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Abstract

Let p be a prime number and K a finite extension of Q,. We state conjec-
tures on the smooth representations of GL,(K) that occur in spaces of mod
p automorphic forms (for compact unitary groups). In particular, when K is
unramified, we conjecture that they are of finite length and predict their inter-
nal structure (extensions, form of subquotients) from the structure of a certain
algebraic representation of GL,. When n = 2 and K is unramified, we prove
several cases of our conjectures, including new finite length results.
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1 Introduction

1.1 Preamble

Let p be a prime number and K a local field of residue characteristic p. In the
early nineties, Barthel and Livné had the fancy idea to start classifying irreducible
(admissible) smooth representations of GLy(K') over an algebraically closed field of
characteristic p ([BL94], [BL95]). They found four nonempty distinct classes of such
representations: 1-dimensional ones, irreducible principal series, special series, and
those which are not an irreducible constituent of a principal series that they called
supersingular. In 2001, one of us classified supersingular representations of GLy(Q),)
with a central character ([Bre03a]) and showed that they are in “natural” bijection
with 2-dimensional irreducible representations of Gal(@p /Q,) in characteristic p. This
was one of the starting points of the mod p and p-adic Langlands programmes for
GL2(Q,), which was developed essentially during the decade 2000-2010 (see for in-
stance [Bre03b], [Brel0], [Emel0Ob], [Kis10], [Coll0], [Ber10], [Pas13|, [Eme], [CDP14],
[CEGT1S], ...).

There are two main novel features of the mod p local Langlands correspondence
for GL2(Q,) (compared to previous Langlands correspondences). The first one is that
it involves reducible representations of GL3(Q,). More precisely, the representation
of GLy(Q,) is irreducible (resp. semisimple, resp. indecomposable) if and only if its
corresponding 2-dimensional representation of Gal(@p /Q,) is, and, in the reducible
case, is given (at least generically) by an extension between two specific principal
series. The second one, found by Colmez in [Col10], is that the correspondence can be
made functorial by an exact functor from finite length representations of GL2(Q,) to
étale (p,I')-modules, i.e. to finite length representations of Gal(Q,/Q,) by Fontaine’s
equivalence. Thanks to this exact functor, one can extend the correspondence first
to extensions of representations, and then to deformations on both sides.

When K is not Q,, trouble comes from supersingular representations. Contrary
to the case K = Q,, they can be more numerous than 2-dimensional irreducible
representations of Gal(K/K) ([BP12]) and they cannot be described as quotients
of a compact induction by a finite number of equations ([Hul2, Cor.5.5], [Schi3l,
Thm.0.1], [Wu2l, Thm.1.1]), justifying a posteriori the terminology “very strange”
that was used to describe them in the introduction of [BLI5|. As a consequence, no
classification of supersingular representations of GLy(K) is known so far, which has
hitherto made impossible to find a definition of a hypothetical local mod p corre-
spondence for GLy(K) by purely local (either representation theoretic or geometric)
means.

Fortunately, the global theory comes to the rescue. If a local correspondence
exists, there is a place where it should be realized: the mod p cohomology of Shimura



varieties. Let us assume now that K is a finite unramified extension of Q, with residue
field F,; and let K, E14 pM5(Ok) C GLy(Ok). Following the pioneering work of
[BDJ10] on Serre weight conjectures, a series of articles ([BP12], [EGS15], [HW18§],
[LMS22], [Lel9]) led to a complete description of the Kj-invariants of the GLa(K)-
representations carried by Hecke isotypic subspaces in such mod p cohomology groups.
Although these invariants are only a tiny piece of the representations of GLy(K),
combined with weight cycling this turned out to give a strong hint on the form of
these representations, as well as being a useful technical result. Indeed, very recently,
building on this description and on results of [BHH"23], Hu and Wang could prove
that, at least when K is quadratic unramified and the representation of Gal(Q,/K)
is a nonsplit extension between two (sufficiently generic) characters, these GLo(K)-
representations are indecomposable of length 3 (in particular are of finite length), with
similar principal series as in the case K = Q, in socle and cosocle, and a supersingular
representation “in the middle” ([HW22, Thm.1.7]).

These recent results maintain the hope of a local Langlands correspondence for
GL2(K). They also prompted us to make public some conjectures we had in mind for
many years on the form of the GL,, (K)-representations carried by Hecke isotypic sub-
spaces, and on a functorial link to representations of Gal(Q,/Q,) via (¢, I')-modules.
We state such conjectures in the present work (Conjecture Conjecture , Con-
jecture and we prove some special cases in the case n = 2 and K unramified,
including some new finite length results (Theorem , Theorem Corollary
[3.106). Moreover, when n = 2 and K is unramified, we also define (and use in the
proofs!) an abelian category C of smooth admissible representations of GLo(K) in
characteristic p (containing the representations coming from the global theory) to-
gether with an exact functor from C to a new category of multivariable (¢, I')-modules.

1.2 Conjectures

Let us first describe our conjectures with some details. As usual, we mostly work in
the setting of compact unitary groups (except in §2.1.4), so that we do not (yet) mix
delicate representation theoretic issues with difficult geometric problems (ultimately,
we think that the representations of GL,(K) should not change from one global
setting to another). We fix F' a CM-field, i.e. a totally imaginary quadratic extension
of a totally real number field F'*, and we assume for simplicity in this introduction
that p is inert in F'*. We also assume (not for simplicity) that the unique p-adic place
v of '™ splits in F. We fix a continuous absolutely irreducible representation

7 Gal(F/F) —s GL,(F),

where F is a (sufficiently large) extension of F,, and we assume that 7 is automorphic
for a unitary group H over F'* that is compact at all infinite places and becomes GL,,



over F. Equivalently there exists a compact open subgroup U” C H(A};") such that
S(UY, F)[m] = {f : H(FY)\H(A%:)/U" — F locally constant}[m] # 0,

where [m] means the Hecke-isotypic subspace associated to 7 (one has to choose a
finite set of bad places X in the definition of m, but we forget this issue here, see

§2.1.3 below).

Let ojv in F, K ' F; the corresponding completion and 75 the restriction of
7 to a decomposition subgroup at v. Then S(U",F)[m] is an admissible smooth
representation of GL, (K) over F by the usual right translation action on functions.
Our main conjecture gives the form of this GL, (K )-representation (assuming it is
of finite length) as well as a functorial link to 7;. But to state it we need a few
preliminaries on certain algebraic representations of GL,, over F.

Let us first assume for simplicity that K = Q,. We let Std be the standard n-
dimensional algebraic representation of GL,, over IF and define the following algebraic
representation of GL,, over F:

n—1 .
I @ A\,Std.

We fix P C GL, a parabolic subgroup containing the Borel B of upper-triangular
matrices, and let Mp be its Levi subgroup containing the torus T" of diagonal matrices.
We fix P C P a Zariski closed algebraic subgroup containing Mp and we consider the
algebraic representation Z®|]~5 of P over F.

Definition 1.1 (Definition [2.22)). A subquotient of f®] 5 is a good subquotient if
its restriction to the center Zy, of Mp is a (direct) sum of isotypic components of
+®

L7z,

Note that an isotypic component of f®| Zu, carries an action of Mp (Lemma

2.21|). Hence, viewing an isotypic component of Z®| Z, 85 & representation of P via

T +® : . : .
the surjection P — Mp, one can see L~ |5 as a successive extension of such isotypic

components (Lemma[2.24). On the GL,(Q,)-side, the isotypic components of f®| Zatp
will play the role of irreducible constituents. Note that the isotypic components of
L7 Zu, are by definition all distinct.

To an isotypic component C' of f®] Zu,» We associate a parabolic subgroup P(C)
of GL,, containing B as follows. Let A € X(T') = Home, (T, G,,) be any weight such
that C is the isotypic component of A|z,, ~and define (see (2.29))

1
(W(P)]

N > w(h) € X(T)@zQ,

w' €W (P)



where W (P) is the Weyl group of Mp. Let 6 be the highest weight of f®]T and w
in the Weyl group of GL,, such that w(\') is dominant with respect to B. Then one
can check that (see Proposition [2.32)

6—w\)=> naa,
a€es
where S is the set of simple roots of GL,, (with respect to B) and the n, are in
Q>0. Then P(C) is by definition the parabolic subgroup of GL,, corresponding to the
subset {a € S : n, # 0} of S. We denote by P(C')~ its opposite parabolic subgroup.

We now go back to the above global setting. Assuming a weak genericity condition
on T, one can replace 75 by a suitable conjugate so that the image of 75 is contained
in the F-points of a Zariski closed algebraic subgroup 15;17 of a parabolic P, as above
which is “as small as possible” (see Definition and Theorem [2.65)). The following
conjecture is part of Conjecture (see Definition and Definition [2.70)).

Conjecture 1.2. Assume that 75 has distinct irreducible constituents and that the
ratio of any two 1-dimensional constituents is not in {w,w™'}, where w is the mod
p cyclotomic character. Then we have a GL,,(Q,)-equivariant isomorphism for some
integer d > 1:
@d
S(UY,F)m] = (T; @ (w" ' odet))
where I is an admissible smooth representation of GL,(Q,) over I of finite length
with distinct irreducible constituents such that there exists a bijection ® between the
(finite) set of subquotients of Iz and the (finite) set of good subquotients of L@)]ﬁ~

satisfying the following properties:

(i) @ respects inclusions, and thus extends to a bijection between the sets of all
subquotients on both sides;

(ii) @~ sends an isotypic component C sz®‘ZMP7 to an irreducible constituent of

v

I; of the form Indg%g)@ﬁép) w(C), where 7(C) is a supersingular representation
of Mpcy(Qp) over F.

When K is not necessarily Q,, the conjecture is completely analogous, defining
¢ by
n—1
" Q@ (@A)
Gal(K/Qp) © i=1
replacing P by P(K/@) & By ...« P and taking isotypic components of L%,
N—_—— P
Gal(K/Qp)

for the diagonal embedding Zy;,, — ZACZI(K/ %) in the definition of good subquotients

+®
of L™ | paai/ep -



Example 1.3. (i) If 7; is irreducible, then ]5;73 = GL, = Mp_ and there is only one

isotypic component €' in L”| Zer, - 1t is such that P(C) = GL,: the representation
IT; in Conjecture [I.2]is irreducible and supersingular.
(ii) If 75 is semisimple, then Pr, = Mp_, and since the direct sum decomposition

of L Zu,, into isotypic components for the (diagonal) Zyr, -action is a direct sum

decomposition as a ]5% = Mp_-representation, we see that the representation II; in
Conjecture [[.2)is also semisimple.

(iii) If K = Q, and n = 2, we have L® = Std. When 7; is irreducible, by (i) the
representation IT; of GLy(Q,) in Conjecture is supersingular. When 7; is reducible
split, then ]5;6 =T = Mp._, and f®\T =FX\ @ FX\y, where \; : diag(z1, x2) — x4, 1 €
{1,2}. There are two isotypic components C' = F; or C' = F),, both with P(C) = B:
the representation II; in Conjecture [1.2| is a direct sum of two irreducible principal
series. Finally, when 7; is reducible nonsplit, then ﬁ’;ﬁ = B, f®| B is a nonsplit
extension of FAy by FA; and II; is a nonsplit extension between two irreducible
principal series. Note that Conjecture|1.2]is known in that case ([CS17h], [CS17al for
75 irreducible, [BD20, Cor.7.40] for arbitrary 75, all generalizing methods of [Eme]).
(iv) For K arbitrary (unramified) and n = 2, see Example [2.35 and Example 1 of

213

Conjecture [I.2] only gives part of the picture. For instance there should be re-
ducible subquotients of II; which are also parabolic inductions Indg%g)@f()@p) 7(C) with
m(C) of the form 7(C) = m(C) ® -+ ® 7y(C), where the (reducible) m;(C) have
themselves the same form as II; but for the smaller GL,,,(K) appearing in the Levi
Mp(cy(K) (which gives a “fractal” flavour to the whole picture!). In fact, it is possible
that, in the end, this “fractal” picture will automatically follow from property (ii) in
Conjecture (i.e. from the statement for irreducible subquotients only), as one can
already see in many of the examples of using the work of Hauseux ([Haul§],
[Haul9]), see Remark[2.71fiv). Also some parabolic (possibly reducible) inductions as
above should be deduced from others by a permutation on the factors m;(C). Tracking
down all these internal symmetries (with the various twists by characters that occur)
and all the implications between them is not really difficult but a bit tedious, as the
reader will see from the technical lemmas in (see e.g. Proposition . The
interested reader should maybe first have a look at the various examples in
before going into the full combinatorics.

Finally, the full picture has to take into account the Galois action. There is a
simple way to extend Colmez’s functor from representations of GL2(Q)) to represen-
tations of GL, (K) that we recall now (see [Brel5| or §2.1.1). Let £ : G, — T be the

cocharacter  — diag(z" ', 2"2,...,1) and N; = Ker(N, Ly O Z,), where
Ny is the unipotent radical of B(Ok) and the map ¢ is the sum of the entries on

the first diagonal (following the notation of [SV1I]). Let 7 be a smooth representa-
tion of GL, (K) over F and endow the algebraic dual (721)" of 7™¥* with the residual

8



F[No/M] = F[Z,] = F[X]-module structure (where X = [1] — 1), an action of Z
and an endomorphism ¢ which commutes with the Z;-action by

(@f)v) = fE@ ), ey, fe@™)Y, verh
V) f(Swsepmem 1 mE@w), £ @)Y, ver

Then one defines a covariant left exact functor V' from the category of smooth repre-
sentations of GL,,(K) over IF to the category of (filtered) direct limits of continuous
finite-dimensional representations of Gal(Q,/Q,) over F by

V(r) 2 (1im VY(D)) @0, (1.1)

where the inductive limit is taken over the continuous morphisms of F[X]-modules
h: (7)Y — D, where D is an étale (¢, T')-module of finite rank over F((X)) and
h intertwines the actions of Z (recall I' & Z)), commutes with ¢ and is surjective
when tensored by F((X)). (Here VV is Fontaine’s contravariant functor associating a
representation of Gal(Q,/Q,) to D and recall that any étale (o, I')-module is endowed
with an endomorphism ¢ which is left inverse to the Frobenius ¢.) In , 0 is a
certain power of w which is here for normalization issues (see Example see also
the end of . In general, one doesn’t know when V() is nonzero or if it is
finite-dimensional.

Using (1.1)), one can strengthen Conjecture (when K = Q) so that it takes
into account the action of Gal(Q,/Q,) as follows.

Conjecture 1.4 (see Definition and Conjecture . There is a bijection P
as in Conjecture that moreover commutes with the action of Gal(Q,/Q,) in the
following sense: for each subquotient 115 of Il one has V(I1;) = ®(I1}) o 75. (Recall
that ®(II;) is an algebraic representation of ]5% over F and that 7y takes values in

B, (F).)

If K is not necessarily Q,, then by definition ®(II}) is an algebraic representation

of 135 AK/®) and there is a completely analogous conjecture replacing ®(I1%) o 75 by

(I15) o (TF) yecal(k/q,), Which is again a representation of Gal(Q,/Q,).

In particular the functor V', when applied to II; and its subquotients II7, should
behave like an exact functor. Note that Conjecture is known when K = Q, and
n = 2 by the same references as in Example (iii). In the special case 1T} = II;,
Conjecture [I.4] implies in particular

Conjecture 1.5 (Conjecture . The functor V induces an isomorphism
nl . @®d
V(S(U”, F)[m] @ (w™ ™Yo det)) = (ind?}(@p ( () /\Fﬁ;)) ;
i=1
where ind™" is the tensor induction from Gal(Q,/K) to Gal(Q,/Q,).

9



The statement in Conjecture [I.5] makes sense even if K is ramified, and we con-
jecture it for an arbitrary finite extension K of Q, and an arbitrary representation 7
(see Conjecture 2.9). In fact, using C-parameters ([BG14]), it can even be formulated
in a more intrinsic way and in a more general global setting, see Conjecture [2.19

Remark 1.6. Assuming K = Q,, the first appearance of the Gal(Q,/Q,)-represen-
tation on the right-hand side of the isomorphism in Conjecture is in [BHIH],
where its “ordinary part” was related to the “ordinary part” of S(UY,F)[m] (see
Theorem for an improvement). Note that the algebraic representation L% of GL,
is not irreducible for n > 2. One could have thought about using the irreducible
algebraic representation of GL, of highest weight 6 instead of the reducible % to
make predictions (at least for p big enough the latter strictly contains the former as
a direct factor). However, we chose the representation . One reason is that it
can also be seen as a representation of GL, x --- x GL,, (n — 1 times) in an obvious

way — in which case a better notation is i X' AEStd — and one can hope to

state a stronger variant of Conjecture replacing ° by 7% and O(I15) o 75 by
O(115) o (T3, 75, - . ., T5) (see [Zab18b], [Zab18al] where such a possibility is mentioned).
However one has to be careful with defining a “multivariable” functor V in that
context (there is a tentative definition in [ZabI8h] when K = Q, generalizing (1.1)),
but see Remark when n =2 and K # Q,).

If a representation Il; as in Conjecture [1.4] exists, we do hope that it will realize
a mod p local Langlands correspondence for GL,,(K).

1.3 Results

Let us now describe our main results when n = 2 and K = Qs is unramified. For

a finite place @ of F' we denote by R: the (unrestricted) framed deformation ring
of Ty = Tl Gal(F /1y OVEr W(F). We let I € Gal(Q,/K) be the inertia subgroup
and wyp for f' € {f,2f} be Serre’s fundamental character of level f’. We make the
following extra assumptions on F', H, 7 and U" = [],, U, (recall we assumed p inert

in F* for simplicity):

(i) F/F™" is unramified at all finite places of F't;
(ii) H is quasi-split at all finite places of F*;

)
)
(iif)
)
)

S

| a7/ r( 01y 18 adequate ([Thol7, Def.2.20]);
(iv) Ty is unramified if @|p+ is inert in F

(v) RE is formally smooth over W (FF) if 7y is ramified and @|p+ # v;

Tw

10



(Vi) 751, is, up to twist, of one of the following forms:

T cpf =L
il = w](c o+ D) +-+p! T (rp o1 41) 0
T 0 1)’
T f=L(rs_
rolp = wgfo+1)+ +p! T (rpo1+1) fo |
K 0 wgf(same)

where the r; satisfy the following bounds:

max{12,2f -1} <r; < p —max{15,2f+2} if j > 0 or 7; is reducible,
max{13,2f} <rg< p—max{14,2f+1} if 75 is irreducible;

(1.2)

(vii) U, is maximal hyperspecial in H(F)) if w is inert in F.

w

(We also need to fix a place v; which splits in F', where nothing ramifies and U,, is
contained in the Iwahori subgroup at vy, we forget that here along with the set ¥ of
bad places and the definition of the ideal m.)

Theorem 1.7 (Theorem [3.102). Assume n = 2, K/Q, unramified, and the above
conditions (i)-(vii). Then Conjecture[1.5 holds.

We sketch the proof of Theorem We denote by I; the pro-p Iwahori subgroup
in GLy(Ok) and set
PET() T SO E)m)
Note that the central character of IT is det(p)w ™' (Lemma [2.11]). There are two main
steps in the proof which involve quite different arguments:

(i) one proves a Gal(Q,/Q,)-equivariant injection (ind?}(@pﬁ)@d — V(II);

(i) one proves dimg V(IT) < 2/d (= dimg(ind52p)®9).

We first sketch the proof of (i). Arguing as in the proof of [BHH'23, Prop.8.2.6],
there is an integer d > 1 and a GLy(Oj ) K *-equivariant isomorphism 151 2 Dy (p)®9,
where Dy (p) is defined as in [BP12, §13] (see Corollary[3.95)). Taking into account the
action of (25

) on IT"* C IT¥1| one can promote this isomorphism to an isomorphism
of diagrams:

Theorem 1.8 ([DL21, Thm.1.3] when d = 1, Theorem when d > 1). There
is a diagram D(p) = (D1(p) < Do(p)) only depending on p such that one has an
isomorphism of diagrams:

D(p)®* = (II" — 11",

11



Theorem [I.8) can actually be made stronger, i.e. one can show that certain con-
stants v; € F* associated to the weight cycling on D;(p) = Dy(p)™ as in [Brelll §6]
(up to suitable normalization) are as predicted in [Brell, Thm.6.4]. When d = 1, The-
orem (and its strengthening) is entirely due to Dotto and Le ([DL21, Thm.1.3)).

When d > 1, we check from their proof that the action of (g (1)) on It = (Dy(p)h)®d
“respects” each copy of Dy(p)t. Note that Theorem holds under much weaker

bounds on the r; than the bounds (1.2)), see §3.4.1]

Then item (i) above follows from the following purely local result.

Theorem 1.9 (Theorem [3.35)). Let m be an (admissible) smooth representation of
GLy(K) overF such that one has an isomorphism of diagrams D(p)®? = (71t — 75&1).

Then one has a Gal(Q,/Q,)-equivariant injection (ind}@}Q”ﬁ)@d — V(nm).

The proof of Theorem is a long and technical computation of (¢, I')-modules
that is given in §3.2] It uses the previous computations in [Brell] and the bounds
(1.2) (though one can slightly weaken them, see (3.26))).

We now sketch the (longer) proof of (ii). We let Z; be the center of I; (or
of K1) and my, /7, the maximal ideal of the Iwasawa algebra F[I;/Z;]. The main
idea is to focus on the structure of the (algebraic) dual 7V as an F[[;/Z;]-module
and to use the results of [BHH™23|. Recall that the graded ring gr(F[I;/Z:]) for
the my, /7 -adic filtration (we use the normalization of [LvO96, §I.2.3]) is not com-
mutative, but contains a regular sequence of central elements (ho,...,hs_1) such
that R = gr(F[I;/Z:])/(ho, ..., hs_1) is a commutative polynomial algebra in 2f
variables Fly;, 2,0 < i < f — 1] (see [BHH 23, §5.3] and (3.1), (3.17)). We let
J = (yizi, hi, 0 < i < f — 1) (an ideal of gr(F[I,/Z,])) and define

RE gr(F[1/Z1])/J = Flyi, 2,0 < i < f —1]/(yi2:,0 < i < f —1). (1.3)

Then py < (2;,0 <i < f—1) is one of the 2/ minimal prime ideals of R. If N is any
finite type gr(F[I;/Z])-module killed by a power of J, one can define its multiplicity

o (N) € Zisy at py, see (3:23).

For m a smooth representation of GLo(K) over F with a central character,
we endow 7V with the m;, ,» -adic filtration and we let gr(7") be the associated graded

gr(F[1,/Z,])-module.

Theorem 1.10 (Theorem [3.69)). Let m be an (admissible) smooth representation of
GLo(K) over F satisfying the following two properties:

(i) there is a GLy(Ox)K * -equivariant isomorphism Dy(p)®? = 751 ;

(ii) for any character x : I — F* appearing in m[my,,z] there is an equality of
multiplicities
([, 2] - x] = [w[mr2,] : x]-
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Then gr(wV) is killed by J and one has my,(gr(7")) < 27d.

By the proof of [BHH"23, Cor.5.3.5], property (ii) in Theorem implies that
gr(m¥) is killed by J. By an explicit computation (using both properties (i) and (ii)),
one proves in Theorem that there is a surjection of R-modules

(®rexrR/a(X)® — gr(n"),

where &2 is a combinatorial finite set associated to p (in bijection with the set of y
appearing in w[my, /7 |, see §3.3.1) and the a(\) are explicit ideals of R containing
the image of J (see Deﬁniti. Then Theorem follows from the equality
Myy (BrexrR/a(N)) = 2/ which is an easy computation.

Arguing as in [BHH"23], the representation II satisfies all assumptions of Theorem

1.10} see Corollary and Theorem [3.100} Hence the upper bound in item (ii) below
Theorem [L.7] follows from Theorem [[.T0] combined with the next result:

Theorem 1.11 (Corollary [3.34). Let @ be an admissible smooth representation of
GLo(K) over F with a central character such that gr(n¥) is killed by some power of
J. Then one has dimg V(1) < my, (gr(7")).

We prove Theorem by first associating to 7 an “étale (¢, Of)-module over
A” (Definition [3.23). This is the “multivariable (¢,I')-module” mentioned at the
end of §I.1 Though one could probably give a more direct proof without explicitly
introducing them, these étale (p, O%)-modules are important for our finite length
results below and are likely to play a role later, so we describe them now.

We start with the ring A. Let F[No] = F[Ok] be the Iwasawa algebra of the
unipotent radical Ny of B(Ok). Then F[Ny] = F[Yo,...,Y;_1], where the Y; are
eigenvectors for the action of the finite torus on F[No] (see (3.1)). Let S be the mul-
tiplicative system in F[Ny] generated by the Y;. The filtration on F[Ny] by powers of
its maximal ideal my, naturally extends to a filtration on the localized ring F[Ny]s
and we define A to be the completion of F[Ny]s (where F[Ny]s denotes the localiza-
tion of F[Ny] at S) for this filtration ([LvO96l §I.3.4]). The ring A is not local, but
it is a regular noetherian domain (Corollary and a complete filtered ring in the
sense of [Lv096l, §1.3.3] with associated graded ring gr(A) = gr(F[No]s) (see Remark
3.3((iii) for a concrete description of A). Most importantly, the natural action of O
on F[No] = F[Ok] by multiplication on Ok extends by continuity to A (Lemma
and any ideal of A preserved by Oy is either 0 or A (Corollary .

Let 7 be an admissible smooth representation of GLy(K) over F with a central
character and recall that 7V is endowed with the my, 7 -adic filtration (which, in

general, strictly contains the my,-adic filtration). We endow (7V)s = F[No]s@pnop
with the tensor product filtration and define D 4() as the completion of (7¥)g. Then
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Dy(m) is a complete filtered A-module such that gr(Da(m)) = gr((7¥)s) (Lemma
[.1). The action of O} on 7" extends by continuity to D4(7), as well as the map

pirt () (vem e e = £((29)0))
(Lemma [3.14)). The latter can be linearized into an A-linear morphism
B : DA<7T) — A ®¢,A DA(7T),

where ¢ is a Frobenius endomorphism on the characteristic p ring A (see (3.16]) for
the definition of 3, and §3.1.1| for the definition of ¢ on A).

We let C be the abelian category of admissible smooth representations 7 with a
central character such that gr((7")s) is a finite type gr(F[Ny]s)-module. It follows

from that
(er(®LL/Z0)/9) (o yr-0) ™ = Flyo, -y [0+ yr-1) 7] = gr(F[No]s)

which easily implies that, if gr(7") is killed by a power of J, then 7 is in C (Proposition
. In particular the representation I is in C. Note that any finite length admissible
smooth representation 7 of GL2(Q,) over F with a central character is such that gr(7")
is killed by a power of J (Corollary , hence is in C.

For 7 in C, by general results of [Lyu97], there exists a largest quotient D 4 ()% of
D 4(m) such that the map 3 induces an isomorphism ¢ : D4 (7)% 5 A ®g4 4 Da(m)®
(see the beginning of §3.1.2). We let ¢ : Da(m)* — Da(m)® such that Id®@yp =
(B%)7L. Then D4(7)% equipped with ¢ and the induced action of OF is our étale
(p, OF)-module over A associated to 7 in C.

Theorem 1.12 (Proposition Corollary  [3.18,  Theorem [3.25 and
Corollary |3.34)).

(i) If m is in C, then Da(w) and Da(m)® are finite projective A-modules and
rka(Da(m)™) < my, (gr(7”)).
ét

(ii) The (contravariant) functors m — Da(w) and m — D(m)°
abelian category C.

are exact on the

One key ingredient in the proof of Theorem (cf. the proof of Proposition
is that if the annihilator of an A-module endowed with an A-semilinear Oj-action
is nonzero, then this annihilator is A (since there are no proper nonzero ideals of A
which are preserved by Oj, see above) and hence the A-module must be 0.

For a smooth representation m of GLo(K) over F such that dimy V(7)) < o0,
we denote by D¢ () the unique étale (¢, T')-module over F((X)) such that V(m) =
VY(D{(m))®0 (see (1.1)). We denote by tr : A — F((X)) the ring morphism induced
by the trace tr : F[No| — F[Z,] = F[X].

14



Theorem 1.13 (Theorem [3.29). If w is in C, then we have an isomorphism of étale
(o, T')-modules over F((X)):

Da(m)™ @4 F(X)) — D{ (7).

In particular, dimg V (7r) = tka(Da(m)%) < +o00 and the functor m — V(r) in (1.1)

is exact on the category C.

The proof essentially follows by a careful unravelling of all the definitions and
constructions involved. The last statement follows from the first and from Theorem
L 12l

Theorem and Theorem [1.12fi) imply in particular the bound on V(7) in
Theorem [I.11] which finally proves Theorem [1.7]

We see that the multivariable (¢, OF)-module D4 ()% plays an important role
in the proof of Theorem [I.11I} One natural question therefore is to understand more
the internal structure of D4(I1)¢ (at least conjecturally): does D 4(I1)¢* only depend
on p? Does it determine p? We plan to come back to these questions, as well as
generalizations in higher dimension, in future work.

The modules D4 (IT)* and D/ (I) are also crucial tools in the proof of our finite
length results on the representation II which provide evidence to Conjecture and
Conjecture [I.4 and that we describe now.

Theorem 1.14 (Theorem [3.104). Assume moreover d = 1, i.e. [151 = Dy(p) (the so-
called minimal case). Then the GLy(K)-representation 11 is generated by its GLg(Ok)-
socle, in particular is of finite type.

Note that the last finiteness assertion in Theorem (with I instead of the
GL2(Ok)-socle) was known for p non-semisimple (and sufficiently generic) by [HW22,
Thm.1.6], but the proof there doesn’t extend to the semisimple case.

We sketch the proof of Theorem [1.14 Let II' C II be a nonzero subrepresen-
tation and II” = II/II. As gr(I1Y) and hence its quotient gr(I") are killed by J,
the representations II, II', II” are all in C, thus Theorem [1.12i) and Theorem [I.13]
imply dimg V (II') < my,, (gr(I"V)) and dimg V(II”) < my,,(gr(II”V)). Since V(II") =
V/(IT)/V(IT') by the last statement in Theorem[I.13] and since my, is an additive func-
tion by Lemma [3.82] (and Definition [3.79)), we deduce dimg V (I') = m,, (gr(II'"V)) and
dimgp V(I1") = my, (gr(I1"V)) as we have seen that dimg V (IT) = my, (gr(I1V)) (= 27).
On the other hand, by computations analogous to the ones used in the proofs of
Theorem and Theorem we also have inequalities

myo (gr (1)) < lg(socary o) (1) < dimg V(IT)
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and thus we deduce
My, (gr(IT")) = lg(socar,o,) (1)) = dimg V(II') # 0. (1.4)

Now take II' to be the nonzero subrepresentation generated over GLy(K) by the
GLy(Ok)-socle of II. We wish to prove II” = 0. As

lg(socar,ox) (1)) = lg(socar, o, (I1) = 2/ = dimg V(1)
we already have by and the exactness of V' that
My, (gr(I1"Y)) = dimy V(II") = 0. (1.5)
To deduce II” = 0 from (|1.5)), we need the following key new ingredient: II is es-

sentially self-dual of grade (or codimension) 2f, i.e. Extf'p[[ll/Zﬂ](HV,F[[Il/Zl]]) =0 if
j < 2f and there is a GLy(K)-equivariant isomorphism

Extyl), g (1 FIL /1)) = TV @ (det(p)w ™), (1.6)

where Ext%ﬂ[ch (Y, F11/Z1]) is endowed with the action of GLy(K) defined by
Kohlhaase in [Koh17, Prop.3.2]. This follows by the same argument as in [HW22|
Thm.8.2] (using Remark . We then define II as the admissible smooth repre-
sentation of GLy(K) over F such that

" @ (det(p)w™") = Im (EXtIQF{Il/Zlﬂ (Hva F[[II/Zl]]) — EXt]?‘ﬂ[ch/&]] (HHV; F[[II/Zl]])>7

and by Mis a subrepresentation of II. By and general results on Extf\(—, A)
for Auslander regular rings A, II"V C IIV is also of grade 2 if it is nonzero, and hence
Ext;{h/zl]](ﬂ”v,F[[Il/Zl]]) is nonzero if and only if II” # 0. From the short exact
sequence

0= II"®(det(p)w ) = Extil, (1", F[1/Z1]) = Ext3 ), (Y, FL/Z]) (1.7)
and the fact that the last Ext>*! has grade > 2f + 1, we finally obtain:
IT is nonzero if and only if II” is nonzero. (1.8)

We now use the following general theorem.

Theorem 1.15 (Theorem [3.83)). Let m be an admissible smooth representation of
GLo(K) over F with a central character such that gr(nY) is killed by a power of
J. Then the gr(F[I,/Z])-module  (for the wy z -adic filtration  on

Eth%f[cll/Zlﬂ(ﬂva Fl1/2:])):

- (Extﬁﬂ[ch (7 FIL /Zﬂ]))

is also finitely generated and annihilated by a power of J, and we have
e (3r(x")) = 1, (gr (Bt (" Fufl/zln)))‘
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From the injection in (1.7) and from Theorem applied to 7 = II” we have

My, (gr(I1V)) < my, (gr(I1”V)), hence we obtain
iy, (gr(I1Y)) = 1, (gr(11")) = 0.

This implies IT = 0 by (1.4) (applied to the subrepresentation I’ = II) and thus
I1” = 0 by (1.8)), finishing the proof of Theorem m

The following corollary immediately follows from Theorem and from [BP12|
Thm.19.10(i)].

Corollary 1.16 (Theorem [3.104)). Assume moreover d =1 and p irreducible. Then
the GLy(K)-representation 11 is irreducible and is a supersingular representation.

When 7 is reducible (split), we can prove the following result.
Theorem 1.17 (Theorem [3.105)). Assume moreover d = 1 and p reducible, i.e. p =

(Xl 0). Then one has
0 X

I = Ind§ 2 (1 ® xow™) & ' & Ind 52 (2 ® xaw™),

where T1' is generated by its GLy(Of)-socle and TI"Y is essentially self-dual of grade
2f, i.e. satisfies (1.6). Moreover, when f = 2, I is irreducible and supersingular
(and hence 11 is semisimple).

The fact that the two principal series in Theorem [1.17] occur as subobjects of 11
was already known (and is not difficult). To prove that they also occur as quotients
(and that the obvious composition is the identity), we again crucially use the essential
self-duality . The rest of the statement follows from Theorem and [BP12,
Thm.19.10(ii)].

The following last corollary sums up the above results.

Corollary 1.18 (Theorem [3.106)). Assume (i) to (vii) as at the beginning of
and assume d = 1 as in Theorem |1.14] Then Conjecture holds for n =2 and p

irreducible, or for n =2, K quadratic and p semisimple.

Note finally that when f = 2, p is non-semisimple (sufficiently generic) and d = 1,
Conjecture [1.2] at least is known and follows from [HW22, Thm.1.7].

1.4 Notation

We finish this introduction with some very general notation (many more will be
defined in the text).
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Throughout the text, we fix @, an algebraic closure of Q, and K an arbitrary
finite extension of Q, in @p with residue field F,, ¢ = p/ (f € Z>1). The field K is
unramified from on. We also fix a finite extension £ of QQ,, with ring of integers
Og, uniformizer wg and residue field F, and we assume that I contains F,. The finite
field I is the main coefficient field in this work. We denote by ¢ the p-adic cyclotomic
character of Gal(Q,/Q,) and by w its reduction mod p. We normalize Hodge-Tate
weights so that € has Hodge-Tate weight 1 at each embedding K — F. We normalize
local class field theory so that uniformizers correspond to geometric Frobeniuses.

If H is any split connected reductive algebraic group, we denote by Zy the center
of H and by Ty a split maximal torus. If Py is a parabolic subgroup of H containing
Ty, we denote by Mp,, its Levi subgroup containing 7%, Np, its unipotent radical
and Py its opposite parabolic subgroup with respect to Ty (so Py N Py = Mpy).

We let n > 2 be an integer and denote by G the algebraic group GL,, over Z. The
integer n is arbitrary in §2/and is 2 in §3

Irreducible for a representation always means absolutely irreducible.

Finally, though we mainly work with the group GL,,, several proofs in §2| can be
extended more or less verbatim to a split connected reductive algebraic group over Z
with connected center, and §2.1.4] deals with possibly nonsplit reductive groups.
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2 Local-global compatibility conjectures

We state local-global compatibility conjectures (Conjecture , Conjecture and
Conjecture which “functorially” relate Hecke-isotypic components with their ac-
tion of GL, (K) in spaces of mod p automorphic forms to representations of Gal(Q,/Q,).
Conjecture assumes K is unramified but is much stronger and more precise than
Conjecture [2.9] and Conjecture 2.19| as it predicts the number, position and form
of the irreducible constituents of these Hecke-isotypic components, as well as their
contribution on the Galois side.

Throughout this section, we let T" C G = GL, the diagonal torus over Z and
X(T) the Z-module Homg, (T, G,,). As usual, we identify X (7T') with &P ,Ze; via
e — (diag(xl,...,xn) — xl) and define { , ) : X(T) x X(T) — Z, (e;,¢;) = 6,
which we extend by Q-bilinearity to X(7") ®z Q. This provides an isomorphism of
Z-modules X (T') = Homgz(X(T'),Z) = Homg, (G, T') given by

eil—>e;‘d:ef(xr—>diag(l,...,1,x,1,...,1)), ie{l,...,n}. (2.1)
—_——

i—1

We denote by R ={e; —e;: 1 <i#j<n} CX(T) the roots of (G,T), by BC G
the Borel subgroup (over Z) of upper-triangular matrices and by N the unipotent
radical of B, so that the positive roots are RT = {¢; —¢; : 1 <i<j <n} C R and
the simple roots are S = {e; —e;41: 1 <i<n—1} C R". An element of X (T') ®zQ
is dominant if (\,e; —e;41) > 0forall i € {1,...,n—1}. If \,p € X(T) ®z Q, we
write A < pif p— X € X Qsole; —eiv1). A = X1 ny(e; — eiq1) for some n; € Q,
its support is by definition the set of simple roots e; — ;1 such that n; # 0. Finally,
we denote by W = S, the Weyl group of (G,T'), which acts on the left on X (7") by

w(N)(t) = Nw tw) for A € X(T) and t € T

If P is a standard parabolic subgroup of G (that is, containing B), we denote by
S(P) C S the subset of simple roots of Mp, R(P)" C R the positive roots of Mp
(generated by S(P)) and W(P) C W its Weyl group.

2.1 Weak local-global compatibility conjecture

We state our first local-global compatibility conjecture (see Conjecture and its
generalization Conjecture which relate Hecke-isotypic components with their
action of GL,(K) to representations of Gal(Q,/Q,) without taking care of their irre-
ducible constituents.
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2.1.1 The functors Dg/H and Vy

We review the simple generalization of Colmez’s functor defined in [Brel5.

Throughout this section, we fix a connected reductive algebraic group H which
is split over K with a connected center, By C H a Borel subgroup and Ty C By a
split maximal torus in By. We let (X(TH), Ry, XV (Ty), R%) be the associated root
datum, R}, C X (Ty) the (positive) roots of By, Sy C Rj; the simple roots and S}
the associated simple coroots.

We need to recall some notation of [Brel5] (to which we refer the reader for any
further details). For a € R};, we let N, C Ng be the associated (commutative) root
subgroup, where Ny £ N B, 1s the unipotent radical of By. For oo € Sy, we fix an
isomorphism ¢, : N, = G, of algebraic groups over K such that

La(tnat™) = a(t)ia(ng) Yt €Ty, ¥ ng € N,. (2.2)

We fix an open compact subgroup Ny € Ny (K) such that [T, R, N, = Ny induces

a bijection HaeRz N,(K)N Ny = N, for any order on the o € R}; and such that ¢,
induces isomorphisms for o« € Sy:

Na(K) N Ny =5 Ok € K = G, (K).

Yaesy o

We denote by £ the composite Ny — [laes, Na il Ga (a morphism of algebraic
groups over K). The morphism ¢ thus induces a group morphism still denoted ¢ :
Ny — Ok and we define

TrK/Qp

5 Q) (2.3)

which is a normal open compact subgroup of Ny. We fix an isomorphism of Z,-
modules ¢ : Trg)q,(Okx) = Z,. When Ny # 0, i.e. when H # Ty, this fixes an
isomorphism

Nl £ Kel"(No l> OK

TrK/Qp oé w
No/N1 L) TrK/Qp(OK> ;> Zp. (24)
We fix fundamental coweights (A,v)aes, (which exist since H has a connected center)
and set

& Y Aav € Homa (G, Tr) = XY(T). (2.5)

avesy,

Note that &g () Ni&g(z7) C Ny for any z € Z,\{0}. Let F[X][F] be the noncom-
mutative polynomial ring in F' over the ring of formal power series F[X] such that
FS(X)=S(XP)F.

For 7 a smooth representation of By (K) over F, we endow the invariant subspace
oM C 7 with a structure of an F[X][F]-module as follows:
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w
,;;

(i) F[X] & F[Z,] acts via F[Ny/N:] Q F[Z,] (here X = [1] — 1);

(ii) F acts via the “Hecke” action F(v) = neN fen(mMenp-1) Mér(p)v € T for
venV

Note that 71 is a torsion F[X]-module (but not a torsion F[F]-module in general).
We also endow 7™ with an action of Z, by making x € Z) act by g (x). This action
commutes with F' and satisfies {g(z) o (1 4+ X) = (14 X)* o &y(x).

As in [Brel5], we denote by ®Lt the category of finite-dimensional étale (¢, T)-
modules over F[X][X '] = F(X)) and by (IJF the corresponding category of (pseu—

docompact) pro-objects, see [Breldl, §2] for more details. Both ®I and CIDI]‘F are
abelian categories. Let M C «™ be a finite type F[X][F]-submodule which is Z)-

def

stable and assume that M is admissible as an F[X]-module, that is, M[X] = {m €
M : Xm = 0} is finite-dimensional over F. Let MY = Homg (M, F) (algebraic F-linear
dual) which is also an F[X]-module (but not a torsion F[X]-module in general). Then
by a key result of Colmez MY[X~!] can be endowed with the structure of an object
of ®I¥* ([Coll0], see also [Brels, Lemma 2.6]). More precisely X acts on f € MY by
(Xf)(m) E f(Xm) (m € M), x € ZX acts by (zf)(m) = f(z~'m), and the operator
¢ is defined as follows. Take the F-linear dual of [d®F : F[X] ®,rxy M — M,
compose withl]

(FIX] ®prixy M) = FIX] ®prpx) MY
p—1 1
f —

(1+X)'® f(

> Sk ) (2.6)

and invert X: the resulting morphism MY[X '] — F[X] ®,rpxy MY[X '] turns out
to be an F((X))-linear isomorphism whose inverse is by definition Id ®¢.

When H # Ty we then define

D¢ (m) < lim MY[X 1], (2.7)
M

where the projective limit is taken over the finite type F[X][F]-submodules M of

1 (for the preorder defined by inclusion) which are admissible as F[X]-modules
and invariant under the action of ZY. When H = Tjy, one has to replace MY[X ']
by F((X)) ®@x MY, we refer the reader to [Brel5, §3]. The functor D, is right exact
contravariant from the category of smooth representations of By (K) over F to the

——ét
category @Iﬁf and, up to isomorphism, only depends on the choice of the cocharacter

!The formula for this isomorphism given in the proof of [Brel5, Lemma 2. 6] is actually wrong, the
present formula is the correct one. Note that it is also the same as f — ZZ o (1+X - Rf(1+X) ).
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& Moreover, if DY (7) turns out to be in ®I* (and not just <I/>1\1;t), then DY (m) is
exactly the maximal étale (o, ')-module which occurs as a quotient of (7™)V[X 1,
see [Breld, Rem.5.6(iii)].

Remark 2.1. If H = G,, = Ty, then by definition {5 = 1. It follows, for dimp 7 = 1,
that DY () is always the trivial (rank one) (o, I")-module (even if 7 is a nontrivial
character).

Let us now assume that the dual group H of H also has a connected center, and
let us fix 0y € X (Ty) such that 0y o oY = Idg,, for all @ € Sy ([BH1S, Prop.2.1.1],
such an element is called a twisting element). In below, it is possible to avoid
this assumption using C-parameters, but since our main aim is G = GL,, in the rest
of the paper, there is no harm in making this assumption.

Consider the smooth character
K* — F*, 2+ w(0n(€u(2)))

and denote by dg the restriction of this character to Q; C K*. Seeing wo 0y oy
as a character of Gal(Q,/K) via local class field theory for K (as normalized in ,
and remembering that the restriction from K™ to Q, corresponds via local class field
theory to the composition with the transfer Gal(Q,/Q,)** — Gal(Q,/K)*", we see
that

O = ind5 (w0 Oy o &),

where ind>% is the tensor induction from Gal(Q,/K) to Gal(Q,/Q,) (see the end of

§2.1.2) below).

Denote by Repp the abelian category of continuous linear representations of
Gal(Q,/Q,) on finite-dimensional F-vector spaces (equipped with the discrete topol-
ogy) and IndRepy the corresponding category of ind-objects, i.e. the category of
filtered direct limits of objects of Repp. Recall that there is a covariant equivalence of
categories V : ®I¥ 5 Repy (see [Fon90, Thm.A.3.4.3] where this functor is denoted
V¢) compatible with tensor products and duals on both sides. We denote by VY the
dual of V (i.e. the dual Galois representation). When H # Ty, we then define the
covariant functor Vi from the category of smooth representations of By (K') over F
to the category IndRepp by

Vir(m) & lim (VY(MY[X 1)) @ 0, (2.8)

where the inductive limit is taken over the finite type F[X][F]-submodules of 71
which are admissible as F[X]-modules and preserved by Z . Likewise, when H = T,
with F(X)) @ M" instead of MV[X '] (note that dy is then 1).

Lemma 2.2. The functor Vg is left exact.
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Proof. We give the proof for H # Ty, leaving the case H = Ty to the reader. Let
0 — 7 — 7> 7" — 0 be an exact sequence of smooth By (K)-representations over
F, which gives a short exact sequence 0 — '™ — 7™ 2 7N 1If M is a finite type
F[X][F]-submodule of 7 which is admissible as an F[X]-module and stable under
the action of Z, then so are Mna™ and s(M) (see e.g. [Brel5), Lemma 2.1(i)]). The
functor M — VV(MV[X™!]) being covariant exact (since both M + MY[X '] and
VV are contravariant exact), each such M C 7™ gives rise to a short exact sequence

in Repy:
0= VY((MNa™)Y X)) - VY (MY[X ) = VY (s(M)V[X 1) = 0.

Twisting by 0y and taking the inductive limit over such M, we obtain a short exact

sequence 0 — V(') — Vi (m) — lim V" (S(M)V[Xfl]) ® 6y — 0 in IndRepy. But
M

we have an injection

lim VY (s(M)¥[X 7)) @ 0 < Vi (")

in IndRepy since all transitions maps in the inductive limits are injective, therefore
we end up with an exact sequence 0 — Vg (') — Vi (n) — V(7). O

Example 2.3. For H = G xz K = GLj, /i (so H = ﬁ), we take in the sequel (writing
just G as a subscript instead of G xz K)

fo(z) = diag(a™ 1, ..., x,1) and g (diag(:pl, . ,a:n)) =2l

so that 8¢ = ind22(wm=D*+(n=2+-+4+1) (T fact, since the tensor induction of a
character is given by composition with the transfer map [Col89], by local class field
theory we see that dg = wF (=1 +(n=2)%+-+4+41) )

Remark 2.4. (i) The covariant functor Vg depends on the choices of £y and oy
(though we don’t include it in the notation). The reader may wonder why we need
to assume the existence of 6y and normalize V using the strange twist oy above.
This comes from the local-global compatibility: it turns out that this normalization
is essentially what is going on in spaces of mod p automorphic forms (see [BHIS,
§4], [Breld, Cor.9.8], Example 2.6/ and §§2.1.3] [2.5 below). This normalization is also
natural if one uses C-parameters, see §2.1.4]

(ii) For H as in Example 2.3] 7 a smooth representation of B(K) over F and y :
K> — F* a smooth character, one checks that Vg (m ® (y o det)) = Vg(m) ® §, where
¢ is the continuous character of Gal(Q,/Q,) associated via local class field theory to

n(n—1) ~

T X(det(fg(m))) for € Q. An explicit computation gives § = (x|gx)” 7 =
indy ().

n(n—1)
2
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When restricted to the abelian category of finite length admissible smooth repre-
sentations of H(K) over F with all irreducible constituents isomorphic to irreducible
constituents of principal series, it is proven in [Brel5l §9] that the functors ngH and
Vi are exact. It seems reasonable to us, and also consistent with the conjectural
formalism developed in the sequel (see e.g. Remark [2.82[(iii)), to hope that there ex-
ists a suitable abelian category of admissible smooth representations of H(K) over F
containing the previous abelian category and the representations “coming from the
global theory” on which the functors Dg/H and Vy are still exact. See for instance the
category C in when H = GLy/x and K is unramified.

We now recall the behaviour of the functor Vg with respect to parabolic induction.

We assume for simplicity H = G xz K = GL, /k and let {g, 0 as in Example
. We let P be a standard parabolic subgroup of G x7z K and write Mp = H 1 M;
with M; = GLni/K. We define V), as in 1} using fMP < ¢ and O, = 9G (to
define Dy, and dy,). We write &y, = @18upa in XV(T) = ®d , XV(T;) and
Orrp, = ®L,0hr,5 in X(T) = &L, X (T;), where T; is the diagonal torus in M;, and let
Vitpi = VoL, but defined with &y, and 6y, ;. Finally we define Vi, = Vg, with
&y, and 0y, as in Example replacing n by n;, and we recall that &, 0, and 0y,
are trivial characters if n; = 1.

If 7p is a smooth representation of Mp(K') over IF, that we see as a representation
of P~(K) via P~ (K) — Mp(K), we define the usual smooth parabolic induction

IndIGD(,I(([)() 7p = {f: G(K) — mp loc. const., f(px) =p(f(z)), p€ P (K), z € np},

with G(K) acting (smoothly) on the left by (¢£)(¢') = f(d'g).

Lemma 2.5. Let mp be a smooth representation of Mp(K) over F of the form np =
T ® -+ @ mg, where the m; are smooth representations of M;(K) over F. Assume that
the m; have central characters Z(m;) : K* — F* and that Vi, (7p) = Q%L Varp.i(mi).
Then we have an isomorphism in IndRepy (using implicitly local class field theory for

Gal(Q,/Q,)):
VG(Ind (K) 7TP> gé(VM (i) (Z(m)n_zg_lnj)’@;&Mli)

Proof. By [Breld, Thm.6.1] we have Vg(IndIGD(f&) 7TP) = Vi (mp) so that from the
assumption (all isomorphisms are in IndRepy):

Ve (Indg! 0 mp) = @VMN ). (2.9)
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An easy computation yields in M;(K) for x € K*:
Empi(T) = diag(m”_ZFl " ,x”_Zﬂ':l "N, ()

ng

which implies by [Brel5, Rem.4.3] that
Vi i(mi) © O3t = Vi, (1) @ (Z(m)" 20217 ) |03, (2.10)

where 6y, = i nd¥%(w o Orip i © Enp i) (and recall Vi (m;) = 1if n; = dimpm; = 1,
see Remark 2.1} . Since d¢ = [1%, Oarpi, twisting (2.9) by 65" gives the result by
@.10). 0

Exam le 2. 6 An enlightening and 1mp0rtant example is the case of principal series
Ind%! b ( K © ® Xn), where the x; : K* — F* are smooth characters. The
assumptlons of Lemma |2.9] - are then tr1v1ally satisfied and thus we have

Ve (d5% 00 00 ® - ®xn)) @ 05" 2 (X5 %+ Xn1) gy

In particular we deduce (using Example [2.3 for d5) that

G(K —(n— —(n— ~ n—1l, n—
VG(IndB(_(;()(Xlw< 1)®X2w( 2)®"'®Xn)> = (X le 2. 'Xn—1)|@;

= G ),
where x7~ X577+ x»_1 on the last line is seen as a character of Gal(Q,/K) via local

class field theory for K.

Remark 2.7. Using [Brel5, Prop.5.5] the assumptions of Lemma are satisfied
when all finite type F[X][F]-submodules of 7" for i € {1,...,d} are automatically
admissible as F[ X ]-modules. This happens for instance if the 7; are principal series or
(when K = Q,) are finite length representations of GL(Q,) with a central character,
but is not known otherwise. Contrary to what is stated in [Brel5, Rem.5.6(ii)], we
currently do not have a proof of an isomorphism Vi, (7p) & %, Virp.i(m;) for any
smooth representations m;, though we expect that it will indeed be satisfied for repre-
sentations “coming from” the global theory. Note that, in [Zab18b, Prop.3.2], Zabradi
does prove a compatibility of his functor with the tensor product which looks close
to the isomorphism above. However, loc.cit. deals with an external tensor product,
whereas we have an internal tensor product. In particular he has two operators F,
one for each factor in the external tensor product (whereas we consider the resulting
diagonal operator), and his argument doesn’t extend.

2.1.2 Global setting

We recall our global setting (see e.g. [EGHI3| §7.1] or [Thol2, §6] or [BHI15, §4.1]
or many other references) and define the Gal(Q,/Q,)-representation L% (p) for p
Gal(Q,/K) — G(F).
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We let F'* be a totally real finite extension of Q with ring of integers Op+, F/FT
a totally imaginary quadratic extension with ring of integers Or (do not confuse F’
with the operator F' of §2.1.1]) and ¢ the nontrivial element of Gal(F/F*). If v (resp.
0) is a finite place of F'* (resp. F), we let F (resp. Fj) be the completion of F*
(resp. F) at v (resp. ¥) and Op+ (resp. OF,) the ring of integers of F,\ (vesp. Fy). If
v splits in F" and 0,0° are the two places of F above v, we have Op+ = Op, =~ Or,.,
where the last isomorphism is induced by c¢. We let A%, (resp. A%") denote the finite
adeles of F'* (resp. the finite adeles of F'* outside v). Finally we always assume that
all places of F' above p split in F.

We let n € Z~1, N a positive integer prime to p and H a connected reductive
algebraic group over Op+[1/N] satisfying the following conditions:

(i) there is an isomorphism ¢ : H xo_, 1/8) Or[1/N] — G x7 Op[1/N];
(ii) H Xo, /v F* is an outer form of G xz F'* = GLy, /p+;

(iii) H Xo,, /5 F* is isomorphic to U, (R) at all infinite places of F'*.

