LOCAL MODEL THEORY FOR NON-GENERIC TAME POTENTIALLY
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ABSTRACT. We develop a local model theory for moduli stacks of 2-dimensional non-scalar tame
potentially Barsotti—-Tate Galois representations of the Galois group of an unramified extension
of Q,. We derive from this explicit presentations of potentially Barsotti-Tate deformation rings,
allowing us to prove structural results about them, and prove various conjectures formulated by
Caruso—-David—Mézard.
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1. INTRODUCTION

1.1. Main results. Let p be a prime number, K a p-adic field. We work with coefficient ring
O = W(F) where F/F, is a sufficiently large finite extension. Let p : Gx — GLa(F) be a
continuous Galois representation and 7 = x @ x’ be an inertial type where x, X’ are tame characters
of Ix. This gives rise to the universal framed deformation ring R%’T classifying lifts of p which are
potentially Barsotti-Tate (i.e. potentially crystalline with Hodge—Tate weights 0, 1) and of type 7.
Despite their prominent role in modularity questions via the Taylor-Wiles method (e.g. [Kis09])
in the last decades, their internal structure is still poorly understood. The basic reason for this,
as suggested by works of Caruso-David-Mézard [CDMb],[CDMc],[CDM23], is that even when K
is unramified, R%T exhibits a wide range of complicated behavior (in particular, it can be highly
singular), especially as the inertial weights of x/x’ become more degenerate (that is, when 7 becomes
more non-generic).

More recently, Caraiani-Emerton-Gee-Savitt [CEGSD| constructed a p-adic formal algebraic
stack Z7 which interpolates the deformation rings R%’T as p varies, in the sense that the latter
recovers versal rings to finite type points of the former. The stacks Z7 (and its analogues for other
p-adic Hodge theory conditions) are expected to be key geometric objects in the categorical p-adic
Langlands conjectures formulated by Emerton-Gee-Hellmann [EGH], similar to the role played by
various moduli spaces of local systems in the geometric Langlands program. Thus it is of interest
to understand their geometry.

On behalf of all authors, the corresponding author states that there is no conflict of interest and that there is no
data associated to this work.
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From now on, we assume K = Q, is absolutely unramified and 7 is non-scalar (the scalar case
T = x @ x being easily handled by Fontaine-Laffaille theory). When 7 is sufficiently generic, the
structure of Z7 is well-understood (see e.g. [Kis09, [LLHLM?23]), since it can be modeled using
Iwahori level local models of Shimura varieties for GLg, in particular its singularities are products
of the singularity XY = p. In this paper, we introduce a method to probe the structure of Z7
which is powerful enough to handle non-generic 7. One concrete consequence of our study is the
following general control on singularities:

Theorem 1.1.1 (Theorem [4.6.6). Assume either p > 7 or K = Q5. Then the normalization of Z7
has rational singularities and is Gorenstein.

Furthermore, it turns out that Z7 is almost always normal:

Theorem 1.1.2 (Theorem . Assume either p > 7 or K = Q5. Then Z7 is normal, unless
after twisting, T = x ® X’ is the sum of restrictions to I of characters of Gg, and the inertial
weights of T belong to {0,1}. When 7 is of this form, the non-normal locus consists of exactly the
p which are Fontaine—Laffaille with specific (irregular) inertial weights determined 7.

Remark 1.1.3. (1) Explicitly, for K = @Q, Theorem shows that Z7 is normal unless, up
to twists, 7 = 1 @ € (where T and € denote the mod p-reduction of 7 and the cyclotomic
character respectively), in which case the non-normal locus consists of p is a twist of an
unramified representation by €.

(2) It is proven in [CEGSal that the special fiber of Rg’T is generically reduced. Together with
Theorem this implies that R%T is Cohen-Macaulay if and only if it is normal, in which
case it is furthermore Gorenstein. Thus Theorem completely classifies when Rg’T is
Cohen-Macaulay. We invite the reader to compare this to the result of Hu—Paskunas [HP19]
about Cohen—Macaulayness of crystabelline deformation rings: whereas [HP19] covers the
situation where K = Qy,, 7 is restricted to (possibly wildly ramified) principal series types
(i.e. x, X' can be extended to characters of Gq,) but allows arbitrary Hodge-Tate weights,
our result allows general unramified K but restricts to tame (possibly non-principal series)
types 7 and Hodge-Tate weights 0,1. We also point out that the method of [HP19] is
unlikely to establish neither the Gorenstein nor the rational singularity property.

Finally, as is well-known (cf. [HP19]), Cohen-Macaulayness for (normalizations) of de-
formation rings allows one to upgrade R[%] = T[%] theorems to integral R = T theorems,
hence our results give new instances of such.

(3) The fact Z7 has rather mild singularities is expected to be useful for the categorical p-adic
Langlands program for GLo(K), namely it suggests the conjectural functor 2 of [EGH] to
have simple effect on a certain generating set of smooth representations of GLy(K), thus
giving hope that one can construct 2l by “generators and relations”. We point out that
any generating set must necessarily involve representations of GLga(K) with non-generic
parameters, thus it is essential that we allow arbitrarily non-generic 7 for this purpose.

Our method to probe Z7 is to construct group-theoretic local models for it. The main local
model theorem has the following form:

Theorem 1.1.4 (Proposition Theorem [3.3.8)). Let 7 = x & X’ be a tame inertial type with
x # X'. There exists a p-adic formal scheme Z™°%T such that

o [f eitherp > 7 or K = Qs, Z7/p is smooth locally isomorphic to ngd’T/p.
e Ifeitherp > 16f+7 orp > 7 and K = Q,, then Z7 is smooth locally isomorphic to Z™°%7.
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Remark 1.1.5. (Features of gm"d’T) We defer the somewhat involved definition of Z™°%7 to section
below, and instead note for now that:

(1) Its construction involves the geometry of (mixed characteristic) loop groups.

(2) Its geometric structure is independent of p, in the sense that it essentially arises as the p-adic
completion of a natural Z-scheme. In particular, this exhibits a kind of “independence-of-p”
property of tame potentially Barsotti-Tate deformation rings, as suggested in [CDM23] and
[CDMal.

(3) It admits an explicit affine cover where each affine open can be presented as (the p-saturation
of) explicit equations constructed using the inertial weights of 7 (see Table |5 for a sense of
the presentations that show up).

Remark 1.1.6. (Bounds on p) Theorem is obtained via deformation theory: we construct
2ZmodiT which captures the structure of Z™ modulo some power of p, and then show this property
persists when deforming to mixed characteristics. The requirement that p needs to be at least some
linear bound on f arises for two related reasons:

e There are non-isomorphic charts of Z7 that are indistinguishable modulo linear powers of
p. For instance, there are charts equisingular to XY = p* for any k < f. This requires
us to start with a model that approximates Z7 modulo at least p©() to distinguish these
charts.

e To show the approximation deforms, we need to overcome obstruction groups for certain
lifting problems, whose p-torsion can have exponents as large as linear in f.

The explicit nature of our models yields, for the first time, an efficient algorithm to compute any
given potentially Barsotti—-Tate deformation ring with tame inertial type. The basic form of the
algorithm is as follows (the details occur in section 4.3]). To the pair (p, T) we assign

e an f-tuple w(p, 7) of elements in the extended affine Weyl group W of GLo, which measures
the relative position of the t-inertial weights of p and 7 for each ¢ : K — @p; and

e an f-tuple of “degeneracy types” for each ¢ : K — @p which roughly measures how degen-
erate the (-th inertial weight of x/x’ is.

These datas give rise, for each ¢, to a basic ring R,, as well as a collection of structure matrices with
entries in R, recorded in Tables Both these datas are independent of f. Then R%T is given as
a suitable completion of (the p-saturation of) the quotient of ), R, by the relations that certain
products of the structure matrices are zero. We stress that the equations we impose will generally
involve mutual interactions between R,’s for arbitrary large sets of different . For this reason,
outside of the generic case, Rg’T does not generally admit an obvious tensor product decomposition
along embeddings ¢ : K — @p.

In the series of work [CDMbl I(CDMc, (CDM23], Caruso-David-Mézard also investigated the
problem of algorithmically computing Rg’T, in the special case where 7 = x @ X’ is a principal
series type (so x, X’ extend to characters of Gi) and p is irreducible. In a few cases when f < 3
([CDMB), Théoréme 4.3.1] and [CDMcd, 5.3.3]), they managed to determine R7" based on the fact
that one can guess “a priori” what it is, cf. [CDMbl, Remark 3.2.10]. However, their investigations
also suggested that the answer becomes intrinsically complicated for large f, which made their
strategy hopeless in general. We demonstrate the power of our algorithm by confirming various of
their conjectural examples of [CDMc, §5.3.2, 5.3.3], as well as computing all examples for K = Q,,
some of which are new as alluded to in [EGH, §7.5.13]. For instance, for K = Q,, p > 7, Rg’T is

a power series ring over either O, O[X,Y]/(XY — p) or O[X,Y]/(XY — p?), except when up to
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twist, 7 = wo ® wh and p ® ! is unramified and has scalar semisimplification, or 7 = 1 @ wy and
p ®& ! is unramified (here w, is Serre’s niveau n character). In these exceptional cases, assuming
p > 7, we also give the presentation of RZ’T which turns out somewhat complicated, cf. section
b5Tl

Besides algorithmic aspects, our theory also unifies and conceptualizes Caruso—David—Mézard’s
work. More specificially, they introduced the notion of gene X(7,7) associated to p and 7, which is
a purely combinatorial gadget, closely related to the combinatorial data inputted in our algorithm,
that keeps track of the difference between the inertial weights of p and 7. While the motivation
for X(7,p) was to encode geometric features of a resolution of Rg’T arising from integral p-adic
Hodge theory, Caruso-David—-Mézard conjectured that, surprisingly, X(7,7) is in fact a complete
invariant, cf. [CDMc, Conjecture 5.1.6] and [CDMa, Conjecture 2]. Our model gives a geometric
interpretation of X(7,p), allowing us to confirm this:

Theorem 1.1.7 (Theorem [5.4.16). Assume p > 16f + 7. Let p be irreducible and T be a non-
scalar principal series tame inertial type. The deformation ring R%’T depends only on X(71,p), in
an explicit way, and furthermore, is an integral domain.

In fact, our algorithm can be interpreted as giving the right generalization of Caruso—David—
Mézard’s conjecture for general (i.e. not necessarily irreducible) p and general (i.e. not necessarily
principal series) 7. It should be noted that in this more general setting, Rg’T is no longer always a
domain, and one can read off when this is so from our tables.

Finally, we expect the explicit computations of the deformation ring to be useful for global
applications, particularly for mod p multiplicity one questions and Breuil’s lattice conjecture in
non-generic cases (see [EGSI5, Theorem 10.1.1 and Theorem 8.2.1]).

1.2. Methods. When 7 is sufficiently generic, a local model for Z7 can be extracted from [CEGSD]
(see also [LLHLM23] for a perspective closer to the present work), owing to the fact that in the
generic cases Z7 agrees with the moduli stack Y of Breuil-Kisin modules of type 7 and there are
standard local models for the latter. In the non-generic cases, the essential difficulty is that Z7 is
only a scheme theoretic image of a map Y™ — ®- Mod%’2 to the stack of rank 2 étale ¢-modules,
so that Z7 is obtained from Y7 by contracting the fibers of this map (the Kisin varieties). This
is the source of all complexities in the non-generic situation, and the main innovation of this work
is to find a good group theoretic model for this contraction procedure.

The main idea in Theorem [1.1.4]is to use deformation theory to find good approximations of
the map Y™ — &- Mod%Q. Let LG (resp. LTG) be the loop group (resp. positive loop group)

for GLg with respect to v(v + p), that is the functor R — LG(R) ' GL, (R[U]/\(“(”+p)) [v(vﬂ-p)])
def

(resp. LTG(R) = GLg (R[v])"(+r))) where R is an O-algebra. We also have the “Iwahori” LG
and the first principal congruence subgroup LTG which are the inverse image in L™G of the upper

triangular Borel, resp. the trivial subgroup under the mod v reduction. We set Gr; < [L{G\LG],
which is a GLa-torsor over a (mixed characteristic, Beilinson—Drinfeld) affine Grassmannian.

Up to a p-adic completion which we suppress for the remainder of the introduction, we have
Y77 = [LGT/,(L*G)!] as a quotient by a (shifted) ¢-conjugation action (here ¢ sends v to vP)
and LG7 is a particular closed subset of LG/ encoding certain elementary divisor bounds and the
combinatorial data of 7 (cf. section[3.1]for the precise definitions). The basic idea, as in [LLHLM23],
is to “straighten” the (p-action in the above as much as possible: due to the contraction effect of
©, the p-conjugation action is equivalent to the left translation action, provided one works modulo
fixed powers of p and on a small enough subgroup. Unlike the generic case in loc. cit., it is not
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always possible to do this in characteristic p at the LTG level, but if p is large enough, it is possible
to do so at the L G-level (Lemma . This shows that Y7 is congruent to [Gr] /Bf-sh.cnj]
modulo p® for some absolute constant ¢ (here the Bf-action is via shifted conjugation, and Gr7 is
[(L¥ G)I\LGT]).

On the other hand, ®- Mod%2 = [LG//,LG/], and it is never possible to straighten the action
of the larger group LG/. However, since we are only interested in the scheme theoretic image
of Y7 in - Mode}g’Q, it suffices to work instead with [LGPd/,(L*G)/] where LGP is a suitable
bounded region in LG/ containing the orbit of LG” (denoted by LGPL("+P)*" in the main text),
and once again the g-action can be straightened on (L] G)/. We remark that LGP? descends to
Gr{ , inducing a subvariety Grlfd.

The upshot so far is that Y7 — ®- Mod‘%’2 is well-approximated by the natural map

[Gr] /Bf—sh.cnj] — [Gr]fd /GLg—sh.cnj]

modulo p. It further turns out that the scheme theoretic image Z™°%7 of this is congruent to
Z7 modulo p?~!, and the model ZmodT in Theorem @ is the pullback of Z™°%7 to the natural
(GLg)-torsor of the target. Finally, to prove Theorem E we need to show that the above
congruences can be lifted to characteristic 0, at least locally. This is achieved by a detailed study
the geometry of ZmodT 6 hound the p>°-torsion of the obstruction groups for such lifting problems
(whose exponent can be as large as linear in f, as alluded to in Remark, and imposing bounds
on p required to overcome the obstructions. A by-product of this geometric study is a control on
the singularities of Zm°47 which is robust enough that it can be transferred to Z7 through a mod

p congruence, thus yielding Theorems
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def

1.4. Notation. We fix once and for all a separable closure K and let G = Gal(K/K). If K is a
nonarchimedean local field, we let Ix C G denote the inertial subgroup. We fix a prime p. Let F
be a finite extension Q, with ring of integers O, uniformizer w € O and residue field F (which we
assume is large enough).

We consider the group G f GL2 (defined over Z). We write B for the subgroup of upper
triangular matrices, T C B for the split torus of diagonal matrices and Z C T for the center of
G. Let X*(T) be the group of characters of 7' which we identify with Z? in the standard way and
n € X*(T) the element corresponding to (1,0) € Z2.

We write W (resp. W) for the Weyl group (resp. the extended affine Weyl group) of G, which
act naturally on X*(7'). Thus W = {1,wp} is the set of permutation on 2 elements and W =
X*(T) » W. We use the notation ¢, € W to denote the image of v € X*(T) in w.
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Let o denote the positive root of G and ( , ) the duality pairing on X*(T') x X, (T, so a weight
A€ X*(T) is dominant if 0 < (X, o). We set X°(T) to be the subgroup consisting of characters
A € X*(T) such that (\,a") = 0.

Let now K be a finite unramified extension of Q, of degree f, with ring of integers O and residue
field k. Thus Og = W (k), and denote by ¢ the arithmetic Frobenius acting on W (k) (i.e. acting
by rising to the p-power on the residue field). Let Gy def Reso,/2,G ok 1o o Reso, /2,10
and Zg & Reso,/z,Z)0,- We assume that O contains the image of every ring homomorphism
Ok — Zp and write J < Homg, (Ox, 0). We define G = (Gp) o and fix an identification of G
with the split reductive group G{O. We similarly define and identify T, and Z. The notations W,

W are clear as should be the natural isomorphisms X *(T) = X*(T)Y. Given an element j € 7,
we use a subscript notation to denote j-components obtained from the isomorphism G =2 G‘fo (so

that, for instance, given an element w € W we write w; to denote its j-th component via the
induced identification W = W ). For sake of readability, we abuse notation and still write wg to
denote the longest element in W, and n € X*(T) for the element corresponding to (1,0) € Z? in
all embeddings.

The Frobenius automorphism ¢ of O induces an automorphism 7 on X*(T) = X, (T") by the
formula 7(A)y = A 1 for all A € X*(T') and 0 : Og — O. We similarly define an automorphism

7 of W and E

Recall that we fixed a separable closure K of K. We choose m € K such that -1 = —p
and let wrx : Gxg — Ok be the character defined by g(m) = wg(g)m, which is independent of

ogop~

the choice of 7. We fix an embedding o9 : K < E and define o; ot 00 o ¢ 7, which identifies
J = Hom(k,F) = Homg, (K, E) with Z/fZ. In particular, the automorphism 7 on X*(T) satisfies
(m(X)); = Aj+1. We write wy : Gg — O for the character og o w.

Let € denote the p-adic cyclotomic character. We fix normalization so that the p-adic cyclotomic
character € has Hodge-Tate weight {1} for every x : K — FE.

2. TAME INERTIAL TYPES AND BREUIL-KISIN MODULES

2.1. Tame inertial types and Galois representations.

2.1.1. Tame inertial types. An inertial type for K over O (resp. over F) is an homomorphism
T Ig — GL2(O) (resp. 7 : Ix — GLa(F)) with open kernel and which extends to the Weil group
of Gx. An inertial type is tame if it factors through the tame quotient of Ix. Given s € W and
uw € X*(T), we have a tame inertial type 7(s,u) : Ix — GL2(O) defined as follows: let r be the

order of sps1...57_1 € W, and define oy def (Hf;;,_:lo s}il_m,)(uf,k/). Then

rf—1
def i/
(s, ) ( S aup )<wfr>.
i’=0

In particular if v = (v;)jeq € X*(Z) 2 Z7 then

~ ZiegviP’
(2.1.1) (s, +v) = 7(s, 1) Qo Wi :

Any tame inertial type is isomorphic to some 7(s, u).
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More explicitly, if s = (s;)7 € W is such that Hf;ol sj = id then 7(s, pt) = w} ® w}/ where

dEprJ<Nf TR )

(2.1.2) 'dEfZPj@f ¥y 'si>(2)>’

noting that [[/20 7 s; = [[1Z) s ;11_1
Similarly, if s = (s;)7 € W is such that Hf;& s; = (12) then 7(s, ) = w§f S5 wg;h where

-1

(2.1.3) :efz (Mf G s7h e >+p (Zp]'uf (1= _1)(1))

=0

.

Remark 2.1.4. Let A\, N € X*(T) 5 (Z*)/. Then A=) mod (p — 7~ 1) X(T) if and only if

-1 f—1 f-1 f—1
ij)\j,l erf(ij)\j,z) = ij)\’-’l +pf(ij)\;~72) mod p*/ — 1.
J=0 7=0 j=0 j=0

We say that (s, u) is a presentation for the tame inertial type 7(s, ). Note that any tame inertial
type will have infinitely many presentations since

(2.1.5) (s, 1) Z 7(osm(0) "L, o(p) + pv — osw(o) tn(v))
for any (o,v) € W x X*(T'). We will also record a presentation (s,u) by the element w*(7) =
s_ltu S E

Lemma 2.1.6. Let 7 : Ix — GL3(O) be a tame inertial type.
Then, there exists n € Z, (kj)jes € {0, ey Iil}j and s € W such that

T T( ((kf’o))]ej) RO wf

and moreover s; = id if kj = 0.

