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Abstract. Let F/F+ be a CM extension and H/F+ a definite unitary group in three variables that
splits over F . We describe Hecke isotypic components of mod p algebraic modular forms on H at
first principal congruence level at p and “minimal” level away from p in terms of the restrictions of
the associated Galois representation to decomposition groups at p when these restrictions are tame
and sufficiently generic. This confirms an expectation of local-global compatibility in the mod p
Langlands program. To prove our result, we develop a local model theory for multitype deformation
rings and new methods to work with patched modules that are not free over their scheme-theoretic
support.
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1. Introduction

1.1. The main result. In this paper, we describe some Hecke isotypic components of spaces of
algebraic modular forms at first principal congruence level for definite unitary groups in three
variables. We begin by motivating this problem. Let p be a prime and F/Fp be a (sufficiently
large) finite extension. Let F/F+ be a CM extension for which p is inert in F+ and splits in F .
Let n be a positive integer and H/F+ be an outer form of GLn which splits over F and is definite

at infinity i.e. H(F+⊗QR) is compact. Let Up ⊂ H(A∞p
F+) be a compact open subgroup. We define

a space of mod p modular forms

S(Up,F) def
= {f : H(F+)\H(A∞

F+)/U
p → F locally constant}

at infinite level at p. This has a faithful action of a Hecke algebra T = F[T (j)
ṽ ]1≤j≤n,v∈P over F at

“good places” v ∈ P where P is a cofinite subset of the places of F+ that split in F (the indexing
of the Hecke operators depends on a choice of a place ṽ of F lying over v). The ring T is semilocal,
and for a homomorphism α : T → F with kernel m there is a continuous semisimple representation
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r : GF → GLn(F) whose conjugacy class is characterized by the equations

det(xIn − r(Frobṽ)) =

n∑
i=0

(−1)i(Nṽ)(
i
2)α(T

(j)
ṽ )xn−i

for each v ∈ P (see [CHT08, Proposition 3.4.2]). Suppose from now on that r is irreducible.
Motivated by the (classical) local Langlands correspondence and local-global compatibility, there
is the following central conjecture in the mod p Langlands program.

Conjecture 1.1. For a finite extension K/Qp, there is an injection

LLC : {GK → GLn(F)}/∼= ↪−→ {finite length smooth admissible GLn(K)-representations/F}/∼=
such that for a place w|p of F , S(Up,F)[m] ∼= LLC(r|GFw

)⊕d as H(F+
p ) ∼= GLn(Fw)-representations

for some positive integer d = d(Up).

This injection should be the atom with which one builds a deformation theoretic p-adic local
Langlands correspondence that mediates Langlands reciprocity in p-adic families. Such an injection
has been constructed for n = 2 and K = Qp, but the situation appears to be substantially more
complicated if n > 2 or K ̸= Qp. One reason is that there does not seem to be a simple classification
of irreducible smooth admissible GLn(K)-representations, not to mention a (conjectural) local
characterization of LLC or a simple (conjectural) description of the image of LLC. Given these
difficulties, it is natural to study the space S(Up,F)[m] directly.

At present, the strongest evidence towards Conjecture 1.1 is a description of the constituents
of the GLn(OFw)-socle of S(Up,F)[m] when r is tamely ramified and sufficiently generic at p

[LLHLM23]. When n = 2, there is stronger evidence—the invariants of π(r)
def
= S(Up,F)[m]

under the pro-p Iwahori and first principal congruence subgroups can be described in terms of
r|GFw

[EGS15, HW18, LMS22, Le] when r|GFw
is sufficiently generic, r satisfies a Taylor–Wiles

hypothesis, and Up is “minimal” (in particular, this implies d = 1). There are a number of reasons
to single out these two compact open subgroups, even for general n. First, they are pro-p sub-
groups so that their invariants are necessarily nonzero. Second, their normalizers jointly generate
the group GLn(Fw) which is a central feature in the theory of coefficient systems on buildings
[SS97, Pas04, BP12]. Finally, it is expected that the invariants under the first principal subgroup

U(p)
def
= ker(GLn(OFw) → GLn(kw)) generate π(r) (this is known for n = 2 and r|GFw

sufficiently

generic by [HW22, Theorem 1.6] and [BHH+21, Theorem 1.3.8]). Far less is known when n > 2,
and current evidence suggests that the situation is very complicated. When n = 3 and the level
is “minimal”, the authors and Levin described the invariants of π(r) under the pro-p Iwahori sub-
group in terms of r|GFw

when this representation is sufficiently generic [LLHLM20, LLHLMb]. In
this paper, we build on these results to describe the invariants of π(r) under the first principal
congruence subgroup U(p) when n = 3 and r is sufficiently generic and tamely ramified at p.

Theorem 1.1 (Theorem 6.20). Suppose that n = 3. Moreover, suppose that
• r satisfies a Taylor–Wiles hypothesis;
• r is tamely ramified and sufficiently generic at p; and
• Up is “minimal”.

Then the GL3(kw)-representation π(r)
U(p) is uniquely determined by r|GFw

.

Remark 1.2. (1) In fact, we show that π(r)U(p) is uniquely determined by the restriction r|IFw

to the inertial subgroup. We also explicitly determine the semisimplification of π(r)U(p)

(see Theorem 6.13).
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(2) The assumption that p is inert in F+ can be replaced by an assumption that p is unramified
in F+.

(3) It seems likely that one could remove the hypothesis that r is tamely ramified at p by
breaking the problem into cases based on the set of extremal weights [LLHLMb, LLHLMa].

(4) In stark contrast to n = 2, many constituents of socπ(r)U(p) reappear beyond the socle.
Theorem 6.20 thus has the flavor of characterizing a specific point in a (continuous) moduli
of representations with the same discrete invariants. This does not seem to have been
previously anticipated in the literature, even though the appearance of constituents of
socπ(r)U(p) beyond the socle was expected by F. Herzig (private communication).

[BHH+21] gives a number of refinements of Conjecture 1.1 and proves some of these when n = 2
in part by using results on invariants of π(r). We expect that Theorem 1.1 will have similar
applications, and we hope to return to this in future work.

1.2. Methods. The proof of Theorem 1.1 can be broken into three steps. Let n = 3 and Up

and r be as in Theorem 1.1. Let ρ
def
= r|GFw

. It was shown in [LLHLM20] that the GL3(OFw)-

socle of π(r) is ⊕σ∈W ?(ρ)σ where W ?(ρ) is an explicit set of irreducible GL3(OFw)-representations

over F (equivalently irreducible GL3(kw)-representations) predicted in [Her09, GHS18]. First one

calculates the dimension of HomGL3(kw)(Pσ, π(r)
U(p)) for each σ ∈ W ?(ρ) where Pσ denotes a

GL3(kw)-projective cover of σ. This gives the multiplicity of each σ ∈ W ?(ρ) as a Jordan–Hölder

factor of π(r)U(p). Next, we construct a certain GL3(kw)-representation Dm depending on r|IFw

such that JH(Dm) = W ?(ρ), Dm injects into π(r)U(p), and both π(r)U(p) and Dm contain each
σ ∈W ?(ρ) as a Jordan–Hölder factor with the same multiplicity. Finally, a simple argument shows

that π(r)U(p) is the unique maximal representation containing Dm such that they have the same
GL3(kw)-socle and contain each σ ∈W ?(ρ) as a Jordan–Hölder factor with the same multiplicity.

The most difficult step is calculating the dimensions of the multiplicity spaces HomGL3(kw)(Pσ, π(r)
U(p))

for σ ∈ W ?(ρ). The basic idea, going back to Taylor and Wiles, is to replace the dual of π(r)U(p)

with a spaceM∞ (we caution that this is slightly different than the meaning ofM∞ later in the text)
obtained by taking truncated Witt vectors as coefficients, adding auxiliary level (at Taylor–Wiles
places), and then taking a noncanonical limit. This object, and more generally its multiplicity
spaces (the “patched modules”), are maximal Cohen–Macaulay modules over local Galois defor-
mation spaces with p-adic Hodge theory conditions. While these objects are very non-canonical,
taking fiber at the closed point recovers their original versions. Thus, dimensions of mod p mul-
tiplicity spaces can be computed as minimal number of generators of patched modules. Diamond
and Fujiwara observed that when a patched module is supported over a local deformation space
that happens to be regular, then it is free by theorems of Serre and Auslander–Buchsbaum. This
shows a mod p multiplicity agrees with a characteristic 0 multiplicity, which are often known by
automorphic methods. In [EGS15], Emerton, Gee and Savitt pioneered methods for studying mod
p multiplicity questions when the relevant deformation spaces are not regular by taking advantage

of the fact thatM∞ is a projectiveW (F)[GL3(kw)]-module i.e.M∞(−)
def
= HomGL3(kw)(M∞, (−)∨)∨

defines an exact functor where (−)∨ denotes Pontrjagin duality. This implies:
(1) (Nakayama gluing) If V ⊂ W are W (F)[GL3(kw)]-modules such that M∞(V ) ⊂ mM∞(W )

(where m denotes the maximal ideal of the local Galois deformation ring acting on M∞),
then M∞(W ) and M∞(W/V ) have the same minimal number of generators.

(2) (Fiber product gluing) A quasi-isomorphism V → P • of complexes of W (F)[GL3(kw)]-
modules gives a quasi-isomorphism M∞(V ) →M∞(P •).
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By combining these two properties, one has a potential strategy to compute the minimal number of
generators of complicated patched modules from simpler ones. We will first illustrate the strategy
for n = 2 and then describe what changes for n = 3.

Suppose that n = 2, that ρ is tame and sufficiently generic, and that σ ∈ W ?(ρ). Let P σ
def
=

Pσ/rad
2(Pσ) where rad• denotes the radical filtration. Then P σ sits in a short exact sequence

0 → P σ →
⊕
i

Qi → (
⊕
i

σ)/∆σ → 0,

where Qi denote the different length two quotients of P σ and ∆σ ⊂
⊕

i σ is the diagonally
embedded copy. Using the Diamond–Fujiwara trick, one shows M∞(Qi) is cyclic. This allows
us to compute M∞(Qi) and check that M∞(P σ) is also cyclic via fiber product gluing. Fi-
nally, one shows that M∞(Pσ/rad

mPσ) is cyclic for all m inductively using Nakayama gluing,
the crucial ingredient being that M∞(radm−1Pσ/rad

m+1Pσ) and M∞(radm−1Pσ/rad
mPσ) have the

same minimal number of generators. This last fact follows from the cyclicity of M∞(P κ) for all
κ ∈ W ?(ρ) ∩ JH(radm−1Pσ/rad

mPσ), and the following “covering” property of radm−1Pσ/rad
mPσ

with respect to W ?(ρ):

Property 1.3. The cokernel of the evaluation map⊕
κ∈W ?(ρ)∩JH(radm−1Pσ/rad

mPσ)

Pκ ⊗HomGL3(kw)(Pκ, rad
m−1Pσ/rad

m+1Pσ) → radm−1Pσ/rad
m+1Pσ

has no Jordan-Holder factors in W ?(ρ).

There are two major obstacles to carrying out an analogous strategy when n > 2. First,
one would like to show an analogue of Property 1.3. Unfortunately, the structure of projective
F[GLn(kw)]-modules is poorly understood. While it is known that generic projective indecompos-
able F[GLn(kw)]-modules Pσ are the restrictions of certain tilting modules for (a product of) GLn/F,
describing the submodule structure of such tilting modules appears to be hopeless in general. For-
tunately, when n = 3, tilting modules for GL3/F are fairly well-understood (in part because Ext1

groups for simple modules have dimension at most one) [BDM15], from which we are able to deduce
Property 1.3 (Proposition 4.11). Much of the first part of §4 is devoted to these considerations.

The second obstacle is that M∞(Pσ/rad
2(Pσ)) is often not cyclic, which prevents us from

Nakayama gluing as when n = 2. The remedy is to instead consider larger quotients of Pσ. We first
elaborate when F+ = Q as the general case involves substantial complication in a different direc-
tion. Here, the highest weight of a Serre weight is in one of two p-restricted alcoves, an upper alcove
and a lower alcove. Moreover, the radical layers of a projective indecomposable F[GL3(Fp)]-module

contain Serre weights in a single p-alcove of alternating type. One can compute M∞(Pσ/rad
2(Pσ))

for σ ∈W ?(ρ) using fiber product gluing and see that it is not cyclic exactly when σ is in the lower
alcove, which precludes the verbatim inductive argument in the n = 2 case. Fortunately, it turns
out that M∞(Pσ/rad

3(Pσ)) is cyclic when σ is in the upper alcove. Then a modified inductive
argument using Property 1.3 and Nakayama gluing along upper alcove layers shows that M∞(Pσ)
and M∞(Pσ/rad

2(Pσ)) are minimally generated by the same number of elements.
To show that M∞(Pσ/rad

3(Pσ)) is cyclic, we decompose it as an iterated fiber product. Since
some Jordan–Hölder factors appear with multiplicity greater than one, Pσ/rad

3(Pσ) cannot be
presented in terms of the mod p reductions of a single irreducible GL3(Fp)-representation. Instead,
we use fiber products of lattices in several different Deligne–Lusztig representations. In parallel,
M∞(Pσ/rad

3(Pσ)) is not supported on a single tame type Galois deformation space. This forces
us to work in some highly singular “multitype” deformation rings, which first appeared in print
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in [Le19] and were later used in [BHH+23], but were first developed in the course of this project.
We develop a local model theory for such multitype deformation rings building on [LLHLM23,
LLHLMb], cf. §3.1. With this in hand, we deduce the desired cyclicity from the transversality of
certain scheme theoretic intersections in these models.

The F+ ̸= Q case brings many further complications. Now, our arguments require fiber product
gluing situations involving noncyclic patched modules, which makes it hard to control the end
result. However, we give new criteria for the minimal number of generators of a fiber product to be
well-behaved in terms of the transversality of (only) infinitesimal properties of its factors. These
criteria are essential because while the local models for single tame type deformation rings have
tensor product structures over embeddings Fw ↪→W (F)[1/p], the local models for multitype stacks
do not seem to have such product structures. A key observation here is that the product structure
persists infinitesimally, yielding the sought-after transversality statements.

Finally, we come to the construction of Dm, which is the minimal subrepresentation of π(r)U(p)

containing all Jordan–Hölder factors in W ?(ρ). When n = 2, cyclicity of certain patched modules
implies that Dm

∼= ⊕σ∈W ?(ρ)σ—in particular it is determined uniquely from multiplicity informa-

tion. When n = 3, there is a moduli of representations with the same F[GL3(kw)]-socle and multiset

of Jordan–Hölder factors as Dm, but only Dm injects into π(r)U(p). To single out this point, we
give “coordinates” on this moduli space using categories of lattices in various Deligne–Lusztig rep-
resentations. Then we computeM∞(D) for F[GL3(kw)]-modules D in (a part of) this moduli space
and characterize M∞(Dm) among them.

Remark 1.4. Unlike when n = 2, our approach falls short of giving a purely local characterization
of M∞(Pσ) in general, since there is a non-trivial moduli of non-cyclic Cohen–Macaulay modules
with prescribed support. In principle, one could attempt such a characterization by presenting

indecomposable projective W (F)[GL3(kw)]-modules P̃σ in terms of sums of lattices in Deligne–
Lusztig representations and use the fact that patched modules for such lattices were computed
in [LLHLM20]. However, it seems challenging to find explicit presentations and worse, the non-
cyclicity of some patched lattices makes it unclear how to compute the effect of patching on the
maps that arise in such a presentation.

1.3. Outline. §2 is a brief summary of background on tame inertial types, Deligne–Lusztig repre-
sentations, the inertial local Langlands, and Serre weights largely following [LLHLM20, LLHLMb].
§3 and §4 collect a number of technical results needed for the proof of the main result which spans
§5 and §6. We defer several tedious ideal intersection computations to Appendix B, which can be
ignored by a reader willing to take these computations on faith. We urge the reader skip §3 and §4
on a first reading, only referring back as needed. §3.1 develops a local model theory for some multi-
type deformation rings building on [LLHLM23, LLHLMb]. §3.2 collects a number of commutative
algebra lemmas. §3.4 contains technical computations with deformation rings used in §5 and §6. §4
establishes results in modular and integral representation theory building on [BDM15, LLHLM20]
needed to prove the main result. §5 computes multiplicities of Serre weights in an axiomatic context
by combining results in §3 and §4. §6 proves Theorem 1.1 first in an axiomatic context and then
in a global context.
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1.4. Notation. For any given field K we fix once and for all a separable closure K and define

GK
def
= Gal(K/K). If K is a nonarchimedean local field, we let IK ⊂ GK denote the inertial

subgroup. We fix a prime p. Fix an algebraic closure Qp of Qp. Let Fp denote its residue field. Let

F ⊂ Fp be a finite subfield which we will assume is sufficiently large for our purposes. Let O be

W (F) and E be the fraction field of O. Then we have a natural embedding E ⊂ Qp.

Let G
def
= GL3/Z, B ⊂ G the subgroup of upper triangular matrices, T ⊂ B the split torus of

diagonal matrices and Z ⊂ T the center of G. Let Φ+ ⊂ Φ denote the subset of positive roots in
the set of roots for (G,B, T ). Let X∗(T ) be the group of characters of T which we identify with
Z3 in the standard way.

We write W (resp. Wa, resp. W̃ ) for the Weyl group (resp. the affine Weyl group, resp. the
extended affine Weyl group) of G. If ΛR ⊂ X∗(T ) denotes the root lattice for G we then have

Wa = ΛR ⋊W, W̃ = X∗(T )⋊W

and use the notation tν ∈ W̃ to denote the image of ν ∈ X∗(T ). Let η = (2, 1, 0) ∈ X∗(T ). We
define the p-dot action by tλw ·µ = pλ+w(µ+η)−η. Let w0 denote the longest element in W and

define w̃h
def
= w0t−η. Finally, we denote by ℓ the Coxeter length function on Wa, which we extend

to W̃ by inflation via the canonical surjection W̃ ↠Wa.
Let ⟨ , ⟩ denote the duality pairing on X∗(T ) × X∗(T ). A weight λ ∈ X∗(T ) is dominant if

0 ≤ ⟨λ, α∨⟩ for all simple root α ∈ Φ. Set X0(T ) to be the subgroup consisting λ ∈ X∗(T ) such
that ⟨λ, α∨⟩ = 0 for all α ∈ Φ, and X1(T ) to be the set of λ ∈ X∗(T ) such that 0 ≤ ⟨λ, α∨⟩ < p for
all simple root α ∈ Φ.

A p-alcove is a connected component of

X∗(T )⊗Z R \
( ⋃

(α,n)

{λ ∈ X∗(T )⊗Z R : ⟨λ+ η, α∨⟩ = np}
)

where (α, n) runs over Φ+ ×Z. A p-alcove C is p-restricted (resp. dominant) if 0 < ⟨λ+ η, α∨⟩ < p
(resp. 0 < ⟨λ+η, α∨⟩) for all simple roots α ∈ Φ and λ ∈ C. The group Wa acts simply transitively

on the set of alcoves and throughout this paper the dot action of W̃ on the alcoves will always be
the p-dot action. We let C0 ⊂ X∗(T )⊗ZR denote the dominant base alcove (i.e. the alcove defined
by 0 < ⟨λ+ η, α∨⟩ < p for all α ∈ Φ+), and set

W̃+ def
= {w̃ ∈ W̃ : w̃ · C0 is dominant}, W̃+

1
def
= {w̃ ∈ W̃+ : w̃ · C0 is p-restricted}.

We sometimes refer to C0 as the lower alcove and w̃h ·C0 as the upper alcove. Given N ∈ N we say
that λ ∈ X∗(T ) is N -deep in alcove C0 if N < ⟨λ+ η, α∨⟩ < p−N for all α ∈ Φ+.

Let Op be a finite étale Zp-algebra and fix an isomorphism Op
∼=

∏
v∈Sp

Ov where Sp is a finite

set and Ov is the ring of integers of a finite unramified extension F+
v of Qp. We define G0

def
=

ResOp/Zp
G/Op

, and similarly T0 ⊂ B0 ⊂ G0. We assume that O contains the image of any ring
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homomorphism Op → Zp and write J def
= HomZp(Op,O). We define G

def
= (G0)/O, and similarly

T ⊂ B ⊂ G. We use underlined notations for the objects introduced above for G and now relative

to G (hence Φ+ ⊂ Φ, W , W a, W̃ , W̃
+
, W̃

+

1 , C0 and the like) and we have a notion of N -deepness

in alcove C0 for elements of X∗(T ). The natural isomorphism G ∼= GJ
/O induces compatible

isomorphisms X∗(T ) = X∗(T )J and the like. Given an element j ∈ J , we use a subscript notation

to denote j-components obtained from the isomorphism G ∼= GJ
/O (e.g. given w̃ ∈ W̃ we write w̃j

to denote its j-th component via the induced isomorphism W̃ ∼= W̃J ).
For sake of readability, we abuse notation and still write w0 to denote the longest element in W ,

and η ∈ X∗(T ) for the element
∑

j∈J (2, 1, 0)j . The meaning of w0, η and w̃h
def
= w0t−η should be

clear from the context.
The absolute Frobenius automorphism on Op/p lifts canonically to an automorphism φ of Op.

We define an automorphism π of X∗(T ) by π(λ)σ = λσ◦φ−1 for all λ ∈ X∗(T ) and σ : Op → O. We

similarly define an automorphism π of W and W̃ .

When Sp = {v} is a singleton we simplify notation and let K
def
= F+

p , f
def
= [K : Qp], ring of

integers OK , residue field k. Let W (k) be ring of Witt vectors of k, which is also the ring of
integers of K. We denote the arithmetic Frobenius automorphism on W (k) by φ (it acts as raising
to p-th power on the residue field).

Recall that we fixed a separable closure K of K. We choose π ∈ K such that πp
f−1 = −p

and let ωK : GK → O×
K be the character defined by g(π) = ωK(g)π, which is independent of

the choice of π. We fix an embedding σ0 : K ↪→ E and define σj = σ0 ◦ φ−j , which identifies
J = Hom(k,F) = HomQp(K,E) with Z/fZ. We write ωf : GK → O× for the character σ0 ◦ ωK .

Let ε denote the p-adic cyclotomic character. We normalize the definitions of labelled Hodge–
Tate weights so that ε has Hodge–Tate weight {1} for every embedding K ↪→ E (this convention
is opposite of that of [EG23, CEG+16] and agrees with that of [GHS18]), and the functor from
potentially semistable representation to Weil–Deligne representations is covariant.

A potentially semistable representation ρ : GK → GL3(E) has type (µ, τ) if ρ has labeled Hodge–
Tate weights µ ∈ X∗(T ) (note that this differs from the conventions of [GHS18] via a shift by η)
and the restriction to IK of the Weil-Deligne representation attached to ρ is isomorphic to τ .

Let Γ be a group. If V is a finite length Γ-representation, we let JH(V ) be the (finite) set

of Jordan–Hölder factors of V . If V ◦ is a finite O-module with a Γ-action, we write V
◦
for the

Γ-representation V ◦ ⊗O F over F.

2. Preliminaries

2.1. Tame inertial types, inertial local Langlands, Serre weights. Unless otherwise stated,
we assume throughout this section that Sp = {v}. We write Op = OK (the ring of integers of a
finite unramified extension K of Qp of degree f) and let G0 = ResOK/Zp

G/OK
. We drop subscripts

v from notation and we identify J = HomQp(K,E) with Z/fZ via σj
def
= σ0 ◦ φ−j 7→ j.

2.1.1. Tame inertial types, Deligne–Lusztig representations and inertial local Langlands. An inertial
type (for K, over E) is the GL3(E)-conjugacy class of a homomorphism τ : IK → GL3(E) with
open kernel and which extends to a homomorphismWK → GL3(E). We will identify a tame inertial
type with a fixed choice of a representative in its GL3(E)-conjugacy class, and say that the type is
tame if the homomorphism τ factors through the tame quotient of IK (this notion is independent
of the choice of the representative in the conjugacy class). Given s ∈W , µ ∈ X∗(T ) ∩C0 and j′ ∈
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{0, . . . , 6f − 1} we set α′
j′

def
= s−1

6f−1s
−1
6f−2 . . . s

−1
6f−j′(µ6f−j′ + η6f−j′) ∈ X∗(T ), where the subscripts

are taken modulo f , and let a′(j
′) be

∑6f−1
i=0 α′

−j+ip
i ∈ X∗(T ). We thus define the tame inertial

type τ(s, µ+ η) to be (ω6f )
a′(0)

, and say that (s, µ) is a lowest alcove presentation for τ(s, µ+ η).
Given N ∈ N we say that a tame inertial type τ is N -generic if there exists a pair (s, µ) as above
such that τ ∼= τ(s, µ+η) and µ is N -deep in alcove C0. In this case, we say that τ has an N -generic

lowest alcove presentation (s, µ) with associated element w̃(τ)
def
= tµ+ηs ∈ W̃ .

Replacing E with F in the preceding paragraph we have the notion of inertial F-type, tame
inertial F-type (typically denoted with the overlined notation τ), lowest alcove presentation and
associated element w̃(τ) for a tame inertial F-type τ , and N -genericity for N ∈ N.

Given a pair (s, µ− η) ∈W × (X∗(T ) ∩C0) we can attach to it a virtual G0(Fp)-representation
Rs(µ) over E by [GHS18, Definition 9.2.2] and the paragraph above loc. cit., where in loc. cit. the
representation Rs(µ) is denoted by R(s, µ). If µ − η is moreover 1-deep in C0 then Rs(µ) is an
irreducible representation of G0(Fp) and the pair (s, µ) is said to be a lowest alcove presentation of
Rs(µ). Finally, given N ∈ N we say that a Deligne–Lusztig representation R is N -generic if there
exist (s, µ− η) ∈W × (X∗(T )∩C0) such that µ− η is N -deep in C0 and R ∼= Rs(µ), in which case

(s, µ− η) is a lowest alcove presentation for R with corresponding element w̃(R)
def
= tµs ∈ W̃ .

By [CEG+16, Theorem 3.7] we can attach to a tame inertial type τ : IK → GL3(E) an irre-
ducible G0(Zp)-representation σ(τ) over E, satisfying results towards the inertial local Langlands
correspondence. In this paper we take σ(τ) to be the inflation of Rs(µ + η) ([LHL19, Corollary
2.3.5]).

If µ ∈ C0 is 1-deep and τ ∼= τ(s, µ + η) then let σ(τ) be the inflation of Rs(µ + η) to G0(Zp).
This representation σ(τ) satisfies the properties described in [CEG+16, Theorem 3.7], see [LHL19,
Corollary 2.3.5] (this is a form of inertial local Langlands).

2.1.2. Serre weights. A Serre weight for G0(Fp) is (an isomorphism class of) an absolutely irre-
ducible G0(Fp)-representation over F. Any Serre weight is the restriction to G0(Fp) of an irreducible
algebraic representation of G0 of highest weight in X1(T ), and given λ ∈ X1(T ) we write F (λ) for
the Serre weight associated to the irreducible algebraic representation L(λ) of G0 over Fp. The
assignment λ 7→ F (λ) gives a bijection between X1(T )/(p − π)X0(T ) and the set of Serre weight
for G0(Fp).

Let A denote the set of p-restricted alcoves in X∗(T )⊗Z R. As in [LLHLMb, LLHLM20] it will
be more convenient to parametrize (regular) Serre weights by a subset of ΛW ×A. Specifically let
λ ∈ (X∗(T ) ∩ C0) + η and define ΛλW to be the subset of X∗(T )/X0(T ) whose elements ω satisfy
ω + λ − η ∈ C0 for some (equivalently, for all) lift ω ∈ X∗(T ) of ω. Then loc. cit. produces an
injection Trλ : ΛλW ×A ↪→ X1(T )/(p−π)X0(T ) whose image consists of regular Serre weights with
central character (λ − η)|Z modulo (p − π)X∗(Z) (see loc. cit. Proposition 2.1.3 and 2.1.4.). The
reason this parametrization is preferred is that it decouples contributions of different elements of
J in the representation theory of G0.

2.1.3. Combinatorics of types and weights. We identify A with {0, 1}J where 0 and 1 stand for the

lower and upper alcove, respectively. The standard action of W̃ on X∗(T ) descends to an action

on X∗(T )/X0(T ) hence on X∗(T )/X0(T ) × A by letting W̃ act trivially on A. Let ε1 (resp. ε2)
denote the image of (1, 0, 0) ∈ X∗(T ) (resp. (0, 0,−1) ∈ X∗(T )) in X∗(T )/X0(T ) and set

Σ0
def
=

(ε1 + ε2, 0), (ε1 − ε2, 0), (ε2 − ε1, 0)
(0, 1), (ε1, 1), (ε2, 1)
(0, 0), (ε1, 0), (ε2, 0)


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and Σ
def
= ΣJ

0 ⊂ X∗(T )/X0(T ) × A. We define (ω, a), (ν, b) ∈ Σ0 to be adjacent if ω − ν ∈
{0,±ε1, ±ε2, ±(ε1 − ε2)} and a ̸= b. With this notion of adjacency Σ0 is a connected graph with
a distance function d.

Assume that λ−η is 0-deep in C0 and let (s, µ−η) ∈W ×(X∗(T )∩C0) be a pair such that µ−η
is 2-deep and µ+η−λ ∈ ΛR. Then the set JH(Rs(µ)) is given by F (Trλ(tµ−λs(Σ)), see [LLHLMb,

Proposition 2.1.1]. We say that σ ∈ JH(Rs(µ)) is an outer weight of Rs(µ) if the element (ε, a) ∈ Σ
corresponding to it satisfies (ε, a)j /∈ {(0, 0), (ε1, 0), (ε2, 0)} for all j ∈ J .

Moreover, we define W ?(τ(s, µ + η)) to be the set of Serre weights F
(
Trλ

(
tµ+η−λs

(
r(Σ)

)))
,

where r(Σ) is defined by swapping the digits of a ∈ {0, 1}J in the elements (ε, a) ∈ Σ. Given
j ∈ J , we say that σ ∈W ?(τ(s, µ+η)) is an obvious (resp. shadow) weight of τ(s, µ+η) at j if the
element r(ε, a) ∈ r(Σ) corresponding to it satisfies (ε, a)j /∈ {(0, 1), (ε1, 1), (ε2, 1)} (resp. (ε, a)j ∈
{(0, 1), (ε1, 1), (ε2, 1)}).

2.1.4. L-groups and L-parameters. In this subsection we let Sp have arbitrary finite cardinality.

Let F+
p be Op[1/p] so that F+

p
∼=
∏
v∈Sp

F+
v where F+

v
def
= Ov[1/p] for each v ∈ Sp. Let

G∨
/Z

def
=

∏
F+
p →E

G∨
/Z

be the dual group of G so that the Langlands dual group of G0 is LG/Z
def
= G∨ ⋊Gal(E/Qp) where

Gal(E/Qp) acts on the set of homomorphisms F+
p → E by post-composition.

An L-homomorphism (over E) is a continuous homomorphism ρ : GQp → LG(E) which is
compatible with the projection to Gal(E/Qp). The G

∨(E)-conjugacy class of an L-homomorphism
is called L-parameter. An inertial L-parameter is a G∨(E)-conjugacy class of a homomorphism
τ : IQp → G∨(E) with open kernel, and which admits an extension to an L-homomorphism. An
(inertial) L-parameter is tame if some (equivalently, any) representative in its equivalence class

factors through the tame quotient of IQp . Fixing isomorphisms F+
v

∼→ Qp for all v ∈ Sp, we
have a bijection between L-parameters (resp. tame inertial L-parameters) and collections (ρv)v∈Sp

(resp. (τv)v∈Sp) where ρv : GF+
v
→ GL3(E) is a continuous Galois representation (resp. τv : IF+

v
→

GL3(E) is a tame inertial type for F+
v ) for all v ∈ Sp.

We have similar notions when E is replaced by F. Abusing terminology, we dentify (tame inertial)
L-parameters with a fixed choice of a representative in its class. Nothing in what follows will depend
on this choice.

The definitions and results of §2.1.1–2.1.3 generalize for tame inertial L-parameters and L-
homomorphism. In particular, given a tame inertial L-parameter τ corresponding to the collection
(τv)v∈Sp , we let σ(τ) be ⊗v∈Spσ(τv) (an irreducible smooth G0(Zp)-representation over E).

3. Geometry of multi-type deformation rings

3.1. Multi-type deformation rings. The goal of this section is to introduce –and give the first
tools to analyze– deformation rings for ρ : GK → GL3(F), with p-adic Hodge theory conditions
defined by a finite set of tame inertial types.

Let ρ : GK → GL3(F) be a continuous Galois representation, and let R□
ρ denote the universal

lifting ring for ρ.
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If τ is an inertial type for K, let R≤η,τ
ρ (resp. Rη,τρ ) be the reduced quotient of R□

ρ parametrizing

potentially crystalline representations of type τ and Hodge–Tate weights ≤ (2, 1, 0) (resp. equal to
(2, 1, 0)), where ≤ denotes the Bruhat order on X∗(T ).

Definition 3.1. Let T
def
= {τ : IK → GL3(E)} be a finite set of inertial types forK. We define R≤η,T

ρ

to be the image of R□
ρ →

∏
τ∈T R

≤η,τ
ρ . We say that R≤η,T

ρ is the (≤ η, T ) multi-type deformation

ring. We similarly define Rη,Tρ by replacing “≤ η” with η everywhere.

From now on we assume ρ : GK → GL3(F) is tame, and that ρ|IK = τ(s, µ+η) where µ is 6-deep

in alcove C0. Set w̃(ρ)
def
= tµ+ηs.

3.1.1. Presentations of single type deformation rings. Suppose T = {τ} consists of a single tame
inertial type. In this case, the local model theory of [LLHLMb], [LLHLM23] produces an explicit
presentation of R≤η,τ which we now recall. In order for R≤η,τ to be non-zero, τ must admit a lowest
alcove presentation such that

w̃∗(ρ, τ)
def
= (w̃(τ)−1w̃(ρ))∗

belongs to Adm∨(η) by [LLHLM23, Corollary 5.5.8] (see [LLHLMb, § 2.1.1] for the definition of
Adm(η), Adm∨(η) and the bijection w̃ 7→ w̃∗ between them.) In particular, this gives τ a 4-generic

lowest alcove presentation. We abbreviate z̃ = (zjtνj )j∈J
def
= w̃∗(ρ, τ) for the remainder of this

subsection.
We recall the following objects from [LLHLMb],[LLHLM23]:

• The Emerton–Gee stack X≤η,τ parametrizing potentially crystalline representations with
Hodge–Tate weights ≤ η and inertial type τ (see [LLHLMb, §3.2]).

• The moduli stack Y ≤η,τ of Breuil-Kisin modules for K∞
def
=
⋃
n∈NK( pn

√
−p) with tame

descent data of type τ and elementary divisors ≤ η. It admits an open substack Y ≤η,τ (z̃)
(see [LLHLMb, Proposition 3.1.1]).

• We also have the stack Φ-Modét,3K parametrizing rank 3 étale φ modules over K∞ (see
[LLHLM23, §5.4.1]).

• (cf. [LLHLMb, §3.1]) M(z̃)
def
=
∏
j∈J Mj(z̃j) the affine scheme over O parametrizing J -

tuples of matrices 3 × 3 matrices A
def
= (A(j))j∈J whose entries are polynomials in v with

the following constraints for all j ∈ J :

– A
(j)
ik is divisible by v for i > k.

– degA
(j)
ik ≤ νj,k − δi<zj(k), with equality when i = zj(k).

– The leading coefficient of A
(j)
zj(k)k

is a unit.

– detA(j), which is cubic with unit top coefficient, is a unit times (v + p)3.

We furthermore have the closed subscheme Ũ(≤ η, z̃) ⊂M(z̃) obtained as the O-flat closure

of the locus where for all j ∈ J the 2 × 2 minors of A(j) are divisible by (v + p) (i.e. they
vanish when setting v = −p).

The relationship between these objects is summarized in the following diagram with cartesian
squares [LLHLMb, Theorem 3.2.2]:

(3.1) Ũ(z̃,≤ η)∧p // Y ≤η,τ (z̃) �
�

// Y ≤η,τ � � // Φ-Modét,3K

X̃≤η,τ (z̃) //

?�

OO

□

X≤η,τ (z̃) �
�

//
?�

OO

□

X≤η,τ
?�

OO

, �

99
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whose relevant features for us are:
• The top left horizontal arrow identifies

Y ≤η,τ (z̃) = [Ũ(z̃,≤ η)∧p/τT
∨,J ]

where the action of (tj) ∈ T∨,J is the τ -twisted shifted conjugation action defined by:

A(j) 7→ tjA
(j)σ−1

j (tj−1)

where (σ, κ) is the lowest alcove presentation of τ determined at the beginning of §3.1.1.

• X̃≤η,τ (z̃) identifies with an explicit closed, T∨,J -stable formal subscheme Ũ(z̃,≤ η,∇τ,∞)
which is obtained as the p-saturation of a natural “monodromy condition” on the Breuil–

Kisin module living over Ũ(z̃,≤ η)∧p cf. [LLHLM23, Definition 7.1.2 & Corollary 7.1.5]. We

also recall that there is a closed immersion Ũreg(z̃,≤ η,∇τ,∞) ↪→ Ũ(z̃,≤ η,∇τ,∞) [LLHLM23,
Theorem 7.3.2] which correspond to the part X η,τ (z̃) ↪→ X≤η,τ (z̃) with Hodge-Tate weights
exactly η.

• The edges of the triangle are closed immersions.
• The composite of the top horizontal arrow assigns to A = (A(j)) the free étale φ-module
with matrix of Frobenius given by Aw̃∗(τ).

Our chosen tame ρ gives a point in X≤η,τ (z̃)(F) and a point Mτ ∈ Y ≤η,τ (F), whose lifts to Ũ(z̃,≤
η)(F) has the form A = Dτ z̃ for Dτ ∈ T∨,J (F) well-defined up to τ -shifted conjugation. Then

R≤η,τ
ρ is a versal ring to X≤η,τ at ρ, thus diagram (3.1) identifies R≤η,τ

ρ , up to formal variables, with

the completion of the explicit (formal) scheme Ũ(z̃,≤ η,∇τ,∞) at A.

3.1.2. Presentations of multi-type deformation rings. We now let T be a finite set of tame inertial

types endowed with lowest alcove presentations such that R≤η,τ
ρ ̸= 0 for all τ ∈ T , thus we get

w̃∗(ρ, τ) ∈ Adm∨(η) for each τ ∈ T . For each j ∈ J let T (j) def
= {w̃∗(ρ, τ)j , τ ∈ T}. Moreover, write

α, β, γ, t1 for the elements of W̃∨ corresponding to the matrices

0 1 0
1 0 0
0 0 1

,
1 0 0

0 0 1
0 1 0

,
0 0 v−1

0 1 0
v 0 0


and

v 0 0
0 v 0
0 0 v

 respectively. Throughout this paper, we restrict ourselves to T satisfying the follow-

ing:

Hypothesis 3.2. For each j ∈ J , either:
(I) T (j) ⊆ {t1, αβt1, βαt1, αβαt1, αβαγt1}; or
(II) T (j) ⊆ {tw0(η), tw0(η)α, tw0(η)β, tw0(η)w0}; or
(III) T (j) is a singleton which does not fall in either of the cases above, w̃∗(ρ, τ)j ∈ Adm∨(ηj)

and ℓ(w̃∗(ρ, τ)j) ≥ 2.

The basic idea to probe R≤η,T
ρ is to glue diagrams (3.1) along Φ-Modét,3K as τ varies over T . To

this end, we consider the following:

Definition 3.3. (1) Let MT def
=
∏
j∈J M

T,(j) be the affine scheme such that

• For T (j) as in (I), MT, (j) consists ofd∗(j)11 (v + p) + c
(j)
11 +

e
(j)
11
v c

(j)
12 c

(j)
13

d
(j)
21 (v + p) + c

(j)
21 d

∗(j)
22 (v + p) + c

(j)
22 c

(j)
23

d
(j)
31 (v + p) + c

(j)
31 d

(j)
32 (v + p) + c

(j)
32 d

∗(j)
33 (v + p) + c

(j)
33


with determinant (v + p)3d

∗(j)
11 d

∗(j)
22 d

∗(j)
33 and d

∗(j)
ii invertible.
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• For T (j) as in (II), MT, (j) consists ofd
∗(j)
11 c

(j)
12 c

(j)
13 (v + p) + e

(j)
13

d
(j)
21 d

∗(j)
22 (v + p) + c

(j)
22 c

(j)
23 (v + p) + e

(j)
23

d
(j)
31 d

(j)
32 (v + p) + c

(j)
32 d

∗(j)
33 (v + p)2 + c

(j)
33 (v + p) + e

(j)
33


with determinant (v + p)3d

∗(j)
11 d

∗(j)
22 d

∗(j)
33 and d

∗(j)
ii invertible.

• For T (j) as in (III), MT, (j) =Mj(w̃
∗(ρ, τ)j) as in §3.1.1.

(2) Define the element w̃∗,T (ρ) ∈ W̃J as

w̃∗,T (ρ)j =


t−1w̃

∗(ρ)j if T (j) is as in item (I)

t−w0(η)w̃
∗(ρ)j if T (j) is as in item (II)

w̃∗(τ)j else.

The significance of the above definition is explained by:

Proposition 3.4. For each τ ∈ T , we have the diagram

(3.2) Ũ(w̃∗(τ, ρ),≤ η)∧p �
� rw̃∗(τ)

//

f.s.

��

(MT )∧pw̃∗,T (ρ) //

f.s.
��

Φ-Modét,3K

[Ũ(w̃∗(τ, ρ),≤ η)∧p/τT
∨,J ] �

�rw̃∗(τ)
//
[
(MT )∧pw̃∗,T (ρ)/T∨,J -sh.cnj

]
55

where
• The vertical arrows are quotient maps by T∨,J .
• The top right arrow assigns to the tuple (A(j)w̃∗,T (ρ)j)j∈J the corresponding free étale φ-
module with corresponding matrix of Frobenius.

• The hooked horizontal arrows are induced by right multiplication by w̃∗(τ) on the family of
matrices. They are closed immersions, equivariant for the τ -shifted conjugation action on
the source and shifted conjugation action on the target.

• The diagonal arrow is a monomorphism.

Remark 3.5. By [EG21, Theorem 5.4.20], Φ-Modét,3K can be written as colimhΦ-Mod≤h,3K of Noe-

therian p-adic formal substacks, where Φ-Mod≤h,3K is the moduli stack of étale φ-modules with
height ≤ h with respect to the choice of polynomial F (v) = v(v+p). Then in (3.1), we may replace

Φ-Modét,3K by Φ-Mod≤h,3K so that all the objects involved are now p-adic formal algebraic stacks,
and notions such as scheme theoretic images behave as expected.

