kxy — kx — kx, — 0.)

Exercise 6.7. A closed subset Z of a space X is called a retract of X if
there exists a continuous map f: X — Z which induces the identity on Z.
Show that S' is not a retract of the closed disk D in R2.

(Hint: denote by ¢: S' < D the embedding and assume that there exists a
continuous map f: D — S! such that the composition f o is the identity.
We get that the composition

f1 _ 1
HY(SYZg) £ HY(D; Zp) & HY(S'; Zsn)
is the identity.)
Exercise 6.8. Consider the unit ball B, = {z € E;|z| < 1} and consider
amap [ : By,y1 — Bpy1. Prove that f has at least one fixed point. (Hint:
otherwise, construct a map g : B,,11 — S™ which induces the identity on S™

and use the same argument as in Exercise 6.7.)
(Remark: the result of this exercise is known as the Brouwer’s Theorem.)
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Chapter 7

Homotopy and fundamental
groupoid

In this chapter we study locally constant sheaves of sets and sheaves of k-
modules and introduce the fundamental group of locally connected topolog-
ical spaces. We define the monodromy of a locally constant sheaf and prove
the equivalence between the category of representations of the fundamental
group and that of locally constant sheaves. !

Some references: [13], [8], [15], [4], [26]. In this chapter, we shall admit
some results treated with all details in [13].

7.1 Fundamental groupoid

Let us recall some classical notions of topology. We denote as usual by I the
closed interval [0, 1] and by S! the circle. Note that topologically S* ~ I/ ~
where ~ is the equivalence relation on I which identifies the two points 0
and 1. We shall also consider the space

D=1x1/~

where ~ is the equivalence relation which identifies I x {0} to a single point
(denoted ag) and I x {1} to a single point (denoted a;). Note that topolog-
ically, D is isomorphic to the closed unit disk, or else, to I x I.

Let X denote a topological space.

Definition 7.1.1. (i) A path from zy to x; in X is a continuous map
o: 1 — X, with 0(0) = x¢ and o(1) = z;. The two points zy and x;
are called the ends of the path.

!The contents of this chapter will not be part of the exam 2007,/2008

137
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(ii) Two paths oy and oy are called homotopic if there exists a continuous
function ¢: I x I — X such that ¢(i,t) = o4(t) for i = 0,1. (See
Definition 6.3.1.)

(iii) If the two paths have the same ends, xy and z;, one says they are
homotopic with fixed ends if moreover ¢(s,0) = xg, ¢(s,1) = x; for all
s. This is equivalent to saying that there exists a continuous function
¥ D — X such that (i, t) = o;(t) for 1 = 0, 1.

(iv) A loop in X is a continuous map « : S' — X. One can also consider
a loop as a path 7 such that v(0) = v(1). A trivial loop is a constant
map 7 : S — {x¢}. Two loops are homotopic if they are homotopic as
paths with fixed ends.

It is left to the reader to check that “homotopy” (of paths or paths with
fixed ends) is an equivalence relation. We denote by [o] the homotopy class
of a path o.

Product. If ¢ is a path from zy to z; and 7 a path from x; to x5 one can
define a new path 7o (in this order) from xy to x5 by setting

(t) o(2t) for 0 <t <1/2,
To(t) =
T(2t —1) for1/2<t<1.

If o is a path from xy to z;, one can define the path ¢! from z; to =g by
setting o7 1(t) = (1 — t).

It is easily checked that the homotopy class of 7o only depends on the
homotopy classes of o and 7. Hence, we can define [7][o] as [ro]. The
product of paths isn’t associative but the following lemma says that it induces
an associative product on paths modulo homotopy (the proof is left as an
exercise).

Lemma 7.1.2. For four points x;, 1 = 1,...,4, in X and three paths o; from
T; to x4 the paths o1(0903) and (0109)0s are homotopic. The path oyo; " is
homotopic to the trivial loop at x5.

When all z; are the same fixed point x this lemma implies that the set
of homotopy classes of loops at x( is a group.

Fundamental group

Definition 7.1.3. The set of homotopy classes of loops at xy endowed with
the above product is called the fundamental group of X at xy and denoted
1 (X; o).
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If o is a path from g to 1 in X, then the map [y] — [oyo™!] = [o][Y][e 7]
defines an isomorphism

U s (X 20) == T (X 21),
with inverse up,-1;.
Definition 7.1.4. Let X be a topological space.