~

Proof. In this proof, given two tame inertial types 7 and 7’ we write 7 ~ 7' if 7 = 7’/ ®0 w} for

some n € Z. Let (s', 1) be a presentation of 7. Using (2.1.1)) and applying repeatedly (2.1.5) with

o = id, we see that 7(s', ') ~ 7(s', /") where i € X*(T) is such that (u”,a") € [-25=, ... PEL]

for all j € J (see also [LLHLM23, Lemma 2.3.3]). Hence, using again (2.1.1)), we have 7(s', ") ~
(s , (K5, 0) e 7) where K| < 1%1. Finally, using (2.1.1) and applying repeatedly (2.1.5) with
v = 0, we obtain T( ! (k’ O)jeg) ~ T(S, (kj,O)jej), where at each step o can be chosen so that
0;sjo g+1 = id when £ = 0. O

Definition 2.1.7. A presentation (s, ) of a tame inertial type 7 is small if 0 < (uj, ") < 1%1 for
all j € J and moreover s; = id whenever (u;,a") = 0.

If 7 is a tame inertial type over O we let T L ®eF. This construction gives a bijection between
isomorphism classes of tame inertial types over O and tame inertial types over I so that the whole
discussion above holds for the latter.
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Lemma 2.1.8. Let 7 = 7(s, ) be a tame inertial type with small presentation (s, u). For j' € J'
define a'li") S er*l a—j/+ifpi,. There exists a unique element (s, ..)jcg € W' such that

/=0 or,j’
(sl, j,)_l(a/(J/)) is strictly dominant for all j' € J'. Moreover the embedding oo : k — F and s can

be chosen so that (sgwffl) =id.

Proof. We can assume without loss of generality that (up,a") > 0. As ag = uo we thus have
a0 = prf =g + Z;}Zﬁ a_jr yp" which is dominant since (y19,") > 0 and p — 1 > (a_jrpir, V)
fori =0,...,7f —2.

We can now conclude by decreasing induction: using the relation

w73 _ AT ey
p

we see that either a1 ¢ X°(T) and hence a'("f —7") is strictly dominant if and only if oy

is strictly dominant (in which case s/ rf—j is uniquely determined), or oy € X O(T) and hence

a’("f=7") is strictly dominant if and only if a’"/=7'*1) is strictly dominant (in which case s
/
or,rf—j

+prf71ajl_1

/ _
or,rf—j" =

S r4p and sgmﬂ Fojip1 18 uniquely determined the inductive hypothesis).

2.1.2. Galois deformation rings. We let p : Gg — GLo(F) be a continuous Galois representation.
Let Co be the category of Noetherian complete local O-algebras with residue field F and local
O-algebra homomorphisms. The functor that assigns to (A, my) € Co the set of lifts py : Gg —
GLy(A) of p is representable by R%, the (unrestricted) lifting ring of 7.

Given a tame inertial type 7 over O we let Rg’T be the reduced O-flat quotient of RﬁD such
that the Q-points of Spec R’"[1/p] correspond to the subset of p : Gx — GL2(Q,) (inside
Spec (Rp[1/p])) which are potentially Barsotti-Tate and such that the covariant Weil-Deligne
inertial type is isomorphic to 7 ®¢p @p. The rings R%’T are known in “generic” cases (cf. [EGS15,
LLHLN23)):

Theorem 2.1.9. Assume that T has a presentation (s, u) where 2 < (uj, ") < p—2. Then either
R?T =0 or
(7]

Rgﬂ—gOIIZL"‘?Zf-Hl—TMle}/la'"7Xn7Yn]]/(Xi}/;_p’Z.: 1,...,77,)
for somen € {0,..., f}.

One of the main goals of this paper, accomplished in is to provide the analog of Theorem
[2.1.9)in highly non-generic situations.

2.2. Breuil-Kisin modules and Emerton—Gee stack.

2.2.1. We introduce the necessary background on Breuil-Kisin modules with tame descent data.
Let 7 = 7(s, 1) be a tame inertial type with presentation (s,u) which we fix throughout this
section. Recall that r € {1,2} is the order of sgsis2---sy—1 € W. Let K'/K be the unramified

extension of degree r contained in K, set f % fr. ¢ % pf' — 1, and identify Homg, (K', E) with

Z]f'7 via oj def ohop I s j/ where o}y : K' < E is a fixed choice of an embedding extending
oo : K — E. (In particular, restriction of embeddings corresponds to reduction modulo f in the
above identifications.)

def

We let ' € K be an €/-th root of —p, L/ & K'(n") and A’ & Gal(L’'/K') ¢ A = Gal(L'/K).
We have the character wg(g) o # for g € A’ (which does not depend on the choice of 7') and
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given an O-algebra R, we set S/ g E W) ®z, R)[v]. The latter ring is endowed with the
endomorphism ¢ : &1/ p — S/ g acting as the Frobenius on W (k') and sending v’ to (v')P, and
is endowed moreover with an action of A by ¢'(u’) = #u’ = wi/(g)u if ¢ € A and, letting
ol € A be the lift of the p/-Frobenius on W (k') which fixes 7', then ¢/ acts in natural way on
W (k') and trivially on «' (all the endomorphism above act trivially on R by default). Finally,
def Nne'
v = (W),
def

Gr =
and E(v) & v+p= ) +p.

(&1,r)2"" = (W(k) @z, R)[v]

Definition 2.2.1. A Breuil-Kisin module 91 of rank 2 over &, g with descent data of type 7 and
height <1 is the datum of:

(1) arank 2 projective &/ p-module ;
(2) an injective & p-linear map ¢op : ¢* (M) — M whose cokernel is annihilated by E(v); and
(3) a semilinear action of A on 91 which commutes with ¢gy, and such that, for each j' €
Homg, (K',E),
(gﬁ ®W(k/)®zppb7gj/ R) mod u/ = T\/ ®(9 R
as A’-representations.

We write Y%7 to be the groupoid of such objects (cf. [LLHLM23, Definition 5.1.3]). We also
define Y7 (R) C YI%17(R) to be the subgroupoid satisfying the additional determinant condition

det(¢am) € (R[v])* (v +p).

We consider MU & on W (k)22 R, 1 28 & R[u']-submodule of 9 in the standard way, so it
is endowed with a semilinear action of A’. The Frobenius ¢gn induces A’-equivariant morphisms
gbg{) C (MU D) = (*(9m))U) — MUY (here the pull back on the first object is with respect to
the R-algebra map ¢ : R[u'] — R[u'] such that «’ + u'*). We remark that, by letting 7/ denote the
tame inertial type for K’ obtained from 7 via the identification I+ = Ik induced by the inclusion
K' C K, the semilinear action of A induces an isomorphism wgy : (o/)*(9) =2 M (see [LLHLMIS,
§6.1]) as elements of Y07 (R).

Let 901 € Y[O’l]’T(R). Recall that an eigenbasis of 9t is a collection of bases BU" = (ffj,)a fQ(j/))
for each 9U") such that A’ acts on fi(j,) via the character w;,a; v and such that o ((0f)*(8V")) =
BUHD for all j' € Homg, (K’, E). Given an eigenbasis § for 9, we let C’g(%l)ﬁ be the matrix of
¢g{) : o* (MU D)) = 9" with respect to the bases @*(ﬁ(jlfl)) and $U") and set

G0, Ad () ) ) (CH)
for j' € Homgq, (K', E).

Lemma 2.2.2. Let M € YIOUT(R) with eigenbasis . The element Ag{)ﬂ has coefficients in R]v]

and is upper triangular modulo v. Finally, it only depends on the restriction of j' to K.
Proof. By the definition of eigenbases and of the action of A’ on &y W (k). R, we see that
(Cg&)a € ((u’)<a/(j/)’o‘v>R[[v]]) NR[u] for a € ®. Explicitly, letting d;» € {0, 1} be such that 6;; = 0

if and only if a’) is dominant, we have for o € ®* that (Cg(%/)ﬁ)a € (u’)el‘;j’ﬂal(j )’O‘V>R[[v]] and
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(C’%%),a € (u) (-0 )+E v >’70‘V>R[[v]]. Thus for o € &, the a-entry of Ad ((u’)_a/ (j/)) (C'é)]{)ﬁ) is
in v% R[v] and the —a-entry is in v' =% R[v]. By the definition of §; and the fact that Sory = 1d
if and only if a’U") is dominant, we conclude that Ag{ 23 is upper triangular modulo v. The fact

that Ag{)ﬁ depends only on j' modulo f follows from [LLHLMI8, Lemma 6.2, Proposition 6.9]. O

2.2.2. Etale ®-modules. We recall the notion of étale ®-modules.
Recall that Og i denotes the p-adic completion of (W (k)[v])[1/v]. It is endowed with a contin-
uous Frobenius morphism ¢ extending the Frobenius on W (k) and such that ¢(v) = vP. Given a

p-adically complete Noetherian O-algebra R we let ®- Mod%’Q(R) be the groupoid consisting of pro-
jective modules M of rank 2 over Og, K@@R endowed with a Frobenius semilinear endomorphism
ém : M — M inducing an isomorphism on the pull-back: id ®, ¢ : * (M) — M.

We similarly define the ring Og 1/, with Frobenius ¢, and the groupoid ®- Modgtd’?L,(R) of rank
2 étale (¢, Og 1/ ®z, R)-modules with descent data from L' to K.

The groupoids ®- Mod%g, d- Modfltl’?L, form fppf stacks over Spf (’) (see [CEGSD), §3.1]).

Given M € Y7 (R), M @&, 5 (Q&[/@ZPR) is an object ®- Modfltd’?L,(R), which we can descend
to an étale p-module M € - Mod%g(R) by

def

M= Mes,, , (Og,L@ZpR))A:l‘

This defines a morphism of stacks ¢, : Y77 — &- Mod(;?2 which is representable by algebraic
spaces, proper, and of finite presentation by [CEGSb, Corollary 3.1.8(3), Proposition 3.3.5] (and
the fact that taking A-invariants is an isomorphism of groupoids). Moreover, &, is independent of
any W-presentation of 7. ]

Given (M, ppm) € P- Mod%’Q(R), we decompose M = @;e7MU) over the embeddings o; :
W(k) — O, with induced maps d)% : MU 5 MU The following proposition is a direct
computation on the definition of the AE%) 5

Proposition 2.2.3. ([LLHLM?23, Proposition 5.4.2]) Let 9 € YIOUT(R) and B an eigenbasis of
M. Let (s, ) be a small presentation of T.

Then there exists a basis f for e;(9MN) such that the matriz of gbg )(Sm) with respect to | is given by
AG) s vots = A i (r);.
Finally, when R is a complete local Noetherian O-algebra with finite residue field we have an
exact functor

Vi : @ Mod?(R) — Repa(Gk..)

establishing an anti-equivalence of categories (by the theory of fields of norms, cf. [LLHLMIS|
§2.3 and §6.1]) and therefore a functor T3; : Y™ (R) — Rep%(Gk..) defined as the composite of
e, followed by V3. (Note that the formula of loc. cit. is inaccurate and should be modified as
follows: Vi.(M) = Homp ((M ®0e8R Ogun@R)S"zl,R).) Finally, we recall that given (M, ¢r) €
®- Mod$t(R), we can define an étale (o, (’)g,K@W(k)’gOR)—module obtained as the f-fold composite
of the partial Frobenii acting on M(©) (see for instance [LLHLMIS, §2.3]).

Let Z7 be the scheme theoretic image of ¢,. This is the moduli stack of tame potentially
Barsotti-Tate representations of type 7 constructed and studied in [CEGSD, §5.1].
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A point p € Z7(F) gives rise to a mod p-representation of Gg. Then R%T, the tame potentially
Barsotti-Tate deformation ring of type 7, is a versal ring to Z7 at p (JCEGSbD|, Corollary 5.2.19]).

3. MODELS

Recall from § [2.2.2] the proper, birational morphism Y7 — Z7 which is an isomorphism on
generic fibers.

3.1. Loop groups and open charts. Given a Noetherian O-algebra R let R[v]"¢(+p) denote
the (v(v + p))-adic completion of R[v]. We denote by R[v] [m] - C R[] e@+p) [ the

with P € R[v] such that deg P < 2m.

1
v(v+p):|
. P
subring of elements the form W)™

We define:

LG(R) = GL, (R[U]/\(mm) [U(vler)D :

def

LTG(R) = GLg (R[v] wwtr)) ;
L™G(R) oo {A € LG(R) and A has coefficients in R[v] [1} }
v(v+p) <
Now we have surjections
evt : LTG — GLs
ev : LTG —» GLy

obtained by evaluation modulo v and 1/v respectively.
We define

= ) (B)
L7G(R) = () 7' ()

Note that the functors LTG and L~—G have a slightly different meaning than the correspond-
ing functors in [LLHLM23], however they coincide after p-adic completion. We define a closed
subfunctor A(n) C LG whose R-valued points consist of A € LG(R) satisfying

(1) det A € (R[v)"we+»)) ™ (v + p);

(2) A € Maty(R[v]"@+»)) and upper triangular mod v;

(3) (v+ p)A~!is upper triangular mod wv.
Note that A(n)(F) identifies with

U L'6@®)zL7G(F)

zZ;eAdm(n)
v 0 10 0 1Y,. .
where Adm(n) = {(0 1) , <O v> , (v 0)} is the n-admissible set.
Given a type 7 with small presentation (s, u) € W x X*(T') we define
(3.1.1) LG™(R) = [[ At (R)sjv" ¢ LGT(R)

jeTJ
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We also define

X Y
Lde’(UJ’_p)’UM(R) d:ef {(AJ) c (LG(R))J,SUCh that - det AJ S (R[U]/\(U(U-H?))) (1) —|—p)v<#37 ) }

Aj € Matg(R[v] v@+p))
Lemma 3.1.2. (1) LT G is a normal subgroup of both of LG and L*G, and
[*G = LFC x GLy
[YG=LiGx B
(2) The multiplication maps L{G x L~G — LG, LYG x L==G — LG are formally étale

monomorphisms after p-adic completion.

(3) A(n)"» has an affine open cover A(zZ)"r where Z runs over Adm(n) (cf. Table[])).

Proof. Ttem is clear.

Item for the map LTG x L™~G — LG follows from [LLHLM23, Lemmas 3.2.2, 3.2.6] (using
that R[v]"("*P) = R[v] on rings where p is nilpotent), which implies the statement for L} Gx L™G —
LG.

We prove item (3). By the previous item, A"7(Z2) CILtG. LG zN A =L*TG-(LG~"zZnN
A(n)”?) is an open subfunctor (since LTG\.A(n) is finite type, cf. the proof of [LLHLM23, Corollary
3.2.10]). Consideration on F-points shows that A"?(2) for Z € Adm(n) form an open cover.

Finally, if R is an O-algebra where p is nilpotent, L™~ G(R)z consists of matrices A of the form

(1+ia Ip N\
A_< c 1+11)d>z

for a,b,c,d, € R [ﬂ, and imposing the conditions , on it gives the explicit description in
table [ O

TABLE 1. The affine cover of LTG\ A(n)"r.

z ty woty twon

SRORTES

XY +p=0

Are(3) ((v+p) 2)

vr

3.2. Loop groups and moduli of Breuil-Kisin modules. Y has the following description
as a quotient stack (cf. [LLHLM23, 5.2.1]):

Lemma 3.2.1. Let 7 be a tame inertial type with small presentation (s,pu) € W x X*(T). Then

any M € YT has an eigenbasis Zariski locally on Y™™ and the assignment I — (Aggt)’g)jejﬁ)/* (1)

defines an isomorphism of p-adic formal algebraic stacks

Ap
(3.2.2) ynT [LGT/ I1 L+g]
sDjeJ
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and hence a morphism
D
(3.2.3) ynT [Lde vip)v / I1 L*G}
JEJ
We have a morphism

Ap 3
{Lde (vtp)or / 11 L*G] — ®-Mod{¥?
jej

sending the class of 4 &' (AU));c 7 to the étale p-module ¢(A) which is free of rank 2 and such that
gb(J 1 1(A)U=1) = 1 (A)Y) has matrix AY) in the standard basis.

Proposition 3.2.4. Assume p — 2 > max;(uj,a"). Let T be a tame inertial type with a small
presentation (s,u) € W x X*(T). We have a commutative diagram of p-adic formal algebraic
stacks over SpfO:

P
(3.2.5) ynr .23 [Lde’(”“’)”” / I1 L+G]
]GJ

Er

where the hooked diagonal arrow is a closed immersion. In particular, the dotted arrow exists and
makes the diagram commute.

Proof. Denote by Y47 the groupoid in the upper right vertex of the diagram .

The external triangle is commutative by Proposition [2.2.3] and Lemma The factorization
of €; is by definition of Z7.

Hence, the existence of the dotted arrow will follow once we prove that the diagonal hooked
arrow is a closed immersion. Since ¢ is proper (as LG/L*G is ind-proper and YP47 is a finite type
p-adic formal algebraic stack), it suffices to show that it is a monomorphism.

We prove that for any Noetherian O /w®-algebra R, and any pair A, Ay € YP47(R), the mor-
phism ¢ induces a bijection

Homyba,r (A1, A2) = Home. nod (1(A1), t(A2)).

The induced map is clearly injective, and we thus prove its surjectivity. Assume that there exists
X = (Xj)7 € LG(R)7 such that

-1
(3.2.6) AP = x;4Y )( (Xj- 1))
or, equivalently,
(3.2.7) (p(X;-1) = (AY) " x;AY
forall j € J.

We show by induction on a that (3.2.7)) forces X; € LTG(R) for all j € J.
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If a = 1 then p = 0 in R and, noting that det((A( )) )det(A( )) € R* by assumption, we deduce
from (B.2.7) that ¢/ (det(X;)) = u; det(X;) for a unit u; € R*. This shows that det(X;) € R*.
We now show that X; € Matao(R[v]). Let x; € Z be the pole order of X; at v, i.e. H] €Zis

minimal such that v/ X; € Mata(R[v]). As det(A( )) e R*v10”) we deduce from (3.2.7) that

L+ K + (uj, ") > prjq

which forces k; < maxi{w;’ﬂH} < 2{:“_31) < 1. We conclude that X; € LTG(R) for all j € J

when a = 1.
Assume the assertion up to a — 1. We can thus write X; = X (1 +¢;) where X; € LTG(R), ¢ €

Lie LG((w® 1)), for all j € J. Replacing A( 2 by (X i)~ 1A(j)< (X, 1)), we can assume that (3.2.6)

is true with X; =1+ ¢;. In particular A(j) (1+ (5j)A§j) for some §; € Lie LG((w®"1)). We now

prove that actually €; € Lie LTG((w®™1)). Then (3.2.6) becomes 1 = (1 +&;)(1 + d;) Ad(Agj))(l -
¢(ej—1)) so that

(3.2.8) (AP 1, AV 1 (AD)=14D) — 40y = (1),
Let x; be the pole order of ¢;. Observe that
° v“j+<“j’av>(v +p) <(A(j))715j‘4(j)) € Maty(R[v] v+n)
o 0520+ p) (AP) (A4S - AY))) € Maty(R[v] "),
Since (v 4 p)e; = vej we deduce that
prj_1 < max{r; + {uj, ") + 1, (uj, ") + 1}
H} < p+3 < 1. So that indeed ¢; € Lie LT G((w® ). O

This forces £; < max;{ “ i

-1)
By taking fiber product, we thus obtain a commutative diagram:
- - /\p
U , T ~ bd,(v+ iz +
Ymnw —— ZT —— |LG (v+p)v /@H]‘eleG

0

[1; GL: O [1; GLz ln QLo

(3.2.9)

Yynr — ZT Ldev(erp)v“/ [LesLTG
¥ _

N5

66,2
®-Mody

where the hooked arrows are closed immersions, the arrows decorated with [ [7 GLg are [[ ; GLo-
torsors, and the central squares are cartesian, which defines the stacks ynT ZT

3.3. Models for moduli of Breuil-Kisin modules. We now define Gr] — Grlfd’(wp)v” as the
fpqe quotients [, 7 LT G\LGT < [L.o» LTG\LG """ We define Y™°4:7 as the quotient
pqc q jeq 1 jeg 11 4

Ap
[Gr{ / H B—sh.cnj}
J
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by the shifted conjugation action (b;) - (¢;) = (b;g;b; - ')). Define also ymodiiT a5 the fiber product

A
ymodnr < Grk1>d,(v+p)vu > P

] JGLQJ

Np
ywodnt [Grk{d (vtp)v H GLg-sh. CDJ:|
J

Proposition 3.3.1. The p-adic formal scheme ymodn, identifies with the (closed formal) sub-
/\P

scheme of (HJ(Grl X (B\GLsg, o))) consisting of pairs (X, g) such that (ngjgj:ll)jeJ € Gr].

