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ABSTRACT. Let F//FT be a CM extension and H,p+ a definite unitary group in three variables that
splits over F'. We describe Hecke isotypic components of mod p algebraic modular forms on H at
first principal congruence level at p and “minimal” level away from p in terms of the restrictions of
the associated Galois representation to decomposition groups at p when these restrictions are tame
and sufficiently generic. This confirms an expectation of local-global compatibility in the mod p
Langlands program. To prove our result, we develop a local model theory for multitype deformation
rings and new methods to work with patched modules that are not free over their scheme-theoretic

support.
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1. INTRODUCTION

1.1. The main result. In this paper, we describe some Hecke isotypic components of spaces of
algebraic modular forms at first principal congruence level for definite unitary groups in three
variables. We begin by motivating this problem. Let p be a prime and F/F, be a (sufficiently
large) finite extension. Let F//FT be a CM extension for which p is inert in F* and splits in F.
Let n be a positive integer and H,p+ be an outer form of GL;,, which splits over F' and is definite
at infinity i.e. H(F" ®gR) is compact. Let UP C H(ARY) be a compact open subgroup. We define
a space of mod p modular forms

S@r,F) < {f: HF")\H(A%})/UP — F locally constant}
at infinite level at p. This has a faithful action of a Hecke algebra T = F [Tféj )]133”,@67: over [ at
“good places” v € P where P is a cofinite subset of the places of F'* that split in F' (the indexing
of the Hecke operators depends on a choice of a place v of F' lying over v). The ring T is semilocal,

and for a homomorphism « : T — F with kernel m there is a continuous semisimple representation
1
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7 : Gp — GL,(F) whose conjugacy class is characterized by the equations
det(z1, — F(Froby)) = Y (~1)i(No) &) (T2~
=0
for each v € P (see [CHTO08, Proposition 3.4.2]). Suppose from now on that 7 is irreducible.
Motivated by the (classical) local Langlands correspondence and local-global compatibility, there
is the following central conjecture in the mod p Langlands program.

Conjecture 1.1. For a finite extension K/Q,, there is an injection
LLC: {Gk — GL,(F)}/~ < {finite length smooth admissible GLy(K)-representations/F}

such that for a place w|p of F, S(UP,F)[m] = LLC(7|q,, )*¢ as H(F;") = GLy(Fy)-representations
for some positive integer d = d(UP).

This injection should be the atom with which one builds a deformation theoretic p-adic local
Langlands correspondence that mediates Langlands reciprocity in p-adic families. Such an injection
has been constructed for n = 2 and K = Q,,, but the situation appears to be substantially more
complicated if n > 2 or K # Q,. One reason is that there does not seem to be a simple classification
of irreducible smooth admissible GL,,(K)-representations, not to mention a (conjectural) local
characterization of LLC or a simple (conjectural) description of the image of LLC. Given these
difficulties, it is natural to study the space S(UP,F)[m] directly.

At present, the strongest evidence towards Conjecture [1.1] is a description of the constituents

of the GL,(Of,)-socle of S(UP,F)[m] when 7 is tamely ramified and sufficiently generic at p

[LLHLM23]. When n = 2, there is stronger evidence—the invariants of 7 () o S(UP,F)[m]

under the pro-p Iwahori and first principal congruence subgroups can be described in terms of
7qp, EGS15, HWIS, [LMS22, Le] when 7|, ~is sufficiently generic, 7 satisfies a Taylor-Wiles
hypothesis, and UP is “minimal” (in particular, this implies d = 1). There are a number of reasons
to single out these two compact open subgroups, even for general n. First, they are pro-p sub-
groups so that their invariants are necessarily nonzero. Second, their normalizers jointly generate
the group GL,(Fy) which is a central feature in the theory of coefficient systems on buildings

[SS97, [Pas04, BP12]. Finally, it is expected that the invariants under the first principal subgroup

U(p) o ker(GL,(OF,) — GLn(ky)) generate 7(7) (this is known for n = 2 and 7|g,, ~sufficiently

generic by [HW22, Theorem 1.6] and [BHH"21, Theorem 1.3.8]). Far less is known when n > 2,
and current evidence suggests that the situation is very complicated. When n = 3 and the level
is “minimal”, the authors and Levin described the invariants of 7(7) under the pro-p Iwahori sub-
group in terms of 7|, ~when this representation is sufficiently generic [LLHLM20, LLHLMb]. In
this paper, we build on these results to describe the invariants of 7(7) under the first principal
congruence subgroup U(p) when n = 3 and 7 is sufficiently generic and tamely ramified at p.

Theorem 1.1 (Theorem . Suppose that n = 3. Moreover, suppose that
o 7 satisfies a Taylor—Wiles hypothesis;
o 7 is tamely ramified and sufficiently generic at p; and
o UP 45 “minimal”.

Then the GL3(ky,)-representation 7(F)V®) is uniquely determined by Tlap, -

Remark 1.2. (1) In fact, we show that (7)Y ®) is uniquely determined by the restriction 7| Ir,
to the inertial subgroup. We also explicitly determine the semisimplification of 7 (7)Y ®)

(see Theorem [6.13)).
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(2) The assumption that p is inert in F'™ can be replaced by an assumption that p is unramified
in T,

(3) It seems likely that one could remove the hypothesis that 7 is tamely ramified at p by
breaking the problem into cases based on the set of extremal weights [LLHLMDb| [LLHLMa].

(4) In stark contrast to n = 2, many constituents of soc7(7)V®) reappear beyond the socle.
Theorem thus has the flavor of characterizing a specific point in a (continuous) moduli
of representations with the same discrete invariants. This does not seem to have been
previously anticipated in the literature, even though the appearance of constituents of
soc(7)V(P) beyond the socle was expected by F. Herzig (private communication).

[BHH™ 21| gives a number of refinements of Conjecture and proves some of these when n = 2
in part by using results on invariants of (7). We expect that Theorem will have similar
applications, and we hope to return to this in future work.

1.2. Methods. The proof of Theorem [1.I| can be broken into three steps. Let n = 3 and U?
and 7 be as in Theorem Let p & TGy, It was shown in [LLHLM20] that the GL3(Og,)-
socle of 7(T) is @,cy?(5)0 where W(p) is an explicit set of irreducible GL3(OF, )-representations
over [ (equivalently irreducible GL3(k,,)-representations) predicted in [Her09, (GHS18]. First one
calculates the dimension of HomGLS(kw)(Pg,ﬂ(?)U(p)) for each ¢ € W' (p) where P, denotes a
GL3(k,)-projective cover of o. This gives the multiplicity of each o € W7 (p) as a Jordan-Holder
factor of w(7)V®). Next, we construct a certain GL3(k,)-representation Dy, depending on | Ir,
such that JH(Dy) = W (), D injects into 7(7)Y®), and both 7(7)V®) and D,, contain each
o € W’ (p) as a Jordan-Holder factor with the same multiplicity. Finally, a simple argument shows
that 7(7)V®) is the unique maximal representation containing Dy, such that they have the same
GL3(ky)-socle and contain each o € W*(p) as a Jordan-Holder factor with the same multiplicity.
The most difficult step is calculating the dimensions of the multiplicity spaces Homgp,, (x,,) (Fo 7 (F)UP)

for ¢ € W’ (p). The basic idea, going back to Taylor and Wiles, is to replace the dual of m(7)V®)
with a space My, (we caution that this is slightly different than the meaning of M, later in the text)
obtained by taking truncated Witt vectors as coefficients, adding auxiliary level (at Taylor—Wiles
places), and then taking a noncanonical limit. This object, and more generally its multiplicity
spaces (the “patched modules”), are maximal Cohen—Macaulay modules over local Galois defor-
mation spaces with p-adic Hodge theory conditions. While these objects are very non-canonical,
taking fiber at the closed point recovers their original versions. Thus, dimensions of mod p mul-
tiplicity spaces can be computed as minimal number of generators of patched modules. Diamond
and Fujiwara observed that when a patched module is supported over a local deformation space
that happens to be regular, then it is free by theorems of Serre and Auslander—-Buchsbaum. This
shows a mod p multiplicity agrees with a characteristic 0 multiplicity, which are often known by
automorphic methods. In [EGS15], Emerton, Gee and Savitt pioneered methods for studying mod
p multiplicity questions when the relevant deformation spaces are not regular by taking advantage
of the fact that Mo is a projective W (F)[GLs(kq)]-module i.e. Moo (—) & Homgr, (k) (Moo, (—)Y)Y
defines an exact functor where (—)¥ denotes Pontrjagin duality. This implies:

(1) (Nakayama gluing) If V- C W are W (F)[GL3(ky)]-modules such that M (V) C mMy (W)
(where m denotes the maximal ideal of the local Galois deformation ring acting on M),
then Mo (W) and Mo (W/V) have the same minimal number of generators.

(2) (Fiber product gluing) A quasi-isomorphism V — P*® of complexes of W (F)[GL3(ky)]-
modules gives a quasi-isomorphism M (V) — M (P*®).
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By combining these two properties, one has a potential strategy to compute the minimal number of
generators of complicated patched modules from simpler ones. We will first illustrate the strategy
for n = 2 and then describe what changes for n = 3.

Suppose that n = 2, that p is tame and sufficiently generic, and that o € W*(p). Let P, o
P, /rad?(P,) where rad® denotes the radical filtration. Then P, sits in a short exact sequence

0—>?J—>@Qi—>(@a)/Aa—>0,

(2

where @; denote the different length two quotients of P, and Ac C @D,o is the diagonally
embedded copy. Using the Diamond-Fujiwara trick, one shows My (Q;) is cyclic. This allows
us to compute M, (Q;) and check that M. (P,) is also cyclic via fiber product gluing. Fi-
nally, one shows that M. (P,/rad™P,) is cyclic for all m inductively using Nakayama gluing,
the crucial ingredient being that My, (rad™ ! P, /rad™*1 P,) and M, (rad™ P, /rad™P,) have the
same minimal number of generators. This last fact follows from the cyclicity of My, (Py) for all
k€ W’ (p) N JH(rad™ ' P, /rad™P,), and the following “covering” property of rad™ ! P, /rad™ P,

with respect to W’ (p):
Property 1.3. The cokernel of the evaluation map

@ P, ® Homgr, k) (Prs radm_lpg/radePU) — mdm_ng/radm‘*'lP(7
REW? (P)NJH(rad™ ! P, /rad™ Py )

has no Jordan-Holder factors in W7 (p).

There are two major obstacles to carrying out an analogous strategy when n > 2. First,
one would like to show an analogue of Property [I.3] Unfortunately, the structure of projective
F[GLy, (ky)]-modules is poorly understood. While it is known that generic projective indecompos-
able F[GLy,(ky)]-modules P, are the restrictions of certain tilting modules for (a product of) GL,, /r,
describing the submodule structure of such tilting modules appears to be hopeless in general. For-
tunately, when n = 3, tilting modules for GL3r are fairly well-understood (in part because Ext!
groups for simple modules have dimension at most one) [BDMT5|, from which we are able to deduce
Property (Proposition . Much of the first part of §4{is devoted to these considerations.

The second obstacle is that My (P,/rad?(P,)) is often not cyclic, which prevents us from
Nakayama gluing as when n = 2. The remedy is to instead consider larger quotients of P,. We first
elaborate when F'™ = Q as the general case involves substantial complication in a different direc-
tion. Here, the highest weight of a Serre weight is in one of two p-restricted alcoves, an upper alcove
and a lower alcove. Moreover, the radical layers of a projective indecomposable F[GL3(F),)]-module
contain Serre weights in a single p-alcove of alternating type. One can compute My (P, /rad?(P,))
for o € W (p) using fiber product gluing and see that it is not cyclic exactly when o is in the lower
alcove, which precludes the verbatim inductive argument in the n = 2 case. Fortunately, it turns
out that M, (P, /rad®(P,)) is cyclic when o is in the upper alcove. Then a modified inductive
argument using Property and Nakayama gluing along upper alcove layers shows that M. (P;)
and M. (P, /rad?(P,)) are minimally generated by the same number of elements.

To show that M, (P, /rad®(P,)) is cyclic, we decompose it as an iterated fiber product. Since
some Jordan-Holder factors appear with multiplicity greater than one, P,/rad®(P,) cannot be
presented in terms of the mod p reductions of a single irreducible GL3(F,)-representation. Instead,
we use fiber products of lattices in several different Deligne-Lusztig representations. In parallel,
M. (P, /rad®(P,)) is not supported on a single tame type Galois deformation space. This forces
us to work in some highly singular “multitype” deformation rings, which first appeared in print
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in [Lel9] and were later used in [BHH™ 23|, but were first developed in the course of this project.
We develop a local model theory for such multitype deformation rings building on [LLHLM23|
LLHLMBD], cf. With this in hand, we deduce the desired cyclicity from the transversality of
certain scheme theoretic intersections in these models.

The F* # Q case brings many further complications. Now, our arguments require fiber product
gluing situations involving noncyclic patched modules, which makes it hard to control the end
result. However, we give new criteria for the minimal number of generators of a fiber product to be
well-behaved in terms of the transversality of (only) infinitesimal properties of its factors. These
criteria are essential because while the local models for single tame type deformation rings have
tensor product structures over embeddings Fy, — W (IF)[1/p], the local models for multitype stacks
do not seem to have such product structures. A key observation here is that the product structure
persists infinitesimally, yielding the sought-after transversality statements.

Finally, we come to the construction of D,,, which is the minimal subrepresentation of ﬂ(?)U(p)
containing all Jordan-Hélder factors in W’ (p). When n = 2, cyclicity of certain patched modules
implies that D = @,cyy?z0—in particular it is determined uniquely from multiplicity informa-
tion. When n = 3, there is a moduli of representations with the same F[GL3(k,,)]-socle and multiset
of Jordan-Holder factors as Dy, but only Dy, injects into 7(7)V®). To single out this point, we
give “coordinates” on this moduli space using categories of lattices in various Deligne-Lusztig rep-
resentations. Then we compute M (D) for F[GL3(ky)]-modules D in (a part of) this moduli space
and characterize Moo (Dy,) among them.

Remark 1.4. Unlike when n = 2, our approach falls short of giving a purely local characterization
of My (P,) in general, since there is a non-trivial moduli of non-cyclic Cohen-Macaulay modules
with prescribed support. In principle, one could attempt such a characterization by presenting
indecomposable projective W (F)[GL3(ky)]-modules P, in terms of sums of lattices in Deligne—
Lusztig representations and use the fact that patched modules for such lattices were computed
in [LLHLM20]. However, it seems challenging to find explicit presentations and worse, the non-
cyclicity of some patched lattices makes it unclear how to compute the effect of patching on the
maps that arise in such a presentation.

1.3. Outline. is a brief summary of background on tame inertial types, Deligne-Lusztig repre-
sentations, the inertial local Langlands, and Serre weights largely following [LLHLM20| [LLHLMDb].
§3] and §4] collect a number of technical results needed for the proof of the main result which spans
§5] and We defer several tedious ideal intersection computations to Appendix [B] which can be
ignored by a reader willing to take these computations on faith. We urge the reader skip §3|and §4]
on a first reading, only referring back as needed. develops a local model theory for some multi-
type deformation rings building on [LLHLM23| [LLHLMD)]. collects a number of commutative
algebra lemmas. contains technical computations with deformation rings used in §5and §6] §4]
establishes results in modular and integral representation theory building on [BDM15| [LLHLM20]
needed to prove the main result. §5|computes multiplicities of Serre weights in an axiomatic context
by combining results in §3] and §4 §6| proves Theorem first in an axiomatic context and then
in a global context.
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1.4. Notation. For any given field K we fix once and for all a separable closure K and define

Gk & Gal(K/K). If K is a nonarchimedean local field, we let Iy C Gy denote the inertial

subgroup. We fix a prime p. Fix an algebraic closure @p of Q,. Let F,, denote its residue field. Let

F C F, be a finite subfield which we will assume is sufficiently large for our purposes. Let O be

W (F) and E be the fraction field of O. Then we have a natural embedding E C Q,,.

Let G & GL3,z, B C G the subgroup of upper triangular matrices, ' C B the split torus of

diagonal matrices and Z C T the center of G. Let ®+ C ® denote the subset of positive roots in
the set of roots for (G, B,T). Let X*(T) be the group of characters of 7" which we identify with
73 in the standard way. s

We write W (resp. W,, resp. W) for the Weyl group (resp. the affine Weyl group, resp. the
extended affine Weyl group) of G. If Ap C X*(T') denotes the root lattice for G we then have

Wo=ArxW, W=X"T)xW

and use the notation ¢, € W to denote the image of v € X*(T). Let n = (2,1,0) € X*(T). We
define the p-dot action by txw-pu = pA+w(u+mn) —n. Let wy denote the longest element in W and

define wy, def wot_y. Finally, we denote by ¢ the Coxeter length function on W,, which we extend

to W by inflation via the canonical surjection W — W,,.

Let ( , ) denote the duality pairing on X*(T') x X, (T). A weight A € X*(T) is dominant if
0 < (A, aV) for all simple root a € ®. Set X°(T) to be the subgroup consisting A € X*(T') such
that (A, @) =0 for all a € @, and X;(T) to be the set of A € X*(T') such that 0 < (\,a") < p for
all simple root a € .

A p-alcove is a connected component of

X*(T) @z R \ (U{/\GX*(T) zR : <)\—|—n,av>:np})

(a;n)

where (a,n) runs over @ x Z. A p-alcove C is p-restricted (resp. dominant) if 0 < (A +n,a") < p
(resp. 0 < (A+mn,a")) for all simple roots a € ® and A\ € C. The group W, acts simply transitively
on the set of alcoves and throughout this paper the dot action of W on the alcoves will always be
the p-dot action. We let Cy C X*(T") ®z R denote the dominant base alcove (i.e. the alcove defined
by 0 < (A +1n,aY) < p for all & € ®1), and set

wt < {w e W@ Cyis dominant}, Wfr & {w e Wt @-Cpis p-restricted}.

We sometimes refer to Cy as the lower alcove and wy, - Cy as the upper alcove. Given N € N we say
that A € X*(T') is N-deep in alcove Cy if N < (A\+n,a") <p— N for all « € d+.
Let O, be a finite étale Zy-algebra and fix an isomorphism O, = [] O, where S, is a finite

vES)

set and O, is the ring of integers of a finite unramified extension F of Q,. We define Gy aef

Resp, z,G j0,, and similarly Ty C By C Go. We assume that O contains the image of any ring
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homomorphism O, — Z, and write J o Homz, (Op, ©). We define G o (Go)o, and similarly
T C B C GG. We use underlined notations for the objects introduced above for G and now relative
to G (hence @ C &, W, W, E, EJF, Ei, C, and the like) and we have a notion of N-deepness
in alcove C for elements of X*(T'). The natural isomorphism G = G/jo induces compatible

isomorphisms X*(7) = X*(T)Y and the like. Given an element j € J, we use a subscript notation

to denote j-components obtained from the isomorphism G & G{O (e.g. given w € W we write w,

to denote its j-th component via the induced isomorphism E ~ 7 ).
For sake of readability, we abuse notation and still write wgy to denote the longest element in W,

and € X*(T) for the element »_,. 7(2,1,0);. The meaning of wy, n and wy, &of wot—y, should be
clear from the context.

The absolute Frobenius automorphism on O,/p lifts canonically to an automorphism ¢ of O,,.
We define an automorphism 7 of X*(T') by 7(A)y = Ayo,-1 for all A € X*(T') and 0 : O, — O. We

similarly define an automorphism 7 of W and E

When S, = {v} is a singleton we simplify notation and let K dof F;L . f dof [K : Qp], ring of

integers O, residue field k. Let W (k) be ring of Witt vectors of k, which is also the ring of
integers of K. We denote the arithmetic Frobenius automorphism on W (k) by ¢ (it acts as raising
to p-th power on the residue field).

Recall that we fixed a separable closure K of K. We choose m € K such that -1 = —p
and let wix : Gg — Ok be the character defined by g(m) = wg(g)m, which is independent of
the choice of 7. We fix an embedding oy : K < E and define o; = 0 o ¢/, which identifies
J = Hom(k,F) = Homg, (K, E) with Z/ fZ. We write wy : Gxg — O for the character o o wg-.

Let ¢ denote the p-adic cyclotomic character. We normalize the definitions of labelled Hodge—
Tate weights so that e has Hodge—Tate weight {1} for every embedding K < E (this convention
is opposite of that of [EG23, ICEG™16] and agrees with that of [GHSIS]), and the functor from
potentially semistable representation to Weil-Deligne representations is covariant.

A potentially semistable representation p : Gx — GL3(E) has type (i, 7) if p has labeled Hodge—
Tate weights p € X*(T') (note that this differs from the conventions of [GHSI18] via a shift by 7)
and the restriction to Ik of the Weil-Deligne representation attached to p is isomorphic to 7.

Let T" be a group. If V is a finite length I'-representation, we let JH(V') be the (finite) set
of Jordan-Holder factors of V. If V° is a finite O-module with a I-action, we write V° for the
I'-representation V° ®p F over F.

2. PRELIMINARIES

2.1. Tame inertial types, inertial local Langlands, Serre weights. Unless otherwise stated,
we assume throughout this section that S, = {v}. We write O, = Ok (the ring of integers of a
finite unramified extension K of Q, of degree f) and let G = Resp, 12,G 0 - We drop subscripts

v from notation and we identify J = Homg, (K, E) with Z/fZ via o 00 0 g

2.1.1. Tame inertial types, Deligne—Lusztig representations and inertial local Langlands. An inertial
type (for K, over E) is the GL3(E)-conjugacy class of a homomorphism 7 : Ix — GL3(FE) with
open kernel and which extends to a homomorphism Wx — GL3(E). We will identify a tame inertial
type with a fixed choice of a representative in its GL3(F)-conjugacy class, and say that the type is
tame if the homomorphism 7 factors through the tame quotient of Ix (this notion is independent
of the choice of the representative in the conjugacy class). Given s € W, p € X*(T)NC, and j' €



Ki-INVARIANTS IN THE MOD p COHOMOLOGY OF U(3) ARITHMETIC MANIFOLDS 8

{0,...,6f — 1} we set a;, def ng}flsgfld e sgfl_j,(/mf,j/ +nep—j) € X*(T'), where the subscripts

are taken modulo f, and let a’l") be Z?ial a’_iji € X*(T). We thus define the tame inertial
type 7(s, 4+ 1) to be (wgf)al(o), and say that (s, ) is a lowest alcove presentation for 7(s,u + 7).
Given N € N we say that a tame inertial type 7 is N-generic if there exists a pair (s, u) as above
such that 7 = 7(s, u+n) and p is N-deep in alcove C,. In this case, we say that 7 has an N-generic

lowest alcove presentation (s, u) with associated element w(7) & tutns € w.

Replacing E with F in the preceding paragraph we have the notion of inertial F-type, tame
inertial F-type (typically denoted with the overlined notation 7), lowest alcove presentation and
associated element w(T) for a tame inertial F-type 7, and N-genericity for N € N.

Given a pair (s,u—n) € W x (X*(T) N C,) we can attach to it a virtual Go(F,)-representation
Rs(p) over E by [GHS18, Definition 9.2.2] and the paragraph above loc. cit., where in loc. cit. the
representation Rgs(p) is denoted by R(s,u). If 1 — n is moreover 1-deep in C then Rs(u) is an
irreducible representation of Go(F,) and the pair (s, p) is said to be a lowest alcove presentation of
Rs(p). Finally, given N € N we say that a Deligne-Lusztig representation R is N-generic if there
exist (s,u—mn) € W x (X*(I)NCy) such that p—n is N-deep in Cj and R = Rs(y), in which case
(s, —n) is a lowest alcove presentation for R with corresponding element w(R) ot tus € w.

By [CEG™16, Theorem 3.7] we can attach to a tame inertial type 7 : Ix — GL3(E) an irre-
ducible G(Zy)-representation o(7) over E, satisfying results towards the inertial local Langlands
correspondence. In this paper we take o(7) to be the inflation of Ry(u + n) ([LHL19, Corollary
2.3.5]).

If p € Cy is 1-deep and 7 = 7(s, 1 + n) then let o(7) be the inflation of Rs(p + 1) to Go(Zy).
This representation o(7) satisfies the properties described in [CEG™16, Theorem 3.7], see [LHLI9,
Corollary 2.3.5] (this is a form of inertial local Langlands).

2.1.2. Serre weights. A Serre weight for Go(F,) is (an isomorphism class of) an absolutely irre-
ducible G(FF,)-representation over F. Any Serre weight is the restriction to Go(IF,) of an irreducible
algebraic representation of G of highest weight in X;(T), and given A € X1 (T) we write F'(X) for
the Serre weight associated to the irreducible algebraic representation L(A) of G over F,. The
assignment A — F()\) gives a bijection between X1(T)/(p — 7)X%(T) and the set of Serre weight
for Go(IF)).

Let A denote the set of p-restricted alcoves in X*(T) ®z R. As in [LLHLMbD, LLHLM20] it will
be more convenient to parametrize (regular) Serre weights by a subset of Ay, x A. Specifically let
A € (X*(T) N Cp) +n and define A}, to be the subset of X*(T)/X°(T) whose elements @ satisfy
w+ A —n € C, for some (equivalently, for all) lift w € X*(T) of @w. Then loc. cit. produces an
injection Tty : Afy, x A — X1(T)/(p—m)X°(T) whose image consists of regular Serre weights with
central character (A — )|z modulo (p — 7)X*(Z) (see loc. cit. Proposition 2.1.3 and 2.1.4.). The
reason this parametrization is preferred is that it decouples contributions of different elements of
J in the representation theory of Gj.

2.1.3. Combinatorics of types and weights. We identify A with {0,1}7 where 0 and 1 stand for the
lower and upper alcove, respectively. The standard action of E on X*(T') descends to an action
on X*(T)/X°(T) hence on X*(T)/X°(T) x A by letting W act trivially on A. Let & (resp. €2)
denote the image of (1,0,0) € X*(T) (resp. (0,0,—1) € X*(T)) in X*(T)/X°(T) and set
def (€1+5270)7(€1_5270)7(52_6170)
Yo = (0a1)7(€171)7(5271)
(Oa 0)7 (51’ O)a (527 0)
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and ¥ ¢ 2‘7 C X*(T)/X%T) x A. We define (w,a),(v,b) € %o to be adjacent if w — v €
{0, +eq, :|252, +(e1 —e2)} and a # b. With this notion of adjacency ¥ is a connected graph with
a distance function d.

Assume that A —n is O-deep in Cy and let (s,u—n) € W x (X*(T)NC,) be a pair such that u—n
is 2-deep and p+1n— A € Ap. Then the set JH(R, (1)) is given by F(Try(t,—xs(X)), see [LLHLMD,
Proposition 2.1.1]. We say that o € JH(Rs(u)) is an outer weight of Rs(y) if the element (¢,a) € ¥
corresponding to it satisfies (¢,a); ¢ {(0,0), (1,0), (£2,0)} for all j € J.

Moreover, we define W*(7(s, i + 1)) to be the set of Serre weights F(Qm( S (7 ))),
(

where (%) is defined by swapping the digits of a € {0,1}7 in the elements (¢,a) € E Given
j € J, wesay that o € W (7(s, u+n)) is an obvious (resp. shadow) weight of 7(s, u+n) at j if the
element r(e,a) € r(X) corresponding to it satisfies (¢,a); ¢ {(0,1), (1,1), (e2,1)} (resp. (¢,a); €

{(0, 1)7 (517 1)7 (527 1>})

2.1.4. L-groups and L-parameters. In this subsection we let S, have arbitrary finite cardinality.
Let F,f be Op[1/p] so that F,f = [] F, where F,f ' 0,[1/p] for each v € S,,. Let

vES)
\/ def
= 11 ¢k
Ef—E

be the dual group of G so that the Langlands dual group of Gy is LQ/Z LGV % Gal(E/Qp) where
Gal(E/Q)) acts on the set of homomorphisms F;r — FE by post-composition.

An L-homomorphism (over E) is a continuous homomorphism p : Gg, — “G(E) which is
compatible with the projection to Gal(E/Q,). The GY(FE)-conjugacy class of an L-homomorphism
is called L-parameter. An inertial L-parameter is a G (E)-conjugacy class of a homomorphism
T: 1, — GY(E) with open kernel, and which admits an extension to an L-homomorphism. An
(inertial) L-parameter is tame if some (equivalently, any) representative in its equivalence class

factors through the tame quotient of Igp,. Fixing isomorphisms FF 5 @p for all v € S5, we
have a bijection between L-parameters (resp. tame inertial L-parameters) and collections (py)ves,
(resp. (Tv)ves,) where py : G+ — GL3(E) is a continuous Galois representation (resp. 7, : [+ —
GL3(FE) is a tame inertial type for F,") for all v € S),.

We have similar notions when E is replaced by F. Abusing terminology, we dentify (tame inertial)
L-parameters with a fixed choice of a representative in its class. Nothing in what follows will depend
on this choice.

The definitions and results of generalize for tame inertial L-parameters and L-
homomorphism. In particular, given a tame inertial L-parameter 7 corresponding to the collection
(Tv)ves,, we let o(7) be ®yes,0(7y) (an irreducible smooth Go(Zj)-representation over E).

3. GEOMETRY OF MULTI-TYPE DEFORMATION RINGS

3.1. Multi-type deformation rings. The goal of this section is to introduce —and give the first
tools to analyze— deformation rings for p : Gx — GL3(FF), with p-adic Hodge theory conditions
defined by a finite set of tame inertial types.

Let p : Gk — GL3(F) be a continuous Galois representation, and let R% denote the universal
lifting ring for p.
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If 7 is an inertial type for K, let Rﬁgn’T (resp. R%’T) be the reduced quotient of RE parametrizing
potentially crystalline representations of type 7 and Hodge—Tate weights < (2,1,0) (resp. equal to
(2,1,0)), where < denotes the Bruhat order on X*(T).

Definition 3.1. Let T & {7 : Ix — GL3(E)} be a finite set of inertial types for K. We define R%"’T

to be the image of RﬁD = [Lrer Rﬁgn’T. We say that R%"’T is the (< n,T) multi-type deformation
ring. We similarly define Rg’T by replacing “<#n” with n everywhere.

From now on we assume p : Gg — GL3(F) is tame, and that p|;, = 7(s, u+n) where p is 6-deep
in alcove Cyy. Set w(p) &f tutnS-

3.1.1. Presentations of single type deformation rings. Suppose T' = {7} consists of a single tame
inertial type. In this case, the local model theory of [LLHLMDb], [LLHLM23|] produces an explicit
presentation of R<" which we now recall. In order for RS to be non-zero, 7 must admit a lowest
alcove presentation such that

@*(p,7) € (@(r) "0 (p))"
belongs to Adm" () by [LLHLM23, Corollary 5.5.8] (see [LLHLMBD § 2.1.1] for the definition of

Adm(n), Adm" () and the bijection w ~ w* between them.) In particular, this gives 7 a 4-generic

lowest alcove presentation. We abbreviate z = (z;t,,)jer L (p,7) for the remainder of this

subsection.
We recall the following objects from [LLHLMDb],[LLHLM23]:
e The Emerton-Gee stack X<"7 parametrizing potentially crystalline representations with
Hodge-Tate weights <7 and inertial type 7 (see [LLHLMD) §3.2]).
e The moduli stack Y<"7 of Breuil-Kisin modules for Ko, & Unen K (7v/=p) with tame
descent data of type 7 and elementary divisors < 7. It admits an open substack Y <77 (%)
(see [LLHLMDb Proposition 3.1.1]).

e We also have the stack ®- Modig"3 parametrizing rank 3 étale ¢ modules over K, (see
[LLHLM23|, §5.4.1]).

e (cf. [LLHLMD, §3.1]) M(3) & [Tjes M;(%;) the affine scheme over O parametrizing J-

tuples of matrices 3 x 3 matrices A &t (A(j))je 7 whose entries are polynomials in v with
the following constraints for all j € J:
— A% is divisible by v for i > k.
— deg Agi) < Vjk — Oi<z;(k), With equality when i = z;(k).
— The leading coefficient of AS )(k) , i a unit.
J
— det AY), which is cubic with unit top coefficient, is a unit times (v +p)3.
We furthermore have the closed subscheme U(<1,z) C M(Z) obtained as the O-flat closure
of the locus where for all j € J the 2 x 2 minors of AU) are divisible by (v + p) (i.e. they
vanish when setting v = —p).
The relationship between these objects is summarized in the following diagram with cartesian
squares [LLHLMDb, Theorem 3.2.2]:

(31) ﬁ(/zv, S 77)/\P — YS”LT(%)( YSU,TC @_ Modig,f}

] o ] o] 7

;?Sn,f(g) > XS (3)C s YT
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whose relevant features for us are:
e The top left horizontal arrow identifies

YET(E) = (02 <) /)
where the action of (¢;) € T V+J is the T-twisted shifted conjugation action defined by:
A(]) — tjA(j)O';l (tjfl)
where (0, k) is the lowest alcove presentation of 7 determined at the beginning of
o X<17(Z) identifies with an explicit closed, TV -stable formal subscheme U(Z, < 7, Viroo)
which is obtained as the p-saturation of a natural “monodromy condition” on the Breuil-
Kisin module living over U(Z, < n)» cf. [LLHLM23] Definition 7.1.2 & Corollary 7.1.5]. We
also recall that there is a closed immersion Ureg(z <N, Vi) = U(z,<n, Vo) [LLHLM23,
Theorem 7.3.2] which correspond to the part X7 (%) < X<"7(Z) with Hodge—Tate weights
exactly 7.
e The edges of the triangle are closed immersions.
e The composite of the top horizontal arrow assigns to A = (A(j)) the free étale p-module
with matrix of Frobenius given by Aw*(7).
Our chosen tame p gives a point in X=77(Z)(F) and a point 9, € V=77 (F), whose lifts to Uz, <
n)(F) has the form A = D,z for D, € TV7(F) well-defined up to 7-shifted conjugation. Then

R;"’ is a versal ring to X<"7 at p, thus diagram (3.1]) identifies R;"’T, up to formal variables, with

the completion of the explicit (formal) scheme U (2, <7, Vioo) at A.