(i) X is arcwise connected (or “path connected”) if given zy and x; in X,
there exists a path with ends xy and x4,

(ii) X is simply connected if any loop in X is homotopic to a trivial loop,

(iii) X is locally connected (resp. locally arcwise connected, resp. locally

simply connected) if each € X has a neighborhood system consisting

of connected (resp. arcwise connected, resp. simply connected) open

subsets.

Hence, if X is arcwise connected, all groups m;(X; x) are isomorphic for

x € X and one often denotes by 7 (X) one of the groups m(X;x). Clearly,

if X is arcwise connected, it is connected. If X is locally arcwise connected
and connected, it is arcwise connected.

Example 7.1.5. In R? set

X = {(z,y) € R%y = sin(1/x), > 0}
UW(z,y) €ER*2=0,-1<y<1}U{(r,y) € R}y =0,z > 0}.

Then X is arcwise connected but not locally arcwise connected.
The next result is left as an exercise.

Lemma 7.1.6. If X is simply connected, two paths v and T with the same
ends are homotopic.

In the sequel, we shall make the hypothesis

(7.1) X is locally arcwise connected.
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Fundamental group of the spheres

Lemma 7.1.7. Let X be a topological space, U,V open subsets such that
X =UUV. Leto: I — X be a path with 0(0),0(1) € UNV. Then there
exists a finite sequence 0 =t < t; < --- <ty, =1 such thatVi =0,...,n—1,
o([tas, t2i1]) C U, o([taig1,taire]) C V.

Proof. We set K = ¢~ '(X\U). This is a compact subset of I. For any s € K
we have o(s) € V; hence there exists an open interval I C [ containing s
such that o(I;) C V.

Since K is compact we may choose finitely many s;, ¢ = 1,...,k, such

.....

J :]tl,tg[u]tg,t4[|_| .. .u]tgl_l,tgl[, with 0 <t;] <ty < -+ < ty < 1. qed

Proposition 7.1.8. Assume (7.1) and let U,V be two connected open subsets
of X such that X = U UV and U NV s non empty and connected. Then,
forx e UNV, m(X;z) is generated by the images of m(U;x) and m (V; x).

Remark 7.1.9. The Van Kampen Theorem below (Theorem 7.2.16) gives a
more general and more precise result.

Proof. We let o: I — X be a loop at  and choose a sequence 0 = tg < t; <
+++ < ty, = 1 as in Lemma 7.1.7. We set x;, = o(t;) and we let o be the
path from xy, to x4 given by oy, ... (that is oy (t) = o (tr +t(ter1 — tr))).
Since z, € UNV and U NV is connected we may choose a path 7, in UNV
from x to x;. We define o}, = 7,_ Jrll(akﬂg) which is a path contained either in
U orin V. Now the result follows from the equality [o] = [07,_1][0],_5] - - - [0]-

q.e.d.
Corollary 7.1.10. One has m(S") =0 forn > 2.

Proof. We choose two distinct points N, S € S™ and we apply Proposi-
tion 7.1.8 with the open subsets U = S" \ {N}, V =S"\ {S}.

We have U ~ V ~ R" and it is easy to see that m(R";0) ~ 0 using the
homotopy h: I x R" — R", (s,z) — (1 — s)x contracting the whole R" to 0
(see also Corollary 7.1.19). q.e.d.

Theorem 7.1.11. One has m(S') ~ Z.

In order to prove this result, we need some lemmas. In the sequel, we regard
St as embedded in C, we denote by p the map:

p: R — St exp(2int)

and we set e = p(0).
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Lemma 7.1.12. For any continuous map f: I — S' satisfying f(0) = e,
there exists a unique continuous map f: I — R with f(0) = 0 such that

f=pof.
Proof. (i) Unicity. We first note that if hy, he: I — R are two continuous
maps such that phy = phy and hy(t) = hy(t) for some ¢ € I then there exists
an open interval J C I containing ¢ such that hy|; = he|;. Indeed we take
J such that hy(J) and he(J) are contained in an open interval K of length
less than 1 and we remark that p|k is injective.

Now we consider g: I — R with g(0) = e such that f = pog and define
I' = {t € f(t) = g(t)}. By the above remark I’ is open in I. Since I’ is
obviously closed and nonempty we have I’ = I so that f: g.

(ii) Existence. Let ¢ be the right inverse of p on | — 1, %[, that is ¢: S'\
{—e} =] — 3, [ satisfies po g = id. Let n be a positive integer such that

|f(t) — f{')| < 1for [t —t'| < £. Then f(¢)f(¥') # —e for [t — '] < +. One
defines the map f: I — R by setting:

f@)=4Kf@)fU/ND*—}:QLf@ﬂUf(@—-U/n»fbrjﬂ1§t<<(j+-U/n

The map fis continuous and satisfies ]7(0) =0,po f: f. q.e.d.