In particular, (X;)jes € Grbd (otp)or

Proof. 1t follows from the definition that ¥ ™47 is the quotient of the space of triples (X i), (Y5),(95)) €
(ujro)
Gr}fd’(erp)U " x Gr] ><GL2‘7 satisfying Y; = ¢;X;(gj—1)"! by the action of B given by

(b5) - ((X;), (Y), (97)) = ((X;), (b;Y5b;1), (bjg))-
This finishes the proof because the (class of the) triple ((X;), (Y}), (¢9;)) is uniquely determined by
(the class of) ((X;), (g5))- O
We define 2ZmodT a5 the scheme theoretic i image of projection map pr : ymodnT _y Grbd (v tp)r
sending (X, g) to X. This gives a factorization

mo

(332) Ymodr]r 7T—> ZmodT

!

bd ,(v+p)vH

For any z € EV by Lemma we have a formally étale monomorphism
(3.3.3) Grll)d’(v"'p)”“(g) def [(L*(;)Ja N Grllsvd,(v+p)v < Gt bd, (v+p)vH

after p-adic completion, which is an open immersion because the jarget is of finite type. Define
U(%) to be the p-adic completion of the LHS of (3.3.3). Note that U(z) = [[; U(%;) has an obvious
product structure.

Lemma 3.3.4. {(7(5)}2€~ is a Zariski open covering for the p-adic completion of Grbd (wtp)os,

Proof. Since Gr}fd’(wp " is finite type the U (Z) are actually Zariski open formal subschemes of its
p-adic completion. Looking at F-points shows that they cover. O

In particular, by diagram (3.3.2)), U(Z) induce open substacks Y mod.7(z) C ymodn.  zmodr(3) C
gmod,’r‘

Lemma 3.3.5. The Y47 (3) (2m0d7 (%)) for Z € Adm(n)7 s~ vk form a Zariski open cover of
?mod,nﬂ— (T@Sp. ZNmod,n,T)'

Proof. This follows from Lemma [3.1.2)(3). O
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Lemma 3.3.6. Y0417 s qp O-flat local complete intersection of dimension 5f over O.

Proof. Tt suffices to show that Y™°477 is a O-flat local complete intersection of dimension f over
O. Since Gr] is a B -torsor over Y47 the result follows from Table 0

Lemma 3.3.7. Assume that p —2 — (uj, ") > N for all j € J. We have an isomorphism

Y17 90 OfpY ——— | LGP TT LG @0 0/p™
JjeJ

~ lg

f/mod,n,T R0 O/pN Grli)d,(v-i-p)v/‘ ®(9(9/}7N

Proof. The fact that the left vertical arrow is an isomorphism follows from the act that the
right vertical arrow is an isomorphism. The latter fact can be proven similar to the proof of
[LLALM23|, Lemma 5.2.2]: the result would follow from the fact that for any ©O/p"-algebra R and
A € LGPd(wH+P)v" (R) the map

(Xj) = (X Ad(A)(X-1))
is an automorphism of (L] G(R))7. In turn this follows from the fact that
WP

p fl
v AJ < ('U +p)v<ﬂjva>

Maty(R[v]) € vP~ N~ Maty (R[v]) € v*Maty(R[v]),

where we use that mR[[U]] C —wR[v].

O

As a consequence of Lemma and diagram U (%) also induces open substacks Y7 (%),
Z7(Z). The following Theorem is the main result of the paper.

Theorem 3.3.8. Fiz a small presentation (s, p) of 7. Assume either p > 8f + 3 + max; (15, o)
orp>T7and K =Qp,. Then we have an isomoprhism

Zmod () = 27(3).

Remark 3.3.9. (1) Since (s, p) is small, max;{p;, ") < %. In particular the hypothesis on p

is satisfied for all 7 when p > 16f + 7.

(2) Theorem is proven under the first hypothesis in section The proof under the
improved bound p > 7 for Q, is completed in section cf. Remark for the source
of the improvements.

The proof of Theorem [3.3.8 will be performed in two steps:
(1) We first show there is a isomorphism Z7(2) @0 O/pN 5 Zm047(2) @ O /p" for sufficiently
large N. _
(2) We bound the power of p that belongs to the ideal of singularity of Z™°%77 gver O. This
allows us to lift the isomorphism mod p¥ in the above step to an isomorphism over O.
In the remainder of this section we will carry out the first step of the above strategy modulo some

geometric facts about ymodn,r _y ZmodT which will established in the later sections. The second
step of the strategy is carried out in Section [4.5
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3.3.1. Modeling mod p". Set N d:efp—Q—maxj (pj, ). Define ZV;})X as the scheme theoretic image

of the map
Y ®0 O/pN — [Lde’(”'H’)”“/ H LTG] ®o O/pN = Grll)d’(wp)vu ®00/p".
Yjeg
We have the commutative diagram

ynT R0 (’)/pN ~Lemma 337 , ymodn,r R0 O/pN
lﬂ' \ lﬂ.mod
(3.3.10) 27 00 O/p b Zapx 00 , Zmodr g 0 /pN
© N 7 (@] p

(3-2.9) \[ J}

[LGE @/ TT, LEG] @0 O/pN = Gy gp0/pN

Proposition 3.3.11. The morphisms Q, OO have a factorization

Q@

27— R0 O/pN )gjs\,fpxc vaod,T R0 O/pN

J J

27' ®0 O/pN—lc 5 >§f\u}px ®0 O/pN_l o )gmodﬂ- ®0 O/pN—l

(v

In particular, the natural morphisms O, QQ induce an isomorphism
27' ®0 O/pN—l adN gmod,fr ®0 O/pN_l.

The proof of Proposition |3.3.11| crucially relies on the following result, whose proof will be
postponed until section [4.5

Proposition 3.3.12. We have:
(3.3.13) p coker <Oz~mod»f — 7rfkn°d ((’)?md’w)) =0.

Proposition 3.3.14. For ¢ >0
Reﬂ-inOdOf/modmﬂ- - O

oM

Proof of Proposition|3.3.11. The statement is local on Gr?d’(wp) ®00/p", so it suffices to prove
it after intersecting everything with U(Z). Write Z7(2) = Spf R, Z2™m°47(2) = Spf R™°4, and

Zmed(2) = Spf R, Also let S = m, (Of/w(a) and §mod = mpned (Of/mod,n,r(a> and Sy =

gmod <(’))~,mod,w®/pN). Note that S and S™°9 are p-torsion free and, S/p"¥ — Sy = Sm°d/pN by
Proposition [3.3.14

Since Zm°47(3) is the scheme theoretic image of Y™°dm7 — [J(3) we have R™ed c gmod
Similarly R C S. Finally equation shows that S™°d/Rmod ig p-torsion. We thus have the

following commutative diagram

S — S/pN — Sy =— Smod/pN “— Smod

(3.3.15) ,{ T ] T Wmod]

R — R/pN 55 R 45 R™pN «— Rmod
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where the hooked arrow are injective. Let C, C™°Yd denote the cokernel of the maps m, 7™°d
respectively. As S, S™°4 are both p-flat, we deduce from ([3.3.15) the following commutative
diagram with exact rows (this defines Cy):

ker(QQ)
0 — Cmod[ ] N Rmod/pN mmod Smod/p s Cmod/p 50
| o] |
(3.3.16) 0 > 0 » RV < > SN Cn 0

[ J J

0 — Cp] — R/pN —=—= 8/ —— C/pY — 0
N
ker(Q)

Proposition [3.3.12] imply that pC™°d = 0 and hence C™°4[p"V] = C™°4[p]. Thus ker(VV) is
annihilated by p. We conclude that pker(QQ) C p/¥ R™°d and, as R™°? is p-flat, that ker(QQ) C
pN~IR™d This implies the factorization

N OO

RmOd / RapX

J& Lk 3

mod /. N—1
R™/p

and hence an isomorphism R™°d /pN—1 = RY™/ pN L
Now pCx = 0 so p(C/p"™) = 0. Hence pC C p™VC C p?C and as C is p-adically separated we
learn that pC = 0. We repeat the argument in the previous paragraph to obtain the factorization

l w3

R/prl

and hence an isomorphism R/p™N~1 2 R /pN—1. O

4. GEOMETRY OF LOCAL MODELS

4.1. Equations for ymodnT et 7 be a tame inertial type with small presentation (s, u). Every-
thing we do depends on this choice but we usually suppress this dependence from the notation. Let
w € Adm"(n)7 and set 7 = ws~'v*. We consider the morphism GLyo — B\GLyo — P}
sending (ﬁ: g to [y : d] € IP’}Q. Given a Noetherian O-algebra R where p is nilpotent, by
Proposition and the definition of A(1), we see that Y™°4%7(3)(R) the groupoid of tuples
(L, ki, Xj)jeg € (P! x GLg x L7 G)7 subject to the following conditions that for some (equiva-
lently, any) lift I; € GLa(R) of I;:
(1) X;jw; Ad (s;'v) (1)) € Mata(R[v])
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(2) det (Xjfljj) € R* (’U +p)
(3) we have [jk; - (X wj Ad( U“J)(fl;-__ll)> ly=0 = [0 : 1].
Note that Ad( v“ﬂ)(B (R)) € B(R[v]) since p is dominant, which justifies the independence of

the choice of the lift lj,l € GLy(R) in items (1), (2),(3) above.
In item we have used the following

Convention 4.1.1. Given <:‘ f) € Maty(R) and z,y, z,t € R, the equality

[x:m(: §>=[z:t1

is interpreted as t(ax + yy) — z(Bx + dy) = 0.
Equivalently, this can be written in matriz form

e (D))<

We will always adopt the above convention in the tables below, note that this allows us to
interpret equations as [z : y] = [z : t] even if neither side are actual elements of P*. We will also

consider the following auxiliary space Ba(Z) of tuples (I, r;, X;,7j)jes € (P* x GLa x L7 G x P1)7
satisfiyng the following variant of the conditions above:

(1) Xjw; Ad (s "0 ) (7 1) € Mata(R[v])

(2) det (X; w]) € R*(v+p)

(3) we have Ik, - (X @; Ad (55 0k (77 )) oo = [0: 1]

Clearly, we have a decomposition Ba(%} =11 jeg Baj(zj) where the j-th factor classify the quadru-

ples (j, kj, Xj,7;). Furthermore ymodinT g exactly the subspace of BNa(E) where we impose that
ry = ljfl for all j

Lemma 4.1.2. The f-tuples (Xj,rj)jeq € (L7 G x Pl) (R) satisfymg condition are precisely
those given in Table@ according to wj € Adm" (n;), s; € W and kj = (uj, V).

TABLE 2. Description of X; € L7 G

[@s) [, (12)), (woty, (12)), (i) [ (i), (woty,id), iy, (12)) ]
1+% B 1+4 0
1 _ ) v —1 . v
s]w X'UJ]] _<U€j+vl§/1 1_1_11])) Sjw X’ij _<g+v,$;_1 1
A,B,C,C",D € R, A,C,C"eR
k=0 A=C=C"=0 =0
k=1 [A:B]=[C:D]=r;,C"=0 [C":1]=r;
k> 1 [A:B]=[C:D[=[C":1] =r, [C": 1] =7

Proof. Let ((Z Z) € GLy(R) so that r; = [c: d]. Also write sjw]lejsz]fl _ <1 4,; o , f_ 5) SO

that «, 3,7,0 € LR[2]. We abbreviate k = k;.
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Letting w;t,, & w; condition is equivalent to

w (R ) (D) < (R A

where € = 0 (resp. € = 1) if (wj, sj) is as in the first (resp. second) column of Table [2 From this
we learn that v =3, v!175(1 + §), (1 + a)v**¢, vo¥*¢ € R[v]. The first two conditions show that
1+a p
146
We now show that «,~ also have the form specified in the table.

the second column of ) has the form specified in the table.

Case € = 0. Looking at the second column of (4.1.3) we get

(4.1.4) " (1 + a)d — vBe € v R[v]
(4.1.5) viyd — v(1 4 0)c € v*R[v]

Note that these two equations imply that ad and ~vd have the form specified in the table.
Since we already know (1 + a)v*, yv* € R[v] we only have to consider the case k > 1.
But then equation shows that ¢ € Rd hence d € R* because (c,d) = R. But this
implies « and ~y are of the desired form.
Case € = 1. Looking at the second column of we get (using that 8 = § = 0)

(4.1.6) (1 + a)d € v*R[v]
(4.1.7) V" lyd — ¢ € v*R[v].

Note that these two equations imply that ad and vd have the form specified in the table.

Since we already know (1 + a)vF*! ~yo*+1 € R[v] we only have to consider the case
k > 0. But then equation shows that ¢ = 0 hence d € R*. Again this implies « and
~ are of the desired form.

We have now shown that «, 3,, § have the desired form. Plugging this information into equations
(4.1.4), (4.1.5),(4.1.6),(4.1.7) immediately yields the remaining equations in the table. O

Lemma 4.1.8. For each j the spaces Ezzj (Zj) have explicit presentations given by Table@ in terms
of the corresponding spaces in Table[3.
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TABLE 3. Presentations of gzj (Z)-
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wj

{13.07) fn woy tus(n)
s
Variables: A, B,C,C", D Variables: A, B,C,C’, D Variables: A,C,C’
A=DBC',C=pC',D=p A=BC', C=pC', D=p A=p
-1 (12)
rj=[C":1] rj=[C":1] rj=[C":1]
likj = [B: —p] likj =[-p: B] Lir; =[0:1]
Variables: A,C,C" Variables: A,C,C" Variables: A, B,C,C’, D
" A=p A=p A=BC', C=pC', D=p
rj= 1 rj= c 1 rj= 1]
likj =[C: —p] likj = [-p: C] ljkj =[0:1]

Variables: A, B,C,C",D

Variables: A, B,C,C’, D

Variables: A, C,C’

A=p-D A=p-D A=
., <12) P P p
rj=[C:D]=[p—D:B] rj=[C:Dl=[p-D:B] ry=[C":1]
likj=[D—p:C]=[-B:D] likj=[C:D—p]=[-D:B| ljk; =[0:1]
Variables: A,C,C’ Variables: A,C,C’ Variables: A, B,C,C’, D
. A=p A=p A=p-D
id
rj=[C":1] rj=[C":1] rj=[C:D]=[p—D:B]
lik; = [C: —p] likj = [-p: C] likj =r;
=0 id

The meaning of the variables A, B,C,C’, D is in terms of the X; € L] G extracted
from the corresponding entries in Table

Proof. The equations involving A, B,C,C’, D are exactly obtained from Table [2| by imposing the

condition det(X}) € RX@. The formula for r; also follows from Table
Thus the only thing we need to verify is the equation involving /;. This is immediate in all cases

except when (wj, (uj,a"), s;) = (tuwo(n)> 1,1d). In this case let <C, Z ) € GL2(R) (resp. (Z d> IS

a b

b

GL2(R)) be alift of Ijx; (resp. r;). Thus condition (3)) (together with condition (1)) is the condition

/ /
that the (2,1)-entry of <a b> < d

d d

aB — Ab
—c aD—-Cb

> is zero, which exactly means that l;x; = r;. 0O
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Remark 4.1.9. So far we only considered EL]-(Z]'), U (Zj) as p-adic formal schemes. However Table
gives obvious decompletions and we will work with the scheme version of these spaces in what
follows.

4.2. Cohomological properties of ymodnt _y Gr?d’(vﬂg )" Recall that diagram (3.3.2) gives a
factorization

(4.2.1) ymodn(z) 7% Fmodr 1, 7(3)

In this section we will use the explicit presentations from the previous section to study Rr™°40

Y mod,n,T
and hence prove Propositions |3.3.12

Since 2 is a closed immersion, we have ¢, o RW*mOd(Qf,mod%T = Rpr,Oymoan.-- In particular
Proposition [3.3.12] is equivalent to

p coker (O (Gr?d’(wp)vu) — (pr)« ((’) (?mOd’"’T))) =0

and Proposition is equivalent to Rpr, Oy oq,,,» concentrating in degree 0. In other words we

can replace 7™°% by pr in the statements of interest. Furthermore, these statements are local on

the target so it suffices to analyze the situation after intersecting with U(Z) for Z € Adm" (n)s ™!
To analyze pr we factorize

oM,

yreinr(@c—s Ba() = [ BayE) o 00 = [[06)

J
where pr; : vaa](z]) — ﬁ(}?j) is the map
(lj, Rj,Xj,Tj) — Hij.

Observe that we have an isomorphism EZL](%) = GLy x Ba;(%Z;) where Ba;(z;) = .EZLj (Zj) xaL, {1},
given by (l;, k5, X;,75) — (K, (K5, X;,7;)). Let p; (resp. ¢;) be the obvious projections from
Baj(zj) € P! x U(z;) x P! to the left (resp. right) P! factor. We continue to denote pr; the

projection from Ba;(Z;) to the middle factor (this is compatible with the projection from Bvaj (%5))-
The following is immediate from Table

Lemma 4.2.2. Up to isomorphism, there are the following possibilities for Ba;(Z;)

(1) Baj(z;) = A% with pj,q; are constant maps from A? to P and pr; is the identity. This
covers the cases (wj, s, k;) = (two(n)>1d, > 1), (fuy (), (12), > 1).

(2) Baj(%z;) = BlynA' x Al where Bl g)A' = {([x : y],C) | Cx = py} C P' x Al is the
blowup of A}O at the origin in its special fiber. Then p; is the natural projection map from
Bl(p’O)Al — P! and gj s the natural inclusion Al < P! given by C' — [C" : 1], and pr; is
the natural map to A* extracting C,C". This covers (W, s;,kj) = (t, (12),> 1), (t,,id, >
1), ('wgtn, (12), > 1), (wotn, id, > 1) .

(3) Ba;(z;) C Pt x Al x P! consists of ([x : y],C, [z’ : y']) such that pxy’ — yz’ = 0. Then
pj,qj are the projections to the left, resp. right P! factor, and pr; is the natural map to Al

extracting C. This covers the cases when (p;,a) = 0.

(4) Ba;(z;) C P! x M x P* consists of ([z : y], (é g) 2" 2 y']) such that

A B .
° <C D> has determinant 0 and trace p;
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Then pj, q; are the projections to the left, resp. right P! factor, and pr; is the map extracting
A,B,C,D. This covers (wj,sj, kj) = (t,,(12),1), (woty, (12),1).

(5) It is the same as the previous case, except that instead of the third item we impose [z : y] =
[2' : y']. This correspond to the case (W, sj,kj) = (twyam),id, 1).

Lemma 4.2.3. (1) pr; is proper and when (u;, av) >0, pr; becomes a closed immersion after
nverting p;
(2) Baj(z;) is a O-flat local complete intersection of relative dimension 2 over O. The relative
dualizing sheaf of Ba;(Z;)/O is q;Op1(—1) ® pjOp1 (—1).
(3) Oﬁ(zj) = pr;,O0Ba,(z;) is surjective.
The same assertions hold for Eva](é}) and Ba(3), but with relative dimensions 6 and 6.