Proof. The last item follows from the proof of [LLHLM23, Proposition 5.4.4], while all the other
items follow from the definitions. □

Recall from §3.1.1 the closed subscheme Ũ(w̃∗(τ, ρ),≤ η,∇τ,∞) ⊂ Ũ(w̃∗(τ, ρ),≤ η)∧p character-

ized by X≤η,τ = [Ũ(w̃∗(τ, ρ),≤ η,∇τ,∞)/τT
∨,J ].

Definition 3.6. Let MT,∇∞ ⊂ (MT )∧p so that MT,∇∞w̃∗,T (ρ) is the scheme theoretic image of∐
τ∈T

rw̃∗(τ) :
∐
τ∈T

Ũ(w̃∗(τ, ρ),≤ η,∇τ,∞) →MT w̃∗,T (ρ).

We now turn to formal completions. Our given ρ gives rise to a point X≤η,τ (F) for each τ ∈ T ,

whose image ρ∞
def
= ρ|GK∞ in Modét,3K (F) is independent of τ . By Proposition 3.4, ρ∞ arises from
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a point A ∈ MT (F) which is unique up to the T∨,J (F) action. We fix the choice of such a point
xρ. We note that the semisimplicity of ρ is equivalent to the fact that Aw̃∗,T (ρ) = Dw̃∗(ρ) for

D ∈ T∨,J (F), so that its pre-image under rw̃∗(τ) is Dw̃∗(ρ, τ). In particular the entries of D

correspond to the numbers d
∗(j)
ii ∈ F.

In the following Proposition, we adopt the convention that if X is a stack and x ∈ X(F) then
Xx stands for the formal completion of X at x, i.e. the restriction of X to Artinian test rings:

Proposition 3.7. Let X≤η,T def
=
⋃
τ∈T X≤η,τ be the scheme theoretic union of the X≤η,τ for τ ∈ T

inside Φ-Modét,3K . Then

• R≤η,T
ρ is a versal ring of X≤η,T at ρ∞;

• X≤η,T
ρ∞

= [MT,∇∞
xρ

w̃∗,T (ρ)/T∨,J
1 -sh.cnj] as subfunctors of Φ-Modét,3K,ρ∞

.

Proof. As in [EG23, §3.6], the GK∞ lifting ring R□
ρ∞

is a versal ring for Φ-Modét,3K at ρ∞. After

pulling back to Spf R□
ρ∞

, X≤η,τ becomes Spf R≤η,τ
ρ , and hence X≤η,T becomes the formal spectrum

of im(R□
ρ∞

→
∏
τ∈T R

≤η,τ
ρ ). However by [LLHLM18, Proposition 3.12], restriction to GK∞ induces

a surjection R□
ρ∞

↠ R□
ρ , hence this image ring coincides with R≤η,T

ρ . This gives the first item.

For the second item, by Proposition 3.4, after pulling back to Spf R□
ρ∞

, [MT w̃∗,T (ρ)/T∨,J -sh.cnj],

[MT,∇∞w̃∗,T (ρ)/T∨,J -sh.cnj] becomes Spf R′, Spf R, where R□
ρ∞

↠ R′ ↠ R≤η,τ
ρ for each τ ∈ T , and

by definition R is the image of the natural map R′ →
∏
τ∈T R

≤η,τ
ρ . But this shows R = R≤η,T

ρ . □

Proposition 3.8. Recall that T satisfies Hypothesis 3.2 and ρ is tame, 6-generic. Then there is
an isomorphism

Rη,Tρ [[x1, · · · , x3f ]] ∼= S̃/ĨT,∇∞ [[{yi}1≤i≤9]]

where
• S̃

def
= ⊗̂j∈J S̃

(j), where S̃(j) is the ring in Tables 3, 4 , 5 in cases (I)-(II), and Table
[LLHLMb, Table 1] in case (III).

• For each τ ∈ T , Ĩτ,∇∞
def
=
∑

j∈J Ĩ
(j)
τ,∇∞

where for each j ∈ J the ideal Ĩ
(j)
τ,∇∞

⊆ S̃ has

the form described in Tables 3, 4 and 5 if T (j) is as in item (I)–(II), and are described in

[LLHLMb, Table 2]1 if T (j) is as in item (III).

• ĨT,∇∞
def
=
⋂
τ∈T Ĩτ,∇∞.

Warning 3.9. We emphasize that:

• the O(pN−4)-tails appearing in the Ĩ
(j)
τ,∇∞

-rows of tables 3, 4, 5 involve variables in all
embedding ;

• the structure constants bτ,1, bτ,2, bτ,3 ∈ Zp appearing in the Ĩ
(j)
τ,∇∞

-rows of tables 3, 4, 5

depend on the whole f -tuple w̃(ρ, τ).

In particular Ĩ
(j)
τ,∇∞

is not an ideal of S̃(j), and Ĩ
(j)
τ,∇∞

+O(pN−4) does not depend only on w̃(ρ, τ)j
in general.

Proof. This follows from Proposition 3.7, and the following observations:

• S̃ is the formal power series ring on the coefficients of the entries of the matrices that
MT parametrizes (where the variables corresponding to unit entries are characterized by

1and moreover adding a term O(pN−1) to each generator of the ideals Ĩ
(j)
τ,∇∞

of [LLHLMb, Table 2]
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d∗ii = [d
∗
ii](1+x∗ii)), and thus MT

xρ
is the locus in SpfS̃ where the determinant conditions on

the matrices are imposed.
• By [LLHLMb, Theorem 3.2.2] and the discussion in [LLHLM20, §3.6.1], quotiening by

Ĩτ,∇∞ corresponds to Ũreg(w̃
∗(ρ, τ),≤ η,∇τ∞) via the closed immersion rw̃∗(τ) in diagram

(3.2). Note that a priori we only know Ĩτ,∇∞ is the p-saturation of
∑

j∈J Ĩ
(j)
τ,∇∞

. However by

[LLHLM20, §3.6.1], the first bullet point at page 54, the natural surjection S̃/
∑

j∈J Ĩ
(j)
τ,∇∞

↠

S̃/Ĩ∇τ,∞ is an isomorphism, and hence we don’t need to p-saturate.
□

Remark 3.10. (Compatibility under shrinking T ) Suppose T ′ ⊂ T satisfy Hypothesis 3.2. Then we
have a commutative diagram

Spf R≤η,T ′

ρ
q Q

��

� _

��

//
[
MT ′,∇∞ · w̃∗,T ′

(ρ)/T∨,J -sh.cnj
]

� u

vv

� _

��

Spf R≤η,T
ρ� _

��

//
[
MT,∇∞ · w̃∗,T (ρ)/T∨,J -sh.cnj

]
� _

��

Spf R□
ρ∞

// Φ-Modét,3K

with formally smooth horizontal arrows. It follows that the isomorphism in Proposition 3.8 for

T ′ ⊂ T can be chosen to be compatible with the inclusion of ideals ĨT,∇∞ ⊂ ĨT ′,∇∞ .

We also record the following result, which will be later used to analyze ĨT,∇∞ :

Proposition 3.11. Let Ĩτ =
∑

j∈J Ĩ
(j)
τ where for each j ∈ J the ideal Ĩ

(j)
τ ⊆ S̃(j) is described in

Tables 3, 4, 5. Then

(1) Ĩτ correspond to the closed immersion rw̃∗(τ) : Ũ(w̃∗(ρ, τ),≤ η) ↪→MT w̃∗,T (ρ).
(2) If w̃∗(ρ, τ)j ̸= w̃∗(ρ, τ ′)j then

p2 ∈ Ĩ(j)τ + Ĩ
(j)
τ ′ .

Moreover if ℓ
(
w̃∗(ρ, τ)j) ≥ 2, ℓ(w̃∗(ρ, τ ′)j

)
≥ 2 and {w̃∗(ρ, τ)j , w̃

∗(ρ, τ ′)j} ≠ {αβαγt1, αβαt1}
we have

p ∈ Ĩ(j)τ + Ĩ
(j)
τ ′ .

Proof. The first item is due to the fact the top group of generators of Ĩ
(j)
τ (appearing in the

corresponding row of Table 3, 4, 5) cut out the degree bound conditions, while the bottom group

cut out the elementary divisor conditions of Ũ(w̃∗(ρ, τ),≤ η).
The second item follows from inspecting the tables. We give a sample computation for the case

w̃∗(ρ, τ)j = αβt1, w̃
∗(ρ, τ ′)j = t1 (for other cases see §B.1.1). In the ring S̃(j)/(Ĩ

(j)
τ + Ĩ

(j)
τ ′ ) we have:

c12d21c33 = c12c23d31 =
c13d32c23d31

d∗33
= −pc13d31d∗22 = −pc11d∗22d∗33

Using this, and the relations c22 = −pd∗22, c33 = −pd∗33, the last generator in Ĩ
(j)
t1

becomes

c12d21c33 − c11c22d
∗
33 − c11d

∗
22c33 − d∗11c22c33 − p(c11d

∗
22d

∗
33 + d∗11c22d

∗
33 + d∗11d

∗
22c33) = p2d∗11d

∗
22d

∗
33.

□
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3.2. Commutative algebra. In this section, we collect various commutative algebra results that
we require in later sections.

Lemma 3.12. Let R be a Noetherian ring and M a finitely generated R-module. Suppose that we
have an exact sequence

0 → L→M → N → 0

of R-modules such that Supp(L) and Ass(N) are disjoint. Then L is the kernel of the natural map

λ :M →
⊕

p∈Ass(N)

Mp.

Proof. Let L′ be kerλ. Then L ⊂ L′ since Lp = 0 for all p ∈ Ass(N) by assumption. Now let a ∈ L′

and denote by a the image in N . For any p ∈ Ass(N), the image of a in Mp is 0, and so the image
of a in Np is 0. We conclude from [Sta23, Tag 0311] that a = 0 or equivalently that a ∈ L. Thus,
L = L′. □

Throughout the rest of this section (R,m) denotes a local ring with residue field F. (In later
applications, F is as in §1.4, though we do not require this here.)

Corollary 3.13. Let R be a Noetherian local ring and M a finitely generated R-module. Suppose
that we have an exact sequence

0 → L→M → N → 0

of R-modules where N is a finitely generated maximal Cohen–Macaulay R-module and Supp(L) ∩
Supp(N) contains no minimal primes of R. Then the image of L in M is the kernel of the natural
map

M →
⊕

p∈Supp(N) minimal

Mp.

Proof. By [Mat86, Theorem 17.3(i)], N has no embedded primes so that Ass(N) is precisely the
set of minimal primes of R in Supp(N). Thus Ass(N) and Supp(L) are disjoint by assumption.
The result then follows from Lemma 3.12. □

Lemma 3.14. Let R be a local ring with residue field F. Let I, J ⊂ K ⊂ R be proper ideals with
K finitely generated. Let M be the kernel of the map

R/I ⊕R/J → R/K

which is the difference of the natural surjections. Then the following are equivalent:
(1) M is a cyclic R-module;
(2) I + J = K; and
(3) the induced map TorR1 (F, R/I)⊕ TorR1 (F, R/J) → TorR1 (F, R/K) is surjective.

If these equivalent conditions hold then:
(i) M ∼= R/(I ∩ J); and
(ii) the image of TorR1 (F,M) → TorR1 (F, R/K) induced by the composition M → R/I → R/K

is the intersection of the images of TorR1 (F, R/I) → TorR1 (F, R/K) and TorR1 (F, R/J) →
TorR1 (F, R/K).

Proof. We first show that (2) implies (1) and (i). Suppose that I + J = K. Then the natural
map ψ : R/(I ∩ J) → R/I ⊕ R/J is injective with cokernel R/(I + J) using that R/I ⊕ R/J =
(0⊕R/J) + im(ψ). This identifies M with the cyclic R-module R/(I ∩ J).

The inclusion I + J ⊂ K is an equality if and only the map I ⊕ J → K obtained by taking the
difference is a surjection. By Nakayama’s lemma, this is equivalent to the surjectivity of the induced

https://stacks.math.columbia.edu/tag/0311
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map (I⊗RF)⊕(J⊗RF) → K⊗RF. As there is a functorial identification of TorR1 (F, R/L) ∼= L⊗RF
for proper ideals L ⊂ R, we see that (2) and (3) are equivalent.

Finally we show that (1) implies (3) and (ii). If M is a cyclic R-module, then the sequence

0 →M ⊗R F → (R/I)⊗R F⊕ (R/J)⊗R F → (R/K)⊗R F → 0

is exact. The TorR-long exact sequence gives the exact sequence

TorR1 (F,M) → TorR1 (F, R/I)⊕ TorR1 (F, R/J) → TorR1 (F, R/K) → 0

where the second map is the difference of the natural maps TorR1 (F, R/I) → TorR1 (F, R/K) and
TorR1 (F, R/J) → TorR1 (F, R/K). This gives (3). As the image of TorR1 (F,M) in TorR1 (F, R/I) ⊕
TorR1 (F, R/J) consists of pairs (a, b) such that the images of a and b in TorR1 (F, R/K) coincide, (ii)
follows. □

Lemma 3.15. Let R be a local ring with residue field F. Let 1 ≤ n and Ii ⊂ K be proper ideals of
R for i = 1, . . . , n. Let M be a finitely generated R-module with a fixed surjection to R/K. Let N
be the kernel of the map

M ⊕⊕n
i=1R/Ii → (R/K)⊕(n+1)/∆(R/K)

induced by the sum of the natural maps R/Ii ↠ R/K and the fixed map M ↠ R/K, and where
∆(R/K) denotes the diagonally embedded copy of R/K.

Write Vi (resp. W ) for the image of the induced map

TorR1 (F, R/Ii) → TorR1 (F, R/K)

for 1 ≤ i ≤ n (resp. TorR1 (F,M) → TorR1 (F, R/K)). Assume that for all 1 ≤ j ≤ n,

Vj + (W ∩ ∩i ̸=jVi) = TorR1 (F, R/K).

Then the projection map N →M induces an isomorphism N ⊗R F →M ⊗R F.
Proof. From the Tor-exact sequence and using that ⊕n

i=1R/Ii → (R/K)⊕(n+1)/∆(R/K) is an
isomorphism after applying −⊗R F, it suffices to show that the map

(3.3) TorR1 (F,M ⊕⊕n
i=1R/Ii) → TorR1 (F, R/K)⊕(n+1)/∆(TorR1 (F, R/K))

is surjective. Writing an element of TorR1 (F, R/K)⊕(n+1) as (xi)
n
i=0, it suffices to show that for any

0 < j ≤ n and aj ∈ TorR1 (F, R/K) and setting ai = 0 for i ̸= j, (ai)
n
i=0 + ∆(TorR1 (F, R/K)) is in

the image of (3.3). By assumption, we can write aj = bj + cj where bj ∈ Vj and cj ∈ W ∩ ∩i ̸=jVi.
Then (ai − cj)

n
i=0 ∈ (ai)

n
i=0 +∆(TorR1 (F, R/K)) and (ai − cj)

n
i=0 is in the image of the map

TorR1 (F,⊕n
i=1R/Ii ⊕M) → TorR1 (F, (R/K)⊕(n+1)).

□

In a similar fashion using the Tor-exact sequence we obtain

Lemma 3.16. Let R be a local ring with residue field F. Let 1 ≤ n and Ii ⊂ K be proper ideals of
R for i = 1, . . . , n. Let N be the kernel of the map

⊕n
i=1R/Ii → (R/K)⊕n/∆(R/K)

induced by the sum of the natural maps R/Ii ↠ R/K, where ∆(R/K) denotes the diagonally
embedded copy of R/K.

Then

dimF(N ⊗R F) = 1 + dimF

(
coker

(
⊕n
i=1 Tor

R
1 (F, R/Ii) → TorR1 (F, (R/K)⊕n/∆(R/K))

))
.
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Lemma 3.17 (“Distortion” Lemma). Let (R,m) be a local O-algebra with residue field F with O
and F as in §1.4. Let k ≥ 2 and {I1, . . . , Ik} be p-saturated ideals of R.

Let f ∈ R and assume that:
(1) for each ℓ = 1, . . . , k there exists εℓ ∈ m such that f + pεℓ ∈ Iℓ
(2) we have

p ∈
k∑
ℓ=1

⋂
i ̸=ℓ

Ii.

Then there exist aℓ ∈
⋂
i ̸=ℓ Ii for all ℓ = 1, . . . , k such that

• f +
∑

ℓ aℓεℓ ∈
⋂k
i=1 Ii

•
∑

ℓ aℓεℓ ∈ m
(⋂k

i=1(p, Ii)
)
.

Proof. By (2) we can find aℓ ∈
⋂
i ̸=ℓ Ii such that p =

∑
ℓ aℓ. Then p(f+

∑
ℓ aℓεℓ) =

∑
ℓ aℓ(f+pεℓ) ∈

∩ki=1Ii hence f +
∑

ℓ aℓεℓ ∈ ∩ki=1Ii (because ∩ki=1Ii is p-saturated).

Furthermore, for each ℓ, aℓ ∈
⋂k
i=1(p, Ii), hence the second item follows. □

Lemma 3.18. Let R and S be complete local Noetherian F-algebras. Let I be a proper ideal of
R and M be a finitely generated S-module. Then for any ψ ∈ AutR⊗̂S((R/I)⊗̂M), there exists

ψ̃ ∈ AutR⊗̂S(R⊗̂M) such that the diagram

R⊗̂M
ψ̃

//

����

R⊗̂M

����

(R/I)⊗̂M
ψ
// (R/I)⊗̂M

commutes where the vertical maps are the natural projections. (All completed tensor products are
taken over F.)

Proof. Observe that HomR⊗̂S(R⊗̂M,R⊗̂−) ∼= R⊗̂HomS(M,−) as functors on finitely generated S-

modules, since they are left exact inM and are isomorphic whenM = S. Hence EndR⊗̂S(R⊗̂M) ∼=
R⊗̂EndS(M) surjects onto End(R/I)⊗̂S((R/I)⊗̂M) ∼= (R/I)⊗̂EndS(M).

Thus any element a ∈ AutR⊗̂S((R/I)⊗̂M) can be lifted to an element ã ∈ EndR⊗̂S(R⊗̂M). We

claim that any such lift is in fact in AutR⊗̂S(R⊗̂M). Consider the left ideal EndR⊗̂S(R⊗̂M) · ã.
Since this ideal surjects onto EndR⊗̂S((R/I)⊗̂M), we have that

EndR⊗̂S(R⊗̂M) · ã+ I⊗̂S · EndR⊗̂S(R⊗̂M) = EndR⊗̂S(R⊗̂M).

Since every term in this equation is a finitely generated left R⊗̂S-module, Nakayama’s lemma
implies that EndR⊗̂S(R⊗̂M) · ã = EndR⊗̂S(R⊗̂M) so that ã ∈ AutR⊗̂S(R⊗̂M). □

3.3. Special fiber. Recall from 3.1 that (s, µ) is a fixed lowest alcove presentation for ρ and we

assume from now on that µ is N -deep with N ≥ 6. We write S, S(j), IT,∇∞ etc. for the mod p

reduction of S̃, S̃(j), ĨT,∇∞ etc.

Let τ ∈ T . Then by [LLHLMb, Theorem 3.3.2], the minimal primes of R
η,τ
ρ are in bijection

with the Serre weights σ ∈W ?(ρ)∩ JH(σ(τ)). Since the underlying topological space of Spec R
η,T
ρ

and
⋃
τ∈T Spec R

η,τ
ρ coincide, and Spec (S/IT,∇∞) is a formally smooth modification of Spec R

η,T
ρ
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by Proposition 3.8, we learn that the minimal primes of S/IT,∇∞ are in bijection with W ?(ρ) ∩⋃
τ∈T JH(σ(τ)). We denote by Pσ the miminal prime of S/IT,∇∞ corresponding to σ.

We now give an approximation of R
η,T
ρ . Let Ĩ

(j)
τ,∇alg

be the ideal of S̃(j) generated by the elements

listed in in row Ĩ
(j)
τ,∇∞

of Tables 3, 4, 5 without their O(pN−4)-tails if T (j) is as in item (I)–(II)

(resp. the ideal appearing in [LLHLMb, Table 2] row z̃j if T
(j) = {z̃j} is as in item (III)), and write

ĨT,∇alg
for the ideal

(⋂
τ∈T

(∑
j∈J Ĩ

(j)
τ,∇alg

S̃
))

of S̃. Write IT,∇alg
for the image of ĨT,∇alg

in S, and

similarly define I
(j)
τ,∇alg

for τ ∈ T , j ∈ J .

Proposition 3.19. Fix j ∈ J and assume T has the following form:
(1) #T (j′) = 1 if j′ ̸= j;

(2) either T (j) ⊆ {αβαt1, βαt1, αβt1, t1} or T (j) ⊆ {tw0(η), tw0(η)α, tw0(η)β, tw0(η)w0}.
Assume that µ is N -deep in C0 with N > 10. Then we have a surjection

(3.4) S/IT,∇alg
↠ S/IT,∇∞ .

For each σ ∈W ?(ρ)∩
⋃
τ∈T JH(σ(τ)), Pσ pulls back to the prime ideal

∑f−1
j=0 P

(j)
(εj ,aj)

S of S where:

• (ε, a) = ((εj , aj))j∈J ∈ r(Σ) is such that σ = F (Trµ+η(s(ε, a)));

• the ideal P
(j)
(εj ,aj)

is the prime ideal of S(j) described in Table 8 (resp. Table 9) if T (j) ⊆
{αβαt1, βαt1, αβt1, t1} (resp. if T (j) ⊆ {tw0(η), tw0(η)α, tw0(η)β, tw0(η)w0}).

Proof. Letting Ĩτ,∇alg

def
=
∑

j Ĩ
(j)
τ,∇alg

S̃, the existence of the surjection (3.4) is equivalent to the

inclusion ⋂
τ∈T

Ĩτ,∇alg
+ (p) ⊆

⋂
τ∈T

Ĩτ,∇∞ + (p)

For each j ∈ J and τ ∈ T let
{
g
(j)
τ,i,alg

}
i
be the set of generators of Ĩ

(j)
τ,∇alg

listed in row w̃∗(ρ, τ)j of

Tables 3, 4, 5 without their O(pN−4)-tails, so that we can write g
(j)
z̃j ,i,alg

= g
(j)
τ,i,∞ −O(pN−4), where

O(pN−4) is an element of pN−4S̃ (depending on τ) and
{
g
(j)
τ,i,∞

}
i
⊂ Ĩτ,∇∞ .

By Proposition 3.11 and the fact that Ĩ
(j)
τ,∇alg

⊆ S̃(j) for any j ∈ J we have

(3.5) p6
( ⋂
τ∈T

Ĩτ,∇alg

)
= p6

(∑
j∈J

( ⋂
τ∈T

Ĩ
(j)
τ,∇alg

)
S̃

)
⊆
∑
j∈J

(∏
τ∈T

Ĩ
(j)
τ,∇alg

)
S̃.

Given f ∈
⋂
τ∈T Ĩτ,∇alg

we can write p6f as a S̃-linear combination of multiples of
∏
τ∈T g

(j)
τ,i,alg.

Setting f̃∞ to be the same linear combination as p6f but replacing
∏
τ∈T g

(j)
τ,i,alg by

∏
τ∈T g

(j)
τ,i,∞, we

thus have
p6f +O(pN−4) = f̃∞ ∈

⋂
τ∈T

Ĩτ,∇∞ .

yielding p6(f + O(pN−4−6)) ∈
⋂
τ∈T Ĩτ,∇∞ by the assumption on N . As the intersection of the

p-saturated ideals Ĩτ,∇∞ is again p-saturated we conclude that f + O(pN−4−6) ∈
⋂
τ∈T Ĩτ,∇∞ .

The labeling and the explicit equations for the ideals P
(j)
(εj ,aj)

follow from in [LLHLMb, Theorem

3.3.2]. □

Remark 3.20. Fix τ ∈ T . The statement of Proposition 3.19 can be improved, replacing condition
(1) by
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(1’) if j′ ̸= j then either T (j′) ⊆ {αβαt1, βαt1, αβt1, t1} or T (j′) ⊆ {tw0(η), tw0(η)α, tw0(η)β, tw0(η)w0}
and with the following more precise condition on N :
(3.6)

N−4 > max
j∈J

{(
#{τ ′ ̸= τ | ℓ

(
w̃∗(ρ, τ)−1

j w̃∗(ρ, τ ′)j
)
≤ 1}

)
+2
(
#{τ ′ ̸= τ | ℓ

(
w̃∗(ρ, τ)−1

j w̃∗(ρ, τ ′)j
)
> 1}

)}
.

This is because in the proof of Proposition 3.19 the inclusion (3.5) and the reasoning following it
still holds true when replacing 6 by the right hand side of (3.6).

Moreover, under the stronger assumption
(3.7)

N−4 >
(
#
{
τ ′ ̸= τ | max

j
ℓ
(
w̃∗(ρ, τ)−1

j w̃∗(ρ, τ ′)j
)
≤ 1
})

+2
(
#
{
τ ′ ̸= τ | max

j
ℓ
(
w̃∗(ρ, τ)−1

j w̃∗(ρ, τ ′)j
)
> 1
})
.

the surjection (3.4) is actually an isomorphism. Indeed, again Proposition 3.11 gives the inclusion

p(RHS of (3.7))

(⋂
τ∈T Ĩτ,∇∞

)
⊆
∏
τ∈T Ĩτ,∇∞ and the argument of Proposition 3.19 can be now per-

formed by reversing the roles of Ĩτ,alg and g
(j)
τ,i,alg with Ĩτ,∞ and g

(j)
τ,i,∞, and again replacing 6 by the

RHS of (3.7).
In particular whenever N − 4 satisfies condition (3.6) we have a commutative diagram

(3.8) S/IT,∇alg
// //

����

S/IT,∇∞

����

S/Iτ,∇alg

∼ // S/Iτ,∇∞

where horizontal arrow is an isomorphism (by applying the previous paragraph to the case #T = 1)
and the vertical maps are the canonical surjections.

3.4. Ideal relations in multi-type deformation rings. Let ρ : GK → GL3(F) be a continuous
semisimple Galois representation together with a lowest alcove presentation (s, µ) where µ is N >

10-deep. In this section we record facts about Rη,Tρ that we will need later.
Fix j ∈ J . Recall the running assumption that T satisfies Hypothesis 3.2. We now assume

additionally that
(IV) αβαγt1 /∈ T (j);

(V) For j′ ̸= j, #T (j′) = 1 and w̃∗(ρ, τ)j′ ∈ {αβαt1, βγβt1, γαγt1, }.
By (IV) we can thus replace the ring S̃(j) appearing in Tables 3, 4 by S̃(j)/(e11), and omit the
variable e11 in the computations of these sections. Throughout this section let (a, b, c) ∈ F3

p be the

mod p reduction of −(s−1
j (µj + η)).

3.4.1. Analysis of S(j)/I
(j)
T,∇alg

. In what follows, we assume that T (j) is as in item (I). Given bj ∈

{B,Fs, Es, Fo, Eo} we define I
bj
j ⊂ S(j) to be the intersection P

(j)
(0,0) ∩P

(j)
(ω,a), where (ω, a) = (0, 1),

(ε1, 1), (ε2, 1), (ε2 − ε1, 1), (ε1 − ε2, 1) respectively if bj = B, Fs, Es, Fo, Eo.

Lemma 3.21. Let bj ∈ {B,Eo, Fo, Es, Fs}. Then the ideal I
bj
j is given by:

(1) (c33, c32, c31, c23, c22, c21, c13d32 − c12d
∗
33, c13d31 − c11d

∗
33, c12d31 − c11d32, (b− c)c12d21 − (a−

c)c11d
∗
22))

if bj = B;
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(2) c33, c32, c31, c21, c11, c23d31, c22d31, c13d31, c12d31, c13c22−c12c23, c13d21−c23d∗11, c12d21−c22d∗11, (a−
c− 1)c23d32 − (a− b− 1)c22d

∗
33, (a− c− 1)c13d32 − (a− b− 1)c12d

∗
33

if bj = Fs;
(3) (c32, c31, c22, c21, c12, c11, c23d32− c33d∗33, c23d31−d21c33, (a− b)c13d31+(b− c−1)c33d

∗
11, (a−

b)c13d21 + (b− c− 1)c23d
∗
11, c13d21d32 − c13d31d

∗
22)

if bj = Es;
(4) (c33, c32, c31, c22, c13, c12, c11, c23d32, c21d32, (b− c− 1)c23d31 + (a− b+ 1)c21d

∗
33)

if bj = Fo;
(5) (c33, c31, c23, c22, c21, c13, c11, d21c32, c12d21, (a− c)c12d31 + (−b+ c− 1)c32d

∗
11)

if bj = Eo.

Proof. See §B.1.1. □

For bj ∈ {B,Fs, Es, Eo, Fo} let M bj be the S(j)-module S(j)/I
bj
j . Let M∅ be the S(j)-module

S(j)/P
(j)
(0,0). For aj = {B,Fs, Es, Eo, Fo} (resp. aj = {B,Fs, Es}) let Maj be the kernel of the

natural surjective map

⊕bj∈ajM
bj → (M∅)⊕#aj/∆(M∅) → 0

where ∆(M∅) denotes the diagonally embedded copy of M∅ in (M∅)⊕#aj .

Proposition 3.22. For either aj = {B,Fs, Es, Eo, Fo} or aj = {B,Fs, Es} we have

dimF
(
Maj ⊗S(j) S(j)/mS(j)

)
= 3.

Proof. By Lemma 3.16 it is enough to check that the cokernel of the natural map

(3.9) ⊕bj∈ajTor
S(j)

1 (F,M bj ) → TorS
(j)

1 (F, (M∅)⊕#aj/∆(M∅))

is two dimensional. Note that given an ideal I ⊆ S(j) we have TorS
(j)

1 (F, S(j)/I) ∼= I/(mS(j) · I),
which allows us to write elements of TorS

(j)

1 (F, S(j)/I) in terms of generators of I. In particular we

see that TorS
(j)

1 (F,M∅) has a basis consisting of the image of the elements cik for 1 ≤ i, k ≤ 3. An

immediate check on the generators of I
bj
j (described in Lemma 3.21) shows that the image of the

natural map TorS
(j)

1 (F,M bj ) → TorS
(j)

1 (F,M∅) has the following description according to bj :

(1) if bj ∈ {B,Fs, Es} it is the subspace of TorS
(j)

1 (F,M∅) generated by cik, 1 ≤ i, k ≤ 3,
(ik) ̸= (13);

(2) if bj = Fo it is the subspace of TorS
(j)

1 (F,M∅) generated by cik for 1 ≤ i, k ≤ 3, (ik) ̸= (23);
and

(3) if bj = Eo it is the subspace of Tor
S(j)

1 (F,M∅) generated by cik for 1 ≤ i, k ≤ 3, (ik) ̸= (12).
We deduce that the cokernel of the natural map

(3.10) ⊕bj∈ajTor
S(j)

1 (F,M bj ) → TorS
(j)

1 (F, (M∅)#aj )

has dimension #aj , with basis given by (the image of) the elements {cbj13}bj∈{B,Fs,Es,}, and c
Fo
23 , c

Eo
12 if

{Eo, Fo} ⊂ aj (the superscripts on the cik denote which copy of TorS
(j)

1 (F,M∅) ⊆ TorS
(j)

1 (F, (M∅)⊕#aj )

the element cik lives in). On the other hand the image of ∆(TorS
(j)

1 (F,M∅)) in the cokernel of (3.10)

is generated by cB13+ cEs
13 + cFs

13 , c
Fo
23 , c

Eo
12 if #aj = 5 and by cB13+ cEs

13 + cFs
13 if #aj = 3. In both cases

we conclude that the cokernel of (3.9) has dimension 2. □
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3.4.2. Surgery for T (j) = {t1}. Suppose that T (j) = {t1} for all j ∈ J . We write τ for the unique

element in T . We now fix j ∈ J . We abbreviate R̃
def
= S̃(j)/Ĩ

(j)
τ,∇alg

, and R
def
= R̃/(p) so that a

presentation for R̃ is given in row t1 of Table 4. The ring R̃ is normal and Cohen–Macaulay by

[LLHLM18, Corollary 8.9]. Let j : U ↪→ Spec R̃ be the complement of the vanishing locus of∏
(ω,a)̸=(ν,b)∈Σ0

P
(j)
(ω,a) +P

(j)
(ν,b).

Then U is a regular scheme by the proof of [LLHLM20, Lemma 5.2.1]. For a coherent reflexive

(i.e. coherent, S2, and torsion-free) R̃-module M̃ and an effective divisorD =
∑

(ω,a)∈Σ0
n(ω,a)[P

(j)
(ω,a)]

of U supported in the special fiber (if P
(j)
(ω,a) = R, then take [P

(j)
(ω,a)] = 0), define

(3.11) M̃(−D)
def
= j∗j

∗
∏

(ω,a)∈Σ0

(P
(j)
(ω,a))

n(ω,a)M̃.

Since j∗
∏

(ω,a)∈Σ0
(P

(j)
(ω,a))

n(ω,a) is locally free on U , j∗
∏

(ω,a)∈Σ0
(P

(j)
(ω,a))

n(ω,a)M̃ is coherent and re-

flexive so that M̃(−D) = j∗j
∗M̃(−D) is its unique (up to isomorphism) coherent and reflexive

extension by [Sta23, Tag 0EBJ].

Lemma 3.23. If D =
∑

(ω,a)∈Σ0
n(ω,a)[P

(j)
(ω,a)] with all 0 ≤ n(ω,a) ≤ 1, then

R̃(−D) = ∩(ω,a)∈Σ0
n(ω,a)=1

P
(j)
(ω,a).

Proof. Since R̃/R̃(−D) is S1 (as R̃ and R̃(−D) are both S2) and R0, it is reduced. Thus R̃(−D)

is the intersection of prime ideals. Since j∗R̃(−D) = j∗ ∩(ω,a)∈Σ0
n(ω,a)=1

P
(j)
(ω,a), the result follows. □

Let M̃
(j)
(0,1) be a free R̃-module of rank one. Recall from §2.1.3 that Σ0 is a connected graph

endowed with a distance function which we denote d. For (ω, a) ∈ Σ0, we define

(3.12) M̃
(j)
(ω,a) = M̃

(j)
(0,1)

(
−

∑
(ν,b)∈Σ0

1

2

(
d((ω, a), (0, 1)) + d((ω, a), (ν, b))− d((0, 1), (ν, b))

)
[P

(j)
(ν,b)]

)
.

Lemma 3.24. We have M̃
(j)
(ε1,1)

= (−c23d32 + c22d
∗
33 + c33d

∗
22 + pd∗22d

∗
33)M̃

(j)
(0,1) and M̃

(j)
(ε2,1)

= (c33 +

pd∗33)M̃
(j)
(0,1), where we have omitted (j)-superscripts in the variables.

Proof. We will show that M1
def
= M̃

(j)
(ε2,1)

and M2
def
= (c33 + pd∗33)M̃

(j)
(0,1) are equal as the proof of the

other claim is similar. Let M be M̃
(j)
(0,1). As M2 is free of rank one, it is coherent and reflexive. By

[Sta23, Tag 0EBJ], it suffices to show that the locally free sheaves j∗M1 and j∗M2 of rank 1 on U
are equal, or that M/M1 and M/M2 have the same length after localization at the minimal primes
of R. First, for a minimal prime P of Spec R, MP/(c33, p)MP has length 0 or 1 with length equal
to 1 if and only if c33 ∈ P since the special fiber is reduced. We see that the length is 0 if and only

P = P
(j)
(ε2,1)

.

Second, we claim that

(3.13) (c33 + pd∗33)(−c12d21 + c11d
∗
22 + c22d

∗
11 + pd∗11d

∗
22) = p2d∗11d

∗
22d

∗
33

https://stacks.math.columbia.edu/tag/0EBJ
https://stacks.math.columbia.edu/tag/0EBJ
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so that p annihilates (c33, p)MP/(c33 + pd∗33)MP. Indeed, since the determinant of MT,(j) equals
(v + p)3d∗11d

∗
22d

∗
33, specializing at v = 0 gives

3∏
i=1

(cii + pd∗ii) = p3d∗11d
∗
22d

∗
33.

Moreover, the top-left 2× 2 minor is divisible by v+ p and the (2, 1)-entry is divisible by v so that
specializing at v = −p gives c11c22 = −pc12d21. Combining these and dividing both sides by p gives
the claim.

By the claim, (c33, p)MP/(c33 + pd∗33)MP has length 0 or 1 with length equal to 0 if and only if
p

c33+pd∗33
∈ R̃P or equivalently, by (3.13),

−c12d21 + c11d
∗
22 + c22d

∗
11 ∈ P.

We see from Table 8 that the length is 1 if and only if P = P
(j)
(0,1).

It is now easy to check the desired length statement from (3.12). □

We define a path to be a sequence of elements γ = (γk)
ℓ(γ)
k≥1 in {(0, 0), (ε1, 0), (ε2, 0), (0, 1), (ε1, 1), (ε2, 1)}

of length ℓ(γ) = 2 or 3 such that
• the γk are distinct;
• γk and γk+1 are adjacent for 1 ≤ k ≤ ℓ(γ)− 1; and
• γ1 = (ε1, 1) or (ε2, 1).

For paths β and γ, we write β ≤ γ if ℓ(β) ≤ ℓ(γ) and βk = γk for 1 ≤ k ≤ ℓ(β). For a path γ, we
define subsets Σγ ⊂ Σ0 as follows:

• If ℓ(γ) = 2, then Σγ = {γ2, (0, 1), (ε1, 1), (ε2, 1)} \ {γ1}.
• If ℓ(γ) = 3, then Σγ = {γ3}.

Given a path γ, we define M
(j)
γ to be M̃

(j)
γ1 (−Dγ)/pM̃

(j)
γ1 where

Dγ
def
=

∑
(ε,a)/∈Σγ

[P
(j)
(ε,a)].

Then by Lemma 3.23 and Lemma 3.24, M
(j)
γ is naturally identified with Iγ(M̃

(j)
γ1 ⊗O F) where we

define Iγ to be the image of
⋂

(ε,a)/∈Σγ
P

(j)
(ε,a) in R. Note that Iγ ⊇ Iβ if β ≥ γ. Moreover, note

that different paths of length three can give rise to the same ideal Iγ (e.g. Iγ depends only on

γ3 and not on γ2). In fact, if ℓ(β) = 3 = ℓ(γ) and β3 = γ3, then M
(j)
β and M

(j)
γ are naturally

identified. This follows easily from the definition (3.11) if β3 = γ3 ̸= (0, 1). If β3 = γ3 = (0, 1), then

M
(j)
β and M

(j)
γ are both identified with p2M̃

(j)
(0,1)/p

2M̃
(j)
(0,1)(−[P

(j)
(0,1)]). Indeed, there are inclusions

p2M̃
(j)
(0,1) ⊂ M̃

(j)
(εi,1)

but p2M̃
(j)
(0,1) ̸⊂ pM̃

(j)
(εi,1)

for i = 1 and 2 by (3.12). Then for α = β and γ, we claim

that the natural map p2M̃
(j)
(0,1) → M̃

(j)
γ1 ⊗O F factors through M

(j)
α = Iα(M̃

(j)
γ1 ⊗O F) and induces an

isomorphism p2M̃
(j)
(0,1)/p

2M̃
(j)
(0,1)(−[P

(j)
(0,1)])

∼=M
(j)
α . We explain for α1 = (ε1, 1), the other case being

similar. The factorization and surjectivity follows from the fact that p2M̃
(j)
(0,1) = (c11 + pd∗11)M̃

(j)
(ε1,1)

and Lemma 3.25 below. The kernel of this surjection is determined by the fact that the image of

the map is isomorphic to R/P
(j)
(0,1).

The computations for Lemma 3.25, similar to those of [LLHLM20, §3.6.3], are recorded in §B.1.2.
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Lemma 3.25. Let γ be a path. Then Iγ is minimally generated by 4−ℓ(γ) elements, and a minimal
set of generators for Iγ is given by:

(c22
d∗11
d∗22

, d31d
∗
22 − d21d32) if γ =

(
(ε2, 1), (0, 0)

)
;

(c22
d∗11
d∗22

, c12) if γ =
(
(ε2, 1), (ε1, 0)

)
;

(c22
d∗11
d∗22

, (a− b)c13d21 + (b− c− 1)c23d
∗
11) if γ =

(
(ε2, 1), (ε2, 0)

)
;

(c33
d∗11
d∗33

, d31) if γ =
(
(ε1, 1), (0, 0)

)
;

(c33
d∗11
d∗33

, (c+ 1− a)c13d32 + (a− b− 1)c12d
∗
33) if γ =

(
(ε1, 1), (ε1, 0)

)
;

(c33
d∗11
d∗33

, c13d21 − c23d
∗
11) if γ =

(
(ε1, 1), (ε2, 0)

)
;

(c11) if ℓ(γ) = 3, γ3 = (0, 1);

(c22) if ℓ(γ) = 3, γ3 = (ε1, 1);

(c33) if ℓ(γ) = 3, γ3 = (ε2, 1).

If γ is a path of length 3, γ > β, and κγ ∈ F×, we define the map

ιγκγ :M (j)
γ −→M

(j)
β(3.14)

to be κγ times the natural inclusion. If one chooses a generator of M̃
(j)
γ1 ⊗OF, then (3.14) is identified

with the map

ιγκγ : Iγ −→ Iβ(3.15)

defined in an analogous way. For κ = (κγ)γ,ℓ(γ)=3 ∈ (F×)12, we get a collection of maps ιγκγ which
induce a map

ικ :
⊕

γ,ℓ(γ)=3

M (j)
γ →

⊕
β,ℓ(β)=2

M
(j)
β .

We let (
⊕

γ,ℓ(γ)=3M
(j)
γ )0 be the subspace cut out by the conditions∑

γ,ℓ(γ)=3,
γ3=(ω,1)

aγ = 0

for ω ∈ {0, ε1, ε2} (recall that the Mγ with ℓ(γ) = 3 and γ3 = (ω, 1) are identified). We define ι0κ
to be the restriction of ικ to (

⊕
γ,ℓ(γ)=3M

(j)
γ )0, and let Mκ be the cokernel of ι0κ.