Lemma 7.1.13. For any continuous map h: I x I — S* satisfying h(s,0) =
e, there exists a unique continuous map h: I x I — R with h(s,0) = e such
that h =poh.

The proof is similar to that of Lemma 7.1.12.
Definition 7.1.14. Let f: I — S satisfying f(0) = f(1) = e and let f be

as in Lemma 7.1.12. Then f(1) € Z is called the degree of f and denoted
deg(f).

For n € Z let v, be the loop in S', [0,1] > ¢ + exp(2imnt). Then
deg(v,) = n.
Lemma 7.1.15. Two loops f,g: I = S' satisfying f(0) = f(1) = e, g(0) =
g(1) = e are homotopic if and only if they have the same degree.
Proof. (i) If f and g are homotopic then they have the same degree by
Lemma 7.1.13.

(ii) Conversely let us shown that if deg(f) = n then f is homotopic to the loop

Y defined above. We consider the map f: I — R given by Lemma 7.1.12
and define h: I x I — R, (s,t) — snt + (1 —s)f(t). Then ph is a homotopy
between f and 7,. q.e.d.



142 CHAPTER 7. HOMOTOPY AND FUNDAMENTAL GROUPOID

By Lemma 7.1.15, if [7] is a loop in S, its degree deg([y]) is well defined and
one checks immediately that for two loops v and 7 in S!,

deg([7] - [7]) = deg([r]) + deg([~]).

Hence, we have a morphism of groups
deg: 7 (S, e) — Z.
Proof of Theorem 7.1.11. Denote by ~ the loop [0,1] 5 t — exp(2int). The
morphism of groups
0:Z — m(Ste), n—[y]"

is inverse of the morphism deg. q.e.d.

Fundamental groupoid

Assume (7.1). Consider the category II;(X) given by

Ob(IL (X)) = X,

Homnl(X)(xo,xl):{the set of homotopy classes of paths from

xo to 1}
Clearly, any morphism in II;(X) is an isomorphism, that is, II;(X) is a
groupoid.
Definition 7.1.16. The category IT;(X) defined above is called the funda-
mental groupoid of X.

Note that for 2 € X, Homp x(z,2) = m (X, 2).

Remark 7.1.17. (i) Assume (7.1) and moreover X is non empty and con-
nected. Let xy € X and consider the category II;(X;xy) with a single ob-
ject {xo} and Homnl(x;gjo)(xo,xo) = m(X;x9). Then the natural functor
T, (X z9) — II;(X) is an equivalence.

(ii) Remark that X being arcwise connected, it is simply connected if and
only if TT; (X) ~ {1}.

Consider a continuous map f: X — Y. If v is a path in X, then f o~ is
a path in Y, and if two paths vy and v, are homotopic in X, then f o~y and
f o are homotopic in Y. Hence, we get a functor:

(7.2) fo L (X) — TL(Y).

In particular, if i;;: U — X denotes the embedding of an open subset U of
X, we get the functor

(7.3) iv.: L (U) — I (X).
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Proposition 7.1.18. Let fy, f1: X — Y be two continuous maps and assume
fo and f, are homotopic. Then the two functors fy, and f,, are isomorphic.

In particular, if f : X — Y is a homotopy equivalence, then the two
groupoids 111 (Y) and 11;(X) are equivalent.

Proof. Let h: I x X — Y be a continuous map such that h(i,-) = f;(+),
1t = 0,1. We define a morphism of functors 6,: f,, — fi, as follows. For
z € X = Ob(IL; (X)) we define 0;(z) € Homy ) (fo(2), fi(z)) as the class
of the path ¢ — h(t,x). It is easy to check that if o is a path in X then
0n(y) fo.(0)] = [f1.(0) On(z)], which shows that € is a morphism of functors.

Using h defined by h(t,x) = h(1 —t,x) we define in the same way the
morphism of functors 65: fi, — fo.. It is clearly an inverse to 6, because,
for any z € X, 6,(x) = 0;(x) . q.e.d.

Corollary 7.1.19. A contractible space is simply connected.

Let X and Y be two topological spaces satisfying (7.1). Denote by p; the
projection from X X Y to X and Y respectively. These projections define
functors py, : II;(X x Y) — II1(X) and po, : II1(X x Y) — II;(Y), hence a
functor

(74) (pl* X pg*)I Hl(X X Y) — Hl(X) X Hl(Y)
Proposition 7.1.20. The functor in (7.4) is an equivalence.