Proof. The first assertion is clear from Table |3{ once we observe that (I, 7;) can be uniquely solved
for when p is invertible and k; > 0.

For the second assertion, we inspect the five cases in Lemma[4.2.2 The result is obvious for case
and follows from Lemma below for case .

For case (3)), the result follows from the fact that Ba;(Z;) < P! x A® x P! is a regular immersion
cut out by an equation of bidegree (1,1), which has normal bundle ¢;Op1 (1) ® p;Op:1 (1), and thus
relative dualizing sheaf ¢;Op1 (1) ® p;Op1 (1) ® ¢; Op1 (—2) ® p;Op1 (—2) = ¢jOp1 (—1) @ p;Op1 (—1).

We turn to case (). Set t = z/y, s = 2//y’. The Ba;(Z;) has an open cover given by
Spec O[A, B,C, D, s,t]/(A— stD,B —tD,C — sD,p— D — stD).

Spec O[A, B,C, D, s 1 #]/(A—tC,B —ts~'C,D — s71C,p — s71C — tO).

Spec O[AB,C, D, s,t7']/(A—sB,C —st™'B,D —tB,p—t'B — sB).

Spec O[A, B,C, D,s,t7'/(B—s'A,C —t7'A,D—s 't 1A, p— A—s"1t71A).

Thus we obtain locally a regular immersion from Ba;(Z;) to A%, A simple computation shows
that the determinant of the normal bundle of the regular immersion Ba;(Z;) < P! x A* x P! is
q;Op1 (1) ® p;Op1 (1), hence again the relative dualizing sheaf is ¢; Op1(—1) ® p;Op1 (—1).

We finally deal with case . Then Ba;(Z;) < P! x At is a regular immersion cut out by the
equations

A+D=p, AD-BC =0, (z y) (_DC _AB> =0

A similar computation as in the previous case yields the desired result. B
The third assertion follows from the fact that pr; factors through the subscheme Z C U(z;) such
that

e 7 is normal;

® pr;,Opy;z,) = Oz after inverting p.
The existence of such a subscheme Z follows immediately from inspecting the cases in Lemma [4.2.2
in fact Z = A? with coordinate C,C" or Z = Spec O[B,C, D]/((p — D)D — BC) (if (uj, o) > 0)
or Z = A! with coordinate C if (uj,a") = 0. O

We will make use of the following elementary computation.
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Lemma 4.2.4. Let Bl A' = {([z : y],t) | zp = ty} C P! x A be the blowup of A}O at the ideal
(0,p). Let O(—k) be the pull back of Op1(—k) by the projection to P'. Then
(1) For k >0

el if n=0;
H”(Bl(ovp)Al, O(—k)) = { annihilated by p*~! ifn = 1;
0 ifn> 1.

(2) The relative dualizing sheaf of Bl(()’p)Al/(’) is O(—1).

Proof. (1) RT(Bl A, O(=k)) is computed by the Cech complex:
t e (P oy P p\*!
oft, L (7) oit, 21 = o, (7)
oo (2) o) ol (5) )
where all the terms are viewed as O[t]-submodules of E[t*!] and the differential is given by
(f,9) — f — g. The result now follows from an explicit computation.

(2) Since Bl(oyp)Al < P! x Al is a regular immersion cut out by a degree 1 equation in the P!
coordinates, the normal bundle is O(1), hence the dualizing complex is O(—2) ® O(1) =
O(-1).

([l

The following Lemma will be the key to our analysis:

Lemma 4.2.5. Let j € J and let €;,6; € {0,1}.
(1) pr;. <q;<op1 (“1) B0ps, p;<op1<—1>><%) is p-torsion free.

(2) The complex Rprj, (q}‘((’)ln(—l))gj ®Opaz;) p;(OPl(—l))5j> is concentrated in degree O if
(€5,05) # (1,1), and is concentrated in degrees 0 and 1 if (g;,6;) = (1,1).
(3) If (g5,0;) = (1,1) then Rlprj* (q;(OPI(—]_))aj ®Opa(z)) pj(@;n(—l))‘sj) is

O-torsion free  if (u;,av) = 0;
isomorphic to T if (uj, ") =1 and (s5,w;) = (id, tyemy));
0 otherwise.

Proof. The first item is obvious because Ba;(z;) is flat over O. We now explain the cohomological
computations.
For the remainder of the proof we set £ = €j,0 o 0j and F & 77 (Op1(—1))*®04,:P; (Op1 (—1))°.
We work with the five cases in Lemma [1.2.2]
The computation is trivial for case (1), and follows from Lemma for case .
We now turn to case (). We have an open cover Uy = {y # 0}, Uy = {z # 0}. Then setting
t = x/y we see that Uj is the space of (t,C,[z" : y]) C A% x P! such that 2/(p — Ct) — Cy’ = 0.
Hence U, is isomorphic to Bl A" x A' and Fly, is the pull-back of O(—1)¢ from the obvious
map to P!. Thus
e RI'(Uh,F) = O|C,t]p%;
e Similarly RI'(Us, F) = O[B,t !]p°
e RI'(UNUy, F) = 0O[C,t,t p°
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are all concentrated in degree zero. Thus the Cech cohomology spectral sequence computing
RT'(Baj;(Z;), F) degenerates at Ey and RI'(Ba;(z;),F) is computed by

(4.2.6) Olt,Cl @ t0[t™!, B] % O, ]

where the differential are the obvious inclusion induced by the relation B = t(p —tC). In turn, this
complex is quasi isomorphic to the complex

(4.2.7) 901t B] % O[t*!, C]/O[t, C] = @1t FO[C).
Since 6 € {0,1}, t=% € Im(d) for k > 1. Now for £ >0 and k >0
2k—¢ k kck
(4.2.8) T (t(p — tC))" = (—1) e + - € Im(d)
where ... is a O-linear combination of % where 0 < n < k. Hence % € Im(d) by induction on k.

We now deal with case . Similar to the previous case, we have an open cover Uy = {y # 0},
Uy ={z # 0} and set t = y/x.
We have, after choosing a trivialization of F on U

B O[t, B, C, D] N
F(t) = (D—-tC,p— D — Bt) O, €]
O[t™1,B,C, D]

F(Up) = =49 > (=)o, B]

(p—D)—Bt~1,C — Dt 1)
Thus RT(Ba,(Z;),F) is computed by the Cech complex
(4.2.9) Ot,Cl @t =0, B] % Oft*, C]

where the differential are the obvious inclusion induced by the relation B = ¢(p — tC'). As before
this complex is quasi isomorphic to

t==00[t1, B] % O[t*, C)/O[t, C] = @rs1t *O[C].
Compared to case the only new computation we have to make is when (¢,6) = (1,1). In this

case, we have t =% € Tm(d) for k > 2 but only pt~! € Im(d) (and ¢! ¢ Im(d)). Equation for
k,¢ > 1 then shows that (i—; € Im(d) for all k,¢ > 1. This means that the H' of the Cech complex
is isomorphic to F.

Finally we deal with case (3)). Consider the open cover Uy = {z # 0}, Uy = {y # 0}. Write ¢t =
y/xz, s =a'[y'. Then Uy = A% = Spec (Os,C, ¢t 1] /(s—pt~')), while U = Bl ,A' x A, where the
coordinate on the blownup A! is t. Now F|y, =& O(—1)¢ so RT'(Uy, F) = p°O[C, t] is concentrated
in degree 0. On the other hand, Us is affine so RT'\(Uy, F) = s°t°0[s, C,t~']/(s — pt~'). Moreover
RT(Uy NUy, F) = p°O[s,C, t*]/(s — pt~!). Thus the Cech complex computing RT'(Ba,(Z;), F) is
given by

pFO[C, 1] @ st °O[s,C,t 7Y/ (s — pt 1) = pfO[s, O, 5] /(s — pt1).
This is quasi-isomorphic to the complex
t—=00[C, 7 = 0[c, tTY/0|C, 1]

with differential induced by the natural inclusion. This has no H! if (¢,8) # (1,1), and has
H!' = O[C] if (¢,8) = (1,1). We are thus done with the cohomological computations. This finishes
the proof. ]
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Corollary 4.2.10. Consider the commutative diagram:

ymod,n, ) A /le(z’/)

pr 3
pr ‘ B

Then Riprg*(’)éva(a =0ifi>0 and (’)[7(2) —» prg*(’)ga(z).
In particular, by letting Z(Z) be the ideal sheaf defining the closed immersion A
e coker ((’)(7(5) — pr*(’)};mod,(mﬂ(a) = R'prz:Z(2)
° Ripr*017t,lod7(7]’T>(a = RinrE xL(Z) fori>1.

Proof. The first part follows from the fact that Rprz«Og

concentrated in degree 0 by Lemma m (with ¢; = §; =0).
For the second part, we have the exact triangle

3 = ﬁjRprj*gzj(Ej) and hence is

Rpré *I(a — Rpré *OE:I(E') — Rpr*(,)?mod,(n,f)(g’) —
which immediately gives the second item. For the first item, observe that the exact triangle implies
coker (prg «Opuz) = PT*O?mod,(n,f)(g)> = R'pri«Z(2) but also
coker (pré *Oéva@ — pr*(’)?mod,(nﬁ)(a) = coker (05(5) — pr*09m0d7(n,7)®)

because Oﬁ(z) - pry *OIBTL(Z)‘ O
Lemma 4.2.11. Under the composite

~ A —~ ~ ~

ymednT(2) S Ba(Z) = [ [ Ba;(3) = [ [ GLa x Ba;(3))

J J

?mOd’"’T(E) is a complete intersection defined by the zero locus of maps s; : L; ) q; (Op1(—1)) ®
p;_1(Op(—1)) = Ol_lj GLoxBa,(3;)- In particular, the ideal sheaf I(z) defining A identifies with

T<0 (KOS. ( @ Ej, (5]))>
JjET
Proof. Tt follows from the definitions that we have a diagram

ymednr (2 T[ Bay(5;) —— [] GL2 x Ba;(%)
j J

O ‘/ iprjqu{

[]GL: x Ple—2— J] GLy x P! x P! —=— ] GL2 x P! x P!
J J J
where the bottom left map is (k;,1;); — (k;,1,lj—1); and the bottom right map is (k;,1;,7;) —

(K, bk, ms).
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The bottom right isomorphism only commutes with projection to the right P! factor, but not
to the left P! factor. Nevertheless, the GLo-equivariance of Opi(—1) shows that its pullback via
projection to the j-th left (respectively, j-th right) P! are compatible with the bottom isomorphism.

It follows that EN/mOd’”’T(“) is the zero common locus of f maps s; : £; — OBE(E)‘ By Lemma(3.3.6

and Lemma ymodnT(3) Ba(“) has codimension f and Ba(“) is local complete intersection.
This implies that ymodn.7(Z) is the global complete intersection in Ba(%) cut out by the s;. O

We compute RI'(Z(z)) using the resolution from Lemma [4.2.11] and the Kiinneth formula. Let
¢ € {1,...,f} and consider f-tuples € = (gj)jec7,d = (0;)jes € {0,1}7 satisfying £; = §;41 and
#{j € J,ej =1} = L. Then by Lemma [4.2.11| we have

f\(@cj) D ® (@m0 op0m-1))

jeTJ ed j€J,05;

where the direct sum runs over f-tuples €,§ as above. As the EZL(EJ») are Tor-independent over O,
we deduce from the Kiinneth formula [Sta22, Tag OFLQ)] that

wr( ® (6360m (-1 @ 55(0m (-1)% ) )
<50,

=~ & Rr(q;(opl(— ) ®og p;*(Opl(—l))‘s-’)

JjET,O

From Lemma we obtain the following corollaries:
Corollary 4.2.12. e For0<{¢< f, Rpr, (/\E <@j€j L'j)> =0.
e pR/pr, <®jej Ej)> =0; and

° prr*<®gej )) # 0 if and only if for each j € J, either (uj, ") =0 or (uj,a") =1
and (sj,w;) = (id,two(n)).

Proof. Since the image of pr is affine, it suffices to check the statements after taking global sections,
so we can replace all occurences of R/pr, with R/T.
Given our above discussion, it suffices to analyze

i ® R (550 (1) @0y, 7 (Om (1) ) )

jeJ,o

for f-tuples € = (gj)je7,6 = (§;)jes € {0,1}7 satisfying e; = §;41 and #{j € J,e; = 1} = £.
Note that these conditions imply that there are at most £ indices j such that (g;,d;) = (1,1), with
strict inequality if £ < f. Thus the amplitude bound of Lemma shows the above cohomology
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group vanishes for £ < f, while

12

W ® Ar(5(0m (1) co,, 1On(-1)"))

jeJ,o

~ ® R1F<qj((9p1(—l)) ®O§Z(Zj)p§(opl(—1))>

JjeJ,o
The result now follows from Lemma [1.2.5] O

We note that the proof of the above corollary also shows

Corollary 4.2.13. For any ¢ € {0,...,f} and k > ¢
l
k * _
R"pr, (/\pr%<@ﬁj>> =0.
jeJ
Proof of Propositions 3.3.14 By Lemma {4.2.11| Rpr,Z(Z) is filtered (in the derived sense)

by Rpr, /\f pr*BNa < D,cs L'j> [¢ —1] for 1 < ¢ < f. Then by Corollary |4.2.10, Proposition [3.3.12

follows from Corollary and Proposition from Corollary 4.2.13] L]
We also record the following, which will be used in subsection

Proposition 4.2.14. The relative dualizing sheaf of Y™ (3) /O is trivial.
Proof. By Lemma [4.2.11] Y™0d7n:7(Z) EZL(E) is a regular immersion with normal bundle

D 4;0pi (1) @ pj_1Op1 (1)
which thus has determinant @ 7 ¢; Op1 (1) ® p;_1Op1(1). The result now follows from Lemmam
2

4.3. The naive models. Recall that Z™°%7(3) is the scheme theoretic image of Y047 (%) under
the map 7m°¢ which forgets the elements r; = [;_; € PL. In other words the equations for Z~m°d’7(i)
are obtained by eliminating the r; = [;_; from the defining equations of ?mOd’”J(E) which are
extracted from Table The goal of this section is to construct a slight enlargement ZVHV’T(E) of
Zmod,7 (2), which has the advantage of being given by explicit equations.

We first introduce some auxilliary notation. We view J = Z/ fZ as an oriented graph with edges
going from j to 7 — 1.

Definition 4.3.1. Given the data (s, u, w), and 79 s LyH

(1) Define M;(%z;) to be the scheme theoretic image of Ba;(Z;) — ﬁ(gj)

(2) Let j € J. We say
e jis of type I1 if either k; > 1 or (wy, 55, kj) = (ty,1d, 1), (woty,id, 1), (tewy @), (12), 1);
e jis of type I if (wy,s;, k;) = (ty, (12), 1), (woty, (12), 1), (tw,(y),id, 1);
e jis of type 0 if k; = 0.

(3) A fragmentation of J is the decomposition J = | J Ji into subsets Jy such that:
e Jj is an oriented path in 7, i.e an ordered subset of the form [7, 7+¢] = (4,7 —1,--- ,j—

¢) for some ¢ < f.

e The endpoints of the path J are not of type 0.
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e The interior points of the the path J are of type 0.
e J; is not a singleton unless f = 1.
Each J; is called a fragment of 7.

Remark 4.3.2. (1) The scheme theoretic image of EZL]- (zj) = ﬁ(%) is GLa x M;(%;).

(2) Under our running assumption that 7 is regular, J must have a vertex not of type 0. This
implies J has a unique fragmentation, obtained by the minimal paths joining the vertices
not of type 0. We also note that each fragment J; has a well-defined starting point and
ending point (which may coincide, in which case the fragment is all of J).

(3) It follows from Table 3| that

o If j is type I1: M;(z;) = A%

o If j is type I: M;(z;) = M, the space of (é g) which has determinant 0 and trace

.
e If j is type 0: M;(z;) 2 AL.
We now define a subspace of [[ ; GLa x M;(Z;) using the fragmentation J = |J Ji.

Definition 4.3.3. Let 7 = |JJ; be the fragmentation of 7. We define Z™°7(2) to be the closed
subscheme of [] ; GLa x M;(z;) — CLy x U(Z) cut out by the matrix equations

i—1
Mout,o( H TE)Min,i =0

l=0+1
for each fragment J; = {i,--- , 0}, where
e My, ; is the initial matrix for j =4 in Table @
® Mgyt is the final matrix for j = o in Table @
e Ty is the transition matrix for j = ¢ (which are of type 0) in Table

We also define Z™7(2) to be the fiber of Z™7(Z) above 1 € GLY .

Proposition 4.3.4. (1) The inclusion Z2™°47(Z) < U(Z) factors through Z™7(3).
(2) We have 20007 (3)[L] = 2w (3)[L] = Ymodar(2)[1],

In particular, ngd’T(E) is the p-saturation (synonymously, the O-flat part) of gn"”(a.

Proof. The first assertion follows from the fact that ngd’T(E) obey the defining equations of
ZnviT (%), which is a consequence of the relations in Table |3{ and the relation r; = 1;_; in ymod.,T
Indeed, these defining equations were obtained by repeatedly substituting the relations between [;
and r; when j is type 0 and 7; = [;_1 until it becomes a relation between r, and [, where a, b are
not type 0, in which case one substitutes for r,, [, an expression in the variables on GLg x M,(Z,),
GL2 X Mb(gb)-

We now establish the second assertion. First, we show that the map Y™°47:7(3) — U(Z) is a
closed immersion after inverting p, i.e. we need to show r;,l; are determined by the remaining
variables. For each j not of type 0, we can solve for r;,l; when p is invertible. Using the relation
r; = lj—1 and the relations in Table (3, we can solve for the 7,1 where j’ is of type 0. Thus

Zmod 11 _ ymod 1
ZmT(2)[p] = YmoonT )] N N

To finish the proof, we need to show that YmOd’"’T(Z)[%] surjects onto ZHVJ(E)[%], i.e. we need
to produce 7;,[; satisfying all requisite relations. We use the same procedure to define r;,[; as

in the previous paragraph. The only potential issue is that for a fragment J; = {i,--- ,0}, the
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TABLE 4.
In?
(7,0 ! ty woty Lo (n)
8
Type 11 Type 11 Type I1
" . 1 N g 1 e N pie 1
o1 (12) Initial Matrix: <7C’> Initial Matrix: <7C’> Initial Matrix: <7C/>
Final Matrix: (B 7])) /{j_l Final Matrix: (711 B) n;l Final Matrix: (0 1) kit
Type I1 Type I1 Type 11
. . 1 .. . 1 - . 1
id Initial Matrix: (*C') Initial Matrix: (*C’) Initial Matrix: (*C’)
Final Matrix: ~ (C' —p) k" Final Matrix: ~ (—p C)r;" Final Matrix: (0 1) &;*
Type I Type I Type IT
. . —-B . . D -B
. (12) Initial Matrix: < c op- D) Initial Matrix: (—C . D> Initial Matrig: <71C/)
- . (p=D -C\ , N D -BY\ R o
Final Matrix: ( _B ) K Final Matrix: <—C . D) K Final Matrix: (() 1) K;
Type 11 Type I1 Type I
1 1 Initial Matrix: b B
id Initial Matrix: (—C”) Initial Matrix: (—C') nitial Matrix: -C p-D
Final Matrix: (C —p) I{;l Final Matrix: (—p C) Ii;l Final Matrix: <p BD g) n;l
=0 id

procedure gives two definitions of r;: one by recursion in terms of [, (and some variables at j €

The meaning of the variables in this table are the same as that of the
corresponding entry in Table

{i—1,---,0+41}), the other by directly solving in terms of the variables at i. However the defining

equations of Z™7(Z) exactly guarantee that the these two definitions coincide.