In order to to computeMκ in certain instances, we choose generators for M̃
(j)
(εi,1)

. Fix a generator

m ∈ M̃
(j)
(0,1) and generators (−c23d32+c22d∗33+c33d∗22+pd∗22d∗33)m and b−a

b−cd
∗
22(c33+pd

∗
33)m of M̃

(j)
(ε1,1)

and M̃
(j)
(ε2,1)

, respectively. Using these generators, we get identifications of M
(j)
γ = Iγ such that if

ℓ(γ′) = 3 = ℓ(γ) and γ′3 = γ3, then the identification of M
(j)
γ′ and M

(j)
γ is compatible with the
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equality Iγ′ = Iγ . (When γ3 = (0, 1), then Iγ = (c11, p)R̃/pR̃. Equation Monτ,3 in row t1 of Table
4 shows that

b− a

b− c
c11d

∗
22 = −c12d21 + c11d

∗
22 + c22d

∗
11(3.16)

in R so that modulo p(c33 + pd∗33)M̃
(j)
(0,1), we have

(c11 + pd∗11)
b− a

b− c
d∗22(c33 + pd∗33)m ≡ p2d∗11d

∗
22d

∗
33m

= (c11 + pd∗11)(−c23d32 + c22d
∗
33 + c33d

∗
22 + pd∗22d

∗
33)m

where we used (3.16) and (3.13) to deduce the first congruence, and the equality following it is an
analogue of (3.13).) Then Mκ is isomorphic to the cokernel of the map

ι0κ :

( ⊕
γ,ℓ(γ)=3

Iγ

)0

→
⊕

β,ℓ(β)=2

Iβ(3.17)

where the notation (−)0 denotes the subspace cut out by the conditions∑
γ,ℓ(γ)=3,
γ3=(ω,1)

aγ = 0

for ω ∈ {0, ε1, ε2}.
In what follows κ = (κγ)γ,ℓ(γ)=3 ∈ (F×)12 is a tuple such that κγ = 1 if γ2 = (0, 0) or γ3 = (0, 1).

We abbreviate λ1
def
= −κ((ε2,1),(ε1,0),(ε1,1)), λ2

def
= −κ((ε2,1),(ε2,0),(ε1,1)), λ3

def
= −κ((ε1,1),(ε1,0),(ε2,1)),

λ4
def
= −κ((ε1,1),(ε2,0),(ε2,1)). (There are 12 paths of length 3 and 8 of these paths have the property

that γ2 = (0, 0) or γ3 = (0, 1).) We now analyze the module Mκ and certain maps Iγ → Mκ

(Proposition 3.26 and Corollary 3.27). If M is a finitely generated S(j)-module and m ∈M we use

overlined notationsM and m forM⊗S(j) S(j)/mS(j) and the image of m inM , respectively. Similar

notation apply for S(j)-linear maps between finitely generated S(j)-modules.
We define the following F-basis on

⊕
γ,ℓ(γ)=3 Iγ :

e
def
=

(
c11, c22

d
∗
11

d
∗
22︸ ︷︷ ︸⊕

γ>β,
β=((ε2,1),(0,0)),

Iγ

, c11, c22
d
∗
11

d
∗
22︸ ︷︷ ︸⊕

γ>β,
β=((ε2,1),(ε1,0)),

Iγ

, c11, c22
d
∗
11

d
∗
22︸ ︷︷ ︸⊕

γ>β,
β=((ε2,1),(ε2,0)),

Iγ

, c11, c33
d
∗
11

d
∗
33︸ ︷︷ ︸⊕

γ>β,
β=((ε1,1),(0,0)),

Iγ

, c11, c33
d
∗
11

d
∗
33︸ ︷︷ ︸⊕

γ>β,
β=((ε1,1),(ε1,0)),

Iγ

, c11, c33
d
∗
11

d
∗
33︸ ︷︷ ︸⊕

γ>β,
β=((ε1,1),(ε2,0))

Iγ

)

and, on

(⊕
γ,ℓ(γ)=3 Iγ

)0

, the basis

e0
def
= e ·



0 0 1 1 1 1 1 0 0
1 1 0 0 0 0 0 0 0
0 0 −1 0 0 0 0 0 0
−1 0 0 0 0 0 0 0 0
0 0 0 −1 0 0 0 0 0
0 −1 0 0 0 0 0 0 0
0 0 0 0 −1 0 0 0 0
0 0 0 0 0 0 0 1 1
0 0 0 0 0 −1 0 0 0
0 0 0 0 0 0 0 −1 0
0 0 0 0 0 0 −1 0 0
0 0 0 0 0 0 0 0 −1


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Finally, on
⊕

β,ℓ(β)=2 Iβ we consider the basis f deduced from Lemma 3.25.

Proposition 3.26. Using the bases e0 and f described above, the matrix Aκ associated to ι0κ is
given by:

1 1
(b−c)(a−b−1)
(a−b)(c+1−a)

(b−c)(a−b−1)
(a−b)(c+1−a)

(b−c)(a−b−1)
(a−b)(c+1−a)

(b−c)(a−b−1)
(a−b)(c+1−a)

(b−c)(a−b−1)
(a−b)(c+1−a)

0 0

0 0 0 0 0 0 0 0 0

λ1 0
(b−c)
(a−c)

0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 λ2 0
(a−b−1)(b−c)
(a−b)(a−c)

0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0
(b−c−1)
(b−a)

0 0 1 1

0 0 0 0 0 0 0 0 0

0 0 0 0 0
(b−c−1)(a−c−1)

(a−b)(c−a)
0 λ3 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0
(a−c−1)(b−c)
(b−a)(a−c)

0 λ4

0 0 0 0 0 0 0 0 0


Proof. By Lemma 3.25 and Lemma B.1, the following congruences hold in S(j):

c11 ≡ − (b− c)(1− a+ b)

(a− b)(1− a+ c)

d∗11
d∗22

c22 modulo mS(j) · Iβ if β = (ε2, 1), (0, 0);

c11 ≡ − (b− c)

(a− c)

d∗11
d∗22

c22 modulo mS(j) · Iβ if β = (ε2, 1), (ε1, 0);

c11 ≡
(b− c)(1− a+ b)

(a− c)(a− b)

d∗11
d∗22

c22 modulo mS(j) · Iβ if β = (ε2, 1), (ε2, 0);

c11 ≡
(b− c− 1)

(a− b)

d∗11
d∗33

c33 modulo mS(j) · Iβ if β = (ε1, 1), (0, 0);

c11 ≡
(b− c− 1)(a− c− 1)

(a− b)(a− c)

d∗11
d∗33

c33 modulo mS(j) · Iβ if β = (ε1, 1), (ε1, 0);

c11 ≡
(b− c)(a− c− 1)

(a− c)(a− b)

d∗11
d∗33

c33 modulo mS(j) · Iβ if β = (ε1, 1), (ε2, 0).

Thus, the matrix associated to ικ, in the bases e, f is

(b−c)(a−b−1)
(a−b)(c+1−a)

1 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0
(c−b)
(a−c)

−λ1 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0
(a−b−1)(c−b)
(a−b)(a−c)

−λ2 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0
(b−c−1)
(a−b)

1 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0
(b−c−1)(a−c−1)

(a−b)(a−c)
−λ3 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0
(a−c−1)(b−c)
(a−b)(a−c)

−λ4

0 0 0 0 0 0 0 0 0 0 0 0


and the conclusion follows by the definition of e0. □

The following result will be used in §6:
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Corollary 3.27. Assume that κ = κmin(a, b, c) ∈ (F×)12 is such that κγ = 1 if γ2 = (0, 0) or
γ3 = (0, 1), and

(−λ1,−λ2,−λ3,−λ4) =

=

(
(a− b)(a− c− 1)

(a− b− 1)(a− c)
,
a− c− 1

a− c
,
a− c− 1

a− c
,−(b− c)(a− c− 1)

(b− c− 1)(a− c)

)
.

Then for any two paths γ > β the composite

Iγ → Iβ →Mκ

is nonzero.

Proof. By Proposition 3.26 and Lemma 3.25 it is equivalent to show that for any i ∈ {1, 3, 5, 7, 9, 11}
the linear system AκX = ei has no solutions, where ei = (. . . , 0, 1, 0 . . . ) has a unique non-zero
entry at position i. Equivalently, we show that for any i = 1, . . . , 6 the linear system

1 1
(b−c)(a−b−1)
(a−b)(c+1−a)

(b−c)(a−b−1)
(a−b)(c+1−a)

(b−c)(a−b−1)
(a−b)(c+1−a)

(b−c)(a−b−1)
(a−b)(c+1−a)

(b−c)(a−b−1)
(a−b)(c+1−a)

0 0

λ1 0
(b−c)
(a−c)

0 0 0 0 0 0

0 λ2 0
(a−b−1)(b−c)
(a−b)(a−c)

0 0 0 0 0

0 0 0 0
(b−c−1)
(b−a)

0 0 1 1

0 0 0 0 0
(b−c−1)(a−c−1)

(a−b)(c−a)
0 λ3 0

0 0 0 0 0 0
(a−c−1)(b−c)
(b−a)(a−c)

0 λ4

X = ei

has no solutions, where again ei = (. . . , 0, 1, 0 . . . ) has the unique nonzero entry at position i.
Writing ei = (ei,j)1≤j≤6, and letting aij denote the relevant entries of the previous matrix, the
linear system above is equivalent after row reduction to

0 0 a13 − λ−1
1 a23 a14 − λ−1

2 a34 0 a16 +
a15a56
λ3a45

a17 +
a15a67
λ4a45

0 0

λ1 0 a23 0 0 0 0 0 0
0 λ2 0 a34 0 0 0 0 0
0 0 0 0 a45 0 0 1 1
0 0 0 0 0 a56 0 λ3 0
0 0 0 0 0 0 a67 0 λ4

X =(3.18)

=


ei,1 − λ−1

1 ei,2 − λ−1
2 ei,3 − a15

a45
(ei,4 − λ−1

3 ei,5 − λ−1
4 ei,6)

ei,2
ei,3
ei,4
ei,5
ei,6


By definition of κmin(a, b, c), the first row of the matrix in the RHS of (3.18) is zero, which implies
that the linear system (3.18) has no solution since ei,j ̸= 0 exactly when j = i, and λi ̸= 0 for
i = 1, 2, 3, 4. □

We conclude with a result on the support cycle ofMκ. We employ the terminology and notations
of [EG14, §2.2], in particular Definition 2.2.5 from loc. cit. where we take X to be Spec(R) (so that
d = 6 in the notation of loc. cit. ).

Corollary 3.28. For any κ = (κγ)γ,ℓ(γ)=3 ∈ (F×)12 such that κγ = 1 if γ2 = (0, 0) or γ3 = (0, 1)
we have

Zd(Mκ) =
∑

ω∈{0,ε1,ε2}

P(ω,1) + 2
∑

ω∈{0,ε1,ε2}

P(ω,0).

Proof. Let γ be a path. By definition of Iγ , the minimal prime ideals of R in the support of Iγ are
exactly P(ω,a) for (ω, a) ∈ Σγ . Hence, for any path γ we have Zd(Iγ) =

∑
(ω,a)∈Σγ

P(ω,a).
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The conclusion now follows from the additivity of cycles in short exact sequences ([EG14, Lemma
2.2.7]), the fact that Mκ is the cokernel of the injective map ι0κ and noting that we have an exact
sequence

0 →

( ⊕
γ,ℓ(γ)=3

Iγ

)0

→
⊕

γ,ℓ(γ)=3

Iγ → ⊕γ∈F Iγ → 0

with F
def
=
{
((ε2, 1), (0, 0), (ε1, 1)), ((ε1, 1), (0, 0), (ε2, 1)), ((ε2, 1), (0, 0), (0, 1))

}
. □

3.4.3. Analysis for T (j) = {w0t1, αβt1, βαt1}. We now have #T = 3 and write τw0 , ταβ, τβα for
the elements of T distinguished by the conditions w̃∗(ρ, τw0)j = αβαt1, w̃

∗(ρ, ταβ)j = αβt1 and
w̃∗(ρ, τβα)j = βαt1 respectively.

Note that the canonical surjections S̃/
(
Ĩτ∗,∇∞ ∩ Ĩτw0 ,∇∞

)
↠ S̃/Ĩτw0 ,∇∞ induce canonical maps

(3.19) TorS1 (F, (S̃/
(
Ĩτ∗,∇∞ ∩ Ĩτw0 ,∇∞

)
)⊗ F) → TorS1 (F, (S̃/Ĩτw0 ,∇∞)⊗ F)

for ∗ ∈ {αβ, βα}.

Lemma 3.29. The union of the images of TorS1 (F, (S̃/
(
Ĩταβ ,∇∞∩Ĩτw0 ,∇∞

)
)⊗F) and TorS1 (F, (S̃/

(
Ĩτw0 ,∇∞∩

Ĩτβα,∇∞

)
)⊗ F) in TorS1 (F, (S̃/Ĩτw0 ,∇∞)⊗ F) is spanning.

Proof. By the first row of diagram (3.8) it is enough to prove the statement with ∇∞ replaced by
∇alg. We have

TorS1 (F, (S̃/Ĩτw0 ,∇∞)⊗ F) ∼= TorS1 (F, S/Iτw0 ,∇alg
) ∼=

⊕
j

I
(j)
τw0 ,∇alg

/(I
(j)
τw0 ,∇alg

·mS(j)).

where the first equality is from the second row of diagram (3.8), and the second equality follows

from the fact that Iτw0 ,∇alg
=
∑

j′∈J I
(j)
τw0 ,∇alg

S and I
(j′)
τw0 ,∇alg

⊆ S(j′) for all j′ ∈ J . Let j′ ̸= j and

⋆ ∈ {αβ, βα}. We thus have w̃∗(ρ, τ⋆)j′ = w̃∗(ρ, τw0)j′ and the elements listed in column 4, row

w̃(ρ, τw0)j′ of Table 3 are independent of τ modulo p · mS(j′) , as , b
(j′)
τ⋆ ≡ b

(j′)
τw0

modulo p and ρ is

tame (so that mS(j′) ⊇ (c
(j′)
ik , 1 ≤ i, k ≤ 3, d

(j′)
21 , d

(j′)
31 , d

(j′)
32 )).

Hence applying repeatedly Lemma 3.17 with k = 2, I1 = Ĩτ⋆,∇∞ , I2 = Ĩτw0 ,∇∞ and f an element of

Ĩ
(j′)
τw0 ,∇alg

with j′ ̸= j, we conclude that the image of the map (3.19) contains
∑

j′ ̸=j I
(j′)
τw0 ,∇alg

/(I
(j′)
τw0 ,∇alg

·
mS(j′)). Thus the desired statement will follow once we prove that the union of the images of

TorS1 (F, (S̃(j)/
(
Ĩ
(j)
τ⋆,∇alg

∩ Ĩ(j)τw0 ,∇alg

)
)⊗ F) → TorS1 (F, (S̃/Ĩ

(j)
τw0 ,∇∞

)⊗ F)

for ⋆ ∈ {αβ, βα} is spanning in Tor1(F, (S̃(j)/Ĩ
(j)
τw0 ,∇∞

) ⊗ F). This follows from an inspection of

Table 6 (see §B.1.5 for details). □

Lemma 3.30. We have p ∈
(
Ĩ
(j)
ταβ ∩ Ĩ(j)τw0

)
+
(
Ĩ
(j)
τβα ∩ Ĩ(j)τw0

)
+
(
Ĩ
(j)
ταβ ∩ Ĩ(j)τβα

)
.

In particular, p ∈
(
Ĩταβ ,∇∞ ∩ Ĩτw0 ,∇∞

)
+
(
Ĩτβα,∇∞ ∩ Ĩτw0 ,∇∞

)
+
(
Ĩταβ ,∇∞ ∩ Ĩτβα,∇∞

)
.

Proof. From Table 3 we have c22 ∈ Ĩ
(j)
τβα ∩ Ĩ

(j)
τw0

and c11d
∗
33−d31c13−pd∗11d∗33 ∈ Ĩ

(j)
ταβ ∩ Ĩ

(j)
τw0

. Moreover,

using the first and last equation in row (αβt1, Ĩ
(j)
τ ) of Table 3 we obtain c11d

∗
22d

∗
33 − d31c13d

∗
22 −
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c22d
∗
11d

∗
33 ∈ Ĩ

(j)
ταβ and hence c11d

∗
22d

∗
33 − d31c13d

∗
22 − c22d

∗
11d

∗
33 ∈ Ĩ

(j)
ταβ ∩ Ĩ(j)τβα since c22, c11d

∗
33 − d31c13

are both in Ĩ
(j)
τβα . Thus,

pd∗11d
∗
22d

∗
33 = (c11d

∗
22d

∗
33 − d31c13d

∗
22 − c22d

∗
11d

∗
33) + c22d

∗
11d

∗
33 − d∗22(c11d

∗
33 − d31c13 − pd∗11d

∗
33)

∈
(
Ĩ(j)ταβ

∩ Ĩ(j)τβα

)
+
(
Ĩ(j)τβα

∩ Ĩ(j)τw0

)
+
(
Ĩ(j)ταβ

∩ Ĩ(j)τw0

)
which implies the statement as d∗11d

∗
22d

∗
33 is a unit in S̃(j). □

3.4.4. Analysis for T (j) = {tw0(η), tw0(η)α, tw0(η)β}. The analysis is similar to that of §3.4.3, replac-
ing w0t1, αβt1 and βαt1 by tw0(η), tw0(η)α and tw0(η)β respectively. A proof analogous to that of
Lemma 3.29, using now Table 7 instead of Table 6, gives us the following result:

Lemma 3.31. The union of the images of TorS1 (F, (S̃/
(
Ĩτtw0(η)

α,∇∞ ∩ Ĩτtw0(η)
,∇∞

)
) ⊗ F) and of

TorS1 (F, (S̃/
(
Ĩτtw0(η)

,∇∞ ∩ Ĩτtw0(η)
β ,∇∞

)
)⊗ F) in TorS1 (F, (S̃/Ĩτtw0(η)

,∇∞)⊗ F) is spanning.

(Note that, for consistency with 3.4.3, we should replace η by (1, 0,−1) in the statement of
Lemma 3.31; we used η instead for ease of notation.)

3.4.5. Analysis for T (j) = {w0t1, αβt1, βαt1, t1}. We now have #T = 4 and write τw0 , ταβ, τβα, τid
for the elements of T distinguished by the conditions w̃∗(ρ, τw0)j = w0t1, w̃

∗(ρ, ταβ)j = αβt1,
w̃∗(ρ, τβα)j = βαt1 and w̃∗(ρ, τβα)j = t1 respectively.

Recall that ĨT,∇∞ = Ĩταβ ,∇∞ ∩ Ĩτw0 ,∇∞ ∩ Ĩτβα,∇∞ ∩ Ĩτid,∇∞ . Define I
(j)
Λ to be the intersec-

tion P
(j)
(0,1) ∩ P

(j)
(0,0) ∩ P

(j)
(ε1,0)

∩ P
(j)
(ε2,0)

in S(j)/I
(j)
τid,∇alg

, and let ĨΛ be the pullback in S̃ of the

ideal
∑

j′∈J ,j′ ̸=j I
(j′)
τid,∇alg

S + I
(j)
Λ S ⊆ S via S̃/ĨT,∇∞ ↠ S/Iτid,∇∞

∼= S/Iτid,∇alg
, where the iso-

morphism follows from the bottom line of (3.8). (Note that in the setting of this subsection the

ideal I
(j′)
τ,∇alg

is independent of τ ∈ T when j′ ̸= j, in particular in the definition of ĨΛ we can replace∑
j′∈J ,j′ ̸=j I

(j′)
τid,∇alg

S with
∑

j′∈J ,j′ ̸=j I
(j′)
τ,∇alg

S for any choice of τ ∈ T .) The proof of the following

Lemma is analogous to that of Lemma 3.21 (see also §B.1.1).

Lemma 3.32. Under the current assumption we have

I
(j)
Λ = (c22, c33, d32c23, c13d31 − c11d

∗
33).

We have Ĩ
(j)
τβα,∇∞

⊆ I
(j)
τβα,∇alg

⊆ P
(j)
(0,1)∩P

(j)
(0,0)∩P

(j)
(ε2,0)

by Proposition 3.19 and [LLHLM20, Table

3], and similarly Ĩ
(j)
ταβ ,∇∞

⊆ I
(j)
ταβ ,∇alg

⊆ P
(j)
(0,1) ∩P

(j)
(0,0) ∩P

(j)
(ε1,0)

. Hence we have canonical surjections

S̃/
(
Ĩταβ ,∇∞ ∩ Ĩτw0 ,∇∞ , p

)
∩ (Ĩτw0 ,∇∞ ∩ Ĩτβα,∇∞ , p) ↠ S̃/ĨΛ and S̃/(Ĩτid,∇∞ , p) ↠ S̃/ĨΛ which induce

canonical maps

TorS1 (F, S̃/
(
Ĩταβ ,∇∞ ∩ Ĩτw0 ,∇∞ , p

)
∩ (Ĩτw0 ,∇∞ ∩ Ĩτβα,∇∞ , p)) → TorS1 (F, (S̃/ĨΛ)⊗ F)

and

TorS1 (F, (S̃/Iτid,∇∞)⊗ F) → TorS1 (F, (S̃/ĨΛ)⊗ F).

Lemma 3.33. The union of the images of TorS1 (F, (S̃/Ĩτid,∇∞) ⊗ F) and TorS1 (F, S̃/
(
Ĩταβ ,∇∞ ∩

Ĩτw0 ,∇∞ , p
)
∩ (Ĩτw0 ,∇∞ ∩ Ĩτβα,∇∞ , p)) in TorS1 (F, (S̃/ĨΛ)⊗ F) is spanning.
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Proof. The proof is very similar to that of Lemma 3.29. As in loc. cit. it suffices to prove the
statement with ∇∞ replaced by ∇alg everywhere. We have

TorS1 (F, S̃/Ĩτid,∇alg
)⊗ F) =

⊕
j

I
(j)
τid,∇alg

/(I
(j)
τid,∇alg

·mS(j))

since Iτid,∇alg
=
∑

j′∈J I
(j′)
τid,∇alg

S with I
(j′)
τid,∇alg

⊆ S(j′) for all j′ ∈ J , and we have a similar decom-

positions

TorS1 (F, (S̃/ĨΛ)⊗ F) = I
(j)
Λ /(I

(j)
τid,∇alg

·mS(j))⊕
⊕
j′ ̸=j

I
(j′)
τid,∇alg

/(I
(j′)
τid,∇alg

·mS(j′))

and for TorS1 (F, S/
(
Ĩταβ ,∇alg

∩ Ĩτw0 ,∇∞ , p
)
∩ (Ĩτw0 ,∇alg

∩ Ĩτβα,∇∞ , p)).
Hence the desired statement will follow once we prove that union of the images of

TorS
(j)

1 (F, S(j)/
(
Ĩ
(j)
ταβ ,∇alg

∩ Ĩ(j)τw0 ,∇∞
, p
)
∩ (Ĩ

(j)
τw0 ,∇alg

∩ Ĩ(j)τβα,∇∞
, p)) → TorS

(j)

1 (F, S(j)/I
(j)
Λ )

and
TorS

(j)

1 (F, S(j)/
(
Ĩ
(j)
τid,∇alg

, p)) → TorS
(j)

1 (F, S(j)/I
(j)
Λ )

is spanning. This follows from the last row in Table 6 (see §B.1.5 for details). □

3.4.6. Analysis for T (j) = {tw0(η), tw0(η)α, tw0(η)β, tw0(η)w0}. The analysis is similar to that of
§3.4.5, replacing w0t1, αβt1, βαt1 and t1 by tw0(η), tw0(η)α, tw0(η)β and tw0(η)w0 respectively, and

P
(j)
(0,0) ∩P

(j)
(0,1) by P

(j)
(ε1+ε2,1)

. The following Lemma is proved in §B.1.1.

Lemma 3.34. In the current assumptions we have:

I
(j)
Λ = (c22, c33, c32, e33, e23, d31, (a− b)c12c23 − (a− c)e13d

∗
22, d21d32, c23d32, d21c12).

A proof analogous to that of Lemma 3.33, using now Table 7 instead of Table 6, yields the
following:

Lemma 3.35. The union of the image of TorS1 (F, (S̃/Ĩτtw0(η)
w0 ,∇∞)⊗F) and of TorS1 (F, S̃/

(
Ĩτtw0(η)

α,∇∞∩
Ĩτtw0(η)

,∇∞ , p
)
∩ (Ĩτtw0(η)

,∇∞ ∩ Ĩτtw0(η)
β ,∇∞ , p)) in TorS1 (F, (S̃/ĨΛ)⊗ F) is spanning.

4. Representations of GL3

4.1. Some tilting modules for GL3. We label some alcoves for GL3 as in Figure 1. For a

Figure 1. Labelling of alcoves for GL3

dominant alcove X, let w̃X ∈ Wa denote the corresponding element of the affine Weyl group. We

write w̃X = tωX w̃
0
X for some w̃0

X ∈ W̃+
1 and dominant ωX ∈ X∗(T ) which are unique up to X0(T ).

If λ ∈ X∗(T ) is 0-deep in an alcove, λX denotes the unique weight in alcove X that is linked to λ
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(cf. [Jan03, II.6.5]). Then λX = λ0X +pωX with λ0X ∈ X1(T ) and ωX as above. Moreover, if λ ∈ C0

then λX = w̃X · λ = w̃0
X · λ+ pωX so that λ0X = w̃0

X · λ.
Let F be a finite extension of Fp. For a dominant λ ∈ X∗(T ), recall from [Jan03, §II.2.4] the

simple GL3/F-representation L(λ) with highest weight λ. In this section we write Ext1 for Ext1GL3/F
.

From [Yeh, Theorem 4.2.3(i)] we have:

Proposition 4.1. For any λ, µ ∈ X+(T ) we have dimF Ext
1(L(λ), L(µ)) ≤ 1.

Proposition 4.1 implies that if a nonsplit extension of two simple GL3/F-modules exists, then it is

unique up to isomorphism. Recall from [Jan03, §II.6.17] that Ext1(L(λ), L(µ)) = 0 unless λ and µ
are linked i.e. µ = w̃ · λ for some w̃ ∈Wa.

For λ ∈ X∗
1 (T ), recall from [LLHLM20, Theorem 4.2.1] the GL3/F-representation Q1(λ) (see also

[Jan03, §II.11.3 and §II.11.11]). As the following results explain, the module Q1(λ) acts like an
injective and projective module in the full subcategory of modules whose Jordan–Hölder factors
have p-bounded highest weight.

Proposition 4.2. If µ ∈ X+(T ) is p-bounded, i.e. ⟨µ, α∨⟩ < 4p for all roots α, then Ext1(L(µ), Q1(λ)) =
0 and Ext1(Q1(λ), L(µ)) = 0.

Proof. The second vanishing statement follows from the first by duality and the first vanishing
statement follows from the proof of [LLHLM20, (4.8)]. □

By dévissage, Proposition 4.2 yields the following.

Corollary 4.3. If M is a (finite length) module with only p-bounded Jordan–Hölder factors, then
Ext1(M,Q1(λ)) = 0 and Ext1(Q1(λ),M) = 0.

For λ ∈ X+(T ), we define V (λ) as in [Jan03, II.2.13(1)], and write W (λ) for its dual. By [Jan03,
II.2.14(1)] V (λ) (resp.W (λ)) has irreducible cosocle (resp. socle) isomorphic to L(λ), and we call it
the Weyl module (resp. dual Weyl module) associated to λ. A Weyl (resp. dual Weyl) filtration on a
GL3/F-module M is an exhaustive filtration whose graded pieces are direct sum of Weyl (resp. dual
Weyl) modules (cf. [Jan03, II.4.19]).

The following Proposition is a reformulation of [BDM15, Theorem B(b)].

Proposition 4.4 ([BDM15]). (1) The module Q1(λ) is rigid with Loewy layers given by the
rows in Figures 2, 3 (a row with alcove labels X1, · · · , Xn denotes a direct sum with multi-
plicity of the simple GL3/F-representations L(λX1), · · · , L(λXn)).

(2) The module Q1(λ) has a Weyl (resp. dual Weyl) filtration such that gr(Q1(λ)) is a direct
sum of multiplicity free Weyl modules (resp. dual Weyl modules) with Jordan–Hölder factors
given by the connected components of the graphs in Figures 2 (resp. 3).

(3) The socle and cosocle filtrations on these Weyl modules coincide with the filtrations induced
from the Loewy filtration on Q1(λ) (up to shift).

(4) Each edge in Figure 2 (resp. 3) indicates the existence of a subquotient of a Weyl mod-
ule (resp. dual Weyl module) in gr(Q1(λ)), which is a nonsplit extension (unique up to
isomorphism by Proposition 4.1) of the indicated simple modules.

Let rad•Q1(λ) denote the (decreasing) radical filtration. We let Q1(λ)
k̂ denote Q1(λ)/rad

kQ1(λ).

Informally speaking, Q1(λ)
k̂ is the maximal quotient of Q1(λ) obtained by removing the k-th layer.
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Figure 2. Weyl and dual Weyl filtrations for Q1(λ), case λ ∈ B
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Figure 3. Weyl and dual Weyl filtrations for Q1(λ), case λ ∈ A
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Proposition 4.5 (Translation principle). Let λ ∈ X∗
1 (T ) be m-deep in its alcove, and ε ∈ X∗(T )

such that ⟨ε, α∨⟩ ≤ m for all α ∈ Φ. Then

L(ε)⊗ radkQ1(λ) ∼=
⊕
ν∈L(ε)

radkQ1(λ+ ν)
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(where ν ∈ L(ε) means that ν ∈ X∗(T ) is in the weight space of L(ε), counted with multiplicity).

Proof. Noting that L(ε)⊗ L(λ) is semisimple by the assumption on ε ([Hum06, Proposition 6.4]),
the statement follows by dévissage from [AK11, Lemma 4.6] and Proposition 4.4. □

Restriction to rational points. Recall from §1.4 the algebraic group G0 and the natural isomorphism

G/F
def
= G0 ×Zp F ∼=

∏
j∈J GL3/F. For λ ∈ X∗(T ) we define the G-representations L(λ) and V (λ) as

in § 4.1; in particular V (λ) is the Weyl module of highest weight λ, and it has irreducible cosocle
isomorphic to L(λ). Let G be the finite group G0(Fp).

The following proposition expresses the Jordan–Hölder factors of L(µ)|G, for suitable µ ∈ X∗(T ),
in terms of the extension graph.

Proposition 4.6. Let m, t be nonnegative integers such that 4t ≤ m and λ ∈ AJ be m-deep.
Assume that for each j ∈ J , Xj is a dominant alcove such that maxµ∈Xj ,α∈Φ⟨µ, α∨⟩ < 4pt. Then

⊗j∈JL(w̃Xj · λj)|G ∼=
⊕

ω∈L(
∑

j∈J ωXj
)

F
(
Trλ+η(πω, π(w̃

0
Xj

(A))j∈J )
)
.

Proof. By [LLHLM20, Lemma 4.2.4(1)] (see also [LLHLM20, proof of Lemma 4.2.5]) we have

⊗j∈JL(w̃Xj · λj)|G ∼=
⊕

ω∈L(
∑

j ωXj
)

F
(
πω +

∑
j∈J

w̃0
Xj

· λj
)

and the conclusion follows directly from the definition of Trλ+η (see [LLHLMb, equation (2.3)]). □

4.2. G-projective covers and modular Serre weights. For λ ∈ X1(T ), let Q1(λ) be the G/F-

module ⊗j∈JQ1(λj). For a = (aj)j ∈ ZJ
≥0 and λ ∈ X1(T ), let rad

aQ1(λ) (resp. Q1(λ)
â) be the ten-

sor product⊗j∈J rad
ajQ1(λj) (resp.⊗j∈JQ1(λj)

âj ). We also let rad>aQ1(λ) be
∑

b≥a,b ̸=a rad
bQ1(λ),

where ≥ denotes the product partial order on ZJ
≥0, and let graQ1(λ) be radaQ1(λ)/rad

>aQ1(λ).

Note that rad>aQ1(λ) is rad(rad
aQ1(λ)). For a tuple a = (aj)j∈J with 0 ≤ aj ≤ 7, let |a| =

∑
j aj .

If n ∈ N we define

radnQ1(λ)
def
=

∑
a∈ZJ

≥0

|a|=n

radaQ1(λ).

In fact, {radnQ1(λ)}n∈Z≥0
coincides with the radical filtration for the F[G/F]-module Q1(λ), though

we will not use this.
If σ is a Serre weight, then let P̃σ and Pσ denote an O[G]-projective cover and F[G]-projective

cover of σ, respectively. Then Pσ ∼= P̃σ ⊗O F. Recall that F[G] is a Frobenius algebra, so that Pσ
is isomorphic to the injective envelope of σ.

Proposition 4.7. Assume that p ≥ 5. If λ ∈ X1(T ) is 1-deep, then the projective G-module
PF (λ) is isomorphic to Q1(λ)|G. In particular, if λ is 4-deep, the Jordan–Hölder factors of PF (λ)

are described by Proposition 4.6 (with Xj ∈ {A,B,C,D,E, F,G} if λj is in alcove B and Xj ∈
{A,B,C,D,E, F,G,H, I, J} if λj is in alcove A).

Proof. This is a particular case of [LLHLM20, Theorem 4.2.1]. As for the last statement, we note
that the alcoves appearing in Figure 1 are all p-bounded. □
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Figure 4. In this picture we represent the elements in the π(j)-th coordinate of
(ω, (w̃0

Xj
(A))j∈J ) for ω ∈ L(

∑
j∈J ωXj ), where Xj ∈ {A,B,C,D,E, F,G, J, I,H}.

(Informally speaking, these elements pictures the π(j)-th component of the re-
striction of L(

∑
j∈J ωXj ) to G.) On the left we consider the case where Xj ∈

{A,B,C,D,E, F}. The gold (resp. red, resp. blue) circles represent the case Xj = E
(resp. Xj = F , resp. Xj = B). The green (resp. orange, resp. purple) dots represent
the case Xj = C (resp. Xj = D, resp. Xj = A). On the right we consider the
case where Xj ∈ {G, J, I,H}. The green circles represent the case where Xj = J .
The gold (resp. red, resp. blue) dots represent the case Xj = G (resp. Xj = I,
resp. Xj = H).

Let λ ∈ X1(T ) be 1-deep and σ = F (λ). For a = (aj)j ∈ ZJ
≥0 and n ∈ Z≥0, let rad

aPσ, rad
>aPσ,

P âσ , gr
a Pσ and radnPσ be the subquotients of Pσ corresponding to the restrictions radaQ1(λ)|G,

rad>aQ1(λ)|G, Q1(λ)
â|G, graQ1(λ)|G and radnQ1(λ)|G under a fixed choice of isomorphism in

Proposition 4.7 (the isomorphism classes of the subquotients do not depend on this choice of the
isomorphism). Note that if σ is 8-deep then {radnPσ}n∈N coincides with the radical filtration for
the F[G]-module Pσ by [LLHLM20, Corollary 4.2.3] and the analogous discussion for Q1(λ) before
Proposition 4.7. This description of the radical filtration of Pσ also follows from the next result.

We first introduce some notation. If a = (aj)j∈J and b = (bj)j∈J are tuples with aj , bj ∈ Z for

all j ∈ J , let a± b be the tuple (aj ± bj)j∈J . For an integer n and i ∈ J , let ni ∈ ZJ be the tuple
with ni,j = nδi=j .

Proposition 4.8. Assume that σ is 8-deep. Let S ⊂ {a ∈ ZJ
≥0 | |a| = n} be a nonempty subset.

Then

rad

(∑
a∈S

radaPσ

)
=
∑
a∈S

rad>aPσ.

Proof. Since
∑

a∈S rad
aPσ/

∑
a∈S rad

>aPσ ∼= ⊕a∈S gr
a Pσ, rad

(∑
a∈S rad

aPσ

)
⊂
∑

a∈S rad
>aPσ.
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To show the reverse inclusion, we need an intermediate result. Let σ = F (λ), b ∈ ZJ
≥0, and

i ∈ J . Then

(4.1) radbPσ/rad
>b+1iPσ

is the restriction to G of(
radbiQ1(λi)/rad

bi+2Q1(λi)
)
⊗
(
⊗j ̸=i gr

bj Q1(λ)
)
.

By Proposition 4.4 and [LLHLM20, Lemma 4.2.2], the radical of (4.1) is rad>bPσ/rad
>b+1iPσ.

We now show the reverse inclusion. If a ∈ S and b > a, we will show that radbPσ ⊂ rad
(
radaPσ

)
by reverse induction on |b|. If |b| > 6#J , then radbPσ = 0 and we are done. Suppose now that |b| ≤
6#J . Since b > a, b− 1i ≥ a for some i ∈ J . Then the kernel of the map radaPσ → cosoc radaPσ
contains rad>bPσ ⊂ rad radaPσ by the inductive hypothesis.

Thus the induced map radb−1iPσ → cosoc radaPσ factors through radb−1iPσ/rad
>bPσ. By the

intermediate result above (with b replaced by b−1i), rad
bPσ is in the kernel of the map radb−1iPσ →

cosoc radaPσ which gives the desired inclusion. □

Corollary 4.9. Assume that σ is 8-deep. Let a = (aj)j∈J with aj = 2 for all j ∈ J . Suppose that

Λ is a multiplicity free F[G]-module with cosocle isomorphic to σ such that JH(Λ) ⊂ JH(P âσ ). Then
Λ is isomorphic to a unique quotient of P âσ .

Proof. Let Λ be as in the statement of the corollary. Since cosocΛ ∼= σ, we can and do fix a
surjection Pσ ↠ Λ. We claim that this map factors through P âσ . Suppose otherwise. Then
the restriction rad2iPσ → Λ is nonzero for some i ∈ J . By Proposition 4.8, this implies that
JH(gr2i Pσ) ∩ JH(radΛ) ̸= ∅. This contradicts the assumption that Λ is a multiplicity free F[G]-
module and JH(Λ) ⊂ JH(P âσ ). The uniqueness of the quotient follows from the fact that P âσ is
multiplicity free. □

The following proposition shows that maps between projective envelopes are compatible with
the filtrations radaPF (λ).

Proposition 4.10. Let σ and κ be 8-deep Serre weights and Pκ → radaPσ be a map whose image is
not contained in rad>aPσ. Then the image of radbPκ is contained in rada+bPσ but not in rad>a+bPσ.

Proof. We proceed by induction with respect to the partial ordering on b. The case bj = 0 for all

j ∈ J is clear. Suppose that the image of radbPκ is contained in rada+bPσ but not in rad>a+bPσ.
Let i ∈ J . Thus, the alcoves of all of the constituents of grb Pκ and gra+b Pσ coincide. This
implies that JH(grb+1i Pκ) and JH(rada+bPσ/rad

a+b+1iPσ) are disjoint by alcove considerations in

embedding i. Hence the map grb+1i Pκ → rada+bPσ/(rad
a+b+1iPσ + Im(rad>b+1iPκ)) is zero. Thus

the image of radb+1iPκ and rad>b+1iPκ in rada+bPσ/rad
a+b+1iPσ coincide. By Nakayama’s lemma

these images are zero so that the image of radb+1iPκ is contained in rada+b+1iPσ.
It suffices to show that the induced map φ : grb+1i Pκ → gra+b+1i Pσ is nonzero. In fact, by

[LLHLM20, Lemma 4.2.2] this map is the socle of the map

(4.2) radbPκ/(rad
>b+1iPκ +

∑
j ̸=i

radb+1jPκ) → rada+bPσ/(rad
>a+b+1iPσ +

∑
j ̸=i

rada+b+1jPσ),

which is nonzero by the inductive hypothesis. If φ = 0, then (4.2) factors through a map grb Pκ →
gra+b+1i Pσ which must be 0 by alcove considerations at embedding i. This is a contradiction. □
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4.3. The covering property. Fix a tame L-parameter ρ with a lowest alcove presentation (s, µ)
for it. The main result of this section is the following result which plays a key role in §5.2.

Proposition 4.11. Let σ ∈ W ?(ρ) be 8-deep. Fix a ∈ ZJ
≥0 and let N ⊂ radaPσ be a submodule

such that the cokernel of the induced map N → gra Pσ has no Jordan–Hölder factors in W ?(ρ).
Then no Jordan–Hölder factors of radaPσ/N are in W ?(ρ).

The proof of Proposition 4.11 follows inductively from the following lemma.

Lemma 4.12. Let σ ∈ W ?(ρ) be 8-deep. Fix a, b ∈ ZJ
≥0 such that for some i ∈ J , bi = ai + 1

and bj = aj for all j ̸= i. Let N ⊂ radaPσ/rad
>bPσ be a submodule such that the cokernel of the

induced map N → gra Pσ has no Jordan–Hölder factors in W ?(ρ). Then no Jordan–Hölder factors

of (radaPσ/rad
>bPσ)/N are in W ?(ρ).

Proof of Proposition 4.11. We proceed by induction. For convenience, for any submodule M ⊂
radaPσ, we writeM for the image ofM in radaPσ/N . Similarly, for submodulesM ′ ⊂M ⊂ radaPσ,

we writeM/M ′ forM/M ′. Proposition 4.11 holds for a sufficiently large. Let a ∈ ZJ
≥0 and suppose

that Proposition 4.11 holds for any b ∈ ZJ
≥0 as in Lemma 4.12. Suppose that N is as in Proposition

4.11. By the exact sequence

0 →
∑
b>a

b as in L. 4.12

radbPσ → radaPσ → gra Pσ → 0,

it suffices to show that for any b ∈ ZJ
≥0 as in Lemma 4.12, radbPσ contains no Jordan–Hölder factors

in W ?(ρ).

Let b ∈ ZJ
≥0 be as in the above exact sequence, i.e., as in Lemma 4.12. By Lemma 4.12,

radaPσ/rad
>bPσ contains no Jordan–Hölder factors in W ?(ρ). Thus grb Pσ ⊂ radaPσ/rad

>bPσ

contains no Jordan–Hölder factors in W ?(ρ). By the inductive hypothesis, radbPσ contains no
Jordan–Hölder factors in W ?(ρ). □

The proof of Lemma 4.12 requires a series of results. Let λ = (λj)j ∈ X1(T ) be 8-deep in alcove

AJ . If X = (Xj)j is a dominant alcove, then let λX
def
=
∑

j λj,Xj (using notation from §4.1). In

particular we have λj,Xj = w̃Xj · λj = λ0j,Xj
+ pωXj where λ0j,Xj

def
= w̃0

Xj
· λj ∈ X1(T ). For the

remainder of this section, M =Mi ⊗⊗j ̸=iL(λj,Xj ) where Xj ∈ {A,B,C,D,E, F,G,H, I, J} for all
j ̸= i and Mi is a rigid module with Loewy length two. Then M is rigid of Loewy length two and
we let M1 and M0 be the cosocle and socle, respectively. Unless otherwise stated, Mi is a nonsplit
extension of L(λi,X1

i
) by L(λi,X0

i
). We will require the following lemmas.

Lemma 4.13. Let σ ∈ JH(M1|G). Let N ⊂ N ′ ⊂M |G be submodules such that the cokernel of the
natural map N → cosocN ′ does not contain σ as a Jordan–Hölder factor. Then N ′/N does not
contain σ as a Jordan–Hölder factor.