Proof. We built an inverse, say ¢, to p;, X ps, as follows. For objects x €
Ob(I11 (X)), y € Ob(I11(Y)) we set q(z,y) = (x,y) € Ob(II;(X x Y)).
If o is a path from z to 2/ in X and 7 a path from y to ¥’ in Y then
o X T is a path from (z,y) to (2/,4). This construction is compatible with
the homotopy relation and we may define ¢([o] x [7]) = [0 x T].
Now it is easy to check that ¢ is a functor and that it is inverse to p;, X pa,.
q.e.d.

7.2 Monodromy of locally constant sheaves

Locally constant sheaves

Remark 7.2.1. We shall work here with sheaves of k-modules, but many
results remain true without any change for sheaves of sets.

Let M € Mod(k). Recall that a constant sheaf F' with stalk M on X is
a sheaf isomorphic to the sheaf Mx of locally constant functions with values
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in M. We shall denote by LCSH(kx) (resp. CSH(kyx)) the full additive
subcategory of Mod(kx) consisting of locally constant (resp. of constant)
sheaves.

Denote as usual by ax the map X — pt.

Proposition 7.2.2. (i) Assume X is non empty and connected. Then the
two functors

CSH(kyx) == Mod(k)

ax

are equivalences of categories, inverse one to each other. In particular,
the category CSH(kx) is abelian.

(ii) Assume X is locally connected. Then the category LCSH(kx) is abelian.
If M and N are two k-modules then Hom, (Mx, Nx) ~ (Hom (M, N))x ||

Proof. (i) If F is a constant sheaf on X, and if one sets M = T'(X; F'), then
F ~ My. Therefore, if M € Mod(k), then aX*a;(lM ~ M and a;(lax*MX ~
MX .

(ii) Let ¢ : ' — G be a morphism of locally constant sheaves, and let z € X.
If U is a sufficiently small connected open neighborhood of z, the restriction
to U of Ker ¢ and Coker ¢ will be constant sheaves, by (i). Hence, LCSH (kx)
is a full additive subcategory of an abelian category (namely Mod(ky)) stable
by kernels and cokernels. This implies it is abelian. q.e.d.

Lemma 7.2.3. Let F' be a locally constant sheaf on X =1 x I. Then F 1is
a constant sheaf.

Proof. Since I x I is compact, there exists finite coverings of I by intervals
{Ui}i<i<n, and {V}1<j<n, such that F'|y, .y, is a constant sheaf. Since (U; x
V)N (Ui41 x V;) is connected, the argument of the proof of Proposition 5.7.6
shows that F'|;xy, is a constant sheaf for all j. Since (I x V;) N (I x Vj;1)
is connected, the argument of the proof of Proposition 5.7.6 shows that F' is
constant. q.e.d.

Representations

For a group G and a ring k one defines the category Rep(G,Mod(k)) of
representations of G in Mod (k) as follows. An object is a pair (M, uys) with
M € Mod(k) and pp € Hom (G, GI(M)). A morphism g : (M, pp) —
(N, uy) is a k-linear map f : M — N which satisfies uy o f = f oy (ie.
un(g)o f = founu(g) for any g € G). Note that Rep(G, Mod(k)) contains
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the full abelian subcategory Mod(k), identified to the trivial representations
of G.

We identify G with a category G with one object ¢, the morphisms being
given by Hom(c, c)= G. One gets that

(7.5) Rep(G, Mod(k)) ~ Fct(G, Mod(k)).

The next lemma will be useful. Its proof is left as an exercise (see Exer-
cise 7.3).

Lemma 7.2.4. Let u: G — G5 be a morphism of groups. Assume that u
induces an isomorphism

u: Rep(Gq, Mod(k)) == Rep(Gy, Mod(k)).
Then u is an isomorphism.

Now we shall consider the category Fet(I1;(X), Mod(k)), a generalization
of the category of representations Rep(m(X), Mod(k)). In fact, if X is con-
nected, non empty and satisfies (7.1), then all z € II;(X) are isomorphic,
and the groupoids IT;(X) is equivalent to the group (X, zo) identified to
the category with one object xy and morphisms (X, zg). In this case, the
two categories Rep(m (X), Mod(k)) and Fet(I1; (X), Mod(k)) are equivalent.

Monodromy

In this section, we make the hypothesis
(7.6) X is locally arcwise connected and locally simply connected.

