Nested regenerative sets and their associated fragmentation process

Philippe Marchal^∗

ABSTRACT: We give a fractal construction of nested, stable regenerative sets and study the associated inhomogeneous fragmentation process.

1 Introduction

The purpose of this paper is to introduce an explicit construction of nested, stable regenerative sets and to study the related fragmentation process. The complete construction of regenerative sets on the whole half-line is explained in the next section. However, the intersections of these sets with the interval [0, 1) admit the following description as random fractal sets. Let us introduce the

SPLITTING PROCEDURE. Given α ∈ [0, 1], this procedure takes an interval [a, b), cuts it into two intervals [a, U), [U, b), where U is uniformly distributed on [a, b), and returns [a, U), [U, b) with probability α and [a, U) with probability 1−α, independently of U.

Fix α ∈ [0, 1] and use the splitting procedure to construct a

RANDOM FRACTAL SET. We construct recursively a sequence (S_n(α), n ≥ 0) where for each n, S_n(α) is a collection of intervals of [0, 1). Put S_0(α) = {[0, 1)}. Then to obtain S_{n+1}(α) from S_n(α), apply to each interval of S_n(α) the splitting procedure with parameter α, independently.

Theorem 1.1 Set S_∞(α) = ∩_{n≥0}S_n(α)

Let T be a stable subordinator with index α and let R = {T_t, t ≥ 0} be its range. Then R ∩ [0, 1)^d= S_∞(α)

A corollary is the following representation of the generalized arcsine law:

Corollary 1.2 Let I_0 = [0, 1]. Define by induction a sequence of intervals I_n = [a_n, b_n] as follows.

(i) Let V_n be a uniform random variables on I_n, independent of the past. (ii) Set I_{n+1} = [a_n, V_n] (resp.I_{n+1} = [V_n, b_n]) with probability 1 − α (resp. α), independently of the past.

∗DMA, Ecole Normale Supérieure, 75005 Paris, France. Philippe.Marchal@ens.fr

Then the point I_∞ = ∩I_n is distributed according to the generalized arcsine law with parameter α, that is, the law on [0, 1] with density

s^{α−1}(1 − s)^{−α} Γ(α)Γ(1 − α) (1) Our main interest is to investigate the following

COUPLED CONSTRUCTION. We can perform the splitting procedure with parameter α ∈ [0, 1] by taking an independent, uniform random variable V on [0, 1] and decide to return one or two sets according as V > α or V ≤ α. Proceeding this way, we see that we obtain a coupled construction of (S_n(α), n ≥ 0), and therefore of S_∞(α), simultaneously for all α ∈ [0, 1], by starting at α = 1.

It is clear that (S_∞(α), α ∈ [0, 1]) is a nested family of regenerative sets, i.e. if α < α^′, S_∞(α) ⊂ S_∞(α^′). It can be shown [7] that this family has the subordination property, that is, if α < α^′, S_∞(α) can be obtained from S_∞(α^′) by subordination. See [1] for details on subordination.

Moreover, for each α, the regenerative set S_∞(α) cuts the interval [0, 1] into disjoint intervals. Consider the coupled construction with α going from 1 to 0. We obtain this way a process where the intervals delimited by S_∞(α) merge together. The subordination property entails [4] that this process is a Markov process known as the Bolthausen-Sznitman coalescent. This process was introduced in [5] for the study of spin glasses. See also [3, 6].

We shall focus here on the time reversal, that is, we let α go from 0 to 1, in which case we obtain a process where the intervals are broken into smaller ones. It turns out that this process has the law of an inhomogeneous fragmentation and our construction enables us to study its dislocation measure.

The whole construction of regenerative sets is explained in the next section. We give some results on random partitions in Section 3 and study more specifically the fragmentation process in Section 4.

2 The construction of stable regenerative sets

We give here the construction of stable, regenerative sets on the positive halfline. It is easy to check that if we consider the intersection of these sets with the interval [0, 1), we recover the fractal construction described in the introduction. In particular, Theorem 1.1 is a direct corollary of Theorem 2.1.

2.1 Regenerative sets

For a detailed account on regenerative sets, see for instance [1]. A random subset R of R_+ is regenerative if and only if 0 ∈ R and for every t > 0, conditionally on t ∈ R, the subset R ∩ [t, ∞) has the same law as R + t and is independent of R ∩ [0, t]. A classical result tells us that every regenerative set can be viewed as the range of a subordinator.