Proof. If φ : N → cosocN ′ is the natural map, there is an exact sequence

0 → N ′′ → N ′/N → cokerφ→ 0

for some subquotient N ′′ of M0|G. Since σ /∈ JH(M0|G) by alcove considerations, and σ /∈
JH(cokerφ) by assumption, σ /∈ JH(N ′/N). □
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Lemma 4.14. There exist a finite set S, 6-deep weights λk ∈ X1(T ) in alcove AJ for each k ∈ S
with λkπ(i) = λπ(i), and alcoves Yj ∈ {A,B} for each j ̸= i such that with Mk,i a nonsplit extension

of L(λk
i,X1

i
) by L(λk

i,X0
i
) and Mk =Mk,i ⊗⊗j ̸=iL(λ

k
j,Yj

) for each k ∈ S, M |G ∼= ⊕k∈SMk|G.

Proof. See the proof of [LLHLM20, Proposition 4.2.10]. □

Proposition 4.15. Suppose that X1
i , X

0
i ∈ {A,B,C,D,E, F,G} or

(X1
i , X

0
i ) ∈ {(C, J), (D,J), (J,C), (J,D), (E,H), (F, I), (H,E), (I, F )}.

Let σn be a Jordan–Hölder factor in Mn|G with multiplicity one for n = 0 and 1 and fix nonzero
maps (unique up to scalar) Pσ1 →M |G and M |G → Pσ0. Then the composition Pσ1 →M |G → Pσ0

is nonzero if and only if Ext1F[G](σ
1, σ0) ̸= 0.

Proof. This follows from the proofs of [LLHLM20, Propositions 4.2.10 and 4.2.12]. Indeed, if
X1
i , X

0
i ∈ {A,B,C,D,E, F,G}, then the result follows from [LLHLM20, Proposition 4.2.10]. We

will consider the cases (X1
i , X

0
i ) ∈ {(J,C), (J,D), (H,E), (I, F )}. The remaining cases follow by

duality. One reduces to the cases where Xj ∈ {A,B} for j ̸= i by Lemma 4.14 (see the proof
of [LLHLM20, Proposition 4.2.10]). The cases (X1

i , X
0
i ) = (J,C) or (J,D) are similar to the

cases (G,E) and (G,F ) covered in [LLHLM20, Proposition 4.2.12]. The cases (X1
i , X

0
i ) is (H,E)

or (I, F ) are also similar to the cases just mentioned. Indeed, in the last step of the proof of
[LLHLM20, Proposition 4.2.12] one uses instead that L(2ωX1

i
) is isomorphic to the submodule of

L(ωX1
i
)⊗ L(ωX1

i
) on which the involution given by switching tensor factors acts by 1. □

Lemma 4.16. If {X1
i , X

0
i } = {G, J}, then M |G is a direct sum of indecomposable length two

modules.

Proof. Decompose M1|G = ⊕kσk (we identify σk with a submodule of M1|G even though var-
ious σk may be isomorphic). Let Nk ⊂ M |G be the image of a map Pσk → M |G lifting a
projective cover Pσk ↠ σk ⊂ M1|G of σk. For each k, the length of Nk is at least two since
σk /∈ JH(socM |G) by [LLHLM20, Lemma 4.2.2]. Moreover, since there is a unique σ′k ∈ JH(M0|G)
such that Ext1F[G](σk, σ

′
k) is nonzero and dimF Ext

1
F[G](σk, σ

′
k) = 1 by [LLHLM20, Lemma 4.2.6] (see

also Figure 4), the length of Nk is exactly two. The natural map ⊕kNk →M |G is a surjective map
between objects of the same length, and is thus an isomorphism. □

We now let MA and MB be L(λi,A) ⊗ ⊗j ̸=iL(λj,Xj ) and L(λi,B) ⊗ ⊗j ̸=iL(λj,Xj ), respectively.

Fix σ ∈ JH(MA|G).

Proposition 4.17. Suppose (X1
i , X

0
i ) = (G,E) or (G,F ). If N is a submodule of M |G with

σ ∈ JH(N), then N contains at least two weights in M0|G adjacent to σ.

Proof. Let N be as in the statement. The projection of N to some Mk|G in Lemma 4.14 contains
σ as a Jordan–Hölder factor, and so we reduce to the case where Xj ∈ {A,B} for all j ̸= i. If N
contains only one weight in M0|G adjacent to σ, then there is a map φ : Pσ → N ⊂ M |G such
that Im(φ) ∩ soc(M |G) is simple. Considering the composition of φ with the injective envelope of
M |G, the argument of [LLHLM20, Proposition 4.2.12] implies that there is a nonzero element of
the 0-weight space of L(ωX0

i
− w0ωX0

i
) whose image in L(ωX0

i
) ⊗ L(−w0ωX0

i
) is a pure tensor of

weight eigenvectors. This contradicts Lemma 4.18. □

Lemma 4.18. Let ω ∈ X∗(T ) be a fundamental weight. Under the inclusion L(ω − w0ω) ⊂
L(ω)⊗ L(−w0ω), any element in the 0 weight space of L(ω − w0ω) is not a pure tensor of weight
eigenvectors in L(ω)⊗ L(−w0ω).
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Proof. The (2-dimensional) 0-weight space of L(ω−w0ω) is stable under the Weyl group symmetry.
However, the Weyl group orbit of a weight 0 pure tensor of (nonzero) weight eigenvectors in L(ω)⊗
L(−w0ω) spans the entire (3-dimensional) 0-weight space of L(ω)⊗ L(−w0ω). □

Proposition 4.19. Suppose that (X1
i , X

0
i ) = (E,G) or (F,G). If N is a submodule of M |G

containing two distinct Serre weights adjacent to σ as Jordan–Hölder factors, then N contains the
σ-isotypic part of M0|G.

Proof. Suppose that N is as above. Define N ′ be the kernel of natural surjection (M |G)∗ ↠ N∗,
where (−)∗ denotes the contragredient representation. If σ∗ ∈ JH(N ′), then two of the weights
adjacent to σ∗ are Jordan–Hölder factors of N ′ by Proposition 4.17, and thus not of N∗ sinceM1|G
is a multiplicity free representation. This contradicts the assumption that N contains two distinct
Serre weights adjacent to σ as Jordan–Hölder factors; see Figure 4. Thus σ∗ /∈ JH(N ′) and N
contains the σ-isotypic part of M0|G. □

Recall our standing assumption that λ is 8-deep in alcove AJ .

Proposition 4.20. As before, let M be Mi⊗⊗j ̸=iL(λj,Xj ) with Mi a nonsplit extension of L(λi,X1
i
)

by L(λi,X0
i
) with Xj , X

1
i , X

0
i ∈ {A,B,C,D,E, F,G,H, I, J}. Suppose that either

(1) at least one of X1
i or X0

i is in {A,B};
(2) (X1

i , X
0
i ) = (C,F ) or (D,E); or

(3) X1
i = E or F .

Assume further that F (λ) is linked to a modular Serre weight, or equivalently, that F (
∑

j λj,B) ∈
W ?(ρ). If X1

i = A, assume further that F (λi,A +
∑

j ̸=i λj,B) ∈ W ?(ρ). Suppose that N is a

submodule of M |G such that the cokernel of the projection of N onto M1|G contains no Serre
weights in W ?(ρ). Then M |G/N contains no Jordan–Hölder factors in W ?(ρ).

Proof. In this proof we repeatedly use the description ofW ?(ρ) in terms of the extension graph given
in §2.1.3. With M |G ∼= ⊕k∈SMk|G as in Lemma 4.14, M |G/N is a quotient of ⊕k∈SMk|G/(Mk|G ∩
N). It suffices to show the following claim: for each k ∈ S, Mk|G/(Mk|G ∩N) contains no Jordan–
Hölder factors inW ?(ρ). Note thatMk has simple cosocle as a G/F-module, whose (6-deep) highest

weight is linked to the weight λk ∈ AJ appearing in Lemma 4.14. Note that if λ = Trµ+η(ν, 0) then

λk = Trµ+η(ν + ω, 0) for some ω ∈ L(
∑

j ̸=i πωXj ) by Proposition 4.6. Thus if F (λk) is not linked

to a modular weight then (νπ(j)+ωπ(j), 1) is not in sπ(j)(r(Σ0)) for some j; in fact (νπ(j)+ωπ(j), 1)

is not in sπ(j)(r(Σ0)) for some j ̸= i since ωπ(i) = 0 and F (
∑

j λj,B) ∈W ?(ρ) by assumption. Then

JH(Mk|G)∩W ?(ρ) is empty (using that Yj from Lemma 4.14 is A or B for all j ̸= i), and the claim

holds. Assume now that F (λk) is linked to a modular weight. We will show that the remaining
hypotheses of the proposition hold for Mk|G ∩ N ⊂ Mk|G so that we reduce to the case where
Xj ∈ {A,B} for j ̸= i. Clearly, the enumerated condition that holds for M holds for any Mk. It

remains to show that the cokernel of the natural mapMk|G∩N →M1
k |G

def
= cosocMk|G contains no

Jordan–Hölder factors in W ?(ρ). Let σ ∈ JH(M1
k |G) ∩W ?(ρ). By Lemma 4.13 taking N ′ = M |G,

σ /∈ JH(M |G/N). Thus, in fact, σ /∈ JH(Mk|G/(Mk|G ∩N)).
We now establish the proposition assuming that Xj ∈ {A,B} for j ̸= i. We assume that

F (λi,B +
∑

j ̸=i λj,Xj ) ∈ W ?(ρ) since otherwise JH(M |G) ∩ W ?(ρ) = ∅ by the extension graph

description of W ?(ρ), and the proposition follows immediately. Our analysis now breaks into the
three cases for X0

i and X1
i described in the enumerated conditions of the proposition. If X1

i

(resp. X0
i ) is A or B, then M1|G (resp. M0|G), which is the cosocle (resp. socle) of M |G, is simple.

Then it is easy to see that N necessarily contains M0|G, and the proposition follows. (Note that if
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X1
i = A, then F (λi,A +

∑
j ̸=i λj,Xj ) ∈ W ?(ρ) by the extension graph description of W ?(ρ) so that

N surjects onto the cosocle of M |G.)
We next consider the case where (2) holds. We assume that (X1

i , X
0
i ) = (C,F ) as the case (D,E)

is symmetric. Suppose σ0 ⊂ M0|G is simple and in W ?(ρ). Then one checks using the extension
graph description of W ?(ρ) and the fact that F (λi,B +

∑
j ̸=i λj,Xj ) ∈W ?(ρ) that there is a unique

σ1 ∈ JH(M1|G) ∩W ?(ρ) and moreover that σ1 is adjacent to σ0. Then σ0 ⊂ N by Proposition
4.15.

Finally, we consider the case where (3) holds. We assume that X1
i = E as the case X1

i = F is
symmetric. Then X0

i is A,C,D,G,H, or I. The case where X0
i = A was already considered in (1).

Let σ0 ⊂M0|G be simple and in W ?(ρ). Since F (λi,B +
∑

j ̸=i λj,Xj ) ∈ W ?(ρ) by assumption, it is

easy to check that there is σ1 ∈ JH(M1|G) ∩W ?(ρ). Suppose first that X0
i is D or H. Then σ0

and σ1 must be adjacent. (The contrapositive is easier to see: If σ0 = Trµ+η(sj(ω
0), a0) and σ1 =

Trµ+η(sj(ω
1), a1) are not adjacent, then ω0

i − ω1
i is an element of ΛR using that (ω0

j , a
0
j ) = (ω1

j , a
1
j )

for all j ̸= i. This implies that ωE − ωX ∈ ΛR for X = D or H which is false.) The result then
follows from Proposition 4.15. Suppose next that X0

i is C. If σ0 and σ1 are not adjacent, then the
weight in JH(M1|G) linked to σ0 is also modular and the result follows again from Proposition 4.15
(see Figure 5).

ρ

σ1

σ0

σ

Figure 5. σ0 and σ1 are nonadjacent weights in W ?(ρ). The blue circles represent
JH(M1|G). The weight σ linked to σ0 is in JH(M1|G) ∩W ?(ρ).

Suppose finally that X0
i is G. If σ0 ∈ JH(MA|G) (resp. JH(M0|G) \ JH(MA|G)), then σ0 is

adjacent to exactly two modular weights (resp. one modular weight) of JH(M1|G). The result then
follows from Proposition 4.19 (resp. Proposition 4.15). □

Proposition 4.21. Let Mi be a (unique up to isomorphism) rigid nonsplit extension of L(λCi)⊕
L(λGi) by L(λJi). Assume further that F (λ) is linked to a modular Serre weight F (λ′) with λ′i = λi.
If N is a submodule of M |G such that the cokernel of the projection of N onto M1|G contains no
modular Serre weights, thenM |G/N contains no modular Serre weights (as Jordan–Hölder factors).

Proof. Suppose that σ0 is a weight in W ?(ρ) ∩ (JH(M0|G) \ JH(MB|G)). Then, using that F (λ) is
linked to a modular Serre weight,

(
L(λCi) ⊗ ⊗j ̸=iL(λj,Xj )

)
|G contains a modular weight adjacent

to σ0, and N contains σ0 by Proposition 4.15 with (X1
i , X

0
i ) = (C, J). If σ0 is a weight in

W ?(ρ) ∩ JH(MB|G), then the Jordan–Hölder factor of MA|G adjacent to σ0 is modular (by the
assumption that λ′i = λi) and appears with multiplicity two in M1|G. Then σ0 appears in N with
multiplicity two by Lemma 4.16. □

Proof of Lemma 4.12. Let σ, a, b, i, and N be as in Lemma 4.12. For convenience, for any sub-
module M ⊂ Pσ/rad

>bPσ, we write M for the image of M in (Pσ/rad
>bPσ)/N . Similarly, if

M ′ ⊂ M ⊂ Pσ/rad
>bPσ are submodules, then we write M/M ′ for M/M ′. Let σ be F (µ) so that

radaPσ/rad
>bPσ is isomorphic to radaQ1(µ)/rad

>bQ1(µ)|G where

(4.3) radaQ1(µ)/rad
>bQ1(µ) ∼=

(
radaiQ1(µi)/rad

ai+2Q1(µi)
)
⊗
(
⊗j ̸=i gr

aj Q1(µj)
)
.
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We will show that JH(radaPσ/rad
>bPσ) ∩W ?(ρ) is empty. Since JH(gra Pσ) ∩W ?(ρ) is empty by

assumption, it suffices to show that JH(grb Pσ)∩W ?(ρ) is empty. Let σ0 be in JH(grb Pσ)∩W ?(ρ).
We claim that there is a finite, separated, and exhaustive increasing filtration F k grbQ1(µ) on
grbQ1(µ) and submodules

(4.4) Mk ⊂ (radaQ1(µ)/rad
>bQ1(µ))/F

k−1 grbQ1(µ)

for each k such that
(1) F k grbQ1(µ)/F

k−1 grbQ1(µ) ⊂Mk; and

(2) σ0 /∈ JH(Mk|G).
Admitting this claim, we can inductively show for all k that σ0 /∈ JH(F k grbQ1(µ)|G). For k

sufficiently small, F k grbQ1(µ) = 0 and we are done. If σ0 /∈ JH(F k−1 grbQ1(µ)|G) for some k,

then σ0 /∈ JH(F k grbQ1(µ)|G) since(
F k grbQ1(µ)/F k−1 grbQ1(µ)

)
|G ⊂Mk|G

by (1) and σ0 /∈ JH(Mk|G) by (2).
It suffices to prove the claim. We set F 0 grbQ1(µ) = M0 = 0 and F 1 grbQ1(µ) = M1 to be the

largest submoduleM ⊂ grbQ1(µ) such σ
0 /∈ JH(M |G). Now, by Proposition 4.4, we can recursively

find Mk as in (4.4) to be a subquotient of a graded piece in either the Weyl filtration or the dual
Weyl filtration of the form

Mk =Mi,k ⊗⊗j ̸=iL(λj,Xj )

where λ is the unique element in AJ ⊂ X∗(T ) linked to µ and
• socMi,k

∼= L(λi,X0
i
) and cosocMk,i

∼= L(λi,X1
i
) with (X1

i , X
0
i ) in the appropriate column of

Table 1 or 2; or
• ai = 2, µi ∈ A, socMi,k

∼= L(λi,J), and cosocMk,i
∼= L(λi,C) ⊕ L(λi,G) (as indicated by

(C ⊕G, J) in Table 2).
We define F k grbQ1(µ) to be the preimage of socMk. Then (1) holds by construction, and it suffices
to check (2) for each Mk. This is clear for k = 0 and 1 and follows from Propositions 4.20 and 4.21
for k > 1. □

Table 1. Subquotients of radbi−1Q1(µi)/rad
bi+1Q1(µi), µi ∈ B

ai 0 1 2 3 4 5

Weyl (C,B), (D,B)
(E,C), (E,A), (E,D)

(F,C), (F,A), (F,D)
(C,B)× 2 (E,A) (C,B)

Dual Weyl (B,C), (B,A), (B,D) (D,E), (C,F ) (E,G) (D,E), (C,F ) (B,C), (B,D)

This table records length two subquotients of radbi−1Q1(µi)/rad
bi+1Q1(µi) for µi ∈

B which are subquotients of either a Weyl or dual Weyl module in the associated
graded of the Weyl or dual Weyl filtration. The notation (X1, X0) denotes a nonsplit
extension of X1 by X0 (unique up to isomorphism).
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Table 2. Subquotients of radbi−1Q1(µi)/rad
bi+1Q1(µi), µi ∈ A

ai 0 1 2 3 4 5

Weyl (E,A), (B,A), (F,A) (A,B)× 2 (E,A)× 2, (F,A) (E,A)

Dual Weyl (A,E), (A,F )
(B,D), (B,C), (F,D), (E,C)

(F, I), (F,G), (E,H)

(A,E)× 2, (A,F )× 2

(C ⊕G, J)

(F, I), (F,G), (E,H)

(B,D)× 2, (B,C)× 2
(A,F ), (A,B), (A,E)

Other (A,B)

This table records subquotients of radbi−1Q1(µi)/rad
bi+1Q1(µi) for µi ∈ A as in

Table 1. The nonsplit extension (A,B) in the last row is the quotientQ1(λi)
B though

it is not a quotient of either the quotient Weyl or dual Weyl module. (C ⊕ G, J)
denotes the length 3 rigid nonsplit extension (unique up to isomorphism) of the
direct sum of C and G by J .

4.4. Presentations of some quotients of Pσ. In this section, we introduce some quotients of
Pσ and give presentations which will be used in §5.2. As in § 4.3, recall that we have fixed a tame
L-parameter ρ together with a lowest alcove presentation (s, µ) for it.

For λ ∈ X1(T ), let A(λ) be the set {j ∈ J | λj ∈ A}. If σ ∼= F (λ), then we define A(σ) to be
A(λ). Let a = (aj)j∈J be a tuple such that aj is a subset of {B,Eo, Es, Fo, Fs} for j ∈ A(σ) (which

we write simply as a string in any order) and aj = 1̂ or 2̂ if j /∈ A(σ). Let b = (bj)j∈J be a tuple

such that bj = 2̂ if j ∈ A(σ) and bj = aj otherwise. We now define a quotient P aσ of P bσ.

Write σ = F (λ) for a 4-deep weight λ ∈ X1(T ) so that P bσ is isomorphic to Q1(λ)
b|G and

Proposition 4.7 applies. For each i ∈ A(σ), Q1(λ)
b has a submodule

gr1Q1(λi)⊗⊗j ̸=iQ1(λj)
bj ∼=

(
L(λi,B)⊕ L(λi,E)⊕ L(λi,F )

)
⊗⊗j ̸=iQ1(λj)

bj

∼=
((
L(λ0i,B)⊗ L(pωi,B)

)
⊕
(
L(λ0i,E)⊗ L(pωi,E)

)
⊕
(
L(λ0i,F )⊗ L(pωi,F )

))
⊗⊗j ̸=iQ1(λj)

bj

(recall from §4.1 that λi,X = λ0i,X + pωi,X with λ0i,X ∈ X1(T ) for X = B,E, F ). Since(((
L(λ0i,B)⊗ L(pωi,B)

)
⊕
(
L(λ0i,E)⊗ L(pωi,E)

)
⊕
(
L(λ0i,F )⊗ L(pωi,F )

))
⊗⊗j ̸=iQ1(λj)

bj

)
|G

∼=
(((

L(λ0i,B)⊗ L(πωi,B)
)
⊕
(
L(λ0i,E)⊗ L(πωi,E)

)
⊕
(
L(λ0i,F )⊗ L(πωi,F )

))
⊗⊗j ̸=iQ1(λj)

bj

)
|G,

for each X ∈ {B,E, F} and torus weight εi,X in L(ωi,X) the translation principle (Proposition 4.5)
produces submodules

(4.5)
(
L(λ0i,X)⊗Q1(λπ(i) + πεi,X)

bπ(i) ⊗⊗j ̸=i,π(i)Q1(λj)
bj
)
|G

of P bσ if π(i) ̸= i and

(4.6)
(
L(λ0i,X + εi,X)⊗⊗j ̸=iQ1(λj)

bj
)
|G

if π(i) = i. For each j ∈ A(σ), let Xj ∈ {B,E, F}, and let

λ0 =
∑

j /∈A(σ)

λj +
∑

j∈A(σ)

λ0j,Xj
.
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For j ∈ A(σ), if Xj = B (resp. E and F ), let cj = B (resp. cj ∈ {Eo, Es} and cj ∈ {Fo, Fs}).
Then for each j ∈ A(σ), there is a unique torus weight εj,cj in L(ωj,Xj ) such that if cj = Eo or Fo
(resp. Es or Fs), then F (λ

0 +
∑

j∈A(σ) πεj,cj ) is obvious (resp. shadow) in embedding π(j).

Finally, we let P aσ be the quotient of P bσ by the sum of the submodules in (4.5) or (4.6) with
i ∈ A(σ) and εi a torus weight in L(ωi,X) for X = B, E, or F but not in {εi,ci | ci ∈ ai}. Informally

speaking, P aσ is the non-zero quotient of P bσ containing precisely σ and the Jordan–Hölder factors
labelled by the elements in aj for j ∈ A(σ) (see Figure 6).

Figure 6. Using the extension graph with origin in λA + η (where λ ∈ X1(T ) is
such that σ = F (λ)) we describe the Jordan–Hölder factors of P aσ at j ∈ J , for
different configurations of aj ⊂ {B,Eo, Es, Fo, Fs}: given b ∈ {B,Eo, Es, Fo, Fs} the
dashed circle appears if and only if b ∈ aj .

Lemma 4.22. Let C be an abelian category. Suppose that we have an exact sequence

0 → ⊕i∈INi →M → N → 0

in C where I is a finite set. Letting Mi be the cokernel of the map ⊕j∈I,j ̸=iNj →M for each i ∈ I,
there is an exact sequence

0 →M → ⊕i∈IMi → ⊕i∈IN/∆(N) → 0

where the second map is (the composition of the diagonal map and) the sum of the natural pro-
jections, the third map is induced by the sum of the natural quotient maps, and ∆ denotes the
diagonally embedded copy of N in ⊕i∈IN .

Proof. There is a commutative diagram

0 ⊕i∈INi M N 0

0 ⊕i∈INi ⊕i∈IMi ⊕i∈IN 0

where the first row is as in the statement of the lemma, the second row is the direct sum of the
exact sequences 0 → Ni →Mi → N → 0, the second vertical map is the identity, the third vertical
map is the the composition of the diagonal map and the sum of the natural projections, and the
fourth vertical map is the diagonal map. The snake lemma gives the desired exact sequence. □

The following results are special cases of Lemma 4.22. As usual we assume that σ is 8-deep so
that [LLHLM20, Lemma 4.2.2] applies.

Proposition 4.23. Assume that σ is 8-deep. Let a = (aj)j∈J be a tuple such that aj is a subset of

{B,Eo, Es, Fo, Fs} for j ∈ A(σ) and either aj = 1̂ for all j /∈ A(σ) or aj = 2̂ for all j /∈ A(σ). Fix
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i ∈ A(σ). For X ⊂ ai, let aX = (aX,j)j∈J be the tuple such that aX,j = aj if j ̸= i and aX,i = X.
Then there is an exact sequence

0 → P aσ → ⊕X∈aiP
aX
σ → (⊕X∈aiP

a∅
σ )/∆(P

a∅
σ ) → 0

where ∆(P
a∅
σ ) denotes the diagonally embedded copy of P

a∅
σ in ⊕X∈aiP

a∅
σ and the second and third

maps are the sums of the natural surjections.

Proof. For X ∈ ai, let NX be ker(P aXσ → P
a∅
σ ) and L be ker(P aσ → P

a∅
σ ). Then there are surjections

L→ NX , and the natural map L→ ⊕X∈aiNX is surjective because the Jordan–Hölder factors ofNX

are pairwise disjoint by extension graph considerations at embedding i. This map L → ⊕X∈aiNX

is then an isomorphism by length considerations. The result now follows from Lemma 4.22 setting
M = P aσ and N = P

a∅
σ . □

Let

(4.7) P σ
def
= Pσ/

(∑
a

radaPσ +
∑
b

radbPσ
)

where a varies over tuples with

ai =

{
2 if i ∈ A(σ)

3 if i /∈ A(σ)

for some i ∈ J and aj = 0 for j ̸= i and b varies over tuples with bi = bi′ = 1 for some i /∈ A(σ)
and i′ ∈ J distinct from i, and bj = 0 for j ̸= i, i′ (the set of b is empty if J = A(σ) or #J = 1).

The following proposition gives another characterization of P σ.

Proposition 4.24. Assume that σ is 8-deep. There is an exact sequence

(4.8) 0 → P σ → ⊕cP
c
σ → (⊕cσ)/∆(σ) → 0

where c runs over tuples (cj)j∈J with ci = 3̂ for some i /∈ A(σ) and cj = 1̂ for all j ̸= i and the

tuple (cj)j∈J with j = 2̂ for all j ∈ A(σ) and j = 1̂ for all j /∈ A(σ), ∆(σ) ⊂ ⊕cσ denotes the
diagonally embedded copy, and the maps are the natural projections.

Proof. For a tuple c as in (4.8), let Nc be ker(P cσ ↠ σ), and let L be ker(P σ → σ). Then we have
natural surjections L → Nc. We claim that the natural map L → ⊕cNc is surjective. It suffices
to show that it is surjective after taking cosocles. This surjectivity follows from the fact that
cosocL → cosocNc is surjective for each c and that the sets JH(cosocNc) are pairwise disjoint by
alcove considerations (as usual, we use [LLHLM20, Lemma 4.2.2]). Finally, the map L → ⊕cNc is
an isomorphism by length considerations. The result now follows from Lemma 4.22 settingM = P σ
and N = σ. □

4.5. Lattices in direct sums of Deligne–Lusztig representations. Let σ be an 8-deep Serre
weight. We now study certain quotients of Pσ arising from reductions of lattices in direct sums of

Deligne–Lusztig representations. Recall that P̃σ → σ is a O[G]-projective cover of σ. Since the

multiplicity of an irreducible E[G]-module R in P̃σ⊗OE is the multiplicity of σ in R, we have that

P̃σ ⊗O E ∼= ⊕σ∈JH(R)R

where R runs over Deligne–Lusztig representations.
Let T be a set of Deligne–Lusztig representations whose reduction contains σ as a Jordan–Hölder

factor. Let P̃ Tσ be the quotient of P̃σ which is isomorphic to the image of the composition

P̃σ ↪→ P̃σ ⊗O E ∼= ⊕σ∈JH(R)R↠ ⊕R∈TR.
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The isomorphism class of P̃ Tσ does not depend on the choice of isomorphism above. If T is the set
of all Deligne–Lusztig representations whose reduction contains σ as a Jordan–Hölder factor, then

P̃ Tσ
∼= P̃σ. Let P Tσ

def
= P̃ Tσ ⊗O F. Since P̃ Tσ is an O-lattice in ⊕R∈TR, the set of Jordan–Hölder

factors of P Tσ is ∪R∈TJH(R). In fact, the multiplicity of a Serre weight in P Tσ is the sum over R ∈ T
of its multiplicities in R. We have natural surjections

(4.9) Pσ ↠ P Tσ ↠ PSσ

for any subset S ⊂ T .
We now study P Tσ for specific subsets T . We begin by labelling certain Deligne–Lusztig repre-

sentations. Suppose that A(σ) ̸= J , and fix i ∈ J \ A(σ). Identify S3 with the i-th component
of W . Let (s, µ) be a lowest alcove presentation for a Deligne–Lusztig representation such that
σ ∈ JH(Rs(µ + η)) is an outer weight. For w ∈ S3 ⊂ W , let Rw be the Deligne–Lusztig represen-
tations Rsw(µ+ η).

Lemma 4.25. Fix i′ ̸= i in J . Then the images of the maps

(4.10) rad1i′Pσ → P
{Rαβ ,Rw0}
σ and rad1i′Pσ → P

{Rw0 ,Rβα}
σ

induced by (4.9) do not contain σ as a Jordan–Hölder factor.

Proof. Let S be {Rαβ, Rw0} or {Rw0 , Rβα}. Suppose that σ = F (λ). First suppose that i′ ∈ A(σ).
The following is the key observation. Using Proposition 4.6 with Xi′ taken to be X and Xj

taken to be the alcove containing λj , Figure 4, §2.1.3, and the fact that σ is an outer weight in

R for both R ∈ S, we see that for any ν ∈ X1(T ), P
S
σ does not contain F (λi′,B +

∑
j ̸=i′ λj) and

contains at most one Jordan–Hölder factor (possibly with multiplicity) of
(
L(λi′,X)⊗⊗j ̸=i′L(λj)

)
|G

if X = E or F . We claim that the map gr6i′ Pσ → PSσ /im(rad>6i′Pσ) is 0. Since the kernel of the
map gr5i′ Pσ → PSσ /im(rad>5i′Pσ) contains a Jordan–Hölder factor of

(
L(λi′,E) ⊗ ⊗j ̸=i′L(λj)

)
|G

adjacent to σ by the above key observation, the claim follows from the Weyl filtration in Proposition
4.4 and Proposition 4.15. Since gr6i′ Pσ is naturally identified with the cosocle of rad6i′Pσ, the map
rad6i′Pσ → PSσ is 0. A similar argument as before using the Weyl filtration in Proposition 4.4 and
Proposition 4.15 with (X1

i′ , X
0
i′) = (B,A), (E,A), (F,A), and the dual Weyl filtration in Proposition

4.4 and the dual of Proposition 4.17 shows that the map gr4i′ Pσ → PSσ /im(rad>4i′Pσ) is 0. (For
the case X0

i′ = G, we require that two of the Jordan–Hölder factors of
(
L(λi′,E)⊗⊗j ̸=i′L(λj)

)
|G are

in the kernel of gr3i′ Pσ → PSσ /im(rad>3i′Pσ).) We conclude that there is a map P⊕3
σ → rad4i′Pσ

such that the composition P⊕3
σ → PSσ /im(rad>4i′Pσ) is 0. Decomposing rad4i′Pσ/rad

5i′Pσ as a
sum of modules of the form

(
L(λi′,X) ⊗ ⊗j ̸=i′Q(λj)

)
|G and using that the cosocle of Q(λj) is

isomorphic to the simple G-module L(λj), it is not hard to see that the cokernel of the induced

map P⊕3
σ → rad4i′Pσ/rad

5i′Pσ does not contain σ as a Jordan–Hölder factor. We conclude that
the image of rad4i′Pσ/rad

5i′Pσ → PSσ /im(rad5i′Pσ) does not contain σ as a Jordan–Hölder factor.
Finally, one shows similarly that the image of rad2i′Pσ/rad

3i′Pσ → PSσ /im(rad3i′Pσ) does not
contain σ as a Jordan–Hölder factor. Putting this all together, we get that the image of (4.10) does
not contain σ as a Jordan–Hölder factor.

Next suppose that i′ /∈ A(σ). Again, from Proposition 4.6 with Xi′ taken to be X and Xj taken
to be the alcove containing λj , Figure 4, and §2.1.3, we see that PSσ contains at most two Jordan–
Hölder factors of

(
L(λi′,X) ⊗ ⊗j ̸=i′L(λj)

)
|G if X = C or D. Then similar arguments to those in

the last paragraph, the Weyl filtration in Proposition 4.4, and Proposition 4.15 with (X1
i′ , X

0
i′) =

(C,B), (D,B) show that the kernel of (4.10) contains all Jordan–Hölder factors isomorphic to σ. □
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Lemma 4.26. The images of the maps

(4.11) rad4iPσ → P
{Rαβ ,Rw0}
σ and rad4iPσ → P

{Rw0 ,Rβα}
σ

induced by (4.9) do not contain σ as a Jordan–Hölder factor.

Proof. The proof is similar to that of Lemma 4.25 so we will be brief. Again let σ = F (λ).
For S equal to {Rαβ, Rw0} or {Rw0 , Rβα}, PSσ contains at most two Jordan–Hölder factors of(
L(λi,X) ⊗ ⊗j ̸=iL(λj)

)
|G if X = E or F . Then using the Weyl filtration in Proposition 4.4 and

Proposition 4.15 with (X1
i , X

0
i ) = (E,A), (F,A), (A,B), we see that the kernel of (4.11) contains

all Jordan–Hölder factors of the form
(
L(λi,B)⊗⊗j ̸=iL(λj)

)
|G. □

Lemma 4.27. Define a = (aj)j∈J by aj = 0 for all j ̸= i and ai = 2. Let P be a quotient of Pσ
and let M be the kernel of the map radaPσ → P . Recall that if σ = F (λ), then gra Pσ is isomorphic
to

gra Pσ ∼=
(
gr2Q1(λi)⊗⊗j ̸=i gr

0Q1(λj)
)
|G(4.12)

∼= σ⊕2 ⊕ (L(λi,E)⊗⊗j ̸=iL(λj))|G ⊕ (L(λi,F )⊗⊗j ̸=iL(λj))|G(4.13)

so that there is a projection map

(4.14) gra Pσ → (L(λi,E)⊗⊗j ̸=iL(λj))|G ⊕ (L(λi,F )⊗⊗j ̸=iL(λj))|G.

If κ is a Jordan–Hölder factor of the image of M under (4.14), then κ is not a Jordan–Hölder
factor of P .

Proof. Suppose that κ is a Jordan–Hölder factor of the image ofM under (4.14). Using Proposition
4.6 together with the description of W ?(ρ) (§ 2.1.3), there is a ρ such that

JH(gra Pσ) ∩W ?(ρ) = {κ}.

As the RHS of (4.14) is multiplicity free, we conclude that the cokernel of M → gra Pσ does not
contain any elements ofW ?(ρ). By Proposition 4.11, κ /∈ JH(radaPσ/M). Since κ /∈ JH(Pσ/rad

aPσ)
(again using Proposition 4.6), κ is not a Jordan–Hölder factor of the image of the surjective map
Pσ → P and thus not in JH(P ). □

For n ≥ 0 define

Filni Pσ = radniPσ +
∑
j ̸=i

rad1jPσ.

Note that Filni Pσ/Fil
(n+1)i Pσ is grni Pσ.

Lemma 4.28. The kernel of the map Fil2i Pσ → P
{Rαβ ,Rw0}
σ ⊕P

{Rw0 ,Rβα}
σ ⊕PRid

σ induced by (4.9)
is contained in Fil3i Pσ.

Proof. Suppose that κ is a simple submodule of the projection of the kernel of

Fil2i Pσ → P
{Rαβ ,Rw0}
σ ⊕ P

{Rw0 ,Rβα}
σ ⊕ PRid

σ

to Fil2i Pσ/Fil
3i Pσ ∼= gr2i Pσ.

Let σ = F (λ). First suppose that κ is a Jordan–Hölder factor of

(4.15) (L(λi,E)⊗⊗j ̸=iL(λj))|G ⊕ (L(λi,F )⊗⊗j ̸=iL(λj))|G.
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Then Lemma 4.27 with P = P
{Rαβ ,Rw0}
σ , P

{Rw0 ,Rβα}
σ , and PRid

σ implies that κ is not a Jordan–Hölder

factor of P
{Rαβ ,Rw0}
σ ⊕P {Rw0 ,Rβα}

σ ⊕PRid
σ . However, one can check that every Jordan–Hölder factor

of (4.15) is in

JH(P
{Rαβ ,Rw0}
σ ⊕ P

{Rw0 ,Rβα}
σ ⊕ PRid

σ ) = JH(Rid ⊕Rαβ ⊕Rw0 ⊕Rβα)

using §2.1.3 and Figure 4, which is a contradiction.
We conclude that κ must isomorphic to σ. Let P bσ be the quotient of Pσ/Fil

3i Pσ by (4.15).
Then there is a natural injection κ ↪→ P bσ, and we identify κ with its image. Recall from the
Weyl filtration of Proposition 4.4 that P bσ contains the direct sum of two submodules MC and
MD which are the restrictions to G of extensions of L(λi,C)⊗⊗j ̸=iL(λj) and L(λi,D)⊗⊗j ̸=iL(λj),
respectively, by L(λ). Then κ is in the direct sum MC ⊕MD. Suppose without loss of generality

that the projection of κ to MC is nonzero. One of P
{Rαβ ,Rw0}
σ and P

{Rw0 ,Rβα}
σ , say PSσ , does not

contain all of the Jordan–Hölder factors of L(λi,D)⊗⊗j ̸=iL(λj)|G. We conclude from Proposition

4.15 with (X1
i , X

0
i ) = (D,B) that the image of the map Fil2i Pσ → PSσ does not contain σ as a

Jordan–Hölder factor. Combined with Lemma 4.25 and Lemma 4.26, we see that the image of
the surjection Pσ ↠ PSσ contains σ as a Jordan–Hölder factor with multiplicity at most 1. This
contradicts the fact that PSσ contains σ as a Jordan–Hölder factor with multiplicity 2. □

Proposition 4.29. The kernel of the map

(4.16) Pσ → P
{Rαβ ,Rw0}
σ ⊕ P

{Rw0 ,Rβα}
σ ⊕ PRid

σ

induced by (4.9) is contained in Fil3i Pσ.

Proof. We claim that the map

(4.17) Pσ/Fil
3i Pσ → (P

{Rαβ ,Rw0}
σ ⊕ P

{Rw0 ,Rβα}
σ ⊕ PRid

σ )/im(Fil3i Pσ)

is injective, where im(Fil3i Pσ) denotes the image of Fil3i Pσ under (4.16). Note that Fil
2i Pσ/Fil

3i Pσ ⊂
Pσ/Fil

3i Pσ is the socle by [LLHLM20, Lemma 4.2.2]. It thus suffices to show that the restriction
of (4.17) to Fil2i Pσ/Fil

3i Pσ is injective. Suppose that a + Fil3i Pσ is in the kernel of (4.17) for
a ∈ Fil2i Pσ. Then a−b is in the kernel of (4.16) for some b ∈ Fil3i Pσ. By Lemma 4.28, a ∈ Fil3i Pσ,
and the claim follows.

Suppose now that a is in the kernel of (4.16). Then a ∈ Fil3i Pσ by the injectivity of (4.17). □

5. Patched modules

5.1. Patching axioms. Recall from §1.4 that Op =
∏
v∈Sp

Ov where Sp is a finite set and for each

v ∈ Sp, Ov is the ring of integers in a finite unramified extension F+
v of Qp.

Let ρ be an F-valued L-homomorphism and let (ρv)v∈Sp be the collection of continuous Galois

representations corresponding to it (see §2.1.4). Let R∞
def
= R□

ρ ⊗̂OR
p where

R□
ρ

def
=
⊗̂

v∈Sp,O
R□
ρv

and Rp is a (nonzero) complete local Noetherian equidimensional flat O-algebra with residue field

F such that each irreducible component of Spec Rp and of Spec R
p
is geometrically irreducible.

We write m to denote the maximal ideal of R∞. A finite set T of tame inertial L-parameters gives
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rise to a collection (Tv)v∈Sp of finite sets of tame inertial types and we let R∞(T )
def
= R∞ ⊗R□

ρ
Rη,Tρ

where

Rη,Tρ
def
=
⊗̂

v∈Sp,O
Rη,Tvρv

.

Write X∞, X∞(T ), and X∞(T ) for Spec R∞, Spec R∞(T ), and Spec R∞(T ) respectively. Finally,
let Mod(X∞) be the category of coherent sheaves over X∞, and RepO(GL3(Op)) the category of
topological O[GL3(Op)]-modules which are finitely generated over O.

Definition 5.1. A weak patching functor for an L-homomorphism ρ : GQp → LG(F) is a nonzero
covariant exact functor M∞ : RepO(GL3(Op)) → Mod(X∞) satisfying the following axioms: if τ is
an inertial L-parameter and σ◦(τ) is an O-lattice in σ(τ) then

(1) M∞(σ◦(τ)) is either zero or a maximal Cohen–Macaulay sheaf on X∞(τ); and
(2) for all σ ∈ JH(σ◦(τ)), M∞(σ) is a maximal Cohen–Macaulay sheaf on X∞(τ) (or is 0).

(We identify the tame inertial L-parameter with the finite set T = {τ} in the above definition.) A
weak patching functorM∞ is minimal if Rp is formally smooth over O and whenever τ is an inertial
L-parameter, M∞(σ◦(τ))[p−1], which is locally free over the regular scheme Spec R∞(τ)[p−1], has
rank at most one on each connected component.

Remark 5.2. In §6.3 we will further assume that M∞ has the form HomGL3(Op)(−,M∨
∞)∨ for some

pseudocompactO[[GL3(Op)]]-moduleM∞. Note that theM∞ that arise from Taylor–Wiles patching
always have this property.

Given a finite set T of tame inertial L-parameters we have a surjective homomorphism R□
ρ ↠

Rη,Tρ . In particular, for any T ′ ⊆ T we have a surjective homomorphism

R∞ ↠ R∞(T ) ↠ R∞(T ′)

whose kernel (in either R∞ or R∞(T )) will be denoted as I∞(T ′). (This abuse of notation will not
create confusion in what follows, since it will always be clear from the context which ring the ideal
I∞(T ′) is in.)

5.2. Minimal number of generators. As in §4.2, Pσ denotes a F[G]-projective cover of a Serre
weight σ, and we have fixed λ ∈ X1(T ) such that σ ∼= F (λ). We will use notation from §4.2 in

what follows. Recall that A(σ)
def
= {j ∈ J | λj ∈ A}. The following theorem is the main result of

the section.

Theorem 5.3. Let ρ be a 11-generic tame L-homomorphism and let σ ∈W ?(ρ).

Then M∞(Pσ) is minimally generated by 3#A(σ) elements.

One can reduce this theorem to Lemma 5.4 below. Recall from (4.7) that

P σ
def
= Pσ/

(∑
a

radaPσ +
∑
b

radbPσ
)

where a varies over tuples with

ai =

{
2 if i ∈ A(σ)

3 if i /∈ A(σ)

for some i ∈ J and aj = 0 for j ̸= i and b varies over tuples with bi = bi′ = 1 for some i /∈ A(σ)
and i′ ∈ J distinct from i, and bj = 0 for j ̸= i, i′ (the set of b is empty if J = A(σ) or #J = 1).