One can prove that such groups exist (cf. e.g. [EGHI3| §7.1.1]). Condition (i) implies
that if v is any finite place of F'" that splits in F and if 9|v in F the isomorphism
¢ induces 15 : H(F) & GL,(F;) = G(F;) which restricts to an isomorphism still
denoted by ¢ : H(Opt) = GLn(OF,) if v doesn’t divide N. Condition (ii) implies
that co vy @ H(FS) = GL,(Fpe) (vesp. coty : H(Op+) = GL, (O, ) if v doesn’t
divide N) is conjugate in GL,,(Fs) (resp. in GL,(OF,.)) to 7! 0 t5c, where 7 is the
transpose in GL,,(Fe) (resp. in GL,(OF..)).

If U is any compact open subgroup of H(A%,) then
S(U,F) = {f: HF")\H(A%:)/U — F}

is a finite-dimensional F-vector space since H(F1)\H(A%,)/U is a finite set. Fix v|p
in F* and a compact open subgroup U of H(A}}"), we define

S(U*,F) = lim S(U*U,, F),
Uy
where U, runs among compact open subgroups of H(Op+). We endow S(U", F) with

a linear left action of H(F;}) by (h,f)(h) = f(hhy,) (h, € H(ES), h € H(AX))).
Thus, for v dividing v in F', the isomorphism ¢; gives an admissible smooth action of
G(F) = GL,(F;) on S(U,F). By what is above, the action of G(F,") induced by
L5 is the inverse transpose of the one induced by tgc.

If U is a compact open subgroup of H(A%.), following [EGHI13, §7.1.2] we say
that U is unramified at a finite place v of F* which splits in F' and doesn’t divide N if
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we have U = U x H(Op+), where U" is a compact open subgroup of H(A}:"). Note
that a compact open subgroup of H(AS$,) is unramified at all but a finite number
of finite places of F'* which split in F. If U is a compact open subgroup of H(A%)
and Y a finite set of finite places of F'™ containing the set of places of '™ that split
in ' and divide pN and the set of places of F'" that split in F' at which U is not
unramified, we denote by 7> < OE[TE)] the commutative polynomial Og-algebra
generated by formal variables Tg ) for j€{l,...,n} and @ a place of F' lying above
a finite place w of F'* that splits in F and doesn’t belong to X. The algebra 7> acts
on S(U,F) by making T, W) act by the double coset

1zt lGLn(OFm ) (1“‘ > GLn((’)Fm)] ,

TWw 1]'
where wy is a uniformizer in Op,. Explicitly, if we write

GLn(Or,) (" a1, ) OLu(Oka) = [19: (" 20, ) GLa(Ory),

we have for f € S(U,F) and g € H(A%,):
@10 =5 1 (0 (0 (7 2, ) )

One checks that T = (TSN on S(U,F). We let T=(U,F) be the image of
T% in Ende, (S(U,F)) (if U' C U, we thus have S(U,F) C S(U’",F) and T>(U',F) —
T=(U,F)). If S is any T>-module and I any ideal of 7%, we set in the sequel
S[I = {x€S:Ir=0}

We now fix v|p and a compact open subgroup U? of H(AR"). If ¥ is a finite set
of finite places of F'™ containing the set of places of F'* that split in F’ and divide pN
and the set of places of F'* prime to p that split in F' and at which U*U, (for any U,)
is not unramified, the algebra 7> acts on S(UU,,F) (via its quotient 7>(U"U,, F))
for any U, and thus also on S(U",F). This action commutes with that of H(F,"). If
m?” is a maximal ideal of 7> with residue field F, we can define the localized subspaces
S(U"U,,F)us and their inductive limit

lim S(UU,, F)ps = S(UY,F) s,

Uy

which inherits an induced (admissible smooth) action of H(F,) together with a com-
muting action of lim T>(U"U,,F),=. We have
Uy

S(U U, F)[m*]C S(U'U,,F)us C S(U'U,,F)
and thus inclusions of admissible smooth H(F)")-representations over F:

S(U",F)m*] C S(U",F)u= C S(U”,TF).

27



Moreover, as representations of H(F.\), S(U" )= is a direct summand of S(UY )
(= the maximal vector subspace on which the elements of m* act nilpotently).

We now go back to the notation of §2.1.1} For A € X(7T') a dominant weight with
respect to B, we consider the following algebraic representation of G xz IF over F:

L))« (mdg_A)/Z @z F = (ind5*% o)) (2.11)

/F’

where ind means the algebraic induction functor of [Jan03], §1.3.3] and the last equality
follows from [Jan03|, I1.8.8(1)]. For v = ¢; — €;41 € S, we set

A Zer+-+e € X(T), (2.12)

so that the A\, for a € S are fundamental weights of G (see e.g. [BHIS, §2.1]).
Let p : Gal(Q,/K) — G(F) be a continuous homomorphism, viewing L()\,) as a
continuous homomorphism

G(F) — Aut(L(A)(F))

(where L(\,)(F) is the underlying F-vector space of the algebraic representation
L(\a)), we define the Galois representations for a € S:

L(A)(p) : Gal(@,/K) 2> G(F) “2% Aut(L(Ao)(F)).
Recall that L(A\,)(p) = N\ep if a = ¢; — e;41 ([BHIS, Ex.2.1.3]). We let
® (10)7) * @ N\or

be the tensor product of the representations L(\,)(p) (over F) and define the following
finite-dimensional continuous representation of Gal(Q,/Q,) over F:

() = ndi® (@ (Z0)(0)): (213)

aesS

where ind5% means the tensor induction from Gal(Q,/K) to Gal(Q,/Q,) ([Col&9],
[CR&1l, §13], see also the end of the proof of Lemma [2.77). Note that there are
Gal(Q,/Q,)-equivariant isomorphisms

(@) = IT7(p)" = T"(p) ® indjc"(det(p) ") (2.14)
(recall ind%, ”(det(ﬁ)_("_l) ) is still one dimensional).

Example 2.8. For n = 2, we thus just have L% (p) = ind22%(p).
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2.1.3 Weak local-global compatibility conjecture

We state our weak local-global compatibility conjecture (Conjecture .

Let 7 : Gal(F/F) — GL,(F) be a continuous representation and 7 its dual. We
assume:

(i) 7 27 @ w'" (where 7°(g) = 7(cgc) for g € Gal(F/F));

(ii) 7 is an absolutely irreducible representation of Gal(F'/F).

Fix vlp in F*, V¥ C U” C H(A}}") compact open subgroups and X a finite set of
finite places of F'* containing

(a) the set of places of F'* that split in F' and divide pN;
(b) the set of places of F* that split in F' at which V" is not unramified;

(c) the set of places of F'* that split in F' at which 7 is ramified.

We associate to 7 and ¥ the maximal ideal m* in 7> with residue field F generated
by wg and all elements

((—1)jNorm(w)j(j_1)/2Tg) - ag)> ,
b

where j € {1,...,n}, @ is a place of F lying above a finite place w of F'* that splits
in F' and doesn’t belong to X2, X”—i—&S)X"_l +-- -—i—aghl)X —|—6£Dn) is the characteristic
polynomial of 7(Frobyg) (an element of F[X], Frob; is a geometric Frobenius at @)
and where oY is any element in O lifting @’. Note that S(V*, F)[m*] # 0 in fact
implies assumption (i) above on T (though strictly speaking we need (i) to define m*
in 7). Note also that if U is any subgroup of H(A%,) containing V' as a normal

subgroup, then U naturally acts on S(V? F) and S(V?,F)[m*].

For ojv in F, we denote by Vi ; the functor defined in applied to smooth
representations of H(F,") over F, where we identify H (F.") with GL,,(F;) = G(F3) via
5. For any finite place w of F', we denote by 74 the restriction of 7 to a decomposition
subgroup at w.

Conjecture 2.9. Let 7 : Gal(F/F) — GL,(F) be a continuous representation that
satisfies conditions (i) and (ii) above and fix a place v of F™ which divides p. Assume
that there exist compact open subgroups V¥ C UY C H(ARL") with V' normal in U,
a finite-dimensional representation ¥ of UY/V? over F and a finite set 3 of finite
places of F™ as above such that Homy. (0%, S(V?, F)[m¥]) # 0. Let ©|v in F. Then
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there is an integer d € Zso depending only on v, U", V", 0¥ and T such that there is
an isomorphism of representations of Gal(Q,/Qy) on F:

Vs (Homye (0, S(VY, F)[m™)) @ (w™ " o det)) = L% (7). (2.15)

Remark 2.10. (i) In the special case 0¥ = 1, Conjecture[2.9|boils down to Vg 5(S(U?, F)[m*|®
(W=D o det)) = L (7).

(ii) Conjecture implies that the G(Fj)-representation Homg.(a% S(V?Y, F)[m*])
determines the Gal(Q,/Q,)-representation L%(75). Note that this doesn’t imply in
general that Homg. (0, S(V?, F)[m*¥]) determines the Gal(F;/F;)-representation 7

itself (though this is also expected, see [PQ22] and the references therein).

(iii) See §, below for nontrivial evidence on Conjecture when K is unram-

ified and n = 2.

We now check that, at least when p is odd, F/F7 is unramified at finite places
and H Xo_, /N F' * is quasi-split at finite places, Conjecture holds for v if and
only if it holds for v (these extra assumptions come from the use of [Thol2, §6] in
the next lemma).

Lemma 2.11. Assume p > 2, F/F* unramified at finite places and H X0, iz F'*
quasi-split at finite places of F*. Let 0lv in F. Then the action of the center (F,;F)* C
GL,(F) on S(V?,F)[m*] via 15 is given by det(ﬁ;)ww (via local class field theory
for Ef).

Proof. We can assume S(V? F)[m*] # 0. The map S(V°U,, Op) — S(V'U,,F) be-
ing surjective for U, small enough (see e.g. [BH15, Lemma 4.4.1] or [EGH13), §7.1.2]),
we have a surjection of smooth H (F.")-representations:

SV, Op)s — SV, F)ys (2.16)

(where S(VU,, Og), S(V", Op)us are defined as S(V'U,,F), S(V?,F),= replacing F
by Op). By classical local-global compatibility applied to (l@ S(U, (’)E)) Ro, L, see
U

e.g. [EGHI3, Thm.7.2.1], we easily deduce with (2.16)) that if (F,7)* acts via 5 on

the whole S(V,F)[m*] (inside S(V,F),=) by a single character, then this character
must be det(ﬂ,)wn(n;l).

Let us prove that (F,7)* indeed acts by a character. The functor associating to
any local artinian Og-algebra A with residue field F the set of isomorphism classes
of deformations r4 of T to A such that 7§ = rY ® '™ is pro-representable by a
local complete noetherian Og-algebra Ry, of residue field F. When p > 2, F/F't is
unramified at finite places and H xo_, n/n) F * is quasi-split at finite places of F'T, it
follows from [Thol2, Prop.6.7] that there is a natural such deformation with values
in T*(V*U,, O)ys for any U, (where T>(VVU,, O )y> is defined as T>(V?U,,F)y»

~

30



in §2.1.2) replacing F by Op), and hence by universality a continuous morphism of
local Og-algebras:
Rry — T (V'U,, Op)ys. (2.17)

Likewise, the functor associating to any A as above the set of isomorphism classes of
Gal(F;/ F5)*-deformations of det(7;) over A is pro-representable by the Iwasawa
algebra Og[Gal(F;/F;)**], and considering det 4(r Alga#s/ry) for A= Ry provides
by the universal property again a continuous morphism of local Og-algebras:

Op[Gal(F;/ F5)™] — Rrx. (2.18)

Since T>(V'U,, Og)u» acts by a character on S(V'U,,F)[m*] for any U,, so is the

case of Ryx on S(VV,F)[m*] by (2.17). Using (2.16)), we see that it is enough to prove
that the induced morphism

0u[Gal(F5/F)™] B Ry B lim TE(V*0,, Op) e
Uy

gives an action of Gal(F5/F;)*® on S(V? Op)n.s which, when restricted to F;* <
Gal(F;/F5)* (via the local reciprocity map), coincides with the action of F}* on
S(V?, Op)ns as center of H(F,) £ G(F5). We can work in S(V?, Og)ps ®o, E, in
which case this follows from local-global compatibility (as in [EGHI3, Thm.7.2.1])
and from the fact that, by construction of the map (see [Thol2, §6]) and by
, Gal(F;/F;)* acts on 7" C S(V?, Og)us ®o, F by multiplication by the
character det(rr)|qaz/py), Where 7 is an irreducible H (A, )-subrepresentation

of (hgl S(U, OE)) ®o, F such that V" occurs in S(V?, Og)ys @0, E and where 7, is
U

its associated (irreducible) p-adic representation of Gal(F/F) (JEGH13, Thm.7.2.1]

again). O

Let 7 be a smooth representation of G(K) = GL,(K) over F with central character
Z(m) and denote by 7* the smooth representation of G(K') with the same underlying
vector space as  but where g € G(K) acts by 7(g)~".

Lemma 2.12. There is a Gal(Q,/Q,)-equivariant isomorphism
Vo (r*) & Va(m) @ Z(m) ™" Vg,
where Z(w)|qx is seen as a character of Gal(Q,/Q,) via local class field theory.

Proof. We use the notation of Let wy € W be the element of maximal
length, the isomorphism 71 5 gwoNiwo 4 s yv shows that one can compute
Va(m) using woNywy instead of Ny and conjugating everything by wy (e.g. € Z)
acts by woa(z)wo, etc.). Now, it is easy to check that the F-linear isomorphism
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()Nt 5 gwolNiwo gy qpgu is compatible with the F[X][F]-module structure on
both sides but where we twist the F[X][F]-action as follows on the right-hand side:
X acts by (1+ X)™' — 1 and F acts by p~ ™"V F, p~("=1 being here in the center of
G(K). Likewise, it is compatible with the action of Z) but where x € Z) acts by
2~ Deq(x) on the right-hand side (with 271 in the center of G(K)). All this
easily implies the lemma. O]

Lemma 2.13. Assume p > 2, F/F* unramified at finite places and H o, iz F'*
quasi-split at finite places of F*. We have a Gal(Q,/Q),)-equivariant isomorphism
Vasoe (Homyo (07, S(V", F)[m*]))
—n(n—1 2
= VG,ﬁ(HOIﬂUv (¢¥, S(V',TF) [mE])) ® ind%@p (det(ﬂ,)_(”_l)w%)

Proof. This follows from Lemma applied to 7 = Homy. (0%, S(V?,F)[m*]) to-
gether with Lemma [2.11} recalling that Z(7)|gx, seen as a character of Gal(Q,/Q,)

via local class field theory, is ind%;@"(Z (7)) (where Z(7) is here seen as a character of
Gal(I5/Fy)). O

Proposition 2.14. Assume p > 2, F/F" unramified at finite places and
H Xo_ 11N F* quasi-split at finite places of F*. Conjecture holds for v if and
only if it holds for v°.

Proof. This follows from Lemma together with 7ge = 7Y @ w!™, (2.14) and an

easy computation. O

2.1.4 A reformulation using C-groups

We show that one can give a more general and more natural formulation of Conjecture

2.9 (in the special case of Remark [2.10(i)) using C-parameters (Conjecture [2.19)).
We start by some reminders about L-groups and C'-groups.

Let k be a field and £*P a separable closure of k. We note I = Gal(k*P/k).
Let H be a connected reductive group defined over k, let H be its dual group, “H
its L-group and “H its C-group. We refer to [Bor79, §2], [BG14, §§2,5], [GHSIS,
§9] and [Zhul §1.1] for more details concerning these L-groups and C-groups. Note
that these two groups can be defined over Z. Their construction depends on the
choice of a pinning (By, Ty, {Za}acsy) of Hyser. The dual group H has a natural
pinned structure (B, 15, {r5}aes,) with By a Borel subgroup of H, T5 C By
a maximal split torus and {7;}acs, a pinning of (Bg,T5) (see [Conl4, §§5,6] for
the fact that everything can be defined over Z) on which the group I'y is acting.
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Let 1 = G,, — H — H — 1 be the central G,,-extension of H (over k) whose
existence is proved in [BG14, Prop.5.3.1(a)]. The inverse images T and By of T

and By in Hysr are respectively a maximal torus and a Borel subgroup of Hisep.
Moreover, since the above extension is central, there is a unique pinning {7, }aecsy,
of (B, T) inducing {a}aes, on (B,T) via the map Hyser — Hyser. This gives rise

to a pinned dual data (H, BE,TI:{, {Z5}aes,) with an action of I'y (trivial on some

open subgroup) and a ['y-equivariant injection (H, By, Ty) — (H, BE : Tﬁ) such that
{5 }aes, induces {75 }aesy, -

The L-groups and C-groups are then defined as the group schemes
LHEHxDy, “HEHxT,. (2.19)

We have the following simple description of H given in [Zhul, §1.1]. Let H*! and T%d
be the quotients of H and T by the center of H and let 8,4 be the cocharacter of
ad Trad sS4 TIT <t
% C H ii\eﬁned as thi half sum of positive roots of H with respect to (Bz,T5).
The group H*! acts on H by the adjoint action and, after precomposition with daq,
this defines an action, in the category of Z-group schemes, of G,, on H. There is an
isomorphism of Z-group schemes H~HxG,, identifying B;I with Bz x G, and TA
with T X G,, = T x G,,,. We note that, since d,q is fixed by the Galms action, thls
isomorphism is Galms equivariant. Using this isomorphism, we identify X <T1§) with

X(T'z) x Z = XY(Ty) x Z. This shows that we have an exact sequence of Z-group
schemes:
1—fg % 4G, — 1.

Let A be a topological Z,-algebra and assume from now on that k is either a
number field or a finite extension of Q,, so that we have an A-valued p-adic cyclotomic
character. We recall that a morphism p : [y, — LH(A) is called admissible if its
composition with the second projection L H(A) — T, is the identity (see [Bor79, §3]).

Definition 2.15. An L-parameter (resp. C-parameter) of H over A is an admissible
continuous morphism p : Ty — LH(A) (resp. p : I, — “H(A) such that dop is the
p-adic cyclotomic character). When A is moreover an algebraically closed field, we
say that two L-parameters (resp. C—parame’g&\:rs) of H over A are equivalent if they

are conjugate by an element of H(A) (resp. H(A)).

Remark 2.16. Assume A is an algebraically closed field. Each element of H(A) is

the product of an element of H(A) and an element of the center of H(A). This can be
deduced from [BG14, Prop.5.3.3] or [Zhu, (1.2)]. This implies that two C-parameters
of H over A are equivalent if and only if they are conjugate by an element of H(A).
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For simplicity, we assume from now on that A is moreover an algebraically closed
field. We also assume (not for simplicity) that H has a connected center. We gener-

alize now the representation L° (p) ®p F, (see (2.13) for Z%(p)).

Let (Aav)acsy be a family of fundamental coweights of H such that

= Y v € X(T5) = XY (Tw) (2.20)

aESy

is fixed under the action of Iy, (compare with (2.5)) and note that the cocharacters A,v
exist since H has a connected center but each of them doesn’t have to be fixed by I'y).
Let (rx,., Vi, ) be the irreducible algebraic representation of H of highest weight A,v

over A and let (1, Vi) be the irreducible algebraic representation of HSH over A of
highest weight (Ayv)aecs, = the character of TSH defined by (24 )acsy F Yo Aav (Ta)-

Note that we have an isomorphism of algebraic representations of HSn:

(T?H’ ‘/5(?1) = ® (r)\avav)\av)' (221)

aESyH

Let v € I'y, and xa,, be the character of H corresponding to the cocharacter Y(Aav) —
Mov € XY(Zy) € XY(Ty). Comparing the highest weights, for v € T'), there is an
isomorphism of algebraic irreducible representations of H#:

(T?H (7_1-), V;fl) = <®aESH (r,\av ® Xoy-1lan) O Cys ng,) ,

where c, is the automorphism of HS defined by (24)acs, — (y-14)acsy - Therefore
there exists an A-linear automorphism M, of Vgl, well defined up to a nonzero scalar,

such that, for (24 )acs, € H(A)S:

M, (T?H((V_lxa)aes,{)) M;l — (®aeer,\av (Ifyfla)> IT xo-(za). (2.22)

aeSy

Moreover the subspaces of highest weight of these two representations over V&% being
the same, we can choose M, such that it induces the identity on this line. With this
choice, the map v +— M, is a representation of I';, over ngl Since & € XV (Ty),

we have [[,es, Xay = 1 for all v € T’y so that, for z € fI\(A), we have from ([2.22)
and (2.21)) (replacing v~ 'z, by z for all a € Sg):

M, (@aeSHT)\av (x)) ]\4;1 = <®aeSH7’>\av (’yx)) .

All this proves that there is an algebraic representation (Lg, V) of “H on Vg
defined by

L?H (xaf)/) S (®QGSHT)\QV (J])) MW
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for # € H(A) and v € T'y. The isomorphism class of this representation does not
depend on the choice of the A\ v such that £ = Y A\,v. Namely any other choice will
twist each ry_,, by a character whose product over all « is trivial.

If p is an L-parameter of H over A we define the I'y-representation L¢, (p) as the
composition L?H o p. Moreover if two L-parameters p; and ps are equivalent, the
representations L¢, (p1) and Lg, (p2) are clearly isomorphic. If p is a C-parameter of

H over A, pis in particular an L-parameter of H over A by 1} and we define the
['g-representation L?}}C(p) = Lg_(p), where
H

€ ™ (€n,0) € X(T3) = X(Tp) x Z. (2.23)

H

We now compare L (p), L?I;C(p) between k and finite extensions &’ of k.

We fix k' C k%P a finite extension of k, H' a connected reductive group over £’
and we let H & Resy /x(H'). We let ¥y be the set of embeddings &' — k*P inducing
the identity on & and 7y € X the inclusion &' C k*P. For 7 € ¥ we Ch00§§ gr €1y
such that 7 = ¢, o 79, and we have [', = ]_[Tezk, g-I'y. The dual group H of H is

isomorphic to ind?’;l H' , i.e. the group scheme of functions f : 'y — H’ such that
f(gh) = h7'f(g) for all g € Ty and h € T (see [Bor79, §5.1(4)]). More explicitly,

— ==
the map f — (f(g-))rex, induces an isomorphism indg’;, H' = H"™" and the action

==
of 'y on H™* is given by

g- (xT)TEEk/ = ((g;lgggflofr»rg*lm')

TEX,, )

The map (2;)rex,, + T, is a ['y-equivariant map H — H'. Tt extends to a morphism

of group schemes HxTy — LH (resp. HxTy — °H ) inducing the identity on
the I'ys factor (resp. the G,, and T’y factors). If p is an L-parameter (resp. a C-
parameter) of H over A, we can define an L-parameter (resp. a C-parameter) p’ of
H' by restriction of p to Iy and composition with the above morphism.

Lemma 2.17. The map p — p' induces a bijection between equivalence classes of
L-parameters (resp. of C-parameters) of H over A and equivalence classes of L-
parameters (resp. C-parameters) of H' over A.

Proof. A map p from I’y to “H(A) of the form (c,,Id) is admissible if and only if
¢, is a l-cocycle of I'y, in H (A) and is continuous if and only if ¢, is continuous.
Moreover two admissible p are equivalent if and only if they are conjugate by an
clement of H (A). Therefore the map associating to p the class [¢,] of ¢, induces
a bijection between the set of equivalence classes of L-parameters and the set of

classes [ € HL (T, H(A)). The fact that the above map p — p' induces an
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isomorphism HL (I, H(A)) = HL (I, H'(A)) is a consequence of a nonabelian
version of Shapiro’s Lemma (see for example [Stil0, Prop.8] noting that everything

can be made continuous there or [GHS18, Lemma 9.4.1] in a more restricted context).

Therefore the map associated to a C-parameter p the class [c,] of ¢, induces a
bijection between the set of equivalence classes of C-parameters and the set of classes
ce H (T}, H(A)) such that d(c) € H (T, A7) = Homgg™ (I, A*) coincides with
the p-adic cyclotomic character. Let H, & Resy /p H' , so that H can be identified
to a quotient of Hy. It follows from Remark [2.16 that H'(T'y, H;(A)) is the set of

classes of 1-cocycles of T, with values in Hy(A) up to H(A)-conjugation. It follows
again from Remark [2.16] that the set of equivalence classes of C-parameters of H

over A is in bijection with the subset of HL (I, H;(A)) of classes whose image in
Hl

comt (T, (AX)F3H]) = Homg™ (T, (AX)FH) is the image of the p-adic cyclotomic
character via the diagonal embedding A* «— (A*)K"*

the commutativity of the following diagram

I. The conclusion follows from

—~

Hop (T H(A)) —— Hlop (T, (Res i Gin)(A))

! |

—

HY o (Twr, H'(A)) ———— HL (Tw, Giu(A))

and from the fact that the classes corresponding to the cyclotomic characters corre-
spond under the right vertical arrow. O

Lemma 2.18. Let p be an L-parameter, resp. a C-parameter, of H over A and p' the
L-parameter, resp. C-parameter, of H' over A corresponding to p by Lemma[2.17, Let
Enr € X(T7) be as in (with H' instead of H) and let £y € X (T) = X(Tg)™
be the character (§g)res,, (which is fized by T'y). Then we have an isomorphism of
representations of I'y over A:

LE,(p) = indg® (LE (0))  resp. LES(p) = indih (LES ()

Proof. Let p' be an L-parameter of H over A. If g € Ty and 7 € Xy, let gg, =
Ggorh(g, 7) with h(g,7) € I'ys. For g € 'y, we can check that the above automorphism
M, of Vg; — (Vg%/)@k * is defined by My(®resx,, vr) = @res,, (Mp(gg-1or)Vg-1or).
Moreover, setting for g € I';:

p(9) = (g, 97" 0 T))res,ng) € H(A)™ 1T

it is easy to check that p is an admissible morphism and that the equivalence class of
p corresponds to p’ via Lemma [2.17} The result follows from an explicit computation
together with the definition of the tensor induction (JCR81) §13], see also the end of
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the proof of Lemma below). The case of C-parameters can be deduced from the
case of L-parameters as in the proof of Lemma O

We will later need to “untwist” a C-parameter into an L-parameter. This can
be done when the group H has a twisting element (as we assumed in §2.1.1), i.e. a
character Oy € X (Ty)™ = XV(T5)"™ such that (0g, ") = 1 for all « € Sy. By [Zhu,

(1.3)], there exists a Galois equivariant isomorphism H H x G,, given explicitly by

ty ﬁx@m = ﬁx@m
T (hyt) o~ (hOg(t),t).

This induces an isomorphism of group schemes “H = “H x G,,. The choice of 0y
gives a bijection between the equivalence classes of C-parameters and of L-parameters
of H over A given by p® ~ p, so that tg, o p© = (p, ), where ¢ is (the image in A*)
of the p-adic cyclotomic character.

Let &g € XY(Tw)™ = X(T5)™ be a dominant character of H fixed by Ty as
above. The algebraic representation Te~ © t;; of H x Gy, (see (2.23) for {) is the

representation of highest weight (5, —({y,0y)) and similarly Lg o te_; = L?H ®
H

1~ €m01) (where we note 2" the character  — z" of G,,). This proves that we have

LEC(p°) 2 L, (p) @ e b, (2.24)

On order to state the reformulation/generalization Conjecture | (more precisely
of its variant in Remark [2.10[i) and extending scalars from F to F,), we broaden the

global setting of §2.1.2| following [DPS].

We now let H be a connected reductive group defined over Q. We fix some compact
open subgroup U? C H(Ag™) satisfying the hypotheses of [DPS, §9.2] (U? there is
denoted K¥%). For i > 0 an integer, let H(F,) be the completed cohomology of the
tower of locally symmetric spaces associated to H of tame level UP defined in [Eme06]
(see [DPS| §9.2]). Let 3 be a set of finite places of Q containing p and the places of
Q where H is not unramified or UP is not hyperspecial. Let T* be the abstract Hecke
algebra defined as the tensor product of the spherical Z[p~!]-Hecke algebras H, of
H(Qy) with respect to UY. We recall that a maximal open ideal m C T* is weakly
non-Eisenstein [DPS, Def.9.13] if the equivalent assumptions of [DPS, Lemma 9.10]
are satisfied. In this case there is a unique gy > 0 such that H® (F,)m # 0. Then the
H(Q,)-representation H%(F,)[m] is smooth and admissible and the residue field of m
is finite. We choose an embedding T/m < F,,.

Considering [DPS, Conj.9.3.1], the following construction is natural. Let 7¢ :
Gal(Q/Q) — “H(F,) be a C-parameter unramified outside a finite number of primes
and choose Y big enough to contain all the primes of ramification of 7°. For each
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(¢, let z, : Hy — F, be the character such that the semisimplification of 7¢ (Froby)
is contained in the H (F,)-conjugacy class CC(x,)¢(¢~1) of “H(F,) defined by the
version of Satake isomorphism for C-groups in [Zhu] and ¢ is the cocharacter t +—

(20,4 (t™1), %) of H (recall 8,4 is defined at the beginning of this section). We define
m” as the maximal ideal of T* generated by the kernels of all the z, with ¢ ¢ 3. Note
that this gives us a natural embedding T* /m* < F,,.

Assume that Hg, = H xgQ, is isomorphic to Resy/q, (H') for a finite extension K
of Q, and some split connected reductive group H' over K (in particular Hg, is quasi-
split) and that H' has a connected center. Then we can fix a cocharacter g of H'

def

such that (g, ) =1 for all & € Sy and define {n, = Resr/g,(§n)ls,, (restriction

to the diagonal embedding G,, — Resg /g, (Gm) = GI%!), which is a cocharacter of
Hg, satisfying (& H@p,&) = 1for all @ € Sy, . We can finally conjecture:

Conjecture 2.19. Assume that the H(Q,)-representation m %= H® (F)[m>] is nonzero.
Then D{ () (defined similarly to 1) is finite-dimensional over F,(X)) and there

is an integer d € Zsqo such that we have an isomorphism of representations of

Gal(Q,/Q,) over F,:

VY(DY, (7)) @rsjms Ty = (L?,;gp (TC|Ga1(@p/@p>))®d'

We now check that, when H is the restriction of scalars of a compact unitary
group as in §2.1.2) Conjecture [2.19is equivalent to the special case of Conjecture [2.9
in Remark [2.10(i) where the coefficient field is F, instead of FF.

We go back to the notation of § and we fix an embedding F — F,,. For
simplification we assume that there is a unique place v of F'* over p and we fix ¥ in F
above v, so that we have an isomorphism (Resp+ /g H) xg Q, = Resp, g, GLy,. The
base field k at the beginning is now F'*, the connected reductive group H over k is
the compact unitary group H of (so that H~G= GL,), &g is the cocharacter
e of Example [2.3] the twisting element 0y is the character g of Example and
the algebraically closed field A is F,,.

Let 7 be a continuous irreducible representation Gal(Q/F) — GL,(F,) as in
§2.1.3| (composed with our embedding F < F,). Let 7 : Gal(Q/F*) — G,(F,) be
the continuous morphism associated to 7 using [CHT08| Lemma 2.1.4] and denote by
(7)° : Gal(Q/F*) — “H(F,) the C-parameter of H over F, obtained by the con-
struction of [BG14, §8.3]. A simple computation shows that (7)€ (or more precisely
its composition with H x Gal(Q/F*) — H x Gal(F/F7)) is the composition of (7, w)
with

G xG,, — Hx (G, xGal(F/Ft))

(9, 1,7, A) — (g0 ()1 A7) (2.25)
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where g € GL,(F,), u, A € F;, v € Gal(F/F*) and 0} € X(T) is the character
0y (diag(zy,...,2,)) = 3 w3 217 Finally we define 7¢ as the C-parameter
of Resp+,g(H) over F, obtained from the application of Lemma to (7)¢. We
can check that the maximal ideal m* of T* defined by 7¢ coincides with the ideal
m”® defined in . This can be checked using the formulas relating the Satake
isomorphism for C-groups with the usual Satake isomorphism ([Zhu, §1.4]) and the

explicit formulas [Gro98| (3.13)], [Gro98, (3.14)].

Note that, seeing now 8y and 6% as cocharacters of T' (recall GL, = GL,), we
have Oy o w = (A% ow)w™ !, so that we have, using (2.25)):

(F’)C = tg_; o (FRw"),w).

Let & = &y xpr Ff and &, :i Respt /g, (6)le,,- Then (224) and Lemma [2.18 imply
(note that &, is fixed by Gal(Q,/F,") since H x p+ F,f is split):

,C r— ~ : ®Q - n— — , _ 79 —
L?; (Tc‘eal(@p/@p)) = ind, (r?i (s @ W' H)w e 9H>> =L (T3) ® 65"

This shows that Conjecture [2.19|is equivalent to the special case of Conjecture [2.9]in
Remark [2.10(i) (with F, instead of F).

2.2 Good subquotients of L%

From now on we assume that K is unramified (i.e. K = Q,r), and we remind the
reader that G = GL,, /Z. We define the algebraic representation % of [oecax/onG

together with “good subquotients” of f®, and prove various properties of these good
subquotients. This section is entirely on the “Galois side” (though no Galois repre-
sentation appears yet). All the results, except Remark , in fact hold for any split
reductive connected algebraic group G/Z with connected center.

2.2.1 Definition and first properties

We define good subquotients of %

If H is an algebraic group over Z, we now write H instead of H xz F (in order
not to burden the notation) and HS(%/Q) for the group product [oecaix/o,)H (it
is not a subgroup of H!).

We define the following algebraic representation of GE*(5/@) gyer F:

Y & (®L(AQ)) (2.26)

Gal(K/Qp) €S
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(recall that L(\,) is defined in (2.11) and (2.12)). Note that L” is also the tensor
product of all fundamental representations of the product group GE5/Q) In par-

ticular the center ZS**“K/ %) acts on L by the character 0| Ze @+ ® 0g|z,, where
Gal(K/Qp)
0 is as in Example [2.3] i.e.
b =D Ao € X(T). (2.27)

a€sS

Remark 2.20. (i) With the notation of the representation L7 is the restriction
to H of the representation (Lg,,VE) of "H, where k = F, H = Resg/q,(G) and
§n = (a,---,8a) € X(Tg) (§c as in Example .

(ii) Since Ay € B Zse; by (2.12)), all the weights of X (T') appearing in each L(Ay)|r
are also in @' ,Z>ge;, and thus the same holds for the weights of L%|7 (where T is
diagonally embedded into GG(5/Q))  This follows from the classical fact that the
weights appearing in L(\)|7 for any dominant A € X (T') are the points in &7, Ze; =
X(T) of the convex hull in &} ;Re; of the weights w(\), w € W.

Fix P a standard parabolic subgroup of G, if R is a finite-dimensional algebraic
representation of P9/ over F, we write R)| Zu,, for the restriction of R to Zyy,
acting via the diagonal embedding

ZMp N Z]\CZJI(K/QP) C GGal(K/Qp)‘ (228)

Since Zy, is a torus, it follows from [Jan03, §1.2.11] that R|z,, is the direct sum

of its isotypic components. For instance, if P = G and R = f®, there is only one
isotypic component as Zy;, = Zg acts on L? via the character f0cl|z.-

Lemma 2.21. Any isotypic component of R]ZMP carries an action of MSaI(K/Qp)

when viewed inside R|MGal(K/Qp).
P

Proof. This just comes from the fact that the action of Z);, commutes with that of
MSaI(K/@p). [l

Definition 2.22. Let P C P be a Zariski closed algebraic subgroup containing Mp
and R an algebraic representation of PS(K/@) gver F, a subquotient (resp. subrepre-
sentation, resp. quotient) of R|5caix/q,) is @ good subquotient (resp. subrepresentation,
resp. quotient) if its restriction to Zy, is a (direct) sum of isotypic components of

R|ZMP'

Remark 2.23. A Zariski closed subgroup P as in Deﬁnition actually determines
the standard parabolic subgroup P that contains it. Indeed, assume there is another
standard parabolic subgroup P’ such that Mp C p C P’. Then we have Mp C P
which implies P’ C P. Symmetrically, we also have P C P’, hence P = P’.
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Since isotypic components of R| Zu,, tautologically occur with multiplicity 1, we
see in particular that there is only a finite number of good subquotients of R|zcaix/ay) -

For instance the entire L° is the only good subquotient of f®| GGal(K/Qp) - If P C P is
another Zariski closed algebraic subgroup as in Definition [2.22] any good subquotient
(resp. subrepresentation, resp. quotient) of R|scax/q, is a good subquotient (resp.
subrepresentation, resp. quotient) of R’;Gal(}{/@p) (but the converse is wrong).

Lemma 2.24. There exists a filtration on f®\ Baal(k/gp) DY good subrepresentations
such that the graded pieces exhaust the isotypic components of f®|ZMP seen as rep-

resentations of PCAE/Q) g the surjection PCalE/Q) _, Mﬁa“K/Qp) and Lemma

221

Proof. Tt is enough to prove the lemma for P = P. We prove the following statement
(which implies the lemma): let H be a split connected reductive algebraic group over
7 with connected center, Ty C H a split maximal torus in H, By C H a Borel
subgroup containing Ty with set of (positive) roots Rj;, V a finite-dimensional H-

module over F, Qi C H a parabolic subgroup containing By with Levi decomposition
def

Mg, Ng,, and center Zy,, C T, ZjMQH a subtorus of Zy, and A\, € X(Z]’V[QH) =
HomGr(ZMQH,Gm). Then the Z}wQH-isotypic component VA;QH of V' is a quotient of
two subrepresentations in Vg, which are both direct sums of isotypic components
of V|z  (one applies this result to H = GGE/W) v = TP Qy = PCalE/Q)
and Z o = Zur,)- Note that as above V' = @,\r VX and that VA/ carries from

Ving,, an actlon of Mg, by the same proof as for Lemma . Let R(QH)Jr C R}
be the positive roots of Mg, if @ € R \R(Qu)", denote by «@ its image via the
quotient map X(7x) — X(ZMQH) and N, C Ng,, the root subgroup. If n, € N,
and A\, € X(ZEWQH), then we have na(V)\bH) C 3% V’\bH”a by [Jan03l, §11.1.19]
(the sum being finite inside V). Fix A\, € X(Z), QH) that occurs in V| Zirg and let

H
W(Ag,,) be the set of \j,, € X(ZJIWQH) of the form \p, , + (EaeR;\R(QHﬁ Zzoa> that
occur in V| Ziyy > WE deduce that both subspaces
H

O D DI
14 ! ! QH 14 ! QH
N EWOG NG} N EWOG )

are preserved by Ng,, hence by Qp, inside V. Since their cokernel is exactly ka ,
H
this proves the statement. O

We will use the following lemma extensively.

Lemma 2.25. IfQ is a (standard) parabolic subgroup of G containing P, any isotypic
component of R]ZMQ is a good subquotient of R|pcax/ey) (hence of R|zcax ey )-
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Proof. By Lemma m (applied in the case P = P and with P there being @), such
an isotypic component is a good subquotient of R|Qc;a1(;</@p), and thus is a subquotient
of R|pcax/o, since P C Q. It is also obviously a direct sum of isotypic components
of R|z,,, since Zy, C Zy,. This proves the lemma. O

Remark 2.26. Let P, P and R as in Deﬁnitionand define a good subquotient of
R|3 (for the diagonal embedding P — PGaK/®) gimilar to ) as a subquotient
of R|j such that its restriction to Zyr, is a sum of isotypic components of R|z,, .
Then, using the same kind of argument as for the proof of Lemma one can prove
that a good subquotient of R|3 is also a good subquotient of R|5cax/q,), S0 that good
subquotients of R|z and of R|3cax/g, are actually the same.

2.2.2 The parabolic group associated to an isotypic component

Fix P C G a standard parabolic subgroup and C'p an isotypic component of f®| Znip
we associate to Cp a subset of the set of simple roots S (see (2.30)), as well as the
standard parabolic subgroup of G, denoted by P(Cp), corresponding to this subset.

We will use the following two lemmas, the first being well-known.

Lemma 2.27. Let A € X(T') ®z Q be dominant. Then the Weyl group of the root
subsystem of R generated by the simple roots o € S such that s, fizes A is the subgroup
of W of elements fixing \.

Lemma 2.28. Let a € S. Then ¥ ewpyw(a) > 0, and we have 3,,cppy w(a) =0
if and only if o € S(P). Moreover, if a € S\S(P), then « is in the support of

ZwGW(P) w(a).

Proof. If a € S(P), it is clear that },cypyw(a) = 0 since, for each w € W(P),
we also have ws, € W(P). If a € S\S(P), then —« is dominant for Mp, that
is, —(a, ) > 0 for p € S(P). This implies that w(—a) < —a for w € W(P).
Summing over W (P) gives — > ,cw(p) w(a) < —|W(P)|a or equivalently [W (P)[a <
Swew(p) W(a). This proves the lemma. O

If w € W satisfies w(S(P)) C S, we denote by * P the standard parabolic subgroup
of G whose associated set of simple roots is w(S(P)). It has Levi subgroup Mwp =
wMpw™! (so “P = (wMpw ')N) and Weyl group W(“P) = wW (P)w™! (caution:
wPis not wPw™ if w# 1!). If A € X(T'), we define

N =

> W) e (X(T) @z Q)" ™. (2.29)
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Remark 2.29. (i) Note that A\’ only depends on A|z,, , since two distinct A with the
same restriction to Zyy, differ by an element in 3-,cg(p Za and since Y-, ey (py w(a) =
0 for @ € S(P) by Lemma [2.28

(ii) It easily follows from the definitions and Lemma that if w € W satisfies
w(S(P)) € S and A € X(T) is any weight, then w(\) = (w(\))’, where (w(\))" is
given by the same formula as in applied to the parabolic “ P and the character
w().

Lemma 2.30. Let P be a standard parabolic subgroup of G.

(i) Let A € X(T), there exists w € W such that w(S(P)) C S and w(A)|z,,,
coincides with the restriction to Zyp,, of a dominant weight of X (T') @z Q.

(i) Let A € X(T') such that A|z,,, occurs in ¥ |2y, and let w as in (i). Then we
have fOg — w(\) = Y cgNax for some n, € Z>0 see ([2.27) for 0g) and the

subset
w(S(P))U{a € S:n, #0} C S (2.30)

only depends on M|z, .

Proof. (i) We first claim that it is equivalent to find w such that w(S(P)) C S and
w(X') is dominant with A as in (2.29). Assume we have such a w, since w'())|z,,, =
)\\ZMP for all w’ € W (P), we have A Inip = )\|ZMP and thus w()\)]ZMwP = (X)|Zwa'

Conversely, assume that there is w such that w(S(P)) C S and w(N)|z,,, , = #lzy, ,
y def

for some dominant p in X(T)®z Q, and set p TP 2w W (v P) W (n) €
(X(T) ®2Q)"(“P). Then we have i/ = w()\') by Remark [2 (ii) and p > u' (as p >
w'(je) for any w’ € W since p is dominant). Thus p—w(N') = p—p' = Xecgwp) Nt
for some nq € Q> (recall plz,,, = |z, ). This implies that

(WX),8) = (1. 8) = > nala,p) >0

acS(WP)

for any 5 € S\S(“P) (as p is dominant and (o, ) < 0 if o # f € S). Since
(w(N),8) = (W, B) =0 for f € S(“P) (use again Lemma [2.28)), we see that w()\') is
dominant.

Now let us find such a w. First, pick w' € W such that w'()\') is dominant, by
Lemma [2.27] applied to w'(X') the set of elements 5 in S such that sz fixes w'(\)
generate a root subsystem of R with corresponding Weyl group the subgroup of W of
elements that fix w’(\"). This root subsystem has two natural bases of simple roots:
namely the elements 5 above and the elements w'(y) € w'(S) such that s, fixes X
(they are usually distinct as W doesn’t preserve S). This second basis obviously
contains w'(S(P)). Therefore, there is w” in the Weyl group of this root subsystem,
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ie. w” € W fixing w'(X'), that maps the second basis to the first. In particular we
have w”w’(S(P)) C S and w"w'(X) = w'(\) dominant, thus we can take w = w"w'.

(ii) The positivity of the n, follows from the fact ffs is the highest weight of f®]T
(for the diagonal embedding of T" as in (2.28))). Let wy, ws as in (i) and X as in ([2.29).
Then wq (\') = wq(N') as these two weights are dominant (by the first part of the proof
of (i)) and in a single W-orbit. Since A" only depends on A|z,, by Remark (i),
it is therefore enough to prove that the support of flg — w()\') is exactly the set of
simple roots for one (any) w as in (i). Writing f0g — w(N) = (f0e — w(N)) +
(w(A) —w(X)) and recalling that w(\) — w(X') is a sum of roots in w(S(P)) C S
(as w(A), w(\') have same restriction to Zyy, , from the proof of (i)), we see that this
support is contained in and that it contains {a € S\w(S(P)) : n, # 0}. It is
thus enough to prove that this support also contains w(S(P)). Since fOg > w(N') (use
[0 > ww'(N) for any w’ € W and sum over w’ € W(P)) and (5,a) <0ifa # 5 € 5,
it is enough to check that (ffg —w(X),«) > 0 (in Q) for any o € w(S(P)). But this
follows from Lemma[2.28)and (f0gc—w(N),a) = f{fg,a)—(w(N),a) = f=0=f. O

Remark 2.31. Note that it is not true in general that, for A as in Lemma [2.30(ii),
one can find w € W such that w(S(P)) C S and w(A)|z,,, , is the restriction to Zas.,,
of a dominant weight of X (7") (one really needs X (7T') ®z Q).

The proof of Lemma [2.30] also gives the following equivalent proposition that we
will use repeatedly in the sequel.

Proposition 2.32. Let P be a standard parabolic subgroup of G.

(i) Let A € X(T) and X as in (2.29), there exists w € W such that w(S(P)) C S
and w(X') is a dominant weight of X (T') ®7 Q.

(i) Let A € X(T') such that A|z,,, occurs in f®|ZMP and let w as in (i). Then we
have fOg—w(XN') = Y 4cg Nax for some n, € Qso and the support of fOg—w(N')
is S(P(Cp)).

Let Cp be an isotypic component of f®\ Zu,, associated to some A\p € X (Zn,) =
Homg, (Zarp, Gr). We denote by P(Cp) the unique standard parabolic subgroup of
G whose associated set of simple roots S(P(Cp)) is for one (equivalently any)
weight A € X(T) such that A|z,, , = Ap. We also define

W(Cp) = {w € W as in Proposition [2.32(i) for A € X(T) : A|z,,, = Ap} (231

(W(Cp) doesn’t depend on the choice of such A by the claim in the proof of Lemma
2.30(i) and by Remark [2.29]i)). We see from (2.30) that for all w € W (Cp) we have

the inclusion
YP C P(Cp). (2.32)
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Note that the set W (C'p) is not in general a group, in particular it is distinct in general
from the Weyl group W (P(Cp)) (see Lemma below for the relation between the
two).

Remark 2.33. The inclusion “ P C P(Cp) for some w € W (such that w(S(P)) C )
doesn’t imply w € W(Cp) (take P = B). Also P(Cp) doesn’t necessarily contain P,
see e.g. the end of Example M(u) below. The subgroup generated by all “P for
w € W(Cp) may also be strictly contained in P(Cp) (see e.g. Example[2.35(i) below).

The parabolic subgroups P(Cp) respect inclusions.

Lemma 2.34. Let P’ C P be two standard parabolic subgroups of G, Cp an isotypic
component of f®|ZMP and Cp: an isotypic component of Z®‘ZMP, such that Cpr C
OP|ZMP,‘ Then P(Cp/) g P(Cp)

Proof. Let A € X(T) such that Cps is the isotypic component of A Zur,, - Then by
assumption Cp is the isotypic component of A|z,, . Define X, € (X(7') ®z QM
Npr € (X(T) @z QW) as in (2.29) for respectively P and P’ and let (wp,wp:) €
W x W such that wp(S(P)) C S and wp(Np) dominant, wp (S(P')) C S and wp (Np/)
dominant (wp,wps exist by Proposition [2.32(i)). Then we have

1 1
wp(Np) = w'wp(N), wp(Np) = == w'wp(N)
Y] w'ewz(;wm T w’eW%PP’)
and also WP
(WP gewwr pyiw e pry

Since wpr(Np/) is dominant, we have wp/ (Ap/) > wwp (Np/) for any w € W and in par-
ticular wp:(Np,) > owp(Np) = (cwpwp!)wp (Np). Summing up these inequalities

over o € W(*rP)/W(*?P') and multiplying by W,((];))", one gets with (2.33):

Now the result follows from
oo —wp(Xp) = (f0a — wp(Np)) + (wp (Npr) = wp(Xp))

together with Proposition [2.32(ii) and (2.34)). O
Example 2.35. We give a few simple examples (beyond GL3(Q,)).

(i) Assume n = 2 and P = B. Then L°| Zary = L%|7 has f + 1 isotypic components
C(\;) given by the characters \; : diag(axy, 2o) — 2 ‘ai for 0 < i < f. Fori < f/2,
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A; is dominant, W(C'(X\;)) = {1} and fOs — \; = i(e; —ez). For i = f/2 (if f is even),
Ai = Sey—ey(Ai) 18 dominant, W(C(N;)) = {1, S¢,—¢, } and flg —w(N;) = f/2(e1 — e2)
for w € W(C(N\;)). Fori > f/2, s¢,—e,(Ai) is dominant, W(C(\;)) = {Se;—e, } and
fO0c—Se;—es(Ni) = (f —i)(e1 —e2). Wesee that “B =B C P(C(\)) =G ifi ¢ {0, f}
and “B = P(C(\;)) = Bifi €0, f}.

(ii) Assume n = 3 and K = Q,.

If P = B, then f®|T has 7 isotypic components given by the 6 characters A\, :
diag(xy, 9, x3) — 1'121)_1(1)331”71(2) for w € S3 and the character det : diag(zy, xo, x3) —
x1xews. If Cp corresponds to some A, one gets that W (Cp) is the singleton {w}
and g — w(\,) = 0, which implies “B = P(Cp) = B. If Cp corresponds to det, one
gets W(Cp) =W and 0 — w(det) = (e; — e2) + (e2 — e3) for w € W, which implies
“B=BC P(Cp)=0G.

If P is the standard parabolic subgroup of Levi diag(GLs, GL;), then Z®|ZMP has 3
isotypic components C'p given by the characters

gy 3 T 2 T 2
Ao @ diag(z1, x1, 2) = a7, Ay @ diag(@y, 21, 22) = 2722, Ao @ diag(xy, x1, 22) — 125.

One has \j = 3/2(e; +e3), \] = e1 +ea+e3, Ay = 1/2(eg + €2) + 2e3 from which one
deduces for the three respective isotypic components Cp (where w € W(Cp)):

W(Cp) = {1} Oc —w(X) = 1/2(ex — e2)
W(Cp) = {1,5c;-es8es-es} Oa—w(N)) = (e1—ea)+ (€2 —e3)
W(Cp) = {Se;—erSer—es} Oc —w(Ay) = 1/2(eq —e3).

If Cp corresponds to Ag one gets “P = P(Cp) = P, if Cp corresponds to A; one
gets YP C P(Cp) = G (“P being P if w = Id and the standard parabolic subgroup
of Levi diag(GLy, GLy) if w = S¢;—¢ySe5—es), and if Cp corresponds to Ay one gets
“P = P(Cp) = the standard parabolic subgroup of Levi diag(GLj, GLs). In this last
case we see that P(Cp) doesn’t contain P.

Finally, if Mp = diag(GL;, GLs), the situation is symmetric.

Lemma 2.36. We have W(Cp) C W(P(Cp))w for any fized element w € W(Cp).
Equivalently w'w™' € W(P(Cp)) for any w,w' € W(Cp).

Proof. Let A\p € X(Zp,) corresponding to Cp, we, € W(Cp), A € X(T') such that
Alzy, = Ap and define A’ as in (2.29). Recall that an element w € W is in W(Cp) if
and only if w(S(P)) C S and w(XN) is dominant (see Proposition[2.32(i)), and that we
have w(\) = we, (N) for all w € W(Cp) (see the beginning of the proof of Lemma
M(n)) We rewrite this wwg! (we, (X)) = we, (V) V w € W(Cp). By the definition
of P(Cp) and Proposition [2.32[(ii), we know that S(P(Cp)) is the set of simple roots
in the support of fls — we,(N). Since we, (') is dominant, by Lemma the
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subgroup of W fixing w¢, (\') is generated by the simple reflections sz fixing we, (N'),
or equivalently such that (we, (X)), 8) = 0. Since (f0g — we,,(N),8) = f—0 = f,
we see that these simple roots /5 are all in the support of f0g — we, (\). Therefore
W(P(Cp)) contains the subgroup of W fixing we,, (\'). Since wwg! fixes we, (X), it
follows that wwg, € W(P(Cp)). O

Remark 2.37. The inclusion in Lemma is not an equality in general (take
P=Q).

2.2.3 The structure of isotypic components of ¢

We let P be a standard parabolic subgroup of GG, we prove an important structure
theorem on the isotypic components of L®] Znip (Theorem [2.46)) as well as several
useful technical results.

Recall that W (Cp) is defined in (2.31)) and P(Cp) is defined just before.
Lemma 2.38. If P(Cp) = “P for some w € W(Cp) then W(Cp) has just one

element.

Proof. Let we, € W(Cp) such that P(Cp) =", P and let wg, € W(Cp). Since
P(Cp) = “cr P we get S(P(Cp)) = we,(S(P)) and W(P(Cp)) = we, W (P)wg!.
By Lemma applied to the element we,, we deduce W(Cp) C we,W(P) and
thus wgl wy,, € W(P). But since S(P(Cp)) contains w(S(P)) for all w € W(Cp) by
definition of W (Cp) and , we have wg, (S(P)) € S(P(Cp)) = we, (S(P)) which
implies wg, (S(P)) = we, (S(P)) since the cardinalities are the same on both sides,
that is, wg wi, (S(P)) = S(P). Since wg wy, € W(P), this forces wi,, = we,. O

Remark 2.39. (i) The converse to Lemma is wrong in general (e.g. consider the
C(N\;) with i ¢ {0, f/2, f} in Example [2.35(1)).

(ii) For a general isotypic component C'p, it is not true that one can find w € W (Cp)
such that w™*Mpc,yw is the Levi subgroup of a standard parabolic subgroup of G.

Proposition 2.40. The isotypic components Cp such that P(Cp) = “P for some
(necessarily unique) w € W(Cp) are those isotypic components which are associated
to fw=0c)|zy, for thew € W such that w(S(P)) C S.

Proof. Let w € W such that w(S(P)) € S and A = fw'(dg) € X(T). Since
w(A) = fOg is dominant and f0; —w(\) = 0, the set is w(S(P)). This implies
P(Cp) ="P.