Moreover, if R is self-similar, i.e. if R has the same law as cR for every c > 0, then R is the range of a stable subordinator. In that case, to identify the index of the subordinator, one can use for instance the generalized arcsine law. For every time t set g_t = sup(R∩[0, t]). Then g_1 (and more generally, by self-similarity, g_t/t)

Figure 1: Percolating points of the Poisson point process.

is distributed according to the generalized arcsine law with parameter α, i.e. the law whose density is given by (1).

2.2 The construction

Let N be a Poisson point process on R_+ × R_+ with intensity dμ = dt ⊗ x^{−2}dx. Call C the (random) support of the measure N . To each point M ∈ C associate an independent, uniform random variable U(M) on [0, 1]. Note that almost surely, the coordinates of the points of C are all different, there are infinitely many points in each strip [s, t]×R_+ (s < t) and only finitely many points in each strip [s, t]×[y, ∞) (y > 0). We shall implicitely assume all these properties in the sequel (that is, we shall often omit to write “almost surely”).

For s < t ∈ R_+ let M(s, t) be the highest point of C between times s and t. Formally, M(s, t) is the point of coordinates (u, y) such that M(s, t) ∈ C, s ≤ u ≤ t and for each point M^′ = (u^′, y^′) ∈ C with s ≤ u^′ ≤ t, one has y^′ ≤ y.

One can then define M_1(s, t) := (s_1, y_1) = M(s, t) and by induction, M_{n+1}(s, t) := (s_{n+1}, y_{n+1}) = M(s_n, t). The sequence is finite if and only if there is a point of C with x-coordinate t. We say that t ∈ R_+ percolates at parameter α ∈ [0, 1] if for each n, U(M_n(0, t)) ≤ α. By convention, we say that 0 percolates.

See the figure. The black points are those which percolate, the white ones are those for which U > α and which, consequently, do not percolate, and the crossed ones are those for which U ≤ α but which do not percolate. The set of percolating points is the closure of the set of x-coordinates of the black points.

Loosely speaking, if U(M) > α, M does not percolate. In turn, when U(M) ≤ α, M “looks to the left”. If the first vertical line seen by M is either the y-axis or a vertical line of a point which percolates, then M percolates. Otherwise, if this first vertical line seen by M is the line of a point which does not percolate, then M does not percolate. The procedure to determine whether M percolates is well-defined since there is only a finite number of points at a higher altitude than M and on the left of M.

2.3 Regenerativity and stability

Theorem 2.1 The set R_α of points percolating at parameter α has the law of the range of a stable subordinator with index α.

Proof

(i) First we prove that the set of points percolating at parameter α is regenerative. Indeed, assume that s percolates at parameter α. Remark that for every t, the x-coordinates of the points M_n(t) converge to t almost surely as n increases. Hence for every t > s, there exists a minimal k = k(s, t) such that for n ≥ k, M_n(0, t) > s. Then for n < k, M_n(0, t) = M_n(0, s) and for n ≥ k, M_n(0, t) = M_{n−k}(s, t).

Since s percolates, one has U(M_n(t)) ≤ α for every n < k. Hence conditionally on the event that s percolates, t percolates if and only if for each n ≥ k, U(M_{n−k}(s, t)) ≤ α. In other words, the set of times t > s percolating at parameter α is the set of t such that U(M_n(s, t)) ≤ α for every n. This is independent of R_α ∩ [0, s] because of the independence properties of the Poisson point process N and has the same law as R_α + s because of the translation-invariance of N .

(ii) The self similarity is quite obvious. Indeed, write N = � k δ_{tk ,xk} and set ^N = � k δ_{ctk ,cxk} for some c > 0. Since μ(B) = μ(cB) for every Borel set B ∈ R_+ × R_+, ^N has the same law as N . Therefore R_α has the same law as cR_α for every c > 0 and consequently, R_α is the range of a stable subordinator.