3.1.2. Presentations of multi-type deformation rings. We now let T' be a finite set of tame inertial
types endowed with lowest alcove presentations such that Rgn’T # 0 for all 7 € T, thus we get

@*(p,7) € Adm" (n) for each 7 € T. For each j € J let T dC {w*(p,7);, ™ € T}. Moreover, write

— 0 1 0 1 0 0 0 0 vt
a, 3,7, t1 for the elements of WV corresponding to the matrices (1 0 o), (o 0 1), (0 10 )
= 00 1 10 v 0 0

v 0 0
and (0 v o) respectively. Throughout this paper, we restrict ourselves to 1" satisfying the follow-
0 0

ing:
Hypothesis 3.2. For each j € J, either:
(I TU) C {t1, aft1, Baty, afaty, afayti}; or
(1) TD C {tug ) turo () 4 tuoo ()5 Luo(mywo s OF
(IT) T is a singleton which does not fall in either of the cases above, @* (7, 7); € Adm" (n;)
and (w*(p,T);) > 2.

The basic idea to probe RﬁSn, is to glue diagrams (3.1]) along ®- Mod% K 3 as 7 varies over T. To
this end, we consider the following;:

Definition 3.3. ( ) Let MT = o H e 7.9) be the affine scheme such that
e For TU) as in ., M™T0) consists Of
d;m el 4
déﬂ; (wrp)+dy  dy (v +p) e 5y
j

dPw+p)+) AP w+p) + c(“ iy (v +p) + ¢
with determinant (v + p)3d;; G )dzg)dzg) and dii(] ) invertible.
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e For TU) as in m MT:(9) consists of

o o +7)+ e
B aPerped) oy el

ds} AR+ p)+e) A (v )+ (0 +p) + el
with determlnant (v +p)3d*(])d*(])d*(]) and d; *(J) 1nvertible.

o For TU asmmMT M;(w (P7))38m

(2) Define the element w* 7T (p) € WJ as

t_1w*(p); if 7U) is as in item E'
T (P)j = twoy@* (p); it TV is as in item @'
w*(7); else.

The significance of the above definition is explained by:

Proposition 3.4. For each 7 € T, we have the diagram

(3:2) U@ (r,p), < )" (T35 () s @-Mode®

Jf.s. J s /

T (@ (,7), <) /=TS [(MTYre T (5) /T -sh.cnj]

where

o The vertical arrows are quotient maps by TV .

e The top right arrow assigns to the tuple (AU )w T(p);)jeq the corresponding free étale -
module with corresponding matriz of Frobenius.

e The hooked horizontal arrows are induced by right multiplication by w*(7) on the family of
matrices. They are closed immersions, equivariant for the T-shifted conjugation action on
the source and shifted conjugation action on the target.

e The diagonal arrow is a monomorphism.

Remark 3.5. By [EG21] Theorem 5.4.20], ®-Mod‘® can be written as colimj,®- Modz™* of Noe-

therian p-adic formal substacks, where - ModS"? is the moduli stack of étale p-modules with

height < h with respect to the choice of polynomial F'(v) = v(v+p). Then in (3.1), we may replace
- Mod'}?3 by ®- Mod%h’3 so that all the objects involved are now p-adic formal algebraic stacks,
and notions such as scheme theoretic images behave as expected.

Proof. The last item follows from the proof of [LLHLM23|, Proposition 5.4.4], while all the other
items follow from the definitions. O

Recall from the closed subscheme U(@*(7,p), < 1, Vi) C U(w*(r,p), < n)"» character-
ized by X7 = [U(@*(7,7), <1, Vo) /- T"7].
Definition 3.6. Let M-V c (MT)"» so that MT’VWLE*’T(E) is the scheme theoretic image of
[Mraem: [[U@ <1, Vioo) = MTa@™T ().
TeT TeT
We now turn to formal completions. Our given 5 gives rise to a point X' <77 ﬁ for each 7 € T,

whose image p., & plag., in Modﬁg’?’(lﬁ‘) is independent of 7. By Proposition [3.4] p., arises from
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a point A € MT(F) which is unique up to the 7V (F) action. We fix the choice of such a point
T5. We note that the semisimplicity of p is equivalent to the fact that Aw*7(p) = Duw*(p) for
D e TYJ(F), so that its pre-image under rgs(,) is Dw*(p,7). In particular the entries of D

correspond to the numbers d;; *0) eF.
In the following Proposmon we adopt the convention that if X is a stack and x € X (F) then
X, stands for the formal completion of X at x, i.e. the restriction of X to Artinian test rings:

Proposition 3.7. Let X<nT d:er
inside @—Mod}ég’g. Then

. R%"’T is a versal ring of X< at b ;

° XESOZ’T = [MfTﬁ’voo@*I(ﬁ)/Tlv’J—sh.cnj] as subfunctors of @—Modi&%w

reT XSNT be the scheme theoretic union of the X< for v € T

Proof. As in [EG23, §3.6], the G lifting ring R%'OO is a versal ring for ®- Modig’?’ at . After
pulling back to Spf R%oo, X7 becomes Spf R;"’T, and hence X< becomes the formal spectrum

of im(REOo = 1ler R§”’T) However by [LLHLMI8| Proposition 3.12], restriction to Gk, induces

a surjection RﬁDoo —» RD hence this image ring coincides with R—” T This gives the first item.

For the second item, by Prop081t10n after pulling back to Spf RD , [MTw*T (p)/TV+7 -sh.cnj],
[MTVeep*T (p) /T -sh.cnj] becomes Spf R, Spf R, where RD —» R’ —» R—"’ for each 7 € T, and
by definition R is the image of the natural map R" — ] .p R<77’ But thls shows R = R;" T g

Proposition 3.8. Recall that T satisfies Hypothesis|3.4 and p is tame, 6-generic. Then there is
an isomorphism

Rg’T[[Jfla . 7;[;3f]] = g/TT,Voo [[{%}19‘39]]

where

eSS Y3 ®; EJS(J) where SU) s the ring in Tables B, I B in cases and Table

[LLHLMb Table 1] in case|(1I]),

e For each 7 € T, TT,vw 2 Z]ej Ai]% where for each j € J the ideal I Ai]% C S has
the form described in Tables @ I and@ if T s as in item and are described in
[LLHLMb Table 2 ] if TY) is as in item .

o Irv.. ¥ Mcr v

Warning 3.9. We emphasize that:

e the O(p"~*)-tails appearing in the Ay) -rows of tablesl I I involve variables in all
embedding;

e the structure constants b;1,br2,br3 € Z, appearing in the I Ay ) _rows of tables I I I
depend on the whole f-tuple w(p, ).

In particular I A(J) v.. is not an ideal of §(j), and jg)vm + O(p™=*) does not depend only on w(p, T);
in general.

Proof. This follows from Proposition and the following observations:
e S is the formal power series ring on the coefficients of the entries of the matrices that
M7 parametrizes (where the variables corresponding to unit entries are characterized by

land moreover adding a term O(p™¥ ') to each generator of the ideals Ti])voo of [LLHLMb|, Table 2]
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d = [d;](1+ %)), and thus Mgﬁ is the locus in SpfS where the determinant conditions on

the matrices are imposed.
e By [LLHLMDb, Theorem 3.2.2] and the discussion in [LLHLM20, §3.6.1], quotiening by

IT Voo corresponds to Urcg( *(p,7), < n,Vr,) via the closed immersion rg-(;) in diagram

. Note that a priori we only know IT V.. is the p-saturation of ) | jeg AEJ)V However by

[LLHLM2O §3.6.1], the first bullet point at page 54, the natural surjection S/ djegl T)v —

/ Ivmo is an isomorphism, and hence we don’t need to p-saturate.
O

Remark 3.10. (Compatibility under shrinking 7") Suppose T C T satisfy Hypothesis Then we
have a commutative diagram

4 ’
Spf Rﬁgn’T E— [MT Voo L (ﬁ /TV’J—sh.cnj]

<—>

Spf Rpgn’T —_— [MT’V‘” ™" (p) /T -sh. an]

AR )

Spf RS~ &-Mod{*

with formally smooth horizontal arrows. It follows that the isomorphism in Proposition 3.8] for
T’ C T can be chosen to be compatible with the inclusion of ideals IT Voo C IT/ Voo

We also record the following result, which will be later used to analyze IT AV

Proposition 3.11. Let I = Z]GJ 1Y) where for each j € J the ideal I A(j) C SU) is described in
Tables[3, [4 [ Then N
(1) I+ correspond to the closed immersion rg- () : U(w*(p,7), <n) = MTw*T (p).
(2) If w*(p,7); # w*(p,7'); then
P’ € Ej) + f(TJ,)
Moreover if ((w*(p,7);) > 2, (w*(p,7');) = 2 and {w*(p,7);,w* (p,');} # {aBaryty, afaty}
we have .
pE ﬁj) + ﬂﬂ).
Proof. The first item is due to the fact the top group of generators of ﬁ-j ) (appearing in the
corresponding row of Table cut out the degree bound conditions, while the bottom group
cut out the elementary divisor conditions of U(@*(p,7), < 7).
The second item follows from inspecting the tables. We give a sample computation for the case

w*(p,7); = afty, w*(p,7"); = t1 (for other cases see . In the ring S(J)/(A(]) jg)) we have:

c13d32c23d31
c12d21€33 = C12¢23d31 = — - —pec1zdzidsy = —peridyydsg
33
Using this, and the relations coo = —pd3,, c33 = —pd34, the last generator in j}f ) becomes

* * * ko Pk * * N 3 2 1% k%
ciada1c33 — c11¢22d33 — c11dgec3z — dijcaacsz — p(ci1dsgdss + dijcaadss + didsgcsz) = p dydsadss.
O
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3.2. Commutative algebra. In this section, we collect various commutative algebra results that
we require in later sections.

Lemma 3.12. Let R be a Noetherian ring and M a finitely generated R-module. Suppose that we
have an exact sequence
0—+L—->M-—=N=0

of R-modules such that Supp(L) and Ass(N) are disjoint. Then L is the kernel of the natural map

MM P M,
peAss(N)

Proof. Let L' be ker \. Then L C L' since L, = 0 for all p € Ass(IV) by assumption. Now let a € L’
and denote by @ the image in N. For any p € Ass(IV), the image of a in M, is 0, and so the image
of @ in Ny is 0. We conclude from [Sta23l Tag 0311] that @ = 0 or equivalently that a € L. Thus,
L=1. ]

Throughout the rest of this section (R, m) denotes a local ring with residue field F. (In later
applications, [F is as in though we do not require this here.)

Corollary 3.13. Let R be a Noetherian local ring and M «o finitely generated R-module. Suppose
that we have an exact sequence
0—-L—-M-—=>N=0

of R-modules where N is a finitely generated mazximal Cohen—Macaulay R-module and Supp(L) N
Supp(N) contains no minimal primes of R. Then the image of L in M is the kernel of the natural

map
M — & M,
peSupp(N) minimal

Proof. By [Mat86, Theorem 17.3(i)], N has no embedded primes so that Ass(NV) is precisely the
set of minimal primes of R in Supp(N). Thus Ass(/N) and Supp(L) are disjoint by assumption.
The result then follows from Lemma [3.12 O

Lemma 3.14. Let R be a local ring with residue field F. Let I,J C K C R be proper ideals with
K finitely generated. Let M be the kernel of the map

R/I®R/J — R/K

which is the difference of the natural surjections. Then the following are equivalent:
(1) M is a cyclic R-module;
(2) I+J=K; and
(8) the induced map Tor®(F, R/I) @ Torl'(F, R/J) — Torl'(F, R/K) is surjective.
If these equivalent conditions hold then:
(i) M= R/(INJ); and
(ii) the image of Torf(F, M) — Torf(F, R/K) induced by the composition M — R/I — R/K
is the intersection of the images of Torf(F, R/I) — Torf(F,R/K) and Torl(F,R/J) —
Torl}(F, R/K).

Proof. We first show that implies and Suppose that I + J = K. Then the natural
map ¢ : R/(INJ) — R/I & R/J is injective with cokernel R/(I + J) using that R/I & R/J =
(0® R/J)+im(p). This identifies M with the cyclic R-module R/(I N J).

The inclusion I + J C K is an equality if and only the map I & J — K obtained by taking the
difference is a surjection. By Nakayama’s lemma, this is equivalent to the surjectivity of the induced


https://stacks.math.columbia.edu/tag/0311
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map (IQgF) P (J®gF) - K @rF. As there is a functorial identification of Torf(F, R/L) = L&xrF
for proper ideals L C R, we see that and are equivalent.
Finally we show that implies and If M is a cyclic R-module, then the sequence

0+>M@rF - (R/I)9rF® (R/J)®rF = (R/K)®rF —0
is exact. The TorR-long exact sequence gives the exact sequence
Torf(F, M) — Torl{(F, R/I) @ Torf(F, R/J) — Torf(F, R/K) — 0
where the second map is the difference of the natural maps Torf(F, R/I) — Torl(F, R/K) and
Torf(F, R/J) — Tor{'(F, R/K). This gives (@). As the image of Tor{'(F, M) in Tor{'(F, R/I) &
Torf!(F, R/.J) consists of pairs (a,b) such that the images of a and b in Torf¥(F, R/K) coincide,
follows. O

Lemma 3.15. Let R be a local ring with residue field F. Let 1 <n and I; C K be proper ideals of
R fori=1,...,n. Let M be a finitely generated R-module with a fized surjection to R/K. Let N
be the kernel of the map

M & a? | R/I; — (R/K)*" TV /A(R/K)

induced by the sum of the natural maps R/I; - R/K and the fired map M — R/K, and where
A(R/K) denotes the diagonally embedded copy of R/K .
Write V; (resp. W) for the image of the induced map

Torf(F, R/I;) — Torf(F, R/K)
for 1 <i <n (resp. Torl{(F, M) — Tor®(F, R/K)). Assume that for all 1 < j < n,
Vi + (W NNy Vi) = Tort(F, R/K).
Then the projection map N — M induces an isomorphism N QrF — M ®gr F.

Proof. From the Tor-exact sequence and using that @7 R/I; — (R/K)®"tD/A(R/K) is an
isomorphism after applying — ®g IF, it suffices to show that the map

(3.3) Torf(F, M & &, R/I;) — Tor(F, R/K)®"+1) /A(Tor(F, R/ K))
is surjective. Writing an element of Torf(F, R/K)®("+1) as (x;),, it suffices to show that for any
0 < j <nanda; € Torf{(F,R/K) and setting a; = 0 for i # j, (a;)y + A(Torf(F, R/K)) is in
the image of (3.3)). By assumption, we can write a; = b; + ¢; where b; € V; and ¢; € W NN, V;.
Then (a; — ¢;)q € (a;)"o + A(Torf(F, R/K)) and (a; — ¢;)_, is in the image of the map
Torf(F, @I, R/I; & M) — Torl(F, (R/K)®"+1)),
O
In a similar fashion using the Tor-exact sequence we obtain

Lemma 3.16. Let R be a local ring with residue field F. Let 1 < n and I; C K be proper ideals of
R fori=1,...,n. Let N be the kernel of the map

@ R/T — (R/K)®"/A(R/K)

induced by the sum of the natural maps R/I; - R/K, where A(R/K) denotes the diagonally
embedded copy of R/ K.
Then

dimp(N @ F) = 1 4 dimg (Coker ( @™, Torf(F, R/I;) — Torf(F, (R/K)GBn/A(R/K)))) :
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Lemma 3.17 (“Distortion” Lemma). Let (R, m) be a local O-algebra with residue field F with O
and F as in 1.4} Let k> 2 and {I1,...,I;} be p-saturated ideals of R.
Let f € R and assume that:
(1) for each £ =1,...,k there exists e, € m such that f + pey € Iy
(2) we have

pezk:ﬂli.

(=1 iA
Then there exist ay € ﬂi# I; for all £ =1,... k such that
o f+ ZZ agey € ﬂle I;
° ZE apep € m(ﬂle(p, Iz))

Proof. By (2) we can find a¢ € (), 4, L; such that p = 3, a,. Then p(f+3>_,aer) = >, ar(f+pee) €
NF_ 1; hence f+ >, ae, € NE_,I; (because NE_, I; is p-saturated).
Furthermore, for each ¢, a, € ﬂi?:l(p, I;), hence the second item follows. O

Lemma 3.18. Let R and S be complete local Noetherian F-algebras. Let I be a proper ideal of
R and M be a finitely generated S-module. Then for any 1 € Autpso((R/I)QM), there exists

Y€ AutR®S(R®M) such that the diagram

REM — Y S RBM

l l

(R/DEM —25 (R/1)EM

commutes where the vertical maps are the natural projections. (All completed tensor products are
taken over F.)

Proof. Observe that Hom 5 ¢(R®M, R®—) = R®Homg(M, —) as functors on finitely generated S-
modules, since they are left exact in M and are isomorphic when M = S. Hence End 55 S(R@M ) =
R®Endg(M) surjects onto End(R/I)@)S((R/I)@M) >~ (R/I)®Endg(M).

Thus any element a € AutR®S((R/I)®M) can be lifted to an element a € EndR®S(R<§>M). We
claim that any such lift is in fact in Aut R@)S(R@M ). Consider the left ideal EndR®S(R®M ) - a.
Since this ideal surjects onto EndR@)S((R/I)@M), we have that

End g (ROM) - G + I8S - End s o(ROM) = End o (REM).

Since every term in this equation is a finitely generated left R®S-module, Nakayama’s lemma
implies that End pgq(R®M) - @ = End p5(R®M) so that @ € Aut p5o(ROM). O

3.3. Special fiber. Recall from that (s, u) is a fixed lowest alcove presentation for p and we
assume from now on that p is N-deep with N > 6. We write S, SU), Ity etc. for the mod p

reduction of 5, §(j), TT,VOO etc.
Let 7 € T. Then by [LLHLMDb, Theorem 3.3.2], the minimal primes of ng are in bijection

with the Serre weights o € W (5) N JH(3(7)). Since the underlying topological space of Spec Eg’T
and (J, ¢ Spec Eg’T coincide, and Spec (S/Ir v, ) is a formally smooth modification of Spec Eg’T
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by Proposition we learn that the minimal primes of S/I7v_ are in bijection with W7 (5) N
U,er JH(@(7)). We denote by B, the miminal prime of S/Iry., corresponding to o.

We now give an approximation of Eg’T. Let ﬁ])valg be the ideal of S¢) generated by the elements
listed in in row ﬂﬂ%m of Tables without their O(p™N~*)-tails if TU) is as in item (II)

(resp. the ideal appearing in [LLHLMD| Table 2] row z; if TU) = {%;} is as in item |(III))), and write

TT,Valg for the ideal (ﬂTeT (Zjej ﬁ{%alg §>> of S. Write It v,, for the image of fTavalg in S, and

similarly define I (j%alg forreT, jeJ.

Proposition 3.19. Fix j € J and assume T has the following form:

(1) #T) =1 if ' # j;

(2) either TY) C {afaty, Baty, abty, t1} or TV C {two(n)> two () two () Bs tawo () W0 } -
Assume that p is N-deep in Cy with N > 10. Then we have a surjection
(3.4) STy = STV -

For each o € W (p) N U, cp JH(G(7)), B, pulls back to the prime ideal Z;;& EQ aj)S of S where:
o (g,a) = ((gj,a4))jeq € r(X) is such that o = F (Tt (s(e,a)));
e the ideal ‘,Bg a;) is the prime ideal of SY) described in Table@ (resp. Table E) if TW C
{a,@atl, ﬂat;, aﬁtl, tl} (resp. if T(j) g {two(n), twO(n)a, two(ﬁ)/B7 two(n)w[)})‘

Proof. Letting jiyalg def Zj ﬁ%a]gg, the existence of the surjection (3.4) is equivalent to the
inclusion N N

() v, + @) € () Lo + ()

TeT TeT

For each j € J and 7 € T let {g(j) }Z be the set of generators of ﬂ%alg listed in row w*(p, 7); of

T,i,alg
Tables without their O(p™¥ —*)-tails, so that we can write gg?i’alg = ggl)oo — O(pN—*), where

O(pN~4) is an element of pV %S (depending on 7) and {ggji)oo}l. C fr,vm-
By Proposition |3.11 and the fact that ﬂTj)valg c S for any j € J we have

(35) pG( ﬂ ‘i—:valg> = pG ( Z < rI\’;('.?‘)valg) g) g Z ( j}—‘yj)valg> §
TeT TeT

T€T JjeT jeTJ

Given f € N, cr TT,Valg we can write pbf as a S-linear combination of mgltiples of HTeT‘ ggi)’alg.
Setting foo to be the same linear combination as p® f but replacing [], o ggi alg DY [ er gﬂ('],i),oo’ we
thus have _ B
Pr+00" ") =fuw€ () Inve.
TeT

yielding pb(f + OV ~7°)) € N,er E,vm by the assumption on N. As the intersection of the
p-saturated ideals TT,VOO is again p-saturated we conclude that f + O(pV~47%) € N .1 .i,vm.
The labeling and the explicit equations for the ideals ‘Bg ) a;) follow from in [LLHLMDbl Theorem

7577

3.3.9). O
Remark 3.20. Fix 7 € T. The statement of Proposition [3.19] can be improved, replacing condition

(@ by
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(1) if 5/ # j then either 7G") - {aﬁat;, Baty, afty, tl} or 70" - {two(n)vtwo(n)o‘v two(n)ﬁ, two(n)“’O}
and with the following more precise condition on V:
(3.6)

N-4> max{(#{f # 7| L(w*(p,7); W (p,7);) < 1Y) +2(#{ £ 7 | L(w*(p,7); 0t (p, 7)) > 1})}-
This is because in the proof of Proposition the inclusion (3.5) and the reasoning following it
still holds true when replacing 6 by the right hand side of (3.6)).

Moreover, under the stronger assumption

(3.7)
N—4> (#{T' 27| mjaxﬁ(@*(ﬁ, @ (p, ;) < 1})+2(#{T' # 7| max 0@ (7. 7); 0" (p.7);) > 1}).

the surjection ((3.4) is actually an isomorphism. Indeed, again Proposition |3.11| gives the inclusion

p(RHS of B.7)) Nyer Irve | € Iler fivw and the argument of Proposition [3.19| can be now per-
() ()

T,i,alg 7,3,007

formed by reversing the roles of IT alg and g with TT,OO and g

RHS of (3.7).

In particular whenever N — 4 satisfies condition (3.6)) we have a commutative diagram

and again replacing 6 by the

(38) S/Iﬂvalg — S/IT,VOO

L

S/ITyvalg $> S/IT7VOO

where horizontal arrow is an isomorphism (by applying the previous paragraph to the case #7 = 1)
and the vertical maps are the canonical surjections.

3.4. Ideal relations in multi-type deformation rings. Let p: Gx — GL3(F) be a continuous
semisimple Galois representation together with a lowest alcove presentation (s, ) where p is N >
10-deep. In this section we record facts about Rg’T that we will need later.

Fix j € J. Recall the running assumption that T' satisfies Hypothesis We now assume
additionally that

(IV) afayt; ¢ T);

(V) For j' # j, #T0) = 1 and @*(p, )y € {aBaty, BBty varty, }.
By we can thus replace the ring S) appearing in Tables by SU) /(e11), and omit the
variable eq; in the computations of these sections. Throughout this section let (a,b,c) € IFI?; be the
mod p reduction of —(sj_l(uj +n)).

3.4.1. Analysis of S(j)/Ig)valg. In what follows, we assume that 7U) is as in item Given b; €
{B, Fs,Es, F,, E,} we define Ijl?j c S to be the intersection ‘Bgé)o) N &B(j) where (w,a) = (0,1),

(w,a)’

(617 1)’ (527 1)’ (52 — &1, 1)7 (51 — &2, 1) respectively if b] = B7 FS7 E87 FO, Eo-

Lemma 3.21. Let b; € {B, E,, Fy,, E,, Fs}. Then the ideal I;j is given by:

(1) (c33, 32,31, C23, €22, C21, C13d32 — C12d33, C13d31 — c11d33, c12d31 — c11d32, (b — ¢)ciadoy — (a —
c)ci1dsy))
ifb; = B;
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(2) ca3, 32, €31, C21, €11, C23d31, C22d31, €13d31, C12d31, C13C22—C12C23, C13d21 —C23d] 1, c12d21—C22dT, (a—

C — 1)623d32 — (CL —b— 1)022d§3, (CL — C — 1)013d32 — (a —b— 1)612(1;’3
if bj = F;
(3) (€32, 31,22, €21, C12, C11, C23d32 — €33d353, Ca3da1 — da1c33, (a — b)ci3ds + (b—c—1)essdiy, (a—
b)cizdar + (b — ¢ — 1)cazd]y, c13daidsa — c13d31d3s)
if bj = Es;
(4) (c33, 32,31, C22,C13, C12, C11, C23d32, C21d32, (b — ¢ — 1)cagdsr + (a — b+ 1)ca1d3s)
Zf bj = FO,'
(5) (c33, €31, €23, €22, C21, €13, €11, d21C32, C12d21, (@ — ¢)c12dg1 + (—b+ ¢ — 1)esadyy)
if b; = E,.
Proof. See O

For b; € {B, Fs, Es, E,, F,} let M"% be the SU)-module S /Ij’?f. Let M? be the SU)-module

SU)/qsgg)O). For a; = {B,Fy, Es, Eo, F,} (resp. a; = {B,F,, E,}) let M% be the kernel of the
natural surjective map

Opyea, MY — (M?)2#% /A(M") — 0
where A(M?) denotes the diagonally embedded copy of M? in (M?)®#a;
Proposition 3.22. For either a; = {B, Fs, Es, E,, Fo} or a; = {B, Fs, Es} we have

dimp (M“ ®g() S(j)/msu)) =3.

Proof. By Lemma it is enough to check that the cokernel of the natural map
(3.9) Bhyea, Tord (B, M¥7) — Torf"” (F, (MO)##5 /A (MP))
is two dimensional. Note that given an i(d)eal I € SY we have Torf(j)(IF, SW/T) = 1/(mgy - 1),
SU
1

which allows us to write elements of Tor{ (F, SU)/I) in terms of generators of I. In particular we

see that Torf(j) (F, M?) has a basis consisting of the image of the elements ¢y, for 1 < i,k < 3. An
immediate check on the generators of Ijl»)j (described in Lemma [3.21]) shows that the image of the

natural map Tor{ v (F, M%) — Tor{ v (F, M?) has the following description according to b;:
(1) if b; € {B,Fs, E s} it is the subspace of Torfm(IF, MY generated by ¢, 1 < i,k < 3,

(ik) # (13);
(2) if b; = F, it is the subspace of Torfm (F, M) generated by ¢, for 1 < i,k < 3, (ik) # (23);
and

(3) if b; = E, it is the subspace of Torf(j)(]F, M) generated by ¢, for 1 < i,k < 3, (ik) # (12).
We deduce that the cokernel of the natural map

(3.10) ®p,ca, Tor " (F, MP7) — Tor{™ (F, (MO)#49)

has dimension #a;, with basis given by (the image of) the elements {.cl{”é}bje (B,Fs,Es,}> and cgg el if
{FE,, F,} C aj (the superscripts on the ¢;;; denote which copy of Torf(]) (F, M") C Torfm (F, (M?)&#as)
the element ¢;; lives in). On the other hand the image of A Tor$"” F, M")) in the cokernel of (3.10
1
is generated by ¢B + +CFS, cF(’7 o if #a; =5 and by B + B el it #a; = 3. In both cases
13 T C13 T €135 Ca35 C12 j 13T €13 TC13 j
we conclude that the cokernel of (3.9) has dimension 2. O
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3.4.2. Surgery for TV = {t1}. Suppose that TU) = {t1} for all j € J. We write 7 for the unique
element in 7. We now fix j € J. We abbreviate R & §0) / ﬁ%alg, and R & R/(p) so that a

presentation for R is given in row t; of Tabl The ring R is normal and Cohen—Macaulay by
[LLHLMI18, Corollary 8.9]. Let j : U < Spec R be the complement of the vanishing locus of

() ()
I[Pl +Ben
(w,a)#(v,b)EX)
Then U is a regular scheme by the proof of [LLHLM20, Lemma 5.2.1]. For a coherent reflexive
) ]

(i.e. coherent, Sy, and torsion-free) R-module M and an effective divisor D = > (wa)esy Mw.a) B (0.0)

of U supported in the special fiber (if &Bg})a) = R, then take [mgi)a)] = 0), define

~ def . .4 j ~
(3.11) M(—-D) =i,j H (mgij),a))n(w,a)M'
(w,a)EXp
Since " [ a)ex, (slg(w a))nw ) is locally free on U, j* [](, »yes, @3&]) ))’H(w,a)M is coherent and re-
flexive so that M(—D) = j,i*M(—D) is its unique (up to isomorphism) coherent and reflexive
extension by [Sta23, Tag OEBJ].

Lemma 3.23. If D = Z(w,a)eEo N (w,a) [‘,BEZ})&)] with all 0 < n, q) < 1, then

E(_D) = m(w,a)ezomgi)7a)-
n(wya):l
Proof. Since R/R(—D) is S1 (as R and R(—D) are both S3) and Ry, it is reduced. Thus R(—D)
is the intersection of prime ideals. Since j*R(—D) = j* N(y,a)ex, ‘BE ) a)’ the result follows. g

?’L(“‘Y a)_l

Let M((J )) be a free R-module of rank one. Recall from §2.1.3| that X is a connected graph

endowed with a distance function which we denote d. For (w,a) € X, we define

1 .
(312) M2, =M@ (= > 5 (A a), (0,1) + d((w, 0), () = d((0,1), (,)) ) B, ]).
(l/,b)GZO
Lemma 3.24. We have M(( 7 = = (—ca3dsa + coadis + c33dsy +pd§2d§3)]f\\4/((g?1) and M(( 7) 1= = (c33+
pd§3)M((0)1), where we have omitted (j)-superscripts in the variables.

and My def (033 +pd§3)M( 7)

(0,1)
other claim is similar. Let M be M ((3)1) As Mo is free of rank one, it is coherent and reflexive. By

[Sta23, Tag 0EBJ], it suffices to show that the locally free sheaves j*M; and j* My of rank 1 on U
are equal, or that M /M; and M /M, have the same length after localization at the minimal primes
of R. First, for a minimal prime 9 of Spec R, My /(c33,p) My has length 0 or 1 with length equal
to 1if and only if c33 € B since the special fiber is reduced. We see that the length is 0 if and only

P = ‘1352,

Second, we claim that

Proof. We will show that M, &f A1)

(=2,1) are equal as the proof of the

(3.13) (c33 + pdss) (—cradar + ci1dsy + cazdiy + pdf dsy) = p°di dsyds


https://stacks.math.columbia.edu/tag/0EBJ
https://stacks.math.columbia.edu/tag/0EBJ
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so that p annihilates (c33,p)Mg/(c33 + pdss3)My. Indeed, since the determinant of M T.() equals
(v + p)3d; dsydis, specializing at v = 0 gives
3
H(Cu +pdj;) = pPdi dsodss.
i=1
Moreover, the top-left 2 x 2 minor is divisible by v 4+ p and the (2, 1)-entry is divisible by v so that
specializing at v = —p gives c11¢29 = —pciado;. Combining these and dividing both sides by p gives
the claim.
By the claim, (c33,p) Mgy /(c33 4 pdis) My has length 0 or 1 with length equal to 0 if and only if

m € Ry or equivalently, by (3.13)),
—c12da1 + cr1dsy + coodyy € B,

We see from Table [8| that the length is 1 if and only if g = m(é)l
It is now easy to check the desired length statement from (3.12)). O

We define a path to be a sequence of elements v = (’yk)k>1 in {(0,0), (£1,0), (g2,0), (0,1), (e1,1), (g2, 1)}
of length ¢(y) = 2 or 3 such that
e the ~y; are distinct;
e 7 and ;41 are adjacent for 1 < k < /() — 1; and
e 71 = (e1,1) or (e2,1).
For paths 8 and ~, we write 8 < v if £(8) < {(v) and B = v for 1 < k < ¢(B). For a path v, we
define subsets X, C ¥g as follows:

o If ¢(y) =2, then ¥, = {72,(0,1), (e1,1), (g2, 1)} \ {m }.
o If {(y) = 3, then X, = {13}.