Conversely, let Cp as in the statement, A € X(7T) such that Cp is the isotypic
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component associated to the character )| Znip of Zys, and define X" as in - Since
S(P(Cp)) = w(S(P)) by assumption, from Proposmon [2.32[ii) we obtain

f - QG Z reved
aeS(P)
(for some n, € Qso), which implies fw™"(0c)|z,,, = Nz, Since M|z, = Nz,
(see the beginning of the proof of Lemma 2 - , we deduce that Cp is the isotypic
component associated to the character fw~ (9g)] Zatp- O

Note that if Cp is associated to fw™'(0c)|z,, (With w(S(P)) C S), we have
W(Cp) = {w} by Lemma [2.38]
Example 2.41. Coming back to Example[2.35] the isotypic components as in Propo-
sition are the isotypic components C'(\g), C'(Af) whenn = 2, P = B, the isotypic

components associated to the six A\, when n = 3, K = Q,,, P = B, and the isotypic
components associated to A\g, Ay when n =3, K = Q,, Mp = GLy x GL;.

We set for a = e; — e € S(P):

AapZ Y e € X(T). (2.35)

e;i—ejr1€R(P)T

One easily checks that the A\, p for a € S(P) are fundamental weights for the reductive
group Mp and that (A, p, 3) < 0for 5 € S\S(P). For any A\ € X(T), we define Lp(\)
as in but with (Mp, Mp N B™) instead of (G, B~). When S(P) = (), we define
f;e; to be the trivial representation of 7¢*(5/Q) gver F and, when S(P) # 0, we define
similarly to the algebraic representation of Mp Gal(I</2y) over [F:

5 @ ( ® Lrur). (2:36)

Gal(K/Qp) " aeS(P)

We also define

0p = Y Aap € X(T) and 60" =0g—0p € X(T). (2.37)
a€S(P)

Since for a € S(P) we have (¥ a) = (0g,a) — (fp,a) = 1 —1 = 0, we see that
67 extends to an element of Homg,(Mp,Gy,). Likewise we have for a € S(P) and
w € W such that w(S(P)) C S:

(W (0""),a) = (07", w(a)) =0

so that w=1(#"F) also extends to Homg,(Mp, G,,). Note that, since (8p, 3) < 0 for
B e S\S(P), we get (0F, 8) = (0g, B) — (0p, 3) > 1, thus 67 is a dominant weight.
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Example 2.42. If G = GLg and Mp = GLy x GL3 x GL1, one gets

Op : diag(zy,...,x6) > (21)(2324)
oF : diag(zy,...,26) > (z122)*(z32475).

Lemma 2.43. If w € W(P), we have w(0”) = 0F.

Proof. The character #F extends to Mp and factors through Mp/M&. But conjuga-
tion by W (P) is trivial on Mp/M&r. O

Lemma 2.44. Let A € X(T) be a dominant weight and denote by L()\), C L(\) for
p € X(T) the isotypic component of L(\)|r associated to p (i.e. the weight space of
L(\) for p, see [Jan03), §1.2.11]). Then

& LW S LW

/‘e/\_zaeS(P) Lo

is an Mp-subrepresentation of L(\)|a, which is isomorphic to Lp(\).

Proof. Since @\ o L(\), is the isotypic component of L(\) associ-

ated to Alz,,, (as Az, = plz,, < A — p € Xaesp) Zav), it is endowed with an
action of Mp by the same proof as for Lemma [2.21] By [Jan03|, I1.2.2(1)], [Jan03,
[.6.11(2)] and the transitivity of induction ([Jan03l 1.3.5(2)]), we have an injection of
algebraic representations of Mp over F:

Zzpor |ZMP

H°(Np,L()\)) = Lp()\) (2.38)

(recall Np is the unipotent radical of P) and by [Jan03, I11.2.11(1)] we have an iso-
morphism of algebraic representations of Mp over [F:

B IO, = H(Np L))

HEA=D " cs(py Lo
It is therefore enough to prove that (2.38]) is an isomorphism, or equivalently that
HEA=D es(p) Lzo0e

Let L(A) = (ind3-\) 2 ®2 B, Lp()) aof (md%;;mB,A)/Z ®z B and L(\), C L()\) the

weight space associated to p, we have dimp L(X), = dimg L()),, and thus

dimg ( b L(A)M> = dimp ( b L()\)H>.

HEA=D o es(p) L2 HEA=D nes(p) D20
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Likewise, we have dimp Lp(\) = dimg Lp()). Tt is therefore enough to have

dimg ( D L()\)H> — dimp Lp(A).

/‘@‘_ZQES(P) A

But now, we are over a field of characteristic 0, where it is well known that L(\) and
Lp(\) as defined above are simple modules with highest weight X\. Then the result
follows from [Jan03 Prop.I1.2.11]. O

The following lemma is a special case of Lemma [2.44]

Lemma 2.45. Let A € X(T') be a dominant weight such that (\,«) = 0 for all
a € S(P) (equivalently X extends to an element in Homg,(Mp,Gy)). Then any
p € X(T) distinct from X with L(X), # 0 is such that X — pu contains at least one root
of S\S(P) in its support.

Proof. Since A € Homg,(Mp,Gy,), we have Lp(A\) = X by (2.11)) applied with Mp
instead of G. By Lemma [2.44, we deduce @,c,_y . L(\), = X inside L(\).
ac

This clearly implies the lemma. [

Zzoa

If R is any algebraic representation of Mp or of ija“K/ ) and w € W such

that w(S(P)) C S, we define an algebraic representation of Mwp = wMpw™' or

of MIE/) — 4y pGHE/Ce) =1 (4 acting diagonally via W —s WGalK/Q)) by
(9 € Mup or MR/,

w(R)(g) = R(w™'gw). (2.39)
If « € S(P), one then easily checks that w(Aa,p) = Ay(a)wp and w(Lp(Aap)) =
Lup(Aw(a),wp), from which one gets

w(IP) =T%,. (2.40)

Theorem 2.46. Let C'p be an isotypic component 0ff®|ZMP, associated to )\|ZMP for
A€ X(T). Foranyw € W(Cp), there is an isomorphism of algebraic representations
of MSal(K/Q”) over F:

Cp = w ™ (Cpipwr) ® (w (07 ) @ - @ w ™ (97CF)) ), (2.41)

Gal(K/Qp)

where  Cpcpywp 18 the isotypic component of Z;‘?,(CP”ZMU,P associated to
(w(\) — fGP(CP))|ZMWP (thus an MS;I(K/Q”)—representation, recall P C P(Cp)) and
w N (Cp(cpywp) is defined in (2.39).
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Proof. Step 1: Assuming the result holds if w = Id, we prove it for any w. For
p € X(T') we have pl|z,,, = Az, if and only if w(y)|z,, , = w(N)|z,, . therefore

the image w(Cp) of Cp for the diagonal action of w € W on L% is the isotypic com-

ponent of L”| Zan, ssociated to w(A)|z,, . Note that, as an algebraic MS ;I(K/ Q).

subrepresentation of Z®| e, w(Cp) is indeed isomorphic to g — Cp(w™ Lgw)
wp

if g € MJ ;I(K/ @) 50 the notation is consistent with . By Remark (ii) we
have w(X) = (w(\)) in (X(T) ®z QW) Recall that w()\'), and hence (w(\)),
are dominant since w € W(Cp) (see Proposition [2.32(1)). Therefore Id € W (w(Cp))
and by the case w = Id for the parabolic subgroup “P and the isotypic compo-
nent w(Cp), we have w(Cp) = Cp(cp)),wp® (QP(“’(CP) ® - @ gF@Cr))  Moreover
S(P(w(Cp))), which is the support of flc — (w(N)) by Proposition 2.32(ii) (ap-
plied to w = Id), is the same as S(Pg,), which is the support of fOs — w()\') by
loc.cit. (applied to w), i.e. we have P(w(Cp)) = P(Cp). We thus deduce w(Cp) =
Cpcp)wp ® (QP(CP) ® - ® QP(CP)> which gives (2.41)) by applying w™!.

Step 2: From now on we assume w = Id (so in particular P C P(Cp)). Writing

Fo( @ (@ mw)e( ® ( ® 1))

(K/Qp) " aeS(P(Cp)) (K/Qp) " aeS\S(P(Cp))

we prove that any (u1, pu2) € X(T') x X(T') such that

(i) 1 occurs in (®Gal(K/Qp) acs(Pcp) L(a ))) |7 (for the diagonal action of T');

(®
(ii) pe occurs in (®Gal(K/Qp ( aes\8(P(Cp)) L(Aa )))\T (idem);

(iii) :u1|ZMP + M2|ZMP = )\|Z]\4p

must be such that py = f ¥ ,co\s(p(cp)) Aa (n0te that 1y < f 3 co\s(p(cp)) Ao and

1 < f Yaespopy) Aa)- Let N, oph, ph as in (2.29) for P(Cp) and the respective
characters A, p1, po, we have X = p} + pf from (iii) and Remark [2.29((i), and thus

foa-N=1( X A)-mrf( X ) - (2.42)

aeS(P(Cp)) aeS\S(P(Cp))

Assume fip is not f X e\ s(p(cp)) Ao Then writing ps = 355, 120 Where (j,a) €
Gal(K/Q,) x S\S(P(Cp)) and [12,j,o occurs in L(A,) and applying Lemma [2.45] with
P = P(Cp), A = Ay and p = pgjq for a € S\S(P(Cp)) (the assumptions in
Lemma are satisfied since the \,, @ € S are fundamental weights), we get
that f > ,cs\s(p(cp)) Aa — p2 has at least one root of S\S(P(Cp)) in its support.
Averaging over w € W(P(Cp)) as in (2.29)) and using w(A,) = A, for w € W(P(Cp))
and a € S\S(P(Cp)) (same proof as for Lemma [2.43)), we get applying Lemma
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to P = P(Cp) that f > cs\s(p(cp)) Aa — My has still at least one root of S\S(P(Cp))
in its support (and that p, < f 3 co\s(p(cp)) Aa)- Since 1y < f X oespicp)) Aa by the
proof of Step 3 below, this root doesn’t vanish in the sum (2.42)). But by Proposition
2.32[(ii), S(P(Cp)) is the support of (2.42), which is a contradiction. Therefore, we

must have iy = f > ,cs\s(p(cp)) Ao and thus from (iii) that

Cp = Chepyr © & ( Aa>, (2.43)
Gal(K/Qp) \ a€S\S(P(Cp))

where Cp ¢, p is the isotypic component of (®Gal(K/Qp) (®aes(p(cp))f(>\a)))|ZMP
associated to ()\ — [ X aes\s(P(Cp)) )\a) |20, (= (A= 12)| 20, = 11|20, )-

Step 3: We prove that

f( Z Aa)—,lh € Z Lo

a€eS(P(Cp)) a€S(P(Cp))

(i.e. noroot of S\S(P(Cp)) is in the support). Since A, is dominant, we have A\, > X/,
where M\, is defined as in (2.29) for P = P(Cp) and the character \,. This implies

(with obvious notation)
/
O x)-m=f( X XN)-wm= (f( > Aa)—u1> >0, (2.44)
aeS(P(Cp)) aes(P(Cp)) aeS(P(Cp))

where the last inequality follows from Lemma (applied with P = P(Cp)). If
f(zaES(P(CP)) )\a) — 1 has roots of S\S(P(Cp)) in its support, then by Lemma [2.28

/
again so is the case of (f (Eaes(p(cp)) )\a) — u1> , and thus of f(ZaeS(p(Cp)) )\a> — 1y
by (2.44)). As in Step 2, this is again a contradiction by (2.42)) and the definition of
P(Cp).

Step 4: We prove the statement for w = Id. By Lemma [2.44] applied with P =
P(Cp) and the various L(\,) for a € S(P(Cp)), we deduce from Step 3 that p is a
)

weight of ®Gal(K/Qp)(®aES(P(CP)) Lpcyp (M)) inside ®Gal(K/Qp)(®aES(P(CP)) L(Aa))
(see just after (2.33). Let v € S(P(Cp)), for each 8 € S(P(Cp)) we have (Ag, f) =
(Aa,p(cp): B) (a straightforward check from ({2.35)), thus Ay —Aa pcp) extends to
Homg,(Mp(cp); Gm) which implies Lp(cp)(Aa) = Lpcp)(Aa.pcp)) @ (Aa — Aa,p(cp))-
Thus 25 M fZOéES(P(CP))()\Oé - )\a,P(CP)) is a Welght of

T +®
X ( 0% LP(CP)(MPwp)))ZLP(cpy

Gal(K/Qp) "~ a€S(P(Cp))

or in other terms:

Cherp ZCrcmr © @ ( ) (Aa—Aa,me))),
Gal(K/Qy) \ aeS(P(Cp))
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where  Cp(cpyp is the isotypic component of f%(cpﬂ Zu, associated to
(/\ — [ Xaes\spcp)) Ao — f Laespcp) (Ao — )\a,p(cp))> |ZMp‘ But by (12.37):

Z )\a + Z ()\a - )\a,P(Cp)) — GG - Z )‘a,P(Cp) - 9P(CP)7
a€S\S(P(Cp)) a€S(P(Cp)) a€eS(P(Cp))
so together with ([2.43]) we are done. O]

Remark 2.47. The character w='(67(P)) of Mp doesn’t depend on w € W (Cp),
as follows from Lemma [2.36| and Lemma (the latter applied with P there being
P(Cp)). In particular, by (2.41) we see that the representation w™! (CP(CP)71UP) of
7GR/ B)

is also independent of w € W(Cp).

When Cp is as in Proposition m, its underlying MSal(K/ Q”)—representation looks
like L but for the reductive group Mp instead of G.

Corollary 2.48. Let Cp be an isotypic component 0ff®|ZMP such that P(Cp) ="P
for some (unique) w € W such that w(S(P)) C S. Then there is an isomorphism

Cr=Lpe(w (@)@ ouw(e"))

Gal(K/Qp)

MSal(K/Q”) over IF.

of algebraic representations of

Proof. If P(Cp) =" P, then Z%(CpﬂZMwP = Z§P|2wa has only one isotypic compo-
nent, corresponding to fOuwp| Dt So the corollary follows from Theorem to-

gether with (2.40)). Note that, by Proposition [2.40, C'p corresponds to A = fw ™" (0¢g),
which is consistent with Theorem [2.46] since

(W) = £07) 2, = (w(fw™(0c)) = 10" ) 23, = FOc = 0"F) 20,
= f‘ng|ZMwP'
]

Remark 2.49. In this remark, we use that we are working with G = GL,,. We write
Mpcpy = diag(My, ..., My) for some d > 0 with M; = GL,,, and correspondingly
T = diag(Th,...,Tys), where T; is the diagonal torus of GL,,,, so that we have X (7T') =
@4 X(T;) and S(P(Cp)) = 1L, S(M;), where X (T;) = Home, (T}, Gy,) and S(M;) =
S(P(Cp)) N X(T;) is the set of simple roots of M; (for the Borel subgroup of upper-
triangular matrices). Note that S(M;) = 0 if M; = GL;. For i € {1,...,d} such that
n; > 1, one easily checks that A\, picp) € X(T;) C X(T) if o € S(M;) and that the
Aa,p(cp) € X(T;) for a € S(M;) are fundamental weights for the reductive group M;.
Fori € {1,...,d} and \; € X(T}), we define Ly, ()\;) as in but for the reductive
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group M, instead of G. When n; = 1, we define f? to be the trivial representation
of M; CallK/Qp) o GSM(K/Q) - and when n; > 1, we define as in 1) the algebraic

(Gal(K/Q,)

representation of M, over IF (seeing Ao p(cp) in X(75)):

L X ( Q) Lu,(Aap cp))> (2.45)
Gal(K/Qp)  a€S(M;)
We then clearly have L PCp) = 4 IZ?. Likewise, we have 7€) = @4 (9F(r),
where (#7(P); € X(T;) extends to Homg,(M;, G,,) and where we denote by j; the
image in X (7;) of a character u € X(7T).

For any w € W (Cp), we define (“P); as the standard parabolic subgroup of M,
which is the image of “ P under

P — P(Cp) — MP(CP) —» Mz

(in particular its Levi Mwpy, is the image of Mwp under Mwp — Mpcp)y — M;).
Applying w to (2.41)), it is not difficult to deduce from Theorem an isomorphism

of algebraic representations of M. Callk/Qp) o 4 M (Cia}lg()f(/ @) over F:
d
w(Cp) = ® (Cw,i ® (67, 8- ® (87CF), )), (2.46)

= Gal(K/Qp)

where Cy,; is the isotypic component of L] It associated to (w(A) —

f@P(CP) )z |Z]\/1(w .
1). If w' is another element in W(Cp), writing w’' = wpe,w with wpe,) €
W(P(Cp)) (Lemma [2.36), we have M., = wp(CP)waw;(lcp), and thus w'(C,) =
wp (Cp) ( (Cp)) and CP(CP%WP = wp(cp) (Cp(cp)’wp) (as the twist by QP(CP) & -

6F(CP) doesn’t involve the choice of w). Since wp(cp)Miw;%CP) = M; for all i, we

. (thus an M(Cf}i()K/ Qp)—representation, note that C,,; is trivial if n;, =

&

get Mwp), = wp(cp)M(wp).w;(lc (inside M;) and deduce for i € {1,...,d} an iso-
morphism of algebraic representations of M Gal(K/ Q)

(@'P), over F (with notation similar to
(2.39))):

Cw/J' = wp(cp)(Cm). (247)

We will avoid applying w™" to C,; since w ' Mpc,pyw is not in general the Levi
subgroup of a standard parabolic subgroup of G (see Remark [2.39(ii)), although it
indeed contains Mp.

2.2.4 From one isotypic component to another

We let P be a standard parabolic subgroup of G. We show that, if C'p is an isotypic
component of L®| Ztp then one can associate to Cp in a natural way another isotypic

o4



component w - Cp of Z®’ZMP for any w € W such that ’U)(S(P(Cp))) C S (see Propo-
sition [2.51]). Note that, on the contrary to w(Cp), w- Cp is an isotypic component of
f®| Zu,, for the same standard parabolic subgroup P as Cp.

Lemma 2.50. Let u € X(T) be a dominant weight. Then p occurs in L% |y (for the
diagonal embedding of T analogous to (2.28) if and only if u < fOq in X(T).

Proof. Since this statement only concerns weights, we can work in characteristic 0, i.e.
with L% % Qcaix/0,) ( ®aes L(a) ), where L(\q) = (mdg,Aa)/Z ®z E (see (2.11)).
Arguing as in the proof of [BH15, Lemma 2.2.3], it is equivalent to prove that p is a
weight of the algebraic representation L(ffg) of G. The result then follows from the
inequalities w(p) < p < fOq for all w € W (the left ones hold since y is dominant and
the right ones since f0 is the highest weight) combined with [Hum78, Prop.21.3]. O

Proposition 2.51. Let A\p € X (Zu,.) be a character of Zyy,, which occurs in Z®|ZMP
(for the diagonal embedding, as usual) with associated isotypic component Cp of

Z®’ZMP7 and let w € W such that w(S(P(Cp))> cS.

(i) For we, € W(Cp) the character of Zy,:

Ap — (Fuwgh(86) + F(wwe,) ' (606)) 2., (2.48)

doesn’t depend on wc,, .

(ii) The character (2.48|) corresponds to an isotypic component w - Cp of f®]ZMP,

i.e. occurs in L |z, .
(iii) We have P(w - Cp) ="P(Cp).
Proof. (i) For any a € S(P(Cp)) we have (since w(c) is still in S)
(™ (B) — b, ) = (B, w(@) — {Ba) =11 =10 (2.49)
which implies s,(w™(0g) — 0c) = w(0g) — O, and thus for all w’ € W(P(Cp)):
w' (w1 (0g) — 0g) = w(0g) — bg. (2.50)
Let wy,, € W(Cp), by Lemma2.36{we have w;, wg! € W(P(Cp)) and thus by :
(we,wey,)(w™(0g) — 0g) = w™ (06) — bg-

Applying w’c;l we get in particular
1 -1 0-) — 0 - r=1, -1 0-) — 6
(wep (W™ (0c) = 00)) |20, = (WG, (W™ (Be) — 60)) 24,
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from which (i) follows.
(i) Let A € X(T') such that A|z,, = Ap. Applying wwc, to (2.48), it is sufficient
to prove that fOg — w(f@G - wcp()\)> occurs in L”|p (since L |7 is acted on by the

diagonal action of W « WG(K/Q))  Recall from Lemma [2.30(ii) (and the definition
of P(Cp)) that

f@G — wcp()\) S Z ZZ()OJ. (251)
aeS(P(Cp))

For f = w(a) € w(S(P(Cp))) and any w' € W, we have

(f0c —w(fbc —w'(N),B) = (ww'(N),B)+ f(0a —w(bc),B) (2.52)
= (ww'(N),B) + f(w(6c) — bc, @)
= (ww'(N),B),

where the last equality follows from ([2.49)). This can be rewritten as

55(f0c — w(fbe —w'(N) = fla = w(fho —w' (V) — (ww'(N), B)8 (2.53)
= fOc — w(fbg — saw' (N)).

Iterating (2.53)), we see that for any wpc,) € W(P(Cp)), we have for w' € W that
wwpcpyw ™ (06 — w(fie —w'(\)) = 0o — w(f0a — wpcyw' (V). (2.54)

Choose wp(c,y € W(P(Cp)) such that wpic,)(we,(A)) is dominant for the root
subsystem generated by S(P(Cp)), equivalently

(wwpepyey(V), B) > 0V B € w(S(P(Cp))). (2.55)

As X occurs in f®|T, we get that wp(c,)(wop(A)) € wop (A) + Xaespicp)) Lo occurs
in L%z (L7 is stable under W), and thus wp(c,) (we, (A)) < fg. Since on the other

hand by :
flc —wpcp)(we,(N) = (fbc —we,(N) + Y Za € Y Za,

a€S(P(Cp)) a€S(P(Cp))
we see that we must have
fla — Wpcp)Wep (/\) c Z ZZOOK. (256)
aeS(P(Cp))

Since w(S(P(Cp))) C S, we deduce (w(fbs — wpepwe,(N)),B) < 0 for g €
S\w(S(P(Cp))). In particular we have for such f:

<f€G - w(feG — WpCcp)WCp ()‘))76> = f - <w(f0G - wP(CP)wCP(/\))v 5) (257)
> f.
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Combining (2.52)) for w' = wppywe, with (2.55) and (2.57)), we obtain that fOs —

w(fOc—wpeyywep (X)) is a dominant weight. Applying w to (2.56]), we also get since
w(S(P(Cp))) C 5

fo —w(flc —wpepwe,(N)) < flg.

Lemma m then implies that f0q — w(fbc — wpcpywe,p(A)) occurs in L%|r. By
(2.54) applied with w' = we,, we finally deduce that f0; — w(flc — wep(N)) also
occurs in L7 |r.

(iii) By definition S(P(w - Cp)) C S is the union of w'(S(P)) and of the support of

oo —w' (A= fwgh(be) + flwwe,) ™ (be)) (2.58)

for any w’ € W such that w'(S(P)) C S and w’()\—fwal:(Gg)+f(wwcp)_1(eg)) is the
restriction to Zy,, of a dominant weight of X (7')®zQ. Consider the case v’ = wwe,,
since we, (S(P)) C S(P(Cp)) and w(S(P(Cp))) C S, we get w'(S(P)) € S. Let us
check that

w (A = fwg,(0a) + f(wwe,) ™ (06)) = wwe, (V) — fw(ba) + foo

is the restriction to Zy,, of a dominant weight of X(T) @z Q. Let A as in (2.29),
since A|z,,, = XN|z,,, we have w'())|z,, , = w'(XN)|z, = and it is enough to prove
that wwe, (N) — fw(0g) + flg is dominant. As in (2.52]) we have if « € w(S(P(Cp))):

(wwe,(N) — fw(lc) + flg, @) = (wwe,(N),a) + f(0c —w(0g), o)
= (we,(X),w™(a)) >0

since we,, (X') is dominant in X (7T") ®z Q by Proposition 2.32[(i), and as in (2.57) we
have if « € S\w(S(P(Cp))):

(wwe, (N) = fw(ba) + fOc, ) = [ — (w(flg —we, (X)), o) > f

since w(fGG — Wep (X)) € Ygespcpy Qzow(B) from Proposition [2.32(ii). Now all
that remains is to compute (2.58)) for v’ = wwe,,, which gives w(f0g — we,(N)), the
support of which is w(support(ffs — we,(A))). Therefore we obtain

S(P(w-Cp)) = w(wcp<S<P>> U support (0 — wop<A>)) = w(S(P(Cp)))
which finishes the proof. O

Remark 2.52. If C'p is one of the isotypic components of Proposition [2.40, say
associated to fw(_);(@G)‘ZMP for some we, € W such that we, (S(P)) € S, and if
w € W is such that w(S(P(Cp))) C S, i.e. wwe,(S(P)) C S, we see from that
w - Cp is the isotypic component associated to f(wwe,) ' (0c)|z,,, -
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Example 2.53. Let us consider Example [2.35((ii) (Example [2.35(i) only provides
components Cp which are either as in Remark or such that P(Cp) = G). If
P = B and Cp is associated to A\jq = g, then w - Cp for w € S5 gives the isotypic
component associated to A, (and there is no w - Cp # Cp if Cp corresponds to det
since P(Cp) is the whole G). If Mp = GLy x GL;, consider Cp associated to Ay and
w € S3 the unique permutation e; — es, €3 +— e3, e3 — €1 (so that w(S(P(Cp))) =
w(e; —eg) € 5). Then w- Cp is the isotypic component associated to Ay (here again,
there is no w - Cp # Cp for Cp corresponding to Ap).

2.3 Good conjugates of p

Following and generalizing the mod p variant of [BHI5, §3.2], we define and study
good conjugates of a continuous p : Gal(Q,/K) — G(F) under a mild assumption on
7 (see Definition and still assuming K unramified. Though some of the results
might hold for more general split reductive groups, we use here in the proofs that we
work with GL,,.

2.3.1 Some preliminaries

We start with a few group-theoretic preliminaries.

We fix a standard parabolic subgroup P of GG. Recall that a subset C' C R* is
closedif « € C, 5 € C with a+ € R* implies a+ 8 € C. For instance R(P)" C R*
is closed.

Definition 2.54. A subset X C R™ is a closed subset relative to P if it satisfies the
following three conditions:
(i) it contains R(P)*;
(ii) X\R(P)* is a closed subset of R™;
(iii) for any w € W(P), w(X\R(P)") = X\R(P)*.
Note that a closed subset relative to B is the same thing as a closed subset and
that R™ is the only closed subset relative to G.

Lemma 2.55. Let X C RT be a closed subset relative to P. Then X is a closed
subset of R™.

Proof. Since we already know that both R(P)™ and X\ R(P)* are closed, it remains
to show that if @« € R(P)"T and 8 € X\R(P)" are such that a + 8 € R*, then
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a+ € X. We work with GL,, and it is then easy to check that a + 8 = s.(3).
Since s, € W(P), we have a + 3 € X\R(P)" C X by Definition [2.54](iii). O

Remark 2.56. Note that Lemma doesn’t hold for an arbitrary split connected
reductive algebraic group (for instance it doesn’t work for GSp,). An alternative
definition would be to consider closed subsets Y of RT\ R(P)* such that Y U R(P) is
also closed.

If X C Rt is any closed subset, we let Nx C N be the Zariski closed algebraic
subgroup generated by the root subgroups N, for a € X (see [Jan03| §11.1.7]). Thanks
to Lemma [2.55, we can thus consider Nx for any X C R™ closed relative to P.

Lemma 2.57.

(i) Let X be a closed subset of RT relative to P. Then MpNx is a Zariski closed
algebraic subgroup of P containing Mp.

(ii) Let P C P be a Zariski closed algebraic subgroup containing Mp. Then there
exists a unique closed subset X relative to P such that P = MpNx.

Proof. (i) Since MpNx = MpNx\r(py+, it is enough to prove that Mp normalizes
Nx\rpy+- Let a € R(P)*, f € X\R(P)" and let n, € Ny, ng € Ng. Then

nangn,' = ( II nmﬂ-g)n[;, (2.59)

1,7>0

where the product is over all integers 7,7 > 0 such that ia + j§ € RT (see [Jan03,
§11.1.2]). Since X C R* is closed, all these ia+j are in X, and since § ¢ R(P)", they
are all in X\ R(P)". Therefore nongn,' € Ny\gpy+. Let w € W(P), € X\R(P)"
and ng € Ng. Then w(f) € X\R(P)" implies wngw™" € Ny\gp)+. The Bruhat
decomposition for the reductive group Mp then shows that Mp normalizes N X\R(P)*-
(ii) Let P C P be a closed algebraic subgroup containing Mp. Then P = Mp(PNB) =

Mp(PﬂN) (since T C Mp C P). By [BHIH, Lemma 3.4.1] applied to PN B C B, we
deduce PN N = N for a (unique) closed subset X C R*. Since Mp NN C PNN,
the set X contains R(P)*. Since P N Np = Nx\r(py+, the set X\R(P)* is closed,
and moreover P = MpN x\r(p)+- oSince Mp normalizes Np and ]5, it normalizes
PNNp=N x\Rr(P)+, from which Definition M(iii) easily follows. H

Remark 2.58. (i) The sets R(P)* and R are closed with respect to P (they corre-
spond respectively to P=Mpand P =Pin Lemma . In particular, if X is closed
with respect to P, from w(RT\R(P)") = RT\R(P)™" and w(X\R(P)") = X\R(P)™,
we also get w(Pﬁ\X) = RT\X for all w € W(P).

(ii) If X € RT is a closed subset relative to P, it follows from the proof of Lemma
2.57|(i) that Mp normalizes Nx\p(p)+-
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Lemma 2.59. Let X C RT be a closed subset relative to P. Then there are roots
ai, ...,y € RPI\X such that we have a partition

Rt = X {w(ay) :w e W(P)}I--- 1 {w(a,) : we W(P)}

and such that, for alli, «; is not in the smallest closed subset relative to P containing
X and the o for 1 <j <i—1.

Proof. Since w(RT\X) = R*\X for all w € W(P) (Remark 2.5§i)), we have a
partition Rt = X IT {w(ay) : w € W(P)} I --- I {w(ay,) : w € W(P)} for some
ag,...,q, € RT\X. Denote by h(-) the height of a positive root (see e.g. [BHIS,
Rem.2.5.3]). Replacing each «; by a suitable w(a;) for w € W(P), we can assume
h(c;) maximal among the h(w(w;)), w € W(P). Permuting the «; if necessary, we
can assume h(ap) > h(ag) > -+ > h(a,). It is enough to prove that each set
X{w(ay) :we W(P)}I---IT{w(a;) : w e W(P)} for 1 <i < m is closed relative
to P, or equivalently that X; = (X\R(P)") I {w(ay) : w € W(P)} I --- 1T {w(ay) :
w € W(P)} satisfies conditions (ii) and (iii) in Definition for 1 <i < m. Since
(iii) is clear, let us prove (ii), i.e. that each of the X; is closed in R™.

This is obvious if ¢ = m since RT\R(P)™ is closed, so we can assume i < m. If X is
not closed for some 7 < m, then its complement in R* contains an element z which
is the sum of at least two roots of X;, at least one being in {w'(a;) : w’ € W(P),1 <
J < i} (since RT\R(P)" is closed). Such an element z is in R(P)* II {w(ay) : w €
W(P),i+1 < j < m} and, since w'(X;) = X; for w' € W(P), it also satisfies
w'(z) € RT for any w’ € W(P). In particular z can’t be in R(P)", and is thus of the
form z = w(qy) for some k € {i+1,...,m} and some w € W(P). Thus w(ay) is the
sum of at least two roots of X;, one at least being in {w'(a;) : w' € W(P),1 < j <i}.
Applying a convenient w’ € W(P) and using again w'(X;) = X;, we can modify w if
necessary and assume that «; for some j € {1,...,4} appears in the sum of w(ay).
This implies in particular h(w(ay)) > h(a;) for some j < i (see the argument in the
proof of [BHI5, Lemma 3.2.1]), which is impossible since by assumption h(w(ag)) <
h(ax) < h(a;). Hence X; is closed for all 1. O

def

Lemma 2.60. Let X C R' be a closed subset relative to P, p & MpNx and let
w € W such that w(S(P)) C S. Then the following assertions are equivalent:

(i) wPw™" is contained in “P;
(i) w(X\R(P)") C R*,

Proof. We have

wPw™! = (wMpw™ ") (WNx\gpy+w ™) = (WMpw ™) Ny(x\r(p)+)-
As “P = (wMpw )N, we deduce wPw™" C “P if and only if w(X\R(P)*) C
R*. m
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2.3.2 Good conjugates of a generic p

We define good conjugates of a Gal(Q,/K)-representation p under a mild genericity
assumption and show how two good conjugates are related (Theorem [2.65). The
intuitive idea is that conjugating a good conjugate of p can only increase the image

in G(F).
We fix a continuous homomorphism
p: Gal(@,/K) — PA(F) € G(F), (2.60)
where P; C G is a standard parabolic subgroup. We consider

Pl Gal(Qy/K) "+ Py(F) — Mg, (F),

and assume that the image of /7 is not contained in the F-points of a proper

(not necessarily standard) parabolic subgroup of M p;. This implies in particular
that P is uniquely determined by the homomorphism p. Finally we let p* be the
homomorphism Gal(Q,/K) — G(F) obtained by composing p'7~* with the inclusion
Mp (F) € G(F) (so p* is the usual semisimplification of p). We let X5 be the smallest
closed subset of R* relative to P such that Py(F) < M P (F)Nx_(F) contains all the
p(9), g € Gal(Q,/K). By Lemma P is the smallest closed algebraic subgroup of
P; containing Mp_ such that p takes values in P5(F), i.e. p: Gal(Q,/K) — P5(F) —
P5(F) = G(F). Note that Xz = R(P)* and P r, - = Mp,,

Lemma 2.61. Assume that the irreducible constituents of p** of dimension 1 (i.e.
the characters of Gal(Q,/K) occurring in p*) are all distinct. Let a € RT\X5 and
na € No(F)\{1}. Then X,, 5,1 is the smallest closed subset relative to P5 containing
X5 and o.

Proof. The proof of this lemma is quite technical, but is no more than simple com-
putations in GL,. We denote by X5, C R* the smallest closed subset relative to P

containing X5 and o and by Yp C X5 the subset of roots which are not the sum of
at least two roots of X5,. For g € Gal(Q,/K) we can write

pg)=0"7"@g) II nsly), (2.61)
BEXZ\R(P5)*T

where p'7~%(g) € Mp (F) and ng(g) € N(F). Using (2.59), we see that

o L msto)ri € [I(E), (2.6

BEXF\R(P5)*

where v runs among the roots in R™ of the form Zsoa 4+ Z~of1 + -+ + Zofs for
s > 1 and 8 € X;\R(P;)". This clearly implies X, 5 -1+ C X;,. To prove the
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reverse inclusion, it is enough to prove j(v cX, ﬁ —v and w(a) € X, 5 -1 for some
w € W(P;) (as then a € X, - 1 by Remark -
An easy explicit matrix computation in GL, (that we leave to the reader) gives that

Nap o™ S(g)n; ' is of the form in GL,(F):

nap 7 (gngt €97(g) 1 myg(g) (2.63)
Befw()weW (Py)}

with mg(g) € N3(F) (note that, as w € W(P;), w(w) is of the form a+nja+- - -+n0y
for some t > 0, a; € S(P5), n; € Z). 1t then follows from and that, for
B e X\ (X5 N R(P;)"), the entry ng(g) in is not affected by the conjugation
by ng. In particular, we have X - Xn Sn
We now prove that w(a) G X napnzl for some w € W(P;). We first claim that
none of the roots v in are in {w(a) : w € W(P5)}. Indeed, assume w(a) =
ma+m161+---+msﬁs forsomes>0 m >0, ; € X5\R(P5)", m; > 0. If m=0,
then we get w(a) = myf + -+ msfs € Xp\R( )T since X,,\R( 5) T is closed in
R*, which implies o € X5 p\R( )Jr by Definition M(lll) a contradiction. If m > 0,
then we get (m—Da+mif1+ - +msfBs = njag + - - - +npay (writing w(a) as in the
above form), which implies in particular all 5; € R(P5)*, a contradiction. We deduce
from this that for all g € Gal(Q,/K):

nap(g)na’ € nap 7= (g)ng' [[ N,(F)
Y

with 5 in R\ (R(P,)* I {w(a) : w € W(P5)}).

We can see p'7~%(g) as a block matrix diag(p, (9), . . ., pa(9)), where p; : Gal(Q,/K) —
GL,, (F) is irreducible. Assume that {w(a) : w € W(FP5)} 2 {a}. Then using that,
for fixed i, the p;(g) for g € Gal(Q,/K) do not take all values in the F-points of a strict
(not necessarily standard) parabolic subgroup of GL,,,, one can check that at least one
mp(g) in @ is nontrivial for some g € Gal(Q,/K). If {w(o) : w € W(P;)} = {a},
then there are integers 1 < ¢ < j < d such that n; = n; = 1 and the non-diagonal
entry in mq(g) is (p;(9) — p,;(9))%a, where z, € F* is the non-diagonal entry in n,.
By assumption, there is at least one g € Gal(Q,/K) such that p;(g) # p;(g), which
implies m,(g) # 1 for that g.

Hence we finally deduce that

nap(g)n,' € p'v” SS(Q)( II ) [TV, (F

Be{w(a)weW (P, )}

with ~y in R*\( (P5) T I{w(a) : w € W(Pﬁ)}) and at least one mg(g) being nontrivial

for some g € Gal(Q,/K) and some 8 € {w(«) : w € W(P;)}. This implies that this
£ isin X _ -1 and finishes the proof. O

Na PNy

Proposition 2.62. Let p: Gal(Q,/K) — P5(F) and X5 as below (2.60), and assume
that the irreducible constituents of p* of dimension 1 are all distinct. Then there is
ho € P5(F) (non unique in general) such that Xpopnzt © Xign-1 for all h € P5(IF).
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Proof. The proof is modelled on that of [BHI5, Prop.3.2.3]. Since Mp, normalizes
Nx\r(p,)+ (Remark [2.58(ii)), it is enough to prove the same statement with ho, h €
Np (F). Using that p'7*(g)"'hp"7~(g) € Nx \r(p)+(F) for b € Nx \rpy+(F) C
Np (F) by Remark (ii) again, and that Nx\grp,)+(F) is a group, we deduce
Xppn-1 € Xz forall h e N X\R( pﬁ)+(F). Replacing 7 by a suitable conjugate hophg '
with hg € NXF\R(pFﬁ(F), we can assume X1 = X for all h € Nx \r(p,)+ (F). Tt is
enough to prove X; C Xjz,-1 forall h € Np (F). Choosing roots ay, ..., oy, € R\ X5
as in Lemma (for P = P; and X = X3), we can write any h € Np(F) as
h = hmhm,1 tee hlhﬁ, where hz € Hﬁe{w(oci):wEW(P;)} NB(F) and hﬁ S NX;\R(P;)“’(IF)'
We have X hyphst = X5 and a straightforward induction applying successively Lemma

2.61[ to Xhﬁﬁhgl and a = aq, Xhlhﬁﬁ(hlhﬁ)fl and a = ay, etc. (which we can do
thanks to Lemma gives that Xj5,-1 is the smallest closed subset of R™ relative
to P containing X5 and the «;, 7 = 1,...,m. In particular X; C X5, for all
h € NPF(F>‘ ]

Definition 2.63. Let p : Gal(Q,/K) — G(F) be a continuous homomorphism
such that the irreducible constituents of p* of dimension 1 are all distinct. A good
conjugate of p is a conjugate p’ of p in G(IF) which satisfies the two conditions:

(i) it is of the form p' : Gal(Q,/K) — Py(F) C G(F) for a standard parabolic
subgroup Py of G such that the image of p/f# ™ Gal(Q,/K) 7 Py(F) —

P
M Py (F) is not contained in the F-points of a proper parabolic subgroup of

MPE/;
(ii) Xy © Xppp for all h € Py (F).

From Proposition [2.62], we easily deduce that good conjugates always exist. If p
is irreducible, then any conjugate of p in G(FF) is a good conjugate.

For p : Gal(Q,/K) — P5(F) C P5(F) as in (2.60)), set

W5 = {weW:w(S(P) CSand w(X;\R(P;)*) € R} (2.64)
= {weW:w(S(P)) CSand wPw ! C P}, '
where the second equality follows from Lemma [2.60] Using the definition of X7 we
see that, for any w € W5, we have X,5,-1 = w(X5), where
wpw™' : Gal(Q,/K) — wls(F)w™ = Pyy-1(F) C (“Py)(F).

(and note that the set X,5,-1 is relative to “P5, while the set X7 is relative to P;).
Lemma 2.64. Letp: Gal(Q,/K) — G(F) as in Deﬁm’tz’on andp' : Gal(Q,/K) —
]55/(1[?) C Py(F) a good conjugate of p (where }Njﬁ/ 4 Mp,Nx,, = Mpﬁ,NXE/\R(pE,V).
Then any hp'h=™ for h € 155/ (F) and any wp'w™! for w € Wy is a good conjugate of

p. Moreover we have Xyzp-1 = X5 and X,z,-1 = w(X5).
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Proof. Again, the proof is formally the same as that of [BH15, Lemma 3.2.5]. The
statement is obvious for h € ]5? (F) (as hNx\r(py+h™' = Nx\g(p)+ for any X closed
subset relative P and any h € Nx\gp)+) and the very last equality follows from the
discussion just above. Following the argument in the proof of Proposition [2.62] it is
enough to check

Xh(wﬁ w-1)p=1 = Xwﬁ/wfl

for all h € NXwE’w—l\R(sz’w—1)+ (F) = Nw(Xﬁ/\R(PE/)'*‘)(F)' We have
h(wpw )h™ = w(w hw)p (wh™ w)w ™.

Since wthw € NX;/\R(P;/V (IF), we have X (1405 (w-1n-1w) € Xz and since p’ is a
good conjugate, we have Xz C X (\-1hu)5 (w-1h-1w), Dence Xy = X(uw-1pu)s (w-1h-1w)-
Applying the discussion just before this lemma to (w™'hw)p' (w=*h~'w) and then to
ﬁ/, we thus get Xh(wﬁ/w—l)h—l = w(X(w—lhw)ﬁ’(w—lh—lw)> = U)(Xp/) = Xwﬁ/w—l. ]

We now state and prove the main result of this section (see [BHI5, Prop.3.2.6]).

Theorem 2.65. Let p : Gal(Q,/K) — G(F) be a continuous homomorphism such
that the irreducible constituents of p* of dimension 1 are all distinct. Let p' and p”
be two good conjugates of p. Then there exist h € ]%(]F) and w € Wy such that
7" =w(hp'h " Yw™t. In particular we have Xz = w(X5).

Proof. By assumption there is x € G(F) such that p"(g) = zp'(g)z~! for all g €
Gal(Q,/K). We can write = h"wh’ with b/ € Py(F), i € Py(F) and w € W such
that w(R(Py)*) C R".

Step 1: We prove that w(S(Py)) = S(Py). We have wh'p'(9)h' 'w™' € Py (F)
for all g € Gal(Q,/K), which implies WE(g)h' ™' e (w™'Pyw N Py)(F) C Py(F)
for all g € Gal(Q,/K). In particular, using for instance [DM91, Prop.2.1(iii)], the
image of W'/~ in M Py (F) is contained in the F-points of the parabolic subgroup
w Pyrw N Mpﬁ/ of Mpﬁ,. But since (h’p’h’_l)Pﬁ"ss is conjugate to p/f7 (recall
h' € Py(FF)), the image of h'p'h/ “lin M P, (F) is not contained in the F-points of a
proper parabolic subgroup of M Py- Thus we must have w™ Pyrwn M P, = M Py which
implies Mp, C w_lMpﬁ,,w. The same argument starting with w='h""'5"(g)h"w €
P (F) yields Mpﬁ,, C prﬁ,w_l, i.e. we have Mpﬁ, = w_lMpﬁ,,w. Since by assumption
w(R(Py)") C R*, this forces w(S(Py)) = S(Py) (and thus w(R(Py)") = R(Py)™).

p p P p p
Step 2: We choose roots af,...,al,, € RT\X5 as in Lemma (for P = Py and

P
X = Xﬁ/) and we write h/ = h’;n’h;n’fl v hllh%, Where h; € Hﬁe{w’(a,’i):w’GW(Pp/)}NB<F>

and h%, € 155/ (F). By Lemma [2.64] we can replace 7' by h’ﬁ,ﬁ/ h’;l and thus assume

’5, = 1. By Lemma [2.61] and an induction as in the proof of Proposition [2.62}

X1 is the smallest closed subset relative to Py containing X7 and those o such
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that h; # 1. Since w(K'p'h' " )w™! takes values in Py (F) and w(R(Py)) = R(Py)
(by Step 1), we must also have w(Xj, 1 \R(Py)*) € R*\R(P;)". This implies
ww'(af) € RT if w' € W(Py) and hj # 1, and w(Xz\R(Py)*) C R". In particular
w € W5 together with Step 1.

Step 3: We prove that Xz = w(X5). Setting

hi € whiw™ € 11 Ng(F) C Py (F)

pe{ww (af)w' €W (Py)} ’
(we proved ww'(a}) € RT in Step 2), we have
7' =Bl - b)) (wpw™ ) (B B )R (2.65)
where h"h,, -+ - hy 2, (F) and where p” and wp'w™! are good conjugates of p (the

(= P//(
latter by Lemma [2.64). Applying Definition to both p” and wp'w™?, we get
X = Xy = w(Xy) (and thus w ' Pyw = Py).

Step 4 : We complete the proof. We choose again roots of, ..., a0, € R™\X,7,-1
as in Lemma for P = P,.,-1 = Py (this latter equality from Remark [2.23)) and
X = Xypw-1 = Xz and we write

h/,(hm/ et hl) == h/T/n”h'Z’L/lfl ctt h/llh;/(ﬁ/ﬂ
where 1} € Tlgepurarywrew(ey)y No(F) and y_, € Pyyw-1(F) = Py(F). From

(2.65) and Lemma we see that we must have h! = 1 for all i € {1,...,m"}
otherwise X5+ would be strictly bigger that X,,z,,-1. Thus we deduce

= M e = (W )
12 1 1 Iz
Setting h = w‘lh’)’%uw € w Py (F)w = Py(F), this finishes the proof. O

2.4 The definition of compatibility

Given a sufficiently generic n-dimensional representation of Gal(Q,/K) over F (where
K = Q, is still unramified) and a good conjugate p of this representation as in
Definition [2.63] we define what it means for a smooth representation of G(K) over F
to be compatible with f’ﬁ (Definition @, see the beginning of for }ij) and to
be compatible with p (Definition [2.81]).

2.4.1 Compatibility with P

We first define what it means for a smooth representation of G(K) over F to be
compatible with a Zariski closed subgroup P of a standard parabolic subgroup P as

in Definition [2.22] We keep the notation of §§2.2] 2.3]
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We fix a Zariski closed algebraic subgroup P of a standard parabolic subgroup P
of G as in Definition m (by Remark [2.23, P is in fact determined by P). We let X
be the unique closed subset of R* relative to P such that P = MpNx (Lemma [2.57)
and define

W= {weW:w(S(P)) CS, wX\R(P)")C R}

Note that W5 is analogous to W5 in ([2.64]) with f’ﬁ replaced by P.

Let @ be a parabolic subgroup containing “#P for some wz € W5, wq an element
of W such that wg(S(Q)) C S and @' a parabolic subgroup containing “2 (@ (note that
both @ and @' are standard). So we have inclusions of standard parabolic subgroups
YeUPP C we() C @' and likewise for the Levi subgroups

Muquy, = wa;Mp(wa;)_l C Mwog = wQMQwél C M.
Using that we work with GL,,, we write
Mg = diag(My, ..., My)
with M; = GL,,, and we define the standard parabolic subgroup (*2Q); of M; as
("eQ); = Im(wQQ — Q' — Mg — Ml)

We define a standard parabolic subgroup (““*“#P)q of Mwq, resp. a standard parabo-
lic subgroup (“?“7P)q,; of M(vq),, as the image of “?“#P via “9“PP C “2Q — Muqy,

i

resp. via “?YPP C Q) —» Muqg — Mwqg),. Equivalently,
(waFP)Q = wQ(wFP N MQ)wél - wQMQwC}l = MwQQ
(“0“FP)g; = Im(we(“FP N Mg)wg' € Mugg — Muagy,).

Note that
—1 -1
Mauzp) = woMepp ) wo = wowsMp(wowy) .

We finally define a Zariski closed algebraic subgroup (“?“#P)g of (“¢“#P)q contain-

ing M ovzp) ; Tesp. & Zariski closed algebraic subgroup (“¢“FP)q, of (“?“FP)g.

containing M wgw~ as
g ( Q PP)Q,Z'7

(“2“FP)q = wo((wpPw3') N Mg)wg' € wo(“FP N Mo)wg' = (“2“FP)q
(*2%5P)0,; < Tm (wQ((w;ﬁw;) N Mq)ug' € Mugg — M(wQQ)i).

We also define the continuous group homomorphism
wlot? - Q(K) — My (K) L5 KX S X o X

where 9" is defined in (2.37) (applied with P = Q’).

We need a quite formal and easy lemma.
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Lemma 2.66. Let I be a smooth representation of a p-adic analytic group over F
which has finite length and distinct absolutely irreducible constituents. Let H be a
split connected reductive algebraic group over Z, Py C H a parabolic subgroup with
Levi Mp,,, Py C Py a Zariski closed algebraic subgroup containing Mp, and R a

pgal(K/Qp)

(finite-dimensional) algebraic representation of over F. Assume that there

exist

a) a filtration on R by good subrepresentations for the P/ g etion (see Def-
H

inition |2.29) such that the graded pieces erhaust the isotypic components of
R|ZMPH ’

(b) a bijection ® of partially ordered finite sets between the set of subrepresentations
of Il and the set of good subrepresentations of R|ﬁGal(K/@p) (both being ordered
H

by inclusion).
Then the following hold:

(i) The bijection ® uniquely extends to bijections between subquotients of I1 and
good subquotients of R)| SGal(K/Qp) 5 and between irreducible constituents of 11 and
H

isotypic components of R|ZMP .
H

(ii) IfII" is a subquotient of I1, then ® induces a bijection of partially ordered finite
sets between the set of subrepresentations of II' and the set of good subrepresen-
tations of ®(II')| scacr/ap) -

H

Proof. Formal and left to the reader. O]

Remark 2.67. (i) Let II and ® as in Lemma [2.66] II' a subquotient of II and
I1” C IT' a subrepresentation. Then the bijection ® also induces a short exact sequence
0 — O(I1") — O(II') — P(II'/II") — 0 of algebraic representation of Pgal(K/Q”) over
F.

(ii) By Lemma [2.24 applied with P there being the parabolic “ZP above, we see that
Lemma, [2.66| can be applied with H = G, Py = “FP, Py = w;Pw;l and R = L°.
Using moreover Lemma one easily sees that Lemma [2.60] can also be applied
with H = My, Py = "PPNMg, Py = (wﬁngl)ﬂMQ and R any isotypic component
Cq of f®| Zarg (recall from (the proof of) Lemma [2.24] applied with P there being )

that the action of QCG2(5/@) on the subquotient Cq of f®\ QGal(K/Qp) factors through
QGal(K/Qp) s MSal(K/Qp)).

(iii) Let @ as above, Cg an isotypic component of f®|ZMQ, Q' = P(Cy) (see §2.2.2
and wg € W(Cq) (see (2.31) and note that “e@Q) C @ by (2.32)). Lemma [2.66
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can also be applied with H = Mrqq),, Pu = (“*"PP)q,, Py = (“9“#P)g, and
R = Cyy.i, where C,, ; is the algebraic representation of M %Zl g)/ ) defined in Re-
mark [2.49 with P there being @ (it is an isotypic component of L; | ZM(wQQ)Z-). To
prove that assumption (a) of Lemma is satisfied in that case, note that Cy,

is a good subquotient of L | (v )/ %) and thus a fortiori a good subquotient of

Li ’(wa;P)GaI(K/Qp) (Lemma [2.25)), where (“?“#P)qg,; C (“2Q); C M; is the standard
Qi

parabolic subgroup of M; with the same Levi as (“9“#P)q ;. We have
("9"7P)qu C (""7P)qu C (""PP)q C M;
and (“9“FP) g, is a closed algebraic subgroup of (“¢“FP)q; containing M wQuyy, =

( )q i
M(wa;

Plos One then applies Lemma [2.24] with ZZ@ and with

("9"FP)q, C ("?VFP)q; C M;

instead of P C P C @, which implies that there is a filtration on C’wQ il wa~~)Gal(K/Qp)

(or on Cuyg il wous,

( )gaux/gp), and thus on CwQ il ("5 )Gal(x/@p>) by good subrepresen—

tations such that the graded pieces exhaust the isotypic components of

C’LUQ,’L = CwQ Z|ZM wa~ '
PP)g ( PP)or 4

Lemma 2.68. Let P C P, wz € W5 and Q containing “PP as above. Let Cq be an
isotypic component of Z®|ZJVIQ and Q' = P(Cp).

(i) For any wg € W(Cyq), there is a canonical bijection of partially ordered finite
sets between the set of good subrepresentations of

CQ‘(w;ﬁwzl)Gal(K/Qp) = CQ| wNPw )QM )Gal(K/@p)
P

(where the equality follows from Remark [2.67)(ii)) and the set of good subrepre-

sentations of wg(Cop) |(wa;§)gal(K/@p> :

(ii) For any wq,wy € W(Cq) and i € {1,...,d}, there is a canonical bijec-
tion of partially ordered finite sets between the set of good subrep-

resentations of CwQ7i|(wagﬁ)Gal(K/Qp) and the set of good subrepresentations of
Q.1

wey i |( ov P)Gul(K/@p)

Proof. (i) follows from the definition of wq(Cg) in (2.39) and the fact that (“?“#P)
wo ((wﬁ;f’w;) N MQ)wél.
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(ii) We have wy = wgwg with wg € W(P(Cq)) = W(Q') by Lemma :2.36 (ap-
plied with P there being (). In particular wg (wg(S(Q))) € S which implies
(“Q“FP) g = wo (@ PP)QZwQ, inside M( b0y = wMEagy,wy (viewing weg: as
an element in W (M;) by abuse of notation). By (2.47) (applied with P there being
Q) we have C“’bvi = wq/ (Cug,i), where the ConJugatlon by wQ,l intertwines the actions

of (wlﬂ?wﬁ'ﬁ)Q,i and of (“’Q“’Sﬁ)@’i, The result follows. [

Remark 2.69. The bijections in Lemma [2.68| all extend to bijections between good
subquotients or isotypic components on both sides, as for Lemma [2.66)

Let II, H, Py, PH, R and & be as in Lemma - For any wy € Wy (the
Weyl group of H) such that wy Pywi;! o 1s contained in a standard parabolic subgroup
of H, we can define another bijection wgy(®P) between the set of subquotients of II
and the set of good subquotients of R\ 1yGali/ay) as follows: wy (P)(IT') is the

'u) PHw

algebraic representation wp ((I)(H’)) of (prHw 1)Gal(K/) | where wyy (@(H’)) (9) act
(I)<H/)(U)H guwy) if g € (wHPHw )Gal K/Q)  gee .