(iii) It remains to prove that the parameter of the subordinator is α. Let g_1 = sup{t ≤ 1, t ∈ R_α}. Define by induction the sequence A_n := (u_n, z_n) by A_0 = M_n(0, 1) and A_{n+1} = M(0, u_n). Then by construction, g_1 ∈ [u_{K+1}, u_K ] if K is defined as the smallest integer such that U(A_{K+1}) ≤ α. Remark that u_n is the product of n independent, uniform random variables on [0, 1] and therefore has density (− log t)^{n−1}/(n − 1)!. Hence the distribution of u_K is given by

P(u_K ∈ dt) = � n≥1 P(K = n, u_n ∈ dt)

= α(1 − α) � n≥1 (1 − α)^{n−1}

(− log t)^{n−1} (n − 1)! dt = α(1 − α) exp[(α − 1) log t]dt = α(1 − α)t^{α−1}dt

and consequently P (u_K ≤ ε) ∼ cε^α as ε goes to 0. Similar calculations show that P (u_{K+1} ≤ ε) ∼ c^′ε^α as ε goes to 0. Hence P (g_1 ≤ ε) ≍ ε^α. Comparing this with the generalized arcsine law, we conclude that the index of the subordinator is α. □

3 Partitions

3.1 Partitions of integers

For more details on random partitions, as well as numerous references, we refer to Pitman’s Cours de St-Flour [9]. We consider exchangeable random partitions of the set N, i.e. random partitions whose law is invariant under any permutation of a finite number of integers.

An interesting construction of random partitions is the so-called “Chinese restaurant” process [9]. The model is parametrized by two reals α, θ and an initial condition (a_1, . . . , a_{k0} ) where k_0 and a_1, . . . , a_{k0} are positive integers. We must have 0 ≤ α ≤ 1 and θ ≥ −k_0α.

Imagine a restaurant with infinitely many tables, labeled by the integers. There are initially a_1 customers at the first table, a_2 customers at the second table and so on. Then new customers arrive and sit at some table according to the following rule.

Suppose that at a given moment, n customers are seated and occupy k tables, the number of customers at each table being n_1 . . . n_k respectively with n_1 + . . . + n_k = n. Then the (n + 1)-th customer sits at table number i, 1 ≤ i ≤ k, with probability (n_i − α)/(n + θ), and at table number k + 1 with probability (kα + θ)/(n + θ).

Associate with this process a partition of N by saying that i and j are in the same block of the partition if and only if the i-th and j-th customers sit at the same table. Then one can check that this random partition is exchangeable, provided that the first a_1 + . . . + a_{k0} customers sit in an exchangeable manner. We shall call an (α, θ)-partition a partition derived from a Chinese restaurant with parameters (α, θ) and initial condition (1), that is, one has initially one customer at the first table and no other customers.

3.2 The partition associated wih the construction

We want to show that the Chinese restaurant can be embedded in the construction of Section 2. From now on we restrict ourselves to the the points of C lying in the strip [0, 1] × R_+. Reorder these points by decreasing ordinate, denoting

P_1 = (t_1, y_1), . . . P_n = (t_n, y_n) . . .

with y_1 > y_2 > . . .. Add by convention P_0 = (1, ∞).

Say that P_m is on the left of P_n if t_m < t_n.

SEATING RULE. We interpret P_n as the (n + 1)-th customer.

• The first customer sits at the first table.

• The (n + 1)-th customer P_n sits at a new table if t_n percolates.

• Otherwise, P_n sits at the same table as the left most customer on the right of P_n.

This seating rule induces a partition P_α and we have

Theorem 3.1 The seating rule described above yields the Chinese restaurant with parameters (α, 0) and initial condition k_0 = 1, a_1 = 1.

3.3 Proof of Theorem 3.1

For every n ≥ 2, denote by σ_n the permutation of {1, 2 . . . n} such that

t_{σn(1)} < t_{σn(2)} . . . < t_{σn(n)}

Set s^n_i = t_{σn(i)} for 1 ≤ i ≤ n. First we have:

Lemma 3.2 For every n and every permutation σ of {1, . . . n}, conditionally on σ = σ_n, the family of reals (s^n_1 , . . . s^n) has the law L of the increasing reordering of n independent, uniform random variables on [0, 1].

Proof By elementary results on Poisson point processes, the t_i’s are independent, uniform random variables on [0, 1]. Hence (s^n_1 , . . . s^n) has the desired law L.

Let σ be a permutation of {1, . . . n} and L_σ be the law of the increasing reordering conditionally on σ_n = σ. Remark that for every permutation τ of {1, . . . n}, (t_1, . . . t_n) has the same law as (t_{τ (1)}, . . . t_{τ (n)}). This entails that L_σ = L_{σ∘τ} for every τ. Thus L_σ does not depend on σ and equals L. □

Let us introduce some more notation. The restaurant at parameter α induced by our construction is formally a map f^α : N → N depending on the Poisson point process N and on the variables (U(P_n), n ≥ 1), where f^α(n) = k means that the n-th customer sits at the k-th table. Denote by f^α_n the restriction of f^α to {1, . . . n + 1}. Set U = (U(P_n), n ≥ 1) and U_n = (U(P_m), 1 ≤ m ≤ n).