4.4. Obstruction bounds for naive models. We wish to establish a quantitative bound for the

singular ideal of ZnviT (2)/O. This will be used in the next subsection to finish the proof of Theorem

B.3.8

To save notation, in this section we abbreviate Z = Z™7(3), M; = M;(z;) and M =[], GLa x
M;. We also define affine spaces A; with closed immersions M; < A; as follows:

o A; = M; if j is not type I.

o If j is type I, then Mj is the space M of matrices (A

C D

p, and we define A; = A% and M; — A; to be the map

(él, g) — (B,C, D)

B) with determinant 0 and trace
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so that M; identifies with the hypersurface D(p — D) = BC' in A;.

We thus have an inclusion ¢: Z < A < [I7GL2 x A;. Let T be the ideal of A defining ¢.

We first analyze a generating set of Z. To do this, recall the fragmentation J = (J,cxc Jp. We
also denote by Jr C J the subset of j that are type I. For each j of type I, we also let A;, B;,Cj, D;
denote the natural coordinates on Mj, so that A; + D; = p and A;D; = B;Cj.

It follows from Definition that we have a decomposition

(4.4.1) I=>Y Tz + Y (Dj(p— D)) - B;C)

k JEJI
where Z 7, is the ideal generated by the entries of the matrix equation associated to Jj, in Definition
4.3.3, This gives a presentation of Z in terms of A. Note that Z[%] has codimension ¢ & K|+ |T1]
in A[%].

Proposition 4.4.2. Let J. denote the ideal generated by the ¢ X ¢ minors of the Jacobian matrix
of the presentation O(A)/I. Then p* 11Kl ¢ 3. In particular p*f € J,.

Remark 4.4.3. Proposition implies gnV’T(E)[%] is smooth over E. Of course this can also be

seen directly from the explicit description of Y™modn.7 (%’)[%]

We observe the following structural properties of Zz, :

Lemma 4.4.4. Suppose the fragment Jy, = {i,--- ,0}. Let ko, = (CCLO ZO> record the o-th GLq
factor of A.
There exists a, 3,7, only involving coordinates on the (i — 1)-th to (o + 1)-th factor of A with
a B _ 7\l
det (7 5) =4p

such that:
(1) If i,0 are type 11 then Ly, is principal, generated by an element of the form

o (5 5) ()

where Y,, X; are coordinates of Ao, A;.
(2) If i,0 are type I then Lz, is generated by the entries of a matrixz either of the form

Do _Bo o 6 Dz _Bi .
—C, A, )F\y s)\-c;, 4 )’
D, C, a f D; —-B;)\ .
B, A,)"\y 5)\-c, 4, )

(3) If i is type 11 and o is type I then Lz, is generated by the entries of a matriz of the form

(Yo —p) ko (3 g) (—DO _A€i>

where Y, is a coordinate in A,.
(4) If i is type I and o is type I then Ly, is generated by the entries of a matrixz either of the
form

or



32 BAO V. LE HUNG, ARIANE MEZARD, AND STEFANO MORRA
D, -8B, a f 1\
_Co Ao o Y d _Xi ’
D, C, a f 1 _
B, A, )" \~y §)\-x:)°

where X; 1s a coordinate on Aj.

or

Proof. The form of Z 5 follows from Table @, after possibly rearranging the entries of the matrix
equations.

O

Proof of Proposition[{.4.3 We will show that for any choices G, H; € {4;,D;} with j € Jr, the
element p2lJrH22 [T\ {i0} HjeJI GjH; belongs to J.. This finishes the proof, since this implies J,.
contains
p2|JI\+Zk |7\ {4,0} H (A;,D;) > p2IJII+Ek | T\ {4,0}+2
JjeIr

Since the role of A;, D; is essentially symmetric in our argument, we will deal with the case
Gj=Hj=Djforall j€J.

Write J for the Jacobian matrix of our chosen presentation of Z. Our convention is that the
columns are named by the variables and rows are labeleld by (the chosen) generators of Z. Then
clearly J. contains any ¢ X ¢ minor of any matrix of the form JU. In other words, it suffices to find,
after modifying J by column operations, a ¢ x ¢ minor equal to p2J11+22k [Tk\{i0} Hjejf GjH;.

For k € IC, we let g;, denote the generator of Zz, that correspond to the (1,1)-th entry of the
matrix equation described in Lemma (this choice correspond to our choice of G; = H; = Dj).
We will choose our ¢ x ¢ minor to have rows corresponding to the g; with k& € K and the generators
(p — Dj)Dj = B;Cj for j € Jr.

We now explain the column operations we will perform on J.

First, consider k € K, giving the fragment J; = {i,--- ,0}. Write the matrix generating Zs, in

factorized form
ao bo a f
(o) (55

as prescribed by Lemma Then the entries of Jj corresponding to row gr and column
o, bo, Co, d, are exactly the (1,1)-th entry of the matrices

S U C e ) L Gl R VR G R R I S

respectively. Furthermore, no other row of J has a non-zero entry at the columns a,, b, o, do.
Hence, given x,y, z,t € O(A), by modifying the columns J to JU where we take linear combinations
of columns ay, by, cy,d, but do not modify the remaining columns, we can guarantee that the
resulting matrix has a column which has vanishing entry for any row other than g, and at row g

the entry is the (1,1)-th entry of
AN
005
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Now det <3 g) = +plTe\Eod g0 choosing x,y, z,t appropriately, we can make <:§ Zé) <: g)

become any matrix among

p|~.7k\{ivo}{(g_) 8) , (8 (1)) : <(1) 8) ’ (8 (1)>}

Using the explicit form of X, Y given in Lemma[4.4.4] we thus learn that after taking a linear combi-
nation of columns a,, b,, ¢o, dy, Wwe can make the entry in row g become p'jk\{l’oHp, p'Jk\{Z’OHDODi,
plT\Mioty Dy or plIe\iot D, (corresponding to the four cases in that Lemma, respectively).

Next, we consider j € Jr, giving a generator (p—D;)D; —B;C; of . The part of J corresponding
to row (p — D;)D; — B;C; and column Bj, Cj, D; is

(-C; —Bj p—2D;)
Since
—4C;
(-C; —-B; p-—2Dy) 0 = (p—2D;)* +4B;C; = p*
D — 2Dj

we see that taking a linear combination of column Bj,C};, D; produces the entry p? in row (p —
D;)D;—B;C;. Moreover that the entries of this linear combination at rows (p—D;/)D; — BjCj are
0, where j' € Jr but j’ # j (note however that we have no control on the entries on the remaining
rows).

To summarize, by taking appropriate linear combination among columns a,, by, ¢o,d, (for each

Jr = {i,---,0}) and among columns Bj,C;, D; (for each j € Jr), and look at the rows gy,
(p — Dj)D;j — B;Cj, we can find a ¢ x ¢ submatrix with rows g, (p — D;)D; — B;C; of block

triangular form
P x
0 @Q

e P is diagonal of size |K| x |K| whose entries belong to

where

{pIJk\{i,O}lnp\Jk\{i,O}IDOD“p\Jk\{i,O}IpDi7 p\Jk\{i:O}IDO};

e ( is p? the identity matrix of size | J;|.
It follows that this ¢ x ¢ minor divides
p2|JI\+Ek | T\ {40} H DJZ-
JETT
O

4.5. Proof of Theorem Set N = p — 2 — max;(uj,a") > 3%7. Recall from Proposition
3.3.11| that we have a diagram

2700 O/pN ! = ZmoT @0 O/pN !
LGP TTLE G| @0 O/pN ! - Gyt g0 /pN
J
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In particular, from Proposition we get a closed immersion
L ZA,;T(Z;) ®0 O/prl it ZNmod,T(E) ®0 O/prl N ZNnV’T(E) ®0 O/prl

We now invoke [EIk73, Lemme 1] as in the proof of [LLHLM?23| Proposition 3.3.9]: By Proposition
the integer h in loc.cit. can taken to be 4f while the integer k is 0 since ET(E) is p-torsion
free. It follows that if N —1 > 8f, we can produce a map 7 : Z7(2) — Z™7(%)"» which agrees with
¢ modulo pN—1=4f In particular, this implies 7 is also a closed immersion. Since 27(2) is O-flat
and the O-flat part of Z™7(2)" is exactly 2™°47(Z), we can factorize 7

gr(z) N gmod,r(g/) N gnv,r(a/\p

such that the ﬁNrst map is an isomorphism modulo pV~1=4f The following Lemma then implies that
the inclusion Z7(2) — 2M°47(Z) is in fact an isomorphism, thus finishing the proof of Theorem

B33

Lemma 4.5.1. Suppose we are given a surjection wm : R — S of Noetherian p-adically complete
O-algebras. Assume that m induces an isomorphism 7 : R/w = S/w. Then m is an isomorphism.

Proof. Let I = kerm, then since S is O-flat we get a short exact sequence

0——I/wl R/w S/w 0

Since 7 induces an isomorphism modulo w, we learn that I /wl = 0. But [ is p-adically separated,
so I =0. O

The following is immediate from our discussion

Corollary 4.5.2. Assume that either p > 8f + 3 + max;(p;, ") orp > 7 and K = Qp. Then
Z7(Z) is isomorphic to the p-adic completion of the p-saturation of Z™7(Z).

In particular, this realizes 27(2) as the p-saturation of an explicitly presented affine p-adic formal
scheme.

4.6. Applications.

4.6.1. Galois deformation rings. Recall that we have a shifted conjugation action map
GLy x Gr{ — Gr{
given by the formula
-1
(95, Aj) = ngjgj_l

This action of GL§7 clearly factors through the quotient GLQJ /AZ by the diagonally embedded
copy of the center Z of GLs. Furthermore since

H det ngjg;_ll = H det A;
we see that the quantity []det A; modulo det LfG is invariant along orbits.

Lemma 4.6.1. Let z = (z;) = (zj0"7) € @v such that (vj, o) #0 for some j.
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(1) Suppose [[z = (12). Let T = ((1,---1),(Z;);) € GLJ (F) x [I7 Ly G(F)z; and g its
image under the shifted conjugation action. The shifted conjugation action map induces an
isomorphism on completions at T:

A

(GLg JAZ x HLlGEj> = (GLg det=1 o HLlej>
J J

A

T

Y

(Here G}L‘g’deiﬁz1 denotes the kernel of the product of determinant map GL2‘7 = Gm-)
(2) Suppose []z; = 1. Choose a transversal slice V to T" near 1 in GLy such that the tangent

space TV =ndn = {(2 8)} C gly. Let T € GLJ(F) x TV(F)Z x [T20 L1 G(F)z; be

the tuple ((1,1,---1), (20, (Zj)j20)), and § its image under the shifted conjugation action.
Then the shifted conjugation action map induces an isomorphism on completion at T

A
(v x GLY M 5 (TV % Ly Gzo) < [ L;G@) =~ (GLg X HL;G:Z;-)
70 g J

A

T Y

Remark 4.6.2. The case (v;,a¥) = 0 for all j happens exactly when z; € WY Z(F((v))) for all j. In
this case, the same method of proof shows that for 7 = ((1,1,--- 1), (FZo, (Zj),0)) with image 7
under the shifted conjugation action

A
<GL‘27\{0} x (GLy x LT GZy) x HLIGEJ) = <GL§7 x HLIGEJ)
770 - J

A

T Y

Proof. (1) On a tangent vector (1 + eKj, (1 +¢L;)z;) at T, the formula for the action is
(1+eK;)(1+¢eL;)zi(1 —eKj) = (1 +eK; — e Ad(%;)(Kj-1) + €L;)Z;
where K; € LieGLy = gly, L; € LieL; G = 1gl,[1].

Hence we need to show the map

S (gly % %9[2[%])“7 - (09[2[[1)]]\9[2((“)))‘7 = (gl ® %9[2[%])‘7

given by
(Kj, Lj) = Kj — Ad(Z))(Kj-1) + Lj
is an isomorphism onto the subspace of the target consisting of tuples (Y;) whose projection

to 9[2‘7 factors through the subspace g[‘g’trzo with sum of tuples whose sum of traces is 0.

Define II; : gl, — gl, to be the linear endomorphism given by sending X to the projection
of Ad(%Z;)X € gly((v)) onto the gly summand, i.e. extracting the v-degree 0 part of Ad(z;)X.
Since z; = z;v"7 we see that

. Hj((ccl Z)) = Ad(z) (CCL cbl> if (vj,a") =0; and
a b a 0) .
. Hj(<c d>) = Ad(z) <O d> if (vj,a") #0
We first show that S is injective. Let ((K});,(L;);) € ker S then
Ko =1pll_1---TI_f41(Ko)
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a b
d

g 2) Thus we get K¢ € Lie(Z), and hence K; = Ky € Lie(Z) for all j, and

then L; = 0. This shows the injectivity of S.
For surjectivity, it suffices to prove the surjectivity after projecting to the g[‘27 summand.
Let (Y;) € 9[2‘7’“:0. By repeated substitution in the system

Kj—1;(Kj-1) =Y

Set Ko = ) Then our hypothesis on z; shows that the composite IgII_1---II_f 4

sends K to

we see that the system has a solution if and only if

Ko— Il --- H_f+1(K0) = Ho(Yfl) + H()H,l(Y,Q) + -1l - -H_f+1(Y_f)

has a solution Ky = (Z Z) Note that the right-hand side has trace 0. But

a b d 0 a—d b
KO_HOH_T”H_fH(KO):(C d>_<0 a>:< c d—a)

hence Ko —IgIl_q ---TI_ 71 (Kp) can become any trace 0 matrix. This gives surjectivity of
S.

(2) The argument is similar to the previous case. The only difference is that at j = 0,1, the
tangent vector equations (on the v-degree 0 part) we get are modified to

Vo+To—Ig(K-1) =Yp
K, -1 (Vh) ="

where Vo € ThV =n@n and Ty € ¥ = LieT"V.
The existence and uniqueness of solutions to the system now boils down to solvability
(in terms of Vp,Tp) of

Vo + To — Holly - Ty 11(Vo) = Ho(Y_1) + Holl1(Y_2) + - - Il - TI_ p 11 (Y ),

which now always has a unique solution since the left-hand side reduces to Vy + Tp.
O

Theorem 4.6.3. Let 7 be a reqular tame type with small presentation (s,p) and assume that
either p > 8f + 3 4+ max;(u;,a’) or p > 11 and K = Q,. Suppose Z; = @js;lv“j with w =
(w;) € Adm"(n). Assume that for at least one j, z; ¢ WY Z(F((v)). Lett € TV(F) and p be
the unique semisimple Galois representation such that the matriz of the associated pf-module is
t2op(Zp—1) -/ 7L(Z1) (see .

(1) Suppose p is absolutely irreducible, and let R%’T the potentially Barsotti-Tate deformation
ring of type 7. Then, up to enlarging F, RT" is isomorphic to the completion of the p-
saturation of Z™7(Z) at Z (see Definition .

(2) Suppose p is reducible, and let R%T be the framed potentially Barsotti-Tate deformation ring
of type 7. Then up to adding formal variables, Rg’T is isomorphic to the completion of the

p-saturation of (2047 (3) XaLd (T x {1}7MO) at (120,71, ,Z-1).

Proof. By Corollary Lemma and the fact that Zm°97 is invariant under the shifted
. . . 7,7 . . . . . .

conjugation action, Rﬁ has the desired description up to adding formal power series variables.

This immediately gives the second item, and the first item up to adding power series variables. To
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remove the potential extra power series variables, we use the following fact [Ham'75, Theorem 5]:
if R, S are complete local rings such that R[X] = S[X] then R = S. O

Remark 4.6.4. It follows from the definitions that up to isomorphism, Z™7(2) is described as

follows:

Given (w;)jes € Adm"(n), the fragmentation J = Ukex Jk» and the type of the endpoints of
each Jj, Z™7(Z) is the spectrum of ® je 7R/ >, L7, where for each fragment Jj, = (i,i—1,...,0+
1,0), Iz, is the ideal of ®;c 7, R; generated by the equations

i—1
(465) Mout,o . < H TZ) : Min,i = Oa

l=o0+1

and Moyt,o (resp. Min i, resp. Tp) is the final matrix (resp. initial matrix, resp. transition matrix)
appearing in the corresponding entry of Table [5 according to the type of i (resp. o).

TABLE 5. Equations for Z™V'7 (%)

w
type ! ty woly tug(n)
Rj = O[X;,Yj] Rj = O[X;,Yj] Rj = 0[X;,Y]]
11 1 1 1
Initial matrix: Initial matrix: Initial matrix:
<*X.7‘> (4(_,-) <*Xj>
Final matrix: (Y] fp) Final matrix: (fp Y]) Final matrix: (0 1)
__ O1X;,Y;5,Z)] R - 9O Y; Zj] __ O1X;,Y;5, 2
T (- Y)Y~ XZ)) T (oYY~ XZ)) T (e - Y)Y, — XZ))
I Y; _X. Y: _X. Y: _X.
Initial matrix: p J Initial matrix: z ) Initial matrix: J J
nitial matrix. <—ZJ p— Y]) nitial matrix (—ZJ p— }/J> nitial matrix <—Z] p— YJ)
inal matrix: (P~ Y5 —Zi ; e (Y X ; e (PYi X
Final matrix: ( X, Y, Final matrix: { ~ 7 p-¥ Final matrix: 7, Y,
R; = 0[Xj] R; = 0[Xj] R; = 0[Xj]
0 1 1 X
Transition Matrix: 0 Transition Matrix: 0 - Transition Matrix: (£~
-Xj p - Xj 0 1
4.6.2. Rational smoothness.
Theorem 4.6.6. (1) Let Z™°4"™ pe the normalization of Z™°4T. Then Z™04M™ s resolution-

rational (cf. [Kov, Definition 9.1]) and Zm°4™ js Gorenstein.

(2) Assume p > 2+ max;(uj,a"). Then the same statements hold for the normalization Znm
of Z7.

Proof. (1) The statement is local so it suffices to check it for Zmednm(z),
Since _ _
e ZmodT(7) is the scheme theoretic image of the proper map 7™°d : ymedn7(z) — J(Z),
o m°4 ig a closed immersion after inverting p (cf. Proposition ,
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o YmodnT(3) is normal,

it follows that ﬂ,{f‘OdOf,modm,,(a = Ogmod,nm(z)' But Proposition [3.3.14] shows that in fact

mod _
Rﬂ—* © Oi}mod,n,r(g’) - Ogmod,nm(g)
By Grothendieck duality and the properness of 7™°4 we have
_ mod,
(4.6.7) W Zmod,nm (3) /0 = R Wymod,n,r(2) /0
and by Proposition 4.2.14] and Proposition [3.3.14] the RHS of (4.6.7) is

mod ) __ _ _
Rﬂ-* Oymod,n,T(g)/O - OZmod,nm(g)'

Thus we learn that Z™°d™m(3) is Gorenstein. Since Y™°4n7(3) is easily seen to be

resolution-rational (it is locally isomorphic to a product of Spec O[X, Y]/(XY —p)), Zmodnm(3)
is also resolution-rational. _
(2) Let Z™(Z) be the normalization of Z7. The same argument as above shows that

Tr*(’){,nyf@ =0

Znm(3)
By Lemma (3.3.
B Ogrz) @6 F = Rr(Ogyr /@) = R”?Od(oimodm,r(a/w) = RW?Odof/mOd,n,T(g} ®6 F
which concentrates in degree 0 by Proposition Since 7 is proper, it follows that

(468) R’]T*O{/n,r(%’) - Ognm(%’)

(4.6.9) RT(*(O?,LT(E)/’ZD) = Ognm(a/w = Ogmod’nm@/w

Applying Grothendieck dualitz to (4.6.9) as in the previous part, we conclude that W(Fum (3)/m)/F =
Ognm(ﬂ /@ ii trivial. Since Z™(Z) is an affine p-adic formal scheme,Nwe also get Wznm(z) /0 =
O Zom (3) 50 Z"(Z) is Gorenstein. This fact, (4.6.8) and the fact that Y7 is resolution-rational

now implies Z™ (%) is resolution rational. O
We can also completely classify the non-normal locus of 27

Theorem 4.6.10. Suppose p > 2 + max;{u;, ”). Let 7 have small presentation (s,p). A Galois
representation p gives a non-normal point of Z7 exactly when both of the following holds:
(1) For each j, s; =id and (u;, ") € {0,1}.
(2) p is Fontaine-Laffaille with inertial Hodge-Tate weights at embedding j € J given by
o (1,0) if (uj,a) = 0.
o (1L1) if (,0%) = 1.
Proof. It follows from the proof of Theorem that the non-normal locus is exactly the support
of
coker(Oz, — 1.0, )
and when intersecting with U (2), it equals the support of
coker((’)ﬁ(g)/w = Oy, /@) = coker((’)ﬁ(a/w — rmed @ /@)

Yy mod,n,T

Thus we reduce to investigating the non-normal locus of ZmOd’T(E). It follows from the proof
of Proposition [3.3.12] and Theorem [4.6.6] that the non-normal locus is exactly the support of
Rlpré*l’(g) in Corollary 4.2.10} But Corollary [4.2.12[ shows this support is non-empty exactly
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when for each j, either (uj,a") =0 or ({(uj, "), s, w;) = (1,id, tyq(y)). This shows that (s, u) has
the desired form.