Definition 7.2.5. (i) One calls an object of Fet(IT;(X), Mod(k)) a repre-
sentation of the groupoid I1; (X) in Mod(k).

(ii) Let 6 € Fet(I1;(X), Mod(k)). One says that 6 is a trivial representation
if # is isomorphic to a constant functor Aj; which associates the module
M to any x € X, and idy to any [y] € Homnl(x)(x,y).

Let Feto(IT1(X), Mod(k)) be the full subcategory of Fet(IT; (X), Mod(k))
consisting of trivial representations. Then the functor M +— Ay, from
Mod(k) to Feto(IT; (X), Mod(k)) is an equivalence of categories.

Let F be a locally constant sheaf of k-modules on X. Let v be a path
from xg to x;. We shall construct an isomorphism

u(F) () Fap 2 Fi,y



146 CHAPTER 7. HOMOTOPY AND FUNDAMENTAL GROUPOID

Since y 1 F is a locally constant sheaf on [0, 1], it is a constant sheaf. We get
the isomorphisms, which define pu(F)(7):

(7.7) Fpo = (Y 'F)o <= T([;77'F) 25 (y ' F)y = Fy,.

Example 7.2.6. (i) Let X = I, denote by ¢ a coordinate on I, and con-
sider the constant sheaf F' = Cyxexp(at). Then p(F)(I): Fy == F) is the
multiplication by exp(«).

(ii) Let X = S! ~ [0,27]/ ~ (where ~ identifies 0 and 27) and denote by
6 a coordinate on S'. Consider the locally constant sheaf F' = Cyx exp(i36).
(See Example 5.8.3.) Let v be the identity loop. Then u(F)(7) : Fy, == Fy,
is the multiplication by exp(2in(3).

Lemma 7.2.7. The isomorphism p(F)(vy) depends only on the homotopy
class of v in X.

Proof. Let ¢ be a continuous function D — X such that (i, t) = (),
i = 0,1. The sheaf ¢ 'F is constant by Lemma 7.2.3. The isomorphisms
w(E)(y;) (i =0,1) are described by the commutative diagram:

(18)  Fuy = (¢ F)og <<= T(D; "L F) = (5" F),, = F,
Foy = (3 'Flo<~——T(L;7 'F) —— (3 'F)1 = Fy,
This shows that pu(F)(vo) = w(F)(n). q.e.d.
If 7 is another path from z; to x,, then:
w(E)(y7) = p(F) () o p(F)(7).

Hence we have constructed a functor p(F'): II;(X) — Mod(k) given by
wW(EF)(x) = Fyy w(F)([y]) = p(F)(y) where v is a representative of [v].

Lemma 7.2.8. The correspondence F — u(F) defines a functor
(7.9) w: LCSH(kx) — Fet(I1;(X), Mod(k)).

Proof. Let u: F — G be a morphism of locally constant sheaves and let v be
a path from xg to x1. One has to check that the diagram below commutes:

F, #(F)(v)

| |

e M)
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By applying the functor =1 we are reduced to check the commutativity of
the diagram below, which is obvious.

(Y 'F)g<—T(I;y 'F) ——= (v 'F);

(VG =—T(L;7y7'G) —= (v'G).
q.e.d.
Definition 7.2.9. The functor y in (7.9) is called the monodromy functor.

The functor p is also functorial with respect to the space X. More pre-
cisely, let f: X — Y be a continuous map, and assume that both X and Y
are locally arcwise connected. We have the commutative (up to isomorphism)
diagram of categories and functors:

LCSH(ky) —— '~ LCSH(kx)

(7.10) l ) l

Fet(IT, (Y), Mod (k) —2> Fet(I1 (X ), Mod(k))

Proposition 7.2.10. Assume (7.1) and X is non empty. Then the mon-
odromy functor p induces an equivalence

(7.11) 110: CSH(ky ) 2% Feto(I1 (X), Mod(k)).

Proof. Since the functor Mod(k) — CSH(X), M — M, is an equiva-
lence, it is enough to check that the functor o induces an equivalence
po: Mod(k) == Feto(I1 (X), Mod(k)), which is obvious. q.e.d.

Theorem 7.2.11. Assume (7.1). The functor p in (7.9) is fully faithful.

Proof. (i) p is faithful. Let ¢, : FF — G be morphisms of locally constant
sheaves and assume that p(@) = p(e). This implies that ¢, = 1y, : Fry —
G,, for any zp € X. Hence ¢ = 1.

(ii) p is full. Consider a morphism u : u(F) — p(G). It defines a
morphism ¢, : F, — G, for any x € X.