Here is now the first crucial definition.

Definition 2.70. An admissible smooth representation IT of G(K) over F which has
finite length and distinct absolutely irreducible constituents is compatible with P if
there exists a bijection ® of partially ordered finite sets between the set of subre-
presentations of II and the set of good subrepresentations of f®| Saak/g, (both being
ordered by inclusion) which satisfies the following conditions (once extended to all
subquotients as in Lemma [2.606)):

(i) (form of subquotients) for any wz € Wy, any parabolic subgroup @ con-
taining “PP and any isotypic component Cg of f®| Zrigy» writing Mp(c,) =
My x --- x My with M; = GL,,, we have

wp(®)7(Co) =IndSE) ) (7(C) ® (w0 67C))), (2.66)

where P(Cp) is defined in , 2.2.2) F(CQ) is defined in (2.37) and where 7(Cyp) is
a Mpc,)-representation of the form 7(Cq) = m(Cqp) ® --- ® 1a(Cq) for some
(finite length) admissible smooth representations m;(Cg) of M;(K) over F;

(ii) (compatibility between subquotients) for any wy
subgroup ) containing “ZP, any isotypic component Cg of f®] Zarg and any
w € W such that w(S(P(C’Q))) C S, let w(m(Cgq)) be the representation

of Mup(cy)(K) = wMpcy)(K)w™" defined by
w(m(Cq))(g) = m(Co)(w™ gw)
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for m(Cg) as in and g € Muwp(cy)(K). Then we have
7T(U) : C’Q) = w(w(C’Q)),

where w - Cg is the isotypic component of L%, in Proposition [2.51((ii) (ap-
Q Mq

plied with P there being ()) and where w(w - Cp) is as in (2.66|) for the isotypic
component w - Cy instead of Cg (note that P(w-Cg) = *P(Cq) by Proposition
2.51(iii));

(iii) (product structure) for any wi € W5, any parabolic subgroup @ containing
YPP, any isotypic component Cg of f®| Zargy» and one, or equivalently any by
Lemma (ii), element wq € W(Cq), writing Mp(c,) = diag(M, ..., Mg)
with M; = GLy,, the restriction of wz(®) to the set of subquotients of w(®)~"(Cq)

comes from d bijections wz(®)w,,: of partially ordered sets between the set of

M, (K)-subrepresentations of m;(Cg) (where m;(Cg) is as in (i)) and the set

of good subrepresentations of Cl,,, il (v P)Gal(K/@p) (where Cup,i 1s the isotypic

("QQ);
there being Q) in the following sense: for any subquotient IT' of ®~!(Cp) of the
form

component of Li |20 o with its M Gal(K/ Qp)—ac‘mon in ([2.46|) applied with P
(*QQ);

I = Ind () (11 @ - @ 73) @ (™" 0 07(9)))
with 7] a subquotient of 7;(Cg), the good subquotient wz(®)(I') of

CQ|(wgﬁw:1)Gal(K/Qp) = CQ| w~Pw 1A M) Gl /2p)
P

corresponds via Lemma [2.68(i) and Remark [2.69 to the following algebraic

representation of (wQ“’Eﬁ)gal K/Qp) _ H?:1(wagﬁ)gil(K/Qp)t

é < wQ i W’) ((QP(CQ))i R ® (QP(CQ))i>);

=1 Gal(K/Q,)

(iv) (supersingular) for any isotypic component Cp of f®| Zui,» the (absolutely irre-
ducible) Mp(c,)(K)-representation 7(Cp) of ([2.66)) is supersingular (cf. [Her11,
Def.4.7, Def.9.12, Cor.9.13)).

If (II, ®) is as in Definition m then we have in particular ®(II) = L% and
W5(P)we,i(mi(Cq)) = Cuy,i- If P =G, then II is compatible with P if and only if II
is absolutely irreducible supersingular. Also it is clear from Definition [2.70] that, for a
fixed wy € W5, Il is compatible with P if and only if IT is compatible with wz Pw~
(replace ® by wx(®)).
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Remark 2.71. (i) In Definition we have used Lemma everywhere (see Re-
mark [2.67](ii)(iii)). In Definition [2.70|(iii), we have used Remark Also, Definition
2.70|is somewhat redundant since a parabolic subgroup ) can contain “7P for several
ws € W, but we found it too tedious to make it “non-redundant”.

(ii) The representations m(Cq) and m;(Cg) in Definition [2.70(i) are uniquely de-
fined since there are no nontrivial intertwinings between parabolic inductions (by
[Emel0al).

(iii) When Q = PP, 7(Cw5,,) in is absolutely irreducible, and is thus automat-
ically of the form 7(Cuv;,) = m(Cvpp) @ -+ - @ mg(Cuyp). It is then not difficult to
deduce from this, together with Lemma and [Emel0Oa] (and the properties of @),
that each m;(Cgp) as in has distinct (absolutely) irreducible constituents and

that each irreducible constituent of (2.66) is of the form IndPEC) )~ () ((ﬂ'i ®- QT ®

(wtod? (CQ))), where 7} is an irreducible constituent of m;(Cp). This also justifies
the terminology “comes from d bijections w(®)u,,;” in Definition [2.70{(ii).

(iv) It is in fact possible that Definition [2.70|(i) for parabolic subgroups @ strictly con-
taining some “PP and Definition M(iii) both automatically follow from the other
conditions in Definition 2.70[ See for instance how the results of [Haul8] are used
in Example 2, Example 4, Example 5 and Example 6 of below to show that
several conditions of Definition [2.70 are automatic in special cases.

(v) In Definition [2.70iii), we have to use some element wq of W(Cg) and “pass
through wq(Cg)” because of Remark [2.39(ii) (see also the end of Remark [2.49).
Nothing in here and what follows depends on the choice of such a w

(vi) For a given II compatible with P, a bijection @ as in Definition is not unique
in general (consider the case P = Mp).

(vii) In Definition , it is necessary in general to consider all elements wz € W5,
note just wz = 1, otherwise one misses some condition, see for instance (12.90]) below
(note that this is also quite natural in view of Theorem [2.65).

Example 2.72. Let us consider the case n = 3, K = Q, and P = P with Mp =
GLs x GLy in the last part of Example [2.35[(ii) (see also Example 2.53). We denote
by P’ the standard parabolic subgroup of Levi GL; x GLy. Then II is compatible
with P if and only II has 3 irreducible constituents and the following form (a line
means a nonsplit extension of length 2 as a subquotient and the constituent on the
left-hand side is the socle):

In dGL3 Q’;) <7r (wodet) ® X) ——SS IndGL3 )) (Xw ® 7r)

where x : Q — F* is a smooth character, 7 is a supersingular representation of
GL5(Q,) and SS is a supersingular representation of GL3(Q,). The case P = Mpis

analogous but with a semisimple II (instead of nonsplit extensions). See also
below for more examples.

The following proposition shows that a representation Il as in Definition has
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internal symmetries.

Proposition 2.73. Assume II is compatible with P and let ® be a bijection as in
Definition |2.70, Let wy € W5, Q a parabolic subgroup containing YPP and Cgq an

isotypic component of f®|ZMQ such that P(Cq) = “eQ for some (unique) wg € W
with wo(S(Q)) € S. Then w;(Cy) is compatible with (“*“FP)q, fori € {1,...,d},
where m;(Cq) is as in Definition [2.70(i).

Proof. The proof is long but essentially formal. Replacing P by wlgﬁw; and ¢

by wz(®) (see the discussion following Definition [2.70]), we can assume wy = Id.

We write for simplicity w instead of wg. Recall from Proposition [2.40] that
Cq is the isotypic component of fw™'(6g)| Zarg in f®| Zarg- More precisely, by

(2.40), Corollary and Remark [2.49] (especially (2.46])), we have an isomorphism
K/Q

of algebraic representations of M?Sl U)o e, M Salli/Qp) o e, GLS?KK/ ).

1

w(Co) 2 Tug® (079 @ ©6"?) = é (L? ® (0@ (er)i)). (2.67)

Thus the map ®,,; in Definition W(iii) (recall wz = Id and w = wq) is a bijection

of partially ordered sets between the set of M;(K)-subrepresentations of m;(Cp) and

3 (w )G/ (recall that

(“P)g, is here a standard parabolic subgroup of M; and (*P)¢,; a Zariski closed sub-
group of (*P)q,; containing Mwp),,). We have to check that ®,,; satisfies conditions
(i) to (iv) in Definition (with M; instead of G' and (*P)g, instead of P). We will
only check condition (i) below, leaving the others, which are again essentially formal,
to the (motivated) reader.

the set of good subrepresentations of Cw7z-|(w B\ Cal(K/2p) = ZZ@
Q.1

We can assume i = 1. Let P, & (“P)oy, P, = (“P)gy (so Mp, € P, C P, C
M, C Muwg) and recall that 77 is the torus of diagonal matrices in M;. Let wp €
Wg C W (M), @1 a parabolic subgroup of M; containing “PiP; and Cg, an isotypic

component of fﬂZMQ , we have to prove that wg (®.,1)~"(Cg,) is of the form (2.66).
1

Step 1: Let @y = wp, x Id x -+ x Id € W(My) x -+ x W(Myg) = W(*Q) C W and

set wp L wlmw e W(Q). Then wz € W5 and @ contains “PP. Indeed, since
wp € W5 and the simple roots of P, are contained in w(~S(Q)) C S, we see that
wz = w'ww sends the simple (resp. Positive) roots of P N Mg to simple (resp.
positive) roots of My and the roots of P N Ny to positive roots (using that W(Q)
normalizes Ng). Moreover, one easily checks that “ 7P = (““#P)g, = (“(“FP))q..

Replacing P by “7P and ® by wz(®), we can thus assume wp, = 1d.

Step 2: Let A; € X(T1) be a weight of L |1, such that Co, is the isotypic component
of )\1|ZMQ and recall that \i|z,, = fOu |z, = fOuqlz,, , where Oy, fori € {1,...,d}
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is defined as in replacing G = GL,, by M; = GL,,. Let Avg € X(T) be the
unique character such that Awg|n, = 1= O, = fOug|r ifi € {2,...,d}
(here, we use the convention in Remark [2.49 and recall that 6,y is trivial if M; = GL;).
Then Mg is a weight of @, L |1,. We set

A= g + 079 € X(T)
which is a weight of |7 (use (2.67)). We have

)\|Z]Wl = /\1|ZMI + f'ng|ZM1 = -]0‘9]\/[1|sz/[1 + fer|Z]b11
= f(ug + 0" 20, = fOclz,, (2:68)

and if ¢ > 2:
M1, = fOu, + f0 s = f(Ouwg + 0" 9|, (2.69)
In particular )“ZMwQ = feg|ZMwQ and thus
wil()‘>|ZMQ = fw71<9G)‘ZMQ- (270)

Let Qu) € @ be the standard parabolic subgroup of G' such that “Qy € “(Q has
Levi Mg, x My x --- x Myg. As P, C Q; by Step 1, we note that “();) contains
Y P and hence Q1) contains P, W(*Qn)) = W(Q1) x W(My) x --- x W(M;) and
w(S(Quy)) = S(Q1) I S(My) 1T -- - T1 S(My). Let Cq,,, be the isotypic component

of Z®|Z]\/[Q<1) associated to w’l()\)|ZMQ(1). From (2.70) we get Cq,, C Cq (inside

L% Zarg )) and from (2.68), (2.69) an isomorphism of algebraic representations of
Mglal(K/Qp ® H Gal( Qp):

w(Cq,,) = <OQ1 ((9 @) @---2(079) ))@@( (9 9);®- - ®(9“’Q))>. (2.71)

Step 3: Define X', Al and 0 by the formula (2.29)) for P = Q1) and the respective
characters A, Awg and fg. Set \| = m Ywiew(qn wi(M) € (X(T7) ®z Q)@
From (the proof of) Lemma we easily get N = A, + f0"9 with AN,|r, = A
Let wy € W(M;) such that w,(S(Q1)) € S(M;) and wy(A]) is dominant (w; exists by
Proposition m(l)) We prove that wi(N) = wi(A.g) + f0"9 is also dominant (we
consider here w; as an element of W (*@) in the obvious way and use that W (¥ Q) acts
trivially on 0" ?). From (2.69)) we easily get X|r, = f04|r, if i > 2. But 6, is dominant
since ¢ is (see the proof of Lemma[2.301)), thus (w;(X),a) = (N, a) = (f05, a) >0
if o €{ej—ej1:n +1=<j<n—1}. Since wi(Nog)|lr, = wi(A]) is dominant by
assumption and (f0"? a) =0if o € {e; —ejy1: 1 < j < ny — 1} (see after ),
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we are left to check that (w;(\), e,, —en,+1) = 0. But an explicit computation gives

<w1()‘l)7en1 - en1+1> = <w1( :"Q)7en1 - en1+1> + <f6wQ7€n1 - en1+1>
= (wi(Xug), eny) — (wi(Xug), €ny41) + fna
, ng — 1
= (wi(Aug),en,) — f 22 + fna
n2+1
>
> 2l

where the last inequality follows (w;(M.g),en,) > 0 by Remark [2.20(ii) applied to
L7|7, (instead of L|7) together with formula (2.29).

Step 4: By definition, S(P(Cgp,)) is the support of ffy, — wi()\]) (see Proposition
2.32(ii)). By Remark (ii) we have w='(\) = (w™(\)) in (X(T) ®z Q)VQw),
where the latter is given by applied to the parabolic (1) and the character
w~(A). Since ww(S(Qy)) € S and wiw((w (X)) = ww(w (X)) = wi(N) is
dominant (Step 4), S(P(Cq,,,)) is by definition the support of

oo —un(X) = fig — (wi(Nag) + [079) = fhug — wi(Nog)
d
= (O —wi(N)) + 2 (b, — fbhs), (2.72)

where ), is defined by (2.29)) applied to P = M; = G and the character 0, of T;.
7, y 3

n;—1
In fact ¢y, is the character det™2" of T, from which we easily see that the support

of (2 is exactly S(P(Cg,)) L S(Ms) IT--- 11 .S(M,). This implies

MP(CQ(l)) = diag(Mp(CQl), Mg, R ,Md). (273)

Step 5: We now ﬁnally prove that ®,,; satisfies condition (i) in Definition [2.70, Write
Mpcy) = M1y X -+ X Mg, (for some d; > 1), by condition (i) in Deﬁmtlon m

for the map ® we have using ([2.73):
~ 1. 1G(K) “1_,P(Cqy)
7 (Cay) = W) | ((m(CQ(D)@- @mlCap)) (W op” e )), (2.74)
where 71 (Cq,,,) = m1,1(Cq,,) ® -+ @ M4, (Cq,,) (with obvious notation). Let
e M K _
7 = Indp, Ql)) (K) (7?1(0@(1)) ®wto QP(CQl))), (2.75)
it is enough to prove that 7} is a subquotient of 7 (Cg) and that

Cu1(m) = Coulpenocan (= Caul@nng, oo )
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Note first that
g Can) — gP(Ca) 4 gP(Cay), (2.76)

where we view 67(@1) as a character of T (not just T}) by sending the coordinates
in 7; to 1 for ¢ > 2 (this is straightforward to check from (2.37))). From (2.74)), (2.75))

and (2.76), we get
- ~ 714G -
I(CQm) = IndPEg;)—(K) ((Wi ® m(Cqy) ® -+ @ Wd(CQ<1))) ®wto QP(CQ))).

Since Cg,,, is a subquotient of Cq (both being good subquotients of f®] Baal(K/0p) )

~H(Cq,,) is a subquotient of ®~'(Cp). This implies in particular (using the ordinary
functor of [Emel0a] together with Remark 2.71((iii)) that 7} (resp. m(Cq,,) for i > 2)
is a subquotient of m(Cgp) (resp. of m;(Cq) for i > 2). By condition (iii) for ® (in
Definition [2.70) applied to II' = ®~'(Cq,,,) (together with P(Cgp) = “Q), we also get

(wP)Gal(K/Qp)

an isomorphism of algebraic representations of [ over [F:

w(Cay) = (Pualm) @(" 1@+ (0")) o

®<<I’ (mi(Cou)) @ ((er)i®~--®(9wQ)i)>, (2.77)

=2

where @, () and ®,,;(m;(Cq,,)) (i > 2) are good subquotients of L \ ByGai(K/2p).

Since we have good subquotients of L | Gal(K/Qp) in each factor of (2.71 and 2.77),

(*P)g
2.71)) and (2.77 imply (I)w 1(7T/1) = CQ1|~Ga1<K/@p) and (I)wz(ﬂz(CQ(l )) L | Gal(K/@p)

for i > 2 (recall isotypic components of L \ Gal(K/Qp) tautology occur with mult1phc1ty

1, so there is no multiplicity issue). This ﬁmshes the proof of condition (i) in Definition

for @, ;. O

Remark 2.74. When P(Cy) is strictly bigger than “?( for one, or equivalently any
by Lemma , wg € W(Cg), there is no real analogue of Proposition m since fl@
has to be replaced by Cl,, ; in (2.46) which is not ZZ@ in general.

2.4.2 Compatibility with p

a good conjugate p : Gal(Q,/K) — P5(F) as in ~, Essentially, an admissible
smooth representation II is compatible with p if it is compatible with P in the sense
of Definition [2.70|and if the bijection ® of loc.cit. satisfies some natural compatibilities

with the functor Vi in (2.8)) (see Definition [2.81]).

We define what it means for a representation of G(K i over [F to be compatible with
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We now fix a continuous homomorphism
5 Gal(@,/K) — G(F)

and recall that p* denotes the semisimplification of the associated representation of
Gal(Q,/K) (see §2.3.2). We assume that p is generic in the following sense:

(a) p® has distinct irreducible constituents;

(b) the ratio of any two irreducible constituents of 5* of dimension 1 is not in

{w,w 1}
By Proposition [2.62] conjugating p by an element of G(F) if necessary, we can assume
that p is a good conjugate in the sense of Definition [2.63] that is we have
7: Gal(@,/K) — PA(F) € PA(F) C G(),

where P; is a standard parabolic subgroup of G such that p* is given by the compo-
sition Gal(Q,/K) — P5(F) — Mp(F) (see (2.60)), P; C P; is the smallest closed
algebraic subgroup of P; containing Mp_ and the p(g) for g € Gal(Q,/K) (in its

F-points), and where, for any h € P5(F), if we define ﬁhﬁhq C P; as for p, then we
have P; C Pjz,-1. Good conjugates are not unique, see Theorem but we fix
such a good conjugate p (and the associated pair (P;, P;)) for the moment.

For any w € W; = W5 (see (2.64)) and any parabolic subgroup @ containing
P

EPﬁ, we define the Q-semisimplification 27 of p as the continuous homomorphism

PO 1 Gal(Q,/K) T TPy(F) = Q(F) — Mo(F)

(strictly speaking, it also depends on w). More generally, for any w € W such that
w(S(Q)) C S, we define the continuous homomorphisms

— w*Q—sswfl _
w(p® ™) : Gal(Q,/K) " —  wMg(F)w ™' = Mug(F)
and note that w(p?~*) actually takes values in
(““Pp)q(F) C (““Fp)q(F) C Muq(F)

(recall from the beginning of §2.4.1| that (““EPﬁ)Q = w(JPp N Mg)w™" and (““Z]Sp)Q =
w((@P5wt) N Mg )w™),
Let w € W5, Q a parabolic subgroup containing EP@ w € W such that w(S(Q)) C
S and @' a parabolic subgroup containing “'(). We write My = diag(My,. .., M)
with M; = GL,,, and we set for i € {1,...,d}:
. w(5—5
w(p?*); : Gal(@,/K) """ Mug(F) < Mg (F) — M;(F).
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We also have (recall from §2.4.1| that (*@); is a standard parabolic subgroup of M;,):

w(P?™); : Gal(@,/K) "T5" Mug(F) — Mgy, (F) < M;(F). (2.78)

Composing w(p?~*); with M;(F) — (M;/M3)(F) = F*, we obtain by class field
theory for K a continuous group homomorphism

det(w(p9™);) : K* — F*. (2.79)

Lemma 2.75. Let p, Q as above Cq an isotypic component of f®|ZMQ and Q' £
P(Cq). Then the characters (2.79)) fori € {1,...,d} and w € W(CQ) (see (2.31))
don’t depend on the choice ofw € W(C’Q) Moreover we have T, det(w(p?);) =
det(p).

Proof. This follows from Lemma (applied to P = Q) together with the fact that
conjugation by W(P(Cq)) (seen in Mp(c,,)(F)) is trivial on Mp(CQ)/M]‘i‘EEYQ), and thus
on each M;/M3. The last assertion is obvious. O

As previously, w(p%?~*); in (2.78)) takes values in
(“Pp)qi(F) C (" Pp)Qi(F) S Muq),(F) € M;(F) = GLy, (F)

(recall from the begmmng of 2 1| that “””P >)0,i is a standard parabohc subgroup of
Mwg), and that (“Py) . i & Zarlskl closed algebraic subgroup of (*“P;)q.; containing

(veP) .’

Proposition 2.76. Let p, Q as above, w € W such that w(S(Q)) C S and Q' =
vQ. Then w(p?™*); : Gal(Q,/K) — M;(F) is a good conjugate with values in

(““Py) s (F) forie{1,...,d}.

Proof. Note that @pw " is a good conjugate (with values in @ P;(F)w~ C “P5(F)) by
Lemma- Since w(p@~*) is obtained from p%~*% by permuting the blocs M; = GL,,,
of M, it is equivalent to prove the statement for w = Id. Assume that p; = (59, :
Gal(Q,/K) — M;(F) is not a good conjugate. Then it follows from Proposition

that there is h; € ({EPﬁ)Q,i(]F) such that h;p,h; " is a good conjugate, and thus

(2

Xyt & Xz, (with the notation of \) Let a; be a positive root of GL,, in

=

X5,\X},5,,-1 and note that, if a; is a sum of roots in R* (viewing a; in R*), then all of

these roots are positive roots of GL,,. Set h; = Idg,, € GLy, ;(F) if j # i and define
h = (hy,...,hy) € diag(Ml,...,Md) = Mo(F) C Q(F ) Ifwe had a; € X,

hwpw—1h—1»
then from what we just said necessarily we would have a; € X(j50-s),-1y, = X hipih !
which is impossible. Therefore «; ¢ X z55-1,-1. But since a; € X3, C X5
(viewing the positive roots of GL,, as a subset of RT) we deduce X} z5z-1,-1 & Xg5a-1
which is impossible as wpw ™! is a good conjugate. O]
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For 0 € Gal(K/Q,) = Gal(Q,s/Q,) consider
77 : Gal(Q,/K) — P5(F) C P5F) C G(F),

where p7(g) = p(ogo™!). Here g € Gal(Q,/K) and o is any lift of o in Gal(Q,/Q,).
Since Gal(Q,/K) is normal in Gal(Q,/Q,), p°(g) is well defined up to conjugation
(by elements in P5(F)). If C'is a good subquotient of L sea/gp) (Definition 2.22),

we can view in particular C' as a continuous homomorphism

Py(F) x -+ x P5(F) — Aut(C(F)) (2.80)

Gal(K/Qp)

(denoting by C(F) the underlying F-vector space of the algebraic representation C')
and define a Gal(Q,/K)-representation C(p) as

Gal(Q,/K) 117 Py(F) x - x P5(F) 5 Aut(C(F)),

where, in the first arrow, we choose any order on the elements o of Gal(K/Q,).

Lemma 2.77. The Gal(Q,/K)-representation C(p) is well-defined up to isomor-
phism and canonically extends to a Gal(Q,/Q,)-representation.

pGal(K/Qp)

Proof. The algebraic representation C' of P; over [F doesn’t depend up to

isomorphism on the order of the copies of ]55, i.e. any permutation of the 155’8 yields an

algebraic representation which is conjugate by an element of Aut(C(F)). Indeed, this

clearly holds when C'is an isotypic component of f®| Znip 88 Zu embeds diagonally
> P

into ]?’ﬁG al(K/Qp), Thus, for a general good subquotient C', any permutation of the 155’8

gives a representation C’ which contains the same isotypic components of f®\ Znp, S
P
those of C. Assume now that C'is a good subrepresentation of f®| SGal(K/Qp) - Then

P
C'" must be isomorphic to C since isotypic components of f®| Zu,, tautologically

occur with multiplicity 1. In general, one writes C' as the quotie;lt of two good
subrepresentations of L”| seai/ap - All this implies that C(p) is well-defined.
i

We now prove that it extends to Gal(Q,/Q,). First, if C' = f®| BGalk/gp) , then O (P)

is the tensor induction (2.13) and thus canonically extends to Gal(Q,/Q,). Let us
recall explicitly how it extends. Fix oy,...,0; some representatives in Gal(Q,/Q,)
of the elements of Gal(K/Q,) = Gal(Q,r/Q,) and define permutations wy, ..., ws on
{1,...,f} by aioj_l = a;il(j)hi7j, where h;; € Gal(K/Q,). The underlying F-vector
space L”(F) of L is

f

& ((®Z0w)m),

=1 aesS
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where (®a€ s f()\a)) () is the underlying vector space of ®,cg L(\o), and the action
of o; then sends v; @ V2 ® --- @ vy € f®(F) to u; ®uy ® - -+ ® uy, where:

w (@ TOW) @i ) vy) (281)

agsS
This yields an action of Gal(Q,/Q,) which doesn’t depend on any choice (up to
isomorphism). It is enough to prove that this action of Gal(Q,/Q,) preserves the
subspaces C(F) C L”(F), where C is any good subrepresentation of L°| FGaI(K/Tp) -

But this is clear from (2.81)) since C(F) is preserved by the action of Gal(Q,/K) and
by any permutation of the v; (as we have seen at the beginning). O

Remark 2.78. One could also use L-groups as in §2.1.4] in order to have more
intrinsic definitions (see Remark [2.20(i)). However the above pedestrian approach
will be sufficient for our purpose.

The following lemma is in the same spirit as Lemma [2.75

Lemma 2.79. Let p, Q as above, Cq an isotypic component of Z®|ZMQ and Q' =
P(Cgq). Forw e W(Cq) andi e {1,...,d}, let

o Cy; be the isotypic component of f?|ZM(wQ)_ defined in (2.46)) (applied with P
there being Q);

o w(p?™); the representation of Gal(Q,/K) with values in Mgy, (F) defined in
(2.78) (applied to Q' = P(Cy));

o Oy, (w(pQ_SS)i) the representation of Gal(Q,/Q,) defined in Lemma |2.77 (ap-
plied to p = w(ﬁQ*ss)i, ZZ@ and C = Cy;).

Then the Gal(Q,/Q,)-representation Cy; (w(ﬁQ_SS)i) doesn’t depend on w € W(Cy).

Proof. Let w' be another element in W(Cg). Then w' = wp(c,yw with wpc,) €
W(P(Cg)) by Lemma (with P there being Q). Since wp(c,) respects M;, we
have

w'(597); = wp(egyw(PV)iwp oy

The result then follows from (2.47)) (applied with P = Q). ]
Remark 2.80. Lemma still holds replacing C,,; by any good subquotient of
Cu il (was) G/ ) and using the proof of Lemma [2.68(ii) and Remark [2.69|to compare

P/Q,i

with the corresponding good subquotient of Cw’,il(

oo \Gal(k/gp) . The proof is the same
Po)q.i

as for Lemma using that w(p®~*); takes values in (waf’ﬁ)Qﬂ-(F).

79



We now state the second crucial definition. We use the functor Vg defined in
in the case H = GL,,, m > 1 (with the convention of Example [2.3). If a
smooth representation 7 of H(K) has a central character, we denote it by Z(m) (so
writing Z(m) in the sequel implicitly means that 7 has a central character). We also
define

O, |ZM

w ol : Zy,(K) = K* CRES FX — F* (2.82)
(On, as in (2.27)) replacing G by M;).

Definition 2.81. An admissible smooth representation II of G(K) over F which
has finite length and distinct absolutely 1rredu01ble constituents is compatible with
p if there exists a bijection ® as in Definition [2.70| for P = P (in particular IT is
compatible with P; >) which satisfies the following extra condltlons

(i) for any subquotient II' of IT, we have an isomorphism of Gal(Q,/Q,)-representa-
tions over [F:
Va(IT) = &(I1)(p), (2.83)

where ®(II')(p) is the associated representation of Gal(Q,/Q,) defined in Lem-

ma 277,

(ii) for any w € W3, any parabolic subgroup () containing EPﬁ and any isotypic com-
=® i . . ~
ponent Cg of L \ZMQ, writing Mp(c,) = diag(My, ..., My) with M; = GL,,, we
have for one, or equivalently any, element w € W (Cg) and for any subquotient
w of m(Cg):

Z(x}) = det(w(@? ™)) - w " oy, (2.84)
@) i (1)) (w(PV):),

s.
@3\
~—

12

where

« m;(Cp) is the admissible smooth representation of M;(K') over F in Defini-
tion [2.70[(i);

o det(w(p?=);) (resp. w™! o fyy,) is the character of K* defined in (2.79)
(vesp. in (2.82));

o W(P), () is the good subquotient of C,, ;| @By, defined in Definition
2.70)(iil): ’

« w(p?™); is the representation of Gal(Q,/K) with values in (waﬁﬁ)Qd(F) -
Mg, (F) defined in (2.78)) (applied to Q' = P(Cq));

o W(D)y,; (7)) (w(p? Ss)l) is the representation of Gal(Q,/Q,) defined in
Lemma [2.77] (applied to p = w(p@);, LT and C' = W(D) i (7).
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If II is compatible with p, then we have in particular Vg(II) = L%(p)
and Vyy, (ﬂ'i(CQ)) = Cu,i (w(ﬁQ*SS)i) for Q,w,i as in Definition [2.81(ii) (recall that
Vi, (m:(C)) is always the trivial representation of Gal(Q,/Q,) when n; = 1). If p is
(absolutely) irreducible, then P; = P; = G, W, = {Id} and II is compatible with 7
if and only if II is absolutely irreducible supersingular, Z(IT) = det(p) - w™' o (0g|z.)
and Ve (I1) = L% (p).

Remark 2.82. (i) The isomorphisms in are consistent with Lemma [2.75]
Lemma and Remark since their left-hand sides don’t depend on w € W (Cy).
(ii) Let IT be compatible with p. From (2.66|) applied with wz = 1 and Q = P, (12.84)
applied with @ = 1 and @ = P;, the last assertion in Lemma [2.75] and from

d
QG‘ZG = QP(CQ)’ZGHP(CQ)‘ZG = 9P(CQ)|Z@<H9Mi ZMi)
=1

(which follows from (2.37)), we deduce that each irreducible constituent IT' of II
is such that Z(Il') = det(p) - w™' o (6g|z,). Since these irreducible constituents
are all distinct by assumption, we obtain that II has a central character Z(II) =
det(p) - w ™' o (0] z,) = det(p) - w™"F

(iii) Let II be compatible with 5, II" a subquotient of II and I1” C II' a subrepre-
sentation. Then from Remark Z(ﬁl(l) we have an exact sequence of Gal(Q,/Q,)-

representations:

0 — ©(I1")(p) — ®(II')(p) — S(II'/1I")(p) — 0.

Thus implies that the sequence 0 — Vg (II") — Vg (IT') — Ve (II'/T1") — 0 is
exact. In other terms, when applied to II and its subquotients Vi behaves like an
exact functor.

(iv) Let x : K* — F* be a smooth character. Then it easily follows from Remark
[2.4(ii) that IT is compatible with p if and only if I @ (y o det) is compatible with

PR X.
(v) For a given II compatible with p, a bijection ® as in Definition is still
not unique in general. For instance consider the case n = 4, K = Q,, P, = Mp, =

diag(GLs, GLy) and p = p,@p, with p; : Gal(Q,/Q,) — GLy(F) absolutely irreducible
distinct for ¢ = 1,2 but such that A2p; = AZp,.

Definition doesn’t depend on the choice of a good conjugate.
Proposition 2.83. If 7' : Gal(Q,/K) — lﬁﬁ/ (F) € Py(FF) is another good conjugate
of p, then I1 is compatible with p if and only if 11 is compatible with 7.

Proof. From Theorem we have 7 = whph~'w™! for some h € P5(F) and some
w € W5 By symmetry, it is enough to prove that II compatible with p implies
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IT compatible with p". We have first that II is compatible with hph~ 1. Indeed,

Pigp—1 = P and the conditions in Deﬁmtlon“ for hph~! follow from the condltlons
for p since w(pQ ), and w((hph~')@~%); are conjugate in (““Py)q.(F) (with @,w
here as in Definition . Thus we can assume h = Id. But then, it is clear from
Definition that IT is compatible with p’ = wpw ™. O

Just as some statements in Definition should follow from others (see Re-
mark [2.71(iv)), we expect the isomorphisms (2.83)) to follow in many cases from the

isomorphisms (2.84]):

PropOSItlon 2 84. Assume II is compatible with p and let ® be a bijection as in
Definition . Let w € W5, Q a parabolic subgroup containing “P;, Cg an isotypic
component ofL |ZM and 1T a subquotient of w(®)~*(Cq) of the fm’m

H/NI dG(K - ((7‘(‘3@---@71’&)®<OJ_10¢9P(CQ))),
where ., is a subquotient of the representation m;(Cq) of M;(K) over F defined
in Definition |2.70(i) (so that w(®)(II') is a good subquotient of CQ]w~Ga1(K/@p) =

CQ|(({;ﬁga—1)mMQ)Gal(K/@p>)- Assume that VMP(CQ)<7H ® Q@ my) = i:I VMP(CQ),i(WQ)
(with the notation used in Lemma[2.5). Then the isomorphism (2.83)) for II' follows
from the isomorphisms (2.84)).

Proof. For i € {1,...,d}, we have (easy computation):
(67(Ca)y, = det" L= ™, (2.85)

Let 7/ = 71/ ® (w™ odet)"fzi':l " we have by Lemma , 2.85)) and Remark (ii):

Volll) = Vo Ind§i) - o (@) @ (@' 0 67C9))

d _

R (Vurt) o (2617 ) gz )

® (vMi () ® ((Zm'-) ‘wo eMi)"‘Z“”") |@;)> ®9,

d
where § < (50 e, 51\2) ind?}(@p(w—zizl %) with (by an explicit computation):

I

<
-

% 7

¢ = ni(ni— 1)<n— Zn]) +ni(n— an>2

Jj=1 J=1
= nl(n— m)(ni—l—i—n—Zn])
=1 j=1
i i1
= n (n - n]-> (n —1-> nj). (2.86)
j=1 j=1



Now, assuming ([2.84)) we have for one, or equivalently any, w of W (Cgp):

o) (p) = w(®)(II')(p)
= w(®)(I')(p?™)

()00 (%))
(<(9P(CQ>)i @ ® (07)) o (@, (w(sts)i)U>>>
é( () ® ((det( (P97)i ))n_zzlnj)h@;)

i=1

11
Q-
£

=1

I
=

d

> @ (Vi) o (2 w0 ) " )lgy ),

i=1

where the first isomorphism follows from p = wpw ', the second equality is obvi-
ous (w(®)(II") being a representation of MSal(K/Q“’) as it is a subquotient of Cy),
the second isomorphism follows from Definition [2.70iii), and the last two isomor-

phisms from (2.84)), (2.85)) and local class field theory for ,. So we have to prove
d

(0c TIL, 031)) ind (.~ 2i=1%) = 1, which amounts to checking the following explicit

identity (using (2.86)) and Example [2.3)):

n— d n;—1 d % i—
S-S (- )1 X)),
j=1 i=1 j=1 =1 7=1 7j=1

This follows easily by induction on d using the case d = 2 and the identity
(n—mP+mn-—m+17>+--+n-12=1+2+---+(m—1*+mn—m)(n—1)

for any integers n > m > 1. O]

The following proposition is analogous to Proposition [2.73]

PI'OpOSlthIl 2 85. Assume II is compatible with p and let ® be a bijection as in
Definition Let w E W5, @ a parabolic subgroup containing wP and Cg an

isotypic component ofL |ZMQ such that P(Cq) ="Q for some (unique) w € W with
w(S(Q)) € S. Then m;(Cq) is compatible with w(p?=); for i € {1,...,d}, where
7;(Cg) is as in Definition |2.70(i) and w(p®~); as in (2.78)).

Proof. We use the notation in the proof of Proposition m Replacing p by wpw*
and ® by w(®), we can assume w = Id. We have to prove that the map &,
satisfies conditions (i) and (ii) of Definition with M; instead of G and w(p?~*);
instead of p. Note that this makes sense thanks to Proposition [2.76] We can assume
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i = 1. Condition (i) clearly follows from the second equality in (2.84]) applied to
7 = m(Cg). Arguing as in Step 1 of Lemma [2.73] we need only consider a standard
parabolic subgroup @; of M; containing (*P5)g1 and Cp, an isotypic component

of Y| Zug, - Let Cg,, be the isotypic component of L% Zy,  defined in Step 2 of
1 (1)

the proof of Proposition [2.73, Then it is easy to check that condition (ii) for M,
w(p?)y, Cg, and an element w; € W(Cg,) follows from condition (ii) with G, p,
Cq,, and wyw € W(C’Qm) (see Step 3, Step 4 and Step 5 of the proof of Proposition

B73). | =

2.4.3 Explicit examples

We explicitly give the form of a representation II compatible with p for various p.

In the examples below, as in Example 2.72] a line means a nonsplit extension
between two irreducible constituents, the constituent on the left being the subobject
of the corresponding (length 2) subquotient.

Example 1 B
We start with GL2(Q,r) and P; = P; = B as in Example @(i), i.e. we have

-~ Xl *
p_<0 X2>’

where y; are two smooth characters Q; — F* (via class field theory) with ratio
# 1,w*! (and where * is nonsplit). Let II be compatible with p. Then IT has f + 1
irreducible constituents and the following form:

GLz@f)

@) (W™ @ xa) — 88, — 88, — - — 58,1 — Ind; 20!

Ind - (sz ® X1)

where the SS; for i € {1,...,f — 1} are distinct supersingular representations of
GL2(Q,r) over F such that Z(SS;) = det(p)w™" and

ass)= @ (@)@ (®x))

ICGal(K/Qp) oel o¢l
[I|=f—1

(here x7 = xi(o - o~1) and Vg(SS;) is immediately checked to be a representation of
Gal(Q,/Q,)). Moreover it follows from Example [2.6| that

)

GlLa(
VG(IHd g 5 (x W ® Xz)) = Roeqal(K/Q,) X1

and likewise with Ind ((@Q )f)(xchl ®x1). Finally the conditions in (2.83)) imply that

Vi behaves as an exact functor on the (not necessarily irreducible) subquotients of II

(see Remark [2.82((iii))
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Still with GL2(Q,s) but when 155 =T, ie. p=x1Dxa, then II (compatible with p) is
semisimple, i.e. has the same form as above but with split extensions everywhere. This
is consistent with the discussion at the end of [BP12], §19]. Note that, if we only require
IT to be compatible with 155 (Definition , then II has the same form as above, but

with arbitrary distinct supersingular representations of GLQ(@pf) and arbitrary dis-

L2(Q,r) ()

tinct irreducible pr1nc1pal series Ind ©,7) (mw™! ®n9) and Ind (ngofl ®n1).

See [HW22, §10.6] and §3.4.4| for instances of representations II (commg from mod p
cohomology) satisfying (spe(:lal cases of) the above properties.

Example 2 B
We go on with GL3(Q,) as in Example [2.35(ii) and P; = P; = B, i.e. we have

Xl * *
p = 0 X2 * )
0 0 xs

where y; are three smooth characters Q) — F* (via class field theory) of ratio
#1,w™. For 7 € W = 83, we define

LG dGLS (Qp)

—2 —1
PSXT(1)7XT(2),XT(3) B~ (Qyp) (XT(l)w ® Xr(2)w ®XT(3))'

Let IT be compatible with p. Then II has 7 irreducible constituents and the following
form:

/ X2,X1,x3\ /PSX27X37X1\
PSyixe, Xs\ / SS \ /PSXS,XZ,Xl

PSX1,X3,X2 PSX37X17X2

where SS is a supersingular representation of GL3(Q,) over F such that Z(SS) =
det(p) - w™ and Vg(SS) 2 (xaixaxs)® = det(p)®. It follows from the proof of
[Haul6l Thm.5.2.1], or from [Haul8, Thm.1.4(i)], combined with [Emel0al, Cor.4.3.5],
that the nonsplit extensions between two principal series in subquotient are automat-
ically parabolic inductions as required in condition (i) of Definition m (looking at
isotypic components of f®|ZMQ with Mg € {GLy x GL;, GL; x GLy}, see Example
2.35((ii)). Conditions (ii) to (iv) in Definition are then easily checked. Concern-
ing Definition , the subquotients involving only principal series do satisfy
and by [Breld, Rem.9.9]. The reader can then easily work out the remaining
conditions in which all involve the supersingular representation SS, and also
work out the shape of a I which is compatible with ]55 = B only (but not necessarily
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with p).

Example 3 _
We stay with GL3(Q,) but where P; = P; = P with Mp = diag(GLy, GLy), i.e. we

have
pr ¥
0 X2/’

where p, : Gal(Q,/Q,) — GLs(F) is any absolutely irreducible representation and
X2 1s any smooth character Q; — F* (Vla class field theory). Note that such a p is
always generic (see the begmmng of §2.4.2)). Then II is compatible with 7 if and only
IT has the same form as in Example m

I

P

IndpZG%) (w1 - (0™ o det) ® x) —— 88— Ind 2 7] (xow ™ @ )

and where moreover

« m is the supersingular representation of GL3(Q,) over F corresponding to
7 by the mod p local Langlands correspondence for GL2(Q,), i.e. we have
Z(m1) = det(p,)w™"! (via class field theory) and Var, (m) = py;

e Z(SS) = det(p)w;
o Vo(II) = 9 Qr A§p;

. VG( In dﬁiLiQ@g) (m (w o det) ® Xz) —SS ) =~ Ker(p @r A2D — Y2 ® y).

The properties of Vi in (in particular Lemma which can be applied here
thanks to Remark then automatically give the remaining conditions in ([2.83)):

Ve ( Indi 5% (71 - (W™ o det) ® x2)) ~ 5, @ AZP, 2 B, ® det(p,)

GL3(Qp
(SSI dplg(g) XUJ ®7T1

) >~ (p@r AgD)/(P1 ®r NGDY)
Vo ( IIldGL3 Qp)) Xow ® 7Tl>> = P ® X%

Va(SS) = (pF? @ xa) @ det(py)x2

The case ]55 = Mp,ie. p= (pol )? > , is analogous and easier since II is then semisim-
2

ple.
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Example 4

We consider GL4(Q,) and ]55 = P; = P, where Mp = diag(GLs, GL;, GL;), that is
we have a good conjugate

*x ok

X2 * ],
0 X3

p

(1
o o

where p; : Gal(Q,/Q,) — GL»(F) is any absolutely irreducible representation and x;
two smooth characters Q¢ — F* (via class field theory) of ratio # 1,w®!. If 1 <7 < 4
and Z;Zl n; = 4 with 1 < n; < 4, we write B,, _,, for the standard parabolic
subgroup of GL, of Levi diag(GL,,,...,GLy,) (so Po11 = P, Pi111 = B, etc.). As
in Example 3 above, we let m; be the supersingular representation of GLy(Q,) over
[ corresponding to p; by the mod p local Langlands correspondence for GL3(Q,)
(so Z(m) = det(py) - w™t and Vg, (m) = p,). We define the following parabolic
inductions:

D.
o
2

Plr; xaxs IndGL‘*(l%p (m ?odet) ® xow ' @ Xg)
Pl vane ' In dGLf(l%p <7r1 2 odet) ® y3w ®X2)
Pliyrins = In dcle%p (ew? @m - (W' o det) ® xs)
Pliymne Ind](le;*%p (aw™® @ m - (W odet) ® xa)
Plosom & Idp 00 (xaw™ @ xaw™ ®7T1>

e GL4(Qp) _ _
PIX33X2,7T1 d:f Indpfji((ap) (ng ® XaoWw ® 7T1>

and also, for ssj,ssy two (not necessarily distinct) supersingular representations of
GL3(Q,) over F:

Plss, xs =1 dl(j;f((g:)) (ssl (w ' odet) ® Xd)
Ply,,, = 1 d](j;f((gz)) (ss2+ (w™" o det) ® x»)
PL,, ss» £ IndelL:((g:)) (chu 3 ssg)
Pl = Ind%:((g:)) (ng ' ® ssl)

We then let SS3, 5S4, SS5, SSe be 4 distinct supersingular representations of GL4(Q),)

87



over [F. If II is compatible with p, then it has the following form:

PIX2:7T1,X3 PIXQ:SSQ PIXQ X3,71
PISShX:g SS4 SSG PIX37X277F1
Pl vars SS, SS; Pl se;
12 Pl v Plys e

where we have

~ GL
Pli xexs — Plssis — Plhamye = Indp;f((g:))(nl (W™ o det) ® x3) (2.87)
~ GL :
Pl — Ploss — Pl 2 Indg (09 (o™ @ )

for 11, & Ind}X @)) (71 - (w™" o det) @ xa) —ss1 — Ind %) (Yow 2 @ ™), and

P21 (@ PL,(@)
also
PLTl X2:X3 T PLTLX&XQ =
In dGQL j(@m (”1’(w_2°det) (Ind 5 (yaw ™! @ xs) — Indg? ) (yaw™ ®X2)))

(2.88)

and an analogous isomorphism for Py, ., — Pl ..r . It actually easily follows

from [Haul8, Thm.1.4(i)] (see also [Hey, Thm.B(b)(ii)]) together with [EmelOal,
Cor.4.3.5] that the isomorphism in (2.88) and the analogous isomorphism

with Ply, vo.r, — Ply, yo.,m hold (i.e. are not conjectural). It also follows from [HaulS§),
Thm.1.2(ii)] and [Haul8, Thm.1.2(iii)] that we automatically have isomorphisms

jF):[/ﬂ—l,XQ,X3 o P:[8817X3 g I dGL4(Qp (IndGLB(Qp) (7T1 . (wil o det) ® X2) o Ssl)

3 1(@;}) 2 1(@1’)

Plss; s —Plymys = In dGL4(Qp (SS o IndGL3 o (ngﬁ & 7'('1))

Py 1(Qp) 12(@p)

and likewise with the two “halves” of Pl,, r, vo — Ply,sss — Pl x0,m - It is likely that
the full isomorphisms ([2.87)) are in fact also automatic.

We must have moreover Z(ss;) = det(p;)xaw >, Z(ss2) = det(p; ) xsw ™3, Z(SS;) =
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det(p)w ™ for i € {3,4,5,6} and

Vars(ss1) = (972 ® x2) © det(py) xa
Var,(ss2) = (7 ® x3) @ det(py)xs
®3 D2
Vo (SSs) = (p7° @ det(p, X2X3) ® (det(p,)’x2x3)
Vor,(S81) = (@ det(p)xdxs) @ (77 @ x3xs)
®5
Var,(SS5) = (p, @ det(p, X2X3) & (p7 ® xax3)
®2
VoL, (SSg) = (pl ®X2X3) D (det(p1)X§X§)

The reader can work out all the other conditions of Definition (applying Vg

to subquotients of IT). Note that by Proposition the GL3(Q))-representation II;
p1 ¥

0 o ) of p (see the last part in Example 2).

is compatible with the subrepresentation (

Example 5
We stay with GL4(Q,) but where P; = P with Mp = diag(GLy, GLy, GL;) and a
good conjugate of the form

X2 * *
p = 0 pl 0 )
0 0 xs

where the * are nonzero, p, : Gal(Q,/Q,) — GLy(F) is any absolutely irreducible
representation and x; are two smooth characters Q) — F* (via class field theory) of
ratio # 1,w*!. One has (see (2.64)) W5 = {Id, S¢,—e; Ses—e, } = the set of permutations
of the last two blocks GLy and GL1 Using the notation and conventions of the
previous case, we can check that any II compatible with p has the following form:
PI

T1,X2:X3

\
/

ISSI7X3 PI7T17X37X2

\

PI S5S3

X2,7T1,X3

SS, Plss, xo

VA

PIXQ,SSQ SS5

Ay,
VAVAY.

SSe PI

X3,T1,X2

\ /

PI I

X2,X3,T1 X3,551

A

PI

X3;X2,7T1
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(recall the socle is the first layer on the left), where condition (i) in Definition [2.70)
yields, when applied to a suitable Cg with Mg = diag(GL3, GL;):

PIXz,W17X3 * PISS1,X3 * PIW1,X2,X3 = In dGL4(( ))(Hl ’ (w_l © det) ® X3)
~ GL4( ) _3 (2.89)
PIX3,X2,7T1 - PIX:;,SSl - PIX:;JH,XQ = In d )(XSW X Hl)
for II; & IndGLs(Q”)) (X w?® 7T1) SSy IndGQLf((S:)) (7r1 . (w‘l odet) ® XQ),

and yields, when applied to a suitable Cgy with Mgy = diag(GL2, GLs) (that is,
Sea—es¥es—ea P2 C (), note that here P; € (), see Remark [2.71)vii))

PIX2 X3, PIX3 X271 =
GL4(Q GL2(Qp — — GL2(Qp _ _
I d 2 Q(Qp) ((I dB 2(@ ))( 2W ’ ® ng 2) - IndB*Q(((@p)) (X?)W 3 ® X2w 2)) ® 7Tl>

(2.90)

and an analogous isomorphism for Pl:, v, s — Plz yav. - Asin Example 4, it follows
from [Haul8, Thm.1.4(i)] that and the analogous isomorphism are automatic,
and from [Haul8 Thm.1.2(ii)], [Haul8, Thm.1.2(iii)] that isomorphisms as in
but for every “half” only of the extensions on the left are also automatic.

One can again work out all the conditions of Definition [2.81] (conditions on Z(ss;),
Z(SS;) and on Vgr,(ssi), Vi, (SS;) are the same as in Example 4).

Example 6 B
We consider GL3(Q,2) and P; = P; = B, i.e.

X1 * k
p = 0 X2 * )
0 0 X3

where y; are three smooth characters Q), — F* (via class field theory) of ratio #
1, w*t. We let ssy, ss9, 883 be 3 (not necessarily distinct) supersingular representations
of GLy(Q,2) over Fand SS;, 7 € {4, ..., 10} be 7 distinct supersingular representations
of GL3(Q,2) over F. We use without comment notation for GL3(Q,2) analogous to
the ones in Example 2, Example 4 and Example 5 to denote principal series and
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parabolic inductions. If Il is compatible with p, then it has the following form:

PSX27X17X3 PIXz,SSB PSX27X37X1
Pl s SSs SSsg Pl
PN N N N
PSX1,X2,X3 SS4 SS? SSlO PSXs,X2 X1
N N
PIXl,SSQ SSG SSQ Png,ssl
PSXLXS X2 PISSS X2 PSXS X1,X2

where we have

PS 1 ons — Plains — PSranins Indi;f((g:;) (IL - (w™" o det) @ xa)
PS s — Phss — PSyan = Indp (07 (v ? @ 1) -
PSyarons — Pl — PSrnans & Indi;((g:j)) (I - (@ o det) @ x: ) (2.91)
PS1ians — Pl — PSyons = Indp (07 (vaw? @ Tho)
for
I, = In dgLQ((é} 2)) (Xlw’l ® XQ) ——s881—1In dGLQ((Q ) ()@cfl ® Xl)
II, &£ In dgLQ(((S »?) (ng_l ® Xg) —— 889 — IndGL2 G2) (ng_l & Xz).

By a straightforward induction, it follows from [Haul§) Thm.1.3] combined with
[Emel0al, Cor.4.3.5] that all isomorphisms ([2.91)) are actually true!

We must have moreover Z(ss;) = x1xow ™}, Z(882) = XaXxzw ™', Z(883) = x1x3w ™
Z(SS;) = det(p)w 3 for i € {4,...,10} and, denoting by o the only nontrivial element
of Gal(Q,2/Qy):

Ve, (ss1) = x1x9 @ xTxe
Var, (ss2) = xax3 @ X3x2
Vo, (ss3) = xax3 @ xsxa
D3
Vars (SSy) = <X?Xz det(p)” @ (xix2)” det(p)) @ (X?Xg(xixl)" @ (X?Xs)"X%)ﬁ)

Vars (SS;) = analogous for i € {5,6,8,9,10} (left to reader)
)

®9
Var, (SS7 (det(p) det(p)”) & (Xsz(X%)@)"@ (x?m)"x%m) ®

I

(x?x:a(x%x:a)" ® (X?Xg)"X%Xa) @ (X%Xl(X?’,Xl)U o (X%M)"X%M)
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(all obviously representations of Gal(Q,/Q,) over F). The reader can then work
out the conditions in (2.83) involving the various subquotients of II. Finally, by
Proposition the GL3(Qp2)-representation II; (resp. IIy) is compatible with the

X1 *

subrepresentation ( 0 X2) (resp. with the quotient (’%2 N )) of p (see Example 1).

Example 7 B
We end up with GL4(Q,) and P; = P; = B, i.e.

X1 * * *

|l 0 X2 ox
=10 o X3 %
0 0 0 x4

where y; are four smooth characters Q; — F* of ratio # 1, w*t. The structure of a II
compatible with p is given in the next 3D diagram. Just like the previous 2D diagrams
look like stacked squares, this 3D diagram looks like stacked cubes: there are 8 cubes,
one being entirely “behind”. As before, each vertex is an irreducible constituent
with PS (in green) meaning principal series, SS (in red) meaning supersingular and
PI; (resp. PIy) (in blue) meaning parabolic induction from the standard parabolic
subgroup of Levi GL3 x GL; (resp. of Levi GL; x GL3). The socle is the principal
series at the very bottom and the cosocle is the principal series at the very top. Like
previously, each edge is a nonsplit extension between two irreducible constituents, the
dashed edges being those which are “behind” in the 3D picture. Near each vertex we
write the value of Vg1, applied to the corresponding irreducible constituent.

The interested reader can then check all the other conditions and compatibilities
in Definition and Definition [2.81] for instance the two left faces on the bottom
correspond to the parabolic induction PI; of Example 2 tensored by the character y4.
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PS_x3x2x2

_PS,
Xax3x2
! 3.2
! 3X1X1
b 1
X3x3x3.PS
// =~ ~|
. <
P - =~ ~ -
re - ~ - -
7 Sl (x1x2x3)] 92
C[(x2x3x4)?]®3
PS
IxIxs
PS
2103
: X1X3X4
! x5 (x1x2x4)] 93 [( )71
1
X3x3x3.PS
// =~ ~|
. <
P - =~ ~ -
- o PS
. - s
7 2 E) Xix3x2
pd -7 (x2xa)”(x1x3)]1¥>
X3x3x4
.
P
.
.
(x2x3)? (x1x4)]

Ps
fxﬁxs
PS
1
1
"
3 @317
[XQ(X1X3X4)]//P12\ R
h ) - B P?S 2
X : ® XTX1X2
x1x2)% (x3xa)] P8 1Xa

3 ®3
[(x1x2X3) X7 (x2x3x4)]

RS,
X1X2X4

3.2
X3 Xx3x3

93



2.5 Strong local-global compatibility conjecture

Back to the setting of but assuming that F\ is unramified and that 7 (for o|v)
is generic as at the beginning of §2.4.2] we conjecture that the G(Fj)-representation
Homg. (0¥, S(V,F)[m¥]) is a direct sum of copies of a G(F;)-representation which is
(up to twist) compatible with any good conjugate of 7; (Definition .