We now suppose (s, 1) has the requisite form. Decompose J = Jp [ [ J1 where Jy = {j|{1;, ") =
0}, Ji = {jl{yj,@") = 1}. Furthermore, if (s, p) is of the right form, the proof of Lemma

furthermore identifies the support of R'pr Z(Z) as the locus of tuples (4;) € U(Z)(F) such that

v 0) ...
0 v>lfj€j1.

0\ (1 0 10\ (1 B, .
’Aﬂ'e{gﬂ'(g 1) (C 1>’gﬂ'<o v) <o 1>}1f3€*709

for some g; € GLy(F) (and B,C € F). After modifying (A;) by the shifted conjugation action of
(8 (1)> for j € Jo.

Now set A € X,(T) be such that \; = (1,0) for j € Jp and \; = (1,1) for j € J1. Analogous to
[LLHM™) Proposition 2.2.6], the moduli space FLy of mod p Fontaine-Laffaille modules of weight
A has the following description: Let H 2 GL‘Z‘N x BI%l ¢ GLY be the subgroup of tuples (X;)
such that X; 1 € GLp if j € J1 and X;_; € B if j € Jy. Then FL, is the quotient [GLQJ/H] given
by the action

'Aj=91<

GLy, we can arrange so that A; € GLy(F)

(X)) - (97) = (X9, X, 1)
where the overline denotes the projection B — T when j € [Jp, and is the identity map when
je . .
But then, analogous to [LLHM™, Proposition 8.2.4], the natural embedding FL) < ®- Mod}zg’2

identifies with
v 0 v 0
(95) = ((gj <0 U> )jeds (9] <0 1))jejo>-
O

Remark 4.6.11. By the definition of small presentation, Theorems[4.6.6] hold whenever p > 5.
However when K = Q,, the only non-trivial case of these theorems are when (u, «¥) < 1, and thus
and we only need to impose p > 3 for those cases.

5. EQUATIONS OF THE DEFORMATION RING

In this section we apply the main results of Sections [3[ and |4| (namely Theorems and
to prove the conjectures of the series of papers [CDMb, [CDMcd, [CDM23], in particular that tamely
potentially crystalline Barsotti-Tate deformation rings R7 only depend on the combinatorial gene
X(7,p|1, )(Theorem [5.4.16|). Throughout this section, except for we assume that K # Q,,.

5.1. Genetics. We recall and formalize into an abstract setup the notion of genes as introduced
in [CDMcdl, [CDM23], and recall the main conjectures of loc. cit.

5.1.1. Combinatorial genes. Inspired by the terminology of [CDMd, [CDM23] we now define the

notion of combinatorial gene associated to a pair (y,h) € Z/(p/ — 1) x Z/(p*/ —1).
Let vy € Z/(p! —1) and h € Z/(p?>/ —1) such that h 2 0 modulo ¢+ 1 and h — 2y — (Z{_lp]) %0

modulo p/ — 1. Consider the p-expansions

f—1
(5.1.1) h— (pf—i-l) <h -y — Zp7> = p2f*11)0 —}—p2f*2v1 + -+ pvop_o +vop—1  (mod p2f -1)
=0
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with vy € {0,...,p — 1} for all j/ € J'. A combinatorial gene associated to (v,h) is a J'-tuple
X = X(v,h) € {A,B, AB, 0} which satisfies the following properties (see [CDM23, Lemma B.1.3]):

(1) if vy =0 and X4 = 0, then X, = AB;

(2) if vy = 0 and X1 # 0, then X;; = 4;

(3) if vy =1 and X4 = 0, then X = 0;

(4) if vy = 1 and X]’/+1 75 0, then Xj/ = B,

(5) if Uy > 2, then Xj/ =0.
By [CDM23, Lemma 1.3.3, Lemma B.1.7] a combinatorial gene X associated to (v, h) is well defined,
and is unique by the proof of [CDM23|, Proposition 1.4.4]. Moreover, by [CDM23|, Proposition 1.3.2,
Corollary 1.3.4], the J'-tuple X = X(v, h) satisfies the following conditions

Sl if Xj’—i—l =0, then Xj/ € {AB, O};

&2 if Xj/+1 75 U, then X]/ € {A,B7 O},

&3 there exists an integer j' € J' such that X;; =0 or Xj # Xjr44.

The discussion after [CDMd, Lemme 2.1.7] shows that:

Lemma 5.1.2. Assume that v+~ + (Z;:(}p]) = h modulo p’ —1, h %0 mod pf + 1. Then:
A if X(7,h); =B,
X(’Ylv h)j' =48 if X(’Yv h)j’ =A,
X(y,h)j  otherwise,

and
X(’vafh)j’ = X(77 h)j’+f'

Following the conditions f and Lemma we define an abstract combinatorial gene
as follows:

Definition 5.1.3. An abstract combinatorial gene is an equivalence class of a J'-tuple X €
{A,B, AB,0}7" satisfying conditions (1)), (%2)),(®3), by the equivalence relation generated by

X!, = {A,B}\ {X; hen X € {A,B
(5.1.4) X ~ X it {75 (B} when X; € {4, B}
Xo =Xy otherwise.
X/, = X
(5.1.5) X' ~ X if J 3’41
X’ =X
J'+f J'+f+1

Note that the relation (5.1.5) implies that (X;/)yes ~ (Xj4f)jegr, and that the notion of
abstract combinatorial gene is independent of p.
Let (7,7) be a pair of tame inertial types satisfying the following determinant condition:

(det) det(7) ®p F = det(7') ®p w.

Ifr=7(s,pu) = w} ® w}/ and 7 = T(o,v) = ng @ wg;h are a tame inertial type of niveau f and
a tame inertial F-type of level 2f as in § then condition translates into the condition of
Lemmal5.1.2] We thus define the gene X(7,7’) of the pair (7,7’) as the abstract combinatorial gene
associated to the J'-tuple X(~, h). This gives the motivation behind Definition the relation
(5.1.4) is imposed by the isomorphism w} ® w}l ™ 7o w}, ® w;{ and the relation by the
fact that the isomorphism class of 7, 7 does not depend on the choice of the embedding op. In
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particular, X(7,7) only depends on the isomorphism class of 7 and 7', and is insensitive to twist
by characters y : Ix — O*.

5.1.2. Genetic conjectures. The computations of [CDMc, [CDM23| showed that the combinatorial
genes contains non-trivial information on the generic and special fiber of Galois deformation rings
with p-adic Hodge theory conditions.

Let p: Gk — GL2(F) be irreducible and 7 a tame inertial type of niveau f. Then p|;, defines a
tame inertial F-type, so that the combinatorial gene X(7,p|r, ) is defined. The authors of [CDMc,
CDM23]| propose the following conjecture (which is an integral version of [CDMc, Conjecture 5.1.5])

Conjecture 5.1.6 (Conjecture 2 in [CDM23]). The deformation ring R}'™ is determined by X(7, b1y )
They furthermore refine Conjecture [5.1.6|into the following

Conjecture 5.1.7 (Conjecture 5.2.7 [CDMc], Conjecture 3.1.2 [CDM23|). There ezists a decom-
position X(7,pl1,.) = Ui—o(Xi, Xy, ¢)ji<j<jip, such that

Jit+f
R} = ®izo R
where R; is a complete local Noetherian O algebra depending only on (Xj,, X, )j,<j<ji1-
Moreover, even if not stated as a conjecture, they suggest that

Conjecture 5.1.8 ([CDM23| [CDMal). The deformation ring Rg’T is “independent of p”.

Conjectures [5.1.6} [5.1.7| and [5.1.8 are proven in Theorem [5.4.16| for p > 8f + 3 + max; {1, aV).
In particular throughout sections and we assume that p > 8f 4+ 3 + max; (uj, a").

Prior to this work, Conjecture was known when either 7 has a presentation (s, u) with
2 < (uj, ") <p-—2forall jeJorif (X(T’th)jH) = (g) for some j € J. In the first case, we

X(rplig )i
have 0 € {X;, X} for all j € J which in turn ?mplies that implies that the Kisin variety of type
(n,7) attached to p is either empty or a single point by [CDMd, Théoréme 2.2.1(A)]. Conjecture
is true by Theorem in this case follow from Theorem and [CDM23| Theorem 3].
In the second case, the Kisin variety is empty and the deformation ring is zero.

We now elaborate on Conjecture [5.1.8] Given an abstract combinatorial gene X we prove the
conjecture by constructing rings Rx which are (possibly zero) quotients of polynomial rings over
Z[t] modulo an ideal Ix C Rx. These rings are independent of p (since abstract combinatorial
genes are) and the Conjecture would be proven by explicitly showing that R%’T is isomorphic
to the completion of Rx/(t — p) ® O at the ideal generated by ¢ and the variables of Ryx, where
X = X(7,p|1, ). Again, by Theorem the conjecture is known to be true when 7 has a 2-generic
lowest alcove presentation.

We conclude with the following observation. By [CDMc, Proposition 4.1.3], we have Rg’T =0
as soon as (X(7, |1 ) j+fs X(7, |1 );) = (0,0) for some j € J. Hence, in what follows, we will be
interested in combinatorial genes X satisfying the further condition

&4 (Xj4r,X;) #(0,0) forall j € J.

5.2. Genetic translation. We fix our setup as in Theorem [4.6.3] Hence, let 7 : Ix — GL2(O) be
a regular tame inertial type of niveau f with a small presentation (s, ) and let w = (w;ty,;)jes €

Adm"(n). Up to twist, we can furthermore assume that ujo = 0 for all j € J. We abbreviate

k; & (pj, ) and set 7 < Gs~ 1ok in what follows.

In order to analyze genetic data associated to 7 and w define A € X*(T') by the condition

(5.2.1) (20271 21)0(Zaea PN) = Zo(Z5_1) - ! 7L (F).
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and the 2 f-tuple (U‘;/)jlej/ by

/
Vgpq—j\ def y _ (Ff—j .
<”}—1—j> N <kfj P14

where j € {0,..., f—1} and sr p—1—j = Hi:olfj s; (Lemma [2.1.8]). By smallness of (s, 1), we have
vé,v}ﬂ- € {—%, e %} for all j € {0,...,f —1}. Note that the 2f-tuple ('U;»/)jlej/ depends on
the triple (w, s, 1), but we omit this dependence for sake of readability. ‘

We assume from now on that [[,c 7 zj = wo, > e 707 (i1 +152) = 3 je 7P (N1 +14(Aj2+1))
modulo p/ — 1 and Zjejpj()‘j,l + pf)\jg) # 0 modulo p/ + 1. By construction, the 2f-tuple
(vj)jregr extracts precisely the LHS of equation (b.1.1)) (using equations (2.1.2) and (2.1.3)), and
hence produces a gene X(v'), satisfying items (1)), (#2)), (&3) thanks to the assumptions in the

previous sentence.
- V.
Tables [6| and |7| give respectively the explicit description of Zz; and ( {} er) according to (s, 1) and
J
w and are directly obtained from the definitions.

TABLE 6. Genetic Translation-I

B ot o (n)
e mes] o
(12) || (12) <kil) (’?) 12) (k'i 8_ 1)

. ~ def ~ _
This table records Z; = w;s; 1tm-

5.3. Fibers of the map (w,s,u) — X(v'). Given a triple (w, s, ) we have produced a tuple
((Sj415 Sor,j» X5, Zj+1, W;, type at j), (Vi s vé'))jej and a gene X(v') attached to (v}, ;,v})je7, hence
a map

(5-3-1) (w, S, ,UJ) = ((3j+17 Sor,j5 Eja Zj+1s ’LE]‘, type at ])v (U}Jrja ’U;))jej = (’U}+j7 U;’)jEJ = X(U/)'
In this and the following section we analyze the shapes and types appearing in the fiber of the map

(5.3.1). From now onwards, we furthermore assume that X(v') satisfies condition .
As a preliminary step, we record in Table [§] the fiber of the map

(5.3.2) ((Sj41 Sor,j» X4, Zj+1, W;, type at j), (Vs s, Ué'))jej = (V1 v5)jeg
Table [§] is obtained directly from Table [7} and the only relevant property to obtain the Table [§] is
whether v} > 2, v} =1, v; = 0 or v; <0.

Recall that we identify J" with Z/2f, and in what follows objects such as X;, X, v} are indexed

by J'. For objects that are previously indexed by 7 we extend by f periodicity, with the exception
of ¥; where the extension is given by X, ; = wo;.
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TABLE 7. Genetic Translation-I1

Wjt1 - Pord id (12)
ty,  woty id > (ijerr 1) > (klj+1)
(12) 5, (kjl-H) 3, (1 —(])ﬁj+1>
twon id - (kj1+1> = (1 ?fj+1>
(12) 5, (kj+5+ Dy, <_k1j+1)

/
The entries of the table record <U3Jf> for j €{0,...,
J
def j — j def
2 =11 2 - (IT—; si)(wo)™i and N; = #{i € {1,.

that > = id by definition.

f — 1}, where

.., J},w; = woty}. Note

5.3.1. Step one: fiber of the map (U}+j,U§)jej — X(v). Let X € {A,B,AB,0}7 satisfy conditions
(1)), (M2),(M3]). In this subsection we determine the fiber above X of the map (v}ﬂ-,v;)je\y —
X(v").

Lemma 5.3.3. Assume that X = X(v') for some

above (in partzcular X satisfies conditions (1)), . i)

Then, for each j' € J', the values of v], are constraint by the third row of Table@ according to
the pair Xp iy, Xy .

)jeg associated to a triple (w,s,p) a

Proof. Let (vj)jeq €{0,...,p— 1}*7, be the tuple defined by

2f-1 2f-1
Z Uj/p2f_1_]/ = Z U;-/pr_l_]l mod p?/ — 1
i'=0 i'=0

We will show that:
e if X; € {A,B} then v; = v};
e if X; = AB then v; € {v],v] — 1};
e if X; =0 and X;41 # 0 then v; € {v],v v '+ p}; and
e if X; =0 and X;;1 = 0 then v; € {v},v] — 1,v] + p,v) +p—1}.
By definition of combinatorial gene (equations ([I))-(5))) we deduce that:
o if X; € {AB, A} then v; = 0;
e if X; = B then v; = 1;
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TABLE 8. Fibre of the map
0

(Sj—i-la Sor,j Ej7 Zi4+1, {Eja typej) = { <2 2

)-()- () (

)

v 0 v} 0 Vi 0 v’ 0
s - -0 oo lm-e
J - J J J
id id id (id, Lwo (n)> 0)
id [ id [wo|  Gd by, 1) Gd, £, 0)
(wo, Woty, 1) (wo, Woly, 0)
id wo | id (id, o (n)> 0) (id, two(n)> I) (id, o () 1)
id wo wo (ld, t77’ 0) (ld, two () I)
(w0> wotn, O)

wo id | id

W id | wo (w(), Lo () II)

wo | wy | id (id, woty, I) (id, woty, IT)
(wo, ty, I) (wo, ty, IT)
wo wo wo (ld, wotn, I)
(wo, t777 I)

: / /
Given (v}, v}

) and (Sj+1, Sor,j; ), the table entries record the triples

(zj41, W;, type at j) such that ((sj41, Sor,j, 3, Zj41, W;, type at j), (1)}+j, U}))jej is
a 7-tuple associated to some (w, s, ). (Here j € Z/fZ.) The table records the
cases where v}ﬂ- =0, for j € Z/ f7Z, but we note that we can replace (v}ﬂ-, vY)

with (v, v} +;) at the cost of replacing ¥; with woX;, and, similarly, we can

replace (v}, ;,v}) with (1 -7,

1 —v}) at the cost of replacing ; and so; ; with

wo; and woser, ;. The blank boxes in the table correspond to configurations of

, ) . .
(Sj+15Sor,j» 255 (vj+f, v;)) which can not arise.

o if X; =X;41 =0 then v; € [1,p — 1]; and
o if X; =0 and X;11 # 0 then v; € [2,p — 1].

By (#3]) there exists £ € {0,...,2f — 1} such that vy # 0. Let € € Z be such that

2f—1 2f—1

Z e Z VA1 (2 1)
=0 i=0

Asv, e {—(p+1)/2,...,(p+3)/2} we have

2f—1

- +1< Z ulp? 717 < P 1

1=0




BARSOTTI-TATE LOCAL MODEL THEORY 45

TABLE 9. Genetic Translation-I1

X;ey | A | B | aB 0 0
Xf+jr41 | #0|#0| O #0 0
vl 0 1 [ {1,0} | {=2,<0} | Any

hence ¢ € {0, 1}.
. def . . / ..
Let ip = min{i > 0,v] # 0} (this is well defined by ) As

2f—1
_p2f—i0—1 < Z U9p2f—1—j<p2f—i0—1
Jj=to+1
we have
0 ifv, >0
= 0 ’
(5:34) y { 1 ifvf <0

If e =1then v, =p—1for 0 <17 <14y — 1 and moreover v;, :p—i—vgo > 2ifig < 2f — 1 and
Vi, :p—l—i—vgo > 2if ig = 2f — 1. We conclude that X; =0 for all 0 < ¢ <igif e = 1.
We have the following relation between vo¢_1 and v} s—1, and we define oy € {0,1} as follows:
o if Uéf—1 <0 and € =0 then voy 1 =p+ Uéf—1 > 2, X9y_1 = 0 and we define eo5_; def 1,
o if véf_l > 0 and € = 0 then voy_1 = U/Zf_l, and we define 971 def 0,
o if véf_l < 1land e =1 then voy_4 :p—H}éf_l —12>1, X571 =0 and we define eg5_; =1,
o if véf_l > 1and € =1 then voy_1 = U/Qf—l — 1 and we define eof_; .
By decreasing induction, we deduce for ¢ € {2f — 2,...,0} the following relations between v; and
v}, and define €; € {0, 1} as follows:
(a) if v] < 0 and €;41 = 0 then v; = p+ v} > 2, X; = 0 and we define ¢; def 1,
(b) if v} > 0 and ;41 = 0 then v; = v} and we define ¢; def 0,
(c) if v; <1and ;41 =1 then v; =p+ v, —1> 1, X; = 0 and we define ¢; Ly,
(d) if v} > 1 and ;41 = 1 then v; = v} — 1 and we define ¢; L)

By we have € = g9 and hence the relations between v; and v} hold for any i € J,
and define an element (g;) 7 € {0,1}7".

For any i € {0,...,2f — 1} such that ¢;41 = 1, we have X;;; = 0. Hence v; = v — 1 only occurs
for X; € {0, AB} by (®1]). The conclusion follows now from a direct application of conditions (1])-(5)
(for instance if X; = AB then v; = 0 by [1] and from [(b)] [([d)] above we conclude that v} € {0,1}).