We choose a neighborhood U, of x such that F|y, and G|y, are constant.
Then ¢, extends uniquely to a morphism ¢,: F|y, — Gl|y,. By (7.1) we
may assume that U, is arcwise connected. For y € U, we choose a path ¢ in
U, from x to y. Then (7,), = #(G)(0) o (Z2)s 0 p(F)(o ).
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But we also have (¢;), = ¢, and ¢, = u(G)(c) 0 v, o u(F) (o) because
w is a morphism of functors. Hence (¢,), = ¢y-

In particular for any two points z, 2’ we obtain Yy € U, N Uy, (pz), =
(¢a)y. This proves that the @, glue together in a morphism of sheaves .
We clearly have u(p) = u as desired. q.e.d.

Corollary 7.2.12. Assume that X is connected, locally arcwise connected
and simply connected. Then any locally constant sheaf F' on X is a constant

sheaf.

Proof. By the hypothesis, Fet(IT; (X), Mod(k)) ~ Mod(k). Let F be alocally
constant sheaf. Then p(F) € Mod(k) and there exists G € CSH(kx) such
that p(F') ~ p(G). Since p is fully faithful, this implies F' ~ G. q.e.d.

Theorem 7.2.13. Assume

(i) X is locally arcwise connected,
(7.12) (ii) there exists an open covering stable by finite inter-
sections by connected and simply connected subsets.

Then the functor p in (7.9) is an equivalence of categories.

Proof. (i) By Theorem 7.2.11, it remains to show that pu is essentially sur-
jective.

(ii) By Corollary 7.2.12, the theorem is true if X is connected and simply
connected.

(iii) Let U = {U;}ier be an open covering of X as in (7.12). The func-
tors iy, : I1;(U;) — II;(X) define functors A; from Fet(I1; (X), Mod(k)) to
Fet(I1,(U;), Mod(k)). Let A € Fet(I;(X),Mod(k)) and set A; = \;(A).
Using the result in (ii) for U;, we find sheaves F; such that u(F;) = A;.

For i, j such that U; C U; the functor iy, factorizes through II; (U;) and
the result in (ii) for U; implies that we have an isomorphism 0;; : F;|y, = Fj.
For U, C U; C U; we have 6y; = 0y o 0;;|y,. Since U is stable by finite
intersections Theorem 5.8.1 gives the existence of a sheaf F' on X which is
locally isomorphic to the F;’s, hence locally constant.

(iv) It remains to show that u(F) ~ A.

We have isomorphisms 0(x): F, ~ A(z) for any = € X because = € U;
for some 1.

Let [y] € Homy () (z,y) and let v be a path which represents [y]. We
have to show that A([v]) o 8(z) = 6(y) o u(F)([7]).

We first assume + is contained in some U;, and denote by [y'] the corre-
sponding element in Hompy ;. (#,y). Then A([7]) = A;([v']) and p(F)([7]) =
w(E;)([+']) and the result follows by construction.
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In general, iterating Lemma 7.1.7, we may decompose v as 7 = 71+ * Vn,
each 7; (1 < j < n) being contained in some U;,. Since the result holds for
each y; it holds for v by composition. q.e.d.

Corollary 7.2.14. Assume (7.12) and X is connected. Then X is simply
connected if and only if any locally constant sheaf on X is constant.

Proof. We may assume X is non empty and choose x € X. Since X is con-
nected, the category IT;(X) is equivalent to the category associated with the
group m1(X;x). Then the natural functor Mod (k) — Fet(I1;(X), Mod(k)) is
an equivalence if and only if 7 (X; x) is the trivial group with one element
by Lemma 7.2.4. On the other hand, it follows from Theorem 7.2.13 that
Mod (k) — Fet(I1;(X), Mod(k)) is an equivalence if and only if any locally
constant sheaf on X is constant. q.e.d.

Example 7.2.15. A locally constant sheaf of C-vector spaces of finite rank
on X is called a local system. Hence, it is now possible to classify all
local systems on the space X = R?\ {0}. In fact, m(X) ~ Z, hence,
Hom (m(X),GI(C™)) = GI(C™). A local system F of rank n is determined,
up to isomorphism, by its monodromy u(F') € GI(C"). The classification of
such sheaves is thus equivalent to that of invertible n x n matrices over C
up to conjugation, a well known theory (Jordan-Hélder decomposition). In
particular, when n =1, GI(C) = C*.

Hence, a local system of rank one is determined, up to isomorphism, by
its monodromy o € C*.