Given a path 7, we define Mf(yj) to be J/\Zg)(—DV)/ng) where
def j
Dy = Z [%Eﬁ?a)]-

(e,0)#5y
Then by Lemma and Lemma My () s naturally identified with I, (M Asl) ®o F) where we
define I, to be the image of ﬂ(a,a)gzy ‘B(m) in R. Note that I, O Ig if 3 > . Moreover, note
that different paths of length three can give rise to the same ideal I, (e.g. I, depends only on
v3 and not on 72). In fact, if £(8) = 3 = {(7) and ,33 = 73, then M(]) and MA(,]) are naturally
identified. This follows easily from the definition if B3 = 3 # (0, 1) If B3 = v3 = (0,1), then
Mg ) and My U) are both identified with p2M / ) /p2M ) (— [‘ISEJ ) ]). Indeed, there are inclusions

(0,1) 0,1)
pQM(( 7) 1y C M((g)l) but ngé)l) s pME)l) fori =1 and 2 by (3.12). Then for & = 5 and =, we claim

that the natural map pQM((j) H MASI) ®e F factors through M(]) =1, (MAS{) ®oe F) and induces an
isomorphism p2M((g 1 /p2M((g 1) (— [‘B(O 1 ) = M. We explain for a; = (e1,1), the other case being

similar. The factorlzatlon and surjectivity follows from the fact that p2ﬂ7[/((j ) )= (c11+ pd’{l)M ((Ej 1) 1
and Lemma [3.25| below. The kernel of this surjection is determined by the fact that the image of
the map is 1somorphlc to R/‘B(Q1

The computations for Lemma similar to those of [LLHLM20), §3.6.3], are recorded in
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Lemma 3.25. Let vy be a path. Then I, is minimally generated by 4—£(~) elements, and a minimal
set of generators for I, is given by:

d3 " .
(022d117 d31dyy — daids2) if v = ((e2,1),(0,0));
22
dy .
(CQQTF) 012) Zfry = ((82) 1)5 (5la 0));
22
d3 " .
(c2 d%;’ (a —Db)cizdar + (b — ¢ — 1)casdyy) if v = ((e2,1), (€2,0));
ds .
(0336711, ds1) if v = ((e1,1),(0,0));
33
(033d§3’ (c+1—a)eizdsz + (a —b—1)ciadss) if v = ((e1,1), (e1,0));
(C33d* ,c13d1 — c3d7y) if v = ((e1,1), (€2,0));
(Cll) fo(’)/) - 3573 - ( 71)7
(022) fo(’)/) - 3 V3 = (617 1);
(€33) if U(y) = 3,73 = (e2,1).
If v is a path of length 3, v > /8, and s, € F*, we define the map
(3.14) o MY — MY

to be k, times the natural inclusion. If one chooses a generator of MA(,{) ®oT, then (3.14)) is identified
with the map

(3.15) 0oL — I

Ky

defined in an analogous way. For x = (k)4 ¢(y)=3 € (F*)'2 we get a collection of maps ¢k, which

induce a map
B @
¥4(v)=3 BB

We let (€D, 4(y)=3 My (7 ))0 be the subspace cut out by the conditions

Z ay =0
v:4£(7)=3,
v3=(w,1)

for w € {0,e1,e2} (recall that the M, with ¢(y) = 3 and 73 = (w, 1) are identified). We define (2
to be the restriction of ¢, to (€D, 4(y)=3 My))o, and let M, be the cokernel of /0.

In order to to compute M, in certain instances, we choose generators for ]\’Z((j ) - Fix a generator

¥,

me M ((8)1) and generators (—ca3dsa + coadis + cazdsy +pdiedss)m and b=a g5, (cs3+pdis)m of M((EJ) )
and M(( 9 1) respectively. Using these generators, we get ident1ﬁcat1ons of M,sj) = I, such that if
((7') = 3 = £(y) and 3 = 73, then the identification of M,y(f) and MY is compatible with the
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equality I, = I,. (When 73 = (0,1), then I, = (cll,p)é/pﬁ. Equation Mon; 3 in row ¢; of Table
[ shows that

b—a * *
(316) b — cClldzz = _CIQdQI + 011d22 + CQlel
in R so that modulo p(cs3 +pd§3)]\’\[((g)l), we have
% b—a " * % Pk pk
(c11 + pdu)ﬁdm(c% + pdis)m = p*di dipdizm

= (e11 + pdiy)(—casdsa + candzy + 33y + pdapdsz)m
where we used (3.16]) and (3.13) to deduce the first congruence, and the equality following it is an
513).)

analogue of ( Then M, is isomorphic to the cokernel of the map

0
(3.17) Lg:< a IV> - P I

7,€(7)=3 B,4(8)=2

where the notation (—)° denotes the subspace cut out by the conditions

Z ay =0
7:£(7)=3,
'Y3:(w71)
for w € {0,61,62}.
In what follows K = (k) ¢(y)=s € (F*)'? is a tuple such that £, = 1 if 75 = (0,0) or y3 = (0,1).
. def def def
We abbreviate A1 = —F((cy,1),(e1,0),(e1,1))> A2 = TH((e2,1),(2,01(e1,1))0 A3 = TH((e1,1),(e1,0),(e2,1))>
def

AL = —E((e1,1),(£2,0),(e2,1)) - (There are 12 paths of length 3 and 8 of these paths have the property
that 72 = (0,0) or 43 = (0,1).) We now analyze the module M, and certain maps I, — M,
(Proposition and Corollary . If M is a finitely generated S@W)-module and m € M we use
overlined notations M and m for M ®g4;) S () /mg;) and the image of m in M, respectively. Similar
notation apply for SU)-linear maps between finitely generated SU)-modules.

We define the following F-basis on €., 5(y)=3 L

3

—x —x% —x —x —x —x
def [ _ _dyy _dyy _dyy _dyy _dyy _d
e = cll) 022?7 Cll7 022?7 6117 622?7 Cll7 63377 0117 633?7 0117 6337*
22 22 22 33 33 33
® 1, D 1 D 1, ® 1, D 1, D 1,
7>p, ¥>B, 7>8, 7>, 7>, 7>B,

B:((5271)7(070))7 /3:((5271)7(51@))7 B:((5271)7(5270))7 /8:((5171)7(070))7 ﬁ:((glrl)v(glvo))v /B:((Elvl)v(E?vO))

0
and, on <@%£(7)_3 Iv) , the basis

o o 1 1 1 1 1 0 o0
1 1 0 O 0 0 O 0 0

o 0 -1 0 0 O 0 0 o0

-1 0 0 0 0 O 0 0 0

o 0 0 -1 0 0 0 0 o0

0 def 0 -1 0 0 0 0 0 0 0
e =€ o o 0 o0 -1 0 0 0 0
o o o o O0 ©0 0 1 1

o 0o ©0 0 0 -1 0 0 o0

o 0o o0 0 0 0 0 -1 o0

o o 0O 0o 0O O -1 0 0

o0 0 0 o0 0 o0 0o -1
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Finally, on ®5,€(5)

Proposition 3.26. Using the bases €°
given by:

and f described above, the matriz A, associated to 0

_o I3 we consider the basis f deduced from Lemma

1 1 (b—c)(a—b—1) (b—c)(a—b—1) (b—c)(a—b—1) (b—c)(a—b—1) (b—c)(a—b—1)
(a=b)(cti—a) (a=b)(cFi—a) T(a—b)(cti—a) (a=b)(ct1—a) (a=b)(ct1—a)
0 o0 0 0 0 0
(b—c)
A1 0 D) 0 0 0 0
0o o0 0 0 0 0
(a=b—1)(b—c)
0 A 0 Lot o 0 0
0o o0 0 0 0 0 0
0 o0 0 0 toesd) 0 0
0o o0 0 0 0 0 0
(b—c—1)(a—c—1)
) 0 0 0 CEDICED) 0
0o o0 0 0 0 0
(a—c—1)(b—c)
0 o0 0 0 0 0 (aze )=o)
0o o0 0 0 0 0 0

0 0
0 0
0 0
0 0
0 0
0 0
1 1
0 0
A3 0
0 0
0 v
0 0

Proof. By Lemma and Lemma the following congruences hold in SU):

o= b—c)(1—a+b)d;
R ><1—a+c>d22
C11 = — (b C)
(a—c)dy
cn:(b—c)(l—a—i—b)i
~ (a—c)(a—b) di
_(b—c—-1)
Ty d
an(b—c—l)(a—c—l) I,
(a —b)(a—rc) 33
CHE(b—C)(a—c—l)i
(a—c)(a—0) di

Thus, the matrix associated to 7,, in the bases e

(b—c)(a—b—1)

fogied-l 1 0 0 0 0
0 0 0 0 0 0
0 0 L= 0 0
0 0 0 0 0 0
0 0 o 0 lazbidemd) )
0 0 0 0 0 0
0 0o 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0o 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

]

e, fis
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
(b—c—1)
e 0
0 0 0
(b—c—1)(a—c—1)
0 e I G
0 0 0
0 0 0
0 0 0

modulo mg) - Ig
modulo mg() - I
modulo mg() - I
modulo mg() - I
modulo mg) - Ig

modulo mg() - I

and the conclusion follows by the definition of eV.

The following result will be used in

OO Oy OO OO OO OO

lfﬂ = (€2a1)7(0a0);
if 8= (e2,1),(e1,0);
if B (527 ) (827 0)7
1fﬂ: (5171)7(()’0);
if /B (517 ) (El) O)a
if = (e1,1), (€2, 0).

0 0

0 0

0 0

0 0

0 0

0 0

0 0

0 0

0 0

0 0
St

0 0

25

18
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Corollary 3.27. Assume that k = Kmin(a,b,c) € (F*)12 is such that ky = 1 if 2 = (0,0) or
73 =(0,1), and
(_)\17 _)\27 _A37 _)‘4) ==

:<(a—b)(a—c—1) a—c—1a—c—1 _(b—c)(a—c—1)>'
(a—b—1)(a—c) a—c > a—c = (b—c—1)(a—c)

Then for any two paths v > B the composite

1S nonzero.

Proof. By Proposition and Lemma it is equivalent to show that for any ¢ € {1,3,5,7,9,11}
the linear system A,X = e; has no solutions, where ¢; = (...,0,1,0...) has a unique non-zero

entry at position i. Equivalently, we show that for any ¢ = 1,...,6 the linear system
1 1 (b—c)(a—b—1) (b—c)(a—b—1) (b—c)(a—b—1) (b—c)(a—b—1) (b—c)(a—b—1) 0 0
(a—b&)(c-{tl—a) (a=b)(ct1—a) (a—b)(ct1—a) (a—b)(ct1—a) (a=b)(ct1—a)
A0 o 0 0 0 0 0 0
(a—b—1)(b—c)

0 A 0 fombothiins) . 0 . 0 0 0 0y,
e A =€

0 0 0 0 . . 1)o( . 0 11 i

0 0 0 0 0 Semea 7??)@7 , Az 0

0 0 0 0 0 “mota=o 0 A

has no solutions, where again ¢; = (...,0,1,0...) has the unique nonzero entry at position i.
Writing e; = (es,j)1<j<6, and letting a;; denote the relevant entries of the previous matrix, the
linear system above is equivalent after row reduction to

0 0 a1z — A 'azs a4 — A; lass 0 a6 + % a7 + (;1:’7:‘&7 0 0

A1 0 a3 0 0 0 0 0

0 A2 0 asa 0 0 0 0 0 _
(318) 0 0 0 0 aqs 0 0 1 1 X

0 0 0 0 0 ase 0 )\3 0

0 0 0 0 0 0 aes7 0 A4

a15
a4s
€q,2
— €i.3
€i,4
€i,5
€i,6

By definition of kmin(a, b, ¢), the first row of the matrix in the RHS of (3.18)) is zero, which implies
that the linear system (3.18]) has no solution since e;; # 0 exactly when j = 4, and \; # 0 for
i=1,2,3,4. O

(eiya — A3 'eis — AL Teie)

1 1
€i,1 — Ay €2 — Ay ez —

We conclude with a result on the support cycle of M,. We employ the terminology and notations
of [EG14] §2.2], in particular Definition 2.2.5 from loc. cit. where we take X’ to be Spec(R) (so that
d = 6 in the notation of loc. cit. ).

Corollary 3.28. For any k = (ki) gy)=3 € (F*)'? such that ky =1 if vo = (0,0) or v3 = (0,1)
we have

ZaM) = Y PBent2 Y, Buo

we{0,e1,e2} we{0,e1,62}

Proof. Let v be a path. By definition of I, the minimal prime ideals of R in the support of I, are
exactly P, q) for (w,a) € ¥,. Hence, for any path v we have Z;(1,) = Z(w e, PB(w,a)-
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The conclusion now follows from the additivity of cycles in short exact sequences ([EG14, Lemma
2.2.7]), the fact that M, is the cokernel of the injective map 2 and noting that we have an exact
sequence

0
0—>< @ Iv> — @ Iy = @©yerly — 0
7,4(7)=3 7:4(7)=3

with F 2 {((22,1),(0,0), (1, 1), ((£1,1), (0,0, (22, 1), (22,1, 0,0), (0, 1) }-. O

3.4.3. Analysis for TU) = {wot1, afty, fati}. We now have #T" = 3 and write Ty, Tag, T8a for
the elements of T' distinguished by the conditions w*(p, 7w, ); = aBati, W*(p,Tap); = afts and
w* (P, T3a)j = Paty respectively.
Note that the canonical surjections S/ (fn,vm N TTwoyvoo) — S/ Ewo,vw induce canonical maps

(3.19) Tory (F, (S/(Ir, vo. N 17,
for x € {af, Ba}.
Lemma 3.29. The union of the images of Tor? (F, (S/ (TTQB,VOO ﬁImO,Voo))@F) and Tor{ (F (S/( Ty Vool

’IVTM?VOO)) ®TF) in Tor‘lg(F, (g/iwmvoo) ® TF) is spanning.

Vo)) ®F) = Torf (F, (5/Ir,,,9..) ©F)

Proof. By the first row of diagram (3.8]) it is enough to prove the statement with V. replaced by
Valg. We have

Tor} (F, (S /I, v.) ©F) = Tor{ (F, /I, v,) =PI o /UL o mgi).
J

where the first equality is from the second row of diagram (3.8), and the second equality follows

from the fact that I, v, . => ics Iﬁi)o,v > and I(j) Vae C SU) for all j' € J. Let j' # j and
*x € {af, fa}. We thus have w*(p,7,); = w*(p, Two) i and the elements listed in column 4, row
W(P, Twy)j» of Table 3| are independent of 7 modulo p - mg), as , bS-*) = b(]g modulo p and p is

tame (so that mg() 2 (cg), 1<,k <3, déjl,), dg),dg))).
Hence applying repeatedly Lemmaﬂwith k=25L=1I;v.,I= IT

w

7v) with j’ # j, we conclude that the image of the map (3.19) contains 3, 199 /(L (')

Tw() Vaig J'#7 Two Valg Twovvalg.
mgn ). Thus the desired statement will follow once we prove that the union of the images of

Voo and f an element of

Torf(IF,(g(j)/(.ﬂj) niv )) ® F) — Tory (F, (5/.7“) v..)®F)

T*avalg Twg 7valg Twg

for x € {ap, ﬁa} is spanning in Tor, (F, (SU)/ v ) ®@F). This follows from an inspection of

Two 5

Table |§| (see §B.1.5| for details). OJ

Lemma 3.30. We have p € (ﬁi)ﬂ N ﬂ]) ) (j( 7) j(j) ) (ﬁi)ﬁ ﬁél)

O(

In particular, p € (Iia/a’voo N fmo,vw) + (I.rﬁa,voo N ITwoyoo) + (Imﬁyoo N IT,Bayvoo)'

Proof. From Table |3[ we have coo € I A%zx N “if}o and '611d§3 —dzic13 —pdi dss € ji)ﬁ NI A(J) . Moreover,
using the first and last equation in row (afti, .ﬂ])) of Table |3| we obtain c11d3,d5s — d31013d§2 -
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Aty dt, € TY) and h diodtn — dayciadsy — coad’ dia € T9) 0

Co20711033 € I7,5 and Nence C11dgglzz — (31C13099 — C22011033 € 74
are both in f%) . Thus,

[e1

70)
N Iz, since caa, c11ds3 — dsici3

pdi1daadss = (cr1dyadss — dziciadyy — coadiydss) + coadi dsg — dyo(cr1dsg — daiciz — pdiydsz)
e (19,019 + (19 19 ) + (19,0 1) )
which implies the statement as dj;d3,d35 is a unit in S, O

3.4.4. Analysis for T\ = {two(n)s two(n) @ two(n)B}- The analysis is similar to that of ~< replac-
ing woty, @Sty and Baty by tyy(y)s twem@ and Ly, respectively. A proof analogous to that of
Lemma [3:29] using now Table [7] instead of Table [6] gives us the following result:

Lemma 3.31. The union of the images of Tory (F, (S’v/(:f.rt (Voo [ I, oY v..)) ® F) and of
wq(n

Tor{ (F, (S/ (Etwom) Voo N TTtwo(mB’Vm)) ®F) in Tory (F, (g/fn oY v..) @ F) is spanning.

(Note that, for consistency with we should replace n by (1,0,—1) in the statement of
Lemma we used 7 instead for ease of notation.)

3.4.5. Analysis for TU) = {wot1, afty, Bati,t1}. We now have #71 = 4 and write T, Tags T8a, Tid
for the elements of T distinguished by the conditions w*(p, Tw,); = wot1, W*(p,Tap); = apbti,
w* (P, T8a)j = Paty and w (,0, Tga)j = t1 respectively.
Recall that ITv = Taﬂ Veo ﬂ I o N ITBa Ve, N ITd V.- Define II(XJ) to be the intersec-

Two )

tion ‘BOI O’BOO H‘BEI 0) 0‘13 in S(J / rdv , and let IA be the pullback in S of the

ideal 3 Iﬁfd? S + I(])S C S via §/Trv.. = S/Tnyv. = S/In, vy, Where the iso-

morphism follows from the bottom line of (| . (Note that in the setting of this subsection the
ideal I ijv)alg is independent of 7 € T when 5’ # 7, in particular in the definition of Iy we can replace

Zjlemj/#j Ig;)valgS with Zj,ej,j/;éj Iijgal S for any choice of 7 € T.) The proof of the following
Lemma is analogous to that of Lemma (see also §B.1.1)).
Lemma 3.32. Under the current assumption we have

(4)
IV’ = (ca2, €33, d3acas, c13d31 — c11d3g).

We have 1Y) o 19 o C o)) mfp(o 0 mapg) o) by Proposition|3.19|and [LLHLMZ20, Table

as Voo Tﬁon alg

3], and s1m11ar1y AU ) 4.V oe C Iiaﬁ Vg - q3 (0.1) ﬂiB ﬂiﬁg )170). Hence we have canonical surjections

S/( T, Voo [ ITwwvoo,p) (I’TwO,Voo N Immvoo,p) —» S/TA and g/(j:;idvvoo,p) —» §/TA which induce
canonical maps

TOI'{;(]F, Sv/ (i—aﬁvvoo N ITwoyvoo7p) N (ITwoyvoo N ITBouvoo’p>) - Torf(F7 (SV/TA) ® ]F)

and
Tory (F, (S/ I, v..) ©F) = Tor{ (F, (S/Iy) @ F).

Lemma 3.33. The union of the images of Tory(F,(S/I,, v..) ® F) and Tor{(F, §/(ﬁa57vw N
ITwaoo,p) N (Ifwo,voo N ITﬂa VD)) in Torf(IF‘, (S/IA) ® IF) is spanning.
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Proof. The proof is very similar to that of Lemma As in loc. cit. it suffices to prove the
statement with V., replaced by V. everywhere. We have

Tor} (F, 8/ Iy va,) ©F) = @D 1Y) o /(1Y) g i)
J

since I, v,, = > jeg L ijd)v N S with I %?Valg C SU) for all j/ € J, and we have a similar decom-
positions

Tor{ (F, (S/Tx) @ F) = I /(1) o ~mgi) @ @ 1Y)g /U9  mgun)

J'#i

and for Torig(F7 S/ (ITaﬁyvalg N ITw07V007p) N (ITw07valg N ITBQ,V()O)p))-
Hence the desired statement will follow once we prove that union of the images of

) j j ) i j
Tory” (F, 89 /(10 o 1P o p)n (Y o NI o p) = Tord” (B, 59/17))
and <'> ) W (4)
J ] J ]
Tory " (F, SV /(T ¢ ,p)) — Tort " (F, SV /13)
is spanning. This follows from the last row in Table [6] (see §B.1.5 for details). O

3.4.6. Analysis for TU) = {twom)s two () two () B> two(mwo } - The analysis is similar to that of
§3.4.5, replacing fwotl, afty, Baty and t1 By Ly, (n)s Luwem) @ twyn)B and ty,)wo respectively, and
‘B(é o) ‘L‘Eg) ﬁ 51+E 1" The following Lemma is proved in §B.1.1

Lemma 3.34. In the current assumptions we have:
(4)
I\ = (c22, 33, €32, €33, €23, d31, (a — b)ciacaz — (a — ¢)e1zdsy, da1dsa, ca3dsa, dayci2).

A proof analogous to that of Lemma [3.33] using now Table [7] instead of Table [6] yields the
following;:

Lemma 3.35. The union of the image of Tor? (F, (S/1,
Vooap) N (fft Voo M th

v..)®F) and of Tory (F, §/ (fnw
5.Voor D)) i1 Tor{ (F, (S/Iz) @ F) is spanning.

N
( >w07 O(W)O“voo

I,
Mg (n) wo (n) wo ()
4. REPRESENTATIONS OF GLj3

4.1. Some tilting modules for GL3. We label some alcoves for GL3 as in Figure For a

-

Ficure 1. Labelling of alcoves for GL3

dominant alcove X, let wx € W, denote the corresponding element of the affine Weyl group. We
write Wx = t,, W for some W% € W;" and dominant wy € X*(7T') which are unique up to X°(T).
If A € X*(T') is O-deep in an alcove, Ax denotes the unique weight in alcove X that is linked to A
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(cf. [Jan03) 11.6.5]). Then Ax = )\g( + pwyx with )\g( € X1(T) and wy as above. Moreover, if A € Cy
then )\X:&?X-)\:@g{')\—kpwx so that A%zf&%)x.

Let IF be a finite extension of F,. For a dominant A € X*(T), recall from [Jan03) §I1.2.4] the
simple GL3 p-representation L(A) with highest weight A. In this section we write Ext! for Ext%;LB/F.

From [Yeh, Theorem 4.2.3(i)] we have:
Proposition 4.1. For any A\, u € X (T) we have dimp Ext'(L()\), L(p)) < 1.

Proposition implies that if a nonsplit extension of two simple GL3 /p-modules exists, then it is
unique up to isomorphism. Recall from [Jan03] §11.6.17] that Ext!(L()\), L(1)) = 0 unless A and p
are linked i.e. u = w - A for some w € W,,.

For A € X7(T'), recall from [LLHLM20, Theorem 4.2.1] the GL3 jp-representation QQ1(A) (see also
[Jan03, §I1.11.3 and §II.11.11]). As the following results explain, the module Q1()) acts like an
injective and projective module in the full subcategory of modules whose Jordan—Holder factors
have p-bounded highest weight.

Proposition 4.2. If u € XT(T) is p-bounded, i.c. (i, ") < 4p for all roots a, then Ext(L(p), Q1(N\)) =
0 and Ext'(Q1(\), L(u)) = 0.

Proof. The second vanishing statement follows from the first by duality and the first vanishing
statement follows from the proof of [LLHLM?20, (4.8)]. O

By dévissage, Proposition .2 yields the following.

Corollary 4.3. If M is a (finite length) module with only p-bounded Jordan—Hélder factors, then
Ext! (M, Q1()\)) = 0 and Ext'(Q1(\), M) = 0.

For A € Xt (T), we define V()) as in [Jan03], 11.2.13(1)], and write W () for its dual. By [Jan03),
11.2.14(1)] V(A) (resp. W(A)) has irreducible cosocle (resp. socle) isomorphic to L(A), and we call it
the Weyl module (resp. dual Weyl module) associated to A. A Weyl (resp. dual Weyl) filtration on a
GL3/p-module M is an exhaustive filtration whose graded pieces are direct sum of Weyl (resp. dual
Weyl) modules (cf. [Jan03], 11.4.19]).

The following Proposition is a reformulation of [BDMI15, Theorem B(b)].

Proposition 4.4 ([BDM15]). (1) The module Q1(\) is rigid with Loewy layers given by the
rows in Figures @, @ (a row with alcove labels X1,--- , X, denotes a direct sum with multi-
plicity of the simple GL3 p-representations L(Ax,), -, L(Ax,))-

(2) The module Q1(\) has a Weyl (resp. dual Weyl) filtration such that gr(Q1(X\)) is a direct
sum of multiplicity free Weyl modules (resp. dual Weyl modules) with Jordan—Hélder factors
given by the connected components of the graphs in Figures @ (resp. @

(8) The socle and cosocle filtrations on these Weyl modules coincide with the filtrations induced
from the Loewy filtration on Q1(X\) (up to shift).

(4) Each edge in Figure @ (resp. @) indicates the existence of a subquotient of a Weyl mod-
ule (resp. dual Weyl module) in gr(Q1(X\)), which is a nonsplit extension (unique up to
isomorphism by Pmposition of the indicated simple modules.

Let rad®@Q1(A) denote the (decreasing) radical filtration. We let Ql()\)E denote Q1(\)/rad*Q1(N).
Informally speaking, Q1(\)* is the maximal quotient of Q(\) obtained by removing the k-th layer.
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FIGURE 2. Weyl and dual Weyl filtrations for Q1()\), case A € B
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FIGURE 3. Weyl and dual Weyl filtrations for Q1(\), case A € A
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Proposition 4.5 (Translation principle). Let A € X7 (T) be m-deep in its alcove, and ¢ € X*(T)

such that (g,aV

) <m for all « € ®. Then
L(e) ® rad Qi (\) =

P rad*Qi(A +v)

veL(e)
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(where v € L(e) means that v € X*(T) is in the weight space of L(g), counted with multiplicity).

Proof. Noting that L(¢) ® L()) is semisimple by the assumption on ¢ ([HumO6l, Proposition 6.4]),
the statement follows by dévissage from [AK11, Lemma 4.6] and Proposition O

Restriction to rational points. Recall from §1.4]the algebraic group G and the natural isomorphism
G g yen Xz, F 2 [[;c7 GL3/p. For A € X*(T) we define the G-representations L(A) and V() as
in § in particular V() is the Weyl module of highest weight A, and it has irreducible cosocle
isomorphic to L(A). Let G be the finite group Go(F)).

The following proposition expresses the Jordan-Hoélder factors of L(p)|q, for suitable p € X*(T),

in terms of the extension graph.

Proposition 4.6. Let m,t be nonnegative integers such that 4t < m and A\ € A7 be m-deep.
Assume that for each j € J, X; is a dominant alcove such that max,ex; aca {1, oY) < 4pt. Then

Djeallin, M= @ F(Togrw, m(@%, (4)jes))-
WGL(Z]'EJWXJ-)

Proof. By [LLHLM20, Lemma 4.2.4(1)] (see also [LLHLM20,, proof of Lemma 4.2.5]) we have

RjesLlix; - Mla = P F<7Tw + Y wy, - Aj)
weL(Y; jo) JjeT

and the conclusion follows directly from the definition of Tty (see [LLHLMD, equation (2.3)]). O

4.2. G-projective covers and modular Serre weights. For A € X;(T), let Q1()\) be the G p-
module ®;e 7Q1();). For a = (aj); € ZZ, and A € X;(T), let rad®Q1()\) (resp. Q1(\)?) be the ten-
sor product ®jesrad® Q1(A;) (resp. ®je}Q1()\j)d\j). We also let rad”?Q1 () be > b>abta rad’Q1 (),
where > denotes the product partial order on ZZ, and let gr® Q1(\) be rad®Q1()\)/rad”?Q1(\).
Note that rad”*Q1 () is rad(rad*Q1())). For a tuple a = (a;)jes with 0 < a; <7, let |a| = > a5
If n € N we define
rad"Qi(\) = ) rad"Qi(N).

an‘go

lal=n
In fact, {rad"Q1(A) }nez., coincides with the radical filtration for the F|G /p]-module Q1(}), though
we will not use this. B

If o is a Serre weight, then let P, and P, denote an O[G]-projective cover and F[G]-projective

cover of o, respectively. Then P, =2 ]30 ®o F. Recall that F[G] is a Frobenius algebra, so that P,
is isomorphic to the injective envelope of o.

Proposition 4.7. Assume that p > 5. If X € X1(T) is 1-deep, then the projective G-module
Pp(y is isomorphic to Q1(\)|a. In particular, if X is 4-deep, the Jordan—Holder factors of Pp(y)
are described by Pmposz’tz’on (with X; € {A,B,C,D,E,F,G} if \; is in alcove B and X; €
{A,B,C,D,E,F,G,H,I,J} if \; is in alcove A).

Proof. This is a particular case of [LLHLM20, Theorem 4.2.1]. As for the last statement, we note
that the alcoves appearing in Figure [1| are all p-bounded. O
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JAVAN

/\

FIGURE 4. In this picture we represent the elements in the 7(j)-th coordinate of
(w, (0%, (A))jer) for w € L(3 7 wx;), where X; € {A, B,C, D E,F,G,J,I,H}.
(Informally speaking, these elements pictures the m(j)-th component of the re-
striction of L(}_;c7wx;) to G.) On the left we consider the case where X; €
{A,B,C,D,E, F}. The gold (resp. red, resp. blue) circles represent the case X; = E
(resp. X; = F, resp. X; = B). The green (resp. orange, resp. purple) dots represent
the case X; = C (resp. X; = D, resp. X; = A). On the right we consider the
case where X; € {G, J,I,H}. The green circles represent the case where X; = J.
The gold (resp. red, resp. blue) dots represent the case X; = G (resp. X; = I,

resp. X; = H).

? JAVA
VAV
Ay

Let A € X1(T) be 1-deep and o = F()\). For a = (a;); € ZZ, and n € Z>o, let rad®P,, rad”*P,,
P% gr® P, and rad"P, be the subquotients of P, corresponding to the restrictions rad®Q;(\)|q,
rad”?Q1(\)|a, Q1(N)%q, gr* Q1(N\)|g and rad"Qq()\)|g under a fixed choice of isomorphism in
Proposition (the isomorphism classes of the subquotients do not depend on this choice of the
isomorphism). Note that if ¢ is 8-deep then {rad"P,},en coincides with the radical filtration for
the F|G]-module P, by [LLHLM20), Corollary 4.2.3] and the analogous discussion for Q(\) before
Proposition [£.7] This description of the radical filtration of P, also follows from the next result.

We first introduce some notation. If a = (a;);cs and b = (b;) ey are tuples with a;,b; € Z for
all j € J, let a £0b be the tuple (a; £b;)jcs. For an integer n and i € 7, let n; € 77 be the tuple
with N5 = néi:j.

Proposition 4.8. Assume that o is 8-deep. Let S C {a € Zgo | la| = n} be a nonempty subset.
Then
rad ( Z radaPU> = Z rad”?P,.
acs acsS

Proof. Since ), qrad®P,/ 3" o rad”*P, & @gueg gr® Py, rad( Y acs radan) C D s rad” P,
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To show the reverse inclusion, we need an intermediate result. Let o = F(\), b € ng and
3 € J. Then

(4.1) rad’ P, /rad”**1i p,
is the restriction to G of
(rad”@u(A)/rad" 2 Qu(M)) @ (@11 18" Qu(N)).

By Proposition 4.4[ and [LLHLM?20, Lemma 4.2.2], the radical of is rad>* P, /rad>**1i p,.

We now show the reverse inclusion. If @ € S and b > a, we will show that rad®P, C rad (radaPc,)
by reverse induction on |b|. If [b| > 647, then rad’ P, = 0 and we are done. Suppose now that |b| <
6#J. Since b > a, b — 1; > a for some i € J. Then the kernel of the map rad* P, — cosocrad®P,
contains rad>’P, C radrad®P, by the inductive hypothesis.

Thus the induced map radb_liPU — cosocrad®P, factors through rad?~li - /rad>bPU. By the
intermediate result above (with b replaced by b—1;), rad®P, is in the kernel of the map rad’~'i P, —
cosocrad®P, which gives the desired inclusion. O

Corollary 4.9. Assume that o is 8-deep. Let a = (aj)jeg with aj =2 for all j € J. Suppose that
A is a multiplicity free F[G]-module with cosocle isomorphic to o such that JH(A) C JH(PZ). Then
A is isomorphic to a unique quotient of P2.

Proof. Let A be as in the statement of the corollary. Since cosoc A = o, we can and do fix a
surjection P, — A. We claim that this map factors through Pf. Suppose otherwise. Then
the restriction rad®P, — A is nonzero for some i € J. By Proposition this implies that
JH(gr? P,) N JH(rad A) # (. This contradicts the assumption that A is a multiplicity free F[G]-
module and JH(A) € JH(P?). The uniqueness of the quotient follows from the fact that P2 is
multiplicity free. O

The following proposition shows that maps between projective envelopes are compatible with
the filtrations rad” Pp(y).

Proposition 4.10. Let o and k be 8-deep Serre weights and P, — rad®P, be a map whose image is
not contained inrad>*P,. Then the image of rad’P,, is contained in rad®*** P, but not in rad>**°P,.

Proof. We proceed by induction with respect to the partial ordering on b. The case b; = 0 for all
j € J is clear. Suppose that the image of rad’P, is contained in rad®*’P, but not in rad>**’P,.
Let i € J. Thus, the alcoves of all of the constituents of gr® P, and gr®t® P, coincide. This
implies that JH(gr’*% P,) and JH(rad***P, /rad®"’*1i P,) are disjoint by alcove considerations in
embedding i. Hence the map gr’*! P, — rad®*®P, /(rad®***i P, 4 Im(rad>*1i P,)) is zero. Thus
the image of rad®*% P, and rad>’*'i P, in rad®** P, /rad®***1 P, coincide. By Nakayama’s lemma
these images are zero so that the image of rad’™' P, is contained in rad®*+1i P,

It suffices to show that the induced map ¢ : gr®* P, — gr®t®+li P_is nonzero. In fact, by
[LLHLM20, Lemma 4.2.2] this map is the socle of the map

(4.2)  rad’P./(rad>’tlip, + Z rad®™li P,) — rad*® P, /(rad> 0Tl p, + Z rad Tl py,

J#i J#1
which is nonzero by the inductive hypothesis. If ¢ = 0, then (4.2) factors through a map gr® P, —
gratt*l P which must be 0 by alcove considerations at embedding i. This is a contradiction. [
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4.3. The covering property. Fix a tame L-parameter p with a lowest alcove presentation (s, )
for it. The main result of this section is the following result which plays a key role in

Proposition 4.11. Let 0 € W (p) be 8-deep. Fix a € Z‘go and let N C rad®P, be a submodule

such that the cokernel of the induced map N — gr® P, has no Jordan—Hélder factors in W?(ﬁ).
Then no Jordan-Hélder factors of rad®P, /N are in W’ (p).