O

The following lemma improves Lemma [5.3.3

Lemma 5.3.5. Keep the assumptions of Lemma letie{0,...,2f —1}.
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(a) If X; = 0 and v; = 0, then there exists j > 0 such that vj,;, < 0 and vj,, = 0 for all

)

0<l<y.

(b) If Xz = 0 and v; = 1, then there exists j > 0 such that v, > 2 and vi,, = 1 for all
0<f<y.

(c) If XZ = AB and v; = 1, then there exists j > 0 such that v, ; < 0 and vi,, = 0 for all
0<f<y.

(d) If X; = AB and v; = 0, then vj ; > 1.

Proof. In the notation of the proof of Lemma we have:

(a) If X; =0 and vj = 0, then ;41 = 1 and X;;; = 0 and v}, ; < 1. The claimed result follows
now by induction.
(b) This is similar to [(a)]
(c) IfX; =AB and v} = 1 then v; = v} —1, g;1; = 1 and X;;; = 0. Thus ”z+1 < 0. We conclude
by @
(d) If X; = AB and v; = 0, then v; = v}, €;41 = 0 and X;1 = 0. Thus v} ; > 1.
O

5.3.2. Step 2: Types and shapes in the fibers. In this section we conclude our analysis on the fibers

of (5.3.2). The main result is Proposition [5.3.6]
In the following we assume that X € {A, B, AB, 0}/ " satisfies conditions (dI])—(&4). The following
proposition analyzes the fiber of the composite map

((Sj+17 Sor,js Zj? Zj+1; ’a}ja type at j)v (’U}Jrjv U;))jej = (U}Jrja 'U;)jej = X(UI)
where the domain is the set of -tuples attached to triples (w, s, ut) as in the end of Section

Proposition 5.3.6. Let X € {A,B,AB,0}7" satisfy conditions (1) —(#4). Assume that X = X(v')
for some (Sj41, Sorj, Xj, Zj+1, Wj, type of 7, (v;-ﬂc,v;)) associated to a triple (w, s, ().

(1) If( ”f) ( ) then (Sj41, Sor,j» Xj, Zj+1, Wy, type of 7, (v/ Uiy j)) belongs to the set

(—, wo,id, —, —, I1, (0, < O)), (id, wo, id, id, two(n)’ 1, (0, 0)),
(id,id, wo, id, t,, 0, (0, 1)), (=, id, wo, —, —, 11, (0, > 2))

X ~ .
If( g{_f) = (g) then (Sj4+1, Sor,js Xj, Zj+1, Wy, type of j, (v/ Vi g J)) belongs to the set

J
(_7w07id7 Ty T II? (17 < 0))) (ide()?id?id)tnv ; (17 O))7
(id,id,wo,id,two(n),l, (1, 1)), (—,id, wo, —, —, 11, (17 > 2)) .

(2) If( ”f) = (UB) then (Sj4+1, Sor,j» Xj, Zj+1, Wj, type of j, (V' VL p ])) belongs to the set

(id, id, id, wo, woty, IT, (> 2,0)), (wo, id, id, id, woty, IT, (> 2, 1)),
(wo, wo, wo, id, woty, I1, (< 0,0)), (id, wo, wo, wo, woty, 11, (< 0,1))

(3) If( J+f) = (‘%) then (Sj4+1, Sor,j» 2j, Zj+1, Wj, type of j, (v/ Vi s v})) belongs to the set

{ (’LU(),'LU(),id,.’LU(),tn,I, (070))7 (1d wo, id, id two(n)7 7(0 1)) }
(wo, wo, wo, id, woty, I, (0,0)), (id, wo, wo, wo, woty, 0, (0, 1))
)

X ~ .
If( ggf) = (fB), then (Sj41, Sor,j» Xj, Zj+1, Wj, type of j, (V' Vil ps ]) belongs to the set

J
(wo, id, wo, wo, ty, I, (1,1)),  (id,id, wo, id, ty, (), 0, (1,0)),
(’wo,id,id,id,wotn, s ( )), (id, id, id, wo,wgtn,(), (1,0)) '
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(4) If( J+f) € {( ) ( ). (5). B)} then sj41, Sorj, (V4 s> v5) and type of j are determined by X.
Moreover zf( “f) € {(3), ()}, then X determines if either w; = two(n) OT Wi € {woty, ty}.

The other cases are deduced by the transformation (ng_f) — (XXif) (see the caption of Table @/
J J

Proof. Proofof. Assume X; = 0 and v} = 1. Let j1 = max{j’ > j such that v; = 1, jo < ¢ < j'}.
Then v ,; > 2 and for all j < j" < ji we have (ijﬂ) € {( ), ( Vb (Sjrat1s Sorgrs Sjrs zjr41) =
(id,id, wo, id) and

~ o I\ (tn,O (0,1)) if Xpi 0 =A,
(wjr, type of j', (Vi vj)) = { (tunty: I, (1L1)) if Xy oy =B,

Indeed by (&4) and Lemma [5.3.5, j; is well defined, X;s =0, for all j < j' < j; + 1 and UJ1+1 > 2.
Hence (“37+) € {(2), () }-
141 ==
By Table 8| and symmetry, the index j; + 1 is of type I1 and so j,+1 = id, Xj, 41 = wo.
By (1) and (&4]), for all j < j' < j1 we have X, r € {A,B}, hence U}+j, € {0,1} is determined

by X;,. That is, for j < i/ < ji, (7 +f) c{O). M)}
By decreasing induction and Table Slnce Sor,ji+1 = id and X;, 41 = wo, we have for j < j' < j;
o if (U]U’/Jrf) = ((1))7 (Sjurl’ Sor,j’) Ej/v 2 +15 ij type of ]/) = (1d7 id, wo, id, tnv O)a
j/
o if (7)) = (1),(857+1, Sorr, By, 2041, Wy, type of j') = (id, id, wo, id, tu (), 1)-
3!

The proof for v = 0 can be deduced directly by symmetry. The cases v} < 0 and v; > 2 follow
from Table Bl
Proof of . Assume (ngf) = (). By 1' and item of this Proposition we have X414 ¢ #
0. Hence v}, ; > 2 or < 0. By Tableand (1) we have (sor,j+1, Xj+1) € {(wo,id), (id, wo)}.
Then
<3j+17 Sor,j» E]v Zj-l-l) € {(w()’ 1d7 1d7 1d)7 (1d7 1d7 1d7 UJ()), (Ida Wo, Wo, ’LUO), (’LUO, W, Wo, ld)}

and w; = wotn and the type of j is I1.

Proof of (). 1 (%27) € {(4). (3)} then (%) = {(): ()}, Kovs =0 and

U/- _ > 1 if ; = O, hence (Sor,j+1a Ej+1) == (ld, ’LU()),
Jt+l < 0 if ; == 1 hence (Sor,j—‘rla Ej—l—l) = (’wo,ld)

We conclude from Table [8
Proof of (). Assume X;,X; s € {A,B}.
e Assume that there exists j; such that

{ Xj, Xjap€{AB}j<j <ji—1,
AB S {X]17Xj1+f}

By 1' we see that sorj, is determined by ( ljjf) Since X/, X1 5 € {A,B}, for j < j' <
j1 — 1 we deduce by symmetry and decreasing induction from Table I that sj 41, sor ;v and
the type at j' are determined by ( J +f) for j <3/ <j; —1.
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e Assume that such j; does not exist, i.e. that X;; € {A,B} for all j/ € J'. Then for all

ngf) (cf. Table . If there exists i € J
J

such that (ng ) € {(g), (2) }, there is an unique choice of sy ; such that so. p_1 = id. If
(") € {(3), (3)} for all i € Z/fZ then the J-tuple (sor;) is determined by X. By (%3)
there exists j' € J' with X # X;4;. By Tables [8 and symmetry we obtain s;+1 = wo.
By induction we conclude that (s;41, Sor,j)jes and the type of j are determined by X.

Moreover, for (XH ) € {(ﬁ), (g)}, we deduce from Table [§ (and symmetry) that the data of

j' € J' either Sjr41 OF Sorj is determined by (

X
(8541, Sor,j) determines whether w; =ty or w; € {woty, ty O

5.4. Naive equations associated to a gene. Let X € {A,B, AB, O}‘T be a gene satisfying condi-
tions (de1)—(d4). Assume that X =X(v') for some (v}, ;,v});es associated to a triple (w, s, p).

Definition 5.4.1. Let X = (X;);c7 be a gene satisfying 7. A cluster for X is a sequence
(Xjt£,X;)jo<j<jr such that there exists ¢ € {jo, ..., j1} satisfying

o X;=0forall je {,....51}, X541 # 0 and Xy_1 = AB,

¢ 0Z{X; Xjuphjo+1<j< L1,

* 0 {Xjo, Xjors}-
We remark that X = (X;);c 7 has either a unique decomposition X = U_q(Xj,, Xy, ;)5 <j<ji,, into
clusters (with the convention j,+1 = jo), or does not have any cluster (in which case X; € {4,B}
for all j € J'). Note finally that j; are of type IT for all i =0,...,r by Table @

Let UgexJi be the fragmentation associated to the triple (w, s, ) (Definition 4.3.12). Assume
X admits a decomposition into clusters X = Uj_(X;;,X;,, .)ji<j<ji.,- Note that given a cluster
(Xjt1,Xj)ji<j<jiy, the sequence (ji, ..., ji+1) is a union of fragments of K, as both j; and j;;1 are
of type II. For i € {0,...,r}, we denote

def def
R[jz‘:ji+1] = O[sz] ® (®ji+1§j§ji+l_1Rj) ® O[in+1] and I[ji,ji+1] = Z Ty

keKN[ji,git1]
where for all & € KN [j;, jiy1], the ideal T, C Ry, ;,,,) is generated by the entries of the matrix
equation (4.6.5)) associated to Jg.

Proposition 5.4.2. Let X = (X;, X, ¢)jes be a gene satisfying (dol]) —(d3).
(1) Assume that X has a decomposition into clusters X = Uj_o(Xj,, Xy, 1) ji<j<ji,- Let (w0, s, 1)
be a triple in the fiber above X of the map (5.3.1). Then

Z™7(2) = Spec (®;‘:0R[ji7ji+1]/I[jivji-&-l}) :
Moreover, the p-saturation of Z™°7(Z) depends only on X.

(2) Assume X does not admit a decomposition into fragment (i.e. X € {A,B}'). Then Z™7(3)
depends only on X. In particular, the p-saturation of Z™7(Z) depends only on X.

The proof of Proposition relies on the analysis of each of the ideals Zj;, ;.. ;. This analysis
is preformed, for a fixed cluster, in Lemmas [5.4.3] [5.4.9] and [5.4.13] below, which deal with the 0,
the AB, and the (A, B)-part of the cluster.

Thus, we fix once and for all a cluster (X;, X, r)jo<j<j; of X. We let {ko,... ks} KN [70, 71]

so that
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o forall j =0,...,5s=1, T, = (ig,,ik;—1,..., 06, +1,01,) C (j1,51—1,...,Jo) and oy, = ik,
® ity = J1, Ok, = Jo-
Let s’ € [0, s] such that £ —1 € (o, ... ik, — 1).

Given j € [0,s], we define fkj as the image of 7, in Ry 1/ Z;;lo Iy, . We still denote by
Xi,Y;, Z; etc. the variables of Ry, ;) in the quotient Ry j 1/ Z;flo Ly, -

Lemma 5.4.3 (the 0-part of a cluster). For any 0 <i < s —1, the ideal Iy, satisfies the following
property: there exists ry,, € N such that

(1) Iy, = (Yo,,) if the type of both oy, and iy, is I1,

(2) Tr, = (fx,, gr,) if the type of oy, is I and the type of iy, is I,

(3) P Ly, = "™ (fu;> 9r:)(0s Xiy,,) if the type of both ok, and iy, is I,

(4) p*iZy, = pi (}/;ki)(p7Xiki) if the type of og, is II and the type of iy, is I,
where
def

{ sz =Dp—- Yoki - Xoki-f—lXOki?
de
9k, = ZDki - Xoki—i-l(p - XOki-‘rlXOki)'
Proof. If s/ = 0, there is nothing to prove. We assume now s’ > 1.
By definition of ¢, X; = 0 for all j € {¢,...,j1} and X;,; € {A,B} for all j € {¢,...,j1 — 1}.
Thus by Proposition and an induction (using Table [8to deal when j is of type IT) we have
for je{t,...,51 —1}:

(544) (UA}/]') type of ]) € {(tnv 0)7 (two(ﬂ)v I)7 (tm II)7 (two(n)v II)}

Recall that for any k € K and fragment (ig,ix + 1,...,0, — 1,0x), we know that i and oy are of
type either I or I1, and it — 1,...,0, + 1 are of type 0. Thus for any i € {0,...,s' — 1} we get

from ([5.4.4)) and Table

i, —1 iy —1 Lo ] 0
ﬂ = < ) - ig. —Ok, —2 i —1 .
l_g+1 l_g+1 —-X; p P —plXOki-i-l—i-l Pt Ok
To prove the lemma we proceed by induction on i € {0,...,s" — 1} analyzing the matrices MOUt,Oki

and M;,;, on the fragments J;,. We abbreviate k df k; in what follows. For ¢ = 0, only the items
and (2)) can happen (as iy, is of type IT).
Proof of item . Assume oy, and iy are of type I1. Then by (5.4.4) and Table

_ (Yokv —p) if Wo,, = tn, R 1
Moutpk - { (0, 1) lf 'I/EOk — two(n), and Mlnﬂk — _XZk .

After the change of variable X,, 11 — Z;’“Zaok_lplXokHH in Ry, ;,] we have
ip—1 1
(5.4.5) II 7| M, = <_X )
l:Ok+1 op+1

(In particular, note that the “inner” variables of R[;; ;; in the outcome of the Lemma are

not the same as those used in Table [5| This change of variable can be checked not to be
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relevant in the gluing of Proposition [5.4.2] which uses equations from Table [5|involving only

the “outer” variables of Ry, ;| for each cluster.) Then

Ik _ { (Y;Jk _pX0k+1) lf ~7:L701c = tn’
(XOkJrl) if W, = two(n)‘

Thus, up to the change of variable Y,, — Y, — pXo, 1 if w,, = t, or Y, — X, 41,

Xopt1 +> Yo if W, =ty (), we have I, = (Y,,) and item holds.

Proof of item . Assume oy, is of type I and iy, is of type I1. As before we have (5.4.5) after replacing X, 11

(5.4.6)

Proof of item .

(5.4.7)

[

(5.4.8)

—-Y,
( ’ kit 1
Z
oki’+1

Proof of item .

by Z?gok*l p' Xo, +1+1 and hence, using again (5.4.4) and Table
ir—1

p—Y, X, 1 p— Y;),C - Xok+1X0k
M, Ty | M, = ( v Ko ) < > = (
out,o, l](;[—i_l 1tk Zok Y;Jk —Xok+1 Zok - Y;)kXokJrl

Thus Zi, = (p — Yo, — Xo,+1Xops Zop, — Xop+1(P — Xop+1Xo0,,)) and item holds.

Assume oy, and i, are both of type I. Since j; is of type IT and i > 0, there exist ¢’ € [0,i—1]
such that oy, = iy, , is of type I for i’ <1 <i—1and ik, is of type I1. By item applied
to ki and noting that oy, = Uk, ,, We see that Min’ik‘,+1 equals:

Y;kz'url _Xiki’+1

N iki’+1 p_}/iki’-u
We conclude by ((5.4.4)) and Table ) that the image fk” L of Ty, in Ryjo 5/ (ZE/:O Ty,) is
generated by the equations

1
< +1) (p— X, +1Xik¢/+1 =Xy, ) modulo Zy, .

7X’L'k,, 41 i’ 4+1
/41

1
kirgq ) _
iy~ Ok 2 ok, =0k, —1 (p—Xiki +1Xiki , _Xiki )=0.
YO’%’+1 ) (( =0 plXoki/+1+l+l —p i il 41 Xiki,+1) /41 /41 /41
. Uy ~Oky, 2 0., —op., . —1
Hence, after the change of variable XOW“H —> lelo-&-l i1 plXok_,_HJrlJrl — it "% Xiki/+1’
7

the image T’WH of Iy, ,, in R[jmjl]/(Zﬁ:OZki) satisfies fki,ﬂ = (fki’+1’gki’+1)(p7Xiki/-‘»l)
where fi,,, = p—YOki/+1 _X°k¢/+1X°’w+1+1 and g, , = Zokil+1 _X°k¢/+1+1(p_X°ki/+1XO’%-/H“)'
We now induct on I € {0,...,i — i — 1} the case | = 0 being covered above. Indeed,
assuming by induction that plill'ki,ﬂ_l = plil(fki/ﬂ_l,gki,H_l)(p, Xiki’+l—1) (note that
the term (p, Xik'u-z )
above (multiplying bot side of equations (5.4.7)), (5.4.8) by p'~') to show that the image
= . -1 . 7

T,,, of Tu, ,, in Rijo i1/ Yov—o T, satisties p'Zy, = ' (fry o 9k, o) Xy, ), where

) only appears for [ > 1) we can repeat the same computations

fki/Jrl’ = p_YOki/Jrl/ _Xokiurl/ Xokiurl/-‘rl and gki’Jrl/ = Zok,b-url/ _Xokiurl/ +1 (p_XOki/Jrl/ Xok‘iurl/-‘rl)‘

Assume iy is of type I and oy is of type I1. Then k;_1 satifies the hypotheses of or
/L'f

Similar computations as in show now that the image of p"™*Z in Ry, ;,1/(>21=¢ L. jkl) is
generated by the equations

1
Tk
p Mout,ok( ip—0K—2 Ok, —0p—1
-2k P Xop y140 — P71 Xipi1)

> (p - Xik+1Xik7 7sz) = O
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where

M - (1/01“ *p) if {Eok = by,
out,o, — (07 1) if wok = two("?)’

Then (after exchanging and/or replacing the variables in the same way as we did for (|1))),
we have ry € N sucht that p™*Z = p™*(Y,, ) (p, Xi,)-

0

Lemma 5.4.9 (the AB-part of a cluster). Let k k.
(1) If the type of £ — 1 is I then the image I, of Ij, in Rijo i/ Zf:ol Ty, satisfies the following
property: there exists r, € N such that

{ Ik = (fro98) if ix 1s of type 11,
P L =P (fr, 1) (P, Xi,)  if ik is of type I,

with f d:efp Y, — Xo,+1 X0y, Gk def Zo, — Xop+1(p — Xop+1X0, ). Moreover there ezists

Thy,, €N such that kaS’kaS,H is generated by the equations

-2

Tk

p S/JFIA]\Ioui:,c)/lc H Ty | My—1 =0
l=0k+1

where,

_X,_ .
My = Ezil(P—X/XélfJ ZfXZ*1+f =4,
wozﬁ—l(p—_xe)@,_l) if X¢g—14f =B.