The Van Kampen Theorem

We shall deduce a particular case of the Van Kampen theorem.

Theorem 7.2.16. Assume that X salisfies the hypothesis (7.12) and let
U = {U;}icr be an open covering of X stable by finite intersection. Assume

(a) the U;’s are connected and simply connected,
(b) there exists x which belongs to all U;’s.

Then the natural morphism lim 7y (Us; x) — m1(X;x) is an isomorphism.
iel

Proof. By Theorem 7.2.13, Fet(I1;(X), Mod(k)) ~ LCSH(kx) and X be-
ing connected, the category Fet(I1;(X),Mod(k)) is equivalent to the set
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Rep(m(X,x), Mod(k)). The same results hold with X replaced by the U;’s.
Then Theorem 5.8.1 gives the isomorphism

Hom (m(X),GI(M)) =~ @Hom(ﬂl(Ui),Gl(M))
~ Hom (lim m (U;), GI(M)) for all M € Mod(Z).

(2

Therefore,

Rep(m (X, x), Mod(k)) ~ Rep(@ m1(U;), Mod(k)),

1

and the result follows from Lemma 7.2.4. q.e.d.

7.3 Coverings

Let S be a set. We endow it with the discrete topology. Then X x S ~
| |scg Xs where X, = X x {s} is a copy of X, and the coproduct is taken in
the category of topological spaces. In particular each X is open.

Definition 7.3.1. (i) A continuous map f : Z — X is a trivial covering if
there exists a non empty set S, a topological isomorphism A : Z =5 X X
S where S is endowed with the discrete topology, and f = p o h where
p: X xS — X is the projection.

(i) A continuous map f:Z — X is a covering ? if f is surjective and any
z € X has an open neighborhood U such that f|;-1qn : f7H(U) — U
is a trivial covering.

(iii) If f : Z — X is a covering, a section u of f is a continuous map
u : X — Z such that fou =idy. A local section is a section defined
on an open subset U of X.

(iv) A morphism of coverings f : Z — X to f': Z' — X is a continuous
map h : Z — Z' such that f = f' o h.

Hence, we have defined the category Cov(X) of coverings above X, and
the full subcategory of trivial coverings. Roughly speaking, a covering is
locally isomorphic to a trivial covering.

Notation 7.3.2. Let f: Z — X be a covering. One denotes by Aut (f) the
group of automorphisms of this covering, that is, the group of isomorphisms
of the object (f : Z — X) € Cov(X).

2

"revétement” in French, not to be confused with ”recouvrement”.
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The definition of a covering is visualized as follows.

Ues Us <5 71U —— 7
\ if lf
U——X

If X is connected and S is finite for some z, S will be finite for all z,
with the same cardinal, say n. In this case one says that f is a finite (or an
n-)covering.

Example 7.3.3. Let Z = C\ {0, 44, +iv2}, X = C\ {0,1} and let f : Z —
X be the map z — (22 4+ 1)?. Then f is a 4-covering.

Many coverings appear naturally as the quotient of a topological space
by a discrete group.

Definition 7.3.4. Let X be a locally compact topological space and let GG
be a group, that we endow with the discrete topology. We denote by e the
unit in G.

(i) An action g of G on X is a map p: G x X — X such that:

(a) for each g € G, u(g) : X — X is continuous,
(b) :u(e) = idX>
(c) plgrog2) = plgr) o u(ge).

In the sequel, we shall often write g - = instead of u(g)(z), for g € G
and x € X.

(ii) Let € X. The orbit of z in X is the subset G - x of X.
(iii) Onme says that G acts transitively on X if for any z € X, X =G - .

(iv) One says that G acts properly on X if for any compact subset K of X,
the set G ={g € G;g- KN K =} is finite.

(v) One says that G acts freely if for any x € X, the group G, = {g €
G;g-x = x} is trivial, that is, is reduced to {e}.

If a group G acts on X, it defines an equivalence relation on X, namely,
x ~ y if and only if there exists g € G with x = g - y. One denotes by X/G
the quotient space, endowed with the quotient topology.
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Theorem 7.3.5. Assume that a discrete group G acts properly and freely on
a locally compact space X. Then p : X — X/G is a covering. Moreover, if
X is connected, then Aut (p) = G.

For the proof, we refer to [13].

Examples 7.3.6. (i) The map p : R — R/Z (where Z acts on R by
translation) is a covering, and the map t — exp(2int) : R — S' induces
an isomorphism h : R/Z-~5S! such that exp(2imt) = h o p. Therefore,
t — exp(2int) : R — S! is a covering.