The proof of Proposition follows inductively from the following lemma.

Lemma 4.12. Let 0 € W*(p) be 8-deep. Fir a,b € Z‘>70 such that for some i € J, b; = a; + 1

and bj = a; for all j #i. Let N C rad“PJ/rad>bP(, be a submodule such that the cokernel of the
induced map N — gr® P, has no Jordan-Hélder factors in W*(p). Then no Jordan—Hdélder factors
of (rad®P, /rad”®P,)/N are in W’ (p).

Proof of Proposition[{.11. We proceed by induction. For convenience, for any submodule M C
rad? P,, we write M for the image of M in rad®P,/N. Similarly, for submodules M’ € M C rad®P,,
we write M /M’ for M /M’. Proposition holds for a sufficiently large. Let a € Z‘go and suppose
that Proposition m holds for any b € Zzo as in Lemma Suppose that N is as in Proposition
By the exact sequence

0— Z rad’P, — rad®P, — gr¢ P, — 0,

b>a
b as in L. 4.12

it suffices to show that for any b € Z‘go as in Lemma [4.12] rad’ P, contains no Jordan—Hélder factors
in W(p). -

Let b € Zgo be as in the above exact sequence, i.e., as in Lemma Im By Lemma Im,
rad®P, /rad”® P, contains no Jordan-Holder factors in W’(p). Thus gr® P, C rad®P,/rad>’P,

contains no Jordan-Holder factors in W’(5). By the inductive hypothesis, rad’P, contains no
Jordan-Holder factors in W7 (p). O

The proof of Lemma requires a series of results. Let A = ()\;); € X;(T) be 8-deep in alcove

A, If X = (X;); is a dominant alcove, then let \x o >_jAjx; (using notation from w'

particular we have \; x, = wx, - A\j = )\]X + pwx; where Y X, def Ngf Aj € Xq(T). For the
remainder of this section, M = M; ® ®;;L(); x,) where X; € {A B,C, D E F.G,H,1,J} for all
j # 1 and M; is a rigid module with Loewy length two. Then M is rlgld of Loewy length two and
we let M' and M be the cosocle and socle, respectively. Unless otherwise stated, M; is a nonsplit
extension of L(A; x1) by L(A; x0). We will require the following lemmas.

Lemma 4.13. Let 0 € JH(M!|g). Let N C N’ C M| be submodules such that the cokernel of the
natural map N — cosoc N' does not contain o as a Jordan—Holder factor. Then N'/N does not
contain o as a Jordan—Holder factor.

Proof. If ¢ : N — cosoc N’ is the natural map, there is an exact sequence
0— N"— N'/N — cokerp — 0

for some subquotient N” of M°|g. Since o ¢ JH(MP|g) by alcove considerations, and o ¢
JH(coker ¢) by assumption, o ¢ JH(N'/N). O
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Lemma 4.14. There exist a finite set S, 6-deep weights \F € X1(T) in alcove A for each k € S
with )\fr(i) = Ar(i), and alcoves Y; € {A, B} for each j # i such that with My ; a nonsplit extension

of L(X; 1) by L(N; yo) and My, = My; ® @2 L(X;y,) for each k € S, M| = &pesMila.

Proof. See the proof of [LLHLM20, Proposition 4.2.10]. O
Proposition 4.15. Suppose that X}, X? € {A,B,C,D,E,F,G} or

(X1, X0) € {(C,J), (D, J),(J,C), (J, D), (E, H), (F, 1), (H, E), (I, F)}.
Let 0™ be a Jordan—Hélder factor in M™|q with multiplicity one for n = 0 and 1 and fix nonzero

maps (unique up to scalar) P, — M|g and M|g — P,o. Then the composition P,1 — M|g — Pyo
is nonzero if and only if ExtllF[G}(al,ao) #0.

Proof. This follows from the proofs of [LLHLM20, Propositions 4.2.10 and 4.2.12]. Indeed, if
X1 XY e {A,B,C,D,E, F,G}, then the result follows from [LLHLM20, Proposition 4.2.10]. We
will consider the cases (X}, X?) € {(J,C),(J,D),(H,E),(I,F)}. The remaining cases follow by
duality. One reduces to the cases where X; € {A, B} for j # i by Lemma m (see the proof
of [LLHLM20, Proposition 4.2.10]). The cases (X}, X?) = (J,C) or (J,D) are similar to the
cases (G, E) and (G, F) covered in [LLHLM20, Proposition 4.2.12]. The cases (X}, X?) is (H, E)
or (I, F) are also similar to the cases just mentioned. Indeed, in the last step of the proof of
[LLHLM?20, Proposition 4.2.12] one uses instead that L(2wx1) is isomorphic to the submodule of

L(wy1) ® L(wy1) on which the involution given by switching tensor factors acts by 1. O

Lemma 4.16. If {X}, X?} = {G,J}, then M| is a direct sum of indecomposable length two
modules.

Proof. Decompose M'|q = @po) (we identify o) with a submodule of M!|g even though var-
ious o, may be isomorphic). Let Ny C M]|g be the image of a map P,, — M| lifting a
projective cover P, — o C M I\G of or. For each k, the length of N is at least two since
o & JH(soc M|g) by [LLHLM20, Lemma 4.2.2]. Moreover, since there is a unique o}, € JH(M"|g)
such that Extllg[G] (oK, 0},) is nonzero and dimp ExtllF[G} (ok,0},) = 1 by [LLHLM20, Lemma 4.2.6] (see
also Figure , the length of Ny, is exactly two. The natural map @ Ny — M|q is a surjective map
between objects of the same length, and is thus an isomorphism. (Il

We now let M4 and M5 be L(\ja) ® ®;4L(\ x,
Fix o € JH(M4|g).

Proposition 4.17. Suppose (X!, X?) = (G,E) or (G,F). If N is a submodule of M|g with
o € JH(N), then N contains at least two weights in M°|g adjacent to o.

Proof. Let N be as in the statement. The projection of N to some Mj|g in Lemma contains
o as a Jordan-Holder factor, and so we reduce to the case where X; € {A, B} for all j #i. If N
contains only one weight in M°|q adjacent to o, then there is a map ¢ : P, — N C M]|g such
that Im(p) Nsoc(M|g) is simple. Considering the composition of ¢ with the injective envelope of
M|, the argument of [LLHLM20, Proposition 4.2.12] implies that there is a nonzero element of
the 0-weight space of L(wyo — wowyo) whose image in L(wyxo) ® L(—wowxo) is a pure tensor of
weight eigenvectors. This contradicts Lemma [.18, ' ' O

) and L(\; B) ® ®;%L(\j x;), respectively.

Lemma 4.18. Let w € X*(T') be a fundamental weight. Under the inclusion L(w — wow) C
L(w) ® L(—wow), any element in the 0 weight space of L(w — wow) is not a pure tensor of weight
eigenvectors in L(w) ® L(—wow).
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Proof. The (2-dimensional) 0-weight space of L(w —wgw) is stable under the Weyl group symmetry.
However, the Weyl group orbit of a weight 0 pure tensor of (nonzero) weight eigenvectors in L(w)®
L(—wow) spans the entire (3-dimensional) 0-weight space of L(w) ® L(—wow). O

Proposition 4.19. Suppose that (X}, X?) = (E,G) or (F,G). If N is a submodule of M|g
containing two distinct Serre weights adjacent to o as Jordan—Holder factors, then N contains the
o-isotypic part of M°|q.

Proof. Suppose that N is as above. Define N’ be the kernel of natural surjection (M|g)* — N*,
where (—)* denotes the contragredient representation. If o* € JH(N’), then two of the weights
adjacent to o* are Jordan-Holder factors of N’ by Proposition and thus not of N* since M|q
is a multiplicity free representation. This contradicts the assumption that N contains two distinct
Serre weights adjacent to o as Jordan-Holder factors; see Figure Thus o* ¢ JH(N') and N
contains the o-isotypic part of M?|¢. ]

Recall our standing assumption that X is 8-deep in alcove AY.

Proposition 4.20. As before, let M be M; @ ®;+;L(\j x;) with M; a nonsplit extension OfL()‘z‘,X})
by L()\i’XiO) with X;, X}, X2 € {A,B,C,D,E,F,G,H,I,J}. Suppose that either

(1) at least one of X} or X? is in {A, B};

(2) (X}, X?)=(C,F) or (D,E); or

(3) X} =E or F.
Assume further that F(X) is linked to a modular Serre weight, or equivalently, that F(3_; \jB) €
W'(p). If X} = A, assume further that F(X\; 4 + > iziNiB) € W' (p). Suppose that N is a
submodule of M|q such that the cokernel of the projection of N onto M*'|q contains no Serre
weights in W (p). Then M|g/N contains no Jordan—Hélder factors in W' (p).

Proof. In this proof we repeatedly use the description of W (5) in terms of the extension graph given
in With M| = ®resMi|c as in Lemma[4.14] M|q/N is a quotient of ®resMy|c/(Mkla N
N). Tt suffices to show the following claim: for each k € S, My|q/(Mk|c N N) contains no Jordan—
Holder factors in W (p). Note that M, has simple cosocle as a G sp-module, whose (6-deep) highest
weight is linked to the weight \* € A7 appearing in Lemma Note that if A = Tt (v, 0) then
M=%, (v +w,0) for some w € L(>_;. mwx;,) by Proposition E Thus if F(A¥) is not linked
to a modular weight then (v,(;) +wr(;), 1) is not in s, (;(r(2Xo)) for some j; in fact (vr(;) +wr(j), 1)
is not in sy (;)(r(Xo)) for some j # i since wy(;) =0 and F(3; \j ) € W’ (p) by assumption. Then
JH(My|c) "W’ (p) is empty (using that Y; from Lemma is A or B for all j # i), and the claim
holds. Assume now that F(\*) is linked to a modular weight. We will show that the remaining

hypotheses of the proposition hold for Mi|c N N C My|g so that we reduce to the case where
X; € {A, B} for j # i. Clearly, the enumerated condition that holds for M holds for any Mj,. It

remains to show that the cokernel of the natural map Mi|gNN — M ,i la L cosoc M, k|G contains no
Jordan-Hélder factors in W (p). Let o € JH(M}|c) N W’ (p). By Lemma taking N’ = M]|q,
o ¢ JH(M|g/N). Thus, in fact, o ¢ JH(My|c/(Mg|c N N)).

We now establish the proposition assuming that X; € {A, B} for j # i. We assume that
F(Nip + 224 0jx;) € W?(p) since otherwise JH(M|g) N W7 (p) = 0 by the extension graph
description of W7’ (p), and the proposition follows immediately. Our analysis now breaks into the
three cases for X? and X described in the enumerated conditions of the proposition. If X}
(resp. X?) is A or B, then M*|g (resp. MY|g), which is the cosocle (resp. socle) of Mg, is simple.
Then it is easy to see that N necessarily contains M?|q, and the proposition follows. (Note that if
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X} = A, then F(\ 4 + > i NiX;) € W’ (p) by the extension graph description of W”(5) so that
N surjects onto the cosocle of M|q.)

We next consider the case where (2)) holds. We assume that (X}, X?) = (C, F) as the case (D, E)
is symmetric. Suppose 0° C M9|q is simple and in W’ (p). Then one checks using the extension
graph description of W’(p) and the fact that F(\; 5 + > i Nix;) € W(p) that there is a unique
ol € JH(M'|q) N W7 (p) and moreover that ¢! is adjacent to 0°. Then ¢ C N by Proposition
4. 15]

Finally, we consider the case where holds. We assume that X! = F as the case X} = F is
symmetric. Then Xi0 is A,C,D,G, H, or I. The case where XZ-0 = A was already considered in .
Let 0° € MY be simple and in W7 (p). Since F(\; g + D iz NiX;) € W?*(p) by assumption, it is
easy to check that there is o' € JH(M'|g) N W (p). Suppose first that X? is D or H. Then ¢°
and o! must be adjacent. (The contrapositive is easier to see: If 0¥ = Tr,1,(s;(w?),a’) and ot =
Ttin(sj(w!),al) are not adjacent, then w? —w} is an element of Ax using that (w?, a?) = (wjl», ajl-)
for all j # i. This implies that wp —wx € Agr for X = D or H which is false.) The result then
follows from Proposition Suppose next that XZQ is C. If 0¥ and o' are not adjacent, then the
weight in JH(M?!|g) linked to 0¥ is also modular and the result follows again from Proposition m
(see Figure [5)).

FIGURE 5. ¢° and o! are nonadjacent weights in W7 (). The blue circles represent
JH(M'|g). The weight o linked to ¢¥ is in JH(M*|c) N W7 (p).

Suppose finally that X? is G. If ¢ € JH(M?|q) (resp. JH(MO|g) \ JH(M?4|c)), then o° is
adjacent to exactly two modular weights (resp. one modular weight) of JH(M!|g). The result then

follows from Proposition (resp. Proposition [4.15]). O

Proposition 4.21. Let M; be a (unique up to isomorphism) rigid nonsplit extension of L(Ac,) ®
L(Ag,) by L(Ay,). Assume further that F(X) is linked to a modular Serre weight F(X') with X, = X;.
If N is a submodule of M|q such that the cokernel of the projection of N onto M*'|q contains no
modular Serre weights, then M|g/N contains no modular Serre weights (as Jordan—Hélder factors).

Proof. Suppose that o¥ is a weight in W7 (p) N (JH(MP|g) \ JH(MB|g)). Then, using that F()) is
linked to a modular Serre weight, (L(A¢;) ® ®;-L()\jx;))|a contains a modular weight adjacent
to 0%, and N contains ¢® by Proposition with (X}, X?) = (C,J). If 0% is a weight in
W’ (p) N JH(MPB|g), then the Jordan-Holder factor of M4|g adjacent to 0¥ is modular (by the
assumption that \; = \;) and appears with multiplicity two in M Ylg. Then 0¥ appears in N with
multiplicity two by Lemma D

Proof of Lemmal[[.13 Let o, a, b, i, and N be as in Lemma For convenience, for any sub-
module M C P,/rad”’P,, we write M for the image of M in (P,/rad>®P,)/N. Similarly, if
M' € M C P,/rad”’P, are submodules, then we write M /M’ for M/M’. Let o be F(u) so that
rad®P, /rad”’P, is isomorphic to rad®Q1 (1) /rad>’Q1()|q where

(4.3) rad®Q1 () /rad”* Q1 (p) = (rad™ Q1 () /rad® Q1 (i) ® ( @z g% Q1(py)).
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We will show that JH(rad®P, /rad”’P,) N W’ (p) is empty. Since JH(gr® P,) N W’ (p) is empty by
assumption, it suffices to show that JH(gr® P,) N W7 () is empty. Let ¢ be in JH(gr? P,) N W7 (5).
We claim that there is a finite, separated, and exhaustive increasing filtration F* gr®Q;(1) on
gr® Q1(u) and submodules

(4.4) My, € (rad® Q1 (1) /rad™ Q1 () /F* g’ Q1 (1)

for each k such that

(1) FFer® Qi(p)/F*" e’ Qi () € My; and

(2) o & TH(M ).
Admitting this claim, we can inductively show for all k that ¢ ¢ JH(F*grbQ;(u)|g). For k
sufficiently small, F* gr® Q(u) = 0 and we are done. If 0 ¢ JH(F*~1grbQ;(u)|g) for some k,
then 0¥ ¢ JH(F¥ grb Q1 (u1)|g) since

(FFer i)/ F*1 gr* Q1) )l © Myl

by and 0¥ ¢ JH(My|c) by ().

It suffices to prove the claim. We set F?grb Q(u) = My = 0 and F' gr’ Q1(n) = M to be the
largest submodule M C gr® Q1 (u) such 0 ¢ JH(M|g). Now, by Proposition we can recursively
find M}, as in to be a subquotient of a graded piece in either the Weyl filtration or the dual
Weyl filtration of the form

My = Mi @ ®j2L(Ajx;)

where ) is the unique element in A7 C X*(T) linked to p and
e soc M,y = L(A; xo) and cosoc My ; = L(A; x1) with (X}, X?) in the appropriate column of
Table [T or [2} or ' '
e a; =2, p; € A socM; = L()\;y), and cosoc My ; = L(\ic) @ L(\i¢) (as indicated by
(C & G, J) in Table [2)).
We define F¥ gr® Q1(u) to be the preimage of soc Mj. Then holds by construction, and it suffices
to check for each Mj. This is clear for k = 0 and 1 and follows from Propositions and
for k > 1. O

TABLE 1. Subquotients of radbi_lQl(,ui)/radbiHQl(ui), i € B

a; 0 1 2 3 4 5

(E,C), (E,A), (E,D)

Weyl (©B), (DB) | g oy (F, 4), (F,D)

(C,B) x2 (E,A) (C,B)

Dual Weyl | (B,C), (B,A), (B,D) | (D,E), (C,F) (E, Q) (D,E), (C,F) | (B,C), (B,D)

This table records length two subquotients of rad®~1Qy (s1;) /rad® Q1 (u;) for p; €
B which are subquotients of either a Weyl or dual Weyl module in the associated
graded of the Weyl or dual Weyl filtration. The notation (X!, X°) denotes a nonsplit
extension of X! by X° (unique up to isomorphism).
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TABLE 2. Subquotients of rad® 1Q;(u;)/rad® Q1 (1), i € A

a; 0 1 2 3 4 5

Weyl (E, A), (B,A), (F,A) (A,B) x 2 (E,A) x 2, (F,A) (E, A)

(B,D), (B,C), (F,D), (E,C) | (A,E) x2, (A,F)x2 | (F,I), (F,G), (E,H)

Dual Weyl | (4, E), (A, F) (F, 1), (F,G), (E,H) (C®G,J) (B,D) x2, (B,C)x2

(A, F), (A,B), (AE)

Other (A,B)

This table records subquotients of rad®~1Q1(u;)/rad%T1Q(us) for p; € A as in
Table The nonsplit extension (A, B) in the last row is the quotient Q1 ()\;)? though
it is not a quotient of either the quotient Weyl or dual Weyl module. (C & G, J)
denotes the length 3 rigid nonsplit extension (unique up to isomorphism) of the
direct sum of C' and G by J.

4.4. Presentations of some quotients of P,. In this section, we introduce some quotients of
P, and give presentations which will be used in As in § recall that we have fixed a tame
L-parameter p together with a lowest alcove presentation (s, u) for it.

For A € X (T), let A(X) be the set {j € J | \; € A}. If 0 = F()), then we define A(o) to be
A(X). Let a = (aj)jes be a tuple such that a; is a subset of {B, E,, Es, F,, Fg} for j € A(c) (which
we write simply as a string in any order) and a; = Tor2ifj¢ A(o). Let b= (bj)jes be a tuple
such that b; = 2if j € A(o) and bj = a;j otherwise. We now define a quotient P2 of P?.

Write ¢ = F()\) for a 4-deep weight A € X(T) so that P’ is isomorphic to Q;(\)’|¢ and
Proposition applies. For each i € A(c), Q1(\)? has a submodule

gt Q1(N) ® ®,4Q1(\)% = (L(\i,g) ® LNig) ® L\ir)) ® ®,iQ1(\;)%
= (L) @ Lipwip)) ® (L) ® L(pos.5)) @ (L p) @ Lipwip) ) @ @54Q1 ()"
(recall from §4.1) that A;x = A« + puw; x with ) € X1(T) for X = B, E, F). Since

(((L()\RB) @ L(pwi ) @ (LN p) @ L(pwi.p)) @ (LA F) @ L@%‘,F))) ® ®j7éiQ1()\j)bj> [€

%(((L(A?,B> ® L(mw;,5)) © (LA ) @ Limwi ) © (LA p) ® L(mwir)) ) @ ®j¢iQ1(AJ~)”j) lc

for each X € {B, E, F'} and torus weight ¢; x in L(w; x) the translation principle (Proposition
produces submodules

(4.5) (LO3) ® QuO0ngi) + 72,0 © @1y @1 ()% )
of PYif (i) # i and
(4.6) (L()‘?,X +eix)® ®j7éiQ1(/\j)bj> la

if (i) = 4. For each j € A(0), let X; € {B, E,F}, and let

N= 3" N+ ) A ;.

J¢A(o) j€A(0)
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For j € A(o), if X; = B (resp. E and F'), let ¢; = B (resp. ¢; € {E,, Es} and ¢; € {F,, Fi}).
Then for each j € A(c), there is a unique torus weight ;. in L(wj x;) such that if ¢; = E, or F,
(resp. Es or Fy), then F(\Y + >_jeA(o) TEje;) 18 obvious (resp. shadow) in embedding 7(j).

Finally, we let P¢ be the quotient of P’ by the sum of the submodules in or with
i € A(o) and ¢; a torus weight in L(w; x) for X = B, E, or F but not in {&;, | ¢; € a;}. Informally
speaking, P2 is the non-zero quotient of P’ containing precisely o and the Jordan-Hélder factors
labelled by the elements in a; for j € A(o) (see Figure [6).

FIGURE 6. Using the extension graph with origin in Ay + 7 (where A € X (T) is
such that o = F()\)) we describe the Jordan-Hélder factors of P¢ at j € J, for
different configurations of a; C {B, E,, E,, F,, F,}: given b € {B, E,, Es, F,, Fs} the
dashed circle appears if and only if b € a;.

Lemma 4.22. Let C be an abelian category. Suppose that we have an exact sequence
0— @BjertN; - M —- N =0

in C where I is a finite set. Letting M; be the cokernel of the map ®jcr j£N; — M for eachi € I,
there is an ezract sequence

0> M — i1 M; — @ieIN/A(N) —0

where the second map is (the composition of the diagonal map and) the sum of the natural pro-
jections, the third map is induced by the sum of the natural quotient maps, and A denotes the
diagonally embedded copy of N in ®;crN.

Proof. There is a commutative diagram

| ! !

0 —— BierV; > M N > 0
0 —— ®ierNi —— BiertM; —— DietN —— 0

where the first row is as in the statement of the lemma, the second row is the direct sum of the
exact sequences 0 — N; - M; — N — 0, the second vertical map is the identity, the third vertical
map is the the composition of the diagonal map and the sum of the natural projections, and the
fourth vertical map is the diagonal map. The snake lemma gives the desired exact sequence. [

The following results are special cases of Lemma As usual we assume that o is 8-deep so
that [LLHLM20, Lemma 4.2.2] applies.

Proposition 4.23. Assume that o is 8-deep. Let a = (aj)jcy be a tuple such that a;j is a subset of
{B,E,, Es, Fy,, Fs} for j € A(o) and either aj =1 for all j ¢ A(o) or aj =2 for all j ¢ A(o). Fix
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i€ A(o). For X C a;, let ax = (ax;)jes be the tuple such that ax; = aj if j # i and ax; = X.
Then there is an exact sequence

0= P! — Bxea, PXX = (Bxeq, P")/A(PS") = 0
where A(Py®) denotes the diagonally embedded copy of Py in ©xeq, Py® and the second and third

maps are the sums of the natural surjections.

Proof. For X € a;, let Nx be ker(P2X — P;%) and L be ker(P2? — P5?). Then there are surjections
L — Nx, and the natural map L — @ x¢4, Nx is surjective because the Jordan-Holder factors of Ny
are pairwise disjoint by extension graph considerations at embedding 7. This map L — @ xeq, Nx
is then an isomorphism by length considerations. The result now follows from Lemma [4.22] setting

M:PgandN:P(?”. O
Let

(4.7) P, df U/( Z rad®P, + Z radbPU)
b

a

where a varies over tuples with

3 ifi¢ Ao)
for some i € J and aj = 0 for j # i and b varies over tuples with b; = by = 1 for some i ¢ A(0)
and ¢ € J distinct from ¢, and b; = 0 for j # 4,7 (the set of b is empty if J = A(0) or #J = 1).
The following proposition gives another characterization of P,.

0 — {2 if i € A(o)

Proposition 4.24. Assume that o is 8-deep. There is an ezxact sequence
(4.8) 0 — P, = ®PE — (Beo)/A(0) = 0

where ¢ Tuns over tuples (c;)jey with ¢; = 3 for some i ¢ A(o) and ¢ = 1 for all j # i and the
tuple (cj)jeq with j = 2 for all j € A(o) and j =1 for all j ¢ A(0), A(c) C ®eo denotes the
diagonally embedded copy, and the maps are the natural projections.

Proof. For a tuple ¢ as in ([4.8), let N, be ker(P$ — o), and let L be ker(P, — o). Then we have
natural surjections L — N.. We claim that the natural map L — ®.N, is surjective. It suffices
to show that it is surjective after taking cosocles. This surjectivity follows from the fact that
cosoc L — cosoc N, is surjective for each ¢ and that the sets JH(cosoc N.) are pairwise disjoint by
alcove considerations (as usual, we use [LLHLM20, Lemma 4.2.2]). Finally, the map L — @.N, is
an isomorphism by length considerations. The result now follows from Lemma setting M = P,
and N = o. O

4.5. Lattices in direct sums of Deligne—Lusztig representations. Let ¢ be an 8-deep Serre
weight. We now study certain quotients of P, arising from reductions of lattices in direct sums of
Deligne-Lusztig representations. Recall that ]30 — o is a O[G]-projective cover of . Since the
multiplicity of an irreducible E[G]-module R in ISU ®o F is the multiplicity of o in R, we have that

ﬁcr ®o B = @aeJH(E)R

where R runs over Deligne-Lusztig representations.
Let T be a set of Deligne-Lusztig representations whose reduction contains o as a Jordan-Holder
factor. Let PT be the quotient of P which is isomorphic to the image of the composition

P — P ®O E @UGJH( )R - @RETR



Ki-INVARIANTS IN THE MOD p COHOMOLOGY OF U(3) ARITHMETIC MANIFOLDS 43

The isomorphism class of ﬁg does not depend on the choice of isomorphism above. If T is the set
of all Deligne-Lusztig representations whose reduction contains ¢ as a Jordan—Holder factor, then
E,T ~ P Let Pr & 155 ®oe F. Since IBUT is an O-lattice in ®rer R, the set of Jordan-Hdlder
factors of PT is UperJH(R). In fact, the multiplicity of a Serre weight in PZ is the sum over R € T
of its multiplicities in R. We have natural surjections

(4.9) P, » PT - p3

for any subset S C T.

We now study P for specific subsets 7. We begin by labelling certain Deligne-Lusztig repre-
sentations. Suppose that A(o) # J, and fix i € J \ A(o). Identify S3 with the i-th component
of W. Let (s,u) be a lowest alcove presentation for a Deligne-Lusztig representation such that

o € JH(Rs(1 + 1)) is an outer weight. For w € S3 C W, let R,, be the Deligne-Lusztig represen-
tations Ry (1 + 7).

Lemma 4.25. Fiz ¢ # i in J. Then the images of the maps
(4.10) rad's B, — Pifes ol gng raqlv p, — pifteofised
induced by (4.9) do not contain o as a Jordan—Hélder factor.

Proof. Let S be {Ryp, Ruy } or {Ruw,, Rga}. Suppose that o = F(\). First suppose that i € A(o).
The following is the key observation. Using Proposition with X; taken to be X and Xj
taken to be the alcove containing \;, Figure and the fact that o is an outer weight in
R for both R € S, we see that for any v € X1(T), P? does not contain F(\y p + > iz i) and
contains at most one Jordan-Holder factor (possibly with multiplicity) of (L(Ay x) ®®;.+L();))|a
if X = E or F. We claim that the map gr% P, — P2 /im(rad”% P,) is 0. Since the kernel of the
map gr’ P, — P2 /im(rad”®' P,) contains a Jordan-Hélder factor of (L(Ay g) ® ®;27L()\;))|G
adjacent to o by the above key observation, the claim follows from the Weyl filtration in Proposition
and Proposition Since gr% P, is naturally identified with the cosocle of rad% P,, the map
rad® P, — P% is 0. A similar argument as before using the Weyl filtration in Proposition and
Proposition with (X}, X?) = (B, 4), (E, A), (F, A), and the dual Weyl filtration in Proposition
and the dual of Proposition shows that the map gr*’ P, — P /im(rad”*' P,) is 0. (For
the case X)) = G, we require that two of the Jordan-Hélder factors of (L(\y g) ® ®;.¢L();))|c are
in the kernel of gr3’ P, — P? /im(rad”®’ P,).) We conclude that there is a map P®3 — rad®’ P,
such that the composition P£3 — P3 /im(rad”%' P,) is 0. Decomposing rad*’ P, /rad®' P, as a
sum of modules of the form (L(\y x) ® ®;j27Q(}\;j))|¢ and using that the cosocle of Q(\;) is
isomorphic to the simple G-module L(};), it is not hard to see that the cokernel of the induced
map P$3 — rad¥ P, /rad® P, does not contain ¢ as a Jordan-Holder factor. We conclude that
the image of rad?” P, /rad®’ P, — P5 /im(rad P,) does not contain o as a Jordan-Holder factor.
Finally, one shows similarly that the image of rad®’ P, /rad’ P, — P2 /im(rad®'P,) does not
contain o as a Jordan—Holder factor. Putting this all together, we get that the image of does
not contain ¢ as a Jordan—Holder factor.

Next suppose that i ¢ A(c). Again, from Proposition [4.6| with X taken to be X and X; taken
to be the alcove containing \;, Figure 4 and we see that Pf contains at most two Jordan—
Hélder factors of (L(Ay x) ® ®;j2#L()\;))|c if X = C or D. Then similar arguments to those in
the last paragraph, the Weyl filtration in Proposition and Proposition with (X}, X9) =
(C,B), (D, B) show that the kernel of contains all Jordan—-Hélder factors isomorphic too. [
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Lemma 4.26. The images of the maps

(41 ad P PV gt b, - Pl
induced by (4.9) do not contain o as a Jordan—Hdélder factor.

Proof. The proof is similar to that of Lemma so we will be brief. Again let o = F()).
For S equal to {Rag, Ruy} or {Ru,, Rga}, P2 contains at most two Jordan-Holder factors of
(L(\ix) ® ®]¢Z L(\j))|g if X = FE or F. Then using the Weyl filtration in Proposition and
Proposition with (X}, X?) = (E, A), (F, A), (A, B), we see that the kernel of contains
all Jordan— Holder factors of the form (L(X\;B) ® ®;£.L(\j))|c- O

Lemma 4.27. Define a = (aj)jes by aj =0 for all j # i and a; = 2. Let P be a quotient of P,
and let M be the kernel of the map rad® P, — P. Recall that if o = F(\), then gr® Py is isomorphic
to

(4.12) g Py 2 (gr? Q1(N) ® @52 8t° Q1(\))) |

(4.13) = 0% @ (L(\ip) © ®5L(N))le ® (LiF) @ @5L(00))la
so that there is a projection map

(4.14) gr' Po — (L(Aig) @ ®£L(A)))|a @ (L(Air) @ @4 L(A)))|c-

If k is a Jordan—Hélder factor of the image of M under (4.14)), then k is not a Jordan—Hélder
factor of P.

Proof Suppose that k is a Jordan— Ht')lder factor of the image of M under (4.14)). Using Proposition
6| together with the description of W7 (5) (§[2.1.3)), there is a 7 such that
JH(gr“ P,)NW(p) = {r}.
As the RHS of (4.14) is multiplicity free, we conclude that the cokernel of M — gr® P, does not
contain any elements of W (p). By Proposition k ¢ JH(rad®P,/M). Since k ¢ JH(P,/rad®P,)
(again using Proposition , k is not a Jordan—Holder factor of the image of the surjective map
P, — P and thus not in JH(P). O
For n > 0 define
Fil" P, = rad™ P, + Y _rad"P,.
J#i
Note that Fil™ P,/ Fil"+t1)i P is gri P,

Lemma 4.28. The kernel of the map Fil% P, — P{Raﬁ Fuwo} P{Rw0 Apal g Pl induced by ([£.9)
is contained in Fil* P,

Proof. Suppose that « is a simple submodule of the projection of the kernel of
Fil2 p, — pifiesfuod g ptive st o pRia
o g g g

to Fil% P,/ Fil® P, = g% P,.
Let 0 = F(\). Flrst suppose that « is a Jordan—Hoélder factor of

(4.15) (LOAi,E) ® ®j£L(A))|la © (L(Air) ® @2 L(Aj))|c-
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Then Lemma with P = PjRaﬁ ’R"’O}, PiRwO’RB o} , and P implies that & is not a Jordan—Hélder
factor of Pa{RaB o } D PiRwO’RB o} @ Pfid. However, one can check that every Jordan—Holder factor

of (4.15) is in
JH(PO{—RQB,RwO} @ Pijo’RB“} @ PRy = JH(Ryq ® Rap ® Ruy, ® Raa)

using §2.1.3 and Figure [4 which is a contradiction.

We conclude that x must isomorphic to o. Let P2 be the quotient of P,/Fil® P, by .
Then there is a natural injection x — PP, and we identify x with its image. Recall from the
Weyl filtration of Proposition that P? contains the direct sum of two submodules M¢c and
Mp which are the restrictions to G of extensions of L(\; ) ® ®;£L(A;) and L(\;p) ® @2 L(A;),
respectively, by L(A). Then  is in the direct sum M¢ @ Mp. Suppose without loss of generality

that the projection of k to Mg is nonzero. One of PiRO‘B Huo} and PijO’RB "‘}, say Pf , does not

contain all of the Jordan-Holder factors of L(A; p) ® ®;j£;L(Aj)|a. We conclude from Proposition
with (X}, X?) = (D, B) that the image of the map Fil* P, — P does not contain o as a
Jordan-Holder factor. Combined with Lemma, and Lemma we see that the image of
the surjection P, — P2 contains o as a Jordan-Holder factor with multiplicity at most 1. This
contradicts the fact that P2 contains o as a Jordan-Holder factor with multiplicity 2. O

Proposition 4.29. The kernel of the map

(4.16) B, — piflesfiuod o plfwo el o plia

induced by is contained in Fil* P,.