Remark that for every n, whether or not P_n percolates is determined by (σ_n, U_n), since it only depends on the points of C on the left of P_n and at a higher altitude than P_n. Hence for every n, f^α_n is determined by (σ_n, U_n). We shall write f^α_n = H_n(σ_n, U_n). As U_n and σ_n are independent, the lemma entails that conditionally on f^α_n , the variables s^n_m, 1 ≤ m ≤ n − 1, are the increasing reordering of n − 1 independent, uniform random variables on [0, 1]. In particular, conditionally on f^α_n , P(t_n ∈ (s^n_i , s^n_{i+1})) = 1/n (2)

for every i ≤ n − 1.

Observe that according to the seating rule, the set of customers sitting at a given table at a given moment is a set of consecutive points if we reorder the customers by their x-coordinates. Moreover, it is easily seen by induction that if s^n_m, s^n_{m+1}, . . . s^n_m′ is the set of x-coordinates of the customers sitting at the i-th table at time n, then s^n_m′ percolates, s^n_i does not percolate for m ≤ i < m^′ and s^n_{m−1} percolates.

As a consequence, the event that the (n+1)-th customer sits at the i-th table is the union of these two events:

• {s^n_m ≤ t_n ≤ s^n_m′ }

• {s^n_{m−1} ≤ t_n ≤ s^n_m, U(P_n) > α}

According to (2), the probability of the first event is (m^′ −m)/n and the probability of the second event is (1 − α)/n. Hence conditionally on f^α_n , the probability that the (n + 1)-th customer sits at the i-th table is

m^′ − m + 1 − α n = n_i − α n where n_i = m^′ − m + 1 is the number of customers sitting at table i at time n. This is the probability defining the Chinese restaurant. This being true for every table, we have proved Theorem 3.1. □

4 Fragmentation

In this section, we shall have to consider cadlag functions and we denote as usually

f(α−) = lim_{β→α,β<α} f(β)

4.1 Inhomogeneous fragmentations

We refer to [2] for more details on fragmentation. Let S^↓ be the set of decreasing sequences reals x_1 ≥ x_2 ≥ . . ., � x_i ≤ 1. We call a partition of mass a random element of S^↓. If a partition of integers is exchangeable, it is a classical consequence of De Finetti’s theorem that each block B of the partition almost surely has an asymptotic frequency, which is the limit of |B ∩ {1, 2, . . . n}|/n. This way one can derive a partition of mass by reordering the asymptotic frequencies of the blocks in decreasing order. In particular, given a Chinese restaurant with parameters (α, θ) and initial condition (a_1, . . . , a_{k0} ), we denote the law of the associated partition of mass by M(α, θ; a_1, . . . , a_{k0} ).

Remark that translating Theorem 3 into a result for partitions of mass (rather that partitions of the integers), we recover the Poisson-Dirichlet representation of a partition derived from a stable subordinator, as established in [8].

A general fragmentation process (X_t, 0 ≤ t ≤ 1) is a cadlag Markov process such that:

(a) For every t, X_t is an exchangeable partition of integers. For an integer i, we denote by B_t(i) the block containing i in the partition X_t.

(b) If s < t, X_t is a finer partition than X_s.

(c) If B_t(i) ≠ B_t(j), then conditionally on (B_t(i), B_t(j)), (B_s(i), s ≥ t) and (B_s(j), s ≥ t) are independent.

The set Dis(i) of dislocation times for i is the set of times t such that B_t(i) ≠ B_{t−}(i). If t ∈ Dis(i), consider the set of all blocks of X_t contained in B_{t−}(i) and let a_1(t, i) > a_2(t, i) . . . be the sequence of their asymptotic frequencies. Let b_t(i) be the asymptotic frequency of B_{t−}(i), set b_n(t, i) = a_n(t, i)/b(t) and

b(t, i) = (b_1(t, i), b_2(t, i), . . .)