Similarly, the map p : C — C/2inZ is a covering and the map z —
exp(z) : C — C\ {0} induces an isomorphism h : C/2inZ = C \ {0} such
that exp(z) = h o p. Therefore, z — exp(z) : C — C\ {0} is a covering.

(ii) Consider the group H, of n-roots of unity in C, that is, the subgroup of
C* generated by exp(2im/n). Then p : S' — S'/H, is a covering and the
map 2z +— 2" : S! — S! induces an isomorphism h : S'/H,, == S! such that
2" = hop. Therefore, z — 2" : S' — S! is an n-covering.

(iii) The projection R — R"/7Z" is a covering, and there is are isomorphisms
R"/Z" ~ (R/Z)" ~ (S')™.

Example 7.3.7. The projective space of dimension n, denoted P"(R), is
constructed as follows. Let £ be an n 4 1-dimensional R-vector space. Then
P*(R) is the set of lines in E, in other words,

(7.13) P"(R) = E/R*,

where . = E \ {0}, and R* is the multiplicative group of non-zero elements
of R.

Identifying E with R"™! a point x € R"*! is written z = (zg, 21, , )
and x € P"(R) may be written as © = [ro, 21, - ,Z,), with the rela-
tion [zg,x1, - ,x,] = [Axo, A\x1, -+, Axy,] for any A € R*. One says that
[z, 21, -, z,] are homogeneous coordinates.

The map R" — P"(R) given by (y1, - ,yn) — [L,y1, -+ ,yn allows
us to identify R™ to the open subset of P"(R) consisting of the set {z =
(g, 21, , Tp]; 20 # 0}

In the sequel, we shall often write for short P™ instead of P"(R). Since
S* = R/R*, we get P" ~ S"/a where a is the antipodal relation on S" which
identifies x and —x. The map a defines an action of the group Z/2Z on S",
and this action is clearly proper and free. Denote by

(7.14) v:S"—=P"

the natural map. This is a 2-covering and P" ~ S™/(Z/27Z.).
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Coverings and locally constant sheaves

Let f: Z — X be a covering. We associates a sheaf of sets Fy on X as
follows. For U open in X, Fy(U) is the set of sections of f|y: f~1(U) — U.
Since, locally, f is isomorphic to the projection U x S — U, the sheaf F' is
locally isomorphic the the constant sheaf with values in S. We have thus
constructed a functor

(7.15) ®: Cov(X) — LCSH(X).

One checks immediately that the functor ® induces an equivalence between
trivial coverings and constant sheaves. Form this result, one deduces:

Proposition 7.3.8. The functor ® in (7.15) is an equivalence.

Now assume (7.6) and (7.12). In this case, Theorem 7.2.13 is also true
when replacing sheaves of k-modules with sheaves of sets. We get the equiv-
alences

Cov(X) ~ LCSH(X) ~ Fet(II;(X), Set).

Exercises to Chapter 7

Exercise 7.1. Classify all locally constant sheaves of C-vector spaces on the
space X = S! x St

Exercise 7.2. Let v = {(z,y, 2,t) € X = Ry 2% + >+ 22 = ¢*} v = v\ {0}.
Classify all locally constant sheaves of rank one of C-vector spaces on +.
(Hint: one can use the fact that 4 is homotopic to its intersection with the
unit sphere S of R%.)

Exercise 7.3. (i) Let G be a group and assume that all representations of
G in Mod(k) are trivial. Prove that G = {1}.

(ii) Let u: G; — G4 is a morphism of groups which induces an isomorphism
Hom (G, GI(M)) == Hom (G, GI(M)) for all M € Mod(Z). Prove that u is
an isomorphism.

(Hint: one may use the free k-module k[G] generated over k by the elements
g€ @)

Exercise 7.4. Assume X satisfies (7.1), X = U; U Uy, U; and U, are con-
nected and simply connected and U; N Us is connected.

(i) Prove that X is simply connected.

(i) Deduce that for n > 1, the sphere S as well as R"™! \ {0} are simply
connected.
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Exercise 7.5. Let X be the subset of C defined by
X={z€C;(J]z—1-1)-(]z+ 1] = 1) = 0}.

Using the Van Kampen theorem, calculate 71 (X; 0) and show that this group
is not commutative.

Exercise 7.6. Consider three spheres S;,Ss, S in R? of radius > 0 and
tangent two by two. Assume that each S; is contained in the exterior of the
open ball delimited by S;. Using the Van Kampen theorem, calculate m; (X))
fOTX251USQUS3.
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