Proof. We claim that the map

(4.17) P,/ Fil* P, — (PiR"‘B Huod gy plfuo Foad g PEia) /im(Fil% P,)

is injective, where im(Fil3" P,) denotes the image of Fil* P, under . Note that Fil% P, / Fil> P,
P,/ Fil* P, is the socle by [LLHLM20, Lemma 4.2.2]. It thus suffices to show that the restriction
of to Fil* PJ/Fil?’i P, is injective. Suppose that a + Fil* P, is in the kernel of for
a € Fil** P,. Then a—b is in the kernel of for some b € Fil* P,. By Lemma a € Fil”t P,,
and the claim follows.

Suppose now that a is in the kernel of . Then a € Fil* P, by the injectivity of . O

5. PATCHED MODULES

5.1. Patching axioms. Recall from that O, = [[ O, where S, is a finite set and for each
vES)

v € Sp, Oy is the ring of integers in a finite unramified extension F\ of Q,.
Let p be an [F-valued L-homomorphism and let (p,).cs, be the collection of continuous Galois

representations corresponding to it (see §2.1.4). Let R oo R%@A@ORP where

def PN O
RY < ® RE
» vES,,0" Pv

and RP is a (nonzero) complete local Noetherian equidimensional flat O-algebra with residue field
F such that each irreducible component of Spec RP and of Spec R’ is geometrically irreducible.
We write m to denote the maximal ideal of Ro,. A finite set T of tame inertial L-parameters gives
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rise to a collection (73 )yes, of finite sets of tame inertial types and we let R (T') R ® RO R%’T
P

where

—

T def n T,
RM = (X) R
P vESE, O Pu

Write Xoo, Xoo(T), and X o (T) for Spec Reo, Spec Roo(T'), and Spec Roo(T) respectively. Finally,
let Mod(X«) be the category of coherent sheaves over X, and Repp(GL3(O))) the category of
topological O[GL3(O))]-modules which are finitely generated over O.

Definition 5.1. A weak patching functor for an L-homomorphism p : Gg, — “G(F) is a nonzero
covariant exact functor M : Repp(GL3(0))) = Mod(X«) satisfying the following axioms: if 7 is
an inertial L-parameter and o°(7) is an O-lattice in o(7) then

(1) M (o°(7)) is either zero or a maximal Cohen-Macaulay sheaf on X (7); and

(2) for all o € JH(5°(7)), Mso(0) is a maximal Cohen-Macaulay sheaf on X o (7) (or is 0).
(We identify the tame inertial L-parameter with the finite set 7' = {7} in the above definition.) A
weak patching functor My, is minimal if RP is formally smooth over O and whenever 7 is an inertial
L-parameter, Mo, (c°(7))[p~!], which is locally free over the regular scheme Spec Ro(7)[p~!], has
rank at most one on each connected component.

Remark 5.2. In §6.3) we will further assume that M., has the form Homgy,,o,)(—, MY)" for some
pseudocompact O[GL3(Op)]-module M. Note that the M, that arise from Taylor-Wiles patching
always have this property.

Given a finite set T of tame inertial L-parameters we have a surjective homomorphism RﬁD —»

R%T. In particular, for any 7" C T we have a surjective homomorphism
Roo = Roo(T) = Roo(T")

whose kernel (in either R or Roo(T)) will be denoted as Io(7”). (This abuse of notation will not
create confusion in what follows, since it will always be clear from the context which ring the ideal
Io(T") is in.)

5.2. Minimal number of generators. As in P, denotes a F[G]-projective cover of a Serre

weight o, and we have fixed A € X;(T) such that ¢ = F()X). We will use notation from §4.2| in

what follows. Recall that A(o) & {7 € T | \j € A}. The following theorem is the main result of

the section.

Theorem 5.3. Let 5 be a 11-generic tame L-homomorphism and let o € W' (p).
Then Myo(P,) is minimally generated by 3#4(9) elements.

One can reduce this theorem to Lemma below. Recall from (4.7)) that
P, def U/( Z rad*P, + Z radng)
b

a

where a varies over tuples with

f2 ific A®o)
“TN3 ifid Alo)

for some i € J and a; = 0 for j # i and b varies over tuples with b; = by = 1 for some i ¢ A(0)
and ¢ € J distinct from 4, and b; = 0 for j # 4,7’ (the set of b is empty if J = A(0) or #J = 1).

Lemma 5.4. Let p be a 11-generic tame L-homomorphism and let o € W’ (p).
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(1) Let a = (a;)jes be a tuple such that aj = 2if j € A(o) and aj = Tor2ifj¢ A(o). Then
Moo (P%) is minimally generated by 3#4(7) elements.

[

(2) Myo(Py) is minimally generated by 3#4() elements.
The following is a consequence of Lemma

Corollary 5.5. Let p be a 11-generic tame L-homomorphism and let ¢ € W' (p) be such that
A(o) # J.
Let a be a tuple as in Lemma and b be a tuple with b; > 0 for some j ¢ A(o). Then the

following hold.
(1) The image of the natural map

Moo(rad’Py) — Moo(P2)
is contained in mMs (P2).
(2) The image of the natural map
My (rad®P,) — My (Py)

is contained in MM (Py).

Proof. We use a similar argument as in the proof of [Lel9, Lemma 4.5]. Let apy be the tuple
(@min,j)jeg With amin; = 2 if Jj € A(o) and amin,; = 1if j ¢ A(o). The main observation is
that the images of rad’P, in P2 and P, are contained in the kernels of the natural surjections to
Pgmin | respectively. Since these surjections are isomorphisms after applying Moo (—) ®r.. Roo/m by
dimension considerations using Lemma the result follows. O

Before proving Lemmal[5.4] we first use it to prove Theorem[5.3] We first introduce some notation.
Definition 5.6. For a tuple a = (a;)jcy with 0 < a; <7, let
Algr*Py)={je J|(j ¢ A(o) and 21 a;) or (j € A(0),a; > 2, and 2 | a;)}.
The definition of A(gr® P,) means that for j € J, j € A(gr® Py) if and only if a; > 0 and for some
(equivalently for all) k € JH(gr® Py), j € A(k).
Lemma 5.7. In the setup of Theorem suppose that ¢ = (¢;)jeq with 0 < ¢; <7 and

. 2 ifie Ao)
(5.1) i 2 {1 ifi ¢ Alo)

for some i € J. Then the injection

(5.2) Moo (gr® Py) — Mo (PU /(rad“ 1P, + 3 raddPa)).
el =1d]
#A(gr? Py)>#A(Er° Py)

factors through mM, <PU/(rad|C|HPU + > le|=|d| raddPg)> .
#A(gr Po)>#A(gr® Py)

Proof. First suppose that A(gr¢ P,) = (). Then we claim that ¢, > 2 for some ¢ € J. Indeed, if
c; < 2for all j € J, then implies that for some j ¢ A(c), ¢; = 1. Then j € A(gr P,) which
is a contradiction.

Suppose that ¢, > 2. Let I be the image of My (rad® 2 P,) in the codomain of . Then I
contains (the image under of) Moo (gr¢ P,). We will show that mI contains M. (gr¢ P, ).
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Let N C rad® %P, be the minimal submodule for which the cokernel of the map N — gr¢=2¢ P,
contains no Jordan-Holder factors in W7 (5). Let M’ be the image of My, (N) in the codomain of
(5.2). Then M’ = I by Proposition (Note that o is 9-deep by [LLHLM20, Lemma 4.2.13],

and recall that M., (0) = 0if 6 ¢ W’ (p).) We will show that M., (gr¢ P,) C mM’.

def Blere2¢ P,
Let P'= @y yn(gre2e p,)nw (p) Lr . .

to a map P — N which we now fix. Since the cokernel of the composite P — N < rad® %P, —
gr¢=% P, contains no Jordan-Hélder factors in W (p), by Proposition and minimality of N we
conclude that the map P — N is surjective. Moreover, the preimage of gr¢ P, in P under the map

(5.3) P — N — P,/(rad*'P, + > rad?P,)

|d|=]c|
#A(gr? Py )>#A(gr¢ Py)

. By projectivity, the natural map P — gr¢=%¢ P, lifts

is contained in

1 1 rc—2¢ Py
rad" P = @KGJH(ng*% Pg)mw(p)rad P’?[g K}.

Even more, by alcove considerations, the preimage of gr¢ P, in P is contained in

. c—2 .
(54) GBREJH(grc*Ql P)NW (p) Z radZJ P?[gl" ¢ Pg'ﬁ].
JET

It suffices to show that the image of M (5.4) in M’ is contained in mM’.

We claim that the map (5.3) factors through

—®[gre~%¢ Py:k)

(5.5) Drest(gre2 Pynw(p) P
in the notation of (4.7). Let x € JH(gr % P,) N W (p). Suppose that a = (a;);jec7 is a tuple as in
the definition of (4.7)), i.e., a = 2; for j € A(k) or a = 3; for j ¢ A(k). If a = 3; for j ¢ A(k), then
the image of rad® P, in P, is contained in rad®~ %3 P,  radl“*! P, by Proposition (note that
k is 9-deep by [LLHLM?20, Lemma 4.2.13]). If a = 2; for j € A(k), then the image of rad®P, in
P, is contained in rad®~ "2 P,. Since |c — 2, +2;| = || and j € A(gr®~2*2 P,), we conclude that
rad® P, maps to 0 in the codomain of ([5.3).

Now suppose that b = (bj)jcs is a tuple as in the definition of (4.7). In particular, b; = 1 for
some i ¢ A(k). Then A(gre=2+° P,) # () (in fact i € A(gr® %1 P,)) so that the image of rad’P;

in P, is contained in
Z raddPU.

|d|=]c]
#A(gr? Py )>#A(gr® Py)
This establishes the claim. o
Now for any generic Serre weight x and i € A(k), the image of rad? P, in P, is 0. Thus the image

of (5.4) in (5.5) is equal to the the image of (5.4)) where j instead ranges over j ¢ A(k). Thus

the image of M (5.4) in M (5.5)) is contained in mMy(5.5) by Corollary . We conclude
that the image of M (5.4) in M’ is contained in mM’. This finishes the proof of the lemma when

A(gr¢ P,) = 0.

For A(gr® P,) # (), we employ a similar argument using Corollary instead of Corollary
B.5I[2). If A(gr® P,) # 0, let £ € A(gr®P,). Then we replace ¢ — 2, in the above argument with
¢ —1y. We otherwise define I, N, M’, and P — N as before. In this case, the map (j5.3)) factors as

(5.6) P — P/rad’P — rad’=' P,/ (vadl?*1 P, + > rad?P, )
Jd|=le]
#A(grd Py )>#A(gr¢ Py)
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since the codomain of (5.6) has a length two semisimple filtration. By alcove considerations, the
preimage of gr¢ P, in P/ rad?P under the map in ([5.6)) is contained in

1 Pk
(57) GBKGJH(ng_lf P;)NW (p) grlg P’?[g ¢ For]
(recall that ¢ € A(c) was fixed above). As ¢ ¢ A(k), Mo (5.7) is contained in mM,.(P/rad®P) by
Corollary , noting that P, /rad?P, is a quotient of P% with a = (2);e7. O

Proof of Theorem[5.3 First, we claim that for a tuple ¢ = (¢;)jes with 0 < ¢; <7 and

Ci>{2 ifi € A(o)
=11 ifi¢ Ao)

for some i € 7,
Moo (radPy) C mMoo(FPy).
Indeed, we can partially order (>) such tuples c lexicographically using | e | and #A(gr® P,) and

proceed by induction. If ¢; = 7 for all j € 7, then the result follows from Lemma (as the right
hand side of ((5.2]) in this case is simply My (F,)). In general,

Moo (radP,) C mMoo(Py) + Y Muo(rad® Py) C mMuo(Py)
c'>c
where the first inclusion follows from Lemma and the second inclusion follows by the inductive
hypothesis.
Now let a = (a;);cs be the tuple with

J2 ifje A

T 1 ifj ¢ A(o).
By the previous paragraph, the map P, — P2 induces an isomorphism My (P,)/m — My (P$)/m.
By Lemma , Moo(P%)/m is minimally generated by 3#4(%) elements. O

5.3. Proof of Lemma We prove Lemma, using intersection computations in multitype

deformation spaces. Throughout this section we are in the setup of Lemma [5.4 Thus, p is a

11-generic tame L-homomorphism and A € X;(T) is such that o ©p (A) € W*(p). We fix a point

75 € MT(F) corresponding to p (see §3.1.2) and we fix a weak minimal patching functor M, for p.

5.3.1. Preliminaries. We introduce some notation that will be used in the proofs appearing in this
section. Let T be a finite set of tame inertial types satyisfying Hypothesis and recall from §3.1.2]
that p gives rise to a point T; € M (F) which we now fix. By Definition and (3.2) we have

T Voo ~+T(— T  ~xT— ~ ét,3
(5.8) My @ (p) = Mz_-w™"(p) = @ Mod; .

Recall that S5 = ®j€j70§(j) is the formal power series ring on the natural coordinates of M%;-@*’T(ﬁ)
and hence Mgﬁ’v‘” -w*T(p) corresponds to a quotient SV of S. Pulling back to Spf R%'OO along
gives a formally smooth map Rﬁgn’T — gv‘”’D, where ST is a suitable power series ring over
S and S — §Ver ig the pullback of S = Ve,

If V is a finite O[KJ-module such that the R%—action on My (V) factors through R%"’T, then

we define
def

(5.9) M (V) E Moo(V)® <nr SV,

A

Xy
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Let R (T) & ROO(T)@R;n,TgVWD. If T C T' are as in Proposition and the Rso.-action
[ o~

on My (V) factors through R..(T) then the SVeU-actions defined with respect to 7" and 7’ on

M! (V') are compatible by Remark

As R/_(T) is a formally smooth SVe-algebra, we can choose an isomorphism R:X)(T) &

SVeoU@e A where R;O(T) def R (T) ®0 F, SVt L GV D ®o F and A denotes a formally

smooth F-algebra. If V' is moreover an F-vector space, then M/ (V') is a module for the formally
smooth S-algebra S5 &' $9%pA where 57 % SU @ F. When M! (V) is obtained from an S-
module by extension of scalars along S — S5 —» E;O(T), calculations in .S can be substituted for
those in ST. We caution that we have suppressed the dependence on the set T in the notation S ,
§D, SVeerd S “etc. In practice, the set T will change from proof to proof. When this notation is
used, we will indicate which T we take.

Finally, note that the genericity assumption on p implies that any 7 € T is 9-generic (see
for instance [LLHLM23, §5.5]) and any x € W7(p) is 9-deep ([LLHLM20, Lemma 4.2.13]), so
that in particular [LLHLMDbl Proposition 5.3.2] (which improves [LLHLM20, Theorem 4.1.9]) and
Proposition 4.11] apply.

Recall that we have fixed 0 = F(\) € W’(p). Let 7 be a tame inertial type such that o €
JH(a(7)) and let £ ¢ A(o). For w € S3, let 7,0 be the tame inertial L-parameter such that
W(p, Tw,e)j = W(p,7); for all j # £ and W(p, T e)e = wwow(p, 7)¢. (Recall from §[3.1.1)the definition
of w*(p, Ty ), hence of w*(p, 7, ) via the bijection w — w*.) Given a subset ¥ C Ss, let Tx;; be
the set {7, | w € £} and o(Tx ) the set {o(7yr) | w € X} of Deligne-Lusztig representations.
Note that we suppressed the type 7 from the notation of %, and o(Tx ¢).

5.3.2. Cyclic patched modules. In this subsection we assume that A(c) € J and fix i ¢ A(o). The
main result of this subsection is the following proposition.

Proposition 5.8. Let a = (a;j)jes be the tuple with a; = 3 and a; = 1 for all j #i. Then My (P2)
18 a cyclic Roo-module.

Let 7min be the minimal tame inertial L-parameter of o with respect to p in the sense of
[LLHLM20, Remark 3.5.10]. Up to changing lowest alcove presentations of 7, we assume that
t_1W(P, Tmin)i = twey OF wo. In the remainder of this subsection, given a subset ¥ C S3 and w € X,
define 7, Tx, and o(Tx) as in §5.3.1) with respect to T = Tyin and ¢ = i, omitting the subscript 4
from the notation for readability. Recall from § the notion of Weul module for G. Let W be
the restriction to G of the Weyl module with cosocle isomorphic to o. Then there are surjections

Pf,’(““) — W for all w € S3 by [LLHLMDb| Proposition 5.3.2]. These surjections are unique up to

)

scalar. This induces a unique up to scalar surjection Py T2) W for any nonempty X C S3.

We will repeatedly use the following result.

Proposition 5.9. Let ﬁa — P and 150 — Py be nonzero surjections. Then there is an O[G]-module
C and an exact sequence

B, P oP,—C—=0

where the restriction of the second map to each summand is surjective.

Moreover, C satisfies the following property. If D is an O[G]-module such that o is a Jordan—
Holder factor of D with multiplicity one and there are surjections P, — D and Py — D, then there
is a surjection C' — D.
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Proof. We let C' be the cokernel of the induced map ﬁa — Py & P>. The induced maps P, — C
and P, — C are surjective since they are surjective after passing to cosocles (using that formation
of cosocle is right exact).

Now suppose that we have D and surjections P, - D and P, — D as in the statement of the
proposition. After rescaling the surjection Py — D, we can assume that the two compositions
P, — D induce the same maps on cosocles. Thus their difference factors through rad D. Since o
is not a Jordan-Holder factor of rad D, this difference is 0. In other words, taking a difference, we
get a surjective map 6 : P & P, — D whose composition with the map P, — P; & P» is 0. This
gives the desired surjection C — D. O

Lemma 5.10. With p, o, and Tx, as above, MOO(P;T(TMO’O‘B)) and MOO(P;T(TwO’Ba)) are cyclic Roo-
modules.
Proof. As the two cases are similar, we prove the proposition for T gef Two,a3- We claim that

Moo (Py (T)) is isomorphic t0 Roo/(Ioo(Tag) N Ioo(Tw,)). (Recall from the last paragraph of §|5.1| the
notation I (7)) for a finite set T of tame inertial L-parameters.) Proposition gives an exact
sequence

0— PIM - peTas) o poTwe) oy
Indeed, since the maps Py (Tag) _, Py (7ag) ®oE and P (wo) _, Py (7o) ®o E are injective, the image
of P, in Py (7ap) ® Py (7o) is isomorphic to its image in PJ (7ap) RoE® P (7o) ®e E. Applying the
exact functor M., and using the extension graph, we have the exact sequence
0 = Moo (PZD) 5 Moo (BZ™8)) @ Moo (PTT0)) & Mo (0) — 0.
Moreover, the restriction of the third map to each summand is a surjection. By [LLHLMDb| Theorem
5.3.1] (which improves the genericity condition in [LUHLM20, Theorem 5.1.1]), My (Py (ﬂ“)) is
isomorphic to Rs(7y) for all w € S3. We can choose isomorphisms to obtain an exact sequence
0 = Moo(PIT)) = R/ Ioo(Tap) @ Roo/Too(Tug) = Roo/Iso(C) = 0

for some ideal Ioo(C) with Ioo(Ta8) + oo (Twy) C Ioo(C) where the third map is the difference of the
natural surjections. By Lemma it suffices to show that Io(C) C Iso(Tag) + Loo(Tuy)-

Then there are surjections Py (rag) _, W and P, (wo) _, W and thus a surjection C' — W by
the second part of Proposition The induced map Py (wo) _,, W becomes an isomorphism after
applying M. (—) by [LLHLMD, Proposition 5.3.2] and [LLHLM20l Corollary 2.3.11, Theorem 3.5.2].
We conclude that Ioo(C) C (p) + Ioo(Tw,). By Proposition (P) + Ioo (Twy) C Too(Tap) + Ioo(Tuwy)
so that Io(C) C Ino(Tag) + Loo(Tuwy)- O

Let Fg(Two’aﬁ’ﬁ") be the image of the map P, — Pg(TwO’aﬂ) ® P;’(Twoﬂ") induced by the natural
(Two,Ba) and Po— N PO_U(TwO,aB).

Lemma 5.11. With p, o, Fg(TMO’“W‘*) as above, Moo(fg(TwO’aﬁ’ﬁ“)) s a cyclic Roo-module.

. . (ea
surjections P, — P,

Proof. We have an exact sequence

(Two,aﬂ) (Twoﬁa)

o Py SO0 =0

(Two,ocﬁ)

D Twoc « o
0 — P Twoesse) _, p?

. o, . . . . T’LU «@
for some C as in Proposition Since there are surjective maps Py — W and P, (Towg o) —

W, the second part of Proposition [5.9|gives a surjective map C' — W. This gives an exact sequence

(Two aB) ® Pg(Two Ba)

0P, - P] —W =0
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where the third map is a difference of the surjections and ?L, is the kernel of this map. Then we
have ?Z(Two’“ﬂ’ﬂa) C F;.
Applying M, to the second exact sequence, we have

0= Moo(P,) = Moo(PZT 0y @ Mo (PTT 0 7)Y 5 Mo (W) = 0.

Let ¥ be {af, Ba,wy,id} and define M. (—) using T = T (see (5.9)). By Lemma and its

proof (which shows that M. (Py (Two)) >~ Mo (W)), we can and do choose isomorphisms to get the
exact sequence

0 M. (P,)— R.(T) (Tt 5oy 500 P)BRT) /(T Voo Mg Vs ) = Rio(T)/ (I 90 2) — 0.

O ~ ~ O ~
As the union of the images of Torf“ <IF, R.(T)/ (Imo Voo M5,V o0 p)) and Torf‘x’ (IF, R, (T)/ (Irwo Vo

~ O ~
T, p)) in Tor’> (F, R (T) /(JTwO,VOO,p)) is spanning by Lemma [3.29] Lemma [3.14] implies

that M/ (P.) is a cyclic R_(T)-module so that M. (P,) is a cyclic Rso-module.
Finally, we claim that the inclusion MOO(FZ(T“JO’QB o~ ")) < My (P)) is an isomorphism. As

M (ﬁ;) is a cyclic Ro-module, it suffices to show that the map is nonzero after applying —®@gr_ F

by Nakayama’s lemma. This follows from the fact that applying the functor M (—) ®g. F to

Ly 5) Tw «@ « D Tw o . .
the composition Pg( N P; —» Pg( oe8) o (with all maps the natural ones) induces a

surjection and that My (o) # 0. O

Let PZ(TM‘”O‘“B’BQ) be the image of the map P, — Pg(Tid) @?Z(Two’aﬁ’ﬂa) induced by the natural

7U(Tw0,aﬁﬁa) 70’(Tid,w0,aﬁ,,8a)

surjections P, — Py (i) and P, — o . Equivalently, P,

map

is the image of the

P, — piftenfinn} g plfteo-fisal gy phia
appearing in .
Lemma 5.12. With p, o, Fgmd’wo’aﬁ’ﬂa) as above, Mm(?g(nd’wo’aﬁ’ﬁa)) s a cyclic Roo-module.
Proof. The proof is similar to that of Lemma We have an exact sequence
0 —s pg(Tid,wO,aa,sa) N Pg(Tid) @pg(Two,aﬁ,Ba) SO =0

for some C' as in Proposition Let A € X4(T) such that ¢ = F(\). By [LLHLMD, Propo-

sition 5.3.2], there exists a quotient A of Py (7ia) whose Jordan Hoélder factors are precisely k =

Tty g (w, a) € PET9) with (w;, a5) € {(0,0), (€1,0), (2,0), (£1 — €2,0), (€2 — £1,0), (0,1)}. Though
we will not use it, one can check that A is the cokernel of the composition

rad® P, ¢ P, — P2,

We will show that the natural surjection P, — A factors through ?Z(Two’aﬁ pa), Again by [LLHLMD),

(Tw) whose Jordan—

Proposition 5.3.2], for each w € {wg, af, fa} there is a unique quotient Q,, of Py
Holder factors are precisely JH(Py (Tw)) N JH(A). Moreover, there is a surjection A — @, whose
kernel we denote K,,. Then the image of N, def ker(P, — Py (T“’)) in A is contained in K,. As

JH(K,p) NJH(K3,) is empty, the intersection of the images of N,z and Ng, in A is 0. Since each
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N,, contains the kernel of the map P, —» P 0 (Twg.ap.6 a), we obtain the desired factorization. Then

the second part of Proposition gives a surjective map C' — A and an exact sequence
(5.10) 0— F:, — P2(ma) g FZ(T“JO"’B’B") —A—=0
where the third map is a difference of the surjections and ?’ is the kernel of this map (which is
different from what is denoted F:, in the proof of Lemma . Then we have P, o (Tidwo 6, p) F;.
Applying M, to , we have
0 = Moo(Pl) = Moo (P @ Moo (PL 008 59)y Ly M (A) — 0.
By [LLHLMDB, Theorem 5.3.1], Moo (P2} is a cyclic Roo-module. This implies that Mag(A) is a

cyclic Roo-module as well. Let T"and M/ as in the proof of Lemma- 5.11} By the proof of [LLHLM20),
Lemma 3.6.2] the annihilator of MZ (A) corresponds to the ideal (In,p) C S, with Iy defined as

in Let I!)o(Two af, ,304) be the image of (1 Twg Voo N ITQB,VOOap) (ITMO,VOO N Ifga,Vooap) - S m
SVee By Lemmaﬂ M! (P] (Towg e, Ba)) is isomorphic to RL (1) /15 (Twe,a8,5a) and we can and
do choose isomorphisms so that we have the exact sequence
—, ~ ~
0= ML (Py) = Reo(T)/ (Inavee, P) & R (T)/Io(Tug,a8,80) — Reo(T)/ (In;0) — 0
where the third map is the difference of the natural surjections. Since the union of the images of
S 1 S5 : S5 ¥ .
Tor™ (F, R (T)/ (InyVee, ) and Tory> (F, R (T)/ I (Tuy,ap,6a)) in Tory™ (F, R (T)/(Ix,p)) is
. S -/ :

spanning by Lemma Lemma implies that M (P,) is a cyclic Ry-module. Then one
shows that My, (PU(T‘d w0, Ba)) = MOO(P;) as in the proof of Lemma O

Proof of Proposition[5.8. By Proposition with @ as in the statement of Proposition (note

that P¢ = P,/ Fil* P,), the Surjectlon P, — P2 factors through P, o(Tiawo.c6.50) - Gipce My (P o (Tidwo,ccp ﬁ“))
is a cyclic Roo-module by Lemma we conclude that My (Pa) is as well. O

5.3.3. A Tor computation. In this subsection, fix i ¢ A(c) and let a = (a;)jes be the tuple with

a; = 3 and a; = 1 for all j # 1. In order to prove Lemma we will need to find a lower bound
for the image of the map

s ! a sg /
Tor; > (F, M (FPy)) — Tor{>(F, M (o))

induced by the surjection P? — o (see Proposition . Let Py (w008} 1o the cokernel of the
composition

Fil¥ P, ¢ P, — pSTwoos)

where Py ?(Two.c5) i Jefined as in 2 Similarly, we define pg(ma)a Pg(Two’aﬂ’ﬁa)’a, Fgmd’wo’aﬂ’ﬂa)’a7
and A% (with A defined as in the proof of Lemma [5.12)).

Lemma 5.13. We have an exact sequence
0 = Moo (P00t saday oy (polma)ay gy pp (P Twoassal@y oy (pe) 5,
Proof. We have a commutative diagram
0 — Fi*P, ———— FilP B, ®Fil% P, —— Fil* P, —— 0

| | |

0 P ( id,wq,af, Ba) Pg(Tid) @ Fg(Two,aﬁ,,ﬁa) C O
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where the rows are exact, the bottom row is as in Lemma and the top row has nonzero maps
given by diagonal and difference maps. Since the induced map from the kernel of the middle vertical

arrow to the kernel of the right vertical arrow is surjective (as both Py (ra) _, C, P o (Tug,660) - C
are factorizations of P, — (), the snake lemma furnishes an exact sequence

D T’iwa a)s i D Twa /s
O—>PZ( dywo,b,f )“%Pg(T‘d)’“@PZ( NI N

where C® denotes the cokernel of the natural map Fil* P, — C. The result follows by applying
Moo (—) and noting that the natural map My (C) — My (A) is an isomorphism by the proof of
Lemma (.12 U

The following is the main result of the subsection.

Lemma 5.14. Recall from (5.9)) the definition of M (—) with respect to Tiq wy0p8,80- The image
— O
of Tor1 (F, M. (P, A ﬁa) ) — Toriqoo (F, M. (A%)) is the intersection of the images of the
maps
— O
TorS™ (B, M/ (P Fro sy Tor5% (F, MY _(A%))
and

s / o (Tia),a S5 / a
TOI'l (F7M00(Pa )) - TOI"I (]Fv Moo(A ))

Proof. The result follows from combining Lemmaand Lemma using that M, (P, o (Tid wg.ap,pa)e “
is a cyclic Ryo-module by Lemma, so that M/’ (? o (Tiawg.ap.0); ) is a cyclic S5 -module. O

5.3.4. Noncyclic patched modules. Recall that at the beginning of - 5.3| we have fixed A € X(T)

such that o = F()\) € W’(p). Throughout this subsection we let 75, be the minimal tame inertial

L-parameter of F'(}_; Ajp) with respect to p in the sense of [LLHLM20, Remark 3.5.10]. Note

that, up to changing lowest alcove presentation of p, we can and do assume that w(p, 7.2, ); = twen
or t_w(p, 72); = wo, for all j € J.
In this subsection, let T be the set of tame inertial types 7 satisfying w(p, ) = wwow(p, T.5;);

with w; € {id, af, Ba,wo}. With this choice of T, we define M/ (—) as in (5.9) (with the implicit
assertion that the Roo-action on My (—) factors through ROO(T ). We also let a denote a tuple

(aj)jes with a; C {B, E,, F,, E,, Fs} if j € A(o) and a; = Tor2ifj¢ A(o). For j € A(o), b;
will denote an element of {B, E,, F,, Es, Fs}, I;j is as defined in §3.4.1] and Mb &ef (j)/IJI-)j. From
[LLHLMDbl Lemma 5.3.3], [LLHLM20, Lemma 3.6.2] we deduce that M/ (o) = E;o( T)/(*B,) where

= Zj ‘ng)S for prime ideals ‘]3((3) c SU, and P, is the pullback to S of the ideal B, C S/Iry.,

defined in For j ¢ A(o), let M} = SU) /Y.

Proposition 5.15. (1) Let b = (b; )JEJ with b; € {B, By, Fo, Es, Fi} if j € A(0) and bj =1 if
j ¢ A(c). Then M! (PY) = (®JM ])®§R' (T) with M;j defined as above.
(2) For j ¢ A(o), there are ideals Ij2 such that for any b = (bj) ey with b; € {B, E,, F,, Eg, F}
if j € A(0) and b; =2 if j ¢ A(0), Ml (PY) = (®;M;)@5R0(T) where M) = SO /12 if
Jj ¢ Alo).
Proof. We prove as is similar but easier. We claim that there exists a quotient @ of P’ and
two tame inertial types 7,7’ such that:
(1) JH(Q) = JH(P2) n W' (p);
(2) @ is a quotient of P2 and lw(p,7');) > 2 for all j € A(o); and




Ki-INVARIANTS IN THE MOD p COHOMOLOGY OF U(3) ARITHMETIC MANIFOLDS 55

(3) 7 € T and @ is a quotient of Py,
Indeed by [LLHLMD, Proposition 5.3.2] 7 and 7/ can be constructed by setting:

® @(ﬁ, T)j = ﬁj(ﬁu T/)j = two(n) for j ¢ A(U) and ﬁj(ﬁu Tgin)j = twmﬁ
® @(ﬁ, T)j = ﬂj(ﬁv T/)j =t for j ¢ A(U) and ﬁj(ﬁ? Tﬁin)j = t1wo; and
o for j € A(o) we arrange

tle if bj =B

@(ﬁ,’]’l)j = tlﬁ’)/+ if bj S {ES,FO}
tiayT  if b; € {Fs, E,}
and

tl if bj c {B,ES,FS}
w(ﬁ,T)j = tlﬂoz if bj = F,
tl()éﬁ if bj = EO

and by Corollary there exists a quotient a quotient @} of Pf,’ and surjections Pf,’ — PJ (T),
Pb — Pg(T/) factoring through P? — Q. By [LLHLMb, Theorem 5.3.1], items [I| and [2[ imply
that My, (P2) — MOO(Pg(T/)) — My (Q) are isomorphisms of cyclic Ry, modules (note that P? is
multiplicity free). Since Py ™ @ the action of Ry on My (Q) factors through R (7)), hence

M! (Q) is a cyclic R (T)-module. Thus M/ (P?) is a cyclic R’ (T)-module and the result now
follows from [LLHLM20, Lemma 3.6.2]. O

If j € A(0), and 0 # a; C {B, E,, Fy, E, Fi}, define an S)-module M;lj by the exact sequence

(5.11) 0= MY = @0, 8D /I7 = (@y,0,59 /BY)/ASD /B9)) — 0,

where I;.)j is as in §3.4.1) the third map is induced by the sum of the natural projections, and
A(SW)) ‘ng )) denotes the diagonally embedded submodule.

Lemma 5.16. Let a be (aj)jes with a; C {B,E,, F,, Es,Fs} if j € A(o) and aj = 1 for all
j ¢ Alo) ora; =2 for all j ¢ A(c). Then M. (P%) = (&;M;° )R, (T).