We consider exactly the same global setting as in §2.1.2, We fix v|p in F* such
that F,f is an unramified extension of Q, and consider a continuous representation

7: Gal(F/F) — GL,(F) such that

(i) 7 =27V @ w!™ (recall 7°(g) = T(cgc) for g € Gal(F/F));
(ii) 7 is an absolutely irreducible representation of Gal(F'/F);

(iii) 75 for o]v has distinct irreducible constituents and the ratio of any two irre-
ducible constituents of dimension 1 is not in {w,w™'}

(note that condition (iii) doesn’t depend on the place ¥ of F' dividing v since Tz =
Y @wl ).

The following is the main conjecture of this paper.

Conjecture 2.1. Let 7 : Gal(F/F) — GL,(F) be a continuous homomorphism
that satisfies conditions (i) to (iii) above and fiz a place v of F* which divides
p such that Ff is unramified. Assume that there exist compact open subgroups
VY C UY C H(AY) with V' normal in UY, a finite-dimensional representation
o of UY/VY over F and a finite set 3 of finite places of F™ as in such
that Homgw (0¥, S(V?, F)[m*]) # 0, where m* is the mazimal ideal of T* associ-
ated to 7. Let ¥jv in F and see Homy.(0v, S(VY,F)[m*]) as a representation of
H(F}) = GL,(F;) = G(F;) via v; (cf. §2.1.9). Then there is an integer d € Zq
depending only on v, U, V', ¥ and T and an admissible smooth representation I1;
of G(F;) over F (depending a priori on v, UY, V¥, 0¥ and F) such that

Homg. (0%, S(VY, F)[m*]) & (Hﬁ ® (W 'o det))@d’

where 115 is compatible with one (equivalently any by Proposition|2.83) good conjugate
of Ty in the sense of Definition [2.63,

Remark 2.2. (i) Conjecture implies in particular that the G(Fj)-representation
Homg (0¥, S(VV,F)[m*]) is of finite length with all constituents of multiplicity d
(under assumptions (i) to (iii) on 7), which is already far from being known in general.
See however below for nontrivial evidence in the case of GLo. It also implies that
Homg. (0¥, S(V,F)[m*]) has a central character, but this is known (at least under
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some extra assumptions), see Lemma [2.11]

(ii) When Ff is unramified and 7; is as in (iii) above, Conjecture [2.1| of course implies
(and is in fact much stronger than) Conjecture

(iii) Assuming that p is unramified in F'* and that 7 is generic as in (iii) above for
all w|p, an even stronger conjecture would be as follows.

Conjecture 2.3. For U? C H(ALY) such that S(UP,F)[m*] # 0 (where ¥ contains
the set of places of F'™ that split in F' and divide pN, or at which UP is not unramified,
or at which 7 ramifies, and where S(UP,F)[m*] is defined as in replacing U"
by UP) and for any w|w in F with w|p, there is an integer d € Z~o depending only on
p, UP and T and admissible smooth representations Ilg of G(Fy) over F, where Il is
compatible with one (equivalently any) good conjugate of T such that

S(UP, F)[m*] = <® (s ® (W™ o det)))®d.

wlp

As in §2.1.3] we prove that Conjecture holds for o if and only if it holds for
0¢ (we do not need here extra assumptions). We start with two formal lemmas. We
use the previous notation and denote by wy € W the unique element with maximal
length.

Lemma 2.4. Let p: Gal(Q,/K) — P5(F) C P5(F) € G(F) be a good conjugate as in
. Then the continuous homomorphism Gal(Q,/K) — G(F) = GL,(F) defined
by

gr— on(P(Q))ilwo (2.92)

is a good conjugate of the dual of the representation associated to p.

Proof. Denote by “°P; the standard parabolic subgroup of G with set of simple roots
—wo(S(P5)) C S. Using that W (“°P5) = woW (P5)wy, one checks that —wy(X5) C R
is a closed subset relative to “°P; (Definition [2.54) and thus corresponds to a Zariski-

closed algebraic subgroup “’0155 < woM pﬁwoN_wO(Xﬁ) of “P; (Lemma [2.57). De-

note by wo7(p) 'wy the homomorphism ([2.92)), its associated representation is the

dual of the representation associated to p. Moreover one has Py ;p)-1w, = “°Fp
and Xpuor@)-twoh—t = —Wo(Xugr(h)twopwor(h)yw,) for any h € “°Ps(F) (note that
wor(h)"wy € P5(F)). The result follows from Definition [2.63] O

As in §2.1.3) if 7 is a smooth representation of G(K') over F we denote by 7* the
smooth representation of G(K) with the same underlying vector space as m but where
g € G(K) = GL,(K) acts by 7(g)~".
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Lemma 2.5. Let p : Gal(Q,/K) — G(F) be a continuous homomorphism such that
7% has distinct irreducible constituents and the ratio of any two irreducible con-
stituents of dimension 1 is not in {w,w™'}. Let I be a smooth representation of
G(K) over F. Then 11 is compatible with one (equivalently any by Proposition
good conjugate of p if and only if II* is compatible with one (ibid.) good conjugate of
p¥ @ w1t (denoting by p¥ the dual of the representation associated to p).

Proof. We use the notation in the proof of Lemma 2.4 Assuming 7 is a good conju-
gate, it is enough to show that if II is compatible with p, then IT* is compatible with
woT(p) two@w™ L. If Ris a (finite-dimensional) algebraic representation of G&1(5/Qr)
over IF, let R* be the algebraic representation where g € GS(5/@) acts by 7(g)~* (in-
verse transpose on each factor). Then one checks that I ~1% (det~ (1) BIKQp],
Let @ be a bijection as in Definition and define ®* from the set of subquo-
tients I of TI* (where II' is a subquotient of IT) to the set of good subquotients of
f®](w013?)ca1(x/@p) as follows: ®*(IT"*) is the algebraic representation of (“0P;)G2I(K/Q)
given by &*(I1™)(g) = ®(IT')(wer(g) 'wp)det(g)" " for g € (“oP;)G /%) (with ob-
vious notation). We leave to the reader the tedious but formal task to check that ®*

satisfies all conditions of Definitions m and [2.81| with “0P; and wor(p) 'wy @ W™
instead of P and p using (for @) any standard parabohc subgroup of G):

X 1 4G(K
<IndQ (Mm@ ® wd)) o~ Ind(w(OQ))_(K) (md" @ -+ @ m")
and Lemma [2.12] O

Proposition 2.6. Conjecture holds for v if and only if it holds for v°.

Proof. This follows from Lemma [2.5 together with 75c & 7Y ® w!™", Remark [2.82(iv)
and an easy computation.

There is an obvious analogous statement with Conjecture [2.3]instead of Conjecture

21

Remark 2.7. Let m be an admissible smooth representation of G(K) over F with
a central character. In [Koh17, Cor.3.15], Kohlhaase associates higher smooth duals
Si(r), i > 0 to ™ which are also admissible (smooth) representations of G(K) over
F with a central character. In view of the results when n = 2 (see condition (iii) in
below and [HW22, Thm.8.2]), it is natural to expect that, when K = Fj; and
IT; is as in Conjecture [2.1, we have S*(IT;) # 0 if and only if i = ip = [K : Q)] "("71)
and that S (I;) is compatlble with (a good conjugate of) 7Y ® w" ! (when n = 2
this is indeed consistent with loc.cit. since Ty = 7y @ det(75)~1). It is also natural to
ask if we have S%(Il;) = II% (see Lemma [2.5).
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From the results of [BH15| §4.4] and [Enn], we can at least give some very weak
evidence for Conjecture 2.1, more precisely for the stronger Conjecture 2.3)in Remark
m(iii), when p is totally split in F'™ and 74 is upper-triangular sufficiently generic
for all w|p in F'*.

If I is an admissible smooth representation of G(K) over F, we denote by I1°"¢ C TI
the maximal G(K)-subrepresentation such that all its irreducible constituents are iso-
morphic to irreducible subquotients of principal series of G(K') over F. The following
lemma is not difficult using Proposition m [BH15, Thm.2.2.4] and the results of
[BH15. §3.3], [BHI5, §3.4] (the proof is left to the reader).

Lemma 2.8. Assume K = Q, and let p : Gal(Q,/Q,) — B(F) C G(F) be generic
(as at the beginning of and a good conjugate (as in Definition[2.65). Let II be
compatible with o (as in Definition [2.81). Then TI°"! 2 T1(p)™, where T1(5)*¢ is the
representation of G(Q,) over F defined in [BHI5, §3.4].

Note that one can explicitly determine Vg (I1(7)™) inside L% (p), see [Breld, §9).

We let S, be the set of places of F'™ dividing p. Recall that an injection between
two representations of a group is called essential if it induces an isomorphism on the
respective socles.

Theorem 2.9 ([Enn]). Assume that F/F* is unramified at finite places, that H is
defined over Op+ with H Xo,_, F* quasi-split at finite places of F*, and that p is
totally split in F. Assume that T : Gal(F/F) — GL,(F) satisfies assumptions Al
to A6 of [Ennl, §3.1], let vy be a finite place of F* as in [Enn, Lemma 3.1.2] and
Y = S, U{v}. Choose vilvy in F and let UP = [y, Uy € H(ARF) such that
Uy = H(Op+) if w splits in F', U, is mazimal hyperspecial in H(F;) if w is inert
in F' and 15 (Uy,) is the Iwahori subgroup of GL,(F;;). Then for any w|w in F' and
any good conjugates Ty (where w € Sy), we have an essential injection of admissible
smooth representations of [, H(F,}) over F:

Pn!
(® (H(?w)Ord Qw" o det)> — S(UP,F) [mz]ord’
wlp
where S(UP,F)m*]od C S(UP,F)[m*] is defined as 11°¢ C II above replacing G(K)
by lepH<Fw+)-

Proof. This follows from [Enn, Thm.3.3.3] (which itself improves [BH15, Thm.4.4.7])

and its proof (see just before [Enn, Lemma 3.2.1] for the n!). O

Remark 2.10. The cokernel of the injection in Theorem [2.9]is an admissible smooth
representation of I, H(F,) over F, and its II,, H ([, )-socle is by construction a
direct sum of finitely many irreducible subquotients of principal series. If we could
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prove that all these irreducible subquotients are irreducible principal series which do
not appear in the [[,,, H (F,})-socle of ®,,,(I1(T5) " @w" ' odet), then it would follow
from the mod p version of [Haul9, Cor.1.4] that the essential injection in Theorem
[2.9]is an isomorphism.
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3 The case of GLy(Q,s)

We give evidence for Conjecture and Conjecture when Ff is unramified and
G = GL;. We now assume K = Q,s and n = 2 till the end. We fix an embedding

o : F,r = F, — F and let o; & 5y 0 @' for o the arithmetic Frobenius and i > 0.

3.1 (¢,O0x)-modules and (p,I')-modules

We associate étale (¢, O )-modules to certain admissible smooth representations of
GL2(K) over F and relate them to the étale (¢, I')-modules of §2.1.1}

We assume p > 2. We let I = ( Ok OK) be the Iwahori subgroup of GLy(Ok),

pOx (9;;
def [ 14pO O : def [ 14pO o
K, = ( ;é’)KK lﬁpgK) the pro-p radical of GLy(Ok), I} = ( ;gKK 1+pIéK) the pro-p
. def — def 1 0 def 1+pO 0
radical of I, No = (§ 9% )C I, Ny = (,8,9)C L and Ty = (740¢ | 0 ) I,

We denote by Z; the center of I;. If C'is a pro-p group then F[C] denotes its Iwasawa
algebra over I, which is a local ring, and m¢ the maximal ideal of F[C]. If R (resp.
M) is a filtered ring (resp. filtered module) in the sense of [LvO96l §I.2], we denote
by F,R (resp. F,,M) for n € Z its ascending filtration and gr(R) = @pezFuR/Fy 1R
(resp. with M) the associated graded ring (resp. module). When R = F[C], we set
F,R % mzp" if n <0 and F,R “ Rifn > 0. If M is an R-module, the filtration
defined by F,M = my"M if n < 0 and F,M = M if n > 0 is called the mg-adic
filtration on M.

3.1.1 The ring A

We describe some properties of a complete noetherian ring A which will be a coefficient
ring for some multivariable (¢, O )-modules and (¢, O )-modules.

Let vy, be the my,-adic valuation on the ring F[Ny] defined by the my,-adic
filtration (i.e. F,,F[No] = {z € F[No] : vn,(x) > —n} for n € Z). We use the same
notation to denote the unique extension of vy, to a valuation of the fraction field of
F[No]. For i € {0,...,f — 1} let

e _pt ]. &
Y;- def Z O'O(a) p (O 1) € mNO\m?VD (31)

a€cFy
(where @ € O} denotes the Teichmiiller lift of a) and write y; = gr(Y;) for the image

of V; in my,/m%, C gr(F[No]). Then F[No] is isomorphic to the power series ring
F[Yo,...,Ys_1] and gr(F[No]) to the polynomial algebra Flyo,...,ys—1]. Let S be
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the multiplicative subset of F[Ny] whose elements are the (Yy---Yy_1)" for n > 0,
F[Ny]s the corresponding localization and F,F[No]s = {z € F[No]s : vn,(z) > —n}.
We define the ring A as the completion of the filtered ring F[Ny]s ([LvO96, §1.3.4]).
Note that vy, extends to A, which is thus a complete filtered ring. As A is complete,
an element x € A is invertible in A if and only if gr(z) is invertible in gr(A) (as is

easily checked, here gr(z) is the “principal part” of x as in [LvO96l §1.4.2]).

Let M be a filtered F[Ny]-module. The tensor product A ®gpn,y M is then a
filtered A-module for the tensor product filtration as defined in [LvO96, p.57]. We
let A@F[[NO]]M be its completion. This filtered A-module can also be described as
the completion of the localization Mg endowed with the tensor product filtration
associated to the isomorphism Mg = F[Ny|s ®rpn,g M.

Lemma 3.1. We have an isomorphism
gr(ABepg M) = gr(Ms) = gr(M)[(go -+ yy-1) ). (3:2)

Proof. As A@F[[NO]]M is the completion of Mg, it is sufficient to prove that gr(Mg) =
gr(M)[(yo---ys—1)"']. Note that we have an isomorphism of F[Ny[-algebrasF[No]s =
FINoJT]/((Yo---Ys—1)T — 1). Moreover if we endow the ring F[N,]|[7] with the
filtration
kf—n
F(FINoJ[T)) = Y mi{ " T*
k>0

(with the convention my, = F[No] for i < 0), the filtration on F[No]s is the quotient
filtration via F[No][T] — F[No]s. Therefore the filtration on Mg is the quotient
filtration of the tensor product filtration on M [T = F[No][T] @pne M-

As the filtered F[Ng]-module F[Ny][T] is filtered-free by definition (see [LvO96,
Def.1.6.1]), it follows from |[LvO96, Lemma 1.6.14] that gr(M[1]) = gr(M)[T] with
deg(T) = f. We claim that the following sequence of filtered modules is strict exact:

(Yo Yy_1)T—1
e

MIT] MIT] — Mg — 0.

Namely the exactness of the second arrow follows from the definition of the quotient
filtration. As (Yp---Y;_1)T and 1 have degree 0 in F[Ny][T], the multiplication by
(Yo---Yr_1)T — 1 induces the multiplication by (yo---ys—1)T — 1 on gr(M[T]) =
gr(M)[T] which is injective. It follows from [LvO96, Thm.I.4.2.4(2)] (applied with
L=0,M=N=M[T], f =0 and g being the multiplication by (Yy---Y;_1)T — 1)
that the multiplication by (Yy---Yy_1)T — 1 is a strict map.

It then follows from |[LvO96, Thm.I.4.2.4(1)] that the following sequence is exact:

gr(M[T]) LT o (MT)) — gr(Ms) — 0. (3.3)
Finally, since gr(M|[T]) = gr(M)[T], we have gr(Mg) = gr(M)[(yo - - ys-1)"]. O
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Corollary 3.2. We have an isomorphism gr(A) = Flyo, ..., ys-1, (Yo yp-1)"']. As
a consequence the ring A is a regular domain, i.e. a noetherian domain which has a
finite global dimension ([Ser00, §IV.D]).

Proof. The first sentence is a direct consequence of Lemma applied with M =
F[No]. This implies that the ring gr(A) is a noetherian domain. Then the noetheri-
anity of A follows from [LvO96, Thm.I.5.7] applied to the ideals of A, and the fact
that A is a domain follows easily from gr(z)gr(y) = gr(zy) if z,y € A\{0} (us-
ing gr(z) gr(y) # 0). As gr(A) is a regular commutative ring, it follows from [Lv0O96,
Thm.I11.2.2.5] that A is an Auslander regular ring (note that A is Zariskian by [LvO96,
Prop.11.2.2.1]) and a fortiori has finite global dimension ([LvO96, Def.I11.2.1.7]). O

Remark 3.3. (i) The ring A can also be defined as the microlocalization of F[Ny]
along the set {(yo---ys—1)",n > 0} C gr(F[No]) (see [LvO96, Cor.IV.1.20]). This
shows that the ring A does not depend on our choice of elements Y; but rather on the
elements ;.

(ii) If M is a filtered F[Ng]-module, the filtration on Mg is given explicitly by the
following formula:

Fo(Ms) =Y (Yo Ys1)"Fogy(M), nel.

k>0
As (Yo Yq)"Fo (M) C Fy_pp(M) for all n € Z and m € N, we have
(Yo Yya) Py (M) © (Yo -+ Yyo1) ™ Fu sy (M)
so that F,(Mg) can also be described as the increasing union

Fo(Ms) = |J (Yo Y1) " Fooig(M).

k>0

Note that the filtration on Mg is not necessarily separated even if the filtration on
M is separated.
(iii) The ring A can also be defined as the set of series

Py
A= —  Pie(Yo,....Y; )M ny >0, d >0
{ Z (Yb"-Yf,l)”d’ i € (Yo, L f 1) , g >0, d+ fng > ,

d>—o0
equivalently, A is the set of infinite sums of monomials in the Y; with F-coefficients

such that the total degree of the monomials tends to +oo.

Let n > 0 be an integer and let Né’n C Ny be the subgroup of p"-th powers (which
is p"Ok under the identification Ny & Oy). Let SP" be the set of p"-th powers
of S and let AP" be the completion of F[N§ ]gp for the filtration coming from the
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valuation 1}1\;0|]F[an]1 = p"v,m. As the saturation of S?" (see [LvO96, §IV.1]) contains
0 0
S, we have by [LvO96, Cor.IV.1.20]

F[Nols = F[Nolgw = FINE s @pyerg FINo]- (3.4)

FIN?
It is easy to check that F[No] is a filtered free F[ Ny "J-module with respect to the basis
(Yyo - - Y o<i;<pr 1. Hence, by [LvO96, Lemma 1.6.15] and || we conclude that

0<j<f-1
F[No]s is a filtered free F [[Ng”]] grn-module with respect to the same basis, and thus
by [LvO96, Lemma 1.6.13(3)] that A is a filtered free AP"-module with respect to the
same basis again. Moreover, by [LvO96, Lemma 1.6.14], we have an isomorphism of
graded modules

(e

gr(A) = gr(A”) Dr (FINZ"]) gr(F[No])- (3.5)

Note that the p"-power Frobenius map = — z”" induces an isomorphism of fil-
tered rings (F[No]s, vn,) — (F[NVG ]]Spn,ngn) and thus; as ’UNO|]FHNgn]] = p"vyr, an
isomorphism of topological rings (F[No]s, vn,) — (F[NE e, v, |]F[[an]]). It induces

0
an isomorphism of complete topological rings A —+ AP" such that the composite map

A =5 AP" < A is the p"-power Frobenius. This implies that the image of A?" in A
is the subring of p"-th powers of A.

The group Oj acts on the group Ny via a - (}?) = (3 %) and thus on F[Ng],
preserving the valuation vy, and hence the filtration. This induces an action of O
on the graded ring gr(IF[Ny]), where it is immediately checked that 1 + pOyk acts
trivially. Moreover if a € F* and 0 <@ < f — 1, we have @ - y; = 04(a)y;.

Lemma 3.4. There is a unique continuous action of O on the ring A extending the
action of O on F[No].

Proof. As Oj; acts by ring endomorphisms on F[Ny] and as F[Ny]s is dense in A,
the uniqueness is clear.

For the existence, let a € OF and consider the composition F[Ny] = F[No] € A
which extends to a ring homomorphism F[Ny]s — A since the elements of a(S)
are invertible in A (because they are invertible in gr(A) as gr(a(S)) = gr(S)). The
precomposition of the valuation vy, on A with this map is a valuation on F[Ny] s which
coincides with vy, on F[Ny] since the multiplication by a preserves the valuation on
F[No]. Therefore the map F[Ny]s — A is isometric and extends to a filtered ring
homomorphism A — A ([LvO96, Thm.I.3.4.5]). This defines an action of O on
A. O

We recall that ¢ is the cocharacter x — (29) of GLs. The conjugation by the
matrix £(p) in GLo(K') induces a group endomorphism of Ny and a continuous endo-

morphism ¢ of F[No]. We have ¢(Y;) = Y}”; for 1 <7 < f —1 and ¢(Yp) = Y7 ;.
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This implies that ¢ is the composite of the (relative) Frobenius endomorphism with
a permutation of the variables Y;. It follows that ¢ extends to a continuous injective
endomorphism of the ring A with image AP. More generally, for n > 0, the subring
AP" is the image of ¢".

Proposition 3.5. Let H C O be an open subgroup and let a C A be an ideal of A
which is H-stable. Then a is controlled by AP, which means

a=A(an AP).

Proof. As H is open in O it contains a subgroup of the form 1+ p™ O for m > 1
so that we can assume that H =1+ p"Ok.

The proof follows closely the strategy of [AWQ9].

We note that the pair (A, AP) is a Frobenius pair in the sense of [AW09, Def.2.1]
(to see this use [AWZ08, Prop.6.6] applied to G = N together with [AW09, Lemma
2.2.(a)] and Remark (1)) We endow AP with the filtration F,A? = AP N F,A
induced by the filtration of A.

Let F' = a/A(an AP). Endow A(an AP) and a with the filtration induced by
A, and F with the quotient filtration. Then by [LvO96, Rk.1.5.2(2)] and [LvO96,
Cor.1.5.5(1)] all these filtrations are good in the sense of [LvO96, Def.I1.5.1]. Moreover
a and A(a N AP) are complete filtered A-modules by [LvO96, Cor.1.6.3(2))] and thus
so is F' by [LvO96l, Prop.1.3.15].

We want to prove that F' = 0. Assume for a contradiction that F' # 0, or
equivalently gr(F') # 0 by [LvO96, Prop.I.4.2(1)].

Let T' = H = 1+ p™Og (this not the I' of the (¢, T')-modules!). This is a uniform
pro-p-group. Note that the action of I' on Ny is uniform in the sense of [AWQ9, §4.1].
In the notation of [AWQ9, §4.2], we have Ly, = Ok, g = F, and the action of F, on
Ly, /pLy, is given by the multiplication in F,.

Let P be a (homogeneous) prime ideal in the support of the gr(A)-module gr(F)
(which exists since gr(F') # 0).

Let x € F)¥ and v, = exp(p™[z]) € Aut(Ny) — End(A). Tt follows from [AWQY,
Prop.4.4] and [AW09, Prop.3.2(a)| that the family

o 2
a(r) = (Yo, 7200, )

is a source of derivations of (A, AP) in the sense of [AW09, Def.3.2]. Let Tp C
gr(A) be the set of homogeneous elements of gr(A) which are not in P and let

T}(Dp) = Tp N gr(AP). Tt follows again from [AW09, Prop.3.2(a)] that a(x) induces on
(Qrp(A), Q. (AP)) a source of derivations ar, (), where Qr,(A) (resp. Q m (AP))
P P
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is the microlocalization of A (resp. AP) with respect to Tp (resp. Tl(;p )). Let S &<
{a(x),r € F)} and Sp = Hap, (z),x € Fx}.

As a is -invariant, a is also S-invariant, i.e. for all z € F; and r > 0, we have
Y"a C a. Then ap = Qp,(a) = Qr,(A) ®4 a ([LvO96, Cor.IV.1.18(2)], though here
everything is simpler as all rings are commutative) is an ideal of Qr,(A) which is
Sp-invariant.

Let Py = P N gr(F[No]) (inside gr(A)). We prove that P, contains Ly, /pLy,,
where the latter is seen in gr_; (F[Ng]) (recall Ly, = Np). Assume this is not true.
Let J < gr(ap) = gr(a)p (JAWZ0S, Lemma 4.4]), which is a graded ideal of the
localization gr(A)p of gr(A) with respect to the set of homogeneous elements which
are not in P, and let Y € gr(A)p such that Y € J57 (see [AWQ9, Def.3.4] for the
definition of J57). Noticing that gr(A)p = gr(F[No])r, and that Ly,/pLy, is a 1-
dimensional F,-vector space, we can apply [AW09, Prop.4.3] (together with [AW09,
Prop.4.4(c)]) to the graded prime ideal Py of B = gr(F[Ny]) and the graded ideal J
of gr(F[No])p,- We deduce Dp(Y) C J (see [AW(9, §4.3] for the definition of Dp).
It follows from |[AWOQ9, Thm.3.5] applied to the Frobenius pair (Qr,(A), QT}?) (AP))

and the ideal ap that ap is controlled by Q. (A?). Then [AW09, Lemma 2.3] shows
P
that gr(F)p = 0. This is a contradiction.

As Ly, /pLy, generates the F-vector space gr_,(F[No]) = &/ Fy;, it follows that
y; € Pforall 0 <i < f—1 and then that gr(4) = P. This is a contradiction so that
F=0ie a=A(an AP). O

Lemma 3.6. Let a C A be a proper ideal of A. Then N,>o(A(a N AP")) = 0. In
particular, if p(a) C a we have Np>oA¢"(a) = 0.

Proof. Let a, = A(an A”"). We endow a N A”" with the induced filtration of AP" (or
equivalently A). As A is a finite free AP"-module, we have a,, & A® 4» (aN AP"). We
endow this A-module with the tensor product filtration. Since A is a filtered free A?"-
module, it follows from [LvO96], Lemma 1.6.14] that gr(a,) = gr(A)®garmgr(anA?”).
Since gr(A) is a finite free gr(A”" )-module, the natural map gr(a,,) — gr(A) is injective
(and the filtration on a,, is in fact the one induced from A). Moreover from we
deduce

gr(a,) = gr(F[No]) ®gr(]F[[N§"]]) gr(an Apn)‘ (3.6)

Assume that a # A. Then as both a and A are complete and the injection
a — A is strict, it follows as for the A-module F' in the proof of Proposition that
gr(A/a) # 0 (with the quotient filtration on A/a), hence by [LvO96, Thm.I.4.4(1)]

that gr(a) # gr(A), and a fortiori gr(a,) # gr(A).
Using (3.6) and the fact gr(F[No]) = Flyo,...,ys—1] is free of finite rank over
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gr(FINE']) 2 Flyh, . .. ,y?il], we have inside gr(A) that

gr(a,) N @ (FIN]) = ar(FNo]) ©, epenyy (a0 A7) Nx(FING'). (3.7)

The ideal gr(a,) N gr(F[Ng]) is therefore generated by homogeneous elements of
gr(F[No]) which are of degree < —p™ since homogeneous elements of F [yg”, o ,y?il]
of degree zero are invertible and gr(a,) does not contain invertible elements (as
gr(a,,) # gr(A)). We conclude that

gr(an) Ngr(F[No]) S Fopr (gr(F[No]))-

Consequently (recall N, @, has the induced filtration from A)

gr (N an) NerEINo]) € ) (gr(an) N r(FNo])) = 0. (38)

n>0 n>0

As gr(Ny>0a,) is an ideal in gr(A) = Flyo, ..., ys—1, (Yo - yr—1)""], it follows from
(3-8) that we must have gr(M,>o@,) = 0, and hence that ,>oa, = 0 by [Lv096]
Prop.1.4.2(1)]. O

Corollary 3.7. Let H C O be an open subgroup. The only ideals of A which are
H-stable are 0 and A.

Proof. Let a be such an ideal and assume that a # A. It follows from Proposition [3.5
applied recursively with A, AP, etc. that a = A(an AP") for all n > 0. Then Lemma
3.0/ implies a = 0. ]

If H is an open subgroup of Of, an H-module over A is a finitely generated
A-module with a semilinear action of H.

Proposition 3.8. Let H be an open subgroup of Ok and let M be an H-module over
A. Then M is a finite projective A-module.

Proof. (We thank Gabriel Dospinescu for suggesting the following proof which is
shorter than our original one.) Let M be an H-module. For k > —1 let Fitg(M) be
the k-th Fitting ideal (see for example [Stal9, Def.07Z9]). As M is a finitely generated
A-module, it follows from [Stal9l Lemma 07ZA] that there exists some 7 > 0 such that
Fit, (M) # 0. Let r > 0 be the smallest integer such that Fit,(M) # 0. Let v € H.
It follows easily from the definition of Fit,(M) that Fity(M ®4, A) = y(Fit,(M)) as
ideals of A. The action of v on M induces an A-linear isomorphism M ®4., A = M,
showing that v(Fitg(M)) = Fit,(M). It follows then from Corollary [3.7) that all the
ideals Fity(M) are zero or A. Therefore we have Fit,_y(M) = 0 and Fit,. (M) = A
and we deduce from [Stal9, Lemma 07ZD] that M is projective of rank r. [
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We record one more useful consequence of Corollary [3.7]

Corollary 3.9. Let H be an open subgroup of OF. We have A% =T, i.e. the H-
invariants in A are given by F.

Proof. If x € A then xA is an H-stable ideal of A. It follows that x = 0 or € A*
by Corollary i.e. AM is a field. Therefore, the composition A7 — A 5 F((T)) is
injective. But tr is also ZX-equivariant, so A? injects into F((7))% and it suffices
to show that F((T)" = F for any open subgroup M C ZY. As the ZX-action is
F-linear, there is no loss in assuming that F = F,. To see that F,(T))" = F,, recall

that the Z -action on IF,((T) is given by interpreting F,((7") as the field of norms of

Q1) /Q, (with Galois group ZX). Let Lo = Qp(pp)™, which is a finite totally
ramified extension of Q,. Thus every x € F,(X))™ is given by a norm-compatible
system of elements x;, € Ly, L running through finite subextensions of Q,( sty )/Lo.
In particular, if x is nonzero, then xy, is p-divisible in Ly, so xy, € [F)]. As x is then
determined by xp(,,), we deduce the claim. O

3.1.2 Multivariable (¢, O )-modules

We define a functor from a certain abelian category of admissible smooth represen-
tations of GLy(K) over F to a category of multivariable (¢, O )-modules.

Let R be a noetherian commutative ring of characteristic p endowed with an
injective ring endomorphism Fr such that R is a finite free Fg(R)-module. If M is

def

an R-module, we define Fj;(M) = R ®p, r M. Examples of such pairs (R, F) are
given by (F[No], ¢) and (4, 6) in .11

A tp-module over R is a pair (M, ), where M is an R-module and /5 is an R-
linear homomorphism M — Fj;(M). When R is a regular ring, Fy is the Frobenius

endomorphism of R and (3 is an isomorphism, we recover the notion of Fr-module of
[Lyu97, Def.1.1]. We say that a ¢-module (M, () is étale if [ is injective.

If (M, B) is a v-module, the exact functor F; gives us, for each n > 0, an R-linear
map (F3)"(B) : (Fp)"(M) — (F)" (M) and we can define

B = (Frp)" "1 (B) oo (Fp)(B) o B+ M — (Fp)"(M).

The inductive limit of the system ((Fg)"(M),(F5;)™(8)), gives rise to a i-module
(M, B) with 8 an isomorphism. Then (M, 3) generates (M, () in the sense of [Lyu97,
Def.1.9]. Let M be the image of M in M and M° the kernel of M — M¢®. The map
S induces a structure of 1-module on M° and M® and M® is an étale 1-module.
The y-module M is called the étale part of M and MP° the nilpotent part of M. We
note that (M, 3) and (M®, 3%) generate the same Fr-module and (M, 3°) generates
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the trivial Fr-module whose underlying module is zero. Note that the constructions
(M, 3) = (M, 3%) and (M, 8) — (M°, %) are functorial in (M, 3) and that, if 3 is
injective, we have M° = 0. This implies that if f: (M, ) — (M',8') is a morphism
of ¢-modules with (M’, 3') étale, then f factors through M®.

We are mainly interested in ¢-modules with extra structures, which we call
(¢, Of)-modules over A. If M is a finitely generated A-module, we always endow it
with the topology defined by any good filtration (note that good filtrations generate
the same topologies, cf. [LvO96l Lemma 1.5.3]). It is also the quotient topology given
by any surjection A% — M (as follows from [LvO96, Rk.1.5.2(2)]), and we call it
the canonical topology on M. The group O acts continuously on A and this action
commutes with the endomorphism ¢. If M is an A-module which is endowed with an
action of O, we consider the diagonal action on ¢*(M), which is well defined since
¢ commutes with Oj.

Definition 3.10. A (¢, O%)-module over A is a 1-module (M, 3) over A such that M
is a finitely generated A-module with a continuous semilinear action of O such that (
is Ox-equivariant (here, continuity means that the map O x M — M is continuous).
We say that a (¢, O)-module over A is étale if the underlying ¢-module over A is.

We remark that if (M, ) is a (¢, Ox)-module, then M is an Ox-module and is
therefore finite projective as an A-module by Proposition [3.8]

Proposition 3.11. Let (M, ) be an étale (¢, Ox)-module over A. Then B is an
isomorphism.

Proof. We note that the two A-modules M and ¢*(M) = A ®4 4 M have the same
generic rank. As (3 is an injective A-linear map between two finitely generated modules
of the same generic rank over a noetherian domain, its cokernel is torsion. This
cokernel is then an Ox-module which is moreover torsion as an A-module, it follows
from Proposition that it is zero and [ is an isomorphism. O]

We now define a functor from certain representations of GLy(K) over F to (¢, O )-
modules over A.

Let m be an admissible smooth representation of GLy(K) over F. Its (F-linear)
dual 7 is then a finitely generated F[[/;]-module. We fix a good filtration on 7v. As
above, we endow A®ppn, 7" with the tensor product filtration and define the filtered
A-module

—

Da(m) & ARppngm” = (1V)s. (3.9)

Note that the action of F[Ny] on ¥ is given by 8,(f) = foa™' for f € 7V, a € Ny. As
all the good filtrations on 7" are equivalent ([LvO96, Lemma I1.5.3]), the underlying
topological A-module does not depend on the choice of the good filtration on 7.
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An example of a good filtration on 7V is given by the m; -adic filtration, as follows
directly from the definition. It is very important to note that the topology used on
7V is not the my,-adic topology but the my,-adic topology, which is actually coarser.

Proposition 3.12. The functor m — D () is exact.

Proof. Let 0 — 7’ — © — 7©” — 0 be an exact sequence of admissible smooth
representations of GLo(K') over F. The sequence 0 — (7)Y — 7¥ — (7)Y — 0 is still
exact. We endowed 7V with a good filtration, (7') with the quotient filtration and
(7)Y with the induced filtration (which are again good by e.g. [LvO96, Prop.11.1.2.3]).
With these choices, the exact sequence remains exact after applying the functor gr
(see for example [LvO96, Thm.1.4.2.4(1)]). It follows from Lemma [3.1 from the

exactness of localization and from [LvO96, Thm.I.4.2.4(2)]) that the sequence 0 —
(") = (7¥)g — (7')§ — 0 is exact and strict. The exactness of 0 — Dy(n") —
Ds(m) = Da(n") — 0 then follows from [LvO96, Thm.I.3.4.13]. O

We define a continuous action of O on 7" as follows, for f € 7V, v € Of we

oo 21 ((7y ) vren

As O normalizes I, the action of O on 7" is continuous for the my,-adic topology.
We use the continuous action of O on A to extend this action diagonally to A ®gpag]
7 and, by continuity, to D4 (7). The action of O is continuous and A-semilinear
in the sense that

v-(af)=(y-a)y-f) V(.0 f) € Ok x Ax Da(r).
We define an F-linear endomorphism 1 of ¥ by the formula
(@) = fEp)r) V(f,z)en’ xm (3.10)

This endomorphism is continuous, clearly commutes with the action of O and sat-
isfies the relation

for all a € F[Ny], f € 7.

Lemma 3.13. Let M be some F[Ny]-module and let ¢ be an F-linear endomorphism
of M satisfying the relation

Y(p(a)m) = ap(m) VY (a,m) € F[Ny] x M.
Then for all integers n > 0, we have
R Vo RaRutaes VA
As a consequence, forn > pf — (f — 1), we have

n ro-f
Y(my, M) Cmy " M.
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Proof. For n = 0, the result follows from the fact that, if Y;° - Yfifll € m%)_(f_l),
there exists some 0 < j < f — 1 such that 7; > p. Then, for all m € M, we have

GG Y m) = Vi (Y YT Y m) € my M.
The general statement follows from a simple induction on n.
For the last statement, we choose m such that
pm+pf—(f=1)<n<pm+1)+pf—(f-1)
and we use the first statement to deduce that

p(my M) C om0 C i Cme ' 0

We extend ¢ to an F-linear map (7¥)g — (7¥)g (recall (7¥)s = F[No]s Qrpngy 1)

by the formula
m _ Y(m)
v ((Y()'--Yf_l)lm> ~ (Yoo Yyy)" (3.11)

for all m € ¥ and n > 0. Each element of (7¥)g can be written as (Yy---Yy_1)""m
for some m € 7 and n > 0, and it follows from the properties of ¥ on 7" that the
right-hand side of does not depend on this choice. For any element ¢ in I, we
denote by d, the corresponding element [g] in F[1;].

Lemma 3.14. The map ¢ : (7¥)s — (7V)g is continuous.

Proof. As all the good filtrations on 7" are equivalent, we choose the my,-adic filtra-
tion on 7" for this proof, i.e. F,m¥ = m;"7¥ for n < 0 and F,7¥ = 7¥ for n > 0.
From the proof of [BHHT23, Prop.5.3.3] we have an equality for n > 0:

n o __ s s t
mp = > My, M, My (3.12)
r,s,t>0
r4+2s+t=n

As &(p) commutes with each element in Ty, and &(p)~t (L 9)&(p) = (L9)P for any
(L9) e Ny, it is easily checked from the definition of ¢ and the F[I;]-action on 7"
that

w(dhdz : f) = 5h5217¢(f) (313)
for all h € Ty, z € Ny . In particular,

w(mSTOm’;VO_ ) C mjm
and it follows from Lemma that if r > pf — (f — 1) we have

T s t Y %Ff S DtV
¢(mNOmTOmN(;7r ) Cmy mpm - Cm

[L]+2s+pt—f [2ett]_y
P \Y P \Y
N n T Cmy T

(3.14)

If r<pf—(f—1), we need the following lemma.
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Lemma 3.15. Let M C w¥ be a closed F[N; ]-submodule. Then
U(F[No]my- M) S my, o (F[No[M).

As a consequence, for allt > 0, 1/)(F[[N0]]m§\,o—ﬁv) Cmy 7.

Proof. Note that m;, x F[Ny]] x M is compact, as M is closed, hence so is the image
my, Y(F[No] M) of the continuous map my;, X F[No] x M — ¥, (a,b,m) — ap(bm).
As my- is generated as a right F[Ny J-module by the ¢, — 1 for y € Ny and as v is
continuous on 7", it is thus sufficient to prove that, for y € Ny, x € Ny and m € M,
we have 9(6,(0, — 1)m) € myY(F[No]M). As Ny C K, K is normalized by N,
and K7 = NJTyN, , we can write xy = xityy1x with (x1,t1,91) € No x Ty x Nj .
Therefore
w<5az(5y - 1)m> = ¢(5x{5t15y15xm) - w<5:1:m)

= thlyfw(éitm) - ¢(5$m) = (5$1t1y:f - 1)¢(5Q?m>

C mp ¢ (F[No] M).
For the second statement, inductively apply the first to M = m’;_lﬂv, M = mi\;_ng,

0 0

etc. [

When r <pf—(f—1)=(p—-1)f+1, wehave 2s +t >r+2s+t—(p—1)f so
that, using Lemma [3.15] and the fact that Ty normalizes Ny, we obtain

(i, mpmh ) © mi G (F[NoJmly_m*) € mp Y C mpf 207y (3.15)

We deduce from (3.11)), (3.14) and (3.15) that, for alln € Z, r >0, s >0, ¢t > 0 and
k > 0 such that r +2s +t > pf, we have

1 r s t \Y 1 [T+2p73+t]_f V;
(0 ((Yo : ”Yf_l)pkmNomTom ) C— " m T

so that, for n > pf by (3.12]) we have

L n 1 21—
(i) € € B0

From Remark [3.3](ii), we know that, for n € Z, F,((rV)s) is the increasing union over
k > max{0, -} of the subspaces

1 —n+pkf v
(Yb...yf_l)pkmh T

hence we deduce for all n € Z that

VE()s) € U Fipp e (7)s) © Frypz)((7)s)-
kZmax{O,ﬁ}

This proves the continuity of . n
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We can therefore extend v to a continuous F-linear map v : D(7) — Da(m) such
that

Y(pla)ym) = app(m) V (a,m) € Ax 7.

We fix {ag,...,a,-1} a system of representatives of the cosets of Nj = pOg
in Ny = Ok, so that F[No] = @, 0, F[NE]. As ¢(F[Ny]) = F[NJ] and A =

B!y 64,6(A), we have a canonical isomorphism for any A-module M:

q—1

¢* (M) = P(Fd,, @ M).

1=0

We define an F-linear map 5 : Da(w) — ¢*(Da(m)) = A®gp .4 Da(m) by

Da(m) — @, (Fé,, ®r Da(r))

mo o X b, @ 0(0,,'m) (3.16)

(we write x ®,4 y instead of just z ® y in order not to forget the map ¢ in the tensor
product).

Remark 3.16. The definition of the map [ does not depend on the choice of the
system {a;}, namely, replacing a; with a;b” for some b € Ny, we have

Sasr @ V(Sqrbpm) = Saw D Y(S(8) 185, m) = daw @45 65 (8, 'm)
= Gaw 0y’ @ V(6,1 m) = 84, ®g (0, m).

Using Remark , we easily check that [ is actually an A-linear map (note that
it is enough to check it for an element in 8, ¢(A) using A = @, 6,,¢(A), and thus
for 9,, and for an element in ¢(A)), hence B : Da(m) — ¢*(Da(w)) can be seen
as a “linearization” of ¢ : Da(w) — Da(mw). Moreover, letting O act diagonally on
A®y 4D 4(m), the map f is then O-equivariant. Indeed, for a € O and m € D (),
we have

—1 —1
a-pf(m)=a- (qz da; ®g @Z)(é;m)) = % da-a; D¢ Q- 1/1((5;1771)

A
q—1 q—1

= > Gaas @6 (@~ 0,'m) = 3 baa, D5 (0,0, (a - m))
= 6(& ’ m)7

the last equality coming from Remark and the fact that {a - ag,...,a-a,1} is
another system of representatives of N} in Nj.

<.
Il
=)
-
Il
=)

It is convenient to assume that the admissible smooth representation 7 has a
central character, in which case Z; acts trivially on 7 and 7" is a finitely generated
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F[I,/Z]-module. We recall from [BHH"23, §5.3] that the graded ring gr(F[I1/Z1])
of F[I,/Z1] is isomorphic to a tensor product of (noncommutative) graded rings

-1
& Flyi, zi, hil, (3.17)
i=0

where variables with different indices commute, where [y;, z;] = hi, [hi, yi] = [hi, 2] =

0, where vy;, z; are homogeneous of degree —1, and h; is homogeneous of degree
—2. Note that the my, 7 -adic topology on F[/;/Z;] induces the my,-adic topol-
ogy on F[Ny] via the inclusion F[Ny] C F[I;/Z;]. Therefore the map gr(F[No]) —
gr(F[11/Z1]) is injective and its image is Flyo, ..., ys—1] in gr(F[11/Z1]).

Remark 3.17. The A-module D4(7) can also be defined as the microlocalization of
7" with respect to the multiplicative subset T = {(yo - - ys_1)*, k € N} C gr(F[1,/Z1]).
This shows that D4 () can be promoted to a module over the noncommutative ring
which is the microlocalization of F[I;/Z;] with respect to T.

We now let C be the category of admissible smooth representations m of GLy(K)
over ' with a central character and such that there exists a good filtration on the
F[I,/Z]-module 7 such that gr(D4(7)) is a finitely generated gr(A)-module, or
equivalently by Lemma and Corollary gr(m)[(yo - - - yp—1)""] is finitely gener-
ated over gr(F[No])[(vo - --ys—1)"']. By [LvO96, Thm.I.5.7] this is also equivalent to
require that D4 (7) is finitely generated over A and that its natural filtration in ((3.9)
is good (equivalently gives the canonical topology). In particular, if this holds for one
good filtration on 7V, then this holds for all good filtrations. It easily follows from
the proof of Proposition and the noetherianity of gr(A) (Corollary that C is
an abelian subcategory stable under subquotients and extensions in the category of
smooth representations of GLy(K) over F with a central character.

For 7 in C, the pair (D4(nm),3) is an example of (¢, O)-module over A as in
Definition [3.10l We can in particular consider its étale part D4(7)%. The action
of O on D4(m) preserves its nilpotent part D4(7)° and thus induces a continuous
action of O on D(m)®. In particular, D(7)% is an étale (¢, O )-module over A.
Note that the canonical topology on the finitely generated A-module D 4(m) is also
the quotient topology of Da(m) — D4 ().

Corollary 3.18. Let m in C. Then the A-modules D () and Da(m)® are finite
projective over A. Moreover the map B% : D ()% — ¢*Da(m)® is an isomorphism.

Proof. This is a special case of Propositions and |3.11] O

Remark 3.19. If 1 is 1-dimensional (a character of GLy(K)), then D 4(7) = D4(m)% =
0.
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We give an important condition on an admissible smooth representation = (with

a central character) which ensures that 7 is in C. Let J be the following graded ideal
of gr(F[1,/71]):

J = (yizi, hi, 0 < i < f —1). (3.18)

From the definition of equivalent filtrations (see [Lv096, §1.3.2]), one easily sees (using
[LvO96, Lemma 1.5.3]) that if gr(7") is annihilated by some power of J for one good
filtration on 7, then it is so for all good filtrations (but note that the power of .J
which annihilates gr(7") may depend on the fixed good filtration).

Proposition 3.20. Assume that gr(m") is annihilated by some power of J. Then
the A-module D () is finite projective and the gr(A)-module gr(Da (7)) is finitely
generated.

Proof. As the hypothesis does not depend on the choice of the good filtration on
7, we are free to work with the m;, ,» -adic topology on V. Let us first prove that
gr(Da(m)) is a finitely generated gr(A)-module. It follows from the admissibility
of 7 and from the hypothesis that gr(7") is a finitely generated gr(F[I,/Z,])/J"-
module for some N > 1. Lemma then implies that gr(D4(m)) is a finitely gen-
erated (gr(F[L/Z1])/I™)(yo - - - ys—1) ']-module. It is therefore sufficient to prove
that (gr(F[L/Z1])/IN)(yo---ys—1)7"] is a finitely generated gr(A)-module. Since
gr(F[11/Z1]) is noetherian, we are reduced by dévissage to the case N = 1, where we
have

(er(®LN/Z0)/9) (o - yr-0) ™) = (Flyi, 2 hal / (wizis hi))[(wo - yp—1) "]
= FlyY] = g(A).

Finally, as D4(m) is a complete filtered A-module, it then follows from [LvO96,
Thm.I.5.7] that D(m) is finitely generated over A and from Proposition that
it is projective. 0

It follows from Proposition that the admissible smooth representations 7
(with a central character) such that gr(7") is annihilated by some power of J for at
least one good filtration is a full subcategory of the category C. Moreover this full
subcategory is abelian and stable under subquotients and extensions in C. Namely,
for a short exact sequence 0 — ©’ — © — #” — 0 in C, the filtrations induced on
(7)Y and (7')" by a good filtration of ¥ are good. For these filtrations we have a
short exact sequence 0 — gr((7”)¥) — gr(n¥) — gr((n')¥) — 0 which shows that
gr(m") is annihilated by a power of J if and only if gr((7")") and gr((7”)") are.

Remark 3.21. It is natural to consider the image D% () of 7 in Dy () = A®png T
Indeed, as the map ¥ — Dy4(7) is continuous and 7" is compact, it follows that
D% (r) is a compact F[Ny]-submodule of D (7). However, the F[Ny]-module D% ()
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is mot finitely generated when 7 is an irreducible admissible supersingular represen-
tation and [K : Q,] > 1 (even if D4(n) is finitely generated over A). Namely, if
this were the case, this would give us the existence of a nontrivial finitely generated
F[No][(5?)]-submodule of 7 that is admissible as an F[Ny]-module and this would
contradict the results of [Sch15] and [Wu2l]. Likewise, the image of 7 in the quo-
tient D (7)% of D4(7) won’t be finitely generated over F[Ny] in general (see Remark
3.88((ii)). Finally, we conjecture in [BHH'22, Conj.1.4] that for those 7 coming from
cohomology we always have D4 () = D4 (7).

Remark 3.22. Recall that the action of F[Ny] on 7V is defined by d,(f) = foa™*
for f € 7¥ and a € Ny. We could have defined it by the formula §,(f) = f o a for
f € m¥ and a € Ny and would have obtained isomorphic (¢, O )-modules D 4(7) and
D ()% (for instance, this is the convention used in [Brel5, Lemme 2.6]). Namely

the map f — ~v_1- f, with v = <_01 ?) induces an intertwining, commuting with 1

and Op, between the two F[Ng]-structures.

3.1.3 Multivariable (¢, Of)-modules

Using the results of §3.1.2) we promote the functor 7 — D4 ()¢ to an exact functor
from C to a category of étale multivariable (¢, O )-modules (Theorem |3.25) and we
compare D4 (m)® with the functor D () of §2.1.1/ (Theorem 3.29).

Let R be a noetherian commutative ring of characteristic p endowed with an
injective ring endomorphism Fg such that R is a finite free Fr(R)-module (as at
the beginning of §3.1.2). A ¢-module (D, ) over R is an R-module D with an Fg-
semilinear map ¢ : D — D. We say that a ¢-module (D, ¢) is étale if the R-linear
map Fj(D) — D defined by a ® d — ag(d) is an isomorphism.

Definition 3.23. A (¢, Of)-module over A is a p-module (D, ¢) over A such that D
is a finitely generated A-module, the endomorphism ¢ is continuous (for the canonical
topology on D as at the beginning of and D is endowed with a continuous
A-semilinear action of O commuting with ¢. We say that a (¢, O )-module over A
is étale if the underlying p-module over A is.

We note that, by Proposition , if (D, ) is a (¢, Of)-module over A, then D is
a finite projective A-module.

If (D, ) is an étale (1, O )-module over A as in Definition , by Proposition
[3.11] we can define a ¢-semilinear endomorphism ¢ of D such that Id®¢p = 37!, so
that (D, ) is an étale (¢, Of)-module over A. (Note that ¢ is continuous, as the
topology of D is defined by any good filtration and ¢ : A — A is continuous.)
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We now go back to representations 7 of GLg(K), but we first need some more
notation. The trace map tr : Ny = Og — Z, induces a ring homomorphism tr :
F[No] — F[Z,] = F[X], where we recall that X = (}{) — 1. Moreover, for Y; as
in (3.1), we have tr(Y;) = —X mod X? (see Lemma and the last statement in
Lemma below) and the universal property of the ring A shows that this map

extends to a continuous ring homomorphism tr: A — F((X)). We let
p = Ker(tr: A — F(X)).
Then p is a closed maximal ideal of A. Note that
p NF[No] = Ker(tr : F[No] — F[X]) = mpy,F[No] = Yo —Y3,..., Yo — Y1),

where N; C Ny is as in ([2.3) (for the second isomorphism write Ny = N; & Zye, where
tr(e) = 1, noting that tr : Ox — Z, is surjective, as K is unramified, and for the
third use the first statement of Lemma below).

Remark 3.24. Let B be the completion of F[Ny]s along the prime ideal generated
by (Yo — Yi,...,Yy — Y1) (see the beginning of for §). Expanding Y;* =
(Yo — (Yo — Y)))" if n > 0, and writing Y* = (2%, (Yf/;}fl)m)_” and expanding
everything if n < 0, one can see using Remark [3.3](iii) that the ring A embeds into B.
The endomorphism ¢ on A extends to B but only the action of ZX C Oy extends to
B,as (Yo—Y1,...,Yo—Ys_1) is not preserved by all of O. Then from Corollary
and as B is a local ring, we see that D4 (m)* ®4 B is a finite free étale (@, Z) )-module
over B, which is similar to the generalized (¢, ')-modules defined in [SV11] (though
loc.cit. only considers split algebraic groups over Q,)).

Let 7 be in the category C. Using Corollary [3.18, we can define a ¢-semilinear
endomorphism ¢ of D4(m)® such that Id®@p = (8%)71, so that D4 () is an étale
(¢, OF%)-module over A. As p is a ¢-stable ideal of A, we deduce that D4(m)%/p =
D(m)* @4 F((X)) is an étale (¢, Z) )-module over F((X)).

Theorem 3.25.
(i) The functor @ — D () is exact from the category C to the category of étale
(p, OF)-modules over A.

(ii) The functor m — Da(m)*@4F( X)) is ezact from the category C to the category
of étale (i, Zy)-modules over F((X)).

Proof. (i) is a consequence of Proposition [3.12 of the exactness of ¢* and of the
exactness of direct limits, together with the description (see the beginning of §3.1.2))

Dam®= i (6" (Da(m)™) = limg (¢)"(Dalr)).
(o) (B%) (¢*)™(B)
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(ii) is a consequence of (i), of Corollary and of the exactness of (—) ®4 F(X))
on short exact sequences of finite projective A-modules. n

Remark 3.26. One can prove that if 7 € C then the endomorphism 1) : Dy(7) —
D 4(m) (defined right after Lemma is always surjective. (This follows ultimately
from the fact that the image of the natural map A ®gpn,] ¥ — Dy(m) is surjective
since A is complete and Noetherian, and A @y, 7" is endowed with a surjective
endomorphism that is compatible with 1) on D4(7).) In particular, this implies that
D4 ()% # 0 as soon as D4(w) # 0, since ¢ cannot be nilpotent if it is surjective on
D4(m) and the latter is nonzero. Note that for the representations 7 of particular
interest for us here, we will actually have Da(7) = Da(7)%; see Remark [3.88](ii).