Lemma 5.4. Let ρ be a 11-generic tame L-homomorphism and let σ ∈W ?(ρ).
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(1) Let a = (aj)j∈J be a tuple such that aj = 2̂ if j ∈ A(σ) and aj = 1̂ or 2̂ if j /∈ A(σ). Then

M∞(P aσ ) is minimally generated by 3#A(σ) elements.

(2) M∞(P σ) is minimally generated by 3#A(σ) elements.

The following is a consequence of Lemma 5.4.

Corollary 5.5. Let ρ be a 11-generic tame L-homomorphism and let σ ∈ W ?(ρ) be such that
A(σ) ̸= J .

Let a be a tuple as in Lemma 5.4(1) and b be a tuple with bj > 0 for some j /∈ A(σ). Then the
following hold.

(1) The image of the natural map

M∞(radbPσ) →M∞(P aσ )

is contained in mM∞(P aσ ).
(2) The image of the natural map

M∞(radbPσ) →M∞(P σ)

is contained in mM∞(P σ).

Proof. We use a similar argument as in the proof of [Le19, Lemma 4.5]. Let amin be the tuple

(amin,j)j∈J with amin,j = 2̂ if j ∈ A(σ) and amin,j = 1̂ if j /∈ A(σ). The main observation is

that the images of radbPσ in P aσ and P σ are contained in the kernels of the natural surjections to
P amin
σ , respectively. Since these surjections are isomorphisms after applying M∞(−)⊗R∞ R∞/m by

dimension considerations using Lemma 5.4, the result follows. □

Before proving Lemma 5.4, we first use it to prove Theorem 5.3. We first introduce some notation.

Definition 5.6. For a tuple a = (aj)j∈J with 0 ≤ aj ≤ 7, let

A(gra Pσ) = {j ∈ J | (j /∈ A(σ) and 2 ∤ aj) or (j ∈ A(σ), aj ≥ 2, and 2 | aj)}.

The definition of A(gra Pσ) means that for j ∈ J , j ∈ A(gra Pσ) if and only if aj > 0 and for some
(equivalently for all) κ ∈ JH(gra Pσ), j ∈ A(κ).

Lemma 5.7. In the setup of Theorem 5.3 suppose that c = (cj)j∈J with 0 ≤ ci ≤ 7 and

(5.1) ci ≥

{
2 if i ∈ A(σ)

1 if i /∈ A(σ)

for some i ∈ J . Then the injection

(5.2) M∞(grc Pσ) ↪→M∞

(
Pσ/

(
rad|c|+1Pσ +

∑
|c|=|d|

#A(grd Pσ)>#A(grc Pσ)

raddPσ
))
.

factors through mM∞

(
Pσ/

(
rad|c|+1Pσ +

∑
|c|=|d|

#A(grd Pσ)>#A(grc Pσ)

raddPσ
))

.

Proof. First suppose that A(grc Pσ) = ∅. Then we claim that cℓ ≥ 2 for some ℓ ∈ J . Indeed, if
cj < 2 for all j ∈ J , then (5.1) implies that for some j /∈ A(σ), cj = 1. Then j ∈ A(grc Pσ) which
is a contradiction.

Suppose that cℓ ≥ 2. Let I be the image of M∞(radc−2ℓPσ) in the codomain of (5.2). Then I
contains (the image under (5.2) of) M∞(grc Pσ). We will show that mI contains M∞(grc Pσ).
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Let N ⊂ radc−2ℓPσ be the minimal submodule for which the cokernel of the map N → grc−2ℓ Pσ
contains no Jordan–Hölder factors in W ?(ρ). Let M ′ be the image of M∞(N) in the codomain of
(5.2). Then M ′ = I by Proposition 4.11. (Note that σ is 9-deep by [LLHLM20, Lemma 4.2.13],
and recall that M∞(θ) = 0 if θ /∈W ?(ρ).) We will show that M∞(grc Pσ) ⊂ mM ′.

Let P
def
= ⊕κ∈JH(grc−2ℓ Pσ)∩W (ρ)P

⊕[grc−2ℓ Pσ :κ]
κ . By projectivity, the natural map P → grc−2ℓ Pσ lifts

to a map P → N which we now fix. Since the cokernel of the composite P → N ↪→ radc−2ℓPσ ↠
grc−2ℓ Pσ contains no Jordan–Hölder factors in W (ρ), by Proposition 4.11 and minimality of N we
conclude that the map P → N is surjective. Moreover, the preimage of grc Pσ in P under the map

(5.3) P → N → Pσ/
(
rad|c|+1Pσ +

∑
|d|=|c|

#A(grd Pσ)>#A(grc Pσ)

raddPσ
)

is contained in

rad1P = ⊕κ∈JH(grc−2ℓ Pσ)∩W (ρ)rad
1P⊕[grc−2ℓ Pσ :κ]

κ .

Even more, by alcove considerations, the preimage of grc Pσ in P is contained in

(5.4) ⊕κ∈JH(grc−2ℓ Pσ)∩W (ρ)

∑
j∈J

rad2jP⊕[grc−2ℓ Pσ :κ]
κ .

It suffices to show that the image of M∞(5.4) in M ′ is contained in mM ′.
We claim that the map (5.3) factors through

(5.5) ⊕κ∈JH(grc−2ℓ Pσ)∩W (ρ)P
⊕[grc−2ℓ Pσ :κ]
κ

in the notation of (4.7). Let κ ∈ JH(grc−2ℓ Pσ) ∩W (ρ). Suppose that a = (aj)j∈J is a tuple as in
the definition of (4.7), i.e., a = 2j for j ∈ A(κ) or a = 3j for j /∈ A(κ). If a = 3j for j /∈ A(κ), then

the image of radaPκ in Pσ is contained in radc−2ℓ+3jPσ ⊂ rad|c|+1Pσ by Proposition 4.10 (note that
κ is 9-deep by [LLHLM20, Lemma 4.2.13]). If a = 2j for j ∈ A(κ), then the image of radaPκ in

Pσ is contained in radc−2ℓ+2jPσ. Since |c− 2ℓ+2j | = |c| and j ∈ A(grc−2ℓ+2jPσ), we conclude that
radaPκ maps to 0 in the codomain of (5.3).

Now suppose that b = (bj)j∈J is a tuple as in the definition of (4.7). In particular, bi = 1 for

some i /∈ A(κ). Then A(grc−2ℓ+b Pσ) ̸= ∅ (in fact i ∈ A(grc−2ℓ+b Pσ)) so that the image of radbPκ
in Pσ is contained in ∑

|d|=|c|
#A(grd Pσ)>#A(grc Pσ)

raddPσ.

This establishes the claim.
Now for any generic Serre weight κ and i ∈ A(κ), the image of rad2iPκ in P κ is 0. Thus the image

of (5.4) in (5.5) is equal to the the image of (5.4) where j instead ranges over j /∈ A(κ). Thus
the image of M∞(5.4) in M∞(5.5) is contained in mM∞(5.5) by Corollary 5.5(2). We conclude
that the image of M∞(5.4) in M ′ is contained in mM ′. This finishes the proof of the lemma when
A(grc Pσ) = ∅.

For A(grc Pσ) ̸= ∅, we employ a similar argument using Corollary 5.5(1) instead of Corollary
5.5(2). If A(grc Pσ) ̸= ∅, let ℓ ∈ A(grc Pσ). Then we replace c − 2ℓ in the above argument with
c− 1ℓ. We otherwise define I, N , M ′, and P → N as before. In this case, the map (5.3) factors as

(5.6) P → P/rad2P → rad|c|−1Pσ/
(
rad|c|+1Pσ +

∑
|d|=|c|

#A(grd Pσ)>#A(grc Pσ)

raddPσ
)



K1-INVARIANTS IN THE MOD p COHOMOLOGY OF U(3) ARITHMETIC MANIFOLDS 49

since the codomain of (5.6) has a length two semisimple filtration. By alcove considerations, the
preimage of grc Pσ in P/rad2P under the map in (5.6) is contained in

(5.7) ⊕κ∈JH(grc−1ℓ Pσ)∩W (ρ) gr
1ℓ P⊕[grc−1ℓ Pσ :κ]

κ

(recall that ℓ ∈ A(c) was fixed above). As ℓ /∈ A(κ), M∞(5.7) is contained in mM∞(P/rad2P ) by

Corollary 5.5(1), noting that Pκ/rad
2Pκ is a quotient of P aκ with a = (2̂)j∈J . □

Proof of Theorem 5.3. First, we claim that for a tuple c = (cj)j∈J with 0 ≤ cj ≤ 7 and

ci ≥

{
2 if i ∈ A(σ)

1 if i /∈ A(σ)

for some i ∈ J ,

M∞(radcPσ) ⊂ mM∞(Pσ).

Indeed, we can partially order (≻) such tuples c lexicographically using | • | and #A(gr• Pσ) and
proceed by induction. If cj = 7 for all j ∈ J , then the result follows from Lemma 5.7 (as the right
hand side of (5.2) in this case is simply M∞(Pσ)). In general,

M∞(radcPσ) ⊂ mM∞(Pσ) +
∑
c′≻c

M∞(radc
′
Pσ) ⊂ mM∞(Pσ)

where the first inclusion follows from Lemma 5.7 and the second inclusion follows by the inductive
hypothesis.

Now let a = (aj)j∈J be the tuple with

aj =

{
2̂ if j ∈ A(σ)

1̂ if j /∈ A(σ).

By the previous paragraph, the map Pσ → P aσ induces an isomorphism M∞(Pσ)/m →M∞(P aσ )/m.

By Lemma 5.4(1), M∞(P aσ )/m is minimally generated by 3#A(σ) elements. □

5.3. Proof of Lemma 5.4. We prove Lemma 5.4 using intersection computations in multitype
deformation spaces. Throughout this section we are in the setup of Lemma 5.4. Thus, ρ is a

11-generic tame L-homomorphism and λ ∈ X1(T ) is such that σ
def
= F (λ) ∈W ?(ρ). We fix a point

xρ ∈MT (F) corresponding to ρ (see §3.1.2) and we fix a weak minimal patching functor M∞ for ρ.

5.3.1. Preliminaries. We introduce some notation that will be used in the proofs appearing in this
section. Let T be a finite set of tame inertial types satyisfying Hypothesis 3.2 and recall from §3.1.2
that ρ gives rise to a point xρ ∈MT (F) which we now fix. By Definition 3.6 and (3.2) we have

(5.8) MT,∇∞
xρ

· w̃∗,T (ρ) ↪→MT
xρ · w̃

∗,T (ρ) → Φ-Modét,3K,ρ∞
.

Recall that S̃ = ⊗̂j∈J ,OS̃
(j) is the formal power series ring on the natural coordinates ofMT

xρ
·w̃∗,T (ρ)

and hence MT,∇∞
xρ

· w̃∗,T (ρ) corresponds to a quotient S̃∇∞ of S̃. Pulling back to Spf R□
ρ∞

along

(5.8) gives a formally smooth map R≤η,T
ρ → S̃∇∞,□, where S̃□ is a suitable power series ring over

S̃ and S̃□ ↠ S̃∇∞,□ is the pullback of S̃ ↠ S̃∇∞ .

If V is a finite O[[K]]-module such that the R□
ρ -action on M∞(V ) factors through R≤η,T

ρ , then
we define

(5.9) M ′
∞(V )

def
= M∞(V )⊗̂

R≤η,T
ρ

S̃∇∞,□.



K1-INVARIANTS IN THE MOD p COHOMOLOGY OF U(3) ARITHMETIC MANIFOLDS 50

Let R′
∞(T )

def
= R∞(T )⊗̂

R≤η,T
ρ

S̃∇∞,□. If T ⊂ T ′ are as in Proposition 3.8 and the R∞-action

on M∞(V ) factors through R∞(T ) then the S̃∇∞,□-actions defined with respect to T and T ′ on
M ′

∞(V ) are compatible by Remark 3.10.

As R′
∞(T ) is a formally smooth S̃∇∞,□-algebra, we can choose an isomorphism R

′
∞(T ) ∼=

S∇∞,□⊗̂FA where R
′
∞(T )

def
= R′

∞(T ) ⊗O F, S∇∞,□ def
= S̃∇∞,□ ⊗O F and A denotes a formally

smooth F-algebra. If V is moreover an F-vector space, then M ′
∞(V ) is a module for the formally

smooth S-algebra S□
∞

def
= S□⊗̂FA where S□ def

= S̃□ ⊗O F. When M ′
∞(V ) is obtained from an S-

module by extension of scalars along S → S□
∞ ↠ R

′
∞(T ), calculations in S can be substituted for

those in S□
∞. We caution that we have suppressed the dependence on the set T in the notation S̃,

S̃□, S∇∞,□, S□
∞, etc. In practice, the set T will change from proof to proof. When this notation is

used, we will indicate which T we take.
Finally, note that the genericity assumption on ρ implies that any τ ∈ T is 9-generic (see

for instance [LLHLM23, §5.5]) and any κ ∈ W ?(ρ) is 9-deep ([LLHLM20, Lemma 4.2.13]), so
that in particular [LLHLMb, Proposition 5.3.2] (which improves [LLHLM20, Theorem 4.1.9]) and
Proposition 4.11 apply.

Recall that we have fixed σ = F (λ) ∈ W ?(ρ). Let τ be a tame inertial type such that σ ∈
JH(σ(τ)) and let ℓ /∈ A(σ). For w ∈ S3, let τw,ℓ be the tame inertial L-parameter such that
w̃(ρ, τw,ℓ)j = w̃(ρ, τ)j for all j ̸= ℓ and w̃(ρ, τw,ℓ)ℓ = ww0w̃(ρ, τ)ℓ. (Recall from § 3.1.1 the definition
of w̃∗(ρ, τw,ℓ), hence of w̃∗(ρ, τw,ℓ) via the bijection w̃ 7→ w̃∗.) Given a subset Σ ⊂ S3, let TΣ,ℓ be
the set {τw,ℓ | w ∈ Σ} and σ(TΣ,ℓ) the set {σ(τw,ℓ) | w ∈ Σ} of Deligne–Lusztig representations.
Note that we suppressed the type τ from the notation of TΣ,ℓ and σ(TΣ,ℓ).

5.3.2. Cyclic patched modules. In this subsection we assume that A(σ) ⊊ J and fix i /∈ A(σ). The
main result of this subsection is the following proposition.

Proposition 5.8. Let a = (aj)j∈J be the tuple with ai = 3̂ and aj = 1̂ for all j ̸= i. Then M∞(P aσ )
is a cyclic R∞-module.

Let τmin be the minimal tame inertial L-parameter of σ with respect to ρ in the sense of
[LLHLM20, Remark 3.5.10]. Up to changing lowest alcove presentations of ρ, we assume that
t−1w̃(ρ, τmin)i = tw0η or w0. In the remainder of this subsection, given a subset Σ ⊂ S3 and w ∈ Σ,
define τw, TΣ and σ(TΣ) as in §5.3.1 with respect to τ = τmin and ℓ = i, omitting the subscript i
from the notation for readability. Recall from § 4.1 the notion of Weul module for G. Let W be
the restriction to G of the Weyl module with cosocle isomorphic to σ. Then there are surjections

P
σ(τw)
σ ↠ W for all w ∈ S3 by [LLHLMb, Proposition 5.3.2]. These surjections are unique up to

scalar. This induces a unique up to scalar surjection P
σ(TΣ)
σ →W for any nonempty Σ ⊂ S3.

We will repeatedly use the following result.

Proposition 5.9. Let P̃σ ↠ P1 and P̃σ ↠ P2 be nonzero surjections. Then there is an O[G]-module
C and an exact sequence

P̃σ → P1 ⊕ P2 → C → 0

where the restriction of the second map to each summand is surjective.
Moreover, C satisfies the following property. If D is an O[G]-module such that σ is a Jordan–

Hölder factor of D with multiplicity one and there are surjections P1 ↠ D and P2 ↠ D, then there
is a surjection C ↠ D.
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Proof. We let C be the cokernel of the induced map P̃σ → P1 ⊕ P2. The induced maps P1 → C
and P2 → C are surjective since they are surjective after passing to cosocles (using that formation
of cosocle is right exact).

Now suppose that we have D and surjections P1 ↠ D and P2 ↠ D as in the statement of the
proposition. After rescaling the surjection P1 → D, we can assume that the two compositions

P̃σ → D induce the same maps on cosocles. Thus their difference factors through radD. Since σ
is not a Jordan–Hölder factor of radD, this difference is 0. In other words, taking a difference, we

get a surjective map δ : P1 ⊕ P2 → D whose composition with the map P̃σ → P1 ⊕ P2 is 0. This
gives the desired surjection C ↠ D. □

Lemma 5.10. With ρ, σ, and TΣ as above, M∞(P
σ(Tw0,αβ)
σ ) and M∞(P

σ(Tw0,βα
)

σ ) are cyclic R∞-
modules.

Proof. As the two cases are similar, we prove the proposition for T
def
= Tw0,αβ. We claim that

M∞(P
σ(T )
σ ) is isomorphic to R∞/

(
I∞(ταβ)∩ I∞(τw0)

)
. (Recall from the last paragraph of § 5.1 the

notation I∞(T ) for a finite set T of tame inertial L-parameters.) Proposition 5.9 gives an exact
sequence

0 → P̃ σ(T )σ → P̃
σ(ταβ)
σ ⊕ P̃

σ(τw0 )
σ → C → 0.

Indeed, since the maps P̃
σ(ταβ)
σ → P̃

σ(ταβ)
σ ⊗OE and P̃

σ(τw0 )
σ → P̃

σ(τw0 )
σ ⊗OE are injective, the image

of P̃σ in P̃
σ(ταβ)
σ ⊕ P̃ σ(τw0 )

σ is isomorphic to its image in P̃
σ(ταβ)
σ ⊗O E⊕ P̃ σ(τw0 )

σ ⊗O E. Applying the
exact functor M∞ and using the extension graph, we have the exact sequence

0 →M∞(P̃ σ(T )σ ) →M∞(P̃
σ(ταβ)
σ )⊕M∞(P̃

σ(τw0 )
σ ) →M∞(C) → 0.

Moreover, the restriction of the third map to each summand is a surjection. By [LLHLMb, Theorem

5.3.1] (which improves the genericity condition in [LLHLM20, Theorem 5.1.1]), M∞(P̃
σ(τw)
σ ) is

isomorphic to R∞(τw) for all w ∈ S3. We can choose isomorphisms to obtain an exact sequence

0 →M∞(P̃ σ(T )σ ) → R∞/I∞(ταβ)⊕R∞/I∞(τw0) → R∞/I∞(C) → 0

for some ideal I∞(C) with I∞(ταβ)+ I∞(τw0) ⊂ I∞(C) where the third map is the difference of the
natural surjections. By Lemma 3.14, it suffices to show that I∞(C) ⊂ I∞(ταβ) + I∞(τw0).

Then there are surjections P
σ(ταβ)
σ ↠ W and P

σ(τw0 )
σ ↠ W and thus a surjection C ↠ W by

the second part of Proposition 5.9. The induced map P
σ(τw0 )
σ ↠W becomes an isomorphism after

applyingM∞(−) by [LLHLMb, Proposition 5.3.2] and [LLHLM20, Corollary 2.3.11, Theorem 3.5.2].
We conclude that I∞(C) ⊂ (p)+ I∞(τw0). By Proposition 3.11, (p)+ I∞(τw0) ⊂ I∞(ταβ)+ I∞(τw0)
so that I∞(C) ⊂ I∞(ταβ) + I∞(τw0). □

Let P
σ(Tw0,αβ,βα)
σ be the image of the map Pσ → P

σ(Tw0,αβ)
σ ⊕ P

σ(Tw0,βα
)

σ induced by the natural

surjections Pσ → P
σ(Tw0,βα

)
σ and Pσ → P

σ(Tw0,αβ)
σ .

Lemma 5.11. With ρ, σ, P
σ(Tw0,αβ,βα)
σ as above, M∞(P

σ(Tw0,αβ,βα)
σ ) is a cyclic R∞-module.

Proof. We have an exact sequence

0 → P
σ(Tw0,αβ,βα)
σ → P

σ(Tw0,αβ)
σ ⊕ P

σ(Tw0,βα
)

σ → C → 0

for some C as in Proposition 5.9. Since there are surjective maps P
σ(Tw0,αβ)
σ →W and P

σ(Tw0,βα
)

σ →
W , the second part of Proposition 5.9 gives a surjective map C →W . This gives an exact sequence

0 → P
′
σ → P

σ(Tw0,αβ)
σ ⊕ P

σ(Tw0,βα
)

σ →W → 0
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where the third map is a difference of the surjections and P
′
σ is the kernel of this map. Then we

have P
σ(Tw0,αβ,βα)
σ ⊂ P

′
σ.

Applying M∞ to the second exact sequence, we have

0 →M∞(P
′
σ) →M∞(P

σ(Tw0,αβ)
σ )⊕M∞(P

σ(Tw0,βα
)

σ ) →M∞(W ) → 0.

Let Σ be {αβ, βα,w0, id} and define M ′
∞(−) using T = TΣ (see (5.9)). By Lemma 5.10 and its

proof (which shows that M∞(P
σ(τw0 )
σ ) ∼=M∞(W )), we can and do choose isomorphisms to get the

exact sequence

0 →M ′
∞(P

′
σ) → R′

∞(T )/
(
Ĩτw0 ,∇∞∩Ĩταβ ,∇∞ , p

)
⊕R′

∞(T )/
(
Ĩτw0 ,∇∞∩Ĩτβα,∇∞ , p

)
→ R′

∞(T )/
(
Ĩτw0 ,∇∞ , p

)
→ 0.

As the union of the images of Tor
S□
∞

1

(
F, R′

∞(T )/
(
Ĩτw0 ,∇∞∩Ĩταβ ,∇∞ , p

))
and Tor

S□
∞

1

(
F, R′

∞(T )/
(
Ĩτw0 ,∇∞∩

Ĩτβα,∇∞ , p
))

in Tor
S□
∞

1

(
F, R′

∞(T )/
(
Ĩτw0 ,∇∞ , p

))
is spanning by Lemma 3.29, Lemma 3.14 implies

that M ′
∞(P

′
σ) is a cyclic R′

∞(T )-module so that M∞(P
′
σ) is a cyclic R∞-module.

Finally, we claim that the inclusion M∞(P
σ(Tw0,αβ,βα)
σ ) ↪→ M∞(P

′
σ) is an isomorphism. As

M∞(P
′
σ) is a cyclic R∞-module, it suffices to show that the map is nonzero after applying −⊗R∞ F

by Nakayama’s lemma. This follows from the fact that applying the functor M∞(−) ⊗R∞ F to

the composition P
σ(Tw0,αβ,βα)
σ ⊂ P

′
σ ↠ P

σ(Tw0,αβ)
σ ↠ σ (with all maps the natural ones) induces a

surjection and that M∞(σ) ̸= 0. □

Let P
σ(Tid,w0,αβ,βα)
σ be the image of the map Pσ → P

σ(τid)
σ ⊕ P

σ(Tw0,αβ,βα)
σ induced by the natural

surjections Pσ → P
σ(τid)
σ and Pσ → P

σ(Tw0,αβ,βα)
σ . Equivalently, P

σ(Tid,w0,αβ,βα)
σ is the image of the

map

Pσ → P
{Rαβ ,Rw0}
σ ⊕ P

{Rw0 ,Rβα}
σ ⊕ PRid

σ

appearing in (4.16).

Lemma 5.12. With ρ, σ, P
σ(Tid,w0,αβ,βα)
σ as above, M∞(P

σ(Tid,w0,αβ,βα)
σ ) is a cyclic R∞-module.

Proof. The proof is similar to that of Lemma 5.11. We have an exact sequence

0 → P
σ(Tid,w0,αβ,βα)
σ → P σ(τid)σ ⊕ P

σ(Tw0,αβ,βα)
σ → C → 0

for some C as in Proposition 5.9. Let λ ∈ X1(T ) such that σ = F (λ). By [LLHLMb, Propo-

sition 5.3.2], there exists a quotient Λ of P
σ(τid)
σ whose Jordan–Hölder factors are precisely κ =

TrλA+η(ω, a) ∈ P
σ(τid)
σ with (ωi, ai) ∈ {(0, 0), (ε1, 0), (ε2, 0), (ε1 − ε2, 0), (ε2 − ε1, 0), (0, 1)}. Though

we will not use it, one can check that Λ is the cokernel of the composition

rad2iPσ ⊂ Pσ → P σ(τid)σ .

We will show that the natural surjection Pσ ↠ Λ factors through P
σ(Tw0,αβ,βα)
σ . Again by [LLHLMb,

Proposition 5.3.2], for each w ∈ {w0, αβ, βα} there is a unique quotient Qw of P
σ(τw)
σ whose Jordan–

Hölder factors are precisely JH(P
σ(τw)
σ ) ∩ JH(Λ). Moreover, there is a surjection Λ → Qw whose

kernel we denote Kw. Then the image of Nw
def
= ker(Pσ ↠ P

σ(τw)
σ ) in Λ is contained in Kw. As

JH(Kαβ) ∩ JH(Kβα) is empty, the intersection of the images of Nαβ and Nβα in Λ is 0. Since each
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Nw contains the kernel of the map Pσ ↠ P
σ(Tw0,αβ,βα)
σ , we obtain the desired factorization. Then

the second part of Proposition 5.9 gives a surjective map C → Λ and an exact sequence

(5.10) 0 → P
′
σ → P σ(τid)σ ⊕ P

σ(Tw0,αβ,βα)
σ → Λ → 0

where the third map is a difference of the surjections and P
′
σ is the kernel of this map (which is

different from what is denoted P
′
σ in the proof of Lemma 5.11). Then we have P

σ(Tid,w0,αβ,βα)
σ ⊂ P

′
σ.

Applying M∞ to (5.10), we have

0 →M∞(P
′
σ) →M∞(P σ(τid)σ )⊕M∞(P

σ(Tw0,αβ,βα)
σ ) →M∞(Λ) → 0.

By [LLHLMb, Theorem 5.3.1], M∞(P
σ(τid)
σ ) is a cyclic R∞-module. This implies that M∞(Λ) is a

cyclicR∞-module as well. Let T andM ′
∞ as in the proof of Lemma 5.11. By the proof of [LLHLM20,

Lemma 3.6.2] the annihilator of M ′
∞(Λ) corresponds to the ideal (ĨΛ, p) ⊆ S̃, with ĨΛ defined as

in §3.4.5. Let I ′∞(Tw0,αβ,βα) be the image of (Ĩτw0 ,∇∞ ∩ Ĩταβ ,∇∞ , p) ∩ (Ĩτw0 ,∇∞ ∩ Ĩτβα,∇∞ , p) ⊆ S̃ in

S̃∇∞,□. By Lemma 3.14 M ′
∞(P

σ(Tw0,αβ,βα)
σ ) is isomorphic to R′

∞(T )/I ′∞(Tw0,αβ,βα) and we can and
do choose isomorphisms so that we have the exact sequence

0 →M ′
∞(P

′
σ) → R′

∞(T )/
(
Ĩτid∇∞ , p

)
⊕R′

∞(T )/I ′∞(Tw0,αβ,βα) → R′
∞(T )/

(
ĨΛ, p

)
→ 0

where the third map is the difference of the natural surjections. Since the union of the images of

Tor
S□
∞

1 (F, R′
∞(T )/

(
Ĩτid∇∞ , p

)
) and Tor

S□
∞

1 (F, R′
∞(T )/I ′∞(Tw0,αβ,βα)) in Tor

S□
∞

1 (F, R′
∞(T )/(ĨΛ, p)) is

spanning by Lemma 3.33, Lemma 3.14 implies that M∞(P
′
σ) is a cyclic R∞-module. Then one

shows that M∞(P
σ(Tid,w0,αβ,βα)
σ ) =M∞(P

′
σ) as in the proof of Lemma 5.11. □

Proof of Proposition 5.8. By Proposition 4.29, with a as in the statement of Proposition 5.8 (note

that P aσ = Pσ/Fil
3i Pσ), the surjection Pσ → P aσ factors through P

σ(Tid,w0,αβ,βα)
σ . SinceM∞(P

σ(Tid,w0,αβ,βα)
σ )

is a cyclic R∞-module by Lemma 5.12, we conclude that M∞(P aσ ) is as well. □

5.3.3. A Tor computation. In this subsection, fix i /∈ A(σ) and let a = (aj)j∈J be the tuple with

ai = 3̂ and aj = 1̂ for all j ̸= i. In order to prove Lemma 5.4, we will need to find a lower bound
for the image of the map

Tor
S□
∞

1 (F,M ′
∞(P aσ )) → Tor

S□
∞

1 (F,M ′
∞(σ))

induced by the surjection P aσ ↠ σ (see Proposition 5.8). Let P
σ(Tw0,αβ),a
σ be the cokernel of the

composition

Fil3i Pσ ⊂ Pσ ↠ P
σ(Tw0,αβ)
σ

where P
σ(Tw0,αβ)
σ is defined as in §5.3.2. Similarly, we define P

σ(τid),a
σ , P

σ(Tw0,αβ,βα),a
σ , P

σ(Tid,w0,αβ,βα),a
σ ,

and Λa (with Λ defined as in the proof of Lemma 5.12).

Lemma 5.13. We have an exact sequence

0 →M∞(P
σ(Tid,w0,αβ,βα),a
σ ) →M∞(P σ(τid),aσ )⊕M∞(P

σ(Tw0,αβ,βα),a
σ ) →M∞(Λa) → 0.

Proof. We have a commutative diagram

0 Fil3i Pσ Fil3i Pσ ⊕ Fil3i Pσ Fil3i Pσ 0

0 P
σ(Tid,w0,αβ,βα)
σ P

σ(τid)
σ ⊕ P

σ(Tw0,αβ,βα)
σ C 0



K1-INVARIANTS IN THE MOD p COHOMOLOGY OF U(3) ARITHMETIC MANIFOLDS 54

where the rows are exact, the bottom row is as in Lemma 5.12, and the top row has nonzero maps
given by diagonal and difference maps. Since the induced map from the kernel of the middle vertical

arrow to the kernel of the right vertical arrow is surjective (as both P
σ(τid)
σ → C, P

σ(Tw0,αβ,βα)
σ → C

are factorizations of Pσ ↠ C), the snake lemma furnishes an exact sequence

0 → P
σ(Tid,w0,αβ,βα),a
σ → P σ(τid),aσ ⊕ P

σ(Tw0,αβ,βα),a
σ → Ca → 0

where Ca denotes the cokernel of the natural map Fil3i Pσ → C. The result follows by applying
M∞(−) and noting that the natural map M∞(C) → M∞(Λ) is an isomorphism by the proof of
Lemma 5.12. □

The following is the main result of the subsection.

Lemma 5.14. Recall from (5.9) the definition of M ′
∞(−) with respect to Tid,w0,αβ,βα. The image

of Tor
S□
∞

1 (F,M ′
∞(P

σ(Tid,w0,αβ,βα),a
σ )) → Tor

S□
∞

1 (F,M ′
∞(Λa)) is the intersection of the images of the

maps

Tor
S□
∞

1 (F,M ′
∞(P

σ(Tw0,αβ,βα),a
σ )) → Tor

S□
∞

1 (F,M ′
∞(Λa))

and

Tor
S□
∞

1 (F,M ′
∞(P σ(τid),aσ )) → Tor

S□
∞

1 (F,M ′
∞(Λa)).

Proof. The result follows from combining Lemma 5.13 and Lemma 3.14 using thatM∞(P
σ(Tid,w0,αβ,βα),a
σ )

is a cyclic R∞-module by Lemma 5.12 so that M ′
∞(P

σ(Tid,w0,αβ,βα),a
σ ) is a cyclic S□

∞-module. □

5.3.4. Noncyclic patched modules. Recall that at the beginning of §5.3 we have fixed λ ∈ X1(T )
such that σ = F (λ) ∈W ?(ρ). Throughout this subsection we let τBmin be the minimal tame inertial
L-parameter of F (

∑
j λj,B) with respect to ρ in the sense of [LLHLM20, Remark 3.5.10]. Note

that, up to changing lowest alcove presentation of ρ, we can and do assume that w̃(ρ, τBmin)j = tw0η

or t−1w̃(ρ, τ
B
min)j = w0, for all j ∈ J .

In this subsection, let T be the set of tame inertial types τ satisfying w̃(ρ, τ)j = wjw0w̃(ρ, τ
B
min)j

with wj ∈ {id, αβ, βα,w0}. With this choice of T , we define M ′
∞(−) as in (5.9) (with the implicit

assertion that the R∞-action on M∞(−) factors through R∞(T )). We also let a denote a tuple

(aj)j∈J with aj ⊂ {B,Eo, Fo, Es, Fs} if j ∈ A(σ) and aj = 1̂ or 2̂ if j /∈ A(σ). For j ∈ A(σ), bj

will denote an element of {B,Eo, Fo, Es, Fs}, I
bj
j is as defined in §3.4.1, and M

bj
j

def
= S(j)/I

bj
j . From

[LLHLMb, Lemma 5.3.3], [LLHLM20, Lemma 3.6.2] we deduce that M ′
∞(σ) ∼= R

′
∞(T )/(Pσ) where

Pσ =
∑

j P
(j)
σ S for prime ideals P

(j)
σ ⊂ S(j), and Pσ is the pullback to S of the ideal Pσ ⊂ S/IT,∇∞

defined in §3.3. For j /∈ A(σ), let M 1̂
j = S(j)/P

(j)
σ .

Proposition 5.15. (1) Let b = (bj)j∈J with bj ∈ {B,Eo, Fo, Es, Fs} if j ∈ A(σ) and bj = 1̂ if

j /∈ A(σ). Then M ′
∞(P bσ)

∼= (⊗̂jM
bj
j )⊗̂

S̃
R′

∞(T ) with M
bj
j defined as above.

(2) For j /∈ A(σ), there are ideals I 2̂j such that for any b = (bj)j∈J with bj ∈ {B,Eo, Fo, Es, Fs}
if j ∈ A(σ) and bj = 2̂ if j /∈ A(σ), M ′

∞(P bσ)
∼= (⊗̂jM

bj
j )⊗̂

S̃
R′

∞(T ) where M
bj
j

def
= S(j)/I 2̂j if

j /∈ A(σ).

Proof. We prove (2) as (1) is similar but easier. We claim that there exists a quotient Q of P bσ and
two tame inertial types τ, τ ′ such that:

(1) JH(Q) = JH(P bσ) ∩W ?(ρ);

(2) Q is a quotient of P
σ(τ ′)
σ and ℓ(w̃(ρ, τ ′)j) ≥ 2 for all j ∈ A(σ); and
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(3) τ ∈ T and Q is a quotient of P
σ(τ)
σ .

Indeed by [LLHLMb, Proposition 5.3.2] τ and τ ′ can be constructed by setting:
• w̃(ρ, τ)j = w̃(ρ, τ ′)j = tw0(η) for j /∈ A(σ) and w̃(ρ, τBmin)j = tw0η;

• w̃(ρ, τ)j = w̃(ρ, τ ′)j = t1 for j /∈ A(σ) and w̃(ρ, τBmin)j = t1w0; and
• for j ∈ A(σ) we arrange

w̃(ρ, τ ′)j =


t1w0 if bj = B

t1βγ
+ if bj ∈ {Es, Fo}

t1αγ
+ if bj ∈ {Fs, Eo}

and

w̃(ρ, τ)j =


t1 if bj ∈ {B,Es, Fs}
t1βα if bj = Fo

t1αβ if bj = Eo

and by Corollary 4.9, there exists a quotient a quotient Q of P bσ and surjections P bσ ↠ P
σ(τ)
σ ,

P bσ ↠ P
σ(τ ′)
σ factoring through P bσ ↠ Q. By [LLHLMb, Theorem 5.3.1], items 1 and 2 imply

that M∞(P bσ) ↠ M∞(P
σ(τ ′)
σ ) ↠ M∞(Q) are isomorphisms of cyclic R∞ modules (note that P bσ is

multiplicity free). Since P
σ(τ)
σ ↠ Q the action of R∞ on M∞(Q) factors through R∞(T ), hence

M ′
∞(Q) is a cyclic R′

∞(T )-module. Thus M ′
∞(P bσ) is a cyclic R′

∞(T )-module and the result now
follows from [LLHLM20, Lemma 3.6.2]. □

If j ∈ A(σ), and ∅ ≠ aj ⊂ {B,Eo, Fo, Es, Fs}, define an S(j)-module M
aj
j by the exact sequence

(5.11) 0 →M
aj
j → ⊕bj∈ajS

(j)/I
bj
j → (⊕bj∈ajS

(j)/P(j)
σ )/∆(S(j)/P(j)

σ ) → 0,

where I
bj
j is as in §3.4.1, the third map is induced by the sum of the natural projections, and

∆(S(j)/P
(j)
σ ) denotes the diagonally embedded submodule.

Lemma 5.16. Let a be (aj)j∈J with aj ⊂ {B,Eo, Fo, Es, Fs} if j ∈ A(σ) and aj = 1̂ for all

j /∈ A(σ) or aj = 2̂ for all j /∈ A(σ). Then M ′
∞(P aσ )

∼= (⊗̂jM
aj
j )⊗̂

S̃
R′

∞(T ).

Proof. We induct on k
def
= #{j ∈ A(σ) : #aj > 1}. The case k = 0 follows from Proposition 5.15.

Now suppose that k > 0 and #ai > 1 for i ∈ A(σ). For X ⊆ ai, let aX be the tuple with aX,i = X
and aX,j = aj for j ̸= i. Then Proposition 4.23 gives an exact sequence

0 → P aσ → ⊕X∈aiP
aX
σ → (⊕X∈aiP

a∅
σ )/∆(P

a∅
σ ) → 0,

where the third map is induced by the sum of the natural projections. Since the R∞-action on
M∞(P aXσ ) factors through R∞(T ) for each X ∈ ai by the inductive hypothesis, the same is true
for M∞(P aσ ). This induces the exact sequence

0 →M ′
∞(P aσ ) → ⊕X∈aiM

′
∞(P aXσ ) → (⊕X∈aiM

′
∞(P

a∅
σ ))/∆(M ′

∞(P
a∅
σ )) → 0.

By the induction hypothesis, the modules M ′
∞(P aXσ ) and M ′

∞(P
a∅
σ ) are isomorphic to modules

(⊗̂jM
aX,j

j )⊗̂
S̃
R′

∞(T ) and (⊗̂jM
a∅,j
j )⊗̂

S̃
R′

∞(T ), respectively. Thus we have an exact sequence

(5.12) 0 →M ′
∞(P aσ ) → ⊕X∈ai(⊗̂jM

aX,j

j )⊗̂
S̃
R′

∞(T ) → (⊕X∈ai(⊗̂jM
a∅,j
j )⊗̂

S̃
R′

∞(T ))/∆ → 0

where ∆ is short for ∆((⊗̂jM
a∅,j
j )⊗̂

S̃
R′

∞(T )).
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The third map of (5.12) is induced by a sum of surjective maps

(5.13) (⊗̂jM
aX,j

j )⊗̂
S̃
R′

∞(T ) ↠ (⊗̂jM
a∅,j
j )⊗̂

S̃
R′

∞(T )

for each X ∈ ai. By consideration of scheme-theoretic supports, (5.13) factors through the surjec-
tion

(⊗̂jM
aX,j

j )⊗̂
S̃
R′

∞(T ) ↠ (⊗̂jM
a∅,j
j )⊗̂

S̃
R′

∞(T )

induced byM
aX,i

i ↠M
a∅,i
i . The resulting surjective endomorphism of the Cohen–Macaulay module

(⊗̂jM
a∅,j
j )⊗̂

S̃
R′

∞(T ) must be an isomorphism since the kernel of the map must have support of

smaller dimension by cycle considerations and the Cohen–Macaulay module (⊗̂jM
a∅,j
j )⊗̂

S̃
R′

∞(T )

cannot have embedded primes by [Mat86, Theorem 17.3]. We conclude that the map (5.13) is, up

to postcomposing with an automorphism of the codomain, induced by a surjection M
aX,i

i ↠M
a∅,i
i .

By Lemma 3.18 applied to M
aX,i

i ⊗̂⊗̂j ̸=iM
aX,j

j (using that M
aX,i

i and M
a∅,i
i are cyclic), up to

precomposing with an automorphism of the domain, (5.13) is the map induced by a surjection

M
aX,i

i ↠ M
a∅,i
i . Fixing an isomorphism M

a∅,i
i

∼= S(i)/P
(i)
σ , we can choose isomorphisms M

aX,i

i
∼=

S(i)/IXi for each X ∈ ai so that the surjection S(i)/IXi
∼= M

aX,i

i ↠ M
a∅,i
i

∼= S(i)/P
(i)
σ takes 1

to 1. (5.12) is then obtained from (5.11) by taking completed tensor products over F and then
applying − ⊗

S̃
R′

∞(T ) which is exact here. (Each module is the completion of a module over a
polynomial ring over F. These completed tensor products are obtained by usual tensor product of
these decompleted modules over F and then completion—each step is exact. Applying −⊗

S̃
R′

∞(T )
simply has the effect of adding formal variables.) The result now follows. □

Proof of Lemma 5.4(1). Let (2̂) be the tuple (2̂)j∈J and b be the tuple (bj)j∈J with bj = {B,Eo, Es, Fo, Fs}
if j ∈ A(σ) and bj = 2̂ otherwise. Then the kernel of the surjective map P

(2̂)
σ → P bσ has no mod-

ular Serre weights. This induces an isomorphism M∞(P
(2̂)
σ ) → M∞(P bσ). By Lemma 5.16 and

Proposition 3.22, M ′
∞(P bσ) and thus M∞(P

(2̂)
σ ) is minimally generated by 3#A(σ) elements.

Let c = (cj)j∈J with cj = 2̂ if j ∈ A(σ) and cj = 1̂ otherwise. A similar argument as in the

previous paragraph implies thatM∞(P cσ) is minimally generated by 3#A(σ) elements. In particular,

the natural surjection M∞(P
(2̂)
σ )/m → M∞(P cσ)/m is an isomorphism. For a tuple a as in Lemma

5.4(1), the surjection P
(2̂)
σ → P cσ factors through P aσ and Lemma 5.4(1) follows. □

We record the following result for use in §6.

Proposition 5.17. Let a = (aj)j∈J be the tuple with aj = {B,Es, Fs} if j ∈ A(σ) and aj = 1̂

otherwise. Then M∞(P aσ ) is minimally generated by 3#A(σ) elements.