Proof. We induct on k ot #{j € A(o) : #a; > 1}. The case k = 0 follows from Proposition
Now suppose that k£ > 0 and #a; > 1 for i € A(o). For X C a;, let ax be the tuple with ax; = X
and ax j = a; for j # i. Then Proposition [£.23] gives an exact sequence

0— Pg — @XEainX - (@XEainw)/A(Pgw) — 0,

where the third map is induced by the sum of the natural projections. Since the R.,-action on
Mo (P#x) factors through R (T) for each X € a; by the inductive hypothesis, the same is true
for Moo (P%). This induces the exact sequence

0= ML (P7) = @xea Mec(P5X) = (Bxea, Mo (Po")) | A(M(P5")) = 0.
By the induction hypothesis, the modules M/ (P2x) and M!_(P5") are isomorphic to modules

~

Q;MIX N R _(T) and (®;M:*)QzR._(T), respectively. Thus we have an exact sequence
I S+ Yoo 7573 S+ Yoo

(5.12) 0 — ML (PY) = ®xea,(8;M;*)O5RL,(T) = (xea,(8;M;")RRL(T)) /A — 0

where A is short for A(((EAQJM;QJ)@gR’OO(T))
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The third map of (5.12)) is induced by a sum of surjective maps
~ S~ ~ Ap -\ A~
(5.13) (&M )@gR(T) — (8;M;"") &3R4 (T)
for each X € a;. By consideration of scheme-theoretic supports, (5.13)) factors through the surjec-
tion
(B,M] ) B R (T) = (85 M]")B5Rle(T)
induced by M Za Xt M Za %% The resulting surjective endomorphism of the Cohen-Macaulay module
(<§>jM Ja m’j)@%Rgo(T) must be an isomorphism since the kernel of the map must have support of

smaller dimension by cycle considerations and the Cohen-Macaulay module (é\@jM;@’j)@gR’oo(T)
cannot have embedded primes by [Mat86, Theorem 17.3]. We conclude that the map (5.13)) is, up
to postcomposing with an automorphism of the codomain, induced by a surjection Mza X Mla 0t
By Lemma [3.18) applied to M:X’i@@#iM;X’j (using that M and M;"" are cyclic), up to
precomposing with an automorphism of the domain, (5.13]) is the map induced by a surjection

M;™" — M. Fixing an isomorphism M;"" = S0 /9’ we can choose isomorphisms M, ** =
S@W/IX for each X € a; so that the surjection S®) /X = M — M*" = SO /B takes 1
to 1. is then obtained from by taking completed tensor products over F and then
applying — ®g R, (T) which is exact here. (Each module is the completion of a module over a
polynomial ring over F. These completed tensor products are obtained by usual tensor product of
these decompleted modules over F and then completion—each step is exact. Applying —®gz R.(T)

simply has the effect of adding formal variables.) The result now follows. O

Proof of Lemma[5.|(1)). Let (2) be the tuple (§)jej and b be the tuple (bj)jcs with b; = {B, E,, Es, F,, F,}

if j € A(o) and b; = 2 otherwise. Then the kernel of the surjective map J S P? has no mod-

ular Serre weights. This induces an isomorphism MOO(PU(Z)) — My (P?). By Lemma [5.16 and

Proposition [3.22, M/ (P?) and thus My (P(g)) is minimally generated by 3#4(?) elements.
Let ¢ = (¢j)jey with ¢; = 2 if j € A(o) and ¢; = 1 otherwise. A similar argument as in the

previous paragraph implies that M (PS) is minimally generated by 3#A(9) elements. In particular,
the natural surjection Moo(Péz)) Jm — My (P¢)/m is an isomorphism. For a tuple a as in Lemma
, the surjection P§2) — P¢ factors through P¢ and Lemma follows. ([l

We record the following result for use in §6}

Proposition 5.17. Let a = (aj)jes be the tuple with a; = {B, Es, Fs} if j € A(o) and aj = 1
otherwise. Then My, (P2) is minimally generated by 3#4() elements.

Proof. This follows from Lemma [5.16| and Proposition [3.22 O

Proof of Lemmal[5.4[2). If A(c) = J, then the result follows from Lemma [5.4|[L). We now assume
that A(o) # J. Recall from Proposition the exact sequence (4.8)):

0— Py — ®PE— (Be0o)/A(0) =0

where ¢ runs over tuples (¢;)jes with ¢; = 3 for some i ¢ A(c) and cj = 1 for all j # i and the
tuple (cj)jes with j = 2 forall j € A(o) and j =1 for all j ¢ A(0), A(o) C ®eo denotes the
diagonally embedded copy, and the maps are the natural projections. Since the R..-action on each
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Moo (PS) factors through R (T') by the proof of Proposition and of Lemma [5.4] (1)), the same
is true for My (P,). Using Remark n 3.10| we have the exact sequence

(5.14) 0 — M (Po) = ®cML(P7) = (©M(0))/A(M (o)) = 0.

For the tuples ¢ with ¢; = 3 for some i ¢ A(o) and cj = 1 for all j # i, M/_(P¢) is a cyclic module,
i.e. isomorphic to ST /I; for some ideal I;, by Proposition n Let M be M/ (PS) for the tuple
(¢j)jeq with j = 2 for all j € A(o) and j = 1 for all j ¢ A(c). We can choose isomorphisms so

that - ) becomes
0= ML(Py) = M @ Sjga0)S%/1j = (©e55%/(Bs))/A(Se/(Bs)) = 0

We claim that the hypotheses of Lemma/3.15/hold, from which we deduce that M, (P,) is minimally
generated by the same number of elements as M which is 3#4(9) by Lemma .
We now verify the hypotheses of Lemma Let Vj (resp. U) be the image of the induced map

Tory ™ (F, 55 /1) = Tory (F, S5 /(%))
for j ¢ A(o) (resp. TorS™ (F, M) — Tor>> (F, SJ /(5130))) We need to show that for all i ¢ A(o),
(

F, S/ (Bs))-

D .
As the natural map @jejTorf‘x’ (F, SEO/(‘,BC(E))) — Tor1°°(]F, St /(B,)) is surjective, it is enough to
show for all i ¢ A(o) and jo € J, the LHS of (5.15)) contains the image of the natural map

(5.15) Vi+ (UNnjsV;) = Tor’=

(5.16) TorS™ (F, S /(P90))) - Torfgo (F, S2/(B.))-

In what follows, for an ideal I C S, we identify Tor1 (F, S5 /(I)) with I®gFF (recall that F = S/mg).
Fix i ¢ A(o) and jo € J. We claim that V; contains the image of for each j ¢ A(o) with
j # jo, and that moreover U also contains the image of when jg = 4. This would imply that
5.15)) contains the image of - (If jo # i then take 7 = i and V; would contain the image of
5.16). If jo = ¢ then U N N;4V; Would contain the image of -
We first consider U. By Lemman 6 M is isomorphic to M! (P%) = (R,e7M,”)@sR.(T) where
={B,E,, F,,E;,F,} if € A(o) and a, = 1 for all 7 ¢ A(0). Since o occurs as a Jordan-Hélder
factor in P¢ with multiplicity one, the cycle of M is multiplicity free. Corollary [3.13] implies that
the kernel of the map M — Méo(a) is the kernel of M — Mgy, . Thus, up to postcomposing with
an automorphism, the map M — M/ (o) is unique and thus induced by S¥)-module surjections

M7 — S 535 O As M, 0 js isomorphic to S0 /‘B(JO) (recall that we assume jo =i ¢ A(o) when

considering U), the SUI‘JeCthD M do _,, Gio) /B (o) is an isomorphism. We conclude that U contains
the image of (5.16 -

We next turn to V. Let j € J with j ¢ A(o) and j # jo. Let Tmin be the minimal type with
respect to o as in [LLHLM2O Remark 3.5.10]. For the rest of this proof, for a subset ¥ C S3 and
an element w € ¥ define 7,7, T ; (resp. (7% ;)) as in with respect to 7.5, (resp. Tmin) and
t=j.

We first suppose that w(p, T, )jo = twen. For each 7., with w € {id, af, Ba,wo} and each
generator cUo) in the (€1 + €2, 1)-entry of Table |§|, one sees from the twon—entrles in Table 5| that

(J0)+p€w ,cli0) € IT .Voo for some g jclio) € Mg . By Lernma and Lemma each generator
clo) is in (I, ﬂ I, NI ve,p)+ mgo PBo. Thus the surjective map S /(L v N

Twg,j5 Tap, j? TBa,j» <0 Twg,j
It Ve N Imaﬁvw,p) — SEO/(‘BU) induces a map on Tor1 (F,—) whose image contains each
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generator ¢0). Let a = (ay)ses be the tuple with a; = 3 and ay = 1 for each £ # j as in $5.3.3
Since the action of SI on M/ (P, (Toug,ap,60,9) ) factors through (ITwO i ﬂITaBJ, OITM 1 Veor D)5
and factors through (Im,j,voo:p)) on M (PU(T‘d ha

each generator cU0).

Finally, we suppose that ¢t_1w(p, 7.5, )j, = wo. Similar arguments as before (using the aSat;-
entry of Table |3) show that, for j # jo, V; contains the images of the generators of the ideal in
Lemma[3.21|(I)). Looking at the (0, 1)-entry of Table[§]if jo ¢ A(c) (resp. the (0, 0)-entry of Table[g]if
Jo € A( )), it suffices to show that the image of ¢(d0) & (b—c)dgjlo)dgéo) — (a—c)dgﬂo)d;’;]o) (resp. C%O))
in Tor1 (F, S /(W) is in Vj if jo ¢ A(o) (resp. jo € A(c); note in this case that if V; contains
cgg 79 and the i images of the generators of the ideal in Lemma 1.) then Vj; contains the images of
the generators of the ideal in the (0, 0)-entry of Table ' Let a = (ag)¢e s be the tuple with a; = 3

and a; = 1 for ¢ # j. The module M’ (PU(T““)’ ) is cyclic by [LLHLM20, Theorem 5.1.1] with
scheme-theoretic support determined by [LLHLM20, Lemma 3.6.2]. We deduce from this and the

(0,1), (0,0) entries of Table (which constraint the kernel of M/ (P, polrias)e ) — M (o) according
to jo ¢ A(o) and jo € A(0)) that ¢l9) (resp. c§3)) is in the image of Tor1 (F, M. (PO(T““) ) —

O .
Torls‘x’ (F, M’ (c)). Hence by Lemma [5.14] it suffices to show that the image of ¢(%0) (resp. C%O)) is
contained in the image of

), we conclude by Lemma [5.14| that V; contains

O J— . O
(5.17) Tor>> (I, M (P Twoes60i) %Yy s or (R, M!_ (o).

U(Two,aﬁ,ﬁa,j):a)
g

Thus, we are left to show that cU0) (resp. c%o)) annihilates M’_(P
is cyclic over S5 by Lemma m
For each w € {id, af, fa, wo},

, since this module

(Z) 7' (b — 20y sy — (@, — 20)dy) day™) —p € I,

w w,j7voo

where m,, € Z is a specific lift of m for m = a,b,c and z;, € S* is a specific unit (all depending
a priori on w) by [LLHLMIS8|, §5.3.1]. Fixing lifts m € Z of m for m = a,b,c, and a lift z* of
the reductions of z modulo p (note that z modulo p is independent of w), we have for each

w € {id, af, Ba,wp} that
(Z) 2 (b - 2)dSdS — (@ —@)dS diy)) — p+ pew € Iy, v

for some g, ; € c%o)mg. Taking f & (E*)*lc%o)((fl;—adéjlo)d%)) — (’d—?z’)dé{o)d;’z(]o)) —p, we conclude
from Lemma B.17 and Lemma [3.30] that

C%O)E(jo) pel, N I,

'Lqu7 Ta,@g’

ﬁ IT,Ba 7 7Voo

for some ¢0) € (b— adgjio)dggo) —(a— E)déjo)dm(jo) +mg. Filtering P o (Tug.8.80.0)% with irreducible
subquotients x induces a filtration on M/, (?U(Two b B 1) *) with subquotients M’ (k). For each
x and m € M/ (k), the support of ¢0)m (?esp. c%o)m) has positive codimension in the schgme—
theoretic support of M/ (k) as c(jgo) (resp. &90)) is M _(k)-regular. Thus the same is true for ¢70)m

(resp. 053 Jo) m) with m € M/ (PU(TwU B, ) ). Since M/, (PZ(T’”O‘“B’B“J)’“) is maximal Cohen—
Macaulay over its support, it has no embedded primes from which we conclude that it is annihilated
by &) (resp. c%o)). O
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6. LOCALITY RESULTS

6.1. Subquotients of Deligne—Lusztig representations and presentations. Recall from
that G denotes the finite group Go(F,), where Gy is the algebraic group over F,, defined in

We begin this section by defining some quotients of reductions of generic Deligne-Lusztig rep-
resentations of G. Fix a Deligne-Lusztig representation Rs(u — 1) with s € W and p—n € C,
being 9 deep, so that JH(Rs(p — 1)) = F(Tr,(s(X))) and [LLHLMD, Proposition 5.3.2] applies to
Rs(p—1).

Given two O-lattices Aj, A2 C Rs(p — 1), there is a unique n € Z so that p"A; C Ay and
p" 1Ay ¢ Ay. We denote by ¢ the composition

n

Xp
(61) LA 5 pnAl C As.

By construction t ®p F : Ay ® 0 F — Ay ®o F is nonzero.

Recall from [EGSI5, Lemma 4.1.1] that, as Rs(pu — 1) is residually multiplicity free, given o €
JH(Rs(1n — 1)), there is a unique up to scaling O-lattice in Rs(u — 1)° C Rs(p — 1) with cosocle
isomorphic to 0. We will define various quotients of reductions of the lattices Rs(u — 1) whose
structure is given by [LLHLMDb| Proposition 5.3.2].

Recall from that we defined a path to be a sequence of elements

7y = (m) ) € {(0,0), (£1,0), (2,0), (0,1), (e1,1), (2, 1)}

satisfying certain properties. We also defined subsets X, C ¥ for each path v and a partial ordering
< on the set of paths. A
Fix a subset J C J. For each j € J \ J, fix (wj,a;) € Xy. For a tuple v; = ('y(J))jeJ of paths,

let
UCHEDPECED

JjeJ

and o(vy) = F(%r,(sw, a)) where (wj, a;) is the fixed element in ¥ if j ¢ J and is 7( ) otherwise.

J
()
By [LLHLMb, Proposition 5.3.2], there is a unique quotient Q., of Rs(x — 1)°0) @¢ F such that

JH = X X gy X X ai)t.
(@) el ~ () j€J{(w] a;)}

(Note that Q~, = o(vy) if J =10.)
We define a complex using two choices. First, choose a complete ordering of J. Second, for
each path 7 of length 3 and j € J, let /‘i»(yj) be an element in F* with mgj) = 1if v = (0,0) or

v3 = (0,1). (There are 12 paths of length 3 and 8 of these paths have the property that v2 = (0,0)
or v3 = (0,1).) It is the second choice that is more consequential. Consider the complex

(6.2) 0— @ Q, — @ Qyy, = — EB Qs
Uvg)=3#J U(vy)=3#J -1 Uvg)=2#J
where each map is a direct sum of maps Q,, — Qg, which is nonzero if and only if 3 ) < 'y(j ) for
all j € J. If B9 < ~U) forall j € J, £(By) = £(vs) —1 and i € J is defined by B # ~() then the
map (-, — (g, is induced by
(I o=t

JETL(YI))=3
with ¢ in (6.1) and 0j«; = 1 if j < ¢ and dj<; = 0 if j > i. Though we will not use it, one can check
that (6.2)) is exact.
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We now define a subcomplex of (6.2)). For each 2#.J < £ < 3#J, let

(Do) c D e,

U(vg)=t U(vg)=t

60

be the submodule of elements (a,)y(y,)—¢ such that for any tuple 8; with £(8;) = £ and i € J such

that £(8()) = 3, we have

Z a~, = 0.

yP = /B(J)V];éi.
Oy )=375" ="

(Note that @), are the same quotient for all v in the sum above, and the sum takes place in this

same quotient.) Then

63 0o ( D @)= B @) B @)

L(vy)=34J L(vy)=3#J-1 Lvg)=24J

is a subcomplex of (6.2). Again, though we will not use it, one can check that (6.3]) is exact.

6.2. Patching and presentations. In this section, we fix an 11-generic tame L-homomorphism
p and a patching functor My, for it. Let v be a weight in W (#n). Then v; € S3(n;) U{(1,1,1);} for
each j € J. Let J = J(v) & {7 eJ|v;=(1,1,1);}. For j ¢ J, if v; = wjn; for w; € S3, then
we let (w(v)j,a(v);) = (—€w;, 6(_1ywi—_1) where §_qyw;__y = 1 if w; is an odd permutation and
O(—1ywi——1 = 0 if w; is an even permutation, and where &, = duj + X9T) € X*(T)/X°(T) for

some ¢}, € X°(T) such that wjt., € Wit
J

Let w € Adm(n) be such that w; = ¢; for all j € J and (w(v);,a(v);) € wj(Xo) and £(w;) > 2 for

all j ¢ J. Let 7 be the tame inertial L-parameter such that w(p,7) = w. Given Rg(u —
(wj,aj) & (05 'w(v);,a(v);) € Zo for j ¢ J, we have the subquotients Q. of Rs(u —

J

1), J, and

l)a(w) ®0 F

for each tuple v of paths as defined in (Note that g —n can be chosen to be 9-deep in alcove

Cy.)

We will use the notation M/ as in (5.9) with T = {r}. If (w,a) = (wj,a;)jes with (w;,a;)

F(%,(sw,a)) €
JH(Rs(p — 1)), then [LLHLM20, Theorem 5.1.1] implies that M/ (Rs(u — 1)7) is a free R. (7)-

as above ifj ¢ J and (wj,a;) € {(e1,1), (e2,1),(0,1)} if j € J, and letting o Cp

module of rank one. Let M ((wz ) be MY ®o F where M~ MY is defined in §

(wj,a;)

wj,a;)

3.4.2

For a pair

(wj,a;) and (W, a’) in {(0,0), (£1,0), (e2,0), (0,1), (e1,1), (52, )} there is a unique n((wj, a;), (W', a’

3%
n € Z such that p”M(( 2 o) C M((w) w

the finite category con81st1ng of maps
M (Ry(p — l)F(Tm(swCa’))) — M!_(Ry(p — l)F(Tm(Sma)))
induced by ¢ in ([6.1]) is identified with the maps

(@]

(6-4) ®je\7M((iz_,a;_)®SE;o (7) - é\@jEJM((Q,aj)@SE;o (T)
given by maps M )

(w' a’) (wj,a;
products without a subscript are taken over F.)

37

yand p"” 1M(J gZM o) BY [LLHLM20, Theorem 5.2.3],

MY ), ) which are induced by multiplication by p™((“s $a5),(05,5)) (Tensor

Now let v be a tuple of paths and o be F(%v,(sw,a)) with (w;, a;) the fixed choice for j ¢ J

()

and (wj,a;) = 71 for j € J. Then, up to scaling by a unique power of p, each @, is a subquotient

i)

def
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of Rs(pr — 1)?. Moreover, by [LLHLM20, Lemma 3.6.2] or by Corollary [3.13] there is an ideal
Lo C S0U) for each j € J and path 49 and a prime ideal ‘B(w o for each j ¢ J so that M/ (Q~,)
is identified with

~, o~ N —y
( j¢J “’J,‘l])/m (wj,aj) (w37aj))®(j§JI’Y<j)M,i‘gJ)))®SROO(T)

and M. (¢) : ML (Q~,) — M. (Qp,) for B <~ is induced by (6.4).
With the above identifications, applying M to . yields the complex

(6.5) (8 M) o))/ By M0, B8 €8s Foclr)

where C}i@) is the complex (3.17) and the signs for the tensor product of the Cli{;) are given by the
complete ordering on J. Let @, . be the cokernel of the last map in (6.3)). (By convention @, , = o
if J =10.) By exactness of M/, we have an identification

(6.6) M (Qui) = (BjegMY) )5 Ry (1)

where M,.(;](J)) is the cokernel of (3.17) as defined in §3.4.2l (To see that (6.5]) is exact, note that
each tensor factor is the completion of a complex of modules over a polynomial ring. Then (6.5
is the completion of a tensor product of these complexes. The exactness of (6.5)) follows from the
exactness of completion for modules over a Noetherian ring.)

Proposition 6.1. A Serre weight F(Tv,(sw,a)) is a Jordan-Hélder factor of Q. if and only if
(wja (Zj) is the ﬁ$6d element fOT ] §‘é J and (wj7aj) € {(07 O)a (Ela 0)7 (5270)a (07 1)a (Ela ) (527 )} fOT
j € J. In this case, its multiplicity is 2#17€71a;=0}

Proof. By the exactness of M/ (—) and the fact that JH(Q, ) € W’ (p) we conclude that
Za(M5%(Qur)) = Z Qo U]maﬁgo(T)~

c€JH(Qu k)
The result now follows from the identification (6.6), Proposition and Corollary O

For each j € J let (a;,b;,¢;) € F3 be the mod p reduction of —s; *(x;). From now on we take &
J ERVER P J J

J
to be k(p, v) dof (ﬁmin(aj, bj, cj)> (see §3.4.2| for the definition of the tuple Kmin(aj, bj,¢j)).

Proposition 6.2. If {(v;) = 2#J, then the composition

(6'7) Q'YJ — @ Q'yJ = ( @ Q'YJ) — Qu,/{
L(vr)=2#J L(yg)=24J

18 injective.
Proof. 1t suffices to show that for path 8; > ~v; with ¢(8;) = 3#J, the composition of and
the natural inclusion Qg, — @, is nonzero as ), is multiplicity free and the map ©gQs, — @,
summing over all such Sy, identifies the domain with the socle of the codomain. We will show that
M (Qp,) — Méo<Qw) — M (Qy,) is nonzero.

Applying M/, to and using the above identifications yields a map

(N:J w],aj /m(wj aj) w3 a; )) ( ® I <;)M({3>)®5E;O(T)

M9 S (7)
—>(]¢J w],aj /‘B(wj,aj w],a]))®(®M g>)®sR ()
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induced by the compositions
(6.8) (Ime(j(])-)) - P I,BWMO(;) — M,iju)')
" . 1
{(BW)=2
for each j € J where the first map is the natural inclusion and the second map is the natural

projection. Similarly, the map M/ (Qs,) — M. (Q~,) is given by

( (w],a])/(’p(wj,a] (UJ; a; ))®( @ I,B(J)M(‘Z])))(gsﬁf)o (7—)

j¢J
D (9) 7) P~ ()
_>(J¢J J,a])/‘ﬁ( w;j,;5) (wwaj))®( ‘?fv »M (J))®SR (7)
The desired nonvanishing now follows from Corollary [3.27} 0

Proposition 6.3. A Serre weight F(Tv,(sw,a)) is a Jordan—Hdlder factor of soc Q. if and only
if (wj,aj) is the fized element for j ¢ J and (wj,a;) € {(0,1),(e1,1),(e2,1)} for j € J. Morever,
soc Q. 15 multiplicity free.

Proof. If (wj, a;) is the fixed element for j ¢ J and (wj,a;) € {(0,1), (1,1), (g2,1)} for j € J, then
o F(%r,(sw,a)) € JH(socQ~,) for some tuple of paths v; with ¢(v;) = 2#J. By Proposition

-, there an inclusion soc @, < soc @, so that o € JH(soc Q).

Now let § & F(%c,(sw,a)) € JH(Qux). Then (wj,a;) is the fixed element for j ¢ J and
(wj,a;) € {(0,0), (€1,0), (e2,0),(0,1), (¢1,1), (e2,1)} for j € J. Suppose that a; = 0 for some i € J
and that we have a nonzero map Py — @, . Consider a lift

Der)=247 Qs

|

P@ E— Qu,n

where the vertical map is the natural quotient map. The composition

Py — @ @y, @ (0292

Uyg)=2#J Uv)=24J
7£l>:(€k11)
where the second map is the natural projection, is nonzero for k = 1 and 2. Moreover, this

composition factors as the composition

(6.9) Py — D @ D o
t)=247 =247
D =((e,1),(w3,0)) Y =(ex,1)

as 6 is not a Jordan-Holder factor of the cokernel of the inclusion in (6.9). Let 6/ = F(Tt,(sw', a’))
where (W, a’) = (wj, a;) for all j # i and (wj, al) (e3—k,1). Then & is a Jordan-Holder factor of
the image of (| —indeed the composition of with the projection to some @, is surjective
(choosing 7 so that cosoc @, = 6, and using that Q~, is multiplicity free) and ¢’ € JH(Q,,). On

the other hand, we claim that the intersection of

a Q,

A(vg)=2#J
)=((ex,1),(w;,0))
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and the image of
0

(6.10) @ Q~, - @ Qv — @ Qs
L(vy)=2#J+1 Lvy)=24J Uvg)=24J
'YY):(Ek:l)

(where the first map in (6.10) comes from (6.3]))) does not contain ' as a Jordan-Holder factor.

Indeed, the cokernel of
S, Qqy C D Qv

) =240+ () =24
YD =((eg,1),(wi,0),(e3—k:1)) YD =((e,1),(wi,0))
does not contain ¢’ as a Jordan—Holder factor. It suffices to show that the intersection of the images
of
D Qv
U(yy)=24J+1
YD =((ex,1),(wi,0),(e3-,1))
and
0
D @
) =2#J+1
in
D
Uv)=24J
1 =(er1)
is zero. An element
(ay,)y, € @ @y, C @ Qv
yg)=2#T+1 Uv)=27J
(v9)=3, 1" =(ex,1) 7 =(ens1)

in the intersection of these images satisfies the condition a,, = 0 if fyéi) # (w4, 0) and for each 7 as

above > 5 ag, = 0 where the sum runs over 8; with B = ~0U) for all j # i and Bél) = (e3—k, 1).
These conditions imply that a., = 0 for all ;.

Thus 0’ is a Jordan—Holder factor of the image of the original map Py — @, .. We conclude that
6 is not a Jordan-Holder factor of soc @, .

Finally, the Jordan-Holder factors of soc @), appear in a composition series of @), , with mul-
tiplicity one by Proposition In particular, soc @, is multiplicity free. ([l

Proposition 6.4. The module Q,  is indecomposable.

Proof. Suppose that Q, . = Q ® Q" where @ is nonzero. Let F(Tr,(w,a)) = o C @ be a simple
submodule. Let ¢/ C @, be a simple submodule. We will show that ¢/ C @ which implies that
@' = 0 and thus that @, , is indecomposable.

For a tuple of paths §; of length 2#J, we identify (Jg, with its image in (), , using Proposition
We claim that if Qg, N Q is nonzero, then Qg, C @. Indeed, the splitting of the inclusion
Q — Q. gives a splitting of the (nonzero) map Qg, N Q — Q3,. On the other hand, Qg, is
indecomposable since cosoc (0, is simple. We conclude that Qz, N Q = Q3,.

Now there are tuples of paths ; and 7/, of length 2#J such that ¢ C @Q,, and ¢’ C Q%.
Since 0 C @, @+, N Q # 0 so that @, C @ by the previous paragraph. On the other hand,
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JH(Q~,) N JH(Q.,) contains og ey F(%x,(w,a)) where (wj,a;) is the fixed element in 3o for j ¢ J
and is (0,1) for all j € J. As op is a Jordan-Holder factor of @, , with multiplicity one by
Proposition Q,N Qvf, # 0. We conclude from the previous paragraph that ¢’ C QW/J cQ. O

6.3. Distinguished presentations and locality. We maintain the notation (and assumptions

on) p, M, v, and 7 from the last section. In particular, throughout this section p is 11-generic.

Let x(p,v) &'k be as in so that the map M((i)‘ H Mé{])) — MS(J)) is nonzero for (wj;, 1) # ,ng).
vEl
Let Diny(7) < Qunizr) and D(p) be

B Du.@

veW(n)

Remark 6.5. While the definition of Dy, ,(p) depends on a choice of tame inertial L-parameter (see
86.2), we will see a posteriori that Dy, ., (p) does not depend on this choice (see Remark [6.12]).

Proposition 6.6. (1) JH(Dw(p)) € W*(p).
(2) If o € W*(p), then o is a Jordan—Hélder factor of Dy (p) with multiplicity 3#4().
(8) The socle of Dy, (p) is multiplicity free.
Proof. follows from the fact that for each @), appearing in JH(Q,,) C W (D).
For each o = F(Tt,(w,a)) € W*(p), o € JH(Dy,(p)) if and only if for all j € 7, (—€w;» O(—1ywi——1) =
(wj(w),a) if v; = w;n; and
(wj> (Ij) € {(07 0)7 (517 0)7 (527 0)7 (07 1)7 (517 1)7 (527 1)}
if v; = (1,1,1);. In particular, there are 2#4(®) choices of v € W (1) so that ¢ € JH(Dy . (p)).
Moreover, if o appears as a Jordan-Holder factor of Dy, ., (p), then it appears with multiplicity
2#{i€J()1a;=0} " The binomial expansion of (1 + 2)#4) yields (2).
p y
follows easily from Proposition O

Recall that m denotes the maximal ideal of Ry (see § [5.1).
Proposition 6.7. For each irreducible submodule 0 C Dy, ,(p), Moo(0) ¢ MMoo(Dm . (p))-

e

Proof. Suppose that 0 = F(%t,(w,a)) is in the image of the map Q., — Dy, ,(p) for some v, of

length 2#.J. By § it suffices to show that the image of the composition M((i ) ) Mv({J)) —
J

(j() V)@ is not contained in m(J)M(() ) for all j € J. This follows from Corollary |3.27 O

We now assume that My has the form Hom‘éffg ©,) (—, M)V for a pseudocompact O[GL3(O,)]-

>~

module also denoted My, Let m = (Moo /m)Y. Then there is a natural transformation Homgy,,(0,)(—, )
(Moo (=) /m)".

Proposition 6.8. There is an injection Dy (p) < 71, Moreover, this induces an isomorphism
on socles.

Proof. First, we show that there is an injection Dy, ,(p) < 7 for each v € W (n). Recall that
soc Dy, ,,(p) is multiplicity free and has length 3% by Proposition For cardinality reasons (recall
that we can assume #F > 377 when considering minimal patching functors, see [CEGT 16, § 2.2]),
there is an element of (Moo (D 1, (p))/m)Y which is not in the kernel of any map (Meo (D o (p))/m)Y —
(Moo(o)/m)Y for any irreducible submodule o C Dy, ,(p) by Proposition This element corre-
sponds to an injective homomorphism Dy, ,(p) — =.
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Taking a direct sum of such injections gives a map Dy, (p) — 7. Any irreducible submodule
of the kernel is a submodule of Dy, ,(p) for some v € W(n) since socD (p) is multiplicity free
by Proposition . We conclude that the kernel is 0. To show that this injection induces an
isomorphism on socles, it suffices to show that the GL3(Op)-socle of 7 is isomorphic to @,cpy 750
This follows from [LLHLMD, Lemma 5.3.3]. O

Proposition 6.9. Let W be a set of Serre weights and V' C Q be an F[G]-submodule of an F[G]-
module. Then there is a unique mazimal submodule U C Q such that JHU/(V NU))NW = 0.
Moreover, V. C U.

Proof. Suppose that U, U’ C @ are maximal submodules such that JH(U/(VNU))NnW = JH(U'/(VN
U')) N W = . Then there is a surjection U/(V NU)® U /(VNU") - (U+U")/(VNn(U+UT))
from which we conclude that JH(U + U")/(V N (U +U"))) N W = (. By maximality of U and U’,
we conclude that U = U’. Moreover, maximality implies that V C U. ]

Fix injections D, (p) < @oesoc D (p)Fo for each v € W(n). Taking a direct sum gives an
injection Dy, (p) — @ ep? 7)Fo- We identify the domains with their images in ®,cyy?5) o Using
Proposition [6.9) we let Do(p) (resp. Dy, (p) for each v € W(n)) be the maximal submodule U C
Goew? ()P such that JH(U/(Dw(p) NU)) NW*(p) = 0 (resp. JH(U/(Dm,,(p) NU)) N W' (p) = 0).

Proposition 6.10. We have
Do(p)= D Dou(p)

veW(n)

Proof. Let v € W(n). Then Dy ,(p)/(Dm(p) N Do, (p)) is a quotient of Dg,(p)/(Dm,.(p) N
Dy, (p)) from which we conclude that JH(Dg,(5)/(Dwm(p) N Do, (5))) N W (p) = O and thus
that Do, (p) C Do(p). Since soc Dy (p) C soc Do, (p) C soc @pewr ) Po = Opewr ;0 and

JH(soc Do, (p)/30¢ D, (5))NW? (p) = 0, we have that soc Dy, ,,(p) = soc Dy . (5). Thus JH(soc Dg ., (p))
are pairwise disjoint for v € W(n), and the natural map

@ DOIJ —) Do( )
veW(n)
is injective.
It suffices to show that for each v € W (n), the image, denoted Dy, of the projection
Do(ﬁ) - 69cTGJH(soc Do,y(ﬁ))Pa

is contained in Dy, (p). The image of the restriction of this projection to Dy, (p) is D (p). Thus
we have submodules

Duv(p) C Doy C Soet(soc Do, (p) o
with JH(Do,y/Dm,.(p)) N W¥(p) C JH(Do(p)/Dm(p)) N W’ (p) = 0. Maximality implies that
Do,y C Do (p)- O

Theorem 6.11. There is an isomorphism 51 = Dy(p).

Proof. The inclusion Dy, (p) C Do(p) induces an isomorphism after applying M,,. Thus we get an
injection Dg(p) — 751 extending the injection Dy, (p) — 751, We can extend the map Dy(p) C
Soew?(p)Fo to a map

Ky EBOEW?(ﬁ)PU
by injectivity of P, and Proposition We claim that JH(7%1 /Dy, (5)) N W*(p) = (). Then by
maximality of Dy(p), we conclude that 751 = Dy(p).
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It suffices to prove the claim. Suppose that o € W7 (p). The multiplicity of ¢ as a Jordan—
Holder factor of 751 is dimp Homg(P,, 751) = dimp Mo (P,)/m = 3#4() by Theorem This
is precisely the multiplicity of o as a Jordan—Hoélder factor of Dy, (p) by Proposition . The
claim follows. ]

Remark 6.12. For v € W(n), the F[G]-modules Dy, ., (p) (see §6.2)), and thus the modules Dy, (p),
depend on p|r,, (to define W’(p)), v, a choice of a tame inertial L-parameter 7, and a choice of

lowest alcove presentation for p (to define k£ and to parametrize the obvious weights in W7 (p)).
However, by Proposition and Theorem Dy, (p) is an indecomposable summand of kK
which is determined by its socle and is independent of 7. By the Krull-Schmidt theorem, we
conclude that both Dp,,(p) and Do, (p) depend only on plr, , a lowest alcove presentation of

7, and v € W(n). Moreover, since 71 is independent of a lowest alcove presentation of 7 and
v € W(n), Do(p) depends only on plyg, .