We now compare the étale (i, Z))-module D4()® /p with DY (x) (2.7).
Let ¢ be the F-linear endomorphism of 7¥/my, = (7)Y defined by
ﬂ([)ﬁ) = Z ¢<5l~)‘%) mod muy,, (319)

b€N1/Nf
where b € Ny is a lift of b, & € 7V is a lift of  and ¢ is as in (it is easy to
check that the definition of 1) does not depend on the choice of these lifts). We have
(S(XP)Ym) = S(X)(m) for all S(X) € F[X] and m € n¥/my,, and ¢ is the dual
of the endomorphism F of 7™ in §2.1.1 We define an endomorphism 9 of D4(7)/p
(resp. Da(m)%/p) by the same formula replacing 7" by Da(m) (resp. D4(m)®) and
mpy, by p, it is then clear that the following diagram commutes:

WV/le L 71'\//‘('111\[1

J ) J (3.20)

Da(m)/p —2— Da(m)/p,

together with an analogous diagram with D4 (7)/p — D4(7)%/p that we leave to the
reader.

Let 3 : Da(m)/p — ¢*(Da(m)/p) = FIX] @prpxy (Da(m)/p) = ¢*(Da(m))/p be
the F((X))-linear map defined by

Blm) ™= "1+ X)~ @ (1 + X)m).

i=0
Lemma 3.27. The following diagram is commutative (where the horizontal maps are
the canonical surjections):

Da(m) ———— Da(m)/p

E

¢"(Da(m)) —— ¢"(Da(m)/p).

|
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Proof. We choose a system of representatives (¢7'b;) o<i<p—1 of No/N{ such that
1<j<pf=!

g=(41) € Noand by, ... by 1 are in N;. We then have for m € D 4(r) that

Bm) = 52 5 (5576, @5 0065 0,m)
Epo (5 ®¢pzw gm))) mod po(Da(m))

0y @ P(dgm) mod pg*(Da(m)),

[e=]

.

where the first equality follows from ([3.16)), the second from 0, —1 € p € A (and the
commutativity of Ny), and the third from the analog of (3.19)) for D4(7)/p. Noting
that the image of 6, in F[X] is (1 + X)’, we obtain the desired compatibility. [

Lemma 3.28. Let M C 7™ be an F[X]-submodule that is admissible as an F[X]-
module. Then the surjective map © — MY is continuous for the my, -adic topology
on w and the X-adic topology on M.

Proof. The map 7" — MV is continuous with respect to the natural profinite topolo-
gies arising from Pontryagin duality. As M is admissible as an F[X]-module, the
natural topology on MV is the X-adic topology. It thus suffices to show that the
my,-adic topology is at least as fine as the natural topology on 7¥. Dually this means
that any finite-dimensional subspace of 7 is contained in 7[m} | for some sufficiently
large integer N, which is true by smoothness. O

Recall that we defined in (2.7) a projective limit DY (7) of étale (i, Z) )-modules
over F((X)) associated to 7.

Theorem 3.29. We have an isomorphism of étale (¢, Z,) )-modules over F(X)):
D a(m)/p = D¢ ().

In particular, D¢ (r) is finite-dimensional over F((X)) and the functor m — DY (r)
is exact on C.

Proof. For the purpose of this proof it is convenient to use the action of F[Ny] on 7"
given by 0,(f) = foa for f € ¥ and a € Ny. This does not change D4 ()% up to
isomorphism by Remark

As a first step we construct the map. Let M C 7™ be a finitely generated
F[X][F]-submodule that is admissible as an F[X]-module and Z-stable. By Lemma
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328 the map 7 — MV is continuous. It extends to a surjection of F[Np]s-modules
(7¥)s — MY[X~!]. By definition of the tensor product filtration on (7V)g, this
surjection is continuous if MY[X 1] is endowed with its natural topology of finite-
dimensional F((X))-vector space. As MY[X '] is complete for this topology, by com-
pletion we obtain a continuous surjection of topological A-modules (y; : Da(7) —
MY[X~Y. Since N; acts trivially on M, (y; factors through a surjection of F((X))-
vector spaces Cyy : Da(m)/p — MY[X~1]. By definition of 1, we obtain a commutative
diagram (where FV is the F-linear dual of F': M — M that we extend to MY[X 1]
using FV(X 7 f) = X' F(X'P~1 f))

Da(m)/p —s MY[X]

Froo e

Da(m)/p s MY[XY).

It then follows from Lemma that, identifying ¢*(M") = F[X] ®,rpxg MY with
(FIX] ®prpx) M)Y via (2.6)), the following diagram is commutative:

Da(m) ———— Da(m)/p i» MV[Xfl]
Js E B " (3.21)
¢*(Da(r)) — ¢*(Da(r)/p) =24 [

where (Id®F)Y comes from F-linear dual of Id®F : F[X] ®,rx) M — M. As
(Id®F)" is an isomorphism (see just after (2.6)), the map (s @ Da(m) — MY[X ]
factors through D4 (m)® and the map (y : Da(n)/p — MY[X 1] factors through
Da(m)¢/p. The map Cyy @ Da(m)%/p — MV[X 1] clearly commutes with the action
of Z,; and the commutative diagram shows that it is a morphism p-modules.
These maps are obviously compatible when M is varying among the finitely generated
F[X][F]-submodules of 7 that are admissible as F[X]-modules and Z)-stable so
that we obtain a map

C:Dy(n)fp — l%nMV[X_l] = D{(m).

We prove that the map ( is surjective. Since D,(7)%/p is a finite-dimensional
F((X))-vector space, the dimension of the vector spaces MY[X '] when M is varying
is bounded. This implies that there exists some M such that DY (r) = MY[X~'] and
that the map ¢ : Da(m)®/p — DY(n) is surjective. In particular, dimg(xy Dy (7) <
+00.

We prove that the map ¢ is an isomorphism. Let D*(7)® be the image of 7¥ in
D(7)% /p. This is a compact F[X]-module in the finite-dimensional F((X ))-vector
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space D ()% /p, hence a finite free F[X]-module. Since the maps 7V — Da(7)/p —»
D 4(m)* /p commute with the action of ZX, D*(w)® is preserved by ZX. The image
of (¥)g in D4 ()¢ /p coincides with D%(7)*[X~!]. As (7¥)s has a dense image in
D4 (m) by definition, Df(7)®*[X~1] is a dense F((X))-vector subspace of D(m)%/p
and thus equal to D4(m)%/p by finiteness of the dimension. The surjective map
7V — Di()® factors through 7 /my, = (7M)Y so that the topological F-linear dual
(D5(m)é)Y of D(7)® is identified with an F[X]-submodule of 7™ (endowed with the
discrete topology) preserved by ZX. As D*(m)% is stable by ¢ by , (DA(7)et)V
is actually an F[X][F]-submodule of 7. Since 8% : D(7)% = ¢*(Da(7)®) is an
isomorphism, it easily follows from Lemma that the map B induces a surjective
map of finite-dimensional F((X)-vector spaces B : Da(m)%/p — ¢*(Da(m)é/p).
As these spaces have the same dimension, Bet is actually an isomorphism, and in
particular Bet’Dh(ﬂ_)ét : D¥(m)® — F[X] ®,rpxg D¥(m)® is an injection and becomes an
isomorphism after inverting X.

We claim that (D%(7)%)V is finitely generated as an F[X][F]-module. Note that
(D%(m)%)Y is admissible as an F[X]-module since D*(7) is a finitely generated F[X]-
module. Hence, the claim follows from [Breld, Lemma 5.2] using the last statement
of the previous paragraph.

We now give another proof of the claim using results of [Lyu97, §4]. In fact,
we even prove that (D%(7)%)Y is of finite length as an F[X][F]-module. As F is a
finite extension of F,, the F,[X]-module (D*(r)%)" is artinian so that the F,[X][F]-
module (D*(m)%)Y is a cofinite F,[X][F]-module in the sense of [Lyu97, §4] (the ring
F,[X][F] is isomorphic to the ring A{f} of loc. cit. where A = F,[X]). It follows
from Theorem 4.7 in loc. cit. that (D*(m)%)Y has a filtration

O:Mog]\/[lg...gMT:(Dh<7r)ét)v

by F,[X][F]-submodules such that M, ,/M; is a simple [F,[ X][F]-module or a nilpo-
tent F,[X][F]-module, i.e. such that some power of F' is zero on M,,1/M;. Let
M+ be the kernel of D¥(m)® — MY for all i. As Bet‘Dh(ﬂ-)ét coincides with (Id ®F)Y
(this is analogous to (3.21) using with M = (D*(7)®)Y), the map B induces
an isomorphism of F,( X)) ®r,x] M;- onto F,(X)) ®ur,1x) M;-. In particular, if
M;1/M; is nilpotent then F¥ induces a nilpotent endomorphism of M;-/M;;, so that
(X)) @, 1 M = Fy(X) 92,1 M1 (a8 Fy(X) @y, (MH/M,) 0 i this
case) and hence M;- /M| is a torsion F,[X]-module. As D¥(7)* is a finitely gener-
ated F,[X]-module, we conclude that when M;/M; is nilpotent the F,[X]-module
M;- /M3, is finite-dimensional over F,, in particular it is an F,[X][F]-module of fi-
nite length. Since M, 1 /M, is obviously of finite length when M, /M, is irreducible,
the claim follows.

The claim implies that (D%7)®)Y is one of the modules M C 7™ in §2.1.1] in
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particular
dim]F((X)) Dg/ (71') Z dimF((X)) (Dﬂ (ﬂ)ét [Xfl]) = dim]F((X)) (DA(ﬂ')ét/p).

This implies that the map ( is an isomorphism (and that D 4(7)® /p = D*(7)®*[X 1] =
D¢(m)). The very last statement follows from Theorem w(u) O

3.1.4 An upper bound for the ranks of D(7)* and D/ (r)

For 7 in C we bound the dimension of D/(r) in terms of gr(7"). When gr(r") is
killed by some J", we give an interpretation of this bound as a certain multiplicity.

We keep all previous notation. We start with the following lemma.

Lemma 3.30. Let M be a finitely generated A-module endowed with a good filtration.
Then the generic rank of the A-module M and the generic rank of the gr(A)-module
gr(M) coincide.

Proof. We first note that if N is an A-module of generic rank 0, then N® 4Frac(A) = 0
and N is a torsion module. This implies that gr(/N) is a torsion module and that its
generic rank is 0.

Let d be the generic rank of M and f : A% — M ®4 Frac(A) be a morphism of
A-modules sending an A-basis of the left-hand side to a Frac(A)-basis of the right-
hand side. The kernel of f is then a torsion A-submodule of A®? and is zero since A
is a domain. Moreover there exists a € A\{0} such that the image of af is contained
in M. As Frac(A) is a flat A-module, the generic rank is an additive map on the
abelian category of finitely generated A-modules. As af is injective and A%¢ and M
have identical generic ranks, this implies that the cokernel @) of af has generic rank
0. We fix a good filtration on M: it induces good filtrations on af(A%®?) and on Q.
For these filtrations we have a short exact sequence

0 — gr(af(A®?) — gr(M) — gr(Q) — 0.

As Q has generic rank 0, so does gr(Q) so that it suffices to prove that gr(af(A%9))
has generic rank d. It follows from the second paragraph after [Bjo89, Def.4.2] that,
for a finitely generated A-module N, the generic rank of gr(N) does not depend on
the choice of good filtration. We can thus choose a good filtration af(A®?) = A%
which is filtered free with respect to the canonical basis of A®?, for which the result
is obvious. O

Let 7 be in the category C and choose a good filtration on the F[/;/Z;]-module
7. Since the finitely generated A-module D 4(7) doesn’t depend up to isomorphism
on the choice of this good filtration (see §3.1.2)), it follows from Lemma (applied
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to M = Dy(m)) and Lemma (applied to M = 7V) that the generic rank of
gr(A) ®grwpng) () also doesn’t depend on this choice.

Proposition 3.31. Let m € C. Then rka(Da(m)®) = dimg(xy) D¢ () is bounded by
the generic rank of the gr(A)-module gr(A) @grwpny]) gr(m").

Proof. As D 4(m)% is a quotient of D 4(7), the result follows from Lemma|3.30, Lemma,
B.I and Theorem [3.29 O

When gr(7") is moreover killed by the ideal J" for some n > 1 (here J is as
in (3.18]) and recall this doesn’t depend on the good filtration), the generic rank of
gr(A) ®grwpng) 8r(m) has a nice and useful interpretation that we give now.

We define R & gr(F[I,/Z1])/J. Recall using (3.17) that we have

Therefore R has 2/ minimal prime ideals which are the ideals (y;, z;,i € J,j ¢ J)
with J a subset of {0,..., f —1}. Let

po = (2,0<j < f—1)
be the minimal prime ideal corresponding to the choice of J = 0.

If N is a finitely generated module over R and q is a minimal prime ideal of R, we
denote by mg(N) the length of N, over R,. More generally, if N is a finitely generated
gr(F[1,/Z,])-module annihilated by J" for some n > 1, we define the multiplicity of
N at q to be

mq(N) = nfmq(ﬂN/JiHN). (3.23)

=0

Lemma 3.32. If 0 - Ny — N — Ny — 0 is a short exact sequence of finitely
generated gr(F[1,/Z1])/J"-modules, then mq(N) = mq(N1) + mg(Na).

Proof. This is checked by a standard dévissage. If n = 1, the statement is obvious
since gr(F[I,/Z])/J = R is commutative (and noetherian). Assume n > 2 and by
induction we assume that the result holds if N is annihilated by J" 1.

Assume first that N; and N, are both annihilated by J"~! (but not necessarily
N). Then N, is a quotient of N/J"'N. Let Ker = Ker(N/J*'N — Nj) be the
corresponding kernel. Then we have two short exact sequences

0— Ker — N/J"'N = Ny - 0

0— J"'N — N; — Ker — 0. (3.24)
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By definition of m4(/N) and the inductive hypothesis, we then obtain

mq(N) = mg(J""IN) +mg(N/J"IN) = mg(N1) + mq(Na).

Assume now that N, is annihilated by J"! (but not necessarily for N;). Then
the surjection N — N, factors through the quotient N/J"" !N of N. Again let
Ker € Ker(N/J" 'N — Ny). Then my(N/J"'N) = my(Ker) + my(Ns) by the
inductive hypothesis. On the other hand, both J" !N and Ker are annihilated by
Jm1, thus mg(-) is additive for the short exact sequence by the discussion in
last paragraph. The result also holds in this case.

To finish the proof it suffices to decompose further N as 0 — Ker' — N —
Ny/J" " 'N, — 0, with Ker' sitting in the exact sequence 0 — N; — Ker' —
J" 1N, — 0, and apply the above discussion. O

If N is a finitely generated module over gr(IF[1;/Z])/J" for some n > 1 recall
that the gr(A)-module gr(A) gy, NV is finitely generated by Proposition [3.20}

Lemma 3.33. Let N be a finitely generated module over gr(F[I,/Z])/J" for some
n > 1. Then the generic rank of the gr(A)-module gr(A) Qg wnoy) N is equal to
My, (N)

Proof. By Corollary , gr(A) is flat over gr(F[No]), so gr(A) grwpn,p) NV has a finite
filtration with graded pieces given by gr(A) @g ey (J'N/JTIN) for 0 <i <n—1.
Since taking generic rank and taking m,, () are both additive in short exact sequences
(by Lemma for the latter), we are reduced to the case where N is killed by J.

In that case we have

gr(A) gpno) N = (8r(A) Qgr(epnon) B) @5 N
Since the image of gr(F[No]) in R is Flyo, . ..,ys_1], we have
gr(A) @grrvop) B = Rl(yo -+ yp-1) "] = gr(A).

Since the fraction field of R[(yo---yr_1)~'] is just R,,, we see that the generic rank
of the R[(yo - - ys—1) *]-module gr(A) @g e N is equal to my, (N). O

We finally deduce from Proposition [3.31] and Lemma [3.33}

Corollary 3.34. Let w be an admissible smooth representation of GLy(K) over F
with a central character having at least one good filtration such that the gr(F[1,/Z1])-
module gr(m") is killed by some power of J. Then we have

l"]:{A(DA(ﬂ')ét) = dim]p((X)) Dg/(ﬂ') S Mpq (gl‘(ﬂ'v)).
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3.2 Tensor induction for GLy(Q,r)

We prove that Vi, (7) (as defined in (2.8))) contains some copies of a tensor induction
as in Example for certain admissible smooth representations m of GLy(K') over F

(Theorem |3.35]).

We recall that the definition of the functor Vi, depends on the choice of a cochar-
acter {g1,,, which we have fixed to be g1, () = diag(x, 1), and depends on a normal-
izing character dgr, = ind?}(@p (w) (cf. Example .

3.2.1 Lower bound for Vi, (7): statement

We state the main theorem of this section on Vg, (7) for certain admissible smooth
representations m of GLy(K') over F (Theorem [3.35)). After some simple reductions,

this theorem will be proved in §§3.2.2) to [3.2.4]

We keep all the previous notation and denote by [k the inertia subgroup of
Gal(Q,/K). We fix an embedding of : F,2r — F such that O'[/)hgpf = 09 (see the
very beginning of , and denote by wy,way @ [ — F* Serre’s corresponding funda-
mental characters of level f and 2f.

We consider p: Gal(Q,/K) — GLy(F) of the following form up to twist:

o (rg+1)p?

o @1 if p is reducible,
p|IK - f=1, j f=1, i+f (325)
J=0 (rj+1)p =0 (rj+1)p’ P .
Way B wyy if p is irreducible,
where the integers r; satisfy the following (strong) genericity condition:
2f —1<r, <p—2-2 if 4 > 0 or p is reducible,
f=1<rj<p f J p (3.26)

2f <rg<p—1-2f if p is irreducible

(note that this implies in particular p > 4f +1). Let x : Gal(@p /K) — F* such that
>, (it 1)p?
Wy :

(P ® x)|1, is as in (3.25) and moreover det(p ® x) =

We refer to [Pas04] and [BP12l §§9,13] (and the references therein) for the back-
ground and definitions about diagrams.

We choose one diagram D(p® x) = (D1 < D) associated to p® x in [Brelll §5],
and we set

D(p) = (Di(p) = Do(p)) = (D1 ® (x ' odet) = Dy @ (x ' odet)),  (3.27)

where the actions of GLy(Of) and the center K* on Dy(p) (resp. of I, (2 (1)) and K*
on Di(p)) are multiplied by ! odet via local class field theory for K (note that y is
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trivial on K; and I; and recall that (2 é) normalizes I and I;). Recall that the action
of GLy(Ok) on Dy(p) factors through GLy(Ok) — GLy(FF,). More precisely, denoting
by W (p) the set of Serre weights of 5 defined in [BDJI10L §3], Dy(p) is the (unique)
maximal finite-dimensional representation of GLy(F,) over F with socle isomorphic to
®oew (7)o such that each o € W(p) occurs with multiplicity 1 in Dy(p). (For instance,
recall that the Serre weight (7o, r1,...,7¢_1) with the notation of below is in

-1 rj+1)p’
it .) Finally K* acts on Dy(p) by the

=0

W (p) if p is an extension of 1 by w}
character det(p)w".

If 7 is an admissible smooth representation of GLy(K) over F, recall that (7!t —
7E1) is naturally a diagram. We aim to prove the following theorem.

Theorem 3.35. Let m be an admissible smooth representation of GLo(K) over F.
Assume that there exists an integer r > 1 such that one has an isomorphism of
diagrams

D) = (nt — 7).
Then one has an Ilg,-equivariant injection (ind?} p(ﬁ))%r = Var, (M), - If we

assume moreover that the constants v; associated to D(ﬁ@ X) at the beginning of
[Brelll, §6] are as in [Brelll Thm.6.4], then one has a Gal(Q,/Q,)-equivariant injec-

tion (ind?}(@p(ﬁ))@ — Var, (7).

Let us first make some straightforward reductions. In order not to repeat argu-
ments, we assume from now on that the constants v; associated to D(p® x) in [Brelll
§6] are as in [Brelll Thm.6.4] and we will prove the last statement of Theorem [3.35]
(the proof for the first one being the same up to some trivial modifications). It is
enough to prove Theorem for the GLy(K)-subrepresentation of 7 generated by
Do(p)®". Hence we can assume that 7 has a central character which is y, = det(p)w ™.
Using Remark [2.4[(ii) (for n = 2), it is also enough to prove Theorem for p® x

as above and replacing m by ™ ® x o det, i.e. we can assume p|;,. is as in (3.25)) and

(ri+1)pd
det(ﬁ) :wfzj(ﬂ- )P '

In the sequel, for any F[X][F]-submodule M of 7' which is stable under Z,
denote by M ® x-' the same F[X]-module but where the action of F' is multiplied
by xx(p)~! and the action of z € Zy is multiplied by Xx ()7L

Lemma 3.36. With the notation in §2.1.1, in order to prove Theorem [3.35 it is
enough to prove that (m @ x71)™ contains a finite type F[X][F]-submodule M which
is admissible as an F[X]-module and stable under Z; such that V(MY[1/X]) =

(ma3e) "

Proof. As (7 ® x;1)™ = 71 as F-vector subspaces of 7, it is equivalent to assume
that 7™ contains a finite type F[X][F]-submodule M which is admissible as an
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F[X]-module and stable under ZX such that V((M @ x;')"[1/X]) = (ind}e}(@”(ﬁ))@r

From the definition of Vg, in (2.8)), it is enough to prove VY(MV[1/X]) ® dqr, =
(ind}@;@” (ﬁ))@. From Example [2.3|and as in Remark (ii) (both for n = 2), we have

VO YXD @b, = V(M ex) /X)) ® (el
= ((ndg®®)")" @ ind®(det(7))
(indi®(2)”

which finishes the proof. m

The sections that follow will be devoted to the proof that there exists a certain
finite type F[X][F]-submodule M, of 7V which is admissible as an F[ X ]-module and

stable under Z such that V((M, ® x;")"[1/X]) = (ind}e}(@”(ﬁ))@r (see Proposition
Z].(’q—&-l)pj
“i

3.56). Note that the assumption det(p) = implies x.(p) = 1, so that the

operator F' on M, ® x. ' is the same as on M,, but the action of v € Z, now comes

10
074) on 7.

from the action of (

3.2.2 Preliminaries

We give some technical results on F[Ny], F[No/N:] and on certain modules over these
rings coming from Serre weights.

We let H = (Fg ]FOX )%’ I/I; C GLy(F,) (this finite group H shouldn’t be confused

with the algebraic group H in §2.1.1or in §2.1]). Note that the trace Trg/q, : Ox —
Z, is surjective (using that K is unramified) hence directly induces an isomorphism

No/N1 = Z,. Recall we defined the elements Y; for i € {0,..., f — 1} in (3.1). We
define analogously

vye Y ot (é ‘f) € F[Z,] = F[No/Ni].

aEF;

We write i for an element (i, ...,i;;) in Z7, Y* for Y{° .. -Y;f’ll and set [|i|| =
Zf;é i;. We also write i <7’ to mean i; < z; foral0 <7< f—1.

Lemma 3.37. We have the following isomorphisms and equalities:
(i) F[No] = F[Yo,..., Y] and F[No/Ng] Z F[Yo, ..., Y]/ (Y-, Y 0);
(i) Y7 (59)= (89)Yirr and (32)Yi = O W'Yi(§2) for A\ p € By
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(i) F[No/Ni] = F[Y] and (§9)Y = MY (§9) for A p € Fy.

Proof. Note that F[Ny/N§] = F[(l Fq)]. The first equality in (i) and the explicit
action of (0 ~) on Y% in (ii) are immediately obtained from [Morl7, Lemma 3.2]
(after conjugating by the element ( )) The second equality in (i) follows from the

first by dimension reasons, as Y = 0 in F[Ny/N{]. The action of (0 1

(ii) is a direct computation (see also [Morl7, Lemma 5.1]). Finally, (iii) is a special
case of (i) and (ii). O

) on Yjip in

Note that F[No/Ni] = F[X] = F[Y] with X = (}1)~1 as in §2.1.1} but it is
more convenient in the computations to use the “ H-eigenvariable” Y rather than the
variable X. To compare them the following lemma will be useful.

Lemma 3.38. We have X € =Y (1+YF[Y]) andY € —X(1+XF[X]) in F[Ny/N].

Proof. Equivalently, we have to prove Y = —X in m/m? where m is the maximal
ideal of F[No/N:]. We can work modulo m?, i.e. in F[Ny /Ny N{| = F[(é T )} In that
group ring we have

p—1
V=3 a_l((l) ‘f): a1+ X)) =-X
ae]Ff; a=1

(where the last congruence is taken modulo the image of m? in that group ring). [J

For A, € Fy we set
o((35)) = e

Remark 3.39. By Lemma|3.37(ii), if V is a representation of GLy(F,) and v € V=X,
) . - -1,

then Yiv € VH=x" where ot & q2-i=0 97"

Lemma 3.40. Assume p > 2. The kernel of the map h : F[Ny] — F[No/Ni] is

generated by the elements Y; —Y; (i # j). Moreover, there exists f(Y) € F[No/N:] =

F[Y] such that h(Y;) =Y + YPf(Y).

Proof. Note that TrK/Qp(S\pi) = TrK/@p(S\) for all A € F and i € Z, hence Y; — Y} €
Ker(h). As F[No]/(Y; —Yj,i # j) and F[Ny/N;] are both isomorphic to power series
rings in one variable, the quotient map F[No[/(Y; — Y}, # j) — F[No/N;] has to be
an isomorphism. To establish the final claim it suffices to prove that the image of Y
in F[Y]/(Y?) = F[Ny/N,N§| = F{(l FF)} is Y. We compute

01

Z )\ (1 Tr]Fq/]Fp ): Z ( Z A—l) ((1)
AeFy aclp AEFY
Try, /7, (A)=0a

)

). (3.28)
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If a # 0, the index A runs over the distinct roots of Y T 4y P T 1Y —a = 0, so the

inside sum on the right hand side of equals 1/a (from the last two coefficients).

If a = 0 the index A runs over the distinct roots of Y?' "=l 4 ... 4 YP1 4 1 = 0, so

the inside sum in ([3.28]) equals 0 as p > 2. Hence the right-hand side of is just

Y. O
By Lemma , if V is a representation of GLy(F,), then Y; =Y on V™.

For 0 <1< q—1, we set

0; = Z )\Z<(1)/1\)€ F[N()/Ng] gF[(équ)}

A€F,

SoY; =60, 1, in F[Ny/N{]. In what follows we write p — 1 for the constant f-tuple
p—1,p—1,....,p—1) € Z/.

Lemma 3.41. Suppose i € {0,...,p— 1} and let i = Zf;ol iip.

(i) We have
f-1
b= (-1 (Tt et
j=0
in F[No/N{J] for 0 <i<q—1.
(i) For fo,..., fo—1 and ¢ as defined in [BP12l, §2] we have

-1 |
= o (Tt ye=(gh)o
j=0
for0<i<q-—1.

Proof. Part (i) follows from [Mor, Lemma 0.2] after conjugation by ( 2(1)). Indeed,
in the notation of loc.cit. we take m = n = 1 (so that A;; is the group algebra of

(POK /1p?oK (1))): we see that 6; corresponds (under conjugation) to F; if 0 <i < ¢g—1,
-1
and the constant r,_1-; equals (—1)7 *1(]—[;;3 ij!> . Part (ii) follows immediately

from (i) and the definition of ;. O
As in [BP12] we write (so, $1,...,57—1) ® n for the Serre weight

Sym® F? @ (Sym® F?)" @ - .- @p (Sym*/— ]1*"2)1:”1071 ®r 1 o det, (3.29)

where the s; are integers between 0 and p—1, 7 is a character F;\ — F* and GLy(F,)

acts on (Sym® F2)¥" via o, : F, < F. If Y = x; ® 2 is a character of H = (Fg ]FOX ),
q

we let x* = xo ® x1.

127



Lemma 3.42. Let 0 = (s, ... ,Sp-1) @1, s = (0, 51, - - - ,Sp-1) € {0,...,p— 1},
and fix v € o™, v # 0. Let X, denote the H-eigencharacter on o™°.

(i) TheF[No/N1] = F[Y]-module o™ is cyclic of dimension min{so, ...,s; 1}+1.

we call Y v, that 'zs sent by Y to v. The corresponding H-eigencharacter is
Xoa L Also, Y;Y 7w =0 if i; = 0.

(iii) If0 <i < min{sg,...,s;_1} andi < p—1, then o' contains a unique (]FOS F(; )_

eigenvector Y ~'v that is sent by Y to v. The corresponding eigencharacter is

Yoot We have Y v = ZLH;’H:@‘ Y~

Proof. (i) Note that o™ is a torsion module over F[Ny/N;] = F[Y] as o™ is finite-
dimensional. To show cyclicity it suffices to note that o0 = o™ [X] is 1-dimensional.
Then from [Morl7, Prop.3.3] applied with n = 1 we have an isomorphism

F[Yp,...,YV; /(Y7 0<j<f-1) 0
g(Y) — g(¥)(95)e.

(Restrict equation (9) in [Morl7] to ( é ?) and conjugate by (0 1) Note that o is
01
1

O)U 0 < k < s} is a basis of ¢ consisting

(3.30)

self-dual up to twist.) In particular, {Y%
of H-eigenvectors.

Let m = min{sp,...,5;_1}. We claim that the vectors
v Y YE9Y)y, 0<i<m (3.31)
0<k<s
lI&ll=lls]l—
form a basis of o™. If i < m and ||k|| = ||s|| — ¢, then k; > 0 for all j. By using

also (3.30) we see that v; = Yjv;4; for all j. Also, Yjvy = 0 for all j. In particular,
Y; — Y, annihilates v; for all 4, so v; € o™ by Lemma Moreover, Xv;11 = v;
(0 < i < m)and Xvy = 0. It remains to show that v,, ¢ Xo™. Choose j, such
that sj, = m. Then [T, Y] (0 ! )’U is the only term appearing in the sum (3.31)) for

i = m that is not divisible by Y;,. Hence v, ¢ Yj,0, and thus v,, ¢ Xo™.

(i) Let o’ def X§<(1) (1))1), which is a scalar multiple of v. By (13.30)), (ZE(? é)U)9§E§§

forms a basis of o consisting of H-eigenvectors with eigencharacters x5a% = y,ak™r.

The eigencharacters are pairwise distinct, except if s = p — 1 where YE@ 6)1} and

(0 ! )v have the same eigencharacter. Hence, as 1 < p — 1, the unique H-eigenvector
in the preimage (Y*)~!(v') is Y&~ 1( )v Note also that Y;Y*~ Z( )v =0ifi; =0

by (@30).
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(iii) Using the notation in (ii), we have v; = > ill=i Y~ for 0 < i < m and it

X .
is a (F” 0 )—eigenvector with eigencharacter y,a~". These characters for 0 < i <m

0 Fy
are pairwise distinct, except if s = p — 1, in which case vy and v,_; have the same
eigencharacter. As we assume ¢ < p — 1 the claim follows. O

Lemma 3.43. Suppose V is a representation of GLo(F,) generated by some vector
v € VN that is an eigenvector for the action of H. If dimp V' < q, then the map

F[[Yb, - ,Yf_l]] —V
FY) = F)(98)

is surjective and its kernel is generated by monomials. In particular, if Zi((l) 6)1} =
Zi(? é)v #0, theni = j.

Proof. Let x denote the eigencharacter of H on v. Then we have a GLy(F,)-equiva-

riant surjection S : Ind?LQ(OK )(X) — V sending ¢ to v, where ¢ is the unique function

supported on I which sends 1 to 1. Consider i : F[Yp, ..., YV;4]/(Yy,..., Y} ) —
Ind$™©) (y) sending f(Y) to f(X)(?é)cﬁ By Lemma [3.41, f; € Im(¢) for all j

(even if j = ¢ — 1), so by [BP12, Lemma 2.5], Ind?LQ(OK)(X) = Im(i) ® Fo (as
F-vector spaces) and i is injective.

Suppose first x 2 x*. By [BP12, Lemma 2.7(i)] and as dim V' < ¢ we have f,+¢ €
Ker(S) for some r = Zf;olpjsj € {0,...,¢ — 2} and some sign + (both depending
on x), so S oi is surjective. If Ker(S) is irreducible (as a GLo(F,)-representation),
then by [BP12, Lemma 2.7], Ker(S) = <fzpjdj, 0 <d; <s; (not all equal), f.+ ¢)p.
Intersecting with Im(i) = (fy~54,,0 < dj < p — 1)r we get

Ker(S) N Im(i) = <f2pjdj,0 <d; < s; (not all equal)>F.

By Lemma [3.41{(ii), it follows in particular that Ker(S o) is generated by monomials.
If Ker(S) is reducible, the argument is analogous using [BP12, Lemma 2.7(ii)]. If
X = X%, it is again almost identical, using [BP12, Lemma 2.6] instead. O

Lemma 3.44. Suppose f > 1. In F[Ny/N{] we have

S (3) - <—1>f—1(w1 Ly y)
AEFg Tre, p, (A)=0 lil=(-1)(7=1)
S Sp—
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Proof. First we have (using 2*~' = 1 if z € F)):

S (32) =3 (Tra e, (52)

AEFq, Tre, /s, (A0 A€F,

= DN XT(E)

A€F,
_ Z Z (p_.1)!)\io+z‘1p+~--+z‘f_1pf1((1)%)

\eFq ezl I1; 25!

lléll=p—1
(p—1)! _ . i

- x P ey (e

ZEZJ;O J 77" 7

il =p—1

where the last equality follows from Lemma (i), noting that Zf;é P < q-—1

since f > 1. Letting i’ < p — 1 — i we get (as (p— 1)l = —1 in F,):

Y=y Y v
)‘GFQ7Tr]1"q/]I“p(>\)7£0 iIEZJ;O
12’ ||l=(p—1)(£—1)

On the other hand, Lemma [3.41](i) gives

> (32)= (e

A€EF,
The result follows.

Proposition 3.45. Fiz j, €{0,...,f —1}. In

F[No/N{] = F[Yo, ..., Y]/ ((Yi = Yi)P,i # )

we have

R VD | (O

neN1/NY J#jo

modulo terms of degree > f(p — 1).

Proof. The statement being trivial if f = 1, we can assume f > 1. We prove the

first isomorphism. As Y; — Y, € Ker(IF[[NO]] — ]F[[NO/Nl]]) by Lemma [3.40

P

we

deduce that (Y; —Y;)? € Ker(IF[[NO]] — IE‘HNO/Nf]]), and we thus have a surjection

F[Yo, ... ,Yf_l]]/((YZ- —Y,)P, i # j) — F[No/N7]. Since both terms are free modules
of rank p(f — 1) over a power series ring in one variable over I, the surjection has to

be an isomorphism.
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Let A = F[N,/N?], B = F[Ny/N?] and B = F[Ny/NZ], they are complete
local commutative rings of respective maximal ideals denoted by my, mp, mz. Let
z¥ YneNy NP 1 € A. Note that m4 is the augmentation ideal of A, hence the m4-
torsion A[m,] in A equals FZ. As N;/N} = (Z/pZ)'~!, we have an isomorphism
A=TF[Zy,..., Zp ) /(Z0,..., Z5_1), s0 mP DD — 0 and hence Z € m® VD,

Let 2 : A < B denote the inclusion and denote by gr'™(z) the induced map

m7y/mytt — m’]g/m"“rl for m > 0. We claim that gr'(z) is injective with image
generated by all Y; =Y}, (j # jo) in mp/m%. If so, then grP~V=1(3) has to send the
1-dimensional F-vector space mfffl)(f D to a multiple of [T, (Y; — Yj,)P~! modulo
mg_l)(f_l)ﬂ. But (6‘ 2)2 = Z(é\ 2) for A, u € Fj;, and considering the action of H,
it follows from the sentence following Lemma that we must have

Z)=c ] (Y; —Y;,)"" + (element of mé(p_l))
J#30

for some ¢ € IF (note that every element of B can be written uniquely as >-; c;Y*t with
i; < pfor all j # jo and that mp is generated by the Y%, i # 0). By passing to B and
using Lemma [3.44) we deduce that we must have ¢ = (—1)/~1.

It remains to prove the claim. As B = B/(Y{,...,Y} ), we have mp/m3 =
mB / m and it is equivalent to prove the claim with 7 : A — B. We first note that
gr'(7) 1s injective with 1-dimensional cokernel, because for any finite abelian p-group
U the cotangent space of SpecF[U] at its closed point is identified with F ®; U.
Consider the natural map s : B — C' = F[Ny/N,NJ] 2 F[Y]/(Y?). As gr'(so07) =0
and s(Y;) = Y by Lemma [3.40] we deduce from loc.cit. that the image of gr!(7) is
indeed spanned by all Y; — Y, (j # Jo)- O

3.2.3 A computation for the operator F

We give a crucial computation for the operator ' on 7"t for 7 as at the end of §3.2.1]
The main result of this section is Proposition [3.46{(ii).

We keep the notation of §3.2.2l For ¢ = (to,...,t;—1) ® n € W(p), recall we
have t; € {rj,r; +L,p—2 —r;,p—3 —r;} if j > 0 or p is reducible and t, €
{ro— 1 , 70,0 — 1 — 1o, p— 2 —ro} if p is irreducible (see e.g. [Brelll, §2]). We deduce

from-that
t;e{2f—1,...,p—1—-2f} forallj. (3.32)

We identify W (p) with the subsets of {0,1,...,f — 1} as in [Brelll, §2] and let
Jy €H0,..., f—1} be the subset associated to 0. We have t; € {p—2—r;,p—3—r;}
for j € J, if 7 > 0 or pis reducible, to € {p —2 —rg,p—1—1¢} if 0 € J, and p is
irreducible.
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def

Let 0 = (to,...,t;-1) ® n € W(p). Denote 6(c) = 0rea(0) if p is reducible and
5(0) = Gip(0) if P is irreducible the Serre weights dreq(0), 0ir(0) defined in [Breldl
§5]. We write 6(c) = (sg,...,s;-1) @ . Let z, € o™ \ {0} and let x, : H — F*
denote the H-eigencharacter of x,. We also identify the irreducible constituents

of Ind$™©%)(y#) with the subsets of {0,...,f — 1} as in [BP12] §2] (for instance
() corresponds to the socle o of Ind?Lz(OK)(Xj)). For any J C {0,...,f — 1} let

Q(xz,J) denote the unique quotient of Ind?LZ(OK )(Xg) with irreducible GLy(Ok)-
socle parametrized by J (see [BP12, Thm.2.4(iv)]). We know that the Serre weight

d(o) occurs in Ind?LQ(OK)(Xj) (see the proof of [Brelll Prop.5.1]) and we denote by
Jm(g) C{0,..., f — 1} the associated subset. We thus have

s0CGLa(00) QUG T™(0)) 2 §(0)

(by definition of d(c), it is the only constituent of Q(x%, J™**(o)) that is in W (p)).
We also have from [BP12| §2] (with —1 = f — 1):

S,] :p—Q—tj—i—lJmax(U)(j_l) lfJEJmaX(O—>,

. PR (3.33
s;=1t; — Lmax()(j — 1) if j ¢ J"(0). )

(Above, we write 1 jmax(y) for the indicator function of J™**(o).) Moreover, using
[BP12, Lemma 2.7] it is a combinatorial exercise (left to the reader) to prove

Jmax(d) = (Jg U Jg(g)) \ (Jg N J(s(g)). (3.34)
We define
m = I (g)| € {0,..., f}.

We have m = 0 if and only if §(c) = o, and this occurs precisely if 7 is reducible and
o is an “ordinary” Serre weight of p, i.e. such that J, = or J, = {0,..., f — 1} (this
follows, for example, from the proof of Lemma below).

We consider a GLy( K )-representation 7 as at the end of §3.2.1|, and fix an embed-
ding o — socqr,(x) () (recall there are r copies of o inside socgr,(o,)(7)). From

the assumption on 7, we know that (2 6)9&0 generates Q(x%, J™*(0)) as a GLy(Ok)-

subrepresentation of 7|gr,(0,), in particular §(o) can also be seen in socqr, (o) ()
(its embedding being determined by that of o up to a scalar).

Proposition 3.46.

(i) The vector
o I Y7 I v '(59)w (3.35)

jeJmax(o) JgJmx (o)

spans 6(o)No as an F-vector space.
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(i) We have in ©™ that

YZjGJmaX(o) SJ'F(Yl_me) = (—1)f_1Y1_m335(0) ifm >0,
VP (2,) = (1) 50 if m = 0.

Proof of Proposition[3.46|(i). Suppose first m > 0. From [BP12, Lemma 2.7(ii)] and
Lemma|[3.41|(ii) we see that 6(o) has basis YZ(O . )xa, where 0 <i; < s;if j € J™(0)
and p—1—s; <i; <p—1ifj ¢ J" (o). Hence the only vectors in §(o) that are
killed by all Y; are the multiples of x;5,). The statement follows by an inspection of
the H-action on this basis (which is formed by H-eigenvectors), see Remark [3.39]

If m = 0, then &(c) is the socle of Ind7™ %) (y ). By [BP12, Lemma 2.7(i)], fo

is the unique /-invariant element of §(o) C IndGL2 ©x )(Xa)~ The statement follows

from Lemma [3.41(ii). O

In order to prove Proposition M(ii), we first need several lemmas.

Lemma 3.47. We have |J™*(o)| = |J™**(§(0))].

Proof. If p is reducible, identifying {0,..., f — 1} with Z/f we have J5,) = J, — 1
as subsets of Z/f by [Brelll §5], and the statement follows in that case by (3.34).
If 7 is irreducible, let J! = J, [1(J, + f) C{0,...,2f — 1} as in [Brelll, §5], where
J, is the complement of J, in {0,...,f —1}. Tt follows from ([3.34)) that |J™**(0)| =
sI(JL U Ts0)) \ (o N Ts)]- Identifying {0,...,2f — 1} with Z/2f, we again have
S50y = Jn — 1 as subsets of Z/(2f) by [Brelll §5], and the statement follows. O

The three lemmas that follow only apply to m > 0 and require the strong genericity

assumption. In these three lemmas, we identify without comment {0, ..., f —1} with
Z]fZ (so =1 = f—1, f =0, etc.).

Lemma 3.48. Assume m > 0 and let i € ZL Lo with ||i|| <m —1. Then we have

(GLy(Ox) (£9)Y ) / S (GLy(Ox) (1 0)Y )

0<j<i

> Q(xal{j € J"™(0) iz =0}). (3.36)

Proof. Note first that ¢; € {21] +1,...,p—2} for all j by (3.32) and the assumption
on 7, so that the vectors Y "z, and Y Iz, are well-defined elements of o by Lemma
3.42(1ii). We rewrite <GL2(OK)(O I)X Iz,) = <GL2(OK)( )Y “Lr,) and, using
notation from [BHHT23| §§2.1,2.2], 0 = F()\) where A = (Ao,..., Af—1) with \; =
(Nj1, Aj2) €40,...,p—1}% We have \;; — \j2 = t; for all j.
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Let W’ (resp. W) be the I-subrepresentation of 7 generated by Y "z, (resp.
(2 6)!7%0). We deduce from Lemma [3.42{ii) that W’ = (NyY ‘z,) has F-basis
i

o for all 0 < j < i, and soc;(W') = Fx,. We moreover have W = (gé)W’

since [ is normalized by (0 ;

pO)' In particular we see that W injects into the I-
representation 7, of [BHH723, Cor.6.1.4] and that W has Jordan-Hélder factors

xial for 0 < j < 4, each occurring with multiplicity 1. Let V < In dGL2 OK)(W).
Then V is the representation appearing in the first paragraph of the proof of [BHHT23,
Prop.6.2.2], with B; taken to be 2i; + 1 for all j (and note the bounds on A\;; — A2
which let us invoke loc.cit.). Hence, by [BHH™23) Prop.6.2.2] and its proof in the case
ej = —land B; = 2i;+1 for all j, we get that V' is multiplicity-free, has Jordan-Holder
factors o, = F(ty(— X a;7;)) for 0 < a < 2i+1 with the notation of [BHH™23, §2.4],

and GLQ(OK) socle 0. Moreover, the unique subrepresentatlon of V' with cosocle o,

with subquotients IndGL2 OK)(xaozl) for 0 < j <14, and by [BHH+23, Lemma 6.2.1(i)]

the constituents of IndGL2 OK)(xf,ai) are the Serre weights o, with 2j <a <25 + 1.

By the proof of [BHH+23, Lemma 6.2.1(i)], one easily checks that the constituent o,
of Ind?L2(0K)(X§ai) corresponds to the subset {¢ : a,yq is odd} C {0,...,f — 1} in
the parametrization of [BP12, §2] (note that twisting x% by o corresponds to shifting
by —23 4,7, in the extension graph).

By Frobenius reciprocity V = (GLQ((’)K)( )Y r,) is the image of a nonzero
map Ind 129K )(W) — 7 and any Serre welght in its GL2(Ok)- socle has to be in

of Ind?L2(OK)(X§) C V. Thus by the deﬁnition of 0(c) and as 7rK1/ SOCGLy(0x) T does
not contain any Serre weight of W (p) it follows that V is the unique quotient of V'
with GLy(Ok)-socle 6(c). By the previous paragraph and the definition of J™**(g),
we have 0(0) = 03, where bj = 1 jmax(s)41(j) for all j, and V has constituents o, with

1 jmax(o)1+1(J) < aj < 2i;+1 for all j. By construction, the left-hand side of (3.36)) is a

quotient of IndGL2 (©Ox )(onzi). Moreover, by what is before, it must have constituents

o, with max(ljmax(a)H(j), 2i;) < a; <2i;+ 1 for all j. It follows that its GLy(Ok)-
socle is irreducible and isomorphic to ., where ¢; = max (1 jmux(p)11(7), 2i;) for all
J. Since 24,44 is even and > 1 as soon as 7,41 # 0, we see that ¢;;; is odd if and
only if 4,47 = 0 and j € J™*(0). Hence the GLy(Ok)-socle of this quotient of
Ind?LQ(OK )(xiai) corresponds to the subset {j € J™*(0) : i;41 = 0}, as required. [
Lemma 3.49. Assume m > 0 and let i € Z’;O, ¢ € J™(a) such that ||i]] < m —1
and igy 1 = 0. Then
Y- tz+2u<;8 (1))y try = 0.

Proof. Recall p —t;+ 2i, > 0 by (332), so that Y"1 (29 )y iz, is well-defined.
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Suppose on the contrary that Y/~ t”m(” O)Y_’:ca # 0 for some ¢ € J™*(o) such
that 4.1 = 0 and ||i]| < m — 1. By Lemma [3.37(ii) and Lemma [3.42[ii) this is an
eigenvector for {(6‘ 2): A, € FX} with eigencharacter Yoo taP—tet2i0r" By Lemma
it suffices to show that the H-eigencharacter x,a ta®~t+20p" does not occur in

V;," = Q(Xiaélﬂ Jz’)

for any 7' such that 0 <4 < 7, where J/ = {] € Jm (o) il = 0}.

Using the notation A = (Ao(xo), ..., Ap—1(xp1)) and P(zo,...,xs-1) of [BP12
Thm.2.4], the irreducible constituents of Vj are given by the Serre weights (Ao(to —
2ig), . Apa(tpor — 2i% ) (up to twist) for those A € P(xp,..., 2y 1) such that
J(A) 2 Jy. Recall that \j(z) =p—2—a+ 1,00 —1)if j € J(A) and \j(z) =
r—1;0( —1)if j ¢ J(A). By [BP12, Lemma 2.5(i)] and [BP12, Lemma 2.7], the
H-eigencharacters that occur in Vi are y,o ¢ o, where k is such that there exists

A€ P(xg,...,51) with J(X) D Jy and

0<kj<p—2—(t;—2) +1;0)(j —1) ifj€ I,

| | 7 (3.37)
p—1—(t; =20 — LG =) <k <p—1 ifj¢ I,

(Note that Jy # () as ¢ € Jy, noting that ¢ € J™* (o) and 0 < iy, < igyq =0.)

4 _ ; 14 Y
Assume y,a taP~tet2i0rt — ook for some A\ and k as above. Then

f-1 ' -
= > ip + (p—te + 2i0)p" :—ZZp7+ka7 (mod ¢ — 1)
Jj=0 Jj=0
or equivalently
(p—te+2i)p" = D> (i — )P = > kjp’  (mod g —1). (3.38)
J=0 j=0

Note that, since ¢ € Jy, we have in particular £ € J(\).

If i% = 4; for all j # ( (for example if i = i or if f = 1), then (3.38) gives
(p—te+ i+ ip)p" = X k', s0 ke = p— te+ i¢ + i) as (using (3.32) for ¢, and
0<i,<ip<m—-1<f—1)

p—titig+i,e{2f+1,....p—1} (3.39)

This contradicts (3.37) as £ € J(A) and iy < ig. Therefore f > 1 and i < i; for some
j # L. For m € Zso, let [m] the unique element of {0, ..., f — 1} which is congruent
to m modulo f. In particular p” = pI™ (mod ¢ —1). Let he {£+1,..., 0+ f—1}
be minimal such that if,; < ip). Then modulo ¢ — 1:

f-1 0+ f 0+ f

. -/ y
> (i =i’ = D (i — ify)p” = D (i) — 1f)p”
j=0 J=0+1 j=h
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and we deduce the following congruences modulo g — 1:

-1
(p—te+ 2ig)p" = > (i; — i5)p’
§=0
L+ f .
= (p— 1 —to+2ig)p" +p = > (i) — if;)p”
j=h
+f-1 ‘ erf ‘
=(p—1—to+2i)p"+ > (p— D + " =3 (i — if;)p"
j=h+1 Jj=h
thf-1 ' s ,
=(p—1—te+2i)p" + > (p— Dp? + M+ — (i — if)pV
j=ht1 j=h
0+f-1 '
= (p—1—tetic+ipp" + Y (p—1—(iy—if;))p + (p— (i —if))p™.  (3.40)
j=h+1

Note that all powers of p in are distinct in {0,..., f — 1} and all coefficients are
in {0,...,p—1}. Moreover these coeflicients cannot all equal 0 as p — (ify — z'{h]) #£0,
nor p— 1 by (3.39). Hence by weget kp =p—1—ty+ip+1i). Asl e J(N\) and
iy < g, we get from that iy =4, and £ — 1 € J(A). By for j =¢—1and
by , we get

p—1—(ip-1 —ip_q) <hker <p—1—t,1+2ij)_,

(note that by (3.40) the left-hand side is an equality as soon as ¢ — 1 # h mod f
which can only occur if f > 2). This implies t,—; < i1 + 1)1 <2(m —1) <2f — 2,
which contradicts genericity (3.32)). This finishes the proof. ]

Lemma 3.50. Assume m >0 and let k € Zéo.
() IFYE(5O)Y1Ima, 0, then

Bl < (f=Dp-1)+m-1)+ > s

jejmax (a-)

If moreover equality holds, then Xﬁ(g ?)Yl_mxc, = T5(0) (see (3.35)) and

(i) IFIEN = (f =1 (p=1)+ X max(s) 55 then Xk(g ?)Yl_mxg € §(c), more precisely:
Xﬁ(gg)ydfmxoff<lf{$a@,ﬂﬂl:7n——1>F.
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Proof. We prove the following statements inductively on ||i|| < m — 1 for i € ZJ;O:
(a) T YE(29)Y iz, # 0 then

Bl < (f =Dp-D+m=1+ > s5—(m—1-]lil)p.

]EJmax )
If moreover equality holds, then Xk(g ?)X‘ixa = Z5(o) and

k’j = ij+1p+ S; if j € JmaX(O'),
kj=ijap+(p—1) ifj ¢ J" (o).

(b) TENE[ = (f = D(p = 1) + Zjepmoy s — (m =1 = [|i]})p then
YE(BO)Y T, = Y g
for some ||£|| = m — 1, or it is zero.

By Lemma [3.42((iii) we have

Yl_mx(r - Z X72I0

gezéo
Jifl=m—1
and we see that [(a)] and [(b)] for ||i]] = m — 1 imply (i) and (ii) (note that in

if Yk<p O)Y tr, # 0 and equality holds, then i is uniquely determined by k and
Jmax( ))

We first prove by induction on ||i|| < m—1for i € Z! Lo that if ||E]| > (f—1)(p—1)+
2gme(o )55 (m—1=i[)pand YX(5 9 )Y iz, # 0, then YE(5 9 )Y Lz, = V¥ (29,

for k' € Z %o such that k% = k; —d;,,p for all j. A examination of |(a) and . shows
it will then be enough to prove them for i = 0 (replacing k by £').

There is nothing to prove for i = 0, so we can assume ¢ # 0. If k;, > p for some
jo, then using Lemma [3.37](ii):
ZE({; ?)K—lxa Yk pEJO Yp(p 0 )Y—Z:Eo_ Kh_péjo (8 ?)X_(Z_§j0+1)xaa

where ¢; < (0,...,0,1,0,...,0) with 1 in position j and 0 elsewhere (note that

YJOHY’ixa = Y =i+ g, is nonzero by assumption, and hence i —¢; 11 € Z>0 by
the last statement in Lemma ( )) As [l — gjo1ll = |l2]] = 1 and ||k — pg;, || =
Bl —p = (f=1)(p—1)+ ZJmax (@55 = (m =1 = |[i = gjo41[)p, we can apply the

induction hypothesis and a small computation shows that &’ is the right one, so we
are done in that case.
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We assume k; < p for all j and derive below a contradiction (so this case can’t
happen). Define

J dZﬁ {] c JmaX(O') . ij+1 == 0},
then by Lemma [3.49| (applied to ¢ = j and using Y} (8 ?)X‘%U #0):

kjgp—l—t]+2zj lfjej,
which implies [|k|| < (f —[J)(p—1) + X cs(p — 1 —t; + 2i;). From (3.33) we deduce
IEF < (f = 1TD( = 1) + 3 (85 + 2d5) + [T\ (J"(0) + D).
jeJ

So to get a contradiction it is enough to show that
(f = 1TD = 1) + > _(s; +2i5) + [T\ (J"™ (o) + )| < (f = )(p — 1)

jeJ
+ 2 5= (m—1-llilp,

jeJmax (0’)

or equivalently

pm+ I\ o)+ )| < =D +pD ij+(@—2)) i+ > s

] jeJ  jeJmax(g)\J

= (=2l + G -D+ (2T 5+ > 8B4
ig)  jermax(o)\J
Case 1: assume |J™(o) \ J| > 0.
If j € J™(o)\ J, then i1 > 0, so [J™(a) \ J| < ||i||. As [J™(o) \ J| =m — ||,
this means m < ||z|| 4 |.J|, hence (3.41]) is implied by

2m—|—|J\(JmaX(J)+1)|§\JH—(ZZij—i— 3 sj). (3.42)
g jegmax(g)\J

Using |J \ (J™(o) 4+ 1)| < |J|, (3.42) is implied by

2m < > sy (3.43)

jeJmax(a)\J

Genericity with give s; > 2f —1>2m—1 for j € J™ (o), hence
holds if either s; > 2m for at least one j € J™*(a) \ J or if |J™*(a) \ J| > 2 (using
2m —2 > 0 for the latter). Therefore, the only way inequality may fail is when
Jm(g)\ J = {jo} (for some jy) and moreover J \ (J™(o) + 1) = J and i; = 0 for
all j & J. But then ;.41 > 0 so we have jo+1 € JN(J™(0)+ 1), which contradicts
J N (J™*(g) 4+ 1) = (. Hence inequality holds.
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Case 2: assume J™ (o) = J.
Then using

[N o)+ D] < KO, - f= TN o)+ 1) = {0, ..., f=1I\J™(0)| = f—m

and |J| = m, we see that (3.41)) is implied by (p — V)m + f < (p = 2)||z|]| + (p — 1)m
which is true as [|Z|]| > 0 and f < p — 2 by (3.26].