Proof. This follows from Lemma 5.16 and Proposition 3.22. □

Proof of Lemma 5.4(2). If A(σ) = J , then the result follows from Lemma 5.4(1). We now assume
that A(σ) ̸= J . Recall from Proposition 4.24 the exact sequence (4.8):

0 → P σ → ⊕cP
c
σ → (⊕cσ)/∆(σ) → 0

where c runs over tuples (cj)j∈J with ci = 3̂ for some i /∈ A(σ) and cj = 1̂ for all j ̸= i and the

tuple (cj)j∈J with j = 2̂ for all j ∈ A(σ) and j = 1̂ for all j /∈ A(σ), ∆(σ) ⊂ ⊕cσ denotes the
diagonally embedded copy, and the maps are the natural projections. Since the R∞-action on each
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M∞(P cσ) factors through R∞(T ) by the proof of Proposition 5.8 and of Lemma 5.4 (1), the same
is true for M∞(P σ). Using Remark 3.10 we have the exact sequence

(5.14) 0 →M ′
∞(P σ) → ⊕cM

′
∞(P cσ) → (⊕cM

′
∞(σ))/∆(M ′

∞(σ)) → 0.

For the tuples c with ci = 3̂ for some i /∈ A(σ) and cj = 1̂ for all j ̸= i, M ′
∞(P cσ) is a cyclic module,

i.e. isomorphic to S□
∞/Ii for some ideal Ii, by Proposition 5.8. Let M be M ′

∞(P cσ) for the tuple

(cj)j∈J with j = 2̂ for all j ∈ A(σ) and j = 1̂ for all j /∈ A(σ). We can choose isomorphisms so
that (5.14) becomes

0 →M ′
∞(P σ) →M ⊕⊕j /∈A(σ)S

□
∞/Ij → (⊕cS

□
∞/(Pσ))/∆(S□

∞/(Pσ)) → 0.

We claim that the hypotheses of Lemma 3.15 hold, from which we deduce thatM∞(P σ) is minimally

generated by the same number of elements as M which is 3#A(σ) by Lemma 5.4(1).
We now verify the hypotheses of Lemma 3.15. Let Vj (resp. U) be the image of the induced map

Tor
S□
∞

1 (F, S□
∞/Ij) → Tor

S□
∞

1 (F, S□
∞/(Pσ))

for j /∈ A(σ) (resp. Tor
S□
∞

1 (F,M) → Tor
S□
∞

1 (F, S□
∞/(Pσ))). We need to show that for all i /∈ A(σ),

(5.15) Vi +
(
U ∩ ∩j ̸=iVj

)
= Tor

S□
∞

1 (F, S□
∞/(Pσ)).

As the natural map ⊕j∈JTor
S□
∞

1 (F, S□
∞/(P

(j)
σ )) → Tor

S□
∞

1 (F, S□
∞/(Pσ)) is surjective, it is enough to

show for all i /∈ A(σ) and j0 ∈ J , the LHS of (5.15) contains the image of the natural map

(5.16) Tor
S□
∞

1 (F, S□
∞/(P

(j0)
σ )) → Tor

S□
∞

1 (F, S□
∞/(Pσ)).

In what follows, for an ideal I ⊂ S, we identify Tor
S□
∞

1 (F, S□
∞/(I)) with I⊗SF (recall that F = S/mS).

Fix i /∈ A(σ) and j0 ∈ J . We claim that Vj contains the image of (5.16) for each j /∈ A(σ) with
j ̸= j0, and that moreover U also contains the image of (5.16) when j0 = i. This would imply that
(5.15) contains the image of (5.16). (If j0 ̸= i then take j = i and Vi would contain the image of
(5.16). If j0 = i then U ∩ ∩j ̸=iVj would contain the image of (5.16).)

We first consider U . By Lemma 5.16,M is isomorphic toM ′
∞(P aσ )

∼= (⊗̂ȷ∈JM
aȷ
ȷ )⊗̂SR

′
∞(T ) where

aȷ = {B,Eo, Fo, Es, Fs} if ȷ ∈ A(σ) and aȷ = 1̂ for all ȷ /∈ A(σ). Since σ occurs as a Jordan–Hölder
factor in P aσ with multiplicity one, the cycle of M is multiplicity free. Corollary 3.13 implies that
the kernel of the map M → M ′

∞(σ) is the kernel of M → MPσ . Thus, up to postcomposing with

an automorphism, the map M → M ′
∞(σ) is unique and thus induced by S(ȷ)-module surjections

M
aȷ
ȷ ↠ S(ȷ)/P

(ȷ)
σ . As M

aj0
j0

is isomorphic to S(j0)/P
(j0)
σ (recall that we assume j0 = i /∈ A(σ) when

considering U), the surjectionM
aj0
j0

↠ S(j0)/P
(j0)
σ is an isomorphism. We conclude that U contains

the image of (5.16).
We next turn to Vj . Let j ∈ J with j /∈ A(σ) and j ̸= j0. Let τmin be the minimal type with

respect to σ as in [LLHLM20, Remark 3.5.10]. For the rest of this proof, for a subset Σ ⊂ S3 and
an element w ∈ Σ define τBw,j , T

B
Σ,j (resp. σ(TΣ,j)) as in 5.3.1 with respect to τBmin (resp. τmin) and

ℓ = j.
We first suppose that w̃(ρ, τBmin)j0 = tw0η. For each τBw,j with w ∈ {id, αβ, βα,w0} and each

generator c(j0) in the (ε1 + ε2, 1)-entry of Table 9, one sees from the tw0η-entries in Table 5 that

c(j0)+pεw,j,c(j0) ∈ Ĩτw,j ,∇∞ for some εw,j,c(j0) ∈ m
S̃
. By Lemma 3.17 and Lemma 3.30, each generator

c(j0) is in (Ĩτw0,j
,∇∞ ∩ Ĩταβ,j ,∇∞ ∩ Ĩτβα,j ,∇∞ , p) +mS□

∞
Pσ. Thus the surjective map S□

∞/(Ĩτw0,j
,∇∞ ∩

Ĩταβ,j ,∇∞ ∩ Ĩτβα,j ,∇∞ , p) → S□
∞/(Pσ) induces a map on Tor

S□
∞

1 (F,−) whose image contains each
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generator c(j0). Let a = (aℓ)ℓ∈J be the tuple with aj = 3̂ and aℓ = 1̂ for each ℓ ̸= j as in §5.3.3.

Since the action of S□
∞ onM ′

∞(P
σ(Tw0,αβ,βα,j),a
σ ) factors through (Ĩτw0,j

,∇∞ ∩ Ĩταβ,j ,∇∞ ∩ Ĩτβα,j ,∇∞ , p),

and factors through (Ĩτid,j ,∇∞ , p)) on M
′
∞(P

σ(Tid,j),a
σ ), we conclude by Lemma 5.14 that Vj contains

each generator c(j0).
Finally, we suppose that t−1w̃(ρ, τ

B
min)j0 = w0. Similar arguments as before (using the αβαt1-

entry of Table 3) show that, for j ̸= j0, Vj contains the images of the generators of the ideal in
Lemma 3.21(1). Looking at the (0, 1)-entry of Table 8 if j0 /∈ A(σ) (resp. the (0, 0)-entry of Table 8 if

j0 ∈ A(σ)), it suffices to show that the image of c(j0)
def
= (b−c)d(j0)21 d

(j0)
32 −(a−c)d(j0)31 d

∗,(j0)
22 (resp. c

(j0)
13 )

in Tor
S□
∞

1 (F, S□
∞/(Pσ)) is in Vj if j0 /∈ A(σ) (resp. j0 ∈ A(σ); note in this case that if Vj contains

c
(j0)
13 and the images of the generators of the ideal in Lemma 3.21(1), then Vj contains the images of

the generators of the ideal in the (0, 0)-entry of Table 8). Let a = (aℓ)ℓ∈J be the tuple with aj = 3̂

and aℓ = 1̂ for ℓ ̸= j. The module M ′
∞(P

σ(τid,j),a
σ ) is cyclic by [LLHLM20, Theorem 5.1.1] with

scheme-theoretic support determined by [LLHLM20, Lemma 3.6.2]. We deduce from this and the

(0, 1), (0, 0) entries of Table 8 (which constraint the kernel of M ′
∞(P

σ(τid,j),a
σ ) ↠M ′

∞(σ) according

to j0 /∈ A(σ) and j0 ∈ A(σ)) that c(j0) (resp. c
(j0)
13 ) is in the image of Tor

S□
∞

1 (F,M ′
∞(P

σ(τid,j),a
σ )) →

Tor
S□
∞

1 (F,M ′
∞(σ)). Hence by Lemma 5.14 it suffices to show that the image of c(j0) (resp. c

(j0)
13 ) is

contained in the image of

(5.17) Tor
S□
∞

1 (F,M ′
∞(P

σ(Tw0,αβ,βα,j),a
σ )) → Tor

S□
∞

1 (F,M ′
∞(σ)).

Thus, we are left to show that c(j0) (resp. c
(j0)
13 ) annihilates M ′

∞(P
σ(Tw0,αβ,βα,j),a
σ ), since this module

is cyclic over S□
∞ by Lemma 5.11.

For each w ∈ {id, αβ, βα,w0},

(z̃∗w)
−1c

(j0)
13 ((̃bw − c̃w)d

(j0)
21 d

(j0)
32 − (ãw − c̃w)d

(j0)
31 d

∗,(j0)
22 )− p ∈ Ĩτw,j ,∇∞

where m̃w ∈ Z is a specific lift of m for m = a, b, c and z̃∗w ∈ S̃× is a specific unit (all depending
a priori on w) by [LLHLM18, §5.3.1]. Fixing lifts m̃ ∈ Z of m for m = a, b, c, and a lift z̃∗ of
the reductions of z̃∗w modulo p (note that z̃∗w modulo p is independent of w), we have for each
w ∈ {id, αβ, βα,w0} that

(z̃∗)−1c
(j0)
13 ((̃b− c̃)d

(j0)
21 d

(j0)
32 − (ã− c̃)d

(j0)
31 d

∗,(j0)
22 )− p+ pεw,j ∈ Ĩτw,j ,∇∞

for some εw,j ∈ c
(j0)
13 m

S̃
. Taking f

def
= (z̃∗)−1c

(j0)
13 ((̃b− c̃)d(j0)21 d

(j0)
32 −(ã− c̃)d(j0)31 d

∗,(j0)
22 )−p, we conclude

from Lemma 3.17 and Lemma 3.30 that

c
(j0)
13 c̃(j0) − p ∈ Ĩτw0,j

,∇∞ ∩ Ĩταβ,j ,∇∞ ∩ Ĩτβα,j ,∇∞

for some c̃(j0) ∈ (̃b− c̃)d
(j0)
21 d

(j0)
32 − (ã− c̃)d

(j0)
31 d

∗,(j0)
22 +m

S̃
. Filtering P

σ(Tw0,αβ,βα,j),a
σ with irreducible

subquotients κ induces a filtration on M ′
∞(P

σ(Tw0,αβ,βα,j),a
σ ) with subquotients M ′

∞(κ). For each

κ and m ∈ M ′
∞(κ), the support of c̃(j0)m (resp. c

(j0)
13 m) has positive codimension in the scheme-

theoretic support of M ′
∞(κ) as c

(j0)
13 (resp. c̃(j0)) is M ′

∞(κ)-regular. Thus the same is true for c̃(j0)m

(resp. c
(j0)
13 m) with m ∈ M ′

∞(P
σ(Tw0,αβ,βα,j),a
σ ). Since M ′

∞(P
σ(Tw0,αβ,βα,j),a
σ ) is maximal Cohen–

Macaulay over its support, it has no embedded primes from which we conclude that it is annihilated

by c̃(j0) (resp. c
(j0)
13 ). □
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6. Locality results

6.1. Subquotients of Deligne–Lusztig representations and presentations. Recall from §4.1
that G denotes the finite group G0(Fp), where G0 is the algebraic group over Fp defined in §1.4.

We begin this section by defining some quotients of reductions of generic Deligne–Lusztig rep-
resentations of G. Fix a Deligne–Lusztig representation Rs(µ − 1) with s ∈ W and µ − η ∈ C0

being 9 deep, so that JH(Rs(µ − 1)) = F (Trµ(s(Σ))) and [LLHLMb, Proposition 5.3.2] applies to
Rs(µ− 1).

Given two O-lattices Λ1,Λ2 ⊂ Rs(µ − 1), there is a unique n ∈ Z so that pnΛ1 ⊂ Λ2 and
pn−1Λ1 ̸⊂ Λ2. We denote by ι the composition

(6.1) ι : Λ1

×pn
∼→ pnΛ1 ⊂ Λ2.

By construction ι⊗O F : Λ1 ⊗O F → Λ2 ⊗O F is nonzero.
Recall from [EGS15, Lemma 4.1.1] that, as Rs(µ − 1) is residually multiplicity free, given σ ∈

JH(Rs(µ − 1)), there is a unique up to scaling O-lattice in Rs(µ − 1)σ ⊂ Rs(µ − 1) with cosocle
isomorphic to σ. We will define various quotients of reductions of the lattices Rs(µ − 1)σ whose
structure is given by [LLHLMb, Proposition 5.3.2].

Recall from §3.4.2 that we defined a path to be a sequence of elements

γ = (γk)
ℓ(γ)
k≥1 ∈ {(0, 0), (ε1, 0), (ε2, 0), (0, 1), (ε1, 1), (ε2, 1)}ℓ(γ)

satisfying certain properties. We also defined subsets Σγ ⊂ Σ0 for each path γ and a partial ordering
≤ on the set of paths.

Fix a subset J ⊂ J . For each j ∈ J \ J , fix (ωj , aj) ∈ Σ0. For a tuple γJ = (γ(j))j∈J of paths,
let

ℓ(γJ) =
∑
j∈J

ℓ(γ(j))

and σ(γJ) = F (Trµ(sω, a)) where (ωj , aj) is the fixed element in Σ0 if j /∈ J and is γ
(j)

ℓ(γ(j))
otherwise.

By [LLHLMb, Proposition 5.3.2], there is a unique quotient QγJ of Rs(µ− 1)σ(γJ ) ⊗O F such that

JH(QγJ ) = ×
j∈J

Σγ(j) × ×
j ̸∈J

{(ωj , aj)}.

(Note that QγJ = σ(γJ) if J = ∅.)
We define a complex using two choices. First, choose a complete ordering of J . Second, for

each path γ of length 3 and j ∈ J , let κ
(j)
γ be an element in F× with κ

(j)
γ = 1 if γ2 = (0, 0) or

γ3 = (0, 1). (There are 12 paths of length 3 and 8 of these paths have the property that γ2 = (0, 0)
or γ3 = (0, 1).) It is the second choice that is more consequential. Consider the complex

(6.2) 0 →
⊕

ℓ(γJ )=3#J

QγJ →
⊕

ℓ(γJ )=3#J−1

QγJ → · · · →
⊕

ℓ(γJ )=2#J

QγJ ,

where each map is a direct sum of maps QγJ → QβJ which is nonzero if and only if β(j) ≤ γ(j) for

all j ∈ J . If β(j) ≤ γ(j) for all j ∈ J , ℓ(βJ) = ℓ(γJ)− 1 and i ∈ J is defined by β(i) ̸= γ(i), then the
map QγJ → QβJ is induced by ( ∏

j∈J,ℓ(γ(j))=3

(−1)δj<iκ
(j)

γ(j)

)
ι

with ι in (6.1) and δj<i = 1 if j < i and δj<i = 0 if j ≥ i. Though we will not use it, one can check
that (6.2) is exact.
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We now define a subcomplex of (6.2). For each 2#J ≤ ℓ ≤ 3#J , let( ⊕
ℓ(γJ )=ℓ

QγJ

)0
⊂

⊕
ℓ(γJ )=ℓ

QγJ

be the submodule of elements (aγJ )ℓ(γJ )=ℓ such that for any tuple βJ with ℓ(βJ) = ℓ and i ∈ J such

that ℓ(β(i)) = 3, we have ∑
γ(j)=β(j) ∀ j ̸=i

ℓ(γ(i))=3,γ
(i)
3 =β

(i)
3

aγJ = 0.

(Note that QγJ are the same quotient for all γJ in the sum above, and the sum takes place in this
same quotient.) Then

(6.3) 0 →
( ⊕
ℓ(γJ )=3#J

QγJ

)0
→
( ⊕
ℓ(γJ )=3#J−1

QγJ

)0
→ · · · →

( ⊕
ℓ(γJ )=2#J

QγJ

)0
is a subcomplex of (6.2). Again, though we will not use it, one can check that (6.3) is exact.

6.2. Patching and presentations. In this section, we fix an 11-generic tame L-homomorphism
ρ and a patching functor M∞ for it. Let ν be a weight in W (η). Then νj ∈ S3(ηj)∪ {(1, 1, 1)j} for

each j ∈ J . Let J = J(ν)
def
= {j ∈ J | νj = (1, 1, 1)j}. For j /∈ J , if νj = wjηj for wj ∈ S3, then

we let (ω(ν)j , a(ν)j) = (−εwj , δ(−1)wj=−1) where δ(−1)wj=−1 = 1 if wj is an odd permutation and

δ(−1)wj=−1 = 0 if wj is an even permutation, and where εwj = ε′wj
+ X0(T ) ∈ X∗(T )/X0(T ) for

some ε′wj
∈ X0(T ) such that wjtε′wj

∈ W̃+
1 .

Let w̃ ∈ Adm(η) be such that w̃j = t1 for all j ∈ J and (ω(ν)j , a(ν)j) ∈ w̃j(Σ0) and ℓ(w̃j) ≥ 2 for
all j /∈ J . Let τ be the tame inertial L-parameter such that w̃(ρ, τ) = w̃. Given Rs(µ− 1), J , and

(ωj , aj)
def
= (w̃−1

j ω(ν)j , a(ν)j) ∈ Σ0 for j /∈ J , we have the subquotients QγJ of Rs(µ− 1)σ(γJ ) ⊗O F
for each tuple γJ of paths as defined in §6.1. (Note that µ− η can be chosen to be 9-deep in alcove
C0.)

We will use the notation M ′
∞ as in (5.9) with T = {τ}. If (ω, a) = (ωj , aj)j∈J with (ωj , aj)

as above if j /∈ J and (ωj , aj) ∈ {(ε1, 1), (ε2, 1), (0, 1)} if j ∈ J , and letting σ
def
= F (Trµ(sω, a)) ∈

JH(Rs(µ − 1)), then [LLHLM20, Theorem 5.1.1] implies that M ′
∞(Rs(µ − 1)σ) is a free R′

∞(τ)-

module of rank one. Let M
(j)
(ωj ,aj)

be M̃
(j)
(ωj ,aj)

⊗O F where M̃
(j)
(ωj ,aj)

is defined in §3.4.2. For a pair

(ωj , aj) and (ω′
j , a

′
j) in {(0, 0), (ε1, 0), (ε2, 0), (0, 1), (ε1, 1), (ε2, 1)}, there is a unique n((ωj , aj), (ω′

j , a
′
j))

def
=

n ∈ Z such that pnM̃
(j)
(ω′

j ,a
′
j)
⊂ M̃

(j)
(ωj ,aj)

and pn−1M̃
(j)
(ω′

j ,a
′
j)
̸⊂ M̃

(j)
(ωj ,aj)

. By [LLHLM20, Theorem 5.2.3],

the finite category consisting of maps

M ′
∞(Rs(µ− 1)F (Trµ(sω′,a′))) →M ′

∞(Rs(µ− 1)F (Trµ(sω,a)))

induced by ι in (6.1) is identified with the maps

(6.4) ⊗̂j∈JM
(j)
(ω′

j ,a
′
j)
⊗̂SR

′
∞(τ) → ⊗̂j∈JM

(j)
(ωj ,aj)

⊗̂SR
′
∞(τ)

given by mapsM
(j)
(ω′

j ,a
′
j)
→M

(j)
(ωj ,aj)

which are induced by multiplication by pn((ωj ,aj),(ω
′
j ,a

′
j)). (Tensor

products without a subscript are taken over F.)
Now let γJ be a tuple of paths and σ be F (Trµ(sω, a)) with (ωj , aj) the fixed choice for j /∈ J

and (ωj , aj) = γ
(j)
1 for j ∈ J . Then, up to scaling by a unique power of p, each QγJ is a subquotient



K1-INVARIANTS IN THE MOD p COHOMOLOGY OF U(3) ARITHMETIC MANIFOLDS 61

of Rs(µ − 1)σ. Moreover, by [LLHLM20, Lemma 3.6.2] or by Corollary 3.13, there is an ideal

Iγ(j) ⊂ S(j) for each j ∈ J and path γ(j) and a prime ideal P
(j)
(ωj ,aj)

for each j /∈ J so that M ′
∞(QγJ )

is identified with
( ⊗̂
j /∈J

M
(j)
(ωj ,aj)

/P
(j)
(ωj ,aj)

M
(j)
(ωj ,aj)

)⊗̂( ⊗̂
j∈J

Iγ(j)M
(j)

γ
(j)
1

)⊗̂SR
′
∞(τ)

and M ′
∞(ι) :M ′

∞(QγJ ) →M ′
∞(QβJ ) for β ≤ γ is induced by (6.4).

With the above identifications, applying M ′
∞ to (6.3) yields the complex

(6.5) ( ⊗̂
j /∈J

M
(j)
(ωj ,aj)

/P
(j)
(ωj ,aj)

M
(j)
(ωj ,aj)

)⊗̂( ⊗̂
j∈J

C
(j)

κ(j)
)⊗̂SR

′
∞(τ)

where C
(j)

κ(j)
is the complex (3.17) and the signs for the tensor product of the C

(j)

κ(j)
are given by the

complete ordering on J . Let Qν,κ be the cokernel of the last map in (6.3). (By convention Qν,κ = σ
if J = ∅.) By exactness of M ′

∞, we have an identification

(6.6) M ′
∞(Qν,κ) ∼= (⊗̂j∈JM

(j)

κ(j)
)⊗̂SR

′
∞(τ)

where M
(j)

κ(j)
is the cokernel of (3.17) as defined in §3.4.2. (To see that (6.5) is exact, note that

each tensor factor is the completion of a complex of modules over a polynomial ring. Then (6.5)
is the completion of a tensor product of these complexes. The exactness of (6.5) follows from the
exactness of completion for modules over a Noetherian ring.)

Proposition 6.1. A Serre weight F (Trµ(sω, a)) is a Jordan–Hölder factor of Qν,κ if and only if
(ωj , aj) is the fixed element for j /∈ J and (ωj , aj) ∈ {(0, 0), (ε1, 0), (ε2, 0), (0, 1), (ε1, 1), (ε2, 1)} for

j ∈ J . In this case, its multiplicity is 2#{j∈J |aj=0}.

Proof. By the exactness of M ′
∞(−) and the fact that JH(Qν,κ) ⊆W ?(ρ) we conclude that

Zd(M
′
∞(Qν,κ)) =

∑
σ∈JH(Qν,κ)

[Qν,κ : σ]PσR
′
∞(τ).

The result now follows from the identification (6.6), Proposition 3.19 and Corollary 3.28. □

For each j ∈ J let (aj , bj , cj) ∈ F3
p be the mod p reduction of −s−1

j (µj). From now on we take κ

to be κ(ρ, ν)
def
=
(
κmin(aj , bj , cj)

)J
(see §3.4.2 for the definition of the tuple κmin(aj , bj , cj)).

Proposition 6.2. If ℓ(γJ) = 2#J , then the composition

(6.7) QγJ →
⊕

ℓ(γJ )=2#J

QγJ =
( ⊕
ℓ(γJ )=2#J

QγJ

)0
→ Qν,κ

is injective.

Proof. It suffices to show that for path βJ ≥ γJ with ℓ(βJ) = 3#J , the composition of (6.7) and
the natural inclusion QβJ ↪→ QγJ is nonzero as QγJ is multiplicity free and the map ⊕βQβJ ↪→ QγJ ,
summing over all such βJ , identifies the domain with the socle of the codomain. We will show that
M ′

∞(QβJ ) →M ′
∞(QγJ ) →M ′

∞(Qν,κ) is nonzero.
Applying M ′

∞ to (6.7) and using the above identifications yields a map

( ⊗̂
j /∈J

M
(j)
(ωj ,aj)

/P
(j)
(ωj ,aj)

M
(j)
(ωj ,aj)

)⊗̂( ⊗̂
j∈J

Iγ(j)M
(j)

γ
(j)
1

)⊗̂SR
′
∞(τ)

→( ⊗̂
j /∈J

M
(j)
(ωj ,aj)

/P
(j)
(ωj ,aj)

M
(j)
(ωj ,aj)

)⊗̂( ⊗̂
j∈J

M
(j)

κ(j)
)⊗̂SR

′
∞(τ)
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induced by the compositions

(6.8) (Iγ(j)M
(j)

γ
(j)
1

) →
⊕

ℓ(β(j))=2

Iβ(j)M
(j)

β
(j)
1

→M
(j)

κ(j)

for each j ∈ J where the first map is the natural inclusion and the second map is the natural
projection. Similarly, the map M ′

∞(QβJ ) ↪→M ′
∞(QγJ ) is given by

( ⊗̂
j /∈J

M
(j)
(ωj ,aj)

/P
(j)
(ωj ,aj)

M
(j)
(ωj ,aj)

)⊗̂( ⊗̂
j∈J

Iβ(j)M
(j)

γ
(j)
1

)⊗̂SR
′
∞(τ)

→( ⊗̂
j /∈J

M
(j)
(ωj ,aj)

/P
(j)
(ωj ,aj)

M
(j)
(ωj ,aj)

)⊗̂( ⊗̂
j∈J

Iγ(j)M
(j)

γ
(j)
1

)⊗̂SR
′
∞(τ)

The desired nonvanishing now follows from Corollary 3.27. □

Proposition 6.3. A Serre weight F (Trµ(sω, a)) is a Jordan–Hölder factor of socQν,κ if and only
if (ωj , aj) is the fixed element for j /∈ J and (ωj , aj) ∈ {(0, 1), (ε1, 1), (ε2, 1)} for j ∈ J . Morever,
socQν,κ is multiplicity free.

Proof. If (ωj , aj) is the fixed element for j /∈ J and (ωj , aj) ∈ {(0, 1), (ε1, 1), (ε2, 1)} for j ∈ J , then

σ
def
= F (Trµ(sω, a)) ∈ JH(socQγJ ) for some tuple of paths γJ with ℓ(γJ) = 2#J . By Proposition

6.2, there an inclusion socQγJ ↪→ socQν,κ so that σ ∈ JH(socQν,κ).

Now let θ
def
= F (Trµ(sω, a)) ∈ JH(Qν,κ). Then (ωj , aj) is the fixed element for j /∈ J and

(ωj , aj) ∈ {(0, 0), (ε1, 0), (ε2, 0), (0, 1), (ε1, 1), (ε2, 1)} for j ∈ J . Suppose that ai = 0 for some i ∈ J
and that we have a nonzero map Pθ → Qν,κ. Consider a lift⊕

ℓ(γJ )=2#J QγJ

Pθ Qν,κ

where the vertical map is the natural quotient map. The composition

Pθ →
⊕

ℓ(γJ )=2#J

QγJ ↠
⊕

ℓ(γJ )=2#J

γ
(i)
1 =(εk,1)

QγJ ,

where the second map is the natural projection, is nonzero for k = 1 and 2. Moreover, this
composition factors as the composition

(6.9) Pθ →
⊕

ℓ(γJ )=2#J

γ(i)=((εk,1),(ωi,0))

QγJ ⊂
⊕

ℓ(γJ )=2#J

γ
(i)
1 =(εk,1)

QγJ

as θ is not a Jordan–Hölder factor of the cokernel of the inclusion in (6.9). Let θ′ = F (Trµ(sω
′, a′))

where (ω′
j , a

′
j) = (ωj , aj) for all j ̸= i and (ω′

i, a
′
i) = (ε3−k, 1). Then θ

′ is a Jordan–Hölder factor of

the image of (6.9)—indeed the composition of (6.9) with the projection to some QγJ is surjective
(choosing γJ so that cosocQγJ

∼= θ, and using that QγJ is multiplicity free) and θ′ ∈ JH(QγJ ). On
the other hand, we claim that the intersection of⊕

ℓ(γJ )=2#J

γ(i)=((εk,1),(ωi,0))

QγJ
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and the image of

(6.10)

 ⊕
ℓ(γJ )=2#J+1

QγJ

0

→
⊕

ℓ(γJ )=2#J

QγJ ↠
⊕

ℓ(γJ )=2#J

γ
(i)
1 =(εk,1)

QγJ ,

(where the first map in (6.10) comes from (6.3)) does not contain θ′ as a Jordan–Hölder factor.
Indeed, the cokernel of ⊕

ℓ(γJ )=2#J+1

γ(i)=((εk,1),(ωi,0),(ε3−k,1))

QγJ ⊂
⊕

ℓ(γJ )=2#J

γ(i)=((εk,1),(ωi,0))

QγJ

does not contain θ′ as a Jordan–Hölder factor. It suffices to show that the intersection of the images
of ⊕

ℓ(γJ )=2#J+1

γ(i)=((εk,1),(ωi,0),(ε3−k,1))

QγJ

and  ⊕
ℓ(γJ )=2#J+1

QγJ

0

in ⊕
ℓ(γJ )=2#J

γ
(i)
1 =(εk,1)

QγJ

is zero. An element
(aγJ )γJ ∈

⊕
ℓ(γJ )=2#J+1

ℓ(γ(i))=3, γ
(i)
1 =(εk,1)

QγJ ⊂
⊕

ℓ(γJ )=2#J

γ
(i)
1 =(εk,1)

QγJ

in the intersection of these images satisfies the condition aγJ = 0 if γ
(i)
2 ̸= (ωi, 0) and for each γJ as

above
∑

βJ
aβJ = 0 where the sum runs over βJ with β(j) = γ(j) for all j ̸= i and β

(i)
3 = (ε3−k, 1).

These conditions imply that aγJ = 0 for all γJ .
Thus θ′ is a Jordan–Hölder factor of the image of the original map Pθ → Qν,κ. We conclude that

θ is not a Jordan–Hölder factor of socQν,κ.
Finally, the Jordan–Hölder factors of socQν,κ appear in a composition series of Qν,κ with mul-

tiplicity one by Proposition 6.1. In particular, socQν,κ is multiplicity free. □

Proposition 6.4. The module Qν,κ is indecomposable.

Proof. Suppose that Qν,κ = Q ⊕ Q′ where Q is nonzero. Let F (Trµ(ω, a)) ∼= σ ⊂ Q be a simple
submodule. Let σ′ ⊂ Qν,κ be a simple submodule. We will show that σ′ ⊂ Q which implies that
Q′ = 0 and thus that Qν,κ is indecomposable.

For a tuple of paths βJ of length 2#J , we identify QβJ with its image in Qν,κ using Proposition
6.2. We claim that if QβJ ∩ Q is nonzero, then QβJ ⊂ Q. Indeed, the splitting of the inclusion
Q ↪→ Qν,κ gives a splitting of the (nonzero) map QβJ ∩ Q ↪→ QβJ . On the other hand, QβJ is
indecomposable since cosocQβJ is simple. We conclude that QβJ ∩Q = QβJ .

Now there are tuples of paths γJ and γ′J of length 2#J such that σ ⊂ QγJ and σ′ ⊂ Qγ′J .

Since σ ⊂ Q, QγJ ∩ Q ̸= 0 so that QγJ ⊂ Q by the previous paragraph. On the other hand,
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JH(QγJ ) ∩ JH(Qγ′J ) contains σ0
def
= F (Trµ(ω, a)) where (ωj , aj) is the fixed element in Σ0 for j /∈ J

and is (0, 1) for all j ∈ J . As σ0 is a Jordan–Hölder factor of Qν,κ with multiplicity one by
Proposition 6.1, QγJ ∩Qγ′J ̸= 0. We conclude from the previous paragraph that σ′ ⊂ Qγ′J ⊂ Q. □

6.3. Distinguished presentations and locality. We maintain the notation (and assumptions
on) ρ, M ′

∞, ν, and τ from the last section. In particular, throughout this section ρ is 11-generic.

Let κ(ρ, ν)
def
= κ be as in 6.2 so that the map M

(j)
(ωj ,1)

→M
(j)

γ(j)
→M

(j)

κ(j)
is nonzero for (ωj , 1) ̸= γ

(j)
1 .

Let Dm,ν(ρ)
def
= Qν,κ(ρ,ν) and Dm(ρ) be ⊕

ν∈W (η)

Dm,ν(ρ).

Remark 6.5. While the definition of Dm,ν(ρ) depends on a choice of tame inertial L-parameter (see
§6.2), we will see a posteriori that Dm,ν(ρ) does not depend on this choice (see Remark 6.12).

Proposition 6.6. (1) JH(Dm(ρ)) ⊂W ?(ρ).

(2) If σ ∈W ?(ρ), then σ is a Jordan–Hölder factor of Dm(ρ) with multiplicity 3#A(σ).
(3) The socle of Dm(ρ) is multiplicity free.

Proof. (1) follows from the fact that for each QγJ appearing in §6.2, JH(QγJ ) ⊂W ?(ρ).

For each σ = F (Trµ(ω, a)) ∈W ?(ρ), σ ∈ JH(Dm,ν(ρ)) if and only if for all j ∈ J , (−εwj , δ(−1)wj=−1) =

(w̃j(ω), a) if νj = wjηj and

(ωj , aj) ∈ {(0, 0), (ε1, 0), (ε2, 0), (0, 1), (ε1, 1), (ε2, 1)}

if νj = (1, 1, 1)j . In particular, there are 2#A(σ) choices of ν ∈ W (η) so that σ ∈ JH(Dm,ν(ρ)).
Moreover, if σ appears as a Jordan–Hölder factor of Dm,ν(ρ), then it appears with multiplicity

2#{j∈J(ν)|aj=0}. The binomial expansion of (1 + 2)#A(σ) yields (2).
(3) follows easily from Proposition 6.3. □

Recall that m denotes the maximal ideal of R∞ (see § 5.1).

Proposition 6.7. For each irreducible submodule σ ⊂ Dm,ν(ρ), M∞(σ) /∈ mM∞(Dm,ν(ρ)).

Proof. Suppose that σ
def
= F (Trµ(ω, a)) is in the image of the map QγJ → Dm,ν(ρ) for some γJ of

length 2#J . By §6.2, it suffices to show that the image of the composition M
(j)
(ωj ,aj)

→ M
(j)

γ(j)
→

M
(j)

κ(ρ,ν)(j)
is not contained in m(j)M

(j)

κ(ρ,ν)(j)
for all j ∈ J . This follows from Corollary 3.27. □

We now assume thatM∞ has the form Homcont
GL3(Op)

(−,M∨
∞)∨ for a pseudocompact O[[GL3(Op)]]-

module also denotedM∞. Let π = (M∞/m)∨. Then there is a natural transformation HomGL3(Op)(−, π) ∼=
(M∞(−)/m)∨.

Proposition 6.8. There is an injection Dm(ρ) ↪→ πK1. Moreover, this induces an isomorphism
on socles.

Proof. First, we show that there is an injection Dm,ν(ρ) ↪→ π for each ν ∈ W (η). Recall that

socDm,ν(ρ) is multiplicity free and has length 3#J by Proposition 6.3. For cardinality reasons (recall

that we can assume #F > 3#J when considering minimal patching functors, see [CEG+16, § 2.2]),
there is an element of (M∞(Dm,ν(ρ))/m)∨ which is not in the kernel of any map (M∞(Dm,ν(ρ))/m)∨ →
(M∞(σ)/m)∨ for any irreducible submodule σ ⊂ Dm,ν(ρ) by Proposition 6.7. This element corre-
sponds to an injective homomorphism Dm,ν(ρ) → π.
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Taking a direct sum of such injections gives a map Dm(ρ) → πK1 . Any irreducible submodule
of the kernel is a submodule of Dm,ν(ρ) for some ν ∈ W (η) since socDm(ρ) is multiplicity free
by Proposition 6.6(3). We conclude that the kernel is 0. To show that this injection induces an
isomorphism on socles, it suffices to show that the GL3(Op)-socle of π is isomorphic to ⊕σ∈W ?(ρ)σ.

This follows from [LLHLMb, Lemma 5.3.3]. □

Proposition 6.9. Let W be a set of Serre weights and V ⊂ Q be an F[G]-submodule of an F[G]-
module. Then there is a unique maximal submodule U ⊂ Q such that JH(U/(V ∩ U)) ∩ W = ∅.
Moreover, V ⊂ U .

Proof. Suppose that U,U ′ ⊂ Q are maximal submodules such that JH(U/(V ∩U))∩W = JH(U ′/(V ∩
U ′)) ∩ W = ∅. Then there is a surjection U/(V ∩ U) ⊕ U ′/(V ∩ U ′) ↠ (U + U ′)/(V ∩ (U + U ′))
from which we conclude that JH((U + U ′)/(V ∩ (U + U ′))) ∩W = ∅. By maximality of U and U ′,
we conclude that U = U ′. Moreover, maximality implies that V ⊂ U . □

Fix injections Dm,ν(ρ) ↪→ ⊕σ∈socDm,ν(ρ)Pσ for each ν ∈ W (η). Taking a direct sum gives an
injection Dm(ρ) ↪→ ⊕σ∈W ?(ρ)Pσ. We identify the domains with their images in ⊕σ∈W ?(ρ)Pσ. Using

Proposition 6.9, we let D0(ρ) (resp. D0,ν(ρ) for each ν ∈ W (η)) be the maximal submodule U ⊂
⊕σ∈W ?(ρ)Pσ such that JH(U/(Dm(ρ)∩U))∩W ?(ρ) = ∅ (resp. JH(U/(Dm,ν(ρ)∩U))∩W ?(ρ) = ∅).

Proposition 6.10. We have

D0(ρ) ∼=
⊕

ν∈W (η)

D0,ν(ρ).

Proof. Let ν ∈ W (η). Then D0,ν(ρ)/(Dm(ρ) ∩ D0,ν(ρ)) is a quotient of D0,ν(ρ)/(Dm,ν(ρ) ∩
D0,ν(ρ)) from which we conclude that JH(D0,ν(ρ)/(Dm(ρ) ∩ D0,ν(ρ))) ∩ W ?(ρ) = ∅ and thus
that D0,ν(ρ) ⊂ D0(ρ). Since socDm,ν(ρ) ⊂ socD0,ν(ρ) ⊂ soc ⊕σ∈W ?(ρ) Pσ

∼= ⊕σ∈W ?(ρ)σ and

JH(socD0,ν(ρ)/socDm,ν(ρ))∩W ?(ρ) = ∅, we have that socDm,ν(ρ) = socD0,ν(ρ). Thus JH(socD0,ν(ρ))
are pairwise disjoint for ν ∈W (η), and the natural map⊕

ν∈W (η)

D0,ν(ρ) → D0(ρ)

is injective.
It suffices to show that for each ν ∈W (η), the image, denoted D0,ν , of the projection

D0(ρ) → ⊕σ∈JH(socD0,ν(ρ))Pσ

is contained in D0,ν(ρ). The image of the restriction of this projection to Dm(ρ) is Dm,ν(ρ). Thus
we have submodules

Dm,ν(ρ) ⊂ D0,ν ⊂ ⊕σ∈JH(socD0,ν(ρ))Pσ

with JH(D0,ν/Dm,ν(ρ)) ∩ W ?(ρ) ⊂ JH(D0(ρ)/Dm(ρ)) ∩ W ?(ρ) = ∅. Maximality implies that
D0,ν ⊂ D0,ν(ρ). □

Theorem 6.11. There is an isomorphism πK1 ∼= D0(ρ).

Proof. The inclusion Dm(ρ) ⊂ D0(ρ) induces an isomorphism after applying M∞. Thus we get an
injection D0(ρ) ↪→ πK1 extending the injection Dm(ρ) ↪→ πK1 . We can extend the map D0(ρ) ⊂
⊕σ∈W ?(ρ)Pσ to a map

πK1 ↪→ ⊕σ∈W ?(ρ)Pσ

by injectivity of Pσ and Proposition 6.8. We claim that JH(πK1/Dm(ρ)) ∩W ?(ρ) = ∅. Then by
maximality of D0(ρ), we conclude that πK1 ∼= D0(ρ).
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It suffices to prove the claim. Suppose that σ ∈ W ?(ρ). The multiplicity of σ as a Jordan–

Hölder factor of πK1 is dimFHomG(Pσ, π
K1) = dimFM∞(Pσ)/m = 3#A(σ) by Theorem 5.3. This

is precisely the multiplicity of σ as a Jordan–Hölder factor of Dm(ρ) by Proposition 6.6(2). The
claim follows. □

Remark 6.12. For ν ∈ W (η), the F[G]-modules Dm,ν(ρ) (see §6.2), and thus the modules D0,ν(ρ),

depend on ρ|IQp
(to define W ?(ρ)), ν, a choice of a tame inertial L-parameter τ , and a choice of

lowest alcove presentation for ρ (to define κ and to parametrize the obvious weights in W ?(ρ)).
However, by Proposition 6.4 and Theorem 6.11, D0,ν(ρ) is an indecomposable summand of πK1

which is determined by its socle and is independent of τ . By the Krull–Schmidt theorem, we
conclude that both Dm,ν(ρ) and D0,ν(ρ) depend only on ρ|IQp

, a lowest alcove presentation of

ρ, and ν ∈ W (η). Moreover, since πK1 is independent of a lowest alcove presentation of ρ and
ν ∈W (η), D0(ρ) depends only on ρ|IQp

.

6.4. Jordan–Hölder factors of D0(ρ). We describe the Jordan–Hölder factors of D0(ρ) with
multiplicity. Fix ρ, ν ∈W (η), and τ = τ(s, µ− 1) with w̃ = w̃(ρ, τ) as in §6.2. We define a set Σνj
for each j ∈ J . Let

Σwjηj
def
= {(w̃j(ω − (w0wj)

−1(ε1 + ε2)), a) | (ω, a) ∈ Σ0}
for wj ∈ S3 and

Σ(1,1,1)j
def
= Σ0 ∪ {(−ε1, 0), (−ε2, 0), (2ε1, 0), (2ε1 − ε2, 0), (2ε2, 0), (2ε2 − ε1, 0)}.

Theorem 6.13. Let ν ∈W (η). Then

JH(D0,ν(ρ)) = F (Trµ(s
∏
j∈J

Σνj )).

Moreover, if σ = F (Trµ(sω, a)) and

n(σ) = #{j ∈ J | νj = (1, 1, 1)j , aj = 0, and (ω, a) ∈ Σ0},

then σ appears in JH(D0,ν(ρ)) with multiplicity 2n(σ).

Proof. Fix an injective envelope

ι : D0,ν(ρ) ↪→
⊕

σ∈JH(socD0,ν(ρ))

Pσ.