We say that a fragmentation process (X_t, 0 ≤ t ≤ 1) is an inhomogeneous fragmentation with dislocation measure (μ_t, 0 ≤ t ≤ 1) if for each t, μ_t is a sigmafinite measure on S^↓ and if for each integer i

((t, b(t, i)), t ∈ Dis(i))

ia a Poisson point process on [0, 1]×S^↓ with intensity measure ν given by ν(dtds) = dtμ_t(ds). We can now state:

Theorem 4.1 The process (P_α, 0 ≤ 1 ≤ α), is an inhomogeneous fragmentation. Its dislocation measure is given by

μ_α = 1 1 − α ∞� n=1 c_nM(α, −α; n, 1) where c_n is given by_∞ � n=1 c_nt^n = t 1 + log(1 − t)

Remark As shown in Section 3, the partition obtained at time α is an (α, 0)- partition. Moreover it is known [9] that if α^′ > α, one can obtain an (α^′, 0)- partition from an (α, 0)-partition by splitting each block of the (α, 0)-partition according an independent (α^′, −α) partition. This suggests that, loosely speaking, one could obtain P_{α+} from P_{α−} by an (α, −α)-partition. The expression of the dislocation measure in Thereom 4.1 provides a rigorous version of this idea, whereas an (α, −α)-partition does not make sense strictly speaking.

4.2 Proof of Theorem 4.1

It is easy to verify that (a), (b) and (c) hold for the process (P_α, 0 ≤ 1 ≤ α), using the independence properties of the construction of Section 2. We want to show the Markov property and the Poisson point process representation for the dislocations of a given block. We shall study the evolution of the block containing 1 in the partition P_α, denoted by B(α)

Recall that the integers in B(α) correspond to points of the Poisson point process N and to the additional point P_0 = (1, ∞) (see Section 2.2). We shall identify B(α) with these points. Rank these points by decreasing y-coordinate, denoting them by

Q_0(α) = (x_0(α), z_0(α)), Q_1(α) = (x_1(α), z_1(α)), . . .

with ∞ = z_0(α) > z_1(α) > . . . . Set H_1(α) = 1 and by induction H_{k+1}(α) = min{n, x_n(α) < x_{Hk (α)}(α)}.

Also, there is natural order on B(α−) by ordering the points in decreasing x-coordinate. Let ≺_α be this order.

By construction, for every k, U(Q_{Hk (α)}) > α, and it is easily seen that U(Q_{Hk (α)}) is uniformly distributed on (α, 1), independently of the fragmentation up to time α. In turn, for all n /∈ {H_k(α), k ≥ 1}, U(Q_n(α)) is uniformly distributed on (0, 1), independently of the fragmentation up to time α.

Moreover, it is easily seen that for every n, the restriction of ≺_α to Q_1(α), . . . Q_n(α) is a random total order, uniformly distributed over all possible total orders and independent of the fragmentation up to time α. We shall see that the fragmentation process is determined by ≺_α and the variables U(Q_n(α)), and since they are independent of the fragmentation up to time α, this entails the Markov property.

So we have, for every k, U(Q_{Hk (α)}) > α, and U(Q_{Hk (α−)}) ≥ α. There is a dislocation at time α if for some k ≥ 1, U(Q_{Hk (α−)}) = α. In that case, we say that we have a dislocation of index I(α) = k and almost surely, for every k^′ ≠ k, U(Q_{Hk′ (α−)}) > α. It is easy to check the following:

Proposition 4.2 For every k ≥ 1, let T_k be the set of dislocation times of index k. Then the T_k’s are iid Poisson point processes on [0, 1] with intensity measure dx/(1 − x).

Proof This is just due to the fact that, conditionally on U(P ) > α, U(P ) is uniformly distributed on (α, 1). □

If α is a dislocation time, let P^′(α) be the partition of B(α−) into blocks of the partition P(α).

Proposition 4.3 Assume that there is a dislocation at time α. Then conditionally on I(α) = k and H_k(α−) = k^′, the partition P^′(α) has the same law as the partition derived from a Chinese restaurant with parameters (α, −α) and initial condition k_0 = 2, a_1 = k^′, a_2 = 1.

Proof The proof uses the same arguments as Theorem 3.1 Suppose that I(α) = k and H_k(α−) = k^′. Let P = (x, z) be the left-most point percolating at α and such that z > z_{Hk (α−)}. If there is no such point, put by convention P = (0, ∞).

We view B(α−) as the set of customers of the Chinese restaurant. There are initially two tables and k^′ + 1 customers. At the first table, P_0 and Q_1(α−),. . . Q_k′_{−1}(α−) are seated. At the second table, Q_k′ (α−) is seated.

We also have k + 2 reals, namely x, x_1, . . . x_k′ , 1, yielding k^′ + 1 intervals, which we denote by J_1(α), . . . J_k′_{+1}(α) from left to right.