6.4. Jordan—Holder factors of Dy(p). We describe the Jordan—Hélder factors of Dg(p) with
multiplicity. Fix p, v € W(n), and 7 = 7(s, p — 1) with w = w(p, 7) as in §6.2, We define a set ¥,
for each j € J. Let

def ~ —
Sy = {(@j(w — (wow;) ™' (e1 + €2)),a) | (w, a) € T}
for w; € S3 and

def

Y1), = SoU {(—€1,0),(—¢€2,0), (2¢1,0), (261 — €2,0), (262,0), (262 — £1,0) }.
Theorem 6.13. Let v € W(n). Then
JH(Do,(3)) = F(Te(s [] £y))-
JET
Moreover, if o = F(%t,(sw,a)) and
n(o)=#{je J|v;=(1,1,1)j, a; =0, and (w,a) € Lo},
then o appears in JH(Dy (7)) with multiplicity 2(7).

Proof. Fix an injective envelope

v Doy(p) = D Po.
o€JH(socDo . (p))

Let V, C P, be the Weyl submodule in the Weyl filtration in Proposition[d.4l If o € JH(socDy , (p))
and 0 T k (0 and k are linked Serre weights with s in a higher alcove), then o appears with
multiplicity one in JH(Dy,(p)) and « ¢ JH(Do,(p)) if £ 2 0. Using this, it is easy to show using
the dual Weyl filtration in Proposition and [LLHLM20, Lemma 4.2.2] that the F-dual ¢V of ¢
factors through the dual Weyl quotients VY of P,v. For a tuple a, let rad®V,’ be the image of
rad®P,v in VY.

Let J=Jw)={je€J|v;=(1,1,1);}. If i € J, we claim that rad*V,’ C ker.". It suffices to
show that the induced map

(6.11) gréi VY — D07,,(ﬁ)v/LV(rad>2iVUV)

is 0 as gr¥ V.Y is the cosocle of rad®V,Y by [LLHLM20, Lemma 4.2.2]. We first claim that the
induced map

(6.12) gr® VY = Dy(p)Y /1Y (rad>? V)
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is 0. Indeed, factors through rad Dy, . (5)Y /¢ (rad”V,Y), but JH(rad Dy, (p)" )NIJH(gr? V.Y)
() by alcove considerations. Thus, if ¥ C gr® V.Y with & € W*(p), then ¥ maps to 0 under (6.11]).
Now suppose that ¥ C gr? V.Y is a simple G-submodule with & ¢ W7(p). (For example, if
o = FTry(sw,a) with (w;,a;) = (0,1) and & = Tr,(s€,a), then (&,a;) = (—¢,1) for e = &1 or
g€9.) To show that k¥ maps to 0 under , it suffices to show that k is not a Jordan—Hélder
factor of «(Dy,(p)). Suppose otherwise. Note that  is a Jordan-Hélder factor of P, for a unique
o € JH(socDg,(p)) which we now fix. Thus, s is a Jordan-Hélder factor of «(Dg,(p)) N V.
Propositions and imply that ¢(Dm(p)) N Vs, and in particular Dy, ,(p), contains an
extension of ¢’ by o where ¢’ is the weight linked to o with alcove differing precisely at ¢ € J. This
contradicts the fact that Dy, ,(p) does not contain the extension of two simple modules in W7 (p).
To summarize, there is a surjection

(6.13) e 4 (V') rad®V,’) - Do (p)".

o€JH(socDy ., (p)) ieJ

For each o € JH(socDg,(p)), let V;/ be the quotient of V,Y/ Y., rad®V,’ by the image of the
evaluation map

@ Homg(P,v, V.Y / Z rad®V)Y) @ Ppv — VY / Z rad® V.
T7eW?(p)\JH(Dm,) ieJ ieJ

Lemma 6.14. Let 0 € JH(socDy,(p)). Then the representation V;/ is multiplicity free with
Jordan—Hélder factors k¥ where k is in F(Tr,(s [[je7Ev;)) and the distance between r and o

realizes the distance between k and JH(socDy ., (p)). Moreover, the directed graph associated to V;/
is predicted by the graph with respect to o in the sense of [LLHLM20, Definition 4.1.8].

Proof. Let W) be the quotient V.Y /3", rad® V.. Recall that W, is the restriction of a multiplicity
free representation of the algebraic group G. Call this G-module Q. Let o be F(\). If k €
JH(L(A\x)|g) for some alcove X and L(Ax)Y C gr™ @ for some n = n(X), then fix a nonzero map
kY — L(Ax)V|ag C (gr” @)|G and a lift PY — W, which we denote by ¥y. Let ¢y denote the
composition of 1x with the quotient map W,/ — V;/.

We first claim that if & appears in JH(L(Ax)|g) with multiplicity greater than 1, then )y
is 0. Indeed if k appears in JH(L(Ax)|c) with multiplicity, then if k = F(%t,(sw(k),a(x)) and
o = F(%x,(sw(o),a(0))), there exists j € J such that a(c); = 0, w(k); = w(0);, and X is alcove G
(resp. J) if a(k); = 0 (resp. a(x); = 1). Then Propositions and and Lemma[4.16|show that,
the image of ¢ x is contained in the sum of the images of PY — W, where 7 = F(Tt,(sw(7),a(7)))
runs over elements of W (p) which are adjacent to o and w(7); # w(c);. As these 7 are not in
JH(Dm . (p)), this proves the claim.

By this claim and the fact that @ is multiplicity free, we see that the various 9y span the space
Homg (P ,VZ). We next show that VZ is multiplicity free. Fix x¥ € JH(V;/). There is a partial
ordering 1 on the set of alcoves X for which v € JH(L(Ax)|g). Explicitly, if £ € JH(L(Ax)|g) N
JH(L(Ay)|g), then X 1Y if and only if for all j, X; =Y or (X;,Y;) = (C,I),(D,H),(A,G), or
(B, J). Let Xpyin denote the minimal alcove with respect to 1 for which x € JH(L(Ax, . )|c). We
claim that 1) y is a scalar multiple of @Xmin. The claim for X = X,y is clear, so we now assume that
X # Xmin. Suppose that k € JH(L(Ax)|c). If X; is alcove G or J for some j € 7, then )y = 0
by the previous claim, and we are done. Suppose now that (Xminj, X;) ¢ {(4,G),(B,J)} for any
j € J. Let Ncx C @ be the minimal G-submodule containing L(\y)" as a Jordan—Hélder factor for
any alcove Y with x € JH(L(\y)|g) and Y + X. Let N.x C Q be the minimal G-submodule that
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contains L(\y)" as a Jordan—Holder factor for any alcove Y with k € JH(L(Ay)|g), Y T X, and Y #
X. Tt is easy to see that {tby | Y 1 X} (resp. {¢by | Y 1 X,Y # X} is a basis for Homg(PY, N<x|c)
(resp. Homg(PY, N<x|c)). In particular, the space Homg(PY, N<x|a/N<x]|a) is spanned by the
image of ¥x.

We now define an alcove Z. If j ¢ A(o) let Z; = B. If Xyin; is not C or D, let Z; = A.
If j € A(o) and (Xmin,j, Xj) = (C,C) (resp. (Xminj, Xj) = (D, D)), let Z; be E (resp. F). If
(j € A(o) and) (Xmin,j» X;) = (D, H) (resp. (Xmin,j, X;) = (C, 1)), let Z; = E (resp. Z; = F).
Let 7 be a Serre weight in JH(L(Az)|a) N W7 (p) such that its distance to x realizes the distance
from x to JH(L(Az)|c) N W (p). Then there is a composition ¢ : PY — PY — W, whose image
is contained in rad™™)WY and not in rad®™)*1WY. Moreover, the image of PY is contained in
N<x|q by the dual Weyl filtration in Proposition and not contained in N _x|q by Proposition
with (X}, X?) = (E, H) or (F,I). Since 7 € W'(p) \ JH(Dmm . (p)), the composition of ¢ with
the projection to VZ is 0. We conclude that ¥y can be written as a linear combination of )y
with Y 1+ X and Y # X. The claim follows by strong induction on 1. Thus Homg (P ,V(\,/) is
spanned by @Xmin where X, is the minimal alcove with respect to 1 for which x € JH(L(Ax)|g).

In particular, VZ is multiplicity free.

Using Proposition lm with (X}, X?) = (E,C), (F,D), (E,H), and (F,I), Proposition
and Lemma ﬂ one can show that JH(V;/) C F(Tvu(s]ljes Ev;)). We will now show the
reverse inclusion F'(Tr,(s][[;c72y;)) C JH(V;/) by showing that if k € F(Tr,(s][;c7 y,)), then
VYx,.. 7 0. Suppose that & € F(Tvu(s[[;csEy;)) and ¢x . = 0. Then there is a subset of
D C W' (p) \ JH(Dr,(p)) so that ¢,

P/X%@TEDP;/%W;/

can be factored as

We assume that #D is minimal among such subsets W (p) \ JH(Dp,(p)). In particular, the
composition PY — PY — W obtained by projecting to the T-summand is nonzero for each 7 € D.
Let 7 = F(%ry(sw(7),a(r))) € D and k = F(Tr,(sw(k),a(k))). Then 7 € JH(L(Ay)|q) for some

alcove Y such that:

o Y, € {A,C,D,E,F,H,1,J}if j € A(o);

oY, c{A B,C,D}if j ¢ A(o) and w(7); € {0,e1,¢e2}; and

oY, ¢ {B,E,F}if j ¢ A(o) and w(7); € {e1 — €2,62 — €1,€1 + €2} (which implies that

a(t); = 1 and hence Y; ¢ {C,D,G}).

Lemma 6.15. We have Y; € {A,E,F} if j € A(o).

Proof. Suppose otherwise. Then Y; € {C,D,H,1,J}. If Y; = J, then, using that the composition
PY — PY — W, is nonzero, we have k € JH(L(Ax)|g) for some alcove X with X; = J and
(w(T)j,a(r)j) = (w(k)j,a(k);) (the key point being that L(X; s)|c is the socle of the Weyl module
with highest weight A; ;). Moreover we have that Xy, ; = J since w(k); ¢ {0,e1,e2}. Since
€ Wi (p), (w(r);,a(t);) € r(Xo) where as k € F(Tr,(s [ljer2y;)) and Xmin; = J (and not B)
implies that (w(k);,a(k);) & r(X0). This is a contradiction. If instead Y; € {C, D, H, I}, then there
is an extension of L(\;y;) by L();,.s) in the Weyl module with highest weight \; ; and s0 Xpin,j = Yj
or J. However, Y; = Xyin ; would imply that (w(7);,a(7);) = (w(k);,a(k);) as before which leads
to another contradiction. Thus Xyin; # Yj. In this case, (w(7);,a(7);) cannot be adjacent to
(w(k)j,a(k);). For example, if (w(o)j,a(o);) = (0,0), then (w(k)j,a(xr);) = (—e1 — €2,1) and
a(7); = 0 and w(7); = €1,€2,61 — €2, or €2 — £1. This contradicts the fact that there is a nonzero
composition P — PY — W,. O
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Lemma 6.16. If j € A(o) and Y; = E or F', then Xyinj = C or D.

Proof. Suppose that j € A(c) and Y; = E or F. Then Xinj = Yj or Xmin; € {C,D,G,H,I,J} as
in the proof of the last lemma. If X,,in ; = Yj, then as before (w(7);,a(7);) = (w(k);,a(x);) which
leads to a contradiction. If Xpnin; € {H,I,G}, then (w(7)j,a(7);) and (w(k);j,a(k);) cannot be
adjacent by an argument similar to the one in the last lemma. If Xy, ; = J, then x ¢ JH(P;) which

contradicts the existence of a nonzero map P, — PY. For example, (w(0);,a(c);) = (0,0), then
(w(k)j,a(k);) = (—e1—e2,1) and (w(k);, a(k);) = (£(e1—¢2), 1) which implies that x ¢ JH(P;). O

Lemma 6.17. If j ¢ A(o) and w(7); € {e1 —€2,62 — 1,61 + €2}, then Y; = B.

Proof. Suppose that j ¢ A(c) and w(r); € {e1 — €2,62 — e1,e1 + €2}. Suppose that Y; = E or
F. Then Xuyin; = Yj or G. If Xyinj = Yj, then (w(7)j,a(7);) = (w(k);,a(x);) which leads
to a contradiction as before. If Xyin; = G, then x ¢ JH(P;) as before which also leads to a
contradiction. O

Recall that D € W*(p) \ JH(Dy,,(p)) is a minimal subset so that 1y, . can be factored as

P! — &,epP) — W)

For each 7 € D, there is an alcove Y such that 7 € JH(L(Ay)|g). Moreover, Y; € {A, E, F'} for
each j € A(o) and Y; = B for each j ¢ A(0) with w(7); € {e1 —€2,62 —€1,€1+¢€2} by Lemmas|[6.15]
and Furthermore, since Py — W,/ factors as PY — PY — W,/ for some 7 € JH(\y/) with
Y/ =Y for j € A(o) and Y] = B for j ¢ A(o), we can and do assume without loss of generality,
after replacing each 7 by an appropriate 7/, that Y; = B for each j ¢ A(0).

Since 7 € W*(p) \ JH(Dwm . (p)), Y; = E or F for some j € A(c). For 7 € D, let m() be the
size of the nonempty set {j € A(o) | Y; = E or F'}. Suppose that 79 € D minimizes m(7p). Let
N C Q be the minimal G-submodule such that L(Ay/) € JH(N) if Y/ #Y and Y] = Bif Y; = B
and Y] € {E,F} if Y; € {E, F}. It is easy to see from the dual Weyl filtration in Proposition
and Lemma that the composition PY — W) — Q|c/N|g of 1x,,. and the quotient map is 0.
We will next show that this composition is also nonzero which yields a contradiction.

The minimality of 79 and the maximality of N imply that the composition P, — W) = Q|g —
Q|a/N]g is 0 for each 7 € D with 7 # 79. Then the composition PY — ®repPy — W) —
Qla/Nlg from before factors as the composition Py — PY — W) — Q|a/N|g. Using this
factorization, Lemma to identify (w(k);,a(k);) for each j € A(o) for which Y; = E or F,
Proposition to identify N, and Proposition with (X}, X?) = (E,H) and (F,I), we see
that the map Py — Q|a/N|a is nonzero. This is a contradiction. Hence, ¢y is nonzero. This
completes the proof that JH(V(\,/) = F(%vy(s][jc7Ey;)). Finally, the directed graph statement
follows from Proposition and Lemma [4.16 O

Let V" be Doeinsocns., (7)) VX. As the intersection (W*(5) \ JH(Dy ) NJH(Do,(p)) is empty,
we see that ¢V in ([6.13)) factors through V. Let D(\]/, , denote the quotient of v’ by the image of

P ker (Homg(Prv, V') — Homg(Prv, Do(5)")) ® Prv
TEIH(Din,v (7))

under the evaluation map. Then ¥ induces an isomorphism Dy, = Dy, (p)" by the maximality

property of Dy, (p). Let V and Dy, be the F-duals of V" and D& ., respectively. It suffices to
show that Dy, has the properties asserted in the theorem for Dy, (p).
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First, JH(V) = F(Tr,(s [I;c7%y;)) by Lemma so that JH(Dy ) C F(Tru(s[ljes %y;))- To
finish, we need to compute the multiplicity of k € F'(Tr,(s[[;c 7 Xy;)) as a Jordan-Hélder factor
of Dy,. Let N(x) denote the set of weights in JH(Dp, ) nearest to s in the metric defined in
[LLHLM20,, Definition 2.1.8]. For each element (wj,a;) of ¥, there is a unique element in the set
¥, N7(Xo) closest to it unless v; = (1,1,1), a; = 0, and w; = €1 — 2,62 — €1, Or €1 + €2 in which
case there are two closest elements. For example, if v; = (1,1,1), a; = 0, and (wj,a;) = (e1+¢2,0),
then (e1,1) and (e2,1) are the closest elements in ¥, Nr(Xo). Thus if £ = F(Tr,(sw(k),a(k)))),
the size of N (k) is then 2#/(%) where J(x) is the set of j € J such that v; = (1,1,1), a(k); = 0,
and w(k); =¢e1 — €2,62 — €1, or €1 + &2 (in fact J(k) C J).

Fix k € F(Tru(s[[jes Xy;))- Let d be the distance of  to elements in N(x). After possibly
enlarging I, for each 7 € N(k), there is map P,v — P,v such that (the induced map P,v —
P.v /rad®™1 P,y is nonzero and) for each o € JH(socDy (7)) the induced map Homg(PTv,V;/) —

Homg(P,v, V;/) is injective. (This follows from the fact that the complement of a finite set of proper
subspaces in a vector space over an infinite field is nonempty.) We fix these maps P,v — Prv. We
first claim that the induced map

Vv

(6.14) P Homg (P, V") = Homg (P, V)
TEN(kK)

is an isomorphism. It suffices to show that the map

P Homg(Prv,V,) — Homg(Pev, V)
TEN(kK)
is an isomorphism for each o € JH(socDg,(p)). It is easy to see from Lemma that if
Homg(Pev,V,)) = 0 then Homg(P,v,V,) = 0 for all 7 € N(x) and that if Homg (P, V) is
nonzero then it is one-dimensional and that Hom(;(PTv,V;/) = 0 for all but exactly one 7 € N (k).

The claim follows from the injectivity of the map Homg(PTv,VX) — Hom(;(P,{v,VZ) for each
T € N(k).
We now claim that the induced map

@ Homg(P;v, Dy ) — Homg(Pav, Dy,
TEN (k)

is an isomorphism. This will complete the proof of Theorem using the size of N(k) and
Proposition . Consider the commutative diagram

Drenm) Hom(;(PTv,VV)  — Hom(;(P,iv,Vv)

! !

@TEN(R) HOHlG(PT\/ s D(\)/’y) — HOH’IG(PHV, D(\]/,I/)

We wish to show that the bottom horizontal arrow is an isomorphism. We have shown that the
top horizontal arrow is an isomorphism. The vertical arrows are surjective by projectivity. Thus
the bottom horizontal arrow is surjective, and it remains to show its injectivity.

We first show some intermediate results. For each 7 € N(k), let V(7)¥ C V" be the direct sum
EBUV;/ over o € JH(socDy, ) such that (w(1)j,a(7);) = (w(0);,a(o);) for all j € J(x). Then one
checks that V' = Bren(m)V (7)Y, Moreover, Prv — V" factors through V(r)V. Thus we get a
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direct sum decomposition

Denin Homc,(PTv,Vv) _ Homg(PKv,VV)

(6.15) l l

®T€N(I€) HomG(PTV,V(T)\/) — @TEN(H) HomG(PH\/,V(T)v).

of the isomorphism in ((6.14]).

Lemma 6.18. The natural injection
@ ker (Homg(P.V,V(T)V) — Hom(;(P.v7 D&V)) — ker (Homg(P.V,Vv) — Homg(P.V, D&V))
TEN (k)

is an isomorphism for @ € N(k) or ¢ = k.

Proof. The kernel of the map Homg (P, ,VV) — Homg(P,', Dy,) is generated by compositions of
the form Py — PY — VY for o € JH(Dm ., (p)). If this composition is nonzero, then a(c); = 1 and
w(o); € {0,e1,e2} for each j € J(k). Then the nonzero map P — V" factors through V(7)Y for
some 7 € N (k). This completes the proof. O
Lemma 6.19. Let 7 € N(k). Then the containment
ker (Homg (P, V(7)") = Homg (P, Dy,)) C ker (Homg(P),V(7)") = Homg (P, Dy,))

s an equality.

Proof. Suppose that 1 € ker(Homg(PY,V(7)") — Homg(P), Dy,)). Then the composition 1" :
PY — PY — V(7)" can be written as a composition Py — ®; Py — ker(V(r)" — Dy,) C V(7)Y
where the sum is over ¢ € JH(Dy,,(p)). For 0 € JH(Dy,,(p)), if the restriction PY — V(7)Y is
nonzero, then its image is multiplicity free and contains 7 as a Jordan-Hoélder factor by Lemma
Thus, ¢’ can also be written as a composition P, — PY — ©, P, — ker(V(7)" — Dy,) C V(7)"

where the first map is the fixed map chosen earlier. Thus, 1 is in the kernel of Homg (P, V (7)¥)
Homg (P, Dy ).

Combining Lemmas and (and the isomorphism (6.15))), we have
ker(Homg(PY, V") — Homg(FY, Dy,,)) = P ker(Homg(PY,V(r)¥) - Homa(PY, Dy,))
TEN(K)

@ ker(Homg (P, V(7)") — Homg (P, D(\)/,y))
TEN(K)

@ ker(Homg (P, V(7)") — Homg (P, D(\)/,u))
TEN (k)

GB ker(Homg(PTv,Vv) — Homg(P), Dy,))
TEN(K)

s

I 1%

12

This completes the proof that @, . N(x) Homg(Prv, Dy,,) — Homg(Pyv, Dy ,) is an isomorphism.
]
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6.5. Global applications. We now apply the results of to obtain instances of local-global
compatibility in the mod-p Langlands correspondence for GL3. We follow the setup (and most of
the notation) of [LLHLM20, §5.3]. In particular F//FT is a CM extension which is unramified at
all finite places.

We fix a totally definite outer form H,p+ of GL3 which splits over F, and a compact open
subgroup UP < H(A?f) Given a finite smooth F[UP]-module W we have the space of mod p
algebraic automorphic forms

SUP,W) = {f+ HED\HAE:) = W flgu) =u"f(9) V g € G(AF)),u € UP}.

This space carries commuting actions of a Hecke algebra T" and H (F; ). We fix a maximal ideal
m C T"V in the support of S(UP, W) giving rise to a Galois representation 7 : G — GL3(F). We
now make the same assumptions as in [LLHLM20l §5.3], namely:

(1) pis unramified in F* and all places in F'™ above p split in F;

(2) H/p+ is quasi-split at all finite places;

(3) UP is as in [LLHLM20, §5.3, (1)-(3)] (so that UP is hyperspecial at all but one auxiliary

place);
(4) W= WE+ ®o F where WZ+ is obtained using minimally ramified types away from p;

(5) 7 satisfies the Taylor— Wiles conditions of [LLHLM18, Definition 7.3]; and

(6) if 7 is ramified at a finite place w of F' then w|p+ splits in F'.

We set 7(7) & S(U?, W)[m]. Let S, be the set of places of F™ above p. For each v € S, fix

a place w|v of F, and isomorphisms F, = F,,, H(F)) = GL3(F,) (see [LLHLM20, §5.3]). As
explained in §2.1.4fthe collection {?|GF+ }ves, gives rise to an L-homomorphism 5 : Gg, — “G(F).

def

Theorem 6.20. Let 7 : Gp — GL3(F) a continuous Galois representation satisfying items f@,
and let p the L-homomorphism corresponding to {?]GF+ tves,. We further assume that p is tame

and 11-generic. Then
(7)== Do(p)
where Do(p) is as in '

Proof. Asin [HLMl?, Theorem 5.2.1], we can and do choose a weak minimal patching functor M,

cont

of the form Homg o )(—,MQ/O)V for a pseudocompact O[GL3(O,)]-module also denoted M
3 p
satisfying Definition SO that 7(p) = (M /m)Y. The result follows now from Theorem O
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APPENDIX A. TABLES FOR MULTI-TYPE DEFORMATION RINGS

TABLE 3. The ring S and its ideals .ﬂj%m.

_ T di;(v+p) + e+ S €12 13 1 pi4(1,0,—1
ATD T (), dor(v+p)+en | di(v+p)+ca v ok TR0
d31(v +p) +ca1 d32(v+p)+c32  diz(v+p)+cas

o5 * * *
2 Ole11, 27y, €11, c12, €13, d21, €21, C22, T34, €23, d31, €31, d32, €32, €33, Th3]

W (p,T)j

€13, C23

c32 + pdsz, ¢33 + pdig
76

aBayts Ii{)voo C21, C22, C12

* 2 %
c11 —pdyy, e11 —pTdy,

Mon (br1 = brs — 1)d3sc81 + (br2 — brs — Dpdardss + pdsads, + O(p™ )

€11, €21, C22, C23

cs2 + pdsz2, csz + pdsg
Fi)

) *
afaty X c13d32 — c12ds33,

c13ds1 — c11dys + pdy das

N
c13¢31 + pcr1dag

(br,2 — br3)daiciz + (brys — by 1)ciids, — pdi das + O™ %)

Mon- p(br2 — by 3)da1dsz + (br,1 — brs + 1)cs1ds, + pdaidy, + o™

e11, c22 + pds,, c32 + pd3a, css + pdyg

70)
¢ )
aft 7@ c13dz2 — c12d33,
1 T, Voo *
c31dyy — d32c21
-
ca3d32 + pd22d33
C13C21 — C23C11

* .
c11d3z — d3zi1ci3 — pdydag

(br2 = br3)darciz + (brs — br1)errdyy + p(br 2 — by s — 1)diydsy + O(p" %)
Mon

(br,2 — brs — Deasdar + (br,1 — br2 + Deardiy + p(br,z — br3)d2idss + O™ %)

We give a presentation of O(M;T’m) when #7T = 1. Let zt, def &+ (p, 7) and define b e T(Zp)
by z;l(bgj)) = (sgryj)_l(a’(j))/(pf/ — 1), where a’) is defined with respect to (sz, u — sz(v)) €
W x X*(T) (see . For readability, we write b, c;x, etc. instead of b(Tj), cgi), etc. We assume
that p is N-deep in C, (hence p — sz(v) is (N — 2)-deep in C,). Note that DTﬁé — ML @7 (p)

(Proposition i is given by A(U;I),B — Af(,jjt)ﬁ -zt w""(p); when T is as in [(DH(IT)| Finally

(a,b,¢) 4ef - modulo @ and note that (a,b,c) = f(s;l(,uj +n;) — 2(v)) modulo w.

73
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TABLE 4. Further cases of the ideals ﬁj), Y. and 1Y)  when

7,Voo T:Valg

w*(p,7); € {Baty,t1}.

w* (p, 7);
€11, C21, €22, C23
31+ pdsi, ¢33+ pdss
ﬂ_j)
Baty ﬁ%m cidsg — c13da,
c13¢32 + pdiscia
do1(c13d32 — c12d33) — pdiydiadss
(br2 — br3)daicia + (brs — bra)cindsy — pdiydsy + O(pN 1)
Monr | (b1 — by 3)ci2ds1 + (br3 — br1)ciidsg + (brg — bro — 1)eaad}y — pdadiy + O(p™ )
e11, c21 + pda1, €31 + pda1, c32 + pds2
ﬂj)
' Ca3ds1 — daic33, ciad31 — ciidsy,
1 ﬂ%m €13C22 — €12C23, Pc13dsz + €12C33,
c22d31 + pda1dse, peizdsy + cricss,
peizder + 11623, peiader + 11622,
c13do1dss — cradaidis — c13dsidsy — casdsadly + c11d59d53 + dijcoadss + did3ocas,
c1ada1c33 — c11¢22d33 — c11d5933 — dijcaac33 — p(ci1dsodss + dijcaadss + did3scss)
(b1r — by — 1)(casdsy — casdsy) — (b1 — bar — 1)caadis + pdsadss + O(p"N 1),
(b1, — bar)(c13ds1 — cr1dis) + (bar — b3 — V)esad}y — pdiydss + O 1),
Mon- (bo,r — b3r)(c12da1 — caadfy) — (b1 — b3 r)ciidsy — pdi diy + O(PN ™),
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TABLE 5. The ring S and its ideals ﬁ%m

‘ 11 12 ci3(v+p) + €13
AT’U){E*’T(E)j do1 d§2(’l} + p) + C29 023(1} + p) + €23 B I}
d31 dza(v+p) +eza diz(v+p)? + caz(v+p) + es3

S Olx}1, c12, ¢13, €13, d21, €22, T30, C23, €23, d31, d32, C32, €33, €33, T3]
w* (ﬁ: T)j
da1, d31, c32 + pda2
j_(rj)
p €33, €33, d32, €23, C22
tuwo(n) ﬁ'{%m
Mon, (br1 — bra)ci2cas + peigdsy — (bry — brg)ersdsy + O(p™ ™)
22 + pdsy, c32 + pdza, d31
7
fun i) 70) €33, €33, d32,
ot Voo e13do1 — ea3diy, craday + pdiids,
Mon, (br2 — br1)cracas + p(bro — by — )cizdsy + (br1 — brg)ersdsy +O(pN 1)
do1, ds1, ess +pess + pPdsg
:ﬂrj)
" ) C32, €23, C22, €33 + pdg, Ca3dsa + pdiydys
wo(n)B 1o,
Mon, (br1 — br2)c1acas + peisdsy — (bry — brg)ersdsy + O™ ™)
2 7%
pdsa + c32, pca3 + €23, €33 + pess + pTdss
ﬂj)
, =) e13ds2 — c12c33 — peiadss, c23dsy — daicss — pdaidss,
womWo | 15 * * *
’ ci2dsg1 + pdsadyy, eizdar + peasdiy, ciador — c22dyy,
c13da1dzs — c13dsidsy — cosdsadly + cazdidss, e13ds1 + pessdiy + p disdiy
(br2 — br1)(c13¢20 — c12¢3) + peizdsy + (brz — br1)ersdsy + O(p™ ™),
Mon, | (brs = by1 — 1)(casdsa — cs3diy) — (bra — br1)caadis — p(brs — bra)diydis + O(p" 1),
(bra = br1 — 1)casdsy + (br3 — br2)cssdiy + p(brs — bra)didis + O™ ™)
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TABLE 6. Special fiber for the algebraic multi-type deformation ring when
TG = {afti,aBat;} or TU) = {Bati, aBat;}.

_10) djv+c11 + <L c12 c13 )
AT w*(p) d21’U + ¢ d§2’U + ¢99 Co3 . sj_ vﬂj+(1,07*1)
d31v + 31 d3ov + C39 d§3v + c33
S0) Flei1, 271, e11, ci2, €13, da1, €21, €22, T3o, €23, d31, €31, d32, €32, €33, T33]
7) some elements of I:(Fj )V
s Valg

e11, 33, €32, Ca3dsa — coadis, c13dsy — ciad3s, C23¢31, C13€31,

cisdst — ci1dis, C22Ca3, Co1C, C13C21 — C11C3, Co1d32 — Co1c31d3,
Oz,BOztl, Oéﬁtl (b — C)d21022d§3 + (—b +c+ 1)623d31d§2 + (—CL +b— 1)021d§2d§3,

(b — 0)612d21 + ZTcyp1c99 — (a — C)ClldEQ — (b — C)ngdikl dz e Fp,

(b — C)d21022d32 + 022d31d§2 + 021032(1;2 + (a —c+ 1)d;2(631d§2 — 021d32)

€11, €33, C23, C22, C21, C31C32, C13C32, C11C32, C13C31, C12C31,
c13da1dza — c1ado1d3g — c13d31da + c11d50d33,
C%Sdgldgg - 612613d31d§3 - 011013d32d§3 + C11012(d§3)27
(a — b)crzdsidsy — (a — ¢)ciadsidsg + (b — ¢)c11dsadss + (b — ¢+ 1)csed] dis,
(b — ¢)cradords) — (a — b)c13d§1 — (b — ¢)crndardsa+
+ (a — b)e11(dsidsy — darese) — ca1dsy((a — ¢)ern — (a — ¢+ 1)d7y),
7 (c1oc13da1dz1 — criciadardis) + 2 (ct dbydss — crrcisdsidyy)+
+ (b — ¢)cr2dardi 1 dss — (a — ¢)cind digdss 177" €F

afaty, Baty

, . () 6]
some elements of I{w0704/8}7va1g N I{woﬁa},Valg

€11, €33, €31C32, C23C32, C21C32, C13C32, C11C32, C23d32 — 022d§3, C23C31,

C13C31, C12€31, C22C23, C21C22, C13C22 — C12C23, C13C21 — C11C23, C12C21 — C11C22,

31dsa — carcaidsy, cizdardsy — cradoidis — cizdaidsy + cridsydis,

ydsidss — ciaci3dsidis — cricizdsadss + ciiciz(dis)?,

(b — C)d21622d§3 — (b —Cc— 1)623d31d§2 — (a —b+ 1)621d§2d§3,

(a — b)013d31d32 — (a — 0)012d31d§3 + (b — 0)011d32d§3 + (b —Cc+ 1)032d>{1d§3,

(b — c)(c12d21d31 — c11d21d32 — co2d31dyy — ca1d32dyy) + (a — b)d31(c11d33 — c13d31)+
+ (—a +c— 1)631d>{1d§3,

7 c1ada1 (c13ds1 — c11dis) + 27 cr1diy (cridss — c13ds)+
+ (b — ¢)(cr2da1 — cadiy)di1d3g + Terrcgady dag — (a — ¢)erndyydayday

In this table we give an explicit presentation of the ring S/Ir v, in some cases when #T0) =2

(see Proposition , and Lemma , and of the ideal S(j)/I{wo,aﬁ},Valg N I{wo,ﬁa},valg needed
for Lemma We have set (a, b, c) def _(Sj_l(l,bj +1n;) — (1,1,1)). It can be shown that 7 =

l(bq—aﬁ,Q—bq—aﬁ,s)(bq—u,O,3—177—“,0,1)—(b7—aﬁ,3—b7—aﬁ,1)(b7—w0,2—51—“,0,3) 5 — (bryyg,2 =07y ,3)=(brg, ,2=brg , 3)

+

p (bT'w0v27b7'w013) ’ p

bT'UJ k) 7b7"w ) - bT > 7b7' N .
(bryy,2 = bryy,3) and 27 = Crug 3 o)~ Crpa 370750 1) + (bryy.,3 = bry,,1) modulo p, but we will

P
not need this fact.
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TABLE 7. Special fiber for the algebraic multi-type deformation ring when
#70) = 2,

T,(5) 11 €12 C13V + €13 .