Let Vσ ⊂ Pσ be the Weyl submodule in the Weyl filtration in Proposition 4.4. If σ ∈ JH(socD0,ν(ρ))
and σ ↑ κ (σ and κ are linked Serre weights with κ in a higher alcove), then σ appears with
multiplicity one in JH(D0,ν(ρ)) and κ /∈ JH(D0,ν(ρ)) if κ ̸∼= σ. Using this, it is easy to show using
the dual Weyl filtration in Proposition 4.4 and [LLHLM20, Lemma 4.2.2] that the F-dual ι∨ of ι
factors through the dual Weyl quotients V ∨

σ of Pσ∨ . For a tuple a, let radaV ∨
σ be the image of

radaPσ∨ in V ∨
σ .

Let J = J(ν) = {j ∈ J | νj = (1, 1, 1)j}. If i ∈ J , we claim that rad2iV ∨
σ ⊂ ker ι∨. It suffices to

show that the induced map

(6.11) gr2i V ∨
σ → D0,ν(ρ)

∨/ι∨(rad>2iV ∨
σ )

is 0 as gr2i V ∨
σ is the cosocle of rad2iV ∨

σ by [LLHLM20, Lemma 4.2.2]. We first claim that the
induced map

(6.12) gr2i V ∨
σ → Dm,ν(ρ)

∨/ι∨(rad>2iV ∨
σ )
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is 0. Indeed, (6.12) factors through radDm,ν(ρ)
∨/ι∨(rad>2iV ∨

σ ), but JH(radDm,ν(ρ)
∨)∩JH(gr2i V ∨

σ ) =

∅ by alcove considerations. Thus, if κ∨ ⊂ gr2i V ∨
σ with κ ∈W ?(ρ), then κ∨ maps to 0 under (6.11).

Now suppose that κ∨ ⊂ gr2i V ∨
σ is a simple G-submodule with κ /∈ W ?(ρ). (For example, if

σ ∼= Trµ(sω, a) with (ωi, ai) = (0, 1) and κ ∼= Trµ(sξ, a), then (ξi, ai) = (−ε, 1) for ε = ε1 or
ε2.) To show that κ∨ maps to 0 under (6.11), it suffices to show that κ is not a Jordan–Hölder
factor of ι(D0,ν(ρ)). Suppose otherwise. Note that κ is a Jordan–Hölder factor of Pσ for a unique
σ ∈ JH(socD0,ν(ρ)) which we now fix. Thus, κ is a Jordan–Hölder factor of ι(D0,ν(ρ)) ∩ Vσ.
Propositions 4.4 and 4.15 imply that ι(Dm,ν(ρ)) ∩ Vσ, and in particular Dm,ν(ρ), contains an
extension of σ′ by σ where σ′ is the weight linked to σ with alcove differing precisely at i ∈ J . This
contradicts the fact that Dm,ν(ρ) does not contain the extension of two simple modules in W ?(ρ).

To summarize, there is a surjection

(6.13) ι∨ :
⊕

σ∈JH(socD0,ν(ρ))

(V ∨
σ /
∑
i∈J

rad2iV ∨
σ ) ↠ D0,ν(ρ)

∨.

For each σ ∈ JH(socD0,ν(ρ)), let V
∨
σ be the quotient of V ∨

σ /
∑

i∈J rad
2iV ∨

σ by the image of the
evaluation map ⊕

τ∈W ?(ρ)\JH(Dm,ν)

HomG(Pτ∨ , V
∨
σ /
∑
i∈J

rad2iV ∨
σ )⊗ Pτ∨ → V ∨

σ /
∑
i∈J

rad2iV ∨
σ .

Lemma 6.14. Let σ ∈ JH(socD0,ν(ρ)). Then the representation V
∨
σ is multiplicity free with

Jordan–Hölder factors κ∨ where κ is in F (Trµ(s
∏
j∈J Σνj )) and the distance between κ and σ

realizes the distance between κ and JH(socD0,ν(ρ)). Moreover, the directed graph associated to V
∨
σ

is predicted by the graph with respect to σ in the sense of [LLHLM20, Definition 4.1.8].

Proof. LetW∨
σ be the quotient V ∨

σ /
∑

i∈J rad
2iV ∨

σ . Recall thatW∨
σ is the restriction of a multiplicity-

free representation of the algebraic group G. Call this G-module Q. Let σ be F (λ). If κ ∈
JH(L(λX)|G) for some alcove X and L(λX)

∨ ⊂ grnQ for some n = n(X), then fix a nonzero map
κ∨ ↪→ L(λX)

∨|G ⊂
(
grnQ

)
|G and a lift P∨

κ → W∨
σ which we denote by ψX . Let ψX denote the

composition of ψX with the quotient map W∨
σ → V

∨
σ .

We first claim that if κ appears in JH(L(λX)|G) with multiplicity greater than 1, then ψX
is 0. Indeed if κ appears in JH(L(λX)|G) with multiplicity, then if κ = F (Trµ(sω(κ), a(κ)) and
σ = F (Trµ(sω(σ), a(σ))), there exists j ∈ J such that a(σ)j = 0, ω(κ)j = ω(σ)j , and Xj is alcove G
(resp. J) if a(κ)j = 0 (resp. a(κ)j = 1). Then Propositions 4.15 and 4.19 and Lemma 4.16 show that,
the image of ψX is contained in the sum of the images of P∨

τ →W∨
σ where τ = F (Trµ(sω(τ), a(τ)))

runs over elements of W ?(ρ) which are adjacent to σ and ω(τ)j ̸= ω(σ)j . As these τ are not in
JH(Dm,ν(ρ)), this proves the claim.

By this claim and the fact that Q is multiplicity free, we see that the various ψX span the space

HomG(P
∨
κ , V

∨
σ ). We next show that V

∨
σ is multiplicity free. Fix κ∨ ∈ JH(V

∨
σ ). There is a partial

ordering ↑ on the set of alcoves X for which κ ∈ JH(L(λX)|G). Explicitly, if κ ∈ JH(L(λX)|G) ∩
JH(L(λY )|G), then X ↑ Y if and only if for all j, Xj = Yj or (Xj , Yj) = (C, I), (D,H), (A,G), or
(B, J). Let Xmin denote the minimal alcove with respect to ↑ for which κ ∈ JH(L(λXmin)|G). We

claim that ψX is a scalar multiple of ψXmin
. The claim for X = Xmin is clear, so we now assume that

X ̸= Xmin. Suppose that κ ∈ JH(L(λX)|G). If Xj is alcove G or J for some j ∈ J , then ψX = 0
by the previous claim, and we are done. Suppose now that (Xmin,j , Xj) /∈ {(A,G), (B, J)} for any

j ∈ J . LetN≤X ⊂ Q be the minimalG-submodule containing L(λY )
∨ as a Jordan–Hölder factor for

any alcove Y with κ ∈ JH(L(λY )|G) and Y ↑ X. Let N<X ⊂ Q be the minimal G-submodule that
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contains L(λY )
∨ as a Jordan–Hölder factor for any alcove Y with κ ∈ JH(L(λY )|G), Y ↑ X, and Y ̸=

X. It is easy to see that {ψY | Y ↑ X} (resp. {ψY | Y ↑ X,Y ̸= X} is a basis for HomG(P
∨
κ , N≤X |G)

(resp. HomG(P
∨
κ , N<X |G)). In particular, the space HomG(P

∨
κ , N≤X |G/N<X |G) is spanned by the

image of ψX .
We now define an alcove Z. If j /∈ A(σ) let Zj = B. If Xmin,j is not C or D, let Zj = A.

If j ∈ A(σ) and (Xmin,j , Xj) = (C,C) (resp. (Xmin,j , Xj) = (D,D)), let Zj be E (resp. F ). If
(j ∈ A(σ) and) (Xmin,j , Xj) = (D,H) (resp. (Xmin,j , Xj) = (C, I)), let Zj = E (resp. Zj = F ).

Let τ be a Serre weight in JH(L(λZ)|G) ∩W ?(ρ) such that its distance to κ realizes the distance
from κ to JH(L(λZ)|G) ∩W ?(ρ). Then there is a composition ψ : P∨

κ → P∨
τ → W∨

σ whose image

is contained in radn(X)W∨
σ and not in radn(X)+1W∨

σ . Moreover, the image of P∨
κ is contained in

N≤X |G by the dual Weyl filtration in Proposition 4.4 and not contained in N<X |G by Proposition
4.15 with (X1

i , X
0
i ) = (E,H) or (F, I). Since τ ∈W ?(ρ) \ JH(Dm,ν(ρ)), the composition of ψ with

the projection to V
∨
σ is 0. We conclude that ψX can be written as a linear combination of ψY

with Y ↑ X and Y ̸= X. The claim follows by strong induction on ↑. Thus HomG(P
∨
κ , V

∨
σ ) is

spanned by ψXmin
where Xmin is the minimal alcove with respect to ↑ for which κ ∈ JH(L(λX)|G).

In particular, V
∨
σ is multiplicity free.

Using Proposition 4.15 with (X1
i , X

0
i ) = (E,C), (F,D), (E,H), and (F, I), Proposition 4.19,

and Lemma 4.16, one can show that JH(V
∨
σ ) ⊂ F (Trµ(s

∏
j∈J Σνj )). We will now show the

reverse inclusion F (Trµ(s
∏
j∈J Σνj )) ⊂ JH(V

∨
σ ) by showing that if κ ∈ F (Trµ(s

∏
j∈J Σνj )), then

ψXmin
̸= 0. Suppose that κ ∈ F (Trµ(s

∏
j∈J Σνj )) and ψXmin

= 0. Then there is a subset of

D ⊂W ?(ρ) \ JH(Dm,ν(ρ)) so that ψXmin can be factored as

P∨
κ → ⊕τ∈DP

∨
τ →W∨

σ .

We assume that #D is minimal among such subsets W ?(ρ) \ JH(Dm,ν(ρ)). In particular, the
composition P∨

κ → P∨
τ →W∨

σ obtained by projecting to the τ -summand is nonzero for each τ ∈ D.
Let τ = F (Trµ(sω(τ), a(τ))) ∈ D and κ = F (Trµ(sω(κ), a(κ))). Then τ ∈ JH(L(λY )|G) for some

alcove Y such that:
• Yj ∈ {A,C,D,E, F,H, I, J} if j ∈ A(σ);
• Yj ∈ {A,B,C,D} if j /∈ A(σ) and ω(τ)j ∈ {0, ε1, ε2}; and
• Yj ∈ {B,E, F} if j /∈ A(σ) and ω(τ)j ∈ {ε1 − ε2, ε2 − ε1, ε1 + ε2} (which implies that
a(τ)j = 1 and hence Yj /∈ {C,D,G}).

Lemma 6.15. We have Yj ∈ {A,E, F} if j ∈ A(σ).

Proof. Suppose otherwise. Then Yj ∈ {C,D,H, I, J}. If Yj = J , then, using that the composition
P∨
κ → P∨

τ → W∨
σ is nonzero, we have κ ∈ JH(L(λX)|G) for some alcove X with Xj = J and

(ω(τ)j , a(τ)j) = (ω(κ)j , a(κ)j) (the key point being that L(λj,J)|G is the socle of the Weyl module
with highest weight λj,J). Moreover we have that Xmin,j = J since ω(κ)j /∈ {0, ε1, ε2}. Since

τ ∈ W ?(ρ), (ω(τ)j , a(τ)j) ∈ r(Σ0) where as κ ∈ F (Trµ(s
∏
j∈J Σνj )) and Xmin,j = J (and not B)

implies that (ω(κ)j , a(κ)j) /∈ r(Σ0). This is a contradiction. If instead Yj ∈ {C,D,H, I}, then there
is an extension of L(λj,Yj ) by L(λj,J) in the Weyl module with highest weight λj,J and soXmin,j = Yj
or J . However, Yj = Xmin,j would imply that (ω(τ)j , a(τ)j) = (ω(κ)j , a(κ)j) as before which leads
to another contradiction. Thus Xmin,j ̸= Yj . In this case, (ω(τ)j , a(τ)j) cannot be adjacent to
(ω(κ)j , a(κ)j). For example, if (ω(σ)j , a(σ)j) = (0, 0), then (ω(κ)j , a(κ)j) = (−ε1 − ε2, 1) and
a(τ)j = 0 and ω(τ)j = ε1, ε2, ε1 − ε2, or ε2 − ε1. This contradicts the fact that there is a nonzero
composition P∨

κ → P∨
τ →W∨

σ . □
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Lemma 6.16. If j ∈ A(σ) and Yj = E or F , then Xmin,j = C or D.

Proof. Suppose that j ∈ A(σ) and Yj = E or F . Then Xmin,j = Yj or Xmin,j ∈ {C,D,G,H, I, J} as
in the proof of the last lemma. If Xmin,j = Yj , then as before (ω(τ)j , a(τ)j) = (ω(κ)j , a(κ)j) which
leads to a contradiction. If Xmin,j ∈ {H, I,G}, then (ω(τ)j , a(τ)j) and (ω(κ)j , a(κ)j) cannot be
adjacent by an argument similar to the one in the last lemma. If Xmin,j = J , then κ /∈ JH(Pτ ) which
contradicts the existence of a nonzero map P∨

κ → P∨
τ . For example, (ω(σ)j , a(σ)j) = (0, 0), then

(ω(κ)j , a(κ)j) = (−ε1−ε2, 1) and (ω(κ)j , a(κ)j) = (±(ε1−ε2), 1) which implies that κ /∈ JH(Pτ ). □

Lemma 6.17. If j /∈ A(σ) and ω(τ)j ∈ {ε1 − ε2, ε2 − ε1, ε1 + ε2}, then Yj = B.

Proof. Suppose that j /∈ A(σ) and ω(τ)j ∈ {ε1 − ε2, ε2 − ε1, ε1 + ε2}. Suppose that Yj = E or
F . Then Xmin,j = Yj or G. If Xmin,j = Yj , then (ω(τ)j , a(τ)j) = (ω(κ)j , a(κ)j) which leads
to a contradiction as before. If Xmin,j = G, then κ /∈ JH(Pτ ) as before which also leads to a
contradiction. □

Recall that D ⊂W ?(ρ) \ JH(Dm,ν(ρ)) is a minimal subset so that ψXmin can be factored as

P∨
κ → ⊕τ∈DP

∨
τ →W∨

σ .

For each τ ∈ D, there is an alcove Y such that τ ∈ JH(L(λY )|G). Moreover, Yj ∈ {A,E, F} for
each j ∈ A(σ) and Yj = B for each j /∈ A(σ) with ω(τ)j ∈ {ε1−ε2, ε2−ε1, ε1+ε2} by Lemmas 6.15
and 6.17. Furthermore, since P∨

τ → W∨
σ factors as P∨

τ → P∨
τ ′ → W∨

σ for some τ ′ ∈ JH(λY ′) with
Y ′
j = Yj for j ∈ A(σ) and Y ′

j = B for j /∈ A(σ), we can and do assume without loss of generality,

after replacing each τ by an appropriate τ ′, that Yj = B for each j /∈ A(σ).

Since τ ∈ W ?(ρ) \ JH(Dm,ν(ρ)), Yj = E or F for some j ∈ A(σ). For τ ∈ D, let m(τ) be the
size of the nonempty set {j ∈ A(σ) | Yj = E or F}. Suppose that τ0 ∈ D minimizes m(τ0). Let

N ⊂ Q be the minimal G-submodule such that L(λY ′) ∈ JH(N) if Y ′ ̸= Y and Y ′
j = B if Yj = B

and Y ′
j ∈ {E,F} if Yj ∈ {E,F}. It is easy to see from the dual Weyl filtration in Proposition 4.4

and Lemma 6.16 that the composition P∨
κ →W∨

σ ↠ Q|G/N |G of ψXmin and the quotient map is 0.
We will next show that this composition is also nonzero which yields a contradiction.

The minimality of τ0 and the maximality of N imply that the composition Pτ → W∨
σ = Q|G ↠

Q|G/N |G is 0 for each τ ∈ D with τ ̸= τ0. Then the composition P∨
κ → ⊕τ∈DP

∨
τ → W∨

σ ↠
Q|G/N |G from before factors as the composition P∨

κ → P∨
τ0 → W∨

σ ↠ Q|G/N |G. Using this
factorization, Lemma 6.16 to identify (ω(κ)j , a(κ)j) for each j ∈ A(σ) for which Yj = E or F ,

Proposition 4.4 to identify N , and Proposition 4.15 with (X1
i , X

0
i ) = (E,H) and (F, I), we see

that the map P∨
κ → Q|G/N |G is nonzero. This is a contradiction. Hence, ψXmin

is nonzero. This

completes the proof that JH(V
∨
σ ) = F (Trµ(s

∏
j∈J Σνj )). Finally, the directed graph statement

follows from Proposition 4.15 and Lemma 4.16. □

Let V
∨
be
⊕

σ∈JH(socD0,ν(ρ))
V

∨
σ . As the intersection (W ?(ρ)\JH(Dm,ν))∩JH(D0,ν(ρ)) is empty,

we see that ι∨ in (6.13) factors through V
∨
. Let D∨

0,ν denote the quotient of V
∨
by the image of⊕

τ∈JH(Dm,ν(ρ))

ker
(
HomG(Pτ∨ , V

∨
) → HomG(Pτ∨ , D0,ν(ρ)

∨)
)
⊗ Pτ∨

under the evaluation map. Then ι∨ induces an isomorphism D∨
0,ν

∼→ D0,ν(ρ)
∨ by the maximality

property of D0,ν(ρ). Let V and D0,ν be the F-duals of V
∨
and D∨

0,ν , respectively. It suffices to

show that D0,ν has the properties asserted in the theorem for D0,ν(ρ).
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First, JH(V ) = F (Trµ(s
∏
j∈J Σνj )) by Lemma 6.14 so that JH(D∨

0,ν) ⊂ F (Trµ(s
∏
j∈J Σνj )). To

finish, we need to compute the multiplicity of κ ∈ F (Trµ(s
∏
j∈J Σνj )) as a Jordan–Hölder factor

of D0,ν . Let N(κ) denote the set of weights in JH(Dm,ν) nearest to κ in the metric defined in
[LLHLM20, Definition 2.1.8]. For each element (ωj , aj) of Σνj , there is a unique element in the set
Σνj ∩ r(Σ0) closest to it unless νj = (1, 1, 1), aj = 0, and ωj = ε1 − ε2, ε2 − ε1, or ε1 + ε2 in which
case there are two closest elements. For example, if νj = (1, 1, 1), aj = 0, and (ωj , aj) = (ε1+ε2, 0),
then (ε1, 1) and (ε2, 1) are the closest elements in Σνj ∩ r(Σ0). Thus if κ ∼= F (Trµ(sω(κ), a(κ)))),

the size of N(κ) is then 2#J(κ) where J(κ) is the set of j ∈ J such that νj = (1, 1, 1), a(κ)j = 0,
and ω(κ)j = ε1 − ε2, ε2 − ε1, or ε1 + ε2 (in fact J(κ) ⊂ J).

Fix κ ∈ F (Trµ(s
∏
j∈J Σνj )). Let d be the distance of κ to elements in N(κ). After possibly

enlarging F, for each τ ∈ N(κ), there is map Pκ∨ → Pτ∨ such that (the induced map Pκ∨ →
Pτ∨/rad

d+1Pτ∨ is nonzero and) for each σ ∈ JH(socD0,ν(ρ)) the induced map HomG(Pτ∨ , V
∨
σ ) →

HomG(Pκ∨ , V
∨
σ ) is injective. (This follows from the fact that the complement of a finite set of proper

subspaces in a vector space over an infinite field is nonempty.) We fix these maps Pκ∨ → Pτ∨ . We
first claim that the induced map

(6.14)
⊕

τ∈N(κ)

HomG(Pτ∨ , V
∨
) → HomG(Pκ∨ , V

∨
)

is an isomorphism. It suffices to show that the map⊕
τ∈N(κ)

HomG(Pτ∨ , V
∨
σ ) → HomG(Pκ∨ , V

∨
σ )

is an isomorphism for each σ ∈ JH(socD0,ν(ρ)). It is easy to see from Lemma 6.14 that if

HomG(Pκ∨ , V
∨
σ ) = 0 then HomG(Pτ∨ , V

∨
σ ) = 0 for all τ ∈ N(κ) and that if HomG(Pκ∨ , V

∨
σ ) is

nonzero then it is one-dimensional and that HomG(Pτ∨ , V
∨
σ ) = 0 for all but exactly one τ ∈ N(κ).

The claim follows from the injectivity of the map HomG(Pτ∨ , V
∨
σ ) → HomG(Pκ∨ , V

∨
σ ) for each

τ ∈ N(κ).
We now claim that the induced map⊕

τ∈N(κ)

HomG(Pτ∨ , D
∨
0,ν) → HomG(Pκ∨ , D

∨
0,ν)

is an isomorphism. This will complete the proof of Theorem 6.13 using the size of N(κ) and
Proposition 6.6(2). Consider the commutative diagram⊕

τ∈N(κ)HomG(Pτ∨ , V
∨
) HomG(Pκ∨ , V

∨
)

⊕
τ∈N(κ)HomG(Pτ∨ , D

∨
0,ν) HomG(Pκ∨ , D

∨
0,ν).

We wish to show that the bottom horizontal arrow is an isomorphism. We have shown that the
top horizontal arrow is an isomorphism. The vertical arrows are surjective by projectivity. Thus
the bottom horizontal arrow is surjective, and it remains to show its injectivity.

We first show some intermediate results. For each τ ∈ N(κ), let V (τ)∨ ⊂ V
∨
be the direct sum

⊕σV
∨
σ over σ ∈ JH(socD∨

0,ν) such that (ω(τ)j , a(τ)j) = (ω(σ)j , a(σ)j) for all j ∈ J(κ). Then one

checks that V
∨ ∼= ⊕τ∈N(κ)V (τ)∨. Moreover, Pτ∨ → V

∨
factors through V (τ)∨. Thus we get a
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direct sum decomposition

(6.15)

⊕
τ∈N(κ)HomG(Pτ∨ , V

∨
) HomG(Pκ∨ , V

∨
)

⊕
τ∈N(κ)HomG(Pτ∨ , V (τ)∨)

⊕
τ∈N(κ)HomG(Pκ∨ , V (τ)∨).

of the isomorphism in (6.14).

Lemma 6.18. The natural injection⊕
τ∈N(κ)

ker
(
HomG(P

∨
• , V (τ)∨) → HomG(P

∨
• , D

∨
0,ν)
)
→ ker

(
HomG(P

∨
• , V

∨
) → HomG(P

∨
• , D

∨
0,ν)
)

is an isomorphism for • ∈ N(κ) or • = κ.

Proof. The kernel of the map HomG(P
∨
• , V

∨
) → HomG(P

∨
• , D

∨
0,ν) is generated by compositions of

the form P∨
• → P∨

σ → V
∨
for σ ∈ JH(Dm,ν(ρ)). If this composition is nonzero, then a(σ)j = 1 and

ω(σ)j ∈ {0, ε1, ε2} for each j ∈ J(κ). Then the nonzero map P∨
σ → V

∨
factors through V (τ)∨ for

some τ ∈ N(κ). This completes the proof. □

Lemma 6.19. Let τ ∈ N(κ). Then the containment

ker
(
HomG(P

∨
τ , V (τ)∨) → HomG(P

∨
τ , D

∨
0,ν)
)
⊂ ker

(
HomG(P

∨
τ , V (τ)∨) → HomG(P

∨
κ , D

∨
0,ν)
)

is an equality.

Proof. Suppose that ψ ∈ ker(HomG(P
∨
τ , V (τ)∨) → HomG(P

∨
κ , D

∨
0,ν)). Then the composition ψ′ :

P∨
κ → P∨

τ → V (τ)∨ can be written as a composition P∨
κ → ⊕σP

∨
σ → ker(V (τ)∨ → D∨

0,ν) ⊂ V (τ)∨

where the sum is over σ ∈ JH(Dm,ν(ρ)). For σ ∈ JH(Dm,ν(ρ)), if the restriction P∨
σ → V (τ)∨ is

nonzero, then its image is multiplicity free and contains τ as a Jordan–Hölder factor by Lemma 6.14.
Thus, ψ′ can also be written as a composition P∨

κ → P∨
τ → ⊕σP

∨
σ → ker(V (τ)∨ → D∨

0,ν) ⊂ V (τ)∨

where the first map is the fixed map chosen earlier. Thus, ψ is in the kernel of HomG(P
∨
τ , V (τ)∨) →

HomG(P
∨
τ , D

∨
0,ν). □

Combining Lemmas 6.18 and 6.19 (and the isomorphism (6.15)), we have

ker(HomG(P
∨
κ , V

∨
) → HomG(P

∨
κ , D

∨
0,ν))

∼=
⊕

τ∈N(κ)

ker(HomG(P
∨
κ , V (τ)∨) → HomG(P

∨
κ , D

∨
0,ν))

∼=
⊕

τ∈N(κ)

ker(HomG(P
∨
τ , V (τ)∨) → HomG(P

∨
κ , D

∨
0,ν))

∼=
⊕

τ∈N(κ)

ker(HomG(P
∨
τ , V (τ)∨) → HomG(P

∨
τ , D

∨
0,ν))

∼=
⊕

τ∈N(κ)

ker(HomG(P
∨
τ , V

∨
) → HomG(P

∨
τ , D

∨
0,ν))

This completes the proof that
⊕

τ∈N(κ)HomG(Pτ∨ , D
∨
0,ν) → HomG(Pκ∨ , D

∨
0,ν) is an isomorphism.

□
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6.5. Global applications. We now apply the results of §6.3 to obtain instances of local–global
compatibility in the mod-p Langlands correspondence for GL3. We follow the setup (and most of
the notation) of [LLHLM20, §5.3]. In particular F/F+ is a CM extension which is unramified at
all finite places.

We fix a totally definite outer form H/F+ of GL3 which splits over F , and a compact open

subgroup Up ≤ H(A∞p
F+). Given a finite smooth F[Up]-module W we have the space of mod p

algebraic automorphic forms

S(Up,W )
def
=
{
f : H(F+)\H(A∞

F+) →W | f(gu) = u−1f(g) ∀ g ∈ G(A∞
F+), u ∈ Up

}
.

This space carries commuting actions of a Hecke algebra Tuniv and H(F+
p ). We fix a maximal ideal

m ⊂ Tuniv in the support of S(Up,W ) giving rise to a Galois representation r : GF → GL3(F). We
now make the same assumptions as in [LLHLM20, §5.3], namely:

(1) p is unramified in F+ and all places in F+ above p split in F ;
(2) H/F+ is quasi-split at all finite places;
(3) Up is as in [LLHLM20, §5.3, (1)-(3)] (so that Up is hyperspecial at all but one auxiliary

place);
(4) W =WΣ+

0
⊗O F where WΣ+

0
is obtained using minimally ramified types away from p;

(5) r satisfies the Taylor–Wiles conditions of [LLHLM18, Definition 7.3]; and
(6) if r is ramified at a finite place w of F then w|F+ splits in F .

We set π(r)
def
= S(Up,W )[m]. Let Sp be the set of places of F+ above p. For each v ∈ Sp fix

a place w|v of F , and isomorphisms F+
v

∼= Fw, H(F+
v ) ∼= GL3(Fw) (see [LLHLM20, §5.3]). As

explained in §2.1.4 the collection {r|G
F+
v
}v∈Sp gives rise to an L-homomorphism ρ : GQp → LG(F).

Theorem 6.20. Let r : GF → GL3(F) a continuous Galois representation satisfying items (1)–(6),
and let ρ the L-homomorphism corresponding to {r|G

F+
v
}v∈Sp. We further assume that ρ is tame

and 11-generic. Then
π(r)K1 ∼= D0(ρ)

where D0(ρ) is as in §6.3.

Proof. As in [HLM17, Theorem 5.2.1], we can and do choose a weak minimal patching functor M∞
of the form Homcont

GL3(Op)
(−,M∨

∞)∨ for a pseudocompact O[[GL3(Op)]]-module also denoted M∞
satisfying Definition 5.1 so that π(ρ) ∼= (M∞/m)∨. The result follows now from Theorem 6.11. □
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Appendix A. Tables for multi-type deformation rings

Table 3. The ring S̃ and its ideals Ĩ
(j)
τ,∇∞

.

AT,(j)w̃∗,T (ρ)j

d∗
11(v + p) + c11 +

e11
v c12 c13

d21(v + p) + c21 d∗
22(v + p) + c22 c23

d31(v + p) + c31 d32(v + p) + c32 d∗
33(v + p) + c33

 · s−1
j vµj+(1,0,−1)

S̃(j) O[[c11, x
∗
11, e11, c12, c13, d21, c21, c22, x

∗
22, c23, d31, c31, d32, c32, c33, x

∗
33]]

w̃∗(ρ, τ)j

αβαγt1 Ĩ
(j)
τ,∇∞

Ĩ(j)
τ

c13, c23

c32 + pd32, c33 + pd
∗
33

c21, c22, c12

c11 − pd
∗
11, e11 − p

2
d
∗
11

Monτ
(bτ,1 − bτ,3 − 1)d

∗
22c31 + (bτ,2 − bτ,3 − 1)pd21d32 + pd31d

∗
22 + O(p

N−4
)

αβαt1 Ĩ
(j)
τ,∇∞

Ĩ(j)
τ

e11, c21, c22, c23

c32 + pd32, c33 + pd
∗
33

c13d32 − c12d
∗
33,

c13d31 − c11d
∗
33 + pd

∗
11d

∗
33

c13c31 + pc11d
∗
33

Monτ

(bτ,2 − bτ,3)d21c12 + (bτ,3 − bτ,1)c11d
∗
22 − pd

∗
11d

∗
22 + O(p

N−4
)

p(bτ,2 − bτ,3)d21d32 + (bτ,1 − bτ,3 + 1)c31d
∗
22 + pd31d

∗
22 + O(p

N−4
)

αβt1 Ĩ
(j)
τ,∇∞

Ĩ(j)
τ

e11, c22 + pd
∗
22, c32 + pd32, c33 + pd

∗
33

c13d32 − c12d
∗
33,

c31d
∗
22 − d32c21

c23d32 + pd
∗
22d

∗
33

c13c21 − c23c11

c11d
∗
33 − d31c13 − pd

∗
11d

∗
33

Monτ

(bτ,2 − bτ,3)d21c12 + (bτ,3 − bτ,1)c11d
∗
22 + p(bτ,2 − bτ,3 − 1)d

∗
11d

∗
22 + O(p

N−4
)

(bτ,2 − bτ,3 − 1)c23d31 + (bτ,1 − bτ,2 + 1)c21d
∗
33 + p(bτ,2 − bτ,3)d21d

∗
33 + O(p

N−4
)

We give a presentation of O(M
∇T,∞
ρ ) when #T = 1. Let ztν

def
= w̃∗(ρ, τ) and define b

(j)
τ ∈ T (Zp)

by z−1
j (b

(j)
τ ) = (s′or,j)

−1(a′(j))/(pf
′
− 1), where a′(j) is defined with respect to (sz, µ − sz(ν)) ∈

W ×X∗(T ) (see §2.1.1). For readability, we write bτ , cik, etc. instead of b
(j)
τ , c

(j)
ik , etc. We assume

that µ is N -deep in C0 (hence µ− sz(ν) is (N − 2)-deep in C0). Note that Dτ,β

Mτ
↪→ MT

ρ · w̃∗,T (ρ)

(Proposition 3.4) is given by A
(j)
M,β 7→ A

(j)
M,β · z−1

j · w̃∗,T (ρ)j when T (j) is as in (I)-(II). Finally

(a, b, c)
def
= bτ modulo ϖ and note that (a, b, c) ≡ −

(
s−1
j (µj + ηj)− z(ν)

)
modulo ϖ.
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Table 4. Further cases of the ideals Ĩ
(j)
τ , Ĩ

(j)
τ,∇∞

and I
(j)
τ,∇alg

when

w̃∗(ρ, τ)j ∈ {βαt1, t1}.

w̃∗(ρ, τ)j

βαt1 Ĩ
(j)
τ,∇∞

Ĩ
(j)
τ

e11, c21, c22, c23

c31 + pd31, c33 + pd∗33

c11d
∗
33 − c13d31,

c13c32 + pd∗33c12

d21(c13d32 − c12d
∗
33)− pd∗11d

∗
22d

∗
33

Monτ

(bτ,2 − bτ,3)d21c12 + (bτ,3 − bτ,1)c11d
∗
22 − pd∗11d

∗
22 +O(pN−4)

(bτ,1 − bτ,3)c12d31 + (bτ,3 − bτ,1)c11d32 + (bτ,3 − bτ,2 − 1)c32d
∗
11 − pd32d

∗
11 +O(pN−4)

t1 Ĩ
(j)
τ,∇∞

Ĩ
(j)
τ

e11, c21 + pd21, c31 + pd31, c32 + pd32

c23d31 − d21c33, c12d31 − c11d32,

c13c22 − c12c23, pc13d32 + c12c33,

c22d31 + pd21d32, pc13d31 + c11c33,

pc13d21 + c11c23, pc12d21 + c11c22,

c13d21d32 − c12d21d
∗
33 − c13d31d

∗
22 − c23d32d

∗
11 + c11d

∗
22d

∗
33 + d∗11c22d

∗
33 + d∗11d

∗
22c33,

c12d21c33 − c11c22d
∗
33 − c11d

∗
22c33 − d∗11c22c33 − p(c11d

∗
22d

∗
33 + d∗11c22d

∗
33 + d∗11d

∗
22c33)

Monτ

(b1,τ − b3,τ − 1)(c23d32 − c33d
∗
22)− (b1,τ − b2,τ − 1)c22d

∗
33 + pd∗22d

∗
33 +O(pN−4),

(b1,τ − b2,τ )(c13d31 − c11d
∗
33) + (b2,τ − b3,τ − 1)c33d

∗
11 − pd∗11d

∗
33 +O(pN−4),

(b2,τ − b3,τ )(c12d21 − c22d
∗
11)− (b1,τ − b3,τ )c11d

∗
22 − pd∗11d

∗
22 +O(pN−4),
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Table 5. The ring S̃ and its ideals Ĩ
(j)
τ,∇∞

.

AT,(j)w̃∗,T (ρ)j

d∗11 c12 c13(v + p) + e13
d21 d∗22(v + p) + c22 c23(v + p) + e23
d31 d32(v + p) + c32 d∗33(v + p)2 + c33(v + p) + e33

 · s−1
j vµj

S̃(j) O[[x∗11, c12, c13, e13, d21, c22, x
∗
22, c23, e23, d31, d32, c32, c33, e33, x

∗
33]]

w̃∗(ρ, τ)j

tw0(η) Ĩ
(j)
τ,∇∞

Ĩ
(j)
τ

d21, d31, c32 + pd32

e33, c33, d32, e23, c22

Monτ (bτ,1 − bτ,2)c12c23 + pc13d
∗
22 − (bτ,1 − bτ,3)e13d

∗
22 +O(pN−4)

tw0(η)α Ĩ
(j)
τ,∇∞

Ĩ
(j)
τ

c22 + pd∗22, c32 + pd32, d31

e33, c33, d32,

e13d21 − e23d
∗
11, c12d21 + pd∗11d

∗
22

Monτ (bτ,2 − bτ,1)c12c23 + p(bτ,2 − bτ,1 − 1)c13d
∗
22 + (bτ,1 − bτ,3)e13d

∗
22 +O(pN−1)

tw0(η)β Ĩ
(j)
τ,∇∞

Ĩ
(j)
τ

d21, d31, e33 + pc33 + p2d∗33

c32, e23, c22, c33 + pd∗33, c23d32 + pd∗22d
∗
33

Monτ (bτ,1 − bτ,2)c12c23 + pc13d
∗
22 − (bτ,1 − bτ,3)e13d

∗
22 +O(pN−4)

tw0(η)w0 Ĩ
(j)
τ,∇∞

Ĩ
(j)
τ

pd32 + c32, pc23 + e23, e33 + pc33 + p2d∗33

e13d32 − c12c33 − pc12d
∗
33, c23d31 − d21c33 − pd21d

∗
33,

c12d31 + pd32d
∗
11, e13d21 + pc23d

∗
11, c12d21 − c22d

∗
11,

c13d21d32 − c13d31d
∗
22 − c23d32d

∗
11 + c33d

∗
11d

∗
22, e13d31 + pc33d

∗
11 + p2d∗33d

∗
11

Monτ

(bτ,2 − bτ,1)(c13c22 − c12c23) + pc13d
∗
22 + (bτ,3 − bτ,1)e13d

∗
22 +O(pN−4),

(bτ,3 − bτ,1 − 1)(c23d32 − c33d
∗
11)− (bτ,2 − bτ,1)c22d

∗
33 − p(bτ,3 − bτ,1)d

∗
11d

∗
33 +O(pN−4),

(bτ,2 − bτ,1 − 1)c13d31 + (bτ,3 − bτ,2)c33d
∗
11 + p(bτ,3 − bτ,1)d

∗
11d

∗
33 +O(pN−4)
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Table 6. Special fiber for the algebraic multi-type deformation ring when
T (j) = {αβt1, αβαt1} or T (j) = {βαt1, αβαt1}.

A
T,(j)

w̃∗(ρ)

d∗11v + c11 +
e11
v c12 c13

d21v + c21 d∗22v + c22 c23
d31v + c31 d32v + c32 d∗33v + c33

 · s−1
j vµj+(1,0,−1)

S(j) F[[c11, x∗11, e11, c12, c13, d21, c21, c22, x∗22, c23, d31, c31, d32, c32, c33, x∗33]]

T (j) some elements of I
(j)
T,∇alg

αβαt1, αβt1

e11, c33, c32, c23d32 − c22d
∗
33, c13d32 − c12d

∗
33, c23c31, c13c31,

c13d31 − c11d
∗
33, c22c23, c21c22, c13c21 − c11c23, c

2
21d32 − c21c31d

∗
22,

(b− c)d21c22d
∗
33 + (−b+ c+ 1)c23d31d

∗
22 + (−a+ b− 1)c21d

∗
22d

∗
33,

(b− c)c12d21 + xc11c22 − (a− c)c11d
∗
22 − (b− c)c22d

∗
11 ∃ x ∈ Fp,

(b− c)d21c22d32 + c22d31d
∗
22 + c21c32d

∗
22 + (a− c+ 1)d∗22(c31d

∗
22 − c21d32)

αβαt1, βαt1

e11, c33, c23, c22, c21, c31c32, c13c32, c11c32, c13c31, c12c31,

c13d21d32 − c12d21d
∗
33 − c13d31d

∗
22 + c11d

∗
22d

∗
33,

c213d31d32 − c12c13d31d
∗
33 − c11c13d32d

∗
33 + c11c12(d

∗
33)

2,

(a− b)c13d31d32 − (a− c)c12d31d
∗
33 + (b− c)c11d32d

∗
33 + (b− c+ 1)c32d

∗
11d

∗
33,

(b− c)c12d21d31 − (a− b)c13d
2
31 − (b− c)c11d21d32+

+ (a− b)c11(d31d
∗
22 − d21c32)− c31d

∗
22((a− c)c11 − (a− c+ 1)d∗11),

z′(c12c13d21d31 − c11c12d21d
∗
33) + z′′(c211d

∗
22d

∗
33 − c11c13d31d

∗
11)+

+ (b− c)c12d21d
∗
11d

∗
33 − (a− c)c11d

∗
11d

∗
22d

∗
33 ∃ z′, z′′ ∈ F

some elements of I
(j)
{w0,αβ},∇alg

∩ I(j){w0,βα},∇alg

e11, c33, c31c32, c23c32, c21c32, c13c32, c11c32, c23d32 − c22d
∗
33, c23c31,

c13c31, c12c31, c22c23, c21c22, c13c22 − c12c23, c13c21 − c11c23, c12c21 − c11c22,

c221d32 − c21c31d
∗
22, c13d21d32 − c12d21d

∗
33 − c13d31d

∗
22 + c11d

∗
22d

∗
33,

c213d31d32 − c12c13d31d
∗
33 − c11c13d32d

∗
33 + c11c12(d

∗
33)

2,

(b− c)d21c22d
∗
33 − (b− c− 1)c23d31d

∗
22 − (a− b+ 1)c21d

∗
22d

∗
33,

(a− b)c13d31d32 − (a− c)c12d31d
∗
33 + (b− c)c11d32d

∗
33 + (b− c+ 1)c32d

∗
11d

∗
33,

(b− c)(c12d21d31 − c11d21d32 − c22d31d
∗
11 − c21d32d

∗
11) + (a− b)d31(c11d

∗
33 − c13d31)+

+ (−a+ c− 1)c31d
∗
11d

∗
33,

z′c12d21(c13d31 − c11d
∗
33) + z′′c11d

∗
22(c11d

∗
33 − c13d31)+

+ (b− c)(c12d21 − c22d
∗
11)d

∗
11d

∗
33 + xc11c22d

∗
11d

∗
33 − (a− c)c11d

∗
11d

∗
22d

∗
33

In this table we give an explicit presentation of the ring S/IT,∇alg in some cases when #T (j) = 2

(see Proposition 3.19, and Lemma 3.29), and of the ideal S(j)/Ij{w0,αβ},∇alg
∩ Ij{w0,βα},∇alg

needed

for Lemma 3.33. We have set (a, b, c)
def
= −

(
s−1
j (µj + ηj) − (1, 1, 1)

)
. It can be shown that x ≡

1
p

(bταβ,2−bταβ,3)(bτw0 ,3−bτw0 ,1)−(bταβ,3−bταβ,1)(bτw0 ,2−bτw0 ,3)

(bτw0
,2−bτw0

,3)
, z′ =

(bτw0 ,2−bτw0 ,3)−(bτβα,2−bτβα,3)

p
+

(bτw0
,2 − bτw0

,3) and z′′ ≡
(bτw0

,3−bτw0
,1)−(bτβα,3−bτβα,1)

p
+ (bτw0

,3 − bτw0
,1) modulo p, but we will

not need this fact.
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Table 7. Special fiber for the algebraic multi-type deformation ring when
#T (j) = 2.