Let n be the minimal integer such that P_n = (t_n, y_n) satisfies t_n > x and y_n < z_{Hk (α−)}. It is important to notice that we are considering P_n, as defined in Section 3.2, and not Q_n. In particular P_n may not belong to B(α−). Set Q = P_n.

By the same arguments as in the proof of Theorem 3, Q lies in one of the k^′ +1 intervals J_1(α), . . . J_k′_{+1}(α) with equal probability. Then one has to distinguish between 5 possibilities.

• x ∈ J_1(α), and U(Q) < α. In that case, Q /∈ B(α−).

• x ∈ J_1(α) and U(Q) > α. In that case, Q sits at the second table.

• x ∈ J_2(α) and U(Q) < α. In that case, Q sits at a new table.

• x ∈ J_2(α), and U(Q) > α. Then Q sits at the first table.

• x /∈ (J_1(α) ∪ J_2(α)). Then Q sits at the first table.

Therefore the probabilities to sit at the first table, at the second table or at a new table are proportional to k^′ − α, 1 − α, α respectively. The same scheme apply for the next customers, which proves the proposition. □

Proposition 4.4 Assume that there is a dislocation at time α. Then � k^′

P(H_k(α−) = k^′|I(α) = k)t^{k′} = t(− log(1 − t))^{k−1}

Proof If ≺ is a total order on {1, 2, . . . n}, set m_1 = 1 and by induction, m_{i+1} = min{j > m_i, j ≺ m_i}. Now let D(k, k^′) be set of total orders ≺ on {1, 2, . . . k^′} such that m_k = k^′. As an elementary application of the theory of combinatorial species, � k^′ ≥1

|D(k, k^′)| t^{k′} k^′!

= t(− log(1 − t))^{k−1}

Let us apply this to the order ≺_α. The event that I(α) = k, H_k(α−) = k^′ is exactly the event that

(A) U(Q_{Hk (α−)}(α−)) = α and for all i ≠ k, U(Q_{Hi (α−)}(α−)) > α.

(B) The order ≺_α, restricted to Q_1(α−), . . . Q_k′ (α−), lies in ∈ D(k, k^′).

On the other hand, the event that α is a dislocation time and that I(α) = k is exactly the event that (A) holds. Since the variables U(P_n) are independent of the Poisson point process N , they are independent of ≺_α and therefore (A) and (B) occur independently. As a consequence, the probability that (A) and (B) hold given that (A) holds is the probability of (B). Finally, remark that the restriction of ≺_α to Q_1(α−), . . . Q_k′ (α−) is uniformly distributed over the k^′! possible total orders. This proves the proposition. □

Propositions 4.2, 4.3 and 4.4, together with obvious independence properties of N , entail that the process of dislocations of the block containing 1 follow the law induced by the dislocation measure ν.

Moreover, it is easily seen that the law of dislocations for the block containing i is the same for all integers i. This concludes the proof of Theorem 4.1.

References

[1] Bertoin, Jean. Subordinators: examples and applications. Lectures on probability theory and statistics (Saint-Flour, 1997), 1–91, Lecture Notes in Math., 1717, Springer, Berlin, 1999.

[2] Bertoin, Jean Homogeneous fragmentation processes. Probab. Theory Related Fields 121 (2001), no. 3, 301–318.

[3] Bertoin, Jean; Le Gall, Jean-Franois. The Bolthausen-Sznitman coalescent and the genealogy of continuous-state branching processes. Probab. Theory Related Fields 117 (2000).

[4] Bertoin, Jean; Pitman, Jim. Two coalescents derived from the ranges of stable subordinators. Electron. J. Probab. 5 (2000), no. 7.

[5] Bolthausen, E.; Sznitman, A.-S. On Ruelle’s probability cascades and an abstract cavity method. Comm. Math. Phys. 197 (1998), no. 2, 247–276.

[6] Bovier, Anton and Kurkova, Irina. Derrida’s generalized random energy models 4: Continuous state branching and coalescents Preprint.

[7] Marchal, P. Regenerative sets, random partitions and the Bolthausen- Sznitman coalescent. Preprint.

[8] Perman, Mihael; Pitman, Jim; Yor, Marc. Size-biased sampling of Poisson point processes and excursions. Probab. Theory Related Fields 92 (1992), no. 1, 21–39.

[9] Pitman, Jim. Combinatorial stochastic processes (Saint-Flour,2002). To appear, Lecture Notes in Math., Springer.