To prove @ and @ it therefore suffices to consider the case i = 0, which we
prove now.

Recall (GLy(Ok)(54)70) = Q(x5, J™(0)). By [BPI2, Thm.2. 4(1\/)] the con-
stituents of this GLy(Ok )-representation are the Serre weights (Ao(to), ..., Ap—1(ts-1))
up to twist, where A € P(zo,...,z5_1), J(A) 2 J™(0) and \;(t;) =p—2—1t; +
1;00( — 1) if j € J(A) (we use the notation of [BP12, §2] as in the proof of Lemma
3.49). By [BP12, Lemma 2.7, Lemma 2.6] and Lemma [3.41fii), Q(x5, J™*(0)) has
-basis Xk(g ?)xm where

=

0<k <N@E)  ifje 0,

p—1-XN(t;)<kj<p—1 ifj&J\) (3.44)

for some A € P(zo,...,zs_1) with J(A) D J™*(o). We see that (3.44)) implies

Ikl < (fF=1JI)DPp—1)+ 2(: )(p —2-t;+1;)([ - 1)) (3.45)
FEJ(A

with equality if and only if k; = \;(¢;) if 7 € J(A) and k; = p—1 otherwise. Moreover,
Xﬁ(g’?)xa € §(o)\ {0} if and only if (3.44) holds with J(\) = J™*(o). Hence if
XECS?)L, ¢ 6(0) we deduce that (3.44) holds for some A\ € P(xo,...,x5_1) with
J(A) 2 J™(o).

We claim that the right-hand side of is smaller or equal than (f — 1)(p —
1) +m — 14 3 jmaxey 85 — p(m — 1) if J(A) = J™(0) and strictly smaller than
(f =D —1)+ X jmax(e) 85 —p(m — 1) if J(A) 2 J"*(0). Recalling that s; = p—2—
tj+ 1 jmax(py (7 — 1) for j € J™*(0), the first case follows from (f —|J™*(o)|)(p—1) =
(f=1(p—1)+m—1—p(m—1). For the second case, as (f —1)(p—1)—p(m—1) =
(f = |J™(o)])(p — 1) — (m — 1), it is enough to prove

f=1TDe=1D+ > p=2—t;)+|JA)N(J\) +1)]
JEJ(N)
< (f=1T"@))p ~1) + ; p—2—t;) +[J" (o) N (J" (o) + 1)]

_<m_1>7
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or equivalently (by an easy calculation):
(m—=1)+[JA) N (JA) + 1) = |J"(o) N (J"*(0) + 1)| < > (t; +1).
JeJ M\ mex ()
This is true, as m — 1 < f — 1 (so the left-hand side is at most (f — 1) + f),
JA)\ J™(0) # 0 and t; + 1 > 2f for any j by genericity (3.32).

Therefore [[k|| < (f =1)(p—1)+(m—1)+ 3 jmax(y) §; —p(m — 1) ika(g?)xa # 0
and Y*(31)z, € 8(0) i [kl = (f = D~ D+ £ 55— p(m - 1).
Jmax (o)

We prove the remaining statements in[(a)] and [(b)] (for i = 0). If |k]| > (f—1)(p—
D+ > sj—p(m—1)and XE({)’ (l))xg # 0, we know by above that J(\) = J™*(q).

Jmax (g
By )We then have k; < s; if j € J™*(0) and k; < p—11if j ¢ J™(0). By
the definition of x4 in (3.35]) and by Lemma (ii) (and Remark we deduce
XECS?)L, = X*Ex(;(g), where (; = s; — k; if j € J™(0) and ¢; = p—1—k; if
J & J™*(o). This implies ||£]] = (f —m)(p — 1) + ng(U)Sj — ||k||, and in particular
1] = Oif [|E]] = (f = D)(p = 1) + (m = 1) + X ymax(0) 85 — (m = D)p and ||f]| = m — 1 if
Ikl =(f—=D(p—-1)+ Jm;:(a)sj —p(m —1). This finishes the proof of@ and @ O

Now we can finally complete the proof of Proposition [3.46

Proof of Proposition[3.40/(ii). Suppose first that m > 0 and fix j, € J™*(0). By
Lemma [3.40 Proposition and the definition of F' (see|(ii)|in §2.1.1)), we have

y Zjemssor® p(y1i-my, )

= (DT Y I OG = Y5) t + f(Y)

jesmax(a)  j#jo
for some f(Y) € F[Yp,...,Yr1] of my,-adic valuation (i.e. total degree)
> Y max(eyS;+ (p—1)f. Asp>f>mwehave (p—1)f > (p—1)(f—1)+m—1
and by Lemma |3.50(1) we get f(X)(g ?)Yl_mxa = 0, hence

(b)Y,

e SR e,) = (<1 T VY TG =Y ()Y e,
jeJmax(a-) ]#]0
Moreover, the right-hand side is contained in (Y “xs., || = m — L)z C §(0)
by Lemma [3.50((ii). As it is also Nj-invariant, it is contained in ]P‘Yl_mx(;(g) by
Lemma [3.42(iii). It is therefore enough to show that YL max o) YR(Ylme,) =
(=1)/ x5, or again by Lemma M, Proposition and Lemma m(l) that
vt TT Y TL G =Y (B 0)Y e = 250,

jeJmax(U) ‘775]0
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(—1)! for 0 < i < p— 1, the left-hand side equals

=
n
—
i)
L
~—
Il

LZ VIR /D DU 3 (1) e (3.46)
Jmex(o) I |=(p—1)(f-1)
ki <p—1if j # jo

By Lemma [3.50(i), as k; + s; can never be congruent to s; modulo p when £} €
{1,...,p — 1}, only the terms with k; = 0 for j € J™*(0) \ {jo} and &} = p — 1 for
j ¢ J(0) survive. As ||K'|| = (p — 1)(f — 1), we must have &}, = (p — 1)(m — 1),
and by Lemma W(l) again it follows that equals z;(,), as required.

?)xa = 0 for all j, we get again by Lemma [3.40],

Finally suppose m = 0. As Y/ (8

Proposition and ([3.35)):

YU () = (<1 T — Yo ()
J#0

F-1
= ()T Y (8Y) 70 = (“ 1) s, O

Jj=0

3.2.4 Lower bound for Vg, (7): proof

We prove Theorem [3.35

We keep the notation of §§3.2.1} [3.2.2] [3.2.3] Fix o € W (p) and define o; € W (p)
inductively by o1 = ¢ and o; = §(0;_,) for i > 1 (o; here shouldn’t be confused with
the embedding o; = g 0 ¢'). Let n > 1 be the smallest integer such that o, = 0,
and write ; = (s, ... ,sgfll) ® n;. Recall that n = 1 if and only if J™*(0) = 0 if
and only if p is reducible and o corresponds to J, = @) or J, = S (see the beginning
of §3.2.3). We set m & [J™(5;)| if n > 1 (this doesn’t depend on i € {1,...,n} by
Lemma 3.47) and m 2 1 if n = 1, so that m € {1,..., f}. Fori e {1,...,n} we let
x: denote the H-eigencharacter on o;° = o', We also define for i € {1,...,n}:

def i+1 .

$i= Y. sg-l ) ifn > 1,
]’GJmax(o.i)
def

s1=p—1 ifn=1.

The following lemma will be useful later.

Lemma 3.51. We have 31 ;s; =0 (mod p —1).

Proof. Let s(x;) € {0,...,q — 1} such that ;11 = x;a~**) and denote by |s(x;)| €
{0,...,(p — 1)f} the sum of the digits of s(x;) in its p-expansion. Then it follows
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from ([3.53]) below that we have

azjeﬁna"(ai)S§i+l)pj+2j¢Jmax(ai)(p_l)pjxi = Xi+1
and so
i+1)y
s = X 15" (3.47)
jejmax(o-i)

which implies |s(x;)] = (p — 1)m — s;. AS Xpy1 = x1 = yia~ 2= 506)  we have
?18(xi) = 0 (mod ¢ — 1), hence Y7, |s(x:)] = 0 (mod p — 1) and the result
follows. O

Recall 7 is as at the end of §3.2.1] In [Brelll, §4] there is defined an F-linear
isomorphism

S (S0CGLy(O) o) = (S0CGL, (0k) 7). (3.48)

Fixing an embedding o < socqr, (o) 7, for i € {2,...,n} there are unique embed-

dings 0; = socar,(0k) T such that the morphism S cyclically permutes the lines ol

In particular there exists v € F* (which depends on ¢ but not on the fixed embedding

0 S0CQL,(0x) ™) such that Sn|"fl is the multiplication by v for all i € {1,...,n}.

We define p; € F* for1Signby,uld:efyifnzlandifn>1:

1

1 <H1§i’§n [Ljemax(o,y(p — 1 — Sg‘i +1))!) v ifi=n,
1 otherwise.

We let M, be the F[X][F]-submodule of 7™, or equivalently the F[Y][F]-submo-
dule, generated by Y=g = Y1=mglt for 1 < i < n. Recall v € Z) acts on

M, ® x-* by the action of ((1] 791) (see the end of §3.2.1)).

Proposition 3.52. The module M, ® x;' is admissible as an F[X]-module (see
§2.1.1), ZX-stable, and such that (M, ® x; ") is free of rank n as an F[X]-module.
Moreover the étale (o, T)-module (M, @ x;1)V[1/X] admits a basis (ey,...,e,) over
F[X][1/X] such that fori € {1,...,n} (with e, = €1):

p(e:) = p; ' X e, (3.49)

y(e) € xa((69))7" (1 + XF[X])e; for all v € L, (3.50)
where 7 is the image of v € Z; inF. Moreover (e;) is uniquely determined by (3.49)
and (B50).

To prepare for the proof, fix z; € o1 \ {0} and define for 1 < i <n — 1:

ST .
G VA | B 7S I v 1(%)(1))%60%1\{0}

jeJma(oy) jgJmex (i)

and 2,41 & 21 (note that this formula is (3.35) multiplied by (—1)/1).

142



Lemma 3.53. Forie€ {1,...,n} we have
5@0:( II @_1—§”%QM%H (3.51)
jEJmax(o.Z.)
and
YEF(YY ) = Y. (3.52)
Proof. 1f i € {1,...,n} we have

i+1)

8(- —
com T T e

jejmax(o.i) J¢Jmax(o.z)
—1
_ (i+1) 0
_<'11 (p—1— s )0 05 ooy (30)a
]GJmax(O'i) Jmax (g,
. -1
(I e-1-s) s, (35
jEJmaX(O'i)

where the first equality follows from Lemma[3.41fi) and the second from the definition
of the function S in [Brelll §4]. From the definition of x;,, we obtain (3.51]) for i < n.
For ¢ = n, using inductively

. -1
Tit1 = ( H (p—1- Sg'ZH))!) S(xi)
jeJmax(o-i)
fori=n—1i=n—2till i =1 we obtain (as S is F-linear):

= T -1-50) $(r)

JEJ™AX(0p_1)

(I T s s,

1<i<n—1 jeJmax(g;)

Since S™(x1) = vy and from the definition of p,, we get (3.51)) for i = n. The last
part follows from Proposition combined with (3.53) and (3.51)). O

The following lemma is stated with the variable Y, but remains the same with
the variable X.

Lemma 3.54. Suppose M is a torsion F[Y]-module. Let ¥ C M be a subset spanning

«— def

M as an F-vector space and set ¥ = Uyex F*v. If
(i) Y C 2 U{0};
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(ii)) FYv; =FY vy # 0 = v = vy for vy, vy € ¥;

(iii) XN M[Y] is a finite set of F-linearly independent vectors,

then X is an F-basis of M and M is an admissible F[Y]-module. If moreover VY =
Y U {0}, then MY is a finite free F[Y]-module of rank dimp M[Y].

Proof. Write ¥ N M[Y] = {v1,...,vq4} (assuming ¥ N M[Y] # 0 otherwise M =
0 and there is nothing to prove). For £ € {1,...,d} let ¥, = {v € ¥ : Yiv ¢
F*v, for some j > 0}. Then M, e Dpex,Fu is an F[Y]-module using . Ifv,0" € %y,
then using there is j > 0 such that either Fvo = FY7¢/, or Fv' = FY7v, from which
one easily deduces M;[Y] = Fuv,, in particular M, is admissible. Since ¥ spans M
over F and ¥ = [];_; X/, the natural map f : @?:1 M, — M is surjective, and
thus M is also admissible. Since @, M,[Y] = @,Fv, — M][Y] (the last injection
following from [(iii))), we deduce that Ker(f)[Y] = 0, hence Ker(f) = 0 and f is an
isomorphism. This proves the first part of the statement. It follows from Y'> = XU{0}
that the multiplication by Y is surjective on each My, i.e. we have exact sequences
0 — Fu, — M, 5 M, — 0. Dualizing, this gives 0 — M’ X M, — (Fv,)¥ — 0,
which shows M)’ is free of rank 1 over F[Y]. The last statement follows. O

Recall that M, is the F[Y][F]-submodule of 7™t generated by Y1 "z; for 1 <
7 <n. Let

5 det YIFF(YImp):1<i<n, k>0, 0<j<ptls; ifk>1
- 0<j<m ifk=0 [~

We now check that M, and ¥ satisfy all the assumptions in Lemma [3.54] Define for
14 S ZZI:
S E{YIFM Y ) €S k+i=( (mod n)}

and M, , o Does, Fv. We have ¥ = [[;_, 3,. Applying FF1 to 1) for kK > 1 we
get (recall that FoY =Y?o F on 7"1):

yP s ER (Y ) € FX RN Y g, (3.54)

hence Y spans M, and condition of Lemma holds for . Using we
also see that the multiplication by Y induces an injection 3, < >, U {0} and that
Y'Y, = ¥,U{0}, hence M, is an F[Y]-submodule of M, and condition of Lemma
[B.54 holds for % and . Moreover, Y = SU{0}. Finally, SN M,[Y] = {z1,...,2,}
(and XN M;,[Y] = z4). By Lemma and its proof, we deduce that ¥ is an [F-basis
of My, that M, = @j_; My, and that each M, is free of rank 1 over F[Y]. In fact
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one can visualize the “Y'-divisible line” M, , as follows using (3.52):

Frioy e FY ™ &8 FRY ™) 2 FRA(Y ™, )
Y FR (Y M) — e

where Fx; 11 = M4 ,[Y] and the arrows mean “multiplication by the power of Y just
above”. In particular we see that if d(v) & min{j > 1 : YJv = 0} for v € ¥, then

v € ¥;11 is contained in F(X) if and only if d(v) = s; + m (mod p).
Define a basis fi,..., f, of the free F[Y]-module M) by

f1($z) e 1 and fl(Z \ {5131}) £ O, 1€ {1, c. ,n}.

From what is above we then easily deduce the following formula, where F(f)(v) <

f(F(v)) for f € MY and v € M, (and using conventions as in §2.1.1)):

wY ™ if £ =0,

. (3.55)
0 if1</<p-1.

F(yf+(si+m—1)fi+1) _ {

Lemma 3.55. The module M, ® x;" is Z)-stable, hence Z) acts on (M, ® x;')".
Moreover we have for v € Z) (recall v(f)(v) = f((%)g)v> for f € (M, ® x;')Y,
veM,):

v(f) € x:((89)) 1+ YFIYD) f;

for1 <i<mn.

Proof. As M, = @i F[Y][F]Y'"™z; and Y'"™z; is a ZX-eigenvector by Lemma
3.42(iii) we deduce that M,, and hence M, ® ', are ZX-stable.

From 70X = ((14+X)” —1) oy and Lemma [3.3§)it is easy to deduce that yoY =
fy(Y) oy for some f,(Y) € 7Y + Y?F[Y], hence Z) preserves the decomposition of
F[Y]-modules M, ®x,;* = @, M;,®x;*. In particular, v(f;) annihilates My ,®x;*
for all @' # 4. Let Y Jx; for j > 0 denote the unique element of ¥; such that
YI(Y~Iz;) = x; (this is compatible with our previous notation in Lemma [3.42(ii)).
Then

V(f) =2 () Pz Y fi € xa((89)) 1+ YFY]) £ O

320

Proof of Proposition[3.59. We have already seen above that M, ® y.! is admissible,
Zy-stable, and that (M, ® x;')" is free of rank n as an F[Ny/N;]-module. To find
the basis (e;);, first note from Lemma [3.38/ and (3.55)) that (using F o Y? =Y o F on
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(Mo @ x71)"):
F(Xsﬁ-m 1f+1 (ZC Sy sitm— 1+]f+1)

7>0
=iy cpY ",
>0
& (1) (1 + XFLX]) X", (3.56)
for some ¢; € F with ¢g = (—1)*"™!. Similarly for ¢ € {1,...,p— 1}:
F(Xstm1Hf ) € FIX]X™ f;. (3.57)
It easily follows from (12.6)) that
p—1
S+ X)p(F((1+X)f) = f (3.58)
=0

for all f € (M, ®x-1)V[1/X]. Let f & Xstm=1f, .\ by (3.56) and (3.57) we have for
te{0,....,p— 1}

F((1+X)'f) € (=1)* (1 + XFIX]) X' £,

and so
P(F((1+X)'f)) € (=1)* (1 + XPF[X])p(X™ ' f,).
Using
= - X ot — yp—1 P
;(1+X) 4=<1+X> =X (mod X7),

we see that (3.58)) applied to f = X*™™~1f, | becomes
( D XP (XM fi) € (1+ XF[X]) X fin
or equivalently in (M, ® x-1)"[1/X]:
P(X™fi) = (1) gi(X) X fia (3.59)
for some ¢;(X) € 1+ XF[X].
Let e; & (— 1)22';11 “Thy(X)X™f; for some h;(X) € 1+ XF[X] and note that the

sign doesn’t change if ¢ is replaced by 2+ n by Lemma m Then (3.49)) is equivalent
to

hi (XP)SO(mez) = ( 1) 1 i (X)X X fi g,
or equivalently h;(X?)g;(X) = h;11(X) by (3.59). This system has the unique solution

= [T g (X"
j=1

in 1+ XF[X], where the indices are considered modulo n. Then (3.50) follows from
Lemma [3.55] The final uniqueness assertion follows from v o ¢ = @ oy and is left as
an exercise (similar to [Brelll, Lemma 4.5]). O
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Let O(m) (resp. O(p)) be a set of representatives for the orbits of 4 on the set of
Serre weights in socar,(o,) ™ counted with their multiplicity » (resp. on the set W (p)).

We define M, = Doco) Mo (With M, as above). It follows from the assumptions
on 7 that we have
M.~ P M.
€0(p)
In particular (M,®x;!)V[1/X] is an étale (¢, ')-module over F(( X)) of rank 7|W (p)| =
r2/. From the description of M,[X], we also see that the natural map M, — 7™ of
torsion F[X]-modules is injective as the following composition is injective:

M,[X] = @olt — 7't € 7M[X],

where the direct sum is over all Serre weights o in socgr,o,) 7 (counting their mul-
tiplicity r).

Proposition 3.56. We have an isomorphism of representations of Gal(Q,/Q,) over
F:
_ o (e @O\ T
V((Mr ® ;)Y [1/X]) = (ind3™(p))

Proof. We are going to use a computation of [Brelll §4]. Associated to the diagram
D ¥ D(p)®" of §3.2.1] there is defined in loc.cit. an étale (o, T')-module over F((X))
denoted there M (D) and which is of the form M (D) = @an(w)M(D)aﬂ where M (D),
is a rank n étale (¢, T')-module over F((X)) associated to the orbit of o, i.e. to the
cycle 0 = 01,...,0, as above (so in fact one has M (D) = ®scom M (D)27).

Let N = F((X))e be the rank 1 étale (o, I')-module over F((X)) defined by
o(e) = X_(p_l)zj(rj—H)Q

Y

7X Zj(rj+1)
:<(1+X)’Y—1> -

We have V(N) = Wl Tt = ind%%(det p) (using ind’ "(wy) = w) by [Brelll
Prop.3.5] and

V(M(D)) = (ind*(p @ (det p)’l)far =~ (indg*(p) @ indje (et pfl))@’”
by [Brelll Thm.6.4]. We therefore deduce
. _\\Or
V(M (D) ®sx) N) = (indg*(p)) .

Therefore it suffices to show that M (D), ®p(x) N = M) [1/X] for each 0 € O(7), or
equivalently each o € O(p).

2 A more consistent notation with the ones of this article would have been M (D) and M (D)Y...
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Let z,...,z) € (@™, 01")Y be the dual basis of the F-basis (z;); of @, 07",

i=10;

it follows from its definition in [Brell, §4] and from (3.47) that M (D), has basis
xy,...,z) as F(X))-module with

) = xos o0 (T 1= s o8I
jGJmaX(O'i) T

where S~! is the inverse of the bijection S of (3.48 - which preserves @7, o;'). By
(3.51)) we have

-1
z; °S| L _< H Sg'ZH))!) Nz‘_l 2/+17
Jmax(o-l)

so we obtain
SD(%V) _ M;1X5i+(p—1)(f—m)xiv+1'

Also we have for v € Z (using the hypothesis on the central character of 7):

ﬁo@iﬁ " (al o (39))
7= n((89))al

hence with the definition of y(z)) given in [Brelll, Lemma 4.5]:

I
Q\

(@) € xi((89))7 207 (1 + XF[X])x)
We deduce that M (D), ®r(x)y N = @i, F[X](x; ® e) with

play @e) = p XL (Y e,
WY @) e xi((59))7 S (1 + XFIX]) () @ e).

Now, let ¢} = X "(z)y ®e) for all i. Then €], .., €, is a basis of M (D), Qp(x) N
and we have for i € {1,...,n} (with e/, = €/):

90(62) lu 1X81 z+17
() € xi((§9))7™ (1 + XF[X])e).
From Proposition we see that M (D), ®@r(x) N = M,)/[1/X]. O

By Lemma [3.36] this completes the proof of Theorem [3.35] when the constants
v; are as in [Brelll Thm.6.4]. When they are arbitrary, the proof of Proposition

3.56) gives V(M @ x;1)"[1/X])]1g, = (ind®(@))|§ using [Brell, Cor.5.4], which
finishes the proof of Theorem [3.35]
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3.3 On the structure of some representations of GLy(K)

We prove results on the structure of an admissible smooth representation 7 of GLy(K)
over [F associated to a semisimple sufficiently generic representation p of Gal(Q,/K)
as in [BP12] when 7 satisfies a further multiplicity one assumption as in [BHH™23|
and a self-duality property. In particular we prove that such a 7 is irreducible if and

only if 5 is, and is semisimple when f = 2 (Corollary and Corollary [3.90)).

We keep the notation at the beginning of §, , and set A = F[I,/Z,]. We
recall that the graded ring gr(A) is isomorphic to ®;_yF[y;, z;, h;] with h; lying in the

center (see (3.17])). We set
R= gr(A)/(ho, ... hy—1),

which is commutative and isomorphic to Fy;, z;,0 < i < f — 1], and recall that
R = R/(y;z;,0 < i < f—1) = gr(A)/J (see (3.22)). Moreover the finite torus H
naturally acts on A by the conjugation on [; (via its Teichmiiller lift) and we see (using
(3.1)) that the induced action on gr(A) is trivial on h; and is the multiplication by the

character a; (resp. o; ') on y; (resp. z;), where Oéi((é 2)) = o\t for (6\ 2)6 H.

Notice that gr(A) is an Auslander regular ring (see [LvO96l, Def.111.2.1.7], [LvO96,
Def.I11.2.1.3]) by the first statement in [BHH723, Thm.5.3.4] and so is A itself by
[LvO96, Thm.I11.2.2.5]. This allows us to apply (many) results of [LvO96], §I11.2].

For any ring S and any S-module M, we set E4(M) = Exti (M, S) for i > 0.

3.3.1 Combinatorial results

We define some explicit ideals a(A) of R and study some of their properties.

We fix a continuous representation p : Gal(Q,/K) — GLy(F) which is generic in
the sense of [BP12, §11] and let Dy(p) be the representation of GLy(F,) over F defined
in [BP12, §13] (see also when p is semisimple). Recall from [BP12, Cor.13.6]
that Dy(p)™t is multiplicity-free as a representation of H = I/I;. By [Breld, §4],
there is a bijection between the characters of H appearing in Dy(p)"* and a certain
set of f-tuples, denoted by

PID(xo,...,x4-1), vesp. PAD(xg,...,T5-1), resp. PD(xo,...,x5-1),

if p is irreducible, resp. reducible split, resp. reducible nonsplit. We refer to [Brel4,
§4] for the precise definition of these sets and we simply write & for the set associated
to p. We write y, for the character of H associated to A € & (more precisely, in
loc.cit. one rather associates a Serre weight oy to A, and x, is the action of H = I/1;
on the 1-dimensional subspace af\l, different o, giving different ).
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On the other hand, the set W(p) is in bijection with another set of f-tuples,
denoted by (see [BP12, §11))

ID(xg,...,x5-1), resp. ZD(xo,...,x5-1), resp. D(vo, ..., Tr_1),

depending on p as above. We simply write & for the set associated to p. Since the
socle of Dy(p) is @yew(p 0, we may view Z as a subset of &. For example, if p is
reducible split, then & is the subset of & consisting of A such that

>\j($]’) € {Zﬂj,Ij + 1,]9 —2— Tj,p— 3 — l’j},

while if 7 is nonsplit, then we require moreover that \;(z;) € {z; + 1,p — 3 — x;}
implies j € J5, where J5 is a certain subset of {0,..., f — 1} uniquely determined by
the Fontaine-Laffaille module of p (cf. [Breldl, (17)]).

Definition 3.57. We associate to A € & an ideal a(\) of R as follows.

o If pis irreducible, then a(X) = (to,...,t;_1), where

2o if Ao(xo) € {xo—1,p — 2 — x0}
to =< yo if Ao(zo) € {mo+1,p — 20}
YoZo if )\0([1)0) S {nTpr —-1- ZE()},

and if j # 0

zi b Nj(ay) € {ayp =3 — a5}
tp=qy i Alzy) ez +2,p—1—x;}
yizg At A(xg) € {a;+1,p—2— a5}

o If p is reducible nonsplit, then a(\) = (to,...,ts—1), where
z; if A(z;) €{zj,p—3—=x;} and j € J;
poder ) Y if )\j(:vj)E{xj+2,p—1—$j}apdj€Jﬁ
J yjz; it N(z;) € {zj,p—1—=z;}and j & J;
yizi b Aj(es) € { +1,p— 2 — a5}

o If p is reducible split, then a(\) = (to,...,t;_1) is defined as in the nonsplit
case by letting J5 = {0,..., f — 1}, namely

zi b Nj(ay) €{wjp =3 — a5}

t; =y if N(ay) e{a;+2,p—1—1;}
yizj it Nj(xy) € {z; +1,p — 2 — x5}

In particular, if p is reducible nonsplit and J; = 0, then a(X) = (yo20, . - ., Yr—12f-1)
for any A € £2. Note that R/a(\) is always a quotient of R.
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Remark 3.58. An equivalent form of Definition is as follows (compare the proof 5.

of Theorem [3.67). Given A\ € &, t; = y; (resp. t; = z;) if and only if the character
Xa; - (resp. xaq;) occurs in Do(p)™ (i.e. has the form xy for some X € &), and

t; = y;2; if and only if neither of X)\ozfl occurs in Dy(p)™.

Lemma 3.59. Let A € Z.
(i) Assume p is semisimple. Then N € 2 if and only if y; ¢ a(\) for any j €
{0,...,f—1}.

(ii) Assume p is reducible nonsplit and let p* be the semisimplification of p. Then
there is a bijection between Z(p*) (defined as the set 2 associated to p*) and
the set of A € & such that y; ¢ a(X\) for any j € {0,..., f —1}.

Proof. (i) It is clear by definition of Z and a(\).
(ii) Let A € & such that y; ¢ a(\) for any j € {0,..., f — 1}. By definition, we have
(for p reducible nonsplit)

Ni(z;) e {zj,z;+1,p—1—x;,p—2—2;,p—3—z;}

and from the definition of a(\) if A\j(z;) = p — 1 — x; then j ¢ J; (note that if
Aj(xj) = p — 3 — x; then it is automatic that j € J5;). We define an f-tuple p by

oy | p=3—xy i A(xy) =p—1—a;
pj(x;) = { () otherwise.

It is then easy to see that u is an element of 2(p*) and that any element of 2(p*)
arises (uniquely) in this way. O

Corollary 3.60. The set {\ € & :y; ¢ a(A\) V j € {0,...,f —1}} has cardinality
27,

Proof. This is a direct consequence of Lemma and of |[W(p*)| = 2/. O
Given A € &, write a(\) = (to,...,ts_1) as in Definition and define
AN E{efo,... . f—1 :t;=yz} C{0,..., f—1}. (3.60)

The following proposition will only be used in Corollary below.

Proposition 3.61. We have Y \c 5 24N = 47,
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Proof. We will only give the proof in the case p is reducible (split or not), the irre-
ducible case can be treated similarly.

First assume that 7 is split. Given A € &, we define an element A\ € 2 as follows:

B ; if - Aj(z;) € {xj = + 2}
)\j(l‘j)dIQf p—3—$] if )\j(l’j)E{p—l—aTjap_g—ZL‘j}
Aj(z5) otherwise.

It is easy to see that A € 2. By definition of & (see [Breld, §4] and recall 22 =

& giving rise to A under the above rule. Moreover, it is direct from the definitions

that A(X) = A(\). Hence

T M = Y (2 Mg ARN — of | g = 2f2f — 4,
e €9

Now assume that p is nonsplit. Let 2 be the subset of 2 considered in the proof
of Lemma M(ii), namely A € & if and only if

Ni(z;) e {zj,z;+1,p—1—xj,p—2—2;,p—3—z;}

and \j(z;) = p— 1 — x; implies j ¢ .J;. By the proof of loc.cit., we have |Z| =
|2(p%)| = 2/. Given A\ € &, we define an element A € & as follows:

I it Aj(z;) € {aj, 25 + 2}
ANi@g) =4 p=3—a; if N(a;)=p—3—wa;0r (N(z;) =p—1—x;and j € Jp)
() otherwise.

As in the split case it is easy to see that A(\) = A()) and that given X € &, there

in the split case. O

Definition 3.62. Given A € &, we define another f-tuple \* as follows:

p—=3=X(x;) if t; =z
Ni(a;) = p+1=N(zy) if t;=vy;
p—l—)v(l'j) if tj:ijj.

If A € 2, we define its “length” ¢()\) to be (see [BP12l §4]):
(NE e, f—1}:N(w)e{p—2—a;+1,2; £1}}]. (3.61)
Lemma 3.63. Let A € &.
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(i) We have \* € & and a(\) = a(\*).
(ii) Assume that p is semisimple. Then X € P if and only if \* € P, and in this
case L(N*) = f — L()).
Proof. (i) The first statement can be checked directly using the definition of & and
the second one is obvious from the definitions.
(ii) The first statement follows from (i) and Lemma [3.59(i). By definition of 2
(see [BP12, §11]), ¢(\) can be computed as the cardinality of the following set:

{j €e{0,....f =1} : Nj(zy) € {p—l—xj,p—Q—:L‘j,p—B—xj}}.
For example, when p is reducible split, we have (cf. the beginning of [BP12, §11])
Aj(25) €{p—2—xj,p =3 —a;} == Na(@j) € {p =3 -z, 70 + 1}
The second statement of (ii) follows from this and Definition [3.62} ]

Lemma 3.64. Let A € &, x, the character of H associated to \, (to,...,ty_1) the
ideal a(\) in Definition and ny be the character of H acting on Hf;& tj. Then
we have

XaXas = ma(n o det),

where \* is as in Definition|3.64 and n(a) = X,\((g 2)) fora € By (n does not depend
on\eP).

Proof. This is an easy computation, but we give some details. Note that \;(x;) +
Ni(zj) = (p—1)+2¢;, where g; equals 1, 0 or —1 if ; equals y;, y;z; or 2; respectively.
Moreover, in the notation of [Breld, §4], we have

e(\) + e(\) =

DO | —
N

f—1
AR WACEPYCHREIEPHEN)

T
0

P (x; — &),

0

.
Il

The conclusion follows now from a simple computation, noting that for (8 2)6 H

XA((S 2)) _ Uo(a)( f;(}mj(rj))ﬂu)(ro ..... Tffl)o_o(b)e(k)(ro ..... Ti_1)

(see [Brel4, §4]) and that H acts on y; (resp. ;) via a; (resp. a; ). O
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Note that H acts on I;/Z; by conjugation and hence on A and gr(A), preserving the
filtration and the graded pieces on the former and the latter respectively. This induces
H-actions also on R, R, and R/a()) for any A € 2. We say that a gr(A)-module M
has a compatible H-action if it has an H-action such that h(rm) = h(r)h(m) for all
h € H,r&gr(A), and m € M. In this case El (M) is again a gr(A)-module with
compatible H-action for any ¢ > 0.

Lemma 3.65. If M is a gr(A)-module with compatible H -action that is annihilated by

(ho, .. hf_1), then we have isomorphisms of gr(A\)-modules with compatible H-action
fori>0: ‘ '
L) (M) 2 Ej(M). (3.62)

If moreover M is annihilated by J, then we have isomorphisms of gr(A)-modules with
compatible H-action for 1 > 0:

i+2 ~ i ~ i
E ) (M) = EfY (M) = BR(M). (3.63)
Proof. Since (hg,...,hs_1) is a regular sequence of central elements in gr(A) and
(Y020, - - - Yr—125-1) is a regular sequence in R (which is commutative), the isomor-

phisms (3.62)) and (3.63]) as gr(A)-modules are proved as in the proof of [BHH23|
Lemma 5.1.3]. Moreover, H acts trivially on h; and y;z; (for 0 < j < f — 1), so the
isomorphisms are also H-equivariant, from which the results follow. n

We don’t use the following proposition in the sequel, but it is consistent with
Remark [3.72(i) and the essential self-duality assumption (iii) in §3.3.5| below (see

Proposition [3.84]).

Proposition 3.66. For A\ € & there is an isomorphism of gr(A\)-modules with com-
patible H-action:

B (6! @ R/a() = (3 @ R/a())) @7 o det.

Proof. Applying (3.63) with i = 0 and M = x;' ® R/a()\), we are left to prove
Homg(xy' ® R/a(N),R) = (x;! ® R/a(\)) @no det.

Using Lemma m, it suffices to construct an isomorphism of gr(A)-modules with
compatible H-action

Homz(R/a()\), R) = 1t @ R/a()), (3.64)

where 7, is the character of H acting on H;-:& t; if we write a(X) = (to,...,ty_1) with
t; € {y;, 25,9251 Put t' = H?;&(yjzj/tj). One easily checks that 'R = R[a()\)] and
there is an isomorphism of R-modules

0: 0yt ®@R/a(\) = 'R,
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where the first map sends 1 to #. As H acts on ' via 1, ', 0 is also H-equivariant.
The isomorphism (3.64)) is then obtained by sending r € 1! ® R/a(A) to ¢ €
Homz(R/a()), R) such that ¢(1) = 6(r). O

3.3.2 On the structure of gr(7")

We give a partial result on the structure of gr(m") for certain admissible smooth
representations m of GLy(K) over F associated to p when gr(m") comes from the
my, sz, -adic filtration on 7.

We let p be as in (in particular 7 is not necessarily semisimple) and keep
the notation of loc.cit. As in when 7 is semisimple, we consider Dy(p) as a
representation of GLy(Ok)K*, where GLy(Ok) acts via its quotient GLo(F,) and
the center K* acts by the character det(p)w™'. We now write m for my, /z,.

We consider an admissible smooth representation 7 of GLo(K) over I satisfying
the following two conditions:

(i) there is r > 1 such that 7% = Dy(p)®" as a representation of GLy(O)K* (in
particular 7 has a central character);

(ii) for any A\ € &2, we have an equality of multiplicities
[r[m?®] - xa] = [7[m] : x-

Note that (ii) implies that the gr(A)-module gr(m") (defined with the m-adic filtration
on m) is annihilated by the ideal J in (3.18) by the proof of [BHH'23, Cor.5.3.5],

and in particular is an R-module.

Theorem 3.67. Forn as above, there is a surjection of gr(A)-modules with compatible
H-action

(D ' @R/a)” — ex(x"), (3.65)
»

where a(X) is as in Definition[3.57

Proof. Consider the gr(A)-module with compatible H-action:

M= (@t e R/aW)”.

Since there is a bijection A — X, between &2 and the characters of H on Dy(p)™ (see
§3.3.1)), we can choose a basis of 7t over F, say {vyr : A € 2,1 < k <r}, such that
each vy is an eigenvector for I of character x,. We denote by {eyr: A€ £, 1 <k <
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r} the basis of gr’(7") over F which is the dual basis of {vy}, and note that {ey}
generates the gr(A)-module gr(7"). To prove that there exists a surjective morphism
M — gr(n") it suffices to prove that, for any A € & and any k € {1,...,r}, the
vector ey is annihilated by the ideal a(\) of R = gr(A)/(ho,...,hy—1). Writing
a(A) = (to,...,ty—1) as in Definition [3.57, we already see that if ¢; = y;z;, then ¢
kills all the e, ;, since gr(m") is annihilated by J.

) def

Let j € {0,..., f — 1} such that t; € {y;,2;} and define ' = X,\aj_l if t; =y,
Y = xae; if t; = z;. By Definition one checks that Y’ = xy, where X' € &
is defined by N(z;) = \i(z;) if i # 4, and Ni(;) = \j(z;) + ¢, where ¢; equals
either —2 or 2 when ¢; equals either y; or z; respectively. Note that y'~! is equal
to the character of I acting on t;eyy € gr'(m"). Thus, if t;e, # 0, then dually the
\-isotypic subspace of w[m?]/m[m] would be nonzero. But this contradicts condition
(ii) above. Hence ey 4 is annihilated by the whole ideal a(\) and we are done. O

Corollary 3.68. Let ' be a subrepresentation of m and &' C & be the subset
corresponding to the characters (without multiplicities) of H appearing in 7', Then

gr(7") (with the m-adic filtration on @) is a quotient of (@/\e@' Nl R/a()\))@T.

Proof. We have a natural quotient map 7 — 7’V which induces a quotient map
gr(m") — gr(a’V). It is enough to prove that the composition

(B v oR/aW)” = ( B 'e R/a(N)” = gr(r”) - gi(x")

re’

is surjective (where the second map is the surjection of Theorem [3.67)). The assump-
tion implies that it is surjective on gr’(—), and we conclude using that gr(z’V) is
generated by gr’(7'V) as a gr(A)-module. O

If N is a finitely generated R-module and q a minimal prime ideal of R, recall
that mq(N) € Z>o denotes the multiplicity of N at q, see (3.23]).

Theorem 3.69. We have dimg Vo, (7) = dimgx) DY (1) < my,(gr(7Y)) < 277,
where the minimal ideal po is as in §3.1.74)

Proof. This is a direct consequence of , of Corollary of Theorem m
and of Corollary [3.60] noting that, if y; € a(X) for some j € {0,..., f — 1}, then
My, (R/a(X)) =0 (asy; ¢ po), andify; ¢ a(A\)Vj e {0,..., f—1}, then my, (R/a(N)) =
1 (as (R/a(N)[(yo -~ yr—1) T = Flyo, ... yp-all(yo - yr—1) 7] = gr(A)). O

Combined with the results of §3.2] we can deduce the following important corol-
lary.
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Corollary 3.70. Assume moreover that p is semisimple, satisfies the genericity con-
dition and that condition (i) above can be enhanced into an isomorphism of
diagrams (7' — 751) = D(p)®", where D(p) is as in (3.27). Then we have an
isomorphism of representations of Ig, -

Var, (7)1, = (ind (@) (5.

In particular we have dimg Vo, (1) = dimpx)y D¢ (m) = my, (1Y) = 27, If moreover
the constants v; associated to D(p ® x) (x as in §3.2.1) at the beginning of [Brelll,

§6] are as in [Brelll, Thm.6.4], then we have an isomorphism of representations of

Gal(@p/(@p) ; o
Var, () = (iﬂd?}(@p(ﬁ)) :

Proof. 1t follows from Theorem |3.35/and Theorem|3.69|as dimp (ind}@( p(ﬁ)f%: 2/r. O

It is also worth mentioning the following corollary of Theorem [3.67]

Corollary 3.71. We have 3> mq(gr(n¥)) < 4/r, where the sum is taken over all
minimal prime ideals q of R.

Proof. By an easy computation, we have ., mq(R/a(X)) = 24N (see (3.60) for
A(X)). Thus the result follows from Proposition and Theorem [3.67] O

Remark 3.72. (i) It seems possible to us that the surjection in Theorem could
actually be an isomorphism, at least for 7 coming from the global theory as in
below. Note that such an isomorphism implies in particular E} ,(gr(7")) # 0 if
and only if ¢ = 2f (i.e. the gr(A)-module gr(7") is Cohen—Macaulay of grade 2f),
which in turns implies E (7¥) # 0 if and only if i = 2f (use [Ven02, Cor.6.3] and the
similar result with gr(A) instead of A, the first statement in [Ven02, Thm.3.21(ii)] and
[LvO96, Thm.I.7.2.11(1)]). Note moreover that by [HW22| Prop.A.8] we know that 7"
is Cohen—Macaulay for 7 coming from the global theory in the so-called minimal case
(see §3.4.4)), but we don’t know this for gr(m¥) without extra assumptions (e.g. that
the surjection of Theorem is an isomorphism).

(ii) It is worth recalling here the following implications that we have seen. Consider
the following conditions on an admissible smooth representation 7 of GLy(K') over F
with a central character:

(a) [r[m3] : x] = [r[m] : x] for every character x : [ — F* appearing in w[m];

(b) gr(m") is killed by J, where gr(n") is computed with the m-adic filtration on

s
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(c) gr(mY) is killed by some power of J, where gr(r") is computed with any good
filtration on the A-module 7V;

(d) 7 is in the category C of §3.1.2

Then we have (a) = (b) = (c¢) = (d). We suspect that every implication is strict.

3.3.3 Examples

We completely compute the gr(IF[//Z;])-module gr(V") for certain irreducible admis-
sible smooth representations V' of GLy(K') over F (with VY endowed with the m-adic
filtration). We assume p > 5 in this section.

We keep the previous notation. If V' is a smooth representation of I /Z; over F,
we write gr(V") for the graded module associated to the m-adic filtration on V.

Lemma 3.73. Let V' be a smooth representation of I/Z; over F such that V|, is
admissible as a representation of Ny and such that the natural map grmNO(V\/) —
gr(VY) (induced by the inclusions my, VY C m"V"Y forn > 0) is surjective. Then this
map s an tsomorphism.

Proof. Since V|, is a finite type F[No]-module by assumption, it is a complete
filtered F[No]-module for the my,-adic filtration. As all the maps mfy VY /miHVvY —
m"VV/m" VY are surjective, any element in v € m"V"Y can be written v = vy + w,
where vy € 3,5, My VY = mi V'V (as V|[y, is complete) and w € Np>pym™VY = 0
(as the m-adic filtration is separated since V' is smooth). Thus the inclusion my, VY C
m”V"V is an equality for n > 0, and we are done. O

The following two lemmas are motivated by [Pasl0, Prop.7.1, Prop.7.2]. We
consider the finite group H as subgroup of [ via the Teichmiiller lift.

Lemma 3.74. Let V' be an admissible smooth representation of I/Z, over F. Assume
that V| g, s isomorphic to an injective envelope of some character x in the category
of smooth representations of HNy over F (so in particular dimp V™ = 1). Then
Ext}/zl(xogl,\/) =0 forany0<j<f—1.

Proof. Consider an extension class in Ext} /7 (Xaj_l, V) represented by 0 — V —
Vi— onj_l — 0. By assumption on V| this extension splits when restricted to H N,
hence we may find v' € V/\V on which HNj acts via Xaj_l (in particular v’ € V'No),
Notice that (g — 1)v" € V for any g € I;. Let v € V™ be a nonzero vector so that
VNo = [Fv by assumption.
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First take g € <1+%OK 1+;?(9K ) It is easy to see that (¢ — 1)’ is again fixed by N
and H acts on it via Xaj’l. But, by assumption V™0 is 1-dimensional on which H acts

via x, thus we must have (g — 1)v" = 0. We deduce that v’ is fixed by I N B(Ok).

We claim that v’ is fixed by Ni” = (3, §). This will imply that v’ is fixed by
I, by the Iwahori decomposition, and consequently V' splits as an I-representation.
Let k > 1 be the smallest integer such that v’ is fixed by N, = (pkéK ?); such an
integer always exists, as V' is a smooth representation of I. Suppose k£ > 2 and take
g € N,_,. Using the matrix identity (see [Pasi0, Eq.(14)])

((1] If)(i (1)): (c(lJr%)c)_l (1)) ( 1‘517‘3 (l—i-li)c)’1 )

and the fact that v’ is fixed by ( 1;2%9; L gfg)K ), one checks that (g—1)v" € VYo, Con-
1

sequently, Fv @& Fv’ gives rise to an extension in Exty, -
k—1

by the choice of k. But, as in [Pas10, Lemma 5.6], one shows that Ext}{Nk_ (X, x)#0
—1

(Xaj’l, X) which is nonsplit

if and only if X’ = x; for some 0 < i < f — 1. Indeed, after conjugating by (pk: ?),
we are reduced to the case k£ = 2, in which case the result is proved by determining the
H-action on Hom(N; , F) as in [Pas10, Lemma 5.3] (see the proof of [BP12, Prop.5.1]
for the computation). This finishes the proof as onj’l # xa, forany 0 <¢,5 < f—1

(as p > 5). O

Lemma 3.75. Let V' be an admissible smooth representation of I /7, over F. Assume
that V| gy, is isomorphic to an injective envelope of some character x in the category
of smooth representations of HNy over F (so in particular dimg VN0 = 1). Then we
have an isomorphism of gr(F[I/Z,])-modules:

gr(VV) = X_l (29 R/(Zo, ey Zf_l).

Proof. By assumption, V[m] = V[my,] is one-dimensional and isomorphic to y, hence
we may view gr(V"V) as a cyclic module over gr(A) generated by e, € gr®(VV) =
V[m]¥, where H acts on e, by x . Let a C gr(A) be the annihilator of e,.

We first prove that z; € a for 0 < j < f — 1. Since H acts on z; via aj_l (see just
above §3.3.1)), to prove zje, = 0 in gr'(VV) it is equivalent to prove that

Hompy (xa;, V[m?]/Vm]) =0 Vj€{0,...,f—1}.

If not, then V' would admit a subrepresentation isomorphic to Ey ., (for some j),
where E, ., denotes the unique I/Z)-representation which is a nonsplit extension

of xa; by x. But by [BHH23| Lemma 6.1.1(ii)] (after conjugating by the element

(g [1))), Ny acts trivially on E ,,, which implies dimr V[my,] > 2, a contradiction

to the assumption on V.
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Using [BHH"23, Lemma 6.1.1(ii)], we then deduce an embedding

V[m®)/Vim] = &/ Z5xa;" (3.66)

J Jj o

On the other hand, since Hom, (X%_la V) =0, we deduce from Lemma m that
Hom;(xa; ", V[m?]/V[m]) = Hom, (xa; !, V/V{m]) = Ext}z, (xaj".x)

which have dimension 1 over F by [BHH"23, Lemma 6.1.1(ii)] again. Combining this
with (3.66]), we obtain

0—x = V[m?Y = & xa;' = 0. (3.67)

and that V[m?] = V[m3, .

Next, we prove that Ext} 17 (G E has dimension 1 over I forany 0 < 7 < f—

,1)
XX
1. A straightforward dévissage using Ext}/z1 (x, x) = 0 and dimp Ex‘c}/z1 (X, onj_l) =1

(see [BHHT23, Lemma 6.1.1(ii)]) yields dimp Ex‘c}/z1 (X B, o-1) < 1. So it suffices to
’ J
explicitly construct a nonzero element in this space, as follows. Let &; < Fuy @ Fo; @

Fuy equipped with the action of 1/Z; determined by:

e H acts on vy, vy, v2 by ¥, Xaj’l, X respectively:;

. lfg: (1—;511 lfpd)é ]1, then

guvo = Vo, guv1 = V1 + Uj(B)Uo,
1 - _
gua = vy + 0;(C)vr + i(aj (@) — o;(d) + aj(bé))vo.

One easily checks that &; is well defined and yields the desired nonsplit extension
class in Ext} 12,06 B, \o-1)- Moreover one also checks that EJN ¢ = Fvy @ Fos.
’ J

We prove that h; € a for 0 < j < f — 1. Since EX‘L}/Z1 (x,x) = 0, the sequence
(3.67) induces an embedding

EXt}/Z1 (x, V[m?]) — EXt}/Z1 (X 69;:59604;1)-

Note that the right-hand side has dimension f over F. Since &;/x is nonzero in
Ext}/z1 (X,onj_l) for 0 < 5 < f — 1, we easily see that the above embedding is
actually an isomorphism and that Ext; 1z, (X, V[m?]) is spanned by the &’s. By the
last statement of the previous paragraph, if an extension & € Ext} 1z, (O V[m?]) s

nonzero then dimp &N > 2. Since dimp V™ = 1 by assumption, we see that there
exists no embedding £ < V. From (3.67)) we then easily deduce

Homy (x, V[m?]/V[m?]) = 0.
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Since H acts trivially on h; and hje, € gr*(VY) = (V[m?]/V[m?])¥, we thus must
have hje, =0, i.e. hj € afor 0 < j < f — 1. This proves the claim.

We deduce a surjection gr(A)/(z;,hj, 0 < 7 < f—1) — gr(VY). As the left-
hand side is F[yo, ..., yr—1] = gr(F[No]) and (V|n,)" = F[No] from the assumption,
we obtain a surjection gry (VY) = gr(VY). By Lemma this surjection is an
isomorphism (and hence a = (z;,h;,0 < j < f —1)). This finishes the proof. O

If x = x1 ® x2 is a character of H or of T(K), recall x* = x2 ® x1.

Proposition 3.76. Let V' be an irreducible smooth F-representation of GLy(K) with
a central character.

(i) If V' = ¢ o det for some smooth character ¢ : K* — F*, then gr(VV) =
(Y @Y) LT, where ¢ ® 1 is viewed as a character of H.
(i) If V= Indg(L;’{()K) X for some smooth character x : T(K) — F*, then

(V) = (C1n) " @ R/ (20, 2p-1)) @ ((li) ™ @ R/ (9o, - ys1))-

(iii) If V = (Indg(Lf(()K) 1)/1 is the special series, then gr(VY) = R/(y;z;,0 < i,j <
f—=1).

(iv) Assume K = Q,. If V is supersingular, i.e. isomorphic to (c—IndGLZ(Q“’) «0)|T
P GL2(Zp)Qp

for some Serre weight o (recall that c-Ind here means compact induction and

GL2(Qp ~
that EndGL2(@p)(C_IndGLQESp))Q; o) 2 F[T)), then

er(V¥) = (6" @ R/(3020)) @ ((63)™ @ R/ (3020)),

where X, is the action of H on o™.
Proof. (i) It is trivial.
(ii) The restriction of V to I admits a decomposition

Vi = Ind%ﬂB(K) X @ IndﬁﬂB—(K) X’ (3.68)

(cf. the proof of [Pas10, Prop.11.1]). By loc.cit., when restricted to H Ny, Indme,(K)XS
is an injective envelope of x® in the category of smooth representations of H Ny over
IF, hence

gr((Indzap- () X)) = (Clw) ™ @ R/ (20, 2p-1)

by Lemma [3.75] One handles the other direct summand by taking conjugation by
the element 2(1)).
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GL2 15V o

Write W = (In dGL2 K1 1)|; and decompose W = W, @& W as in 3.68. The image
of 1 — W is equal to the subspace of constant functions, hence the composition
1 — W — W; is nonzero for i € {1,2}. Consequently, the dual morphism gr(W,”) —

gr(1Y) is also nonzero, and using (ii) (applied to W) we obtain an exact sequence of
gr(F[1/Z;])-modules

(ili) By assumption we have a short exact sequence 0 — 1 — Ind,

0— R/(y:iz,0 <i,j < f—1) = gr(W)) & gr(Wy) — gr(1¥) — 0. (3.69)

Denote by F' the induced filtration on V'V from the m-adic filtration on WV. By
(3.69) we have an isomorphism grp(V") = R/(y:2;,0 < i,j7 < f —1). To finish
the proof, it suffices to prove that F coincides with the m-adic filtration on V'V,
or equivalently the inclusion m"VY C m"WY N VY (for n > 0) is an equality. As
in the proof of Lemma it suffices to prove that the induced graded morphism
gr . (VY) — ng(Vv) is surjective But, gr(V") is generated by gr%(V'V), so it suffices
to show that grd (VV) — gr% (V") is surjective, which follows from ([3.69)) and the exact
sequence
grm(VY) = gra(WY) — gry (1Y) = 0

induced by 0 — 17t — W — V11 (this sequence is actually right exact but we don’t
need this fact).

(iv) The proof is analogous to (iii), using [Pas10, Thm.1.2] together with [Pas10,
Prop.4.7]. O

By the classification of irreducible admissible smooth representations of GL2(Q),)
over I, we deduce from Proposition [3.76] and the results of §3.1.2}

Corollary 3.77. Let V' be an admissible smooth representation of GLy(Q,) over F
which has a central character and is of finite length. Then there is an integer n > 0
such that gr(VY) is annihilated by J™. In particular V is in the category C of .

Finally, we give the first example of an explicit D4 () for arbitrary f > 1.