A
T,(j)

w̃∗(ρ)

d∗11 c12 c13v + e13
d21 d∗22v + c22 c23v + e23
d31 d32v + c32 d∗33v

2 + c33v + e33

 · s−1
j vµj+(1,0,−1)

S(j) F[[x∗11, c12, c13, e13, d21, x∗22, c22, c23, e23, d31, d32, c32, x∗33, c33, e33]]

T (j) some elements of I
(j)
T,∇alg

tw0(η), tw0(η)α
e33, c33, c32, d32, d31, d21c22, e13d21 − e23d

∗
11, c12d21 − c22d

∗
11,

(a− b)(c13c22 − c12c23)− xc12e23 + (a− c)e13d
∗
22, ∃x ∈ Fp

tw0(η), tw0(η)β
e33, c32, d31, e23, c22, d21, d32c33, c23d32 − c33d

∗
22,

z′c33c12c23 + z′′c33e13d
∗
22 − (a− b)c12c23d

∗
33 + (a− c)e13d

∗
22d

∗
33, ∃z′, z′′ ∈ Fp

some elements of I
(j)
{tw0(η),tw0(η)

α},∇alg
∩ I(j){tw0(η),tw0(η)

β},∇alg

e33, c32, d31, d32c33, c23d32 − c33d
∗
22,

d21d32, d21c22, e13d21 − e23d
∗
11, c12d21 − c22d

∗
11,

z′c33c12c23 + z′′c33e13d
∗
22 + (a− b)d∗33(c13c22 − c12c23)+

− xc12e23d
∗
33 + (a− c)e13d

∗
22d

∗
33

In this table we give an explicit presentation of the ring S/IT,∇alg in some cases when #T (j) = 2

(see Proposition 3.19, and Lemma 3.31) and of the ideal I
(j)

{tw0(η),tw0(η)α
}∇alg

∩ I
(j)

{tw0(η),tw0(η)β
}∇alg

needed for Lemma 3.35. We have set (a, b, c)
def
= −

(
s−1
j (µj + ηj) − w0(ηj)

)
. It can be shown that

x = 1
p

(bα,1−bα,3)(bid,1−bid,2)−(bid,1−bid,3)(bα,1−bα,2)

(bid,1−bid,2)
, z′ = 1

p
(bβ,1 − bβ,2 − (p + 1)(bid,1 − bid,2)) and

z′′ = 1
p
((p+ 1)(bid,1 − bid,3)− (bβ,1 − bβ,3)), where we have set bid,i

def
= bτtw0(η)

,i, bα,i
def
= bτtw0(η)α

,i

and bβ,i
def
= bτtw0(η)β

,i for readability (i ∈ {1, 2, 3}).
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Table 8. Minimal prime ideals of S/IT,∇alg
when #T ≤ 4 and T (j) ⊆

{αβαγt1, αβαt1, βαt1, αβt1, t1}

(εj , aj) ∈ r(Σ0) P(εj ,ai)

(0, 0) e11, c33, c32, c31, c23, c22, c21, c13, c12, c11

(ε1, 0) e11, c33, c32, c31, d31, c23, c22, c21, d21, c11

(ε2, 0) e11, c33, c32, d32, c31, d31, c22, c21, c12, c11

(0, 1)
e11, c33, c32, c31, c23, c22, c21, c13d32 − c12d

∗
33, c13d31 − c11d

∗
33,

c12d31 − c11d32, (b− c)d21d32 − (a− c)d31d
∗
22, (b− c)c12d21 − (a− c)c11d

∗
22

(ε1, 1)
e11, c33, c32, c31, d31, c21, c11, c13c22 − c12c23, c13d21 − c23d

∗
11, c12d21 − c22d

∗
11,

(a− c− 1)c23d32 − (a− b− 1)c22d
∗
33, (a− c− 1)c13d32 − (a− b− 1)c12d

∗
33

(ε2, 1)
e11, c32, c31, c22, c21, c12, c11, c23d32 − c33d

∗
22, d21d32 − d31d

∗
22, c23d31 − d21c33,

(a− b)c13d31 + (b− c− 1)c33d
∗
11, (a− b)c13d21 + (b− c− 1)c23d

∗
11

(ε2 − ε1, 1)
e11, c33, c32, d32, c31, c22, c13, c12, c11,

(b− c− 1)c23d31 + (a− b+ 1)c21d
∗
33

(ε1 − ε2, 1)
e11, c33, c31, c23, c22, c21, d21, c13, c11,

(a− c)c12d31 − (b− c+ 1)c32d
∗
11

We give the presentation of the minimal prime ideals for S/IT,∇alg
when T (j) =

{αβαγt1, αβαt1, βαt1, αβt1, t1}, using the parametrization of Proposition 3.19. We

have set (a, b, c)
def
= −

(
s−1
j (µj + ηj)− (1, 1, 1)

)
.
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Table 9. Minimal prime ideals of S/IT,∇alg
when #T ≤ 4 and T (j) ⊆

{tw0(η), tw0(η)α, tw0(η)β, tw0(η)w0}

(ηj , aj) ∈ r(Σ0) P(εj ,ai)

(0, 0) e33, c33, c32, e23, c23, c22, e13, c13, c12

(ε1, 0) e33, c32, d31, d32, c33, c22, c12, e13, e23

(ε2, 0) e33, c33, c32, d31, e23, c23, c22, d21, e13

(ε1, 1)

e33, c32, e23, c22, e13, c12, d21c33 − c23d31,

d21d32 − d31d
∗
22, c23d32 − c33d

∗
22

(a− b+ 1)c13d31 + (b− c)c33d
∗
11, (a− b+ 1)c13d21 + (b− c)c23d

∗
11

(ε2, 1)

e33, c33, c32, d31, e23, e13, c12c23 − c13c22

c12d21 − c22d
∗
11, c13d21 − c23d

∗
11

(a− c+ 1)c23d32 − (a− b)c22d
∗
33, (a− c+ 1)c13d32 − (a− b)c12d

∗
33

(ε1 + ε2, 1)
e33, c32, d31, e23, d32, c33, d21, c22,

(a− b)c12c23 − (a− c)e13d
∗
22

We give the presentation of the minimal prime ideals for S/IT,∇alg
when T (j) =

{tw0(η), tw0(η)α, tw0(η)β, tw0(η)w0}, using the parametrization of Proposition 3.19. We

have set (a, b, c)
def
= −

(
s−1
j (µj + ηj)− w0(ηj)

)
.

Appendix B. Ideal computations

B.1.1. Ideal intersections in the special fiber of S(j)/I
(j)
T,∇alg

.

Proof of Lemma 3.21. We first observe that there exists τ ∈ T and (ω′, a′) ∈ r(Σ0) such that both

P
(j)
(ω,a)S +

∑
j′∈J\{j}P

(j)
(ω′,a′)S and P

(j)
(0,0)S +

∑
j′∈J\{j}P

(j)
(ω′,a′)S are the pullback, via (3.8), of a

minimal prime ideal of S/Iτ,∇∞ . In particular, by the explicit description of S/Iτ,∇∞ appearing in

Tables 3, 4, the ring S(j)/I
bj
j is equidimensional of dimension six, and has 2 minimal primes.

We prove item (1). From Table 8 one immediately checks that
(B.1)

(c33, c32, c31, c23, c22, c21, c13d32−c12d∗33, c13d31−c11d∗33, c12d31−c11d32, (b−c)c12d21−(a−c)c11d∗22)) ⊆ I
bj
j
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In particular, we obtain a surjection

(B.2) S(j)/I
′,bj
j ↠ S(j)/I

bj
j

where we have indicated by I
′,bj
j the left hand side of (B.1). Moreover

S(j)/I
′,bj
j

∼=
F[[c13, d21, d31, d32, x∗11, x∗22, x∗33]]
c13((a− c)d31d∗22 − (b− c)d32d21)

which is evidently reduced, equidimensional of dimension six, and has two minimal prime ideals.
We conclude by [LLHLM20, Lemma 3.6.11] that the surjection (B.2) is an isomorphism, hence that
the inclusion (B.1) is an equality.

The proofs of items (2)–(5) are analogous. □

Proof of Lemma 3.34. The proof is analogous to that of Lemma 3.21. From Table 9 we have an
evident inclusion of ideals of S(j):

(B.3) (c22, c33, c32, e33, e23, d31, (a− b)c12c23 − (a− c)e13d
∗
22, d21d32, c23d32, d21c12) ⊆ I

(j)
Λ

hence a surjection

(B.4) S(j)/I
′(j)
Λ ↠ S(j)/I

(j)
Λ

(where we have indicated by I
′(j)
Λ the left hand side of (B.3)). An direct computation shows that

S(j)/I
′(j)
Λ

∼=
F[[c12, d21, d32, c13, c23, x∗11, x∗22, x∗33]]

(d21d32, c23d32, d21c12)

and the latter ring is evidently reduced, equidimensional of dimension six and has three minimal
prime ideals. □

Proof of Proposition 3.11. In the following computations, we work in S̃(j)/(Ĩ
(j)
τ + Ĩ

(j)
τ ′ ).

Case w̃∗(ρ, τ)j = αβαγt1 and w̃∗(ρ, τ ′)j = t1. This follows from the relation e11 ≡ p2d∗11 coming

from Ĩ
(j)
αβαγt1

and e11 ≡ 0 coming from Ĩ
(j)
t1

.

Case w̃∗(ρ, τ)j = αβαt1 and w̃∗(ρ, τ ′)j = t1. Using the relations c22 ≡ 0, c33 ≡ −pd∗33 coming

from Ĩ
(j)
αβαt1

, the last listed equation in Ĩ
(j)
t1

becomes:

(B.5) −pc12d21d∗33 + pc11d
∗
22d

∗
33 − p(c11d

∗
22d

∗
33 − pd∗11d

∗
22d

∗
33)

On the other hand the relations c21 ≡ 0 and c21 ≡ −pd21 coming from Ĩ
(j)
αβαt1

and Ĩ
(j)
t1

respec-

tively give −pc12d21d∗33 ≡ 0, hence (B.5) becomes pc11d
∗
22d

∗
33 − p(c11d

∗
22d

∗
33 − pd∗11d

∗
22d

∗
33) yelding

p2d∗11d
∗
22d

∗
33 ≡ 0.

Case w̃∗(ρ, τ)j = βαt1 and w̃∗(ρ, τ ′)j = t1. Using the relations c22 ≡ 0 coming from Ĩ
(j)
βαt1

, the

last listed equation in Ĩ
(j)
t1

becomes:

(B.6) c12d21c33 − c11d
∗
22c33 − p(c11d

∗
22d

∗
33 + d∗11d

∗
22c33)

and, using d21c33 ≡ c23d31, c11c33 ≡ −pc13d31 coming from Ĩ
(j)
t1

, equation (B.6) becomes

c12c23d31 + pd∗22c13d31 − p(c11d
∗
22d

∗
33 + d∗11d

∗
22c33)

which, using c23 ≡ 0, c11d
∗
33 ≡ c13d31 and c33 ≡ −pd∗33 coming from Ĩ

(j)
βαt1

, yields p2d∗11d
∗
22d

∗
33 ≡ 0.
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Case w̃∗(ρ, τ)j = tw0(η)β and w̃∗(ρ, τ ′)j = tw0(η)w0. Multiplying by −p the relation −pd∗22d∗33 ≡
c23d32 coming from Ĩ

(j)
tw0(η)

β, and using −pc23 ≡ e23 coming from Ĩ
(j)
tw0(η)

w0
we obtain p2d∗22d

∗
33 ≡

e23d32, and the latter expression is zero in the quotient ring since e23 ∈ Ĩ
(j)
tw0(η)

β.

Case w̃∗(ρ, τ)j = tw0(η)α and w̃∗(ρ, τ ′)j = tw0(η)w0. Noting that c33, e33 ≡ 0 (relation coming

from Ĩ
(j)
tw0(η)

α) and −e33 − pc33 ≡ p2d∗33 (relation coming from Ĩ
(j)
tw0(η)

w0
) we obtain p2d∗33 ≡ 0.

Case w̃∗(ρ, τ)j = tw0(η) and w̃
∗(ρ, τ ′)j = tw0(η)w0. It is exactly as above noticing that c33, e33 ≡ 0

modulo Ĩ
(j)
tw0(η)

).

The cases where both w̃∗(ρ, τ)j , w̃
∗(ρ, τ ′)j have length at least 2 are much easier, and give the

stronger result p ∈ Ĩ
(j)
τ + Ĩ

(j)
τ ′ . (For instance, if w̃∗(ρ, τ)j = tw0(η) and w̃∗(ρ, τ ′)j = tw0(η)α then

c22 ≡ 0 and c22 ≡ −pd∗22, relations coming from Ĩ
(j)
tw0(η)

and Ĩ
(j)
tw0(η)

α respectively.) □

B.1.2. Ideal intersections for S(j)/I
(j)
τ,∇alg

, w̃(ρ, τ)j = t1. In this section we work in the ring S(j)/I
(j)
τ,∇alg

.

By abuse of notation we will consider S(j) to be the ring F[[c11, x∗11, c12, c13, d21, c22, x∗22, c23, d31, d32, c33, x∗33]],
and I

(j)
τ,∇alg

,P(ω,a) (for ω ∈ {0, ε1, ε2}, a ∈ {0, 1}) ideals of F[[c11, x∗11, c12, c13, d21, c22, x∗22, c23, d31, d32, c33, x∗33]].
(In other words, we abuse notation and “neglect the variables e11, c21, c31, c32”).

We now remark that the assignement ci,j 7→ c(132)(i),(132)(j), a 7→ c+ 1, b 7→ a, c 7→ b induces an

automorphism of F-algebras on S(j)/I
(j)
τ,∇alg

, which moreover sends P(0,0) to P(ε2,0) (resp. P(0,1) to

P(ε2,1)), P(ε2,0) to P(ε1,0) (resp. P(ε2,1) to P(ε1,1)) and P(ε1,0) to P(0,0) (resp. P(ε1,1) to P(0,1)).

Proof of Lemma 3.25. By the remark at the beginning of §B.1.2 it is enough to prove the statements
for the ideals Iγ with ℓ(γ) = 2, γ1 = (ε2, 1), and for Iβ, ℓ(β) = 3, β3 = (0, 1).

The ideal Iβ, ℓ(β) = 3, β3 = (0, 1). A direct inspection of Table 8 gives an inclusion

c11 ∈ P
(j)
(0,0) ∩P

(j)
(ε2,0)

∩P
(j)
(ε2,1)

∩P
(j)
(ε1,0)

∩P
(j)
(ε1,1)

.

Thus, we have a surjection

(B.7) S(j)/(c11, I
(j)
τ,∇alg

) ↠ S(j)/(P
(j)
(0,0) ∩P

(j)
(ε2,0)

∩P
(j)
(ε2,1)

∩P
(j)
(ε1,0)

∩P
(j)
(ε1,1)

)

and a direct computation using Table 4 gives

S(j)/(c11, I
(j)
τ,∇alg

) ∼=
F[[c12, c13, c23, d21, d31, d32, x∗11, x∗22, x∗33]]

J

where J is the ideal generated by

c12d31, c12(c23d
∗
11 − d21c13), d31((b− c− 1)c23d

∗
11 + (a− b)d21c13),

d32(c23d
∗
11 − d21c13) +

a− b− 1

b− c− 1
c13d31d

∗
22,

(a− c− 1)
(
c23d32d

∗
11 +

a− b

b− c− 1
c13d31d

∗
22

)
− (a− b− 1)c12d21d

∗
33

The latter ring is reduced (since the initial ideal of J is generated by squarefree monomial, as it can
be checked by considering a suitable Groebner basis) and has 5 minimal primes each of dimension
6. Thus, by [LLHLM20, Lemma 3.6.11], the surjection (B.7) is an isomorphism.



K1-INVARIANTS IN THE MOD p COHOMOLOGY OF U(3) ARITHMETIC MANIFOLDS 82

Case γ = ((ε2, 1), (ε2, 0)). A direct inspection of Table 8 gives an inclusion

(B.8) (c22, c11, (a− b)c13d21 + (b− c− 1)c23d
∗
11)︸ ︷︷ ︸

def
= J

⊆ P
(j)
(0,0) ∩P

(j)
(ε1,0)

∩P
(j)
(ε2,1)

.

Thus, we have a surjection

(B.9) S(j)/(J + I
(j)
τ,∇alg

) ↠ S(j)/(P
(j)
(0,0) ∩P

(j)
(ε1,0)

∩P
(j)
(ε2,1)

)

and a direct computation gives

S(j)/(J + I
(j)
τ,∇alg

) ∼=
F[[c12, c13, d21, d31, d32, x∗11, x∗22, x∗33]]
c13(d31d∗22 − d32d21), c12d21, c12d31

.

The latter ring is reduced, equidimensional of dimension 6 and has 3 minimal primes, and hence,
by [LLHLM20, Lemma 3.6.11], the surjection (B.9) is an isomorphism. We conclude that (B.8) is
an equality.

We now prove the assertion on the minimal number of generators. First of all we note that
c11 ∈ (c22, (b − c − 1)c23d

∗
11 + (a − b)(c13d21)). Indeed working modulo the three equations in row

Monτ (for w̃∗(ρ, τ) = t1) in Table 4, for any 1 ≤ i < j ≤ 3 we can express cijdji as a linear

combination of ciid
∗
jj and cjjd

∗
ii, so that the equation in line 5 of row Ĩ

(j)
τ (the “determinant”

equation) in Table 4 becomes

f
def
=(a− b)(b− c)(a− c− 1)c13d21d32 − (a− c)(a− b)(a− c− 1)c11d

∗
22d

∗
33+

+ (b− c)(a− c− 1)(b− c− 1)c33d
∗
22d

∗
11 − (a− b− 1)(a− b)(b− c)c22d

∗
11d

∗
33 ∈ I

(j)
τ,∇alg

and, on the other hand,

xc11d
∗
22d

∗
33 + yc22d

∗
11d

∗
33 + zd32

(
c23d

∗
11 +

a− b

b− c− 1
c13d21

)
+ κd∗11Monτ,1 = f

where z
def
= (b− c− 1)(b− c)(a− c− 1), κ

def
= −(b− c− 1)(b− c), y

def
= −(a− b− 1)(b− c)(a− c− 1)

and x
def
= −(a− c)(a− b)(a− c− 1).

Hence Iγ = (c22, (b − c − 1)c23d
∗
11 + (a − b)(c13d21)) and we now prove that Iγ has dimension

2. We first note that c22 ̸= 0, as c22 /∈ mS(j) · (J + I
(j)
τ,∇alg

) (alternatively, one can check on the

explicit equations of Table 4 that c22 ̸= 0 in S(j)/(m2
S(j) +I

(j)
τ,∇alg

)). Now, if we have a relation of the

form c22 + κ′(a− b)c13d21 + (b− c− 1)c23d∗11) in Iγ , for some κ′ ∈ F× this would imply that the
natural inclusion (c22) ⊆ Iγ induces an isomorphism of 1-dimensional F-vector spaces, and hence
that (c22) ⊆ Iγ is in fact an equality. This is impossible since we have proved above in the case

ℓ(β) = 3 that there are 5 minimal prime ideals of S(j)/I
(j)
τ,∇alg

above (c22), while there are 3 minimal

prime ideals above Iγ (by definition of Iγ). □

Lemma B.1. We have the following equalities in S(j)/I
(j)
τ,∇alg

(1) −
(
a−b
b−c
)
c11d

∗
22d

∗
33 −

(
1−a+b
1−a+c

)
d∗11c22d

∗
33 − c13(d

∗
22d31 − d21d32) ≡ 0;

(2) (b− c)d∗11c22 + (a− c)c11d
∗
22 − (b− c)c12d21 ≡ 0;

(3) −
(
a−c
b−c
)
c11d

∗
22d

∗
33 −

(
a−b−1
a−b

)
d∗11c22d

∗
33 +

(
b−c−1
a−b

)
d∗11c23d32 + d21d32c13 ≡ 0;

(4) −
(
c+1−a
a−b

)
c33d

∗
11d

∗
22 −

(−c+a
−c+b

)
d∗33c11d

∗
22 − d32(d

∗
11c23 − c13d21) ≡ 0;

(5) (a− b)d∗33c11 + (c+ 1− b)c33d
∗
11 − (a− b)d31c13 ≡ 0;

(6) −
(
c+1−b
a−b

)
c33d

∗
11d

∗
22 −

(
c−a
c+1−a

)
d∗33c11d

∗
22 +

(
a−b−1
c+1−a

)
d∗22c12d21 + d13d21c32 ≡ 0.
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Proof. By the remark at the beginning of §B.1.2 it is enough to prove the statements for items (1),
(2) and (3).

Let Monτ,1, Monτ,2, Monτ,3 denote the mod p-reduction of the first, second and third equations

in row Monτ of Table 4. In particular, item (2) is Monτ,3.

Item (1) is deduced from
d∗11

a−c−1Monτ,1 ≡ 0, using the relations

d∗11(c23d32 − c33d
∗
22) ≡ c13d21d32 − c12d21d

∗
33 − c13d31d

∗
22 + c11d

∗
22d

∗
33 + d∗11c22d

∗
33

c12d21 ≡ d∗11c22 +
(a− c)

(b− c)
c11d

∗
22

(the first relation comes from the sixth equation in row Ĩ
(j)
τ in Table 4, and the second relation

from Monτ,3).
As for item (3) we proceed as follows: using the relation

d∗22(c13d31 − c11d
∗
33) ≡ c13d21d32 − c12d21d

∗
33 − c23d32d

∗
11 + c33d

∗
22d

∗
11 + d∗11c22d

∗
33

(coming from the sixth equation in row Ĩ
(j)
τ in Table 4) we can write

0 ≡ d∗22
a− b

Monτ,2

≡ c13d21d32 − c12d21d
∗
33 − c23d32d

∗
11 + d∗11d

∗
22c33 + d∗11c22d

∗
33 +

b− c− 1

a− b
d∗11d

∗
22c33.(B.10)

Using now the relations

d∗22c33 ≡ c23d32 −
(a− b− 1)

(a− c− 1)
c22d

∗
33

c12d21 ≡ d∗11c22 +
(a− c)

(b− c)
c11d

∗
22

(coming from Monτ,1 and Monτ,3 respectively) we replace solve c33 and c12d21 in (B.10), obtaining
the LHS of item (3). □

B.1.3. Justification for Table 6. The justification is a direct computation, performed by exhibiting

elements in Ĩ
(j)
{w0,αβ},∇alg

def
= Ĩ

(j)
τw0 ,∇alg

∩ Ĩ(j)ταβ ,∇alg
(resp. in Ĩ

(j)
{w0,βα},∇alg

def
= Ĩ

(j)
τw0 ,∇alg

∩ Ĩ(j)τβα,∇alg
), and

taking their mod-ϖ reduction.
We mention that these computation can ultimately be checked by exhibiting a Groebner basis

for the ideals Ĩ
(j)
τw0 ,∇alg

, Ĩ
(j)
ταβ ,∇alg

and Ĩ
(j)
τβα,∇alg

(for the monomial ordering on S̃(j) given by c11 >

c12 > c13 > d21 > c21 > c22 > c23 > c31 > d31 > d32 > c32 > c33), and give full detail for the most
complicated equations (namely, those involving the structure constants from the monodromy).

Study of Ĩ
(j)
{w0,αβ},∇alg

def
= Ĩ

(j)
τw0 ,∇alg

∩ Ĩ(j)ταβ ,∇alg
. We claim that the element f

def
= (bταβ ,2−bταβ ,3)d21c22d

∗
33−

(bταβ ,2 − bταβ ,3 − 1)c23d31d
∗
22 + (bταβ ,,2 − bταβ ,1 − 1)c21d

∗
33d

∗
22 (whose mod ϖ-reduction gives the el-

ement in the third line of row αβαt1, αβt1 in Table 6) is in Ĩ
(j)
{w0,αβ},∇alg

. Indeed, on the one hand

c21, c22, c23 all belong to Ĩ
(j)
τw0 ,∇alg

, and on the other hand

f = (c22 + pd∗22)(bταβ ,2 − bταβ ,3)d
∗
33d21 − d∗22(Monταβ ,2)

where Monταβ ,2 denotes the second equation in row (αβt1, Ĩ
(j)
τ,∇∞

,Monτ ) in Table 3.
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In a similar fashion, we have the equality

((bτw0 ,2
− bτw0 ,3

)
d21d32
d∗22

+ d31)c22 + ((bτw0 ,3
− bτw0 ,1

− 1 + p)d32 + c32)c21 +Monτw0 ,2
=

= ((bτw0 ,2
− bτw0 ,3

)
d21d32
d∗22

+ d31)(c22 + pd∗22) + (bτw0 ,3
− bτw0 ,1

− 1)(c21d32 − c31d
∗
22) + c21(c32 + pd32)

hence obtaining an element in Ĩ
(j)
{w0,αβ},∇alg

which reduces modulo p to the last equation in row

(αβαt1, αβt1) of Table 6.
Finally, we check that

(B.11) c22(xc11 + yd∗11) + zMonτw0 ,1
= (c22 + pd∗22)(xc11 + yd∗11) +Monταβ ,1

where 
z

def
=

(bταβ,2−bταβ,3)

(bτw0 ,2−bτw0 ,3)
,

y
def
= 1− (bταβ ,2 − bταβ ,3)−

(bταβ,2−bταβ,3)

(bτw0 ,2−bτw0 ,3)
,

x
def
= 1

p

(bταβ,2−bταβ,3)(bτw0 ,3−bτw0 ,1)−(bταβ,3−bταβ,1)(bτw0 ,2−bτw0 ,3)

(bτw0 ,2−bτw0 ,3)

(note that x, y, z ∈ Zp by the genericity assumption on µj + ηj and fact that bταβ ,i ≡ bτw0 ,i
for i =

1, 2, 3) and where Monτw0 ,1
(resp. Monταβ ,1) denotes the first equation in row (αβαt1, Ĩ

(j)
τ,∇∞

,Monτ )

(resp. (αβt1, Ĩ
(j)
τ,∇∞

,Monτ )) in Table 3. Observing that z ≡ 1 and y ≡ −(b− c) modulo p, equation

(B.11) justifies the fourth line in row (αβαt1, αβt1) of Table 6.
The computations for the elements in the first two lines in row αβαt1, αβt1 are easier (only involv-

ing finite height equations). For instance the element c23d32−c22d∗33 is evidently in I
(j)
{w0,αβ},∇alg

since

on the one hand c22, c23 ∈ Ĩ
(j)
τw0 ,∇alg

and on the other hand c22+pd
∗
22, c23d32+pd

∗
33d

∗
22 ∈ Ĩ

(j)
τw0 ,∇alg

. □

Study of Ĩ
(j)
τw0 ,∇alg

∩ Ĩ(j)τβα,∇alg
. We explicitly construct elements in Ĩ

(j)
τw0 ,∇alg

∩ Ĩ(j)τβα,∇alg
and compute

their mod p-reductions.
The elements

(bτβα,2 − bτβα,3 + 1)d∗11d
∗
33(c32 + pd32) + (bτβα,1 − bτβα,3)d31(c13d32 − c12d

∗
33)+(B.12)

+ (bτβα,3 − bτβα,2)d32(c13d31 − c11d
∗
33 + pd11d

∗
33)

and

(B.13) d32(bτβα,1 − bτβα,2)(c13d31 − c11d
∗
33)− d∗33Monτβα,2.

are equal, and, by direct inspection of the finite height equations in Table 3, equation (B.12) defines

an element in Ĩ
(j)
τw0 ,∇alg

and equation (B.13) defines an element in Ĩ
(j)
τβα,∇alg

. This equation reduces

mod p to the fourth line of row αβαt1, βαt1 of Table 6.

Let x′
def
=

bτw0 ,1−bτw0 ,2+p(bτw0 ,1−bτw0 ,3)

1+p . A direct computation shows that the expressions

d∗11d
∗
33(Monαβα,2) + x′c11d21d

∗
33(c32 + pd32) + (bτw0 ,2

− bτw0 ,3
)d21d31(c13d32 − c12d

∗
33)+

(B.14)

+
(
x′d31d

∗
22 + (bτw0 ,1

− bτw0 ,3
)c31d

∗
22 − (bτw0 ,2

− bτw0 ,3
)d21d32

)(
c13d31 − c11d

∗
33 + pd∗11d

∗
33

)
+

− (bτw0 ,1
− bτw0 ,3

)d31d
∗
22(c13c31 + pc11d

∗
33)
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and

(
(bτw0 ,1

− bτw0 ,3
)(p− c11) + (bτw0 ,1

− bτw0 ,3
+ 1)

)
(c31 + pd31)d

∗
11d

∗
22d

∗
33+

(B.15)

+
(
x′(d31d

∗
22 − d21c32)− (bτw0 ,2

− bτw0 ,3
+ px′)d21d32

)
(c13c31 − c11d

∗
33)+

+ x′d21d31(c13c32 + pc12d
∗
33) + (bτw0 ,2

− bτw0 ,3
+ px′)d31(c13d21d32 − c12d21d

∗
33 − pd∗11d

∗
22d

∗
33)

are equal, and, as above, equation (B.14) defines an element in Ĩ
(j)
τw0 ,∇alg

and (B.15) defines an

element in Ĩ
(j)
τβα,∇alg

. The mod p-reduction of such element justifies the equation in the fifth line of

row αβαt1, βαt1 of Table 6.
Finally, let

z′
def
=

(bτw0 ,2
− bτw0 ,3

)− (bτβα,2 − bτβα,3)

p
+ (bτw0 ,2

− bτw0 ,3
)

z′′
def
=

(bτw0 ,3
− bτw0 ,1

)− (bτβα,3 − bτβα,1)

p
+ (bτw0 ,3

− bτw0 ,1
).

Again, a direct computation shows that

(z′c12d21 + z′′c11d
∗
22 − pd11d

∗
22)(c13d31 − c11d

∗
33 + pd∗11d

∗
33)− (p+ 1)d∗11d

∗
33(Monτw0 ,1

) =

= (z′c12d21 + z′′c11d
∗
22 − pd11d

∗
22)(c13d31 − c11d

∗
33)− d∗11d

∗
33(Monτβα,1)

which, similarly as in the previous cases, defines an element in Ĩ
(j)
τw0 ,∇alg

∩ Ĩ
(j)
τβα,∇alg

whose mod

p-reduction justifies the last equation in row αβαt1, βαt1 of Table 6. □

Last row of Table 6. This is almost immediate by direct comparison between row (αβαt1, αβt1)
and row (αβαt1, αβt1). For instance, the last element in the last row can be written as

(z′c12d21 − z′′c11d
∗
22)(c13d31 − c11d

∗
33) + (d∗11d

∗
33)
(
(b− c)(c12d21 − c22d

∗
11) + xc11c22 − (a− c)c11d

∗
11

)(B.16)

which is clearly in the ideal I
(j)
{w0,αβ},∇alg

since the second parenthetical term in each summand of

(B.16) appears in row (αβαt1, αβ). On the other hand, (B.16) can be also written as

z′(c12c13d21d31 − c11c12d21d
∗
33) + z′′(c211d

∗
22d

∗
33 − c11c13d31d

∗
11) + (b− c)c12d21d

∗
11d

∗
33 − (a− c)c11d

∗
11d

∗
22d

∗
33+

+ c22

(
− (b− c)d∗11d

∗
22d

∗
33 + xc11d

∗
11d

∗
33

)
which lies in I

(j)
{w0,βα},∇alg

since it is a linear combination of the last equation in row (αβαt1, αβ)

and c22 which appears in the first line of row (αβαt1, αβ). □

B.1.4. Justification for Table 7. As for Table 6, the justification is a direct computation (cf. §B.1.3).

For i ∈ {1, 2, 3} we set bid,i
def
= bτtw0(η)

,i, bα,i
def
= bτtw0(η)

α,i and bβ,i
def
= bτtw0(η)

β ,i for readability in what

follows.

Study of Ĩ
(j)
τtw0(η)

,∇alg
∩ Ĩ(j)τtw0(η)α

,∇alg
. Define z

def
=

bα,1−bα,2

bid,1−bid,2 , y
def
= bα,2 − bα,1 − 1 + z and

x =
1

p

(
bα,1 − bα,3 − z(bid,1 − bid,3)

)
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(note that z ∈ Zp as bid,1 − bid,2 ̸≡ 0 mod p and that x ∈ Zp as bα,1 − bα,3 − z(bid,1 − bid,3) ≡ 0 mod
p). A direct computation shows that the expressions

d∗11(xc12e23 + yc13c22 + zMontw0(η)
)

and

xe13(c12d21 + pd∗11d
∗
22)− xc12(e13d21 − e23d

∗
11) + yd∗11c13(c22 + pd∗22)− d∗11Montw0(η)

α

are equal (where we denoted by Montw0(η)
and Montw0(η)

α the last equation in row tw0(η) and tw0(η)α

respectively). These expressions define an element in the intersection Ĩ
(j)
τtw0(η)

,∇alg
∩ Ĩ

(j)
τtw0(η)α

,∇alg
,

whose mod p reduction explains the second line in row tw0(η), tw0(η)α of Table 7. □

Study of Ĩ
(j)
τtw0(η)

,∇alg
∩ Ĩ(j)τtw0(η)β

,∇alg
. Define

z′ =
1

p

(
bβ,1 − bβ,2 − (p+ 1)(bid,1 − bid,2)

)
z′′ =

1

p

(
(p+ 1)(bid,1 − bid,3)− (bβ,1 − bβ,3)

)
(note that z′ and z′′ are elements of Zp as bβ,1− bβ,j− (p+1)(bid,1− bid,j) ≡ 0 mod p for j ∈ {2, 3}).
Again a direct computation shows that the expressions

(z′′e13d
∗
22 − pc13d

∗
22 + z′c12c23)c33 − (p+ 1)d∗33Montw0(η)

and

(z′′e13d
∗
22 − pc13d

∗
22 + z′c12c23)(c33 + pd∗33)− d∗33Montw0(η)

β

are equal (where again we denoted by Montw0(η)
and Montw0(η)

β the last equation in row tw0(η)

and tw0(η)β respectively). These expressions define an element in the intersection Ĩ
(j)
τtw0(η)

,∇alg
∩

Ĩ
(j)
τtw0(η)β

,∇alg
, whose mod p reduction explains the second line in row tw0(η), tw0(η)β of Table 7. □

Last row of Table 7. As for Last row of Table 6 this is a direct check (which we leave to the reader)
by comparison between row (tw0(η), tw0(η)α and row (tw0(η), tw0(η)β) of Table 7. □

B.1.5. Computations on TorS
(j)

1 (F, (S̃(j)/Ĩ
(j)
T,∇alg

) ⊗ F). We provide details for the computations

of the maps between various TorS
(j)

1 (F, (S̃(j)/Ĩ
(j)
T,∇alg

) ⊗ F) appearing in the proofs of Lemmas

3.29, 3.31, 3.33 and 3.35. In the following computation, given an ideal I ⊆ S(j) we write ele-

ments of TorS
(j)

1 (F, S(j)/I) in terms of generators of I, by virtue of the canonical isomorphism

TorS
(j)

1 (F, S(j)/I) ∼= I/(mS(j) · I).

Complements in the proof of Lemma 3.29. We need to prove that the union of the images of the
canonical maps

Tor1(F, (S̃(j)/
(
Ĩ
(j)
ταβ ,∇alg

∩ Ĩ(j)τw0 ,∇alg

)
)⊗ F) → Tor1(F, (S̃/Ĩ

(j)
τw0 ,∇∞

)⊗ F)(B.17)

Tor1(F, (S̃(j)/
(
Ĩ
(j)
τβα,∇alg

∩ Ĩ(j)τw0 ,∇alg

)
)⊗ F) → Tor1(F, (S̃/Ĩ

(j)
τw0 ,∇∞

)⊗ F)(B.18)
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generates a spanning set for Tor1(F, (S(j)/I
(j)
τw0 ,∇∞

) ⊗ F), e.g. using Table 3, the set given by the

images of the elements

c21, c22, c23, c32, c33

c13d32 − c12d
∗
33, c13d31 − c11d

∗
33, c13c31

(b− c)c21d12 + (c− a)c11d
∗
22, c31

(where (a, b, c)
def
= s−1

j (µj + ηj) − (1, 1, 1) ≡ bτw0
modulo ϖ). We immediately see from row

αβαt1, αβt1 in Table 6 that the elements c32, c33, c13c31, c13d32 − c12d
∗
33 are in the image of (B.17).

Similarly the elements c21, c22, c23 are in the image of (B.18).
Writing

d∗22(c13d31 − c11d
∗
33) = c13d21d32 − c12d21d

∗
33 − c13d31d

∗
22 + c11d

∗
22d

∗
33︸ ︷︷ ︸

∈ image of (B.18)

−d21 (c13d32 − c12d
∗
33)︸ ︷︷ ︸

∈ image of (B.17)

we conclude that c13d31 − c11d
∗
33 is in the F-span of the union of the images of (B.17),(B.18).

Similarly,

(b− c)c21d12 + (c− a)c11d
∗
22 = (b− c)c12d21 + xc11c22 − (a− c)c11d

∗
22 − (b− c)c22d

∗
11︸ ︷︷ ︸

∈ image of (B.17)

+

− (xc11 − (b− c)d∗11) c22︸︷︷︸
∈ image of (B.18)

so that (b− c)c21d12 + (c− a)c11d
∗
22 is in the F-span of the union of the images of (B.17),(B.18).

Finally, note that c22(d21d32), c22(d21c32), c22(d31d
∗
22), c21(d32d

∗
22) ∈ I

(j)
τw0 ,∇alg

· m
S̃(j) so that the

last equation in row αβαt1, αβt1 in Table 6 is sent by the map (B.17) to (a − c + 1)c31(d
∗
22)

2 and
in particular c31 is in the image of the map (B.17). □

Complements in the proof of Lemma 3.31. The argumen is similar to that for Lemma 3.29. Con-
sider the natural maps

TorS1 (F, (S̃/
(
Ĩταtw0(η)

,∇∞ ∩ Ĩτtw0(η)
,∇∞

)
)⊗ F) → TorS1 (F, (S̃/Ĩτtw0(η)

,∇∞)⊗ F)(B.19)

TorS1 (F, (S̃/
(
Ĩτtw0(η)

,∇∞ ∩ Ĩτβtw0(η)
,∇∞

)
)⊗ F) → TorS1 (F, (S̃/Ĩτtw0(η)

,∇∞)⊗ F).(B.20)

A spanning set for TorS1 (F, (S̃/Ĩτtw0(η)
,∇∞)⊗F) (using Table 5) is given by the images of the elements

d21, d32, c32, e33, c33, d31, e23, c22

(a− c)e13d
∗
22 − (a− b)c12c23.

We immediately see from row tw0(η), tw0(η)α in Table 7 that the elements d32, c32, e33, c33, d31, are
in the image of (B.19), and, from row tw0(η), tw0(η)β, that the element d21 is in the image of (B.20).

Moreover, noting that c12d21, e13d21, c13c22, c12e23 ∈ mS(j) · I(j)τtw0(η)
,∇alg

we conclude that (B.19)

maps the elements c12d21−c22d∗11, e13d21−e23d∗11 and (a−b)(c13c22−c12c23)−xc12e23+(a−c)e13d∗22
to c22d

∗
11, e23d

∗
11 and (a− c)e13d

∗
22 − (a− b)c12c23 respectively. □
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Complements in the proof of Lemma 3.33. We check that the union of the images of the canonical
maps

TorS1

(
F, S/

(
Ĩ
(j)
ταβ ,∇alg

∩ Ĩ(j)τw0 ,∇∞
, p
)
∩ (Ĩ

(j)
τw0 ,∇alg

∩ Ĩ(j)τβα,∇∞
, p)

)
→ TorS1 (F, S/I

(j)
Λ )(B.21)

TorS1 (F, S/
(
Ĩ
(j)
τid,∇alg

, p)) → TorS1 (F, S/I
(j)
Λ )(B.22)

generates a spanning set for the target, i.e. by Lemma 3.32, the set given by the image of the

elements c33, d32c23−c22d∗33, c22, c11d∗33−c13d31 of I
(j)
Λ . From the last row of Table 6 we immediately

see that the elements c33, d32c23 − c22d
∗
33 are in the image of the map (B.21). Moreover, by Table

4, the image of the map (B.22) contains the elements

(a− c− 1)(c23d32 − c33d
∗
22)− (a− b− 1)c22d

∗
33

(a− b)(c13d31 − c11d
∗
33) + (b− c− 1)c33d

∗
11.

In particular, as a− b ̸= 0 ̸= b− c, the union of the images of (B.21),(B.22) contains the elements
c13d31 − c11d

∗
33 and c22. □

Complements in the proof of Lemma 3.35. We check that the union of the images of the canonical
maps

TorS
(j)

1 (F, S(j)/
(
Ĩ
(j)
τtw0(η)

α,∇∞
∩ Ĩ(j)τtw0(η)

,∇∞
, p
)
∩ (Ĩτtw0(η)

,∇∞ ∩ Ĩτtw0(η)
β ,∇∞ , p) → TorS

(j)

1 (F, S(j)/I
(j)
Λ )

(B.23)

TorS
(j)

1 (F, (S̃/Ĩτtw0(η)
w0 ,∇∞)⊗ F) → TorS

(j)

1 (F, S(j)/I
(j)
Λ )(B.24)

is a spanning set for the target. By Lemma 3.32 a spanning set for the target is given by

c32, e33, d31, d21d32,(B.25)

e23, (a− b)c12c23 − (a− c)e13d
∗
22, c33(B.26)

c23d32, c22, c12d21.(B.27)

By the last row in Table 7 the elements in (B.25) are immediately checked to be in the image of

(B.23). By row tw0(η)w0 in Table 5, and noting further that c13c22, c13d31 ∈ mS(j)I
(j)
Λ we immediately

see that the elements in (B.26) are in the image of (B.24).
We now consider the elements in (B.27). As c23d32 − c33d

∗
22 is in the image of (B.23) by the last

row of Table 7, we conclude from the above that c23d32 is in the linear span of the union of the
images of (B.23) and (B.24). Moreover, as (c − a − 1)(c23d32 − c33d

∗
22) + (a − b)c22d

∗
33 is in the

image of (B.23) by row tw0(η)w0 in Table 5, we conclude by the above c22 is also in the linear span
of the union of the images of (B.23) and (B.24). Finally, as c12d21− c22d

∗
1 is in the image of (B.23)

by the last row of Table 7, we conclude from the above that c12d21 is also in the linear span of the
union of the images of (B.23) and (B.24). □



K1-INVARIANTS IN THE MOD p COHOMOLOGY OF U(3) ARITHMETIC MANIFOLDS 89

References

[AK11] Henning Haahr Andersen and Masaharu Kaneda, Rigidity of tilting modules, Mosc. Math. J. 11 (2011),
no. 1, 1–39 (English).

[BDM15] C. Bowman, S. R. Doty, and S. Martin, Decomposition of tensor products of modular irreducible repre-
sentations for SL3: the p ≥ 5 case, Int. Electron. J. Algebra 17 (2015), 105–138. MR 3310689

[BHH+21] Christophe Breuil, Florian Herzig, Yongquan Hu, Stefano Morra, and Benjamin Schraen, Conjectures
and results on modular representations of GLn(K) for a p-adic field K, https://arxiv.org/pdf/2102.
06188.pdf, 2021, preprint.

[BHH+23] , Gelfand-Kirillov dimension and mod p cohomology for GL2, Invent. Math. 234 (2023), no. 1,
1–128 (English).

[BP12] C. Breuil and V. Paškūnas, Towards a modulo p Langlands correspondence for GL2, Mem. Amer. Math.
Soc. 216 (2012), no. 1016, vi+114. MR 2931521

[CEG+16] Ana Caraiani, Matthew Emerton, Toby Gee, David Geraghty, Vytautas Paškūnas, and Sug Woo Shin,
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