1) =k —1, 11;+(1,0,—1
A w*(p) d21 d;Q’U —'I_ C29 2231} + €23 . Sj /U:LLJJ'_( ,0, )
ds1 dsav + ez diqv* + ca3v + es3

SU) Flz71, ci2, c13, €13, da1, 39, €22, €23, €23, d31, d32, €32, T35, €33, €33]
7() some elements of IQ(J )V
s Valg

* *
. ; €33, €33, €32, d32, d31, d21co2, e13dar — ea3dyy, ciadar — c22dyy,
(0%
w y bw _ % _
o(1) o(m) (CL — b)(ClSCQQ — 012023) — XC12€23 + (a - 0)613d22, dz € Fp

*
es3, €32, d31, €23, C22, da1, d3ac33, ca3dza — c33d5s,

t t
wo(n)> Fuo()? Z'eszerzcas + 2 egzersdiy — (a — b)eracasdis + (a — c)ersdiydss, 32,7" € Fy

some elements of [ ) NI (7)
{two(n),two(n)a}vvalg {two(n),two(n)ﬁ}vvalg

€33, €32, d31, d3acss, c23d3z — c33d5y,

do1dsa, daica, eisdey — egsdyy, ciaday — coadyy,

5’033012023 + ?//033613662 + (a — b)d:;?, (013022 — 012023)+
— f012623d§3 + (CL — C)€13d§2d§3

In this table we give an explicit presentation of the ring S/Ir,v,,, in some cases when #Tm =2

alg

" ; () €)
(see Proposition [3.19] and Lemma [3.31)) and of the ideal I{tWO(TI)xtu,O(n)(‘}Valg N I{two(m,tu,o(mﬁ}valg

needed for Lemma 3.35l We have set (a, b, c) def —(s]._l(uj + ;) — wo(n;)). It can be shown that

— (ba,1=ba,3)(bia,1—bid,2) —(bid,1 —bia,3) (ba,1—ba,2) =1 __
T = ot ettt e 7 = S(bsa — bga — (p + 1)(bian — bia2)) and
def def

7z = %((p#» 1)(bid,1 — bid’g) — (b5,1 — bﬁyg)), where we have set bid,i = th (" ba,i = 0,
wo (7

f
and bg,; de

=

S
g ()

for readability (i € {1, 2, 3}).

Ttwg(n) P




Ki-INVARIANTS IN THE MOD p COHOMOLOGY OF U(3) ARITHMETIC MANIFOLDS 78

TABLE 8. Minimal prime ideals of S/Iry,, when #T < 4 and T\ C
{apanti, afaty, Baty, afty, t1}

(gj,a5) € 7(X0) m(Ej,ai)
(0,0) €11, €33, €32, C31, C23, C22, C21, C13, C12, Cli1
(€1,0) €11, €33, €32, €31, d31, C23, C22, C21, da21, C11
(€2,0) e11, €33, €32, d32, c31, d31, 22, €21, €12, Ci1

* *
€11, €33, €32, €31, €23, C22, C21, C13d32 — c12d33, c13d31 — c11d33,

(0,1)
c12dz1 — c11dsz, (b— ¢)daidse — (a — ¢)dz1dsy, (b—c)ciador — (a — ¢)ci1dys
(e1.1) €11, €33, €32, €31, d31, C21, C11, C13C22 — C12€23, C13d21 — C23d]y, ci2do1 — c22diy,
€1
’ (CL — C— 1)023d32 — (a —b— 1)022d§3, (a — C — 1)013d32 — (a —b— 1)012d§3
(0. 1) €11, €32, €31, €22, €21, C12, Ci1, C23d32 — €33dso, do1dsy — dg1dsg, C23d31 — daic33,
£2, * *
(a — b)013d31 + (b —C— 1)033d11, (a — b)013d21 + (b —C— 1)023d11
( D €11, €33, €32, d32, €31, €22, €13, €12, Ci1,
o — &1
’ (b —Cc— 1)623d31 + (a —b+ 1)021d§3
ei1, €33, €31, €23, €22, C21, da21, C13, Ci1,
(e1 —e2,1)

((I — 0)012d31 — (b —c—+ 1)632d>{1

We give the presentation of the minimal prime ideals for S /Igpyalg when T0) =

{apanti, apaty, Baty, afty, t1}, using the parametrization of Proposition We
def

have set (a,b,c) = —(sj_l(uj +n;) — (1,1,1)).
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TABLE 9. Minimal prime ideals of S/Iry,, when #7 < 4 and T\ C
{tuwo(m): Lo (m) @ turg () B tuw () Wo

(nj,a5) € 7(Z0) PBejan
(0,0) €33, €33, C32, €23, C23, C22, €13, C13, C12
(€1,0) €33, €32, d31, d32, €33, C22, C12, €13, €23
(€2,0) €33, €33, C32, d31, €23, C23, C22, d21, €13

€33, C32, €23, C22, €13, C12, d21C33 — C23d31,
(e1,1) do1dze — dz1d3g, c23ds2 — c33d39
(a —b+ 1)c3dsy + (b — ¢)essdiy, (a—b+ 1)cisdor + (b — ¢)cosd]y

€33, €33, C32, d31, €23, €13, C12C23 — C13C22
* *
(e2,1) ciad1 — c22dyy, c13da1 — ca3dyy
* *
((I —Cc+ 1)623(132 — (a — b)022d33, (a —c+ 1)613d32 — ((I — b)612d33

€33, C32, d31, €23, d32, c33, do1, C22,

+ea,1 >
(e1+¢2,1) (a—b)erzeas — (a — c)erzds,

We give the presentation of the minimal prime ideals for S/ Irv,, when T' @ =
{two(m)s two ()@ two () B> two ()Wo'}, using the parametrization of Proposition We

have set (a, b, c) oot —(Sj_l(uj +n;) — wO(Uj))'

APPENDIX B. IDEAL COMPUTATIONS

B.1.1. Ideal intersections in the special fiber of S(j)/lg)valg

Proof of Lemma|[3.21] We first observe that there exists 7 E T and (w',a’) € r(3g) such that both
;‘ng)a S+ Gj\{j}mw o) S and ‘}3 (0.0) S+ ej\{g}mw o) S are the pullback, via (3.8), of a
minimal prime ideal of S / IT Voo In partlcular by the explicit description of S/I; v appearing in

Tables the ring SU / I jj is equidimensional of dimension six, and has 2 minimal primes.
We prove item ( . From Table |8| one immediately checks that
(B.1)

(¢33, €32, €31, C23, €22, €21, C13d32—C12d33, C13d31 —C11d33, C12d31—C11d32, (b—C)c12do1 —(a—c)cindsy)) C 1)
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In particular, we obtain a surjection
W i)/ 7bi
(B.2) SV — U1

where we have indicated by I;’bj the left hand side of (B.1]). Moreover

S /s Fleis, day, dsy, dsa, 7y, 259, 23]
J c13((a — ¢)dz1dsy — (b — ¢)dsadar)
which is evidently reduced, equidimensional of dimension six, and has two minimal prime ideals.
We conclude by [LLHLM20, Lemma 3.6.11] that the surjection is an isomorphism, hence that
the inclusion is an equality.
The proofs of items f are analogous. O

Proof of Lemma/|5.34, The proof is analogous to that of Lemma [3.21} From Table [9] we have an
evident inclusion of ideals of SU):

(B.3) (c22, €33, C32, €33, €23, d31, (@ — b)c12ca3 — (a — c)e13dsy, do1dse, ca3dzz, daic12) C I/(\j)
hence a surjection
(B.A) SO/LP — s /1P

(where we have indicated by I/,\(j ) the left hand side of (B.3)). An direct computation shows that

S(])/I’(]) o~ FHC].Q? d?lu d327 C13, C23, x>{17 $;27 ZE§3]]
A (d21d32, c23d32, d21C12)

and the latter ring is evidently reduced, equidimensional of dimension six and has three minimal
prime ideals. U

Proof of Proposition[3.11]. In the following computations, we work in S6)/ (ﬂ] )+ fg )).
Case w*(p,7); = afayt; and w*(p,7'); = t1. This follows from the relation e;; = p?d}; coming

from f((j,bz vty and e;; = 0 coming from f}i ).
Case w*(p,7); = afaty and w*(p,7"); = t1. Using the relations coy = 0, ¢33 = —pdj; coming
from jgﬂ) oty the last listed equation in ft(i ) becomes:
(B.5) —pciadardsy + peindaydss — p(erdadss — pdiydaadss)
On the other hand the relations ¢y; = 0 and cp1 = —pds; coming from f{ijﬁ) oty and ft(f ) respec-

tively give —pciadaidis = 0, hence (B.5|) becomes peiidsydss — p(ciidsqadss — pdi dsqdss) yelding
pPdiyd3ydis = 0.

Case w*(p,7); = Bat1 and w*(p,7'); = t1. Using the relations cp2 = 0 coming from nggty the
last listed equation in j}f ) becomes:
(B.6) cradaicss — cr1dyacss — p(enndsgdss + diqdsgcss)
and, using do1c33 = cosds1, c11033 = —pcisdsy coming from f}f), equation becomes

c12¢23d31 + pdagci3dzr — pcr1daedis + didsacss)

70)

), vields p?ds; dsyds, = 0.

which, using ca3 = 0, c11d33 = c13d31 and c33 = —pd33 coming from
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Case W* (P, T)j = tuy(mB and W*(p,7')j = ty,(mwo. Multiplying by —p the relation —pdsyd;;

70)

c93d32 coming from f(] ) B and using —pca3 = eo3 coming from [ t we obtain p2d§2d§3 =

0 (m)Wo
e23dso, and the latter expression is zero in the quotient ring since es3 € 1 7Y )( N
won
Case W*(p,T);j = twyma and W*(p,7'); = tyymwo. Noting that cs3,ezz = 0 (relation coming
from A(j)( )a) and —e33 — pess = p?diy (relation coming from A(J)( )wo) we obtain pd; = 0.

Case w*(p,7); =t

70)
modulo ;" )

wo(n) and W*(p,7")j = tyomwo. It is exactly as above noticing that c33, e33 = 0

The cases where both @w*(p, 7);, w*(p,7’); have length at least 2 are much easier, and give the

~(J) +1 A(J).

stronger result p € I (For instance, if w*(p,T); = twy@m) and W*(p,7'); = by, then

c22 = 0 and cg2 = —pd3,, relations coming from j}i i(n and 1V )< ) respectively.) O

«

B.1.2. Ideal intersections for S(j)/lg)valg', w(p,7); = t1. In this section we work in the ring S’(j)/Ig)valg.
By abuse of notation we will consider SU) to be the ring Flc11, 71, 12, €13, da1, c22, 5y, c23, d31, d32, €33, T35] s
and Iﬁ?)valg, Pwa) (forw € {0,e1,62}, a € {0,1}) ideals of Fle11, 27y, c12, €13, da1, €22, T3, €23, d31, d32, €33, 233]-
(In other words, we abuse notation and “neglect the variables ej1, co1, ¢31,¢32”).

We now remark that the assignement ¢; ; — c(132)(s),(132)(j)> @ = ¢+ 1, b+ a, ¢ — b induces an

automorphism of F-algebras on SU) /1 g)Valg’ which moreover sends P g o) to B, 0) (resp. Po,1) to

Beo1))r Bles,0) 10 Boey0) (esp. Boey 1) to P, 1)) and P, o) to Poo,oy (resp. Pz, 1y to Boo,1))-

Proof of Lemma[3.25. By the remark at the beginning of it is enough to prove the statements
for the ideals I, with £(y) =2, v = (€2, 1), and for Ig, ¢(8) =3, 53 = (0,1).
The ideal 1g, ¢(B) =3, P3 = (0,1). A direct inspection of Table [§| gives an inclusion

() €) ) ()
i € B VBl o) NPl VBl o) aPULI
Thus, we have a surjection
j ©) () ©) )
(B'7) S(])/(Clla IT{Valg) - S(j /(g‘p( 0,0) N ‘43 (€2,0) N %(22,1) N ‘Bého) N m(il,l))
and a direct computation using Table |4] gives

j )\ ~ Fleiz, c13, o3, doi, dsi, ds2, 27y, @55, 23]
S /(e hé?%alg) ~ 2 11> T22, T33

where J is the ideal generated by

c12d31, c12(ca3d]; — daicis), dzi((b— ¢ — 1)casd]; + (a — b)daic13),
a—b—1
b—c—1

(a—c—1) <023d32d’{1 +

d3a(co3diy — daicis) + c13d31ds9,

a—2b %
m613d31d§2> - ((Z —b— 1)012d21d33
The latter ring is reduced (since the initial ideal of J is generated by squarefree monomial, as it can

be checked by considering a suitable Groebner basis) and has 5 minimal primes each of dimension
6. Thus, by [LLHLM20, Lemma 3.6.11], the surjection (B.7)) is an isomorphism.
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Case v = ((g2,1), (€2,0)). A direct inspection of Table [§] gives an inclusion
(B.8) (c22,c11, (a — b)epzdar + (b — ¢ — 1)cosdyy) C ‘B(O 0) N ‘,B(El 0N ‘43 (e2,1)

~
d:efJ

Thus, we have a surjection
(B.9) SO/ +19 )~ 8D/ B o ) )

and a direct computation gives

ST +1Y) )= Fleiz, 13, do1, dsy, dsg, 21y, 259, 235]
alg c13(dz1dsy — dzadat), craday, c12d31
The latter ring is reduced, equidimensional of dimension 6 and has 3 minimal primes, and hence,
by [LLHLM20, Lemma 3.6.11], the surjection is an isomorphism. We conclude that is
an equality.

We now prove the assertion on the minimal number of generators. First of all we note that
c11 € (22, (b— ¢ — 1)easdiy + (a — b)(ci3d21)). Indeed working modulo the three equations in row
Mon, (for w*(p,7) = t1) in Table {4 for any 1 < i < j < 3 we can express ¢;jdj; as a linear
combination of ciid*j and cj;d};, so that the equation in line 5 of row ﬁj ) (the “determinant”
equation) in Table 4| becomes

f d:ef(a —b)(b—c)(a—c—1)c13dardsa — (a — ¢)(a — b)(a — ¢ — 1)c11d5odas+
(b= )a—c—1)(b— e~ Desadipdiy — (a—b—1)(a~ )b~ cendirdiy € I,
and, on the other hand,

a

—b «
_C_lcl3d21) + l‘fdllMonr,l =f

b
—b—c—1(b—0c),y X —(a—b-1)(b—c)a—c—1)

wer1dyedss + yeoadydiz + zd3o <C23dT1 +

where z & b—c—1)(b—c)la—c—1), K o
and z & — (a—c)la—Db)(a—c—1). B
Hence I, = (ca2, (b — ¢ — 1)casdf; + (a — b)(c13d21)) and we now prove that /., has dimension

2. We first note that ¢ao # 0, as co2 ¢ mg() - (J + L y%alg) (alternatively, one can check on the

explicit equations of Table {4 that cgo # 0 in SU)/ (m%m +1I g)valg)). Now, if we have a relation of the

form ¢y2 + K/(a — b)cizdar + (b — ¢ — 1)casd]y) in I, for some £’ € F* this would imply that the
natural inclusion (cp2) C I, induces an isomorphism of 1-dimensional F-vector spaces, and hence
that (ca2) C I, is in fact an equality. This is impossible since we have proved above in the case

¢(B) = 3 that there are 5 minimal prime ideals of S7) /T g%alg above (cg2), while there are 3 minimal

prime ideals above I, (by definition of I,). O

Lemma B.1. We have the following equalities in S\ / Tvalg

(1) ( )011d22d33 (% gig) 11C22d33 — c13(d3yd31 — da1ds2) = 0;

(2) (b— c)d’{lcgg + (a — ¢)enndsy — (b — ¢)c1ador = 0;

(3) (a )Clld22d33 (%)dncmdgg (b; ; )d11023d52 + da1dzzc13 = 0
(4) (CJrl a)c33d 1d39 — ( c+b)d33011d22 ds2(di co3 — c13d21) = 0;

(5) (a —b)disci1 + (¢ + 1 —b)essdi; — (a — b)dsici13 = 0

(6) — (52 essdy dsy — (2525 ) disenndsy + (c+1 LY ds,ciadar + digdaress = 0.
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Proof. By the remark at the beginning of §B.1.2it is enough to prove the statements for items (1)),

and .

Let Mon; 1, Mon; 2, Mon 3 denote the mod p-reduction of the first, second and third equations
in row Mon, of Table 4l In particular, item is Mon 3.

Item i
di;(casdsa — c33d3y) = ci3daidsy — cradoidss — ci3daidag + cr1d5od3s + dicoadss

a—c)

o ( .
ciado1 = dyic22 + mclldzg

(the first relation comes from the sixth equation in row 1Y in Table 4] and the second relation
from Mon; 3).
As for item we proceed as follows: using the relation

dyo(c13d31 — ci11d33) = ci3dardsay — cradoidss — cagdaad]) + c33dsydl| + di coad3s

(coming from the sixth equation in row I A(J ) in Table |4) we can write

df, —
0= —22 Mon o
a—>b ’

b—c—1

* *
b dyydaycss.

(B.10) = c13da1ds2 — c1ada1d3s — cozdsady + di d5oc33 + dicoadis +

Using now the relations

a—0b—
d39c33 = co3d32 — E@ - 302261?,3
(
(

a—c)
b_ )Clld22

ciada1 = dijcon +
(coming from Mon,; and Mon, 3 respectively) we replace solve ¢33 and c1adz; in (B.10), obtaining
the LHS of item . ]

B.1.3. Justification for Table[fl The justification is a direct computation, performed by exhibiting
7(9) def 704) AW 7 def 705) AW ), and

elements in [ (100,08}, V aig TwO,Valg ma Valg {wo,80},Vag ’TwO,Valg TBayvalg
taking their mod-w reduction.
We mention that these computation can ultimately be checked by exhibiting a Groebner basis

709) 70) 7U)
for the ideals I/ J Vg’ 1 Ti 5.Vl and [ T; 0 Valg

c12 > c13 > doy > Co1 > C92 > Co3 > 31 > d31 > d3o > c39 > 633), and give full detail for the most
complicated equations (namely, those involving the structure constants from the monodromy).

(resp. in [

(for the monomial ordering on S0) given by c11 >

def . def
Study of ﬂi}) B}, Vg Aii)oyalg Aii)&valg. We claim that the element f = (b, ;2—br,;3)d21c20d53—

(brog,2 = brog,3 — 1)casdsidsy + (br, 5,2 — brop1 — 1)e21dszds, (whose mod w-reduction gives the el-
ement in the third line of row afaty, aft; in Table@) is in ltgv)o TR Indeed, on the one hand
- - b b a. g

€21, C22, ca3 all belong to ﬂj)

o Valg? and on the other hand
f = (co2 + pdsy)(broy2 — brs.3)d33d21 — diy(Mon,, , o)

where Mon;_, o denotes the second equation in row (aBty, I A(] ) ,MonT) in Table
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In a similar fashion, we have the equality

dord
((bTwO,Q — bTw073) 21* 32 + ds1)ca2 + ((bTwO7 — bTw071 — 14 p)dsa + c32)co1 + M0n7w0,2 =
22

da1d32

22

= ((bruy,2 = b1y ,3) + d31)(c22 + pd3g) + (bry,,3 — bryy,1 — 1)(c21ds2 — c31d3,) + c21(cs2 + pds2)

hence obtaining an element in j}fu)o 0B}V which reduces modulo p to the last equation in row
) » Valg

(afaty, afty) of Table @
Finally, we check that

(B.11) co2(zenr +ydiy) + 2Mony, 1 = (c22 + pd3y)(wern + ydip) + Mony,, 1

where
def (bTaB 2= bTQB 3)
7 = ofs bl
(bTwO 2 bTwO )
def (brog.2=bry5.3)
1- (bTo‘ﬁ’Q - bTo‘ﬂ’?’) - (bTw() 2= b"wo )7
def 1 (0ry5,2=0745,3) (bruwg 3 =brwg 1) =(bry 5,307 5,1) (brusg ,2=bruy 3)
- p (b‘rwo,Q bTwO 5)

(note that x,y,z € Z, by the genericity assumption on p; +7; and fact that b, ,; = b, ; for i =

Tw( s

1,2,3) and Where Mony,, 1 (resp. Mon,,, 1) denotes the first equation in row (aBaty, I Aij)v , Mon,)

(resp. (aﬁtl, . V ,Mon,)) in Table Observing that z =1 and y = —(b — ¢) modulo p, equation
(B.11)) justifies the fourth line in row (afati, aft;) of Table @

The computations for the elements in the first two lines in row afat;, a5t are easier (only involv-

ing finite height equations). For instance the element ca3dss —caad3s is evidently in I gﬂ) B}, Varg since

on the one hand c99, co3 € ﬁi)o’valg and on the other hand coa+pd3s, ca3d3a+pdisds, € jtii)mvalg. O
Study of f(j nI1v . We explicitly construct elements in v n1v and compute

alg Tﬁavv lg Tw07valg T/ia7V lg

their mod p—reductlons
The elements

(B.12) (brga,2 = brgo 3 + 1)di1d3s(c32 + pds2) + (bry, 1 — bry, 3)d31(c13d32 — c12d3s)+
+ (brga,3 = brga,2)d32(c13d31 — c11d33 + pdi1dss)
and
(B.13) d32(brg, 1 — bry, 2)(c13d31 — c11d33) — d3zsMony, o
are equal, and, by direct inspection of the finite height equations in Table (3], equation defines

an element in I A(J ) o Vi and equation (B.13] - defines an element in 7V

TBasValg
mod p to the fourth hne of row afaty, faty of Table @
Lot 2/ % bruwg 1 —Drwg 2HP(Brig 1 by ,3)

Tp
(B.14)
diyd3g(Mongga,2) + ' cr1dardis(cs2 + pdsa) + (br, 2 — br,, 3)d21d31(c13d32 — crad3z)+
+ (x’d31d§2 + (Dryy 1 = bryy 3)ca1d30 — (bry 2 — bmo,3)d21d32> (013d31 —cndsz + pdT1d§3)+
— (bryy,1 = bryy 3)ds1d55(c13¢31 + perndss)

. This equation reduces

. A direct computation shows that the expressions
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and
(B.15)

((brwo,l —bryy3) (P —c11) + (bryy,1 = bryy 3 + 1)) (31 + pd31)di dsad3s+

+ (x'(d31d§2 —daic3z) — (bry,,2 — bry 3 + p$/)d21d32) (c13¢31 — cndis)+
+ &'da1dzi (c13c32 + peradss) + (br,, 2 — br,, 3 + P2 )d31(c13dardza — cradardis — pdiydsadss)

are equal, and, as above, equation (B.14]) defines an element in ﬁi)mvalg and (B.15)) defines an
7(5)

element in [ T Valg” The mod p-reduction of such element justifies the equation in the fifth line of

row afaty, Baty of Table 61
Finally, let
/ d:ef (bTw0,2 - bTw073) - (bTﬁouQ - bT,Ba73)
p
Z// def (bTw073 - bTwoyl) - (bTﬁaag - bTﬁavl)
p

z

+ (bTwO,Z - b‘rwo,?))

+ (brug,3 = brug,1)-
Again, a direct computation shows that
(#'cradar + 2" cr1d3y — pdindss)(c1zdsy — cridis + pdiydss) — (p + 1)di d53(Mony, 1) =

= (Z'c12do1 + 2" c11d3y — pdi1dsy) (c13dsy — ci1d3s) — dipd3z(Mony,, 1)

which, similarly as in the previous cases, defines an element in ﬁi )0 Vg N fgj l Vg whose mod
p-reduction justifies the last equation in row afBat, Bat; of Table @ O

Last row of Table[f. This is almost immediate by direct comparison between row (aBaty, aft;)
and row (afBaty,aft;). For instance, the last element in the last row can be written as

(B.16)
(flclgdgl — E’lclldzg)(clgdgl — 011d§3) + ( T1d§3) ((b — C)(Clgdzl — ngdh) —+ Tcr1c92 — ((L — C)Clldyfl)
which is clearly in the ideal Igﬂ)o 0B}V since the second parenthetical term in each summand of
) » Valg
(B.16)) appears in row (afBat1,af). On the other hand, (B.16) can be also written as
E/(012613d21d31 — 011012d21d§3) + z/l(cild%d;ﬁ — Cllclgdgldfl) + (b — 6)012d21dT1d§3 — (a — C)Clld)fld%d;g—{—
+ oo = (b= )iy dsadis + Tendiy dis)
which lies in Igﬂ)o 50}, Va1 since it is a linear combination of the last equation in row (afaty,af3)
) » Valg ES
and cg2 which appears in the first line of row (afat;, af3). O

B.1.4. Justification for Table[7 As for Table[6] the justification is a direct computation (cf. §B.1.3).

. def def def e,
For i € {1,2,3} we set biq; < thwO(n) is bai = thwo(n)o"i and bg; = thwo(n)ﬁ’i for readability in what
follows.
7) 70) def bo,1—ba2  def
Study of ITtwO(Wvalg N I‘rtwom)a»valg' Define z = B has Y = ba,2 — ba,1 — 1+ 2z and

1
T = E(ba,l — ba,3 — 2(bia,1 — bia3))
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(note that z € Z;, as biq,1 — biq.2 # 0 mod p and that x € Zy, as ba,1 — ba,3 — 2(biq;1 — bia,3) = 0 mod
p). A direct computation shows that the expressions

dTl(:ECmng + yci3con + ZMOHtwO(m)

and
zeys(ciadar + pdidsy) — xeia(e1sdar — easdl;) + ydiciz(caz + pdsy) — dﬁMOtho(n)a

are equal (where we denoted by Mon;, .~ and Mon,, the last equation in row ., and £,,(

70) 7()
ITt »val m ITt 5
wq (1) g wo (n)a

a of Table m

(0%

o(mQ n)

respectively). These expressions define an element in the intersection

0(m)
Valg’

whose mod p reduction explains the second line in row t., (), two(n)

Study of .}g) n 1Y . Define

wo(n)’Valg Ttwo(n)B’Valg

!/

2= —(bg1 —bg2— (p+1)(bia,1 — bia2))

1
p
1

(note that 2z’ and 2" are elements of Z, as bz 1 —bg j — (p+1)(big,1 —biaj) = 0 mod p for j € {2,3}).
Again a direct computation shows that the expressions

(2" e13d5y — peigdsy + 2 cracas)css — (p+ 1)dzsMony,,
and
(Z”€13d§2 — p013d32 + 2/612623)(033 + pd;ﬁ,g) — d§3M0ntw0(n>/5

are equal (where again we denoted by Montwo ) and Montwo(n) s the last equation in row .,

j(Tj )

(n
and t,,, (3 respectively). These expressions define an element in the intersection
7

Tty ()8

w (1) Valg

Vg’ whose mod p reduction explains the second line in 10w &, (), twg ()8 Of Table O

Last row of Table[7. As for Last row of Table |§|this is a direct check (which we leave to the reader)
by comparison between row (s tuwg(n) @ and TOW (ty ()5 twy () 3) of Table O

B.15. Computations on TorS™ (F, (§0) /ﬂT];)valg) ® F). We provide details for the computations

of the maps between various Torf<j)(IE‘, (§(j) / 1253 )valg) ® F) appearing in the proofs of Lemmas
13.29] 13.31, |3‘33,| and [3.35] In the following computation, given an ideal I C SU) we write ele-
ments of Tor} (”(F, SU/I) in terms of generators of I, by virtue of the canonical isomorphism

Tor$” (F, SO /1) 2 I/ (mg - I).

Complements in the proof of Lemmal|3.29. We need to prove that the union of the images of the
canonical maps

(B.17) Tor; (F, (V) /@Qwalg n ﬂiﬁ,valg)) ® F) — Tor (F, (5/?1117%) ®TF)
(B.18) Tory (F, (SV/(I2) o 01 o ) @F) = Tor(F,(S/IY) o ) @F)
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70)

Twq Voo

generates a spanning set for Tor (F, (S / ) @ F), e.g. using Table the set given by the

images of the elements

€21, €22, €23, €32, €33
* *
c13d32 — c12dss, c13d31 — c11dzs, c13¢31
*
(b — C)Cgldu + (C — a)611d22, c31
def

(where (a,b,c) = sj_l(,uj + ;) — (1,1,1) = br,, modulo w). We immediately see from row

aﬁatl, aﬁtl in Table @ that the elements C32,C33,C13C31, 013d32 — 612d§3 are in the image of " .
Similarly the elements ca1, co2, co3 are in the image of (B.18)).
Writing
dyo(c13d31 — ci1d33) = ci3daidsa — cradoidss — ci3dzidag + c11d39d3s —do1 (c13d3a — ci12d33)
e imagetf € image of

we conclude that cjzds; — c11d35 is in the F-span of the union of the images of (B.17),(B.18).
Similarly,

(b — 6)621d12 + (C — a)cnd§2 = (b — 6)612d21 + xcr1692 — (CL — C)Clldzg — (b — C)CQQdTl +

€ image of (B.17)

— (ECH — (b — C)dil) C22

€ image of (B.18)

so that (b — ¢)co1dia + (¢ — a)ci1d3s is in the F-span of the union of the images of (B.17)),(B.18).
Finally, note that 622<d21d32),022(d21032),022(d31d§2),021 (d32d§2) € I(]) Vatg mg(;) SO that the

Twq s

last equation in row afat;, aft; in Table |§| is sent by the map (B.17)) to (a — ¢ + 1)cg1(d3,)? and
in particular ¢3; is in the image of the map (B.17). O

Complements in the proof of Lemma|3.31 The argumen is similar to that for Lemma Con-
sider the natural maps

g - o~
(B.19) Tory (F, (S/ (ITatwo(n) Voo ITtwo(n)’

(B.20) Tor{(F, (S/ (I,

Ve)) ® F) = Tor} (F, (S/I,
)) ® F) — Tor{ (F, (g/fnw

Voo) ®F)
)R TF).

o(n)’

NI
wo(n)vvoo T,Btw()(n)yvoo o(n) Voo

A spanning set for Tor{ (F, (S /I, iy Voo )®TF) (using Table|5)) is given by the images of the elements
wQ

do1, d32, c32, €33, ¢33, d31, €23, C22

(CL — 0)613d§2 — (a — b)012023.

We immediately see from row f.,(;); twy (@ in Table m that the elements dso, c32, €33, c33, d31, are

in the image of (B.19), and, from row Z,,(5), tw,(y) 5, that the element dy; is in the image of (B.20)).

Moreover, noting that ciada1, e13da1, c13¢22, c12€23 € Mg(j) -Ig) oy Vais we conclude that (B.19)
wo n)? a.

maps the elements c1ado; —ngdﬁ, e13do1 _623d11 and (a—b) (013022 —612623) —56126234-((1—0)61361;2
to caadiy, ea3d]; and (a — c)eizdse — (@ — b)c1aca3 respectively. O
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Complements in the proof of Lemma|3.33 We check that the union of the images of the canonical
maps

B2 Torf (R.8/(1Y) 0, 0T ) N T o, 0T o)) — Torf (5719
(B.22) Tor} (F, S/ (ﬁﬁvalg,p)) — Tor? (F, S/I/(\j))

generates a spanning set for the target, i.e. by Lemma the set given by the image of the
elements c33, d3aca3 — c22d33, €22, C11d35 — c13d31 Of I/(\J). From the last row of Table |6| we immediately
see that the elements ¢33, d3aca3 — c22d34 are in the image of the map (B.21)). Moreover, by Table
the image of the map (B.22)) contains the elements
(a — C— 1)(623d32 — 633d§2) — (CL —b— 1)022d§3
(a —b)(c13d31 — c11dig) + (b — ¢ — 1)cssd]y.
In particular, as a — b # 0 # b — ¢, the union of the images of (B.21)),(B.22)) contains the elements
613d31 — Cnd;g and C292. O

Complements in the proof of Lemma[3.35 We check that the union of the images of the canonical
maps

(B.23)

Torf” (7,59 /(IY o 019 o p) 0T, w0l aip) = Torf” (F,80/19)
wo () wo(n) wo(n wo ()

(B.24) Tor" (F, (S/ Iy, up.ve) ©F) = Tor{ " (B, 59/17)

is a spanning set for the target. By Lemma [3.32] a spanning set for the target is given by

(B.25) 32, €33, d31, d21d32,

(B.26) ea3, (a — b)ciacas — (a — ¢)ersdssy, 33

(B.27) ca3ds2, €22, C12d21.

By the last row in Table m the elements in (B.25)) are immediately checked to be in the image of

(B.23). By row t,,(;wo in Table and noting further that ci3c22, c13d31 € mg() I/(\J) we immediately
see that the elements in (B.26]) are in the image of .

We now consider the elements in . As ca3dsg — c33d3, is in the image of by the last
row of Table [7] we conclude from the above that ca3dss is in the linear span of the union of the
images of (B.23) and (B.24). Moreover, as (¢ — a — 1)(casdsz — c33dsy) + (a — b)caadis is in the
image of (B.23)) by row ¢,,,,wo in Table |5 we conclude by the above ¢ is also in the linear span
of the union of the images of and (B.24)). Finally, as cioda; — co2d] is in the image of
by the last row of Table m we conclude from the above that ciods; is also in the linear span of the

union of the images of (B.23]) and (B.24]). O
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