Proposition 3.78. Suppose m = Indg%f(() X s a principal series for some smooth

character x = x1 ® x2. Then 7 lies in category C and D(7) = D (7)% is étale and

free of rank 1. More precisely, let k € 7 be the element sending f € IndGL2(K) X to
f((1 )) € F. Then the image of k in Da(m) is a basis of D (), and we have
(k) = x2(p) "', (3.70)
a(k) = x2(a) "'k Y acOf. (3.71)

Proof. Note that m € C by Proposition [3.76(ii). The torus T'(K) (hence also H)
acts on k by the character (x*)~!; in particular, we get (3.71). On graded pieces
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the map 7" — Da(m) becomes the map gr(7") — gr(7")[(vo---yr-1)"'] (Lemma
B.1). As x does not annihilate 771, it induces a nonzero element of gr’(r") = (7)Y,
which is in fact a gr(A)-basis of gr(m")[(yo---ys—1)"'] by Proposition [3.76[ii). (If
x = x° the argument still works because x annihilates the first direct summand in
the Mackey decomposition (3.68)).) By the proof of [LvO96, Thm.I.5.7] it follows that
Da(m) = Ak. As Dy(m) is a projective A-module and gr(D (7)) # 0, it follows that
D 4(m) is free of rank 1 with basis k.

It remains to show (3.70). First, from the definitions we see that ¥ (k) = xa(p)k.
This implies that the (¢, O )-module D 4(7) is étale and so by the previous sentence
it becomes an étale (p, Ox)-module, cf. (3.16). Say ¢(k) = ax for some a € A*.
As the actions of ¢ and Oy commute, equation and Corollary imply that
a € F*. We deduce (3.70]). O

3.3.4 Characteristic cycles

We define the characteristic cycle of a finitely generated filtered A-module M such
that gr(M) is annihilated by a power of J and prove an important property (Theorem
3.83)).

Recall from §3.1.4| that the minimal prime ideals of R = R/(y;2;,0 < j < f —1)
are the (y;,2;,i € J,j ¢ J) with J a subset of {0,..., f —1}.

Definition 3.79. Let N be a finitely generated module over gr(A) which is annihi-
lated by some power of J. We define the characteristic cycle of N, denoted by Z(N )H
as follows:
Z(N) =Y me(N)q € ©4Zzod,
q

where q runs over all minimal prime ideals of R.

Lemma 3.80. Letn > 0. If 0 - Ny - N — Ny — 0 is a short eract sequence of
finitely generated gr(A)/J"-modules, then Z(N) = Z(Ny) + Z(N3) in ©qZ>0q.

Proof. 1t is a direct consequence of Lemma |3.32 O

Let M be a finitely generated A-module which is equipped with a good filtration
F = {F,M :n € Z} (in the sense of [LvO96, §1.5]) such that gr, (M) is annihilated
by some power of J. Recall that this condition doesn’t depend on the choice of the
good filtration F' (see just before Proposition and that grp(M) is also finitely
generated over gr(A) ([LvO96, Lemma 1.5.4]).

3 A more standard notation is Z;(N), where f indicates the dimension of the cycles.
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Lemma 3.81. If F, F' are two such good filtrations on M, then
Z(grp(M)) = Z(grp(M)).

Proof. The proof is (almost) the same as in [Bjo89, §4]. We recall it for the conve-
nience of the reader. Since F' and F” are equivalent by [LvO96, Lemma 1.5.3], we
may find ¢ € Z>( such that

Fo.eM CFEMCF, .M, VneLZ.

Fori € {—c,—c+1,...,c} define a sequence of filtrations F) = {FWM :n € Z} on
M by '

FOM<F, ;MnF M.
It is clear that (=9 = F[—c] and F(©) = F' where F[—c| denotes the shifted filtration

F[—d], e F,_.,n € Z. Hence it suffices to show that each F'® is a good filtration on
M such that

Z(grpm (M) = Z(grpun (M)). (3.72)
Put for —c <i<e¢:

T, % @ (FoiM N E,M)/(Fy MO F,_ M),

nez

Si € D (FovinnM N F,M)/(FoypiM N F,M).

nel

Since T is a gr(A)-submodule of gr (M) and S; is a gr(A)-submodule of gr,(M)[i+1],
both T; and S; are finitely generated gr(A)-modules and are annihilated by some power
of J. Moreover, one checks that there are short exact sequences of gr(A)-modules
(annihilated by some power of .J):

0—=T, = grpaen (M) = S; — 0,

0— Si[—1] = grpm(M) = T; — 0.

Hence, grpu (M) is also finitely generated over gr(A) and annihilated by a power of
J. Consequently, F® is a good filtration on M by [Lv096, Thm.1.5.7] and (3.72)
follows from Lemma [3.801 O

Thanks to Lemma |3.81], we can define mq(M) to be mq(grp(M)) and Z(M) to be
Z(grp(M)) for any minimal prime ideal q of R and any good filtration F' on M.

Lemma 3.82. Let M be as above and let 0 — M; — M — M, — 0 be an ezxact
sequence of A-modules. Then we have in ©qZ>oq:

Z(M) = Z(M,) + Z(My).
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Proof. We may equip M; (resp. Ms) with the induced filtration (resp. quotient filtra-
tion) from the one of M, which are automatically good by [Lv096], Cor.1.5.5(1)] and
[LvO96, Rem.1.5.2(2)]. Moreover the sequence 0 — gr(M;) — gr(M) — gr(My) — 0
is again exact. In particular, both gr(M;) and gr(My) are finitely generated gr(A)-
modules annihilated by some power of .J, and the result follows from Lemma[3.80] [

If M is a finitely generated A-module, recall from [LvO96| Def.II1.2.1.1] that the
grade of M is by definition the smallest integer ja (M) > 0 such that E&A(M)(M )#0
(with ja(M) % +o0 if E4(M) = 0 for all j > 0). For a good filtration F on M, we
define similarly the grade jgya)(grz(M)) of the gr(A)-module gr.(M). By [LvO96,
Thm.I11.2.5.2] we have jg(a)(grp(M)) = ja(M) (note that A is a left and right Zariski
ring by [LvO96, Prop.I1.2.2.1]), in particular jg.ay(grz(M)) doesn’t depend on the
good filtration F.

Recall that the Krull dimension dimg(/N) of a finitely generated module N over
R (which is commutative) is the Krull dimension of R/Anng(N). For such a module
N, by the argument in the proof of [BHHT23, Lemma 5.1.3] applied to A = gr(A),
I = (ho,...,hs_1) and with N instead of gr,, M there, we have

Gy (V) = dim (11 /Z;) — dimp (V). (3.73)

Now, for M as above, assume that grp(M) is annihilated by a power of J. Then
applying (3.73) to the R-modules N = Jigrp(M)/J"* grp.(M) for i > 0 and by an
obvious dévissage using [LvO96, Lemma I11.2.1.2(1)], we deduce

ja(M) > dim(1,/2,) — dim(R) = 3f — f = 2f. (3.74)

Moreover, by the same dévissage using [LvO96, Cor.I11.2.1.6] (note that all assump-
tions are satisfied since gr(A) is Auslander regular) and (3.73), we deduce that if
IA(M) = jan)(grp(M)) > 2f, then we have dimpg(J* grp(M)/J grp(M)) < f for
all i, hence Z(J' grp(M)/J " grp(M)) =0 for all i > 0 and Z(M) = 0 (see ([3.23)).

Theorem 3.83. Let M be a finitely generated A-module such that gr(M) is anni-
hilated by a power of J for one (equivalently every) good filtration on M. Then
Z(EX (M) is well-defined and we have

Z(M) = Z(EY (M),

Proof. If ja(M) > 2f, then the result is trivial since both terms are 0 by the sentence
just before the proposition. So from (3.74]) we may assume j(M) = 2f in the rest
of the proof.

Choose a good filtration F' of M so that Z(M) = Z(grp(M)). We first show that
the gr(A)-module Ezf( v(grp(M)) is also annihilated by some power of J. Indeed,
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grp(M) has a finite filtration whose graded pieces are annihilated by J, hence by
dévissage it suffices to show that E;{( A)(N ) is annihilated by J if N is a finitely

generated R-module. As in the proof of Proposition it is equivalent to prove the
same property for EE(N ), which is obvious as R is commutative.

As a consequence, by the first statement in Proposition [3.84] below the graded
module associated to the filtration on Eif (M) in loc.cit. is again finitely generated
over gr(A) and annihilated by some power of J. Hence Z(EY (M)) can be defined.
By Proposition [3.84] the cokernel of the injection gr(E3 (M)) — Ezf(/\) (grp(M)) has
grade > 2f, hence its associated characteristic cycle is 0, as explained above. From
Lemma [3.80] we deduce an equality of cycles

2(gr(EY (M) = Z(EX ) (grp(M))).

Hence, we are left to show that

Z(grp(M)) = Z(EH \ (erp(M))).

As gr(A) is an Auslander regular ring, any subquotient N of grp (M) has grade > 2f
(by [LyO96l Prop.I11.2.1.6]) and is such that E} ) (N) has grade > j for any j > 0,
so that Er (/) and all its subquotients have zero cycle if j < 2f or if j > 2f (by
Lemma and the discussion before the proposition for the latter). Hence, for n
large enough so that J™ annihilates gry(M), we deduce using again Lemma [3.80}

Z(E2 ) (erp(M))) = zz( (J grp(M)/J* grp(M))).

By the definition of Z and of my(N), see (3.23), it thus suffices to show
Z(N) = Z(EE{(A)(N))
for any finitely generated R-module N. Using Lemma it suffices to show
Z(N) = Z(Homz(N, ),
which is equivalent to show that for any minimal prime ideal q of R,
lgz, (Ng) = lgz, (Homgz(N, R),).

Using the isomorphism Homg(N, R), = Homg (Ny, Rq) and noting that R, is a field
(being artinian, and reduced as R is), the result is clear. ]

The first part of the following general result was used in the proof of Theorem
3.83l Recall that a finitely generated gr(A)-module of grade j is Cohen—-Macaulay if
all its E}, ) are 0 when i # j.
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Proposition 3.84. Let M be a finitely generated A-module of grade jo with a good
filtration. Then there exists a good filtration on EX(M) such that gr(EX(M)) is a
submodule of Eg(A)(gr(M)) and the corresponding cokernel has grade (over gr(A))
> jo+ 1. If gr(M) is moreover Cohen—Macaulay, then

gf(EfxO(M)) = EQ(A)(gT(M))-

Proof. See [Bjo89, Prop.3.1] and the remark following it. We explain the proof fol-
lowing the presentation of [LvO96, §I11.2.2].

As in [LvO96, §I11.2.2], we may construct a filtered free resolution of M
o= Li—Liy—--—Lo—>M—0

and taking EQ(—) = Homu(—, A) obtain a filtered complex of finitely generated A-

modules
0 — ES(Lo) — EQ(Ly) — ---, (3.75)

where each E{ (L;) is endowed with a good filtration as in loc.cit.. Taking the associ-
ated graded complex of , we obtain a complex of gr(A)-modules (denoted G(x)
in loc.cit.):

0 — gr(E} (Lo)) — gr(E}(L1)) — - -
and by [LvO96, Lemma II1.2.2.2(2)] we have isomorphisms EJ ,(gr(L;)) =

gr(E (L)) for j > 0. Next, as in [LvO96, §IT1.1] we may associate a spectral sequence
{E} : 7 > 0,7 > 0} to the filtered complex (3.75) and define a good filtration on

Ef\(M ) for j > 0 with the following properties (for convenience we have shifted the
numbering):

(a) EY =gr(E}(L;)) and Ej = Eér(A) (gr(M)) for any j;

(b) for any fixed r > 1, there is a complex

0—>FEy— = E —E, —--
whose homology gives Ej*;

(c) for r large enough (depending on j), Ef® = £} = gr(E) (M)).
Since ja(M) = jo by assumption, we also have jga)(gr(M)) = jo by [LvO96]
Thm.II1.2.5.2] and so E]l = 0 for j < jo. By (b), this implies short exact sequences

0—EH - E —FE, ,, Vr>1

In particular, by taking 7 large enough, gr(EY(M)) = E2 is a submodule of Ej .

Moreover, since E7 _; has grade > jo + 1 for all 7 and so do its subquotients, the
cokernel of £2° < Ejl0 also has grade > jp + 1.

If moreover gr(M) is Cohen—Macaulay, then E]1 = 0 except for j = jp, hence
B = B} which implies the last claim. O
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3.3.5 On the length of 7 in the semisimple case

For p as in assumed moreover semisimple and strongly generic, and 7 as in
§3.3.2] with moreover r = 1 and satisfying one more hypothesis, we prove that = is
generated over GLo(K) by its GLao(Of)-socle, is irreducible if 7 is, and is semisimple
of length 3 if p is reducible split and f = 2.

We keep the notation in §3.3.2) and we assume moreover that p is semisimple and
satisfies the strong genericity condition (3.26) (we will use the results of . We
fix an admissible smooth representation 7 of GLy(K) over F satisfying the conditions
(i), (ii) in loc.cit. with r = 1 in (i), i.e. 751 = Dy(p). Recall this implies that gr(m")
is annihilated by J, where gr(7") is computed with the m-adic filtration. We assume
moreover:

(iii) 7 is essentially self-dual of grade 2f, i.e. there is a GLg(K )-equivariant iso-
morphism of A-modules

EY (7V) 2 1V @ (det(p)w™?) (3.76)

(recall det(p)w " is the central character of 7). Here E} () is endowed with the
action of GLy(K) (compatible with the A-module structure) defined in [Koh17,
Prop.3.2|.

(Note that, compared with [HW22, Def.A.7], in the definition of essentially self-dual
we do not assume that 7 is Cohen-Macaulay. However, by [LvO96, Prop.111.4.2.8(1)]
7" is pure in the sense of [LvO96, Def.I11.4.2.7].)

Remark 3.85. Conditions (i) to (iii), with » = 1 in (i), will be satisfied for 7 coming
from the global theory in the minimal case (see . The reason to impose the
extra assumption r = 1 in (i) is that although for general r we have an equality of
diagrams

(v < 75) = (Do) = Do(p)™"

for the representations 7 coming from cohomology (see Theorem below), we
do not know if this implies that 7 has the form 7'®" for some representation 7’ of

GLy(K).
Given o € W(p), we define the length of o as follows: if A € Z corresponds to o
(see §3.3.1)), then £(o) & ¢(N), see (3.61). For 0 < £ < f, let
Wi(p) = {o € W(p), l(0) = ¢}

and define 74(p) £ @oew, 0. We call Wy(p), or by abuse of notation 7,(p), an orbit
in W(p). Note that this is different from an orbit of ¢ in W (p) as defined in §3.2.4
(see §3.2.3| for §), i.e. in general 7y(p) contains several orbits of d.
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Lemma 3.86. If 7’ is a nonzero subrepresentation of m, then socgr,o,) (') is a
direct sum of orbits in W(p).

Proof. Tt is clear that (7'1' — 7'51) is a subdiagram of (77t — 7%1). The result fol-
lows from this using [BP12, Thm.15.4] together with the proof of [BP12, Thm.19.10].
Actually, when 7 is irreducible, we even have socgr, (o) (7') = socgr, o) (7) by (the
proof of) [BP12, Thm.19.10]. ]

We use without comment the notation and definitions in §3.1.4] and denote by
lg(7) the length of a finite-dimensional representation 7 of GLy(Of) over F.

Proposition 3.87. Let ©' be a subquotient of .

(i) We have dimg(xy D (7") = myp,(7").

(ii) Assume that ' is a subrepresentation of w. Then

dimp(x) D¢ (7") = my, (") = 1g(socary oy (7))
In particular, if 7' # 0, then D{ (") # 0.

(iii) Assume that 7' is a nonzero quotient of w. Then D¢ (7') # 0.

Proof. (i) First, for any subquotient 7" of 7, we equip the A-module 7"V with a good
filtration F' by choosing two submodules my C m of 7 (with filtrations induced
from the m-adic one on 7V) such that 7"V 2 7 /7 and taking the induced filtration[]
Then grp(n'V) is again an R-module, and dimg(xy Dy (7') < my,(7") by Corollary
B34 Since dimg(x) D (w) = my, (") by Corollary 3.70} since DY(—) is an exact
functor by Theorem and since Z(—), and in particular my,(—), are additive by
Lemma [3.82] the result follows.

(ii) By assumption 7’ is a subrepresentation of 7. Using that socgr,oy) () is a
union of orbits of 4, or equivalently of S as in (3.48)), by Lemma [3.86] it follows from
Proposition that

dimF((X)) Dév(ﬂ'/) Z lg(SOCGLQ(@K)(Tr’)).

On the other hand, by Lemma [3.59i) and Corollary [3.68, we have my,(7") <
Ig(socqr, o) (7)) (see the proof of Theorem [3.69). Hence all the three quantities
are equal by (i).

4The filtrations on 7y and 7y might not be the m-adic ones, and the resulting filtration on 7'V
might depend on the choice of 7} and 7y .
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(iii) Let 7" be the kernel of the quotient map m — 7’ so that we have an exact
sequence of A-modules:
0—7"—=r"—=a" 0.

Since 7" is essentially self-dual of grade 2f by assumption, 7’V also has grade 2f by
[LyO96], Prop.I11.4.2.8(1)] and [LvO96, Prop.I11.4.2.9]. Taking E}(—), we obtain a
long exact sequence of A-modules

0 — EY (=") = EY () —» EXY (=") — E¥ " (=) (3.77)

which gives rise by Pontryagin duality to an exact sequence of admissible smooth
representations of GLg(K') with central character (see [Koh17, Cor.1.8]). Define 7 to
be the admissible smooth representation of GLg(K') such that

7 @ (det(p)w ") = Im(EY (7¥) — EY (7). (3.78)

Since 7 is essentially self-dual by assumption (see (3.76))), 7 is a quotient of 7¥ and
dually 7 is a subrepresentation of 7. Since Eif +1(7r”v) has grade > 2f + 1 as A is
Auslander regular, we have by (3.77)) and the discussion before Theorem m

Z(EY (n") = Z(7" @ (det(p)w ™)),
hence Z(n'V) = Z(7¥) by Theorem which implies in particular by (i):
dimg( ) DY (') = dimsx Dé (7). (3.79)

Since Ja(mY) = 2f, Z(x") is nonzero (using e.g. (3.73))), hence 7 is nonzero, thus
D¢ (7) # 0 by (ii), and finally D¢ (7') # 0 by - O

Remark 3.88. (i) The construction of 7 in the proof of Proposition [3.87iii) does not
use the assumption that p is semisimple. Moreover, items (i) and (ii) of Proposition
do not require the essential self-duality of 7" (equation above).

(ii) It follows from Proposition [3.87](ii), from Corollary from Lemma [3.33] from
Lemma and from that for 7/ C 7 as in Proposition [3.87(ii) we have

rk4(Da(n")*) = dimg(xy D¢ (') = my, (gr(7")) = tka(Da(n')). (3.80)

By Corollary [3.18) both D4(7') and D4(7’)¢ are finite projective A-modules and it
follows from (3.80) that the surjection of A-modules D4(7') — Da(7')¥ is here an

isomorphism.

Theorem 3.89. As a GLy(K)-representation, m is generated by its GLy(Ok)-socle.

Proof. Let 7 £ socar.(o , let & (GLy(K).7) be the subrepresentation of 7
20 )\

generated by 7 and let 7 = 7 /7', Since DY (—) is exact by Theorem [3.29, we have
1

dimg(x) D¢ (7) = dimg(x) D¢ (7) + dimg(x) D¢ (7).
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However, since 7 and 7" have the same GLy(O)-socle, we have
dimgx) D¢ () = dimp(x) D (')

by Proposition W(ii), thus D/ (7") = 0. If 7" is nonzero this contradicts Proposition
3.87](1ii). O

Corollary 3.90. Assume that p is irreducible. Then m is irreducible and is a super-
singular representation.

Proof. This follows from Theorem and [BP12, Thm.19.10(i)]. O

Remark 3.91. (i) A result analogous to Theorem when p is not semisimple is
proved in [HW22, Thm.1.6].

(ii) While we believe that Proposition and Theorem [3.89] should be true without
assuming r = 1, we don’t know how to prove a generalization of Corollary (i.e.
7 is semisimple and has length r in general), as mentioned in Remark

Corollary 3.92. Assume that p is reducible split. Then w has the form
T=m®n;P7, (3.81)

where

e 7o andw; are irreducible principal series such that EY (1Y) = T @ (det(p)w),

i €40, f};

o 7 is generated by its GLo(Ok)-socle and 7'V is essentially self-dual (as in
(3.76)). Moreover, ' is irreducible and supersingular when f = 2.

Proof. By the definition of W (p) (see [BP12, §11]), there exists a unique Serre weight
0o € W(p) such that £(oo) = 0. Let x,, be the character of I acting on o', It is easy
to check that

JH( Ind7" %) ., ) N W (p) = {00}

Let my = (GLy(K).00), a subrepresentation of 7. We claim that 7 is an irreducible
principal series. Indeed, by [HW22, Lemma 5.14] and its proof, the morphism (in-
duced from oy < 7 by Frobenius reciprocity)

G
C‘Indelﬂzggimx op — T

(where c¢-Ind means compact induction) factors through c- Indg%(ol)( rex 00/ (T — 1)
for some py € F* (as socar,(oy)(m) is multiplicity-free). Note that the genericity of

p implies that dimp oy > 2, hence the representation c- Indgiz Oi) wox 00/ (T — po) is
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irreducible and isomorphic to some principal series by [BL94, Thm.30]. This proves
the claim. Moreover, the GLy(Of)-socle of 7y is exactly o, and if my = Indg(Lf(()K) X0
for some smooth character xo : T(K) — F* then x§|g = Xo,- Similarly, there exists

a unique Serre weight oy € W (p) such that ¢(o;) = f. It satisfies again
TH(Ind™ ) o, ) W (p) = {o7)}

and by the same argument as above the subrepresentation m; = (GLy(K).0f) of
7 is an irreducible principal series with GLy(Of)-socle equal to oy, and if 7, =

Indg(Lf{()K) X then va| H = Xo;- The map my & 7y — 7 is injective since it is injective
on the GLy(Of)-socles.

Letting ' = 7/(my @ 7;), we have an exact sequence of A-modules:
O—>7T’V—>7TV—>7T(\)/697T}/—>O.

As A is Auslander regular and 7" is of grade 2f, it follows from [LvO96l, Cor.I11.2.1.6]
that 7'" is of grade > 2f, hence Eif ~!(7’V) = 0 and there is an exact sequence of
(finitely generated) A-modules

0— Eif(w(\)/) e) Eif(ﬂ'}/) — Eif(ﬂv) — Eif(ﬂ'v).

Since 7 is essentially self-dual by assumption (see (3.76)) and since E3 (zy)¥ and
Eif (my)¥ are also irreducible principal series by [Kohl7, Prop.5.4], we see that 7
admits a quotient isomorphic to m, © 7, where 7; (for i € {0, f}) is the (irreducible)
principal series such that

7Y @ (det(p)w™!) = Eif(ﬂ'}/_i). (3.82)
Explicitly, if @, = Indg(Lf(()K) X, for some smooth characters v, : T(K) — F*, and if

we let ap L w@w ! T(K) = F* and n = det(p)w™! (for short), then by [HW22,
Lemma 10.7] (which is based on [Kohl7, Prop.5.4]):

Xr=xo'as(n®n), xo=x;'asn®n). (3.83)

Let us compute the GLy(Ox)-socle of 7 (the case of m; is similar). Since 7 is equal

to the central character of my, we have yo'(n ® ) = X3, so that (3.83) becomes
X7 = Xoas. Since X§|i = Xo, as seen in the first paragraph, we deduce

(X)°li = X505 = Xo;s (3.84)

where the last equality holds by an easy check using the definition of oy and o (see
[BP12, §11]). In particular, our genericity assumption on p implies that X’ # X’
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when restricted to T(O). Using [BL94, Thm.34(2)], this implies that the GLy(Of )-
socle of 7’ is irreducible and actually isomorphic to oy by (3.84). Similarly, the
GLy(Ok)-socle of ) is isomorphic to oy.

We claim that the composite morphism
To @ Tp = T — T D 7

is an isomorphism. Since 7 is generated by its GLg(Ok)-socle, namely @,ew ) 0,
the composite morphism
w: P oo T
W ()

is nonzero. Since the image is contained in socqr,(o,) (7)), which is equal to oy as
seen in the last paragraph, ¢y is nonzero when restricted to oy. But, by construction
we have (GLy(K).09) = mp inside 7, hence the composite morphism 7y < 7© — 7
is nonzero, hence an isomorphism as both my and 7, are irreducible. In the same
way the composite morphism 7y < 7 — 7} is also an isomorphism. This proves the
claim, from which the decomposition (3.81]) immediately follows. From ([3.82) we also
deduce the isomorphism EY (7)) = mf_;®@mn for i€ {0, f}.

(2

We now finish the proof. First, 7’ is generated by its GLy(Of)-socle by Theorem
[3.89] Explicitly, we have

occon(®) = @ o
€W (p)
0<t(o)< f

In particular, if f = 2, then #’ is irreducible and is a supersingular representation by
[BP12, Thm.19.10(ii)]. Finally we prove that 7’ is essentially self-dual (as in (3.76])).

In fact, using and noting that

(EY (7)Y ©@n = m @m0 (BY («)Y @1,
it suffices to prove that the composite morphism

w5 (EY (7)Y @n - (EY (7)Y @n

is an isomorphism. Since both the source and the target have the same GLo(Ok)-
socle, the morphism is injective because it is when restricted to the GLy(Of)-socle
of 7" and is surjective because (E¥ (7/V))¥ @1 is generated by its GLy(Ox)-socle. [

3.4 Local-global compatibility results for GLy(Q,r)

We prove special cases of Conjecture and Conjecture when Ff = Q,r and
n = 2. We assume E = W(F)[1/p] (thus O = W(F) and wg = p).
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3.4.1 Global setting and results
We refine the global setting of §§2.1] 2.5 when n = 2 in order to apply the results of
[BHH™23] and we state the first main global result.
We come back to the setting of when n = 2 and we assume p > 7. We make
the following extra assumptions on the field F' and the unitary group H:
(i) F/F* is unramified at all finite places;

(i) p is unramified in F'T;

(iii) H is defined over Op+ and H Xo_, F'* is quasi-split at all finite places of F'*.
Condition (i) (together with the fact that any p-adic place of F'* splits in F') implies

[F*: Q) is even (see [GK14, §3.1]). By [GK14, §3.1.1] such groups H always exist.
We denote by RY  the universal framed deformation ring of 75 over W (F) (@ is any

finite place of F). We set K = Fif and f = [K : Q).

We let 7 : Gal(F/F) — GLy(F) as in §2.1.3/and make the following extra assump-
tions on 7 (recall that S, is the set of places of F'* dividing p):

B lrot Dt it )
'T@|1K:(f 0 1) 3<r; <p-—6,
Tt 4P Ty 1 41) 0
« Tolne =Y ; 4<rg<p-53<r,<p—6
0 P (same)
2f
for i > 0.

Note that conditions (iv) to (viii) only depend on w|r+ and 0|p+ using condition (i)
in (the genericity conditions in (viii) are satisfied in [DL21, §3.3] and don’t
depend on the choices of 0y, o). We denote by Sr the finite set of finite places of F'*
such that @|p+ € Sr if and only if 7 is ramified. Thus S, C Sr and by (ii) any place
in Sy splits in F'*. We fix a finite place v; of F'* which is not in S; and satisfies the
assumptions in [EGSI5l §6.6], and we choose vy|vy in F.
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We choose S a finite set of finite places of F'* that split in F' containing Sy but
not vy, and a compact open subgroup U =[], U, € H(A¥,) such that

We also define V& U? [Lwes, Vs where U? & [Lwgs, Uw and V,, is a pro-p normal

subgroup of U, if w € S, (hence V is normal in U). We set ¥ = SU{v,} and assume
S(V,F)[m*] # 0 (see . Note that S(V,F)[m*] doesn’t depend on S as above by
the proof of [BDJ10, Lemma 4.6(a)]. For each place w € S, we choose a place w|w in
F. For w € S, recall from that W (75(1)) is the set of Serre weights associated
to Tg(1) = Ty ® w defined as in [BDJI0, §3]. Then it follows from [GLS14, Thm.A]
and [BLGG13|, Def.2.9] that we have

Homys (@ues, 0, S(V,F)[m¥]) # 0 <= 04 € W(75(1)) Y w € S, (3.85)

where we consider ®es,04 as a representation of U via U — U JV 5 Tlwe s, Uw/ Vi
and the isomorphisms t5. Note that the left-hand side of (3.85]) is also isomorphic to
Homy (®ues, 0w, S(UP,F)[m*]), where S(U?,F)[m*] is defined as in §2.1.2] replacing
U" by UP.

We freely use the previous local notation (I; is the pro-p Iwahori subgroup in
GLy(Ok) = GLy(Op,) etc.) and set p = 75(1).

Theorem 3.93. Choose Serre weights oq € W (T5(1)) for w € S,\{v} and set
7 = Homy (®ues,\ [0} 05, S(V7, F)[m>]).

Then there exist an integer r > 1 only depending on v, UY, V', Ques\{v}0s and T
and a diagram D(p) = (D1(p) — Do(p)) as in only depending on p = T5(1)
(and satisfying the assumptions in loc.cit. on the constants v;) such that there is an
isomorphism of diagrams

D(p)®" = (xt — 7).

The case r = 1 of Theorem is known and due to Dotto and Le (|[DL21]
Thm.1.3]). We generalize below their proof to the case r > 1 using the results in
[BHH™23) §8.2]. Moreover the diagram D(p) in Theorem is in fact the same as
the diagram D(mgon(p)) of [DL21, Thm.1.3].
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3.4.2 Review of patching functors

We recall the patching functors of [EGS15] §6.6] and some results of [BHH™23, §8.2].

We keep the notation of §3.4.1 We choose Serre weights o5 € W (7(1)) for
w € Sp,\{v} and set
o ® -

weSp\{v}

For each w € S,\{v} we fix a tame inertial type 74 at the place @ such that, denoting
by o(75) the irreducible smooth representation of GLy(Op,) over E associated by
Henniart to 75 in the appendix to [BM02], JH(o(73)) contains exactly one Serre
weight in W (74(1)) (where (—) means the mod p semisimplification). The existence
of such 7 follows from [EGS15, Prop.3.5.1], and the fact o(73) can be realized over
E = W(F)[1/p] follows from [EGS15, Lemma 3.1.1]. For each w € S,\{v} we also fix

a GLy(Op, )-invariant W (F)-lattice 0%(73) in o(73).

We define
o= QR (),

weSp\{v}

and for any continuous representation o; of GLy(Op;) on a finite type W (F)-module,
we consider ¢%v ®w(r) 05 as a representation of U via U —» [Twes, Uw and the iso-
morphisms ;. We define S(UP, W (F)),= exactly as in replacing ' by W(IF)
and UY by UP. Then, as in [EGSIH, §§6.2,6.6], by “patching” Homy (0" @
05, S(UP, W (F))p=)* for various U (where (—)* = Homy ((=), E/W(F)) as in
loc.cit.), we obtain a patching functor

My : 05— Moo (0" Qw ) 05)

which is an exact functor from the category of continuous representations o of
GL2(Op,) on finite type W (F)-modules to the category of finite type R.-modules
(though this patching functor depends on 0%, we just write M., (05) in the sequel).
The local ring R, is (see [GK14) §4.3] or [DL21, §6.2]):

Roo & R°[Xy, ..., X, (r+aql,
where ¢ is an integer > [F'™ : Q] and

oc def (& 5 5 0,(1,0),7 \ &
R d=f<®weS\spREm(1))®w<F)(®wesp\{v}Rm((1>) )®W(F>RE(1>-

Recall REH;((ll’)O )7 is the reduced p-torsion free quotient of RFDE(D parametrizing framed
potentially Barsotti-Tate deformations with inertial type 74 (by local-global com-
patibility and the inertial Langlands correspondence, for w € S,\{v} the action
of RY 1y on My (0% ®w) 0,) factors through this quotient, see [EGSIS5, §6.6]).
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As in [BHH'23, §8.1] (see the discussion before [BHHT23, Rem.8.1.3] but note

~Y

that we do not need to fix the determinant here) we have isomorphisms Rgm(l) =
W(F)[ X1, X2, X5, X4] for w € S\S,, and, by genericity of 7,

R‘F:’U(l) = W(F)[Xy, ... 7X4+4[Fﬁi@p”]'
By [EGS15, Thm.7.2.1(2)] (and [GK14] Rk.5.2.2]) we have

D, 1,0 ST~y
REGD™ 2 WX, Xisiraa,)

Tw

so that we finally get

Reo = Re () [ X1+ Xygs1- gt ] EWEXy o Xygppqrarr o] (3:86)

Moreover, if o5 is free of finite type over W(IF), then M (03) is free of finite type
over a subring So of Ry, where Soo = W(F)[z1,...,%4544]. Finally, denoting by
M, the maximal ideal of R.,, we have

Moo (05) /moe = Homy (@ues,\o0a) @ 05, S(UF,F) [szv = Homy, (75, 7)", (3.87)
where 7 is as in Theorem [3.93]

Since everything is now at the place ¥, we drop the index ©. If 7 is a tame
inertial type, we set RUOT = R ®po g’(l’o)’T. If o € W(p), we denote by P,
the projective F[GLy(F,)]-envelope of o and by P, the projective W (IF)[GLy(F,)]-
module lifting P,. We recall that the scheme theoretic support of an R..-module M
is Ry /Anng (M). The following theorem then follows by exactly the same proof as
for [BHH'23, Prop.8.2.3] and [BHH"23, Prop.8.2.6].

Theorem 3.94. There exists an integer v > 1 such that

(i) for any o € W(p) the module My (c) is free of rank r over its scheme-theoretic
support which is a domain,

(ii) for any o € W(p) the modules My (P,) and My (P,) are free of rank r over
their respective scheme-theoretic support;

(ili) for any tame inertial type T such that JH(o (7)) N W (p) # 0 and any GLa(Ok)-
invariant W (F)-lattice ¢°(t) in o(7) with irreducible cosocle, the module
My (a%(7)) is free of rank r over its scheme-theoretic support, which is the
domain RO

Corollary 3.95. Let m as in Theorem [3.93 and r as in Theorem[3.94 We have an
isomorphism of GLa(Ok) K *-representations Dy(p)®" = 7.
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Proof. The action of the center K* being by definition the same on both sides, we
can focus on the action of GLy(Ok). It follows from Theorem [3.94)(i) and (ii) and
from - that the surjection P — ¢ induces an isomorphism of r-dimensional
F-vector spaces Homgr, (o) (0, ki) 5 Homgr, o) ( Py, 7K1). In particular the mul-
tiplicity of each o € W (p) in 7% is 7. It follows from M (Do (p)/o) = 0 (recall
Dy(p) = @oew () Doo(p)) and from that the injection 7 — Dy, (p) induces
an isomorphism Homgr,, o, )(Do,- (P ) ) = Homgr, o) (0, #%*). This gives an in-
clusion Dy(p)®" — w%1. If this inclusion is strict, then by maximality of Dy(p)®"
(an obvious generalization of [BP12, Prop.13.1]) this implies there exists o € W (p)
which appears in 751 /Dy (p)®", and hence has multiplicity > 7 in 7%, which is a
contradiction. ]

Remark 3.96. In the proof of Theorem [3.94] and hence also in Corollary one
only needs the slightly weaker bounds 1 < r; < p—4 (and 2 < 1y < p —3if 75 is
irreducible) in the genericity conditions (viii) on 75 (or equivalently p) in § (these
bounds are used in [LMS22, §4] which is used in the proof of [BHH™23| Prop.8.2.6]).

3.4.3 Direct sums of diagrams

We prove Theorem using the method of [DL21], §4].

We keep the notation in §§3.4.1] [3.4.2] Everything in this section being at the
place ¥, we drop it from the notation. Recall we identify the set of embeddings
F, — F with {0,...,f — 1} via g9 0 ¢’ + i. We denote by P the set of subsets of
{0,...,f — 1} and by J¢ € P the complement of a subset J € P.

We start by fixing a tame inertial type 7 such that JH(co (7)) N W(p) # @ and
a GLg(Ok)-invariant W (F)-lattice §y in o(7) with irreducible cosocle. With the
notation of [EGS15] §5.1] there is I € P such that this cosocle is ;(7) and 6y = o9(7).
As in [EGSI5| p.77] we can reindex the irreducible constituents of 6y/p by elements

J' in P as follows:
ef __
oy = Truren (e (T),

so that (by [EGS15, Thm.5.1.1]) the j-th layer of the cosocle filtration of 6y /p consists
of the oy for |J'| = f —j, 0 < j < f. By the beginning of the proof of [EGSI5
Thm.10.1.1] (see loc.cit. p.77), there is J],, C J! . in P such that JH(6y/p)NW (p) =

min = max

{oy:Jw CJ CJ .} By [EGSI5 Thm.7.2.1] we have

min — max

RV = (WG Yty /Y = D) Wi Ui

for some integer d > 0. Up to renumbering the variables we can assume that the
irreducible component of R{:9)" /p corresponding to o/, J'. C J' C J' ., in [EGSIH,

min — max’

p.77] (which is the support of My (o) by Theorem [3.94]1i)) is given by the ideal
((X )]EJ/\Jtlnm (}/}/)je‘]r/nax\']/)'
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We first fix J € P such that |J| = f—1, so that J¢ = {j} for some j € {0,..., f—
1}. We let @ be the unique (up to homothety) GLo(Of)-invariant W (F)-lattice in
o(7) with irreducible cosocle o, ([EGS15, Lemma 4.1.1]). Up to multiplication by
an element in W(IF)*, there is a unique GLo(Ofk)-equivariant saturated inclusion

L : 0 < 6y, i.e. such that the induced morphism 7 : /p — 6y/p is nonzero. Recall
that by Theorem (111) both M., () and M (6,) are free of rank r over R(L07,

Lemma 3.97. The image ofM (1) : M (0) — (90) is tMyo(6p), where x = p if
‘]r,mn7 .%':X; Zf] S max\ min and x =1 Zf] ¢ max*

Proof. 1t follows from [EGS15, Thm.5.2.4(4)] (up to a reindexation as above) that
p(6p/t(0)) = 0 and that the irreducible constituents of 6y/c(0) are the oy for J'
containing j. In particular 6y/c(6) is of the form &7 for a capped interval J as in
[EGS15) p.81] (namely J = {J': j € J'}). By the proof of [BHH"23, Prop.8.2.3] the
module M, (6o/t(0)) = M, (57) is free of rank r over its schematic support, which is
the unique reduced quotient of R(:97/p with irreducible components corresponding
to the o such that j € J and Jr’nm cJCJ .. Ifj gé ! ax, there are no such J’, so
this quotient is 0 (i.e. Moo (6o/c(0)) = 0). If j € J/ . \J} s then this quotient is clearly
(RO /p) /(X)) = RO T/(X’) Finally, if j € J/,,, all irreducible components

min?

remain, i.e. this quotient is R(>>" /p. The lemma follows by exactness of M, O

We now consider an arbitrary J € P and let § be the unique invariant W (F)-
lattice in o(7) with irreducible cosocle o;. If J¢ # O we set J¢ = {j1,...,jn} and

LTIy, ... g} fori € {0,...,h} (so Jo = {0,...,f — 1} and J, = J). As
above we then denote by 6; for i € {0, ..., h} the unique (up to homothety) invariant
W (F)-lattice in o(7) with irreducible cosocle o, and ¢; : §; < 6;_; the corresponding
saturated inclusion for ¢ € {1,...,h} (so O is the same as before and 6, = 6). The
composition

Lo ol 0 S b S 6,

is still saturated since one can check using [EGS15, Thm.5.1.1] that the cosocle o,
of 6, /p remains in the image of 0;/p — 0;_1/p for alli € {h,h —1,...,1} (indeed, by
loc. cit. the Serre weights o, — 0;,_, in 6y/p form a nonsplit extension as J; C J;_y
and |J;_1\J;| = 1). In particular : = 1, 0 - -0y, is the unique (up to scalar) saturated
inclusion 8 < 6.

Proposition 3.98. There is x € RO such that the image of My (1) : Myo(0) <
Moo (6o) is *Myo(6p). Moreover the principal ideal xR\ only depends on (the
semisimplification of) 6y/c(6).

Proof. The statement being trivial if J¢ = ) (equivalently if § = ) we can assume
J¢# 0. Fori € {1,...,h} we can apply Lemma to ¢; + 0; — 0,_; instead of
L : 0 < 6y. Hence there is x; € R(97 such that the image of My (1;) is 2, Moo (0i—1).
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The image of My (¢) is thus (I, 2;) M4 (), i.e. we can take x = [/, x;. It follows
that My (6o/c(6)) = (RO /(x))®". Hence the irreducible components of R{O7/(z)
are the ones corresponding to the o, such that J,, C J' C J/  and o, appears in
6o/1(0), and their multiplicities are the multiplicities of the o in 6y/c(6). The second
assertion then follows by the same argument as at the end of the proof of [DL21]

Prop.4.17] (it also follows from an explicit computation of x via Lemma |3.97)). ]

Till the end of this section, we now extensively use notation and results from
[DL21l §4] to which we refer the reader for more details.

Recall that Dy(p) = ®oecw @z Doo(p). If x : I — F* is a character appearing in
Dy(p)'* and Fuv,, € Dy(p) is the corresponding eigenspace (which is 1-dimensional), we
define as in [DL21], Def.4.1] Rx as the character of I on (socgr, o) (F GLa(Ok )vy))',
which is also 1-dimensional as it is o't for the unique o € W (p) such that y appears in
Dy ,(p)™*. As in [BP12| p.8] we denote by x* the character of I on (2 é)vx € Dy(p)h
and by o(x) the Serre weight which is the cosocle of Ind?LQ(OK ) X-

We define as in [DL21), Prop.4.14] an isomorphism

Dy : Moo(0(RX®)) /Moo — Moo(0(Rx)) /Moo

(the “one-dimensional by Theorem 4.6” in the proof of loc.cit. can just be replaced
by “of the same dimension by Theorem ”; also note that h, is an isomorphism,
as it is dual to the isomorphism g, in loc.cit.).

Proposition 3.99. Let k > 1 and xo, ..., Xx_1 arbitrary characters of I which occur
on ! (equivalently on Do(p)') such that Rx; = Rxit1 fori € {0,...,k — 2} and
Rx;_; = Rxo. Then the isomorphism

oh o...oﬁ

By 0 hy, vo @ Moo (0 (RX()) /Mo — Moo (0(RXG)) /Moo

X1

is the multiplication by a scalar in F* which depends neither on r nor on My. In
particular this scalar is the same as in [DL21], (34)].

Proof. We just indicate the steps in the proofs of [DL21] §§4.4, 4.5], where the as-
sumption » = 1 is used, and how one can extend the argument there to r > 1. We
use without comment the notation of loc. cit.

e The definition of the isomorphism &, : Mao(87X") 5 Mo (67X) in [DL21] (28)] holds
because one only needs to know that M (0%X") and M, (6%X) are free of the same
finite rank over R..(7).

e By Proposition [3.98 there exists U,(x) € Roo(7) such that My, (1)(Mu(87X)) =
U, ()M (65X°), where ¢ : 07X < %X is as in the unlabelled commutative diagram
below [DL21], (27)]. Since Ry (7) is a domain by [EGS15, Thm.7.2.1(2)] and M, (607X),
Mo (67X are free of rank 7 over Ro.(7) by Theorem [3.94](iii), there is a unique Ro(7)-
linear isomorphism 7 : Ma (87X) 5 M, (87X°) such that M () = 7y o U,(x), where
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U,(x) here means multiplication by U,(x) on M (8%%). Then we have a commuta-
tive diagram analogous to [DL21) (29)] replacing the multiplication by U,(x) in the
diagonal map by the map hy, o7y o Uy(x) = U,(x)(hy 0 Ty)-

e By the commutativity of the right-hand side of (the analog of) [DL21) (28)] and by
the isomorphism M, (Q(x*)X) = M. (6(x*)X)/p, we deduce that the map

hy 0 tq : Muo(Q(X*)™) — Moo(Q(x")™)

is the multiplication by the image of p=*™U,(x) in Rw(7(x*))/p. As the image of
hyotq is Up(x) Moeo(Q(x*)™X) by the commutativity of the left-hand side of (the analog
of) [DL21, (28)] and the definition of U,(x), we deduce that

Up(X)(Roo (T(X*)) /D) = (p7* XU, (x))(Roo (T(x*)) /).

In particular, multiplying U,(x) by a unit in R (7) we can assume that U,(x) and
p~™U,(x) have the same image in the quotient Ru.(7(x*))/p of Rao(7T). As a conse-
quence the analogue of [DL21l Prop.4.17] holds.

e Since by definition p~*™ U, (x) € Ruo(T(x*))\PRoo (T(x*)), we have

Anng (/e (07T, (1)) € Moo Reo(7(X7))/p). (3.88)

(X) — p=WU,(x) € Roo(T(x*))/p (previous point), we deduce U,(x)(hy o

Id) — 0 in Endg_ (r(x+))/p(Moo(Q(x*)FX)) by the analog of [DL21) (28)]. As
(Q( X)) = M (0(x*)™X) /p is free of rank r over Ro.(7(x*))/p (by Theorem
|3.94|(m)), (3.88) implies the image of hy o 7, — Id in Endg__ (r(y))/p( Moo (Q(x*)™))
lands in me Endg_ (r(y)) /(Moo (Q(x*)X)).  Since Ker(Ruo(T) = Roo(T(x%))/p) C
Moo Roo (7), we also have

hy o7y —Id € my Endg () (Mu (07X)). (3.89)

e The big unlabelled diagram before [DL21], (33)] still holds but the diagonal maps are
not simply multiplication by some ﬁp(xi). For instance in the case k = 3 (the general
case being similar) one has to replace the left diagonal maps in loc. cit. by successively
(from top to bottom) U, (X())((ZXQ OZX1>_ 0 (hxo OTxo) OTxs Oyt ); U (X2)( (hxz Oly,)0
), and U, (x1)(hy, 0 Ty,). By (3 and the R (7)-linearity of the 1somorph1sms
Ty, all these diagonal maps are in U »(xi)(Id +mu End g () (M (0%%))), and their
composition is thus in

k—1

(T 000x)) (1d o End ) (Moo (0749)). (3.90)

=0
e For v > 1 defined as above [DL21l (33)], we have from the definition of the 7,:
k=1
( 11 Up(Xz')) (Txo @ Txpy © -+ 0 Iy, ) = p"1d (3.91)

=0
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which implies p~(IT*=3 Up(x:)) € Rao(7)* since the 7y, are isomorphisms. By the
commutativity in the (analog of) the big unlabelled diagram before [DL21], (33)] (see
the previous point) together with (3.90)) and (3.91) we finally obtain

k—1
o 00Ty, 0y € (07 TT Tpls) ) (1d g End ) (M (675)))
=0

which is our analog of [DL21) (33)]. Then [DL21, (34)] follows by the same argument.
The rest of the proof in [DL21l §5] is unchanged. O

We can now prove Theorem [3.93]

Proof of Theorem[3.93. We let D(p) = (D1(p) <= Dy(p)) be the diagram denoted by
D(Tyon(p)) in [DL21], which only depends on p. Let D(7) = (Di(7) = Dy(n)) =
(rft — K1) be the diagram defined by 7. We will show that D(p)®" = D(r) as
diagrams.

Define first R : 7t — (socgr,(ox) 7)™ as in [DL21], Def.4.1], i.e. Rv = Sj,v with
Sito as in [DL21, Rem.4.2] if v € 7't is an I-eigenvector with eigencharacter y. Note
that the eigencharacter of Rv is Ry.

Starting from D(p) we define a groupoid G with objects x¢, where £ is any character
of I such that (socgr,o) Do(p))*[€] # 0, and morphisms freely generated by g, :
XRy — Xpys, Where x is any character of I such that D;(p)[x] # 0, as in [DL21],
Def.4.3].

The diagram D(7) defines an r-dimensional representation of G, sending x, to the
vector space (socar,(ox) Do(m))"[¢] and g, to the linear map

9%  (s0cary(0,) Do(m)) " [Rx] = (socar, (o) Do(m))" [Rx]

as in [DL21, §4]. Similarly, we have an r-dimensional representation of G defined by
the diagram D(p)®"; we denote the linear maps by g?.

To check that the two r-dimensional representations of G are isomorphic it suffices
to check that for each object x the restrictions of the two representations to the
automorphism group Gy are isomorphic (see [DL21, Prop.4.5]), which is the case by
Proposition , remembering that ¢ is the dual of h, by (the analog of) [DL21]
Prop.4.14].

Therefore there exists an isomorphism
A (SOCGLQ(OK) DO(W))h — (SOCGL2(OK) DO (ﬁ)@r)h

of I-representations such that Ao g7 = g2 o X on (socqLy(o,) Do(m))" [Rx] for all y.
As 71 = Dy(p)®" as K-representations we can extend A uniquely to an isomorphism
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A Do(m) = Do(p)®" of K-representations (extending to the GLy(Ok)-socle first).
As in the proof of [DL21, Prop.4.4] we deduce that A restricts to an isomorphism

A : Dy(m) = Di(p)®" commuting with (g (1)) and I, which completes the proof. [

3.4.4 Local-global compatibility results

We collect our previous results to deduce (together with the results of [HW22]) special
cases of Conjecture [2.9]and Conjecture [2.1) when n = 2 and K is unramified.

We keep all the previous notation. We also keep the assumptions (i) to (xii) of
§3.4.1] (in particular 75 is semisimple), except that we replace the bounds on the r;
in (viii) by the stronger bounds (which are those of [BHH"23| §1]):

12<r;<p-15 if 7 > 0 or p is reducible;
B3<rg<p—14 if p is irreducible.

Recall that we choose Serre weights o5 € W (T5(1)) for w € S,\{v} and consider
7 = Homyv (Ques,\ (o105, S(VY, F)[m*]) (see Theorem [3.93)).

Theorem 3.100. We have [r[m3, ,, ] : x] = [7[ms,/z] : x| for all smooth characters
x : I = F* appearing in wmy, /7, ].

Proof. The statement of [BHH"23, Thm.8.3.11] applies verbatim with the same proof

to m as above using Theorem and (3.87). Combining this with Corollary |3.95]
we see that 7 satisfies all the assumptions of [BHH™23, Thm.1.4], whence the result

by [BHH™23, Thm.1.5]. O

Remark 3.101. A similar argument as in (ii) of the proof of [BHH'23, Thm.8.4.1]
(which uses [GN22, App.A]) shows that we also have dimgr,x)(7) = f, where
dimgr, (k) (7) is the Gelfand-Kirillov dimension of 7 as defined in [BHH"23| §5.1].

The following theorem is one of the main results of this paper.

Theorem 3.102. Keep all the previous assumptions and assume that the r; in T
satisfy the following stronger bounds:

max{12,2f — 1} < r; < p—max{15,2f +2} if j > 0 or p is reducible;

max{13,2f} < 1y < p—max{14,2f + 1} if p is irreducible. (3.92)

Let 0¥ = ®yes,\(0}05, Where the oy are Serre weights in W (74(1)) for w € S,\{v}.
Then Conjecture holds for Homg. (0%, S(V?,F)[m*]).
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Proof. This follows from Corollary applied to 7 = Homg. (¥, S(VV,F)[m¥]),
which satisfies all the assumptions there by Theorem [3.93] and Theorem [3.100], and

by Remark [2.4]ii). O

We now give some evidence for Conjecture , still assuming (3.92). As we also
need r = 1, and to make things as simple as possible, we replace assumptions (v) and

(vi) in §340] by

7 is unramified at all finite places outside S,

and we then take S = S, (hence ¥ = S, U {v;}). We also replace assumption (xii) in
by

t5; (Uy,) is equal to the upper-triangular unipotent matrices mod vy.

We take VV = U? HwESp\{v} Vw with Lw(vw) =1 +pM2(OFu~)) g GLQ(OFw) = Luj(Uw).
We let T be the Hecke operator acting on S(V",F) by the double coset

[eawm) (w 1) L;lwm)] :

where @ is a uniformizer in Op.. Increasing F if necessary, we fix a choice of

v1
eigenvalues a; € F of p(Frob;) (the image of a geometric Frobenius at v1) and
consider the ideal
m® = (m* T — a;) C T7[T5),

where o is any element in W (F) lifting ;- (see §2.1.2/for 7>). Then, replacing m>
by m? everywhere in §§3.4.1] [3.4.2] [3.4.3| by a multiplicity 1 result analogous to the
one in [BD14, Prop.3.5.1] (see for instance the argument in the proof of [Enn, Lemma
3.1.4]) all the previous global results hold with r being 1.

Proposition 3.103. Choose Serre weights o5 € W (T5(1)) for w € S,\{v} and let
7 = Hompe (®Rues,\ (0} 0as SV, F) [m®]).

The representation m satisfies all the assumptions of (with p =T5(1)).

Proof. The only missing assumption is the essential self-duality (3.76]). But it holds
by the same proof as for the definite case of [HW22, Thm.8.2] using Remark|3.101] [

From the results of §3.3.5 we thus deduce the following theorems.

Theorem 3.104. The GLy(F;)-representation w is generated by its GLa(Op,)-socle,
in particular is of finite type.
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Theorem 3.105.

(i) Assume that 75 is irreducible. Then 7 is irreducible and is a supersingular
representation.

(ii) Assume that 75 is reducible (split) and write p = T5(1) = <>61 )?) Then one
2
has

GL2(F )(

T = IndGL2( ))(X1w ® x2) D 7 @ Ind ;- Xow ' X1),

where 7' is generated by its GLa(OF;)-socle and 7' is essentially self-dual, i.e.
satisfies (3.76). Moreover, when f =2, 7' is irreducible and supersingular (and
hence m is semisimple).

Proof. Everything is in Corollary and Corollary [3.92], except the precise form of
the irreducible principal series my, m¢ in loc.cit., but this easily follows from ([3.83)

and Theorem [3.93] (which is [DL21}, §5] since r = 1). O

Combining Theorem [3.105| with Theorem [3.102}, we obtain:

Corollary 3.106. Keep the same assumptions as just before Proposition[3.103. If T3
is irreducible or if f = 2, then m is compatible with p (Deﬁmtzonm In particular
in these cases Conjecturem 2. 1| holds for Homy. (o, S(V?, F)[m?]).

Remark 3.107. When 7; is reducible nonsplit, a similar proof as for [HW22,
Thm.1.6] (with the hypothesis of loc.cit. on 73) implies that 7 is generated over
GLy(F3) by 751, When moreover f = 2, a similar proof as for [HW22, Thm.1.7]
implies that 7 is at least compatible with ]55 =P;=1B (Deﬁnition
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