(2) If the type £ — 1 is 0, then the image Iy of Iy, in R[jg,jl]/Zf;Bl Ty, satisfies the following
property: there exists m, € N such that p"™* Iy, is generated by the equations

-2
prkMout,ok H ﬂ Mg,1 =0
l:ok—l-l
where
19 - — X, .
M def gwo) Kot Bszl)gp—xf,ll)(g) if i 1s of type I,
(wp) XerZ*l:BZz,l(p:X;‘:llXé)(Xg+1,p) if ig is of type I,

(3) If the type of £—1 is I1, then the image Iy of Ty in Ry, j,/ Zf/:_ol Ty, satisfies the following
property: there exists v, € N such that

{ B i = (hy) if iy 1s of type I1,
PRIy = p"™(hg)(p, Xiy,)  if ig is of type I,

where hy, = (p + Xo,+1Yo,,)-

Proof. If the type of £ —11is I or 0, then £ —1 > jo (as jo is of type II) and (Xy_1,Xp_14f) €
{(AB,A), (AB,B)}. By Proposition [5.3.68

(@g_l, type of £ — 1) S {(tn, I), (wotn, I), (wotn, 0), (two(n)7 0)}
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Proof of Item (). If ¢ — 1 is of type I, then o, = ¢ — 1. Using 2)-(3) to describe
Ryjoin/ Z;:_ol Ty, and performing the reasoning of the proof of loc. cit. (replacing the final ma-

trix at oj, in equations (5.4.6)), (5.4.8) with the final matrix associated to either (t,,I) or (woty,I)
according to w,, ) there exists 7 € N such that the image Z, of Z in Rijo i/ ZIS/:BI Ty, satisfies

T = (fr 9r) if iy, is of type I1,
{ P*Ly = p" (fr, gk) (0, Xip)  if iy is of type I,
where
def
(5.4.10) { dgik =p— Yo, — X0, Xop 41,
9k = ZOk - X0k+1<p - XOkXOk+1)

Again, note that the above equations are obtained by replacing X, +1 by —X,,+1 and, more
importantly in what follows, exchanging X, and Z,, (resp.replacing Y,, by p—Y,, ) when w,—1 =t,
(resp. wy—1 = woty).

Letting 7y, | be ry, + 1 if i is of type I and be 0 if iy is of type 11, we furthermore claim that
p' s fksuﬂ is generated by the equations

=2
Tk
p s’ +1 Mout,0k5/+l H 1—1[ Mf—l = O

l:0k3’+1 +1
where,

def 5 _ — X1
My = (wp) Fr+e-1=D 5, < >
1 = (wo) - x,x,,
Indeed, keeping in mind the change of variables X,, «+ Z,, (resp. Y, <> p—7Y,, ) when w,_ =1,
(resp. wy—1 = wot,) we obtain from row I of Table (vecall iy, , = o, = ¢ —11is of type I) and
(5.4.10)

p s+ M,

ik,

RS | p— X1 Xe —Xo(p— Xo—1X) -1
=7 et < —X1 X1 Xy Y1

_ kaS,+1 (p - ))?—1)([) (1’ —Xe)wg__ll
A1

in R[jo,jl]/ lelzo Ty,, where wy_; is the permutation part of wy_;. As iy, 18 of type I we deduce

from Proposition that wy_1 = (wo)éXfH*l:B Y¢_1 and the claim follows noting that the term
(1, -X. g)we_fl can be ignored when imposing condition (4.6.5)).

Proof of item . A similar reasoning as in the proof of Lemma shows that there exists r, € N
and a change of variable for X, such that we have the following equality in R[;, ;,1/ Zf:ol Ty,

1
in—1 pE _X€> if 7, is of type I1

(5.4.11) pfk( I1 Tz) _ 1

=t Py > (p — X 1 X, —Xik> if iy is of type I
l
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Moreover if £ — 1 of type 0, then (w¢_1, type of £ —1) € {((woty,0), (tw,(y),0)} and by Table |5 we
have

(5.4.12) Tg_l = Wy—-1 <]5 _)iél)

where wy_1 is the permutation part of wy_1. B
As in the previous item, we now claim that there exists r, € N such that p"*Z; is generated by
the equations

-2
prkMout,ok H Tl Mﬁ—l =0
l=0k+1
where 5 . XX, -
My, — { (ng) fe-1= Eg_l( ok ) if 4y, is of type 11,
(wo) ™1 +-17 84 (p’_)ﬁﬁgjf(f)(p, Xop1) if ig is of type 1.

But this is clear from (5.4.11)), (5.4.12) noting that from Proposition [5.3.6|[3)) we have w;_q =
(wg)sfo—l:BEg_l and that, when iy, is of type I, we can replace (p—X;, 11X, —Xi,) by (p, —Xi,)
to obtain a system of equations equivalent to (4.6.5)).

roof of item . — 1 1s of type then £ — 1 = 50 = 0 an k = . e argument in
Proof of item (3). If ¢ — 1 is of type II then £ — 1 = j d (") = (5). Th i
Ok

the proof of Lemma [5.4.3((T)) and shows that there exists rp € N such that p™*Z; is generated
by the equations (after an adequate change of variables)

{ P*Moutop (_x- ) =0, =0 if iy, is of type I1,

ok+l

P"F Mout, oy, (_Xiwl)(p - X, +1X4,,—X;, ) =0 if iy is of type I
where Mout,0, = (—p, Yo,) (since w,, = wot, by Proposition [5.3.6{|2))). The result follows. O

Lemma 5.4.13 (the A, B-part of a cluster). Assume jo # ¢ — 1.
(1) There exists 1, € N such that

prks,fk _ prks’j;gs, if type of iks, is 11,
O T, (0 Xer)  if type of ik, is T,

where TS, is an ideal of Ry;, 1/ Zf/:_ol Ty, generated by elements which do not depend (up
to an automorphism induced by an explicit change of variables at oks,) on the choice of
(w, s, ) in the fiber above X of the map (5.3.1).

(2) For all s" € {s' +1,...,s}, Iy, is an ideal of R[]-O,jl]/zls;allkl generated by elements
which do not depend on the choice of (w,s, ) in the fiber above X of the map .

Proof. Since jo # ¢ —1, X1 = AB, Xy_14¢ € {A,B} and X;,X;;; € {A,B} for all j € {jo +
1,...,£ —2}. By Proposition the triple (sj4+1,Sor,j, type of j) are determined by X, for all
je{jo+1,...,0—2}).
Proof of item (1). The case o, = ¢ —1 follows from Lemma .

Assume of , < £ — 1. By Lemma , there exists r, € N such that pr’“s/fks, is generated
by the equations

-2
(5414) prkS' Mout,ok.sl H ﬂ Mé—l =0
l=0+1
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where
é = — X e
My, gwo) Xfto-1 BZ[*l)Sprgil{Xz) if 4y, , is of type I1,
(wp) 1 +e-172%,_; (p:X/i_llXe)(X@H’p) if iy, is of type I.

We first prove, by decreasing induction on j € {Oks/ +1,...,0—1}, that in ((5.4.14]) we can replace
(I3 1) Moo by

Eijf(p, Xpy1)  if iy, is of type I,
X M; if iy, , is of type I1,

where M depends only on X.

The result is true for £ — 1. For the inductive step, using the relation M} = EJ._ITJE]-HM JERPRL

is enough to prove that up to sign the matrix E;lTjEjH = E;lTjEjsz only depends on X for
j € (Oks/ +1,...,£—2). This is a casewise check using Table 8| and Table [5| Indeed, as j is of type
0 for all j € (o, +1,...,¢—2) we have from Table that

((wo) ™ r+1=%3;, @, 2j11) € {Gd, twy (- 1d), (wo, ty, wo), (wo, ty,id) }

(The factor (wo)éxfﬂ' =% is justified by Table EI) and an elemetary computation from Table |5| shows
that

ST 2 = () (wo) <g _f(j> (wo) r+5=",

We conclude that pr’“s’fks, is generated by the equations

(5.4.15) P Moo, Moy, =0
where
M - Eoks/JrlM(I)k ,H(P:XKH) if ik, 1s of type I,
Oky Yop 1Moy oy if iy, is of type I1,

and M! depends only on X.

0k5,+1

We now perform a casewise analysis according to the type of j f Ok,
&1 Assume 7 is of type I. Then by Tables |§| and |8 we have (ngf ) € {(ﬁ), (g)} The system of
J
equations (5.4.15)) is equivalent to

6i =I
kas, ZjMout,jzj+1M],+1(p7 XE—H) ks =0.

A direct check on Table[§land Table [5|shows that X, Mous,,%,2,41 only depends on whether
Wj = tyyy OF Wi € {t,, woly} up to the change of variables X, «<— Z,, Y, «+— p—Y, (change
of variables which happens exactly when ¥, = wp). By Proposition we conclude
that the system of equation only depends on X up to the the change of variables
X, «— 2, Y, «—=p-Y,

#2 Assume j = o, is of type I1. By definition of cluster and the fact that ox, < ¢ —1, we
conclude that j is of type I1. A direct check on Table|8| (which provides the possible choices
for (w,,,, z,)) and Table [5| shows that Mgy ,%,2,41 only depends on whether w; = tygy,
or wj € {t,,wot,}. We conclude from Proposition that the system of equation

(5.4.15)) only depends on X.
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Proof of item . In this case we necessarily have s’ < s. Starting from case (#1) above, we
inductively analyze, for s > s” > s/, the system of equations
ik, —1
Mout,oks,, H T Zoks//,le’OkS//,l Eokslbl =0
l:Oks//+1
where the presence of the Eoksuil—conjugation on the matrix Mi“voksu,l (defined in Table is
explained by the change of variables X,, L Zoy g Yo. , )

wp. Since the expression Min,,  is independent of X, we can now perform the same argument
R 1

—>p— YOkSN_1 when X

o =
ks”—l

appearing in the proof of item (where we replace M, _; by Min o, . in the initial inductive

argument there). O

Proof of Proposition[5.7.3. . Let (X;,X;47)jes be a gene satisfying (#1])-(#3). If there exists
i € J such that (X;,X;;r) = (0,0) then the deformation ring is zero and the result is obvious. In

what follows we assume that (X;,X;, ¢)jes satisfies (1))~ (o).

Assume that there exists i € J' such that X; = 0 and let X = Uj_o(X;,,Xj,, .)j,<j<jis, be the
decomposition of X into clusters.
Proof if item . By Lemmas [5.4.3{5.4.13| applied on each fragments of X we have

ZHV’T(%,) = Spec (®g:0R[jz‘7ji+ﬂ/I[ji,jiﬂ]) :
and each I[ji,jz‘ ] is a sum of the ideals described in

e Lemma[5.4.3] so that after p-saturation we can solve the variables Y;, Z;, while the variable
X, is free,

° Lemma and Lemma so that after p-saturation these ideals produce equations
which do not depend on the choice of (w, s, i) in the fiber of the map at X.

e Lemma , and these ideals admits generators which do not depend on the choice

of (w, s, 1) in the fiber of the map ([5.3.1]) at X.
We concude that the p-saturation of Z™7(2) depends only on X.
Proof of item . The proof is similar to the proof of Proposition [5.3.6(4)) If X;» € {A,B} for all

J' € J' then either sj41 or Sor; is determined by X, for all j* € J. If there exists jo € J such that
(inf) € {(g), (i)} then sj,41 is uniquely determined (cf. Table ﬁ) As s, p—1 = id by Lemma
we conclude that (s;41, Sor,j)jes is uniquely determined by (X, X;1¢)je7-

X; A\ (B ; . . .

If (inf) € {(3),(3)} for all j € J then (sor;)jes is determined by X. By (&3) there exists
j € J with Xj» # X;41. By Table |8 we obtain sj;; = (12) and by induction (s;41, Sor,j)jes are
determined.

As (Sj41, Sor,j, type of j) are determined for all j € J, Z™7 (%) is determined by X. O

Theorem 5.4.16. Assume that p > 8f + 3 +max;{u;,a). Let T be a reqular tame inertial type of
nweau f and p : Gg — GLa(F) be absolutely irreucible and such that det(p) ®@p w = det(7) ®o F.
Then R%’T depends only on X(7,p|1,.). Moreover, there exists an integer r > 0 and a decomposition
X(7,plrie) = Uico (X Xji gy )ji<iipn such that

R = @R,
where R; is a complete local Noetherian O algebra depending only on (Xj,, X, )j,<j<jii1-

Proof. This follows from Theorem 4.6.3| and Proposition [5.4.2 g
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5.5. Examples. We collect some examples computing potentially Barsotti—Tate deformation rings
using the techniques of this article.
In what follows, given T € F* we denote by unz the unramified character of Gi sending p to 7.

5.5.1. Ezamples when f=1. By Theorem we see immediately that if we are in a Type I1
situation of Table [4| then R}'" is formally smooth over O or O[X,Y]/(XY — p). We are thus left
with the following cases

(1) Case 1: 7 =7((12),(1,0)) (thus 7 = wo ® w}y) and W € {t,, wot,}, with 2 € {wot( 1y, t(1,1)}-

(2) Case 2: 7= 7(id, (1,0)) (thus 7 = 1 © w) and W = ty(y), 2 = t1,1)-
We wish to compute the p-saturation of ZNHV’T(E) in those cases.

We start with case 1. Since the two subcases give isomorphic spaces, we will work with w = wot,,,

so that 2 =t(; ;). From Table gn‘”(a is presented as the quotient of O[B, C, D, «, /3,7, §] subject
to D(p — D) = BC, ad — 7 invertible, and the relation

(% o7m) ¢ D% o) =0

Using D(p — D) = BC, a simple manipulation shows that the above matrix equation is equivalent
to DFF = BF = CF = (p— D)F = 0 where F' = yB + C — aD — §(p — D). It follows that the
p-saturation Z™°47(Z) is given by the equations

D(p—D)=BC,yB+pBC =aD+6(p— D)
We check on Macaulay 2 that the ideal of 2 x 2 minors of the Jacobian matrix of the above
relations together with the relations themselves contains p?, and has radical (p, B, C, D). Thus the

non-smooth locus of Zm°47(2) /0 is p= B = C = D = 0, which correspond to p @z~ unramified.
After twisting p, we see that R7" is isomorphic to the completion of

O[B,C,D,a,ﬁ,’y,(S]/(D(p—D)—BC,’yB—I—BC—OcD—(S(p—D))

at either (p, B,C,D,a—1,0—1,5,7), (p, B,C,D,a—s,—t, 3,7) (withs # t € F*) or (p, B,C, D, a—
1,0 —1,8—1,7).

We note that the second ideal correspond to the point p = ung€ @ unsg with s # ¢, and after
eliminating D using the fact that o — 4§ is unit, and making a change of variable on B, C, we see
that the completion of Z™°47(Z) at p is a power series ring over O[X,Y]/(XY — p?).

We now move to case 2. Reading off from Table /4] like in case 1, Z~nV’T(E’) is presented as the
quotient of O[B,C, D, a, 3,7, 0] subject to D(p — D) = BC, ad — 37 invertible, and the relations

BCa+ DCpB+ DB~y — BC§ — pCpB =0,

DCa — C?B — BCv — DCS + pDvy =0

DBa — BCB — B?>y — DBS — pBa — pDf + pBd + p*8 = 0.
One can check that Z"7(Z) is already p-saturated, hence agrees with Z™°47(Z). We check on
Macaulay 2 that the ideal of 2 x 2 minors of the Jacobian matrix of the above relations together
with the relations themselves contains p3, and has radical (p, B, C, D). Thus the non-smooth locus

of Zmd7(3) /Ois p= B = C = D = 0, which correspond to p®z ! unramified. We again conclude
that after twisting p, 7" is isomorphic to the completion of

D(p — D) — BC, BCa + DCB + DBy — BCS — pCj,
O[B>07Da04>57%5] DCO‘_CQ’B_BC'Y_DC(S"’I)D%

DBa — BC — B%y — DBS — pBa — pDS + pB6 + p23
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at either (p, B,C,D,a—1,6—1,3,7), (p, B,C, D,a—s,5—t,3,7) (withs #t € F*) or (p, B,C, D, a—
176_1aﬁ_17’y)'

Remark 5.5.1. (Bounds on p for f = 1) Our explicit computations in this section allows us to
slightly relax the requirement on p in Theorem Specifically, the improvement in the proof of
Theorem [3.3.8] comes from two sources

e We can get a map out of O[X,Y]/(XY — p¥) as soon as we have a map modulo p**+!
instead of using the general Elkik bound which would have required a map modulo p?*+1,
This shows that our above models are valid for p > 7, unless (up to twists) p ® 7! is
unramified and has scalar semisimplification and 7 = ws @ wh, or p@&~! is unramified and
7 =1@® w. We remark that these computations justify the claims made in [EGH] §7.5.13].

e In the remaining cases, we get a small saving in the bound required to apply Elkik’s approx-
imation theorem compared to the general bound of Proposition [4.4.2] This in particular
shows that our models for these cases are valid for p > 7.

5.5.2. Exzamples with f = 3. Tables[11] [L0]record several examples of deformation rings correspond-
ing to the examples of the left column (resp. right column) of [CDMc, Table 4] (by completion at
the ideal generated by the variables X¢, X1, X9,Y)...). In particular, contrary to the expectations
of [CDMCd, §5.3.2], the deformation rings extracted from the first three rows of Table [L1] are not all
of the form “XY +p?”, despite the fact that these examples share the same stratified Kisin variety
and the type 7 is non degenerate in the sense of [CDMc|. This gives a counterexample to [CDMc,
Conjecture 5.1.5] when the coefficient ring O of loc. cit. is absolutely unramified (but not after
enlarging it).

TABLE 10. Examples from [CDMcd| §5.3] for f =3

40 B B R = O[Xy, Yy, X1, X3]
1 I, woty), (0,¢ 0, 010 2
2 a2 ap¥ | EEwotn): (0 tuge). (0 tug) Y — S (XY + )
R = O[Xo,Yy, X1,Y1, 21, X5]
A0 A B v (Me-Y)-XZ,  pn+%Z,  pXi+Yolp 1),
B A aBY (I1, w0t11)~ (Lwotn)? (07“10tn) Y1 Xo + Xa(p + XoX2), Z1Xo+ (p—Y1)(p+ XoX2)
YoZ1 +pY1, YE+ X120 — p1h,

YoY1 — pYo — pXi, )

p-sat _ .
I (Xoxlxz +XoYi+pX1,  XoYiXp — XoZy — pXoXs + p¥i — p?

R = O[Xo, Yo, Zo, X1, X2, Y2, Z2]

Yo(pX2 + X1(p — Y2)) + Xo(p — Y2),

Ya(p — Y2) — X229,

L A B (p — Y2)Yo + Z2 20, (p—Y2)Xo + Z2(p — Yo)
T $ | Liwoty), (0, twe(my), (1, tn) , ‘ Ko¥o+ZoYa, - Koo+ Va(p ~ Vo),
A B BJ R ot ! ™= st — Yo(pYa + X122) + XoZo, Zo(pYa + X122) + Zo(p — Yo),

Zo(pX2 + X1(p — Y2)) + (p — Yo)(p — Y2),
Yo(p — Yo) — XoZo




58 BAO V. LE HUNG, ARIANE MEZARD, AND STEFANO MORRA
TABLE 11. Examples from [CDMcd| §5.3] for f =3
Gene (type of j, Wj)j=0,1.2 Equations for Z™7(Z) and (277 (3))Psat
40 B A R = O[Xo, X1, X2, Y]
L (I1,ty), (0,woty), (I1,1) nv _ ppsat _ 2
A AB O I =1 = (XaYp +p)
0 B B - ) - R = 0[Xy, X1, X»,Y0)
A B 0¥ (L, ty), (0, woty), (L1 tug () I = [Pt = (X,Yp + p?)
40 B B ) (O (0wt R = O[Xo, X1, X2, Yo
B A AB r ( ) n)( ) 77)7( s Wo n) = [p—sat — (XDYU +p3>
R = O[Xo, X1, X2, Yo, Zo]
pv_ [ O0(Zo+p?Yo+ (0= Y0)X1),  Zo(Zo+p°Yo + (p = Y0) X1), Xo(Zo — p*Xo + (p — Y0) X1),
5 5 (p = Yo)(Zo — P*Xo + (p — Y0) X1), (p = Yo)Yo — XoZo
| L (wty), (0,), (0, woty) ‘ ‘
A A A Y§ + XoZo — pYo, pXoYo— X1Yp — pXoZo — P Xo +pX1+p*Yo+ 2o
et _ pX1Yo + XoZo + YoZo + p*Xo — p* X1 — pZy,
L XYo+ XoZ5 + XyYo + 2pX0Z0 + 9P Xo — pXa = p*Yo — Zo ,
PX§ — X3X1 +pYoZ3 + pPX3 — pXoX1 + (0" — 20°) X0 Zo + (0" + 1Yo Zo + Yo
R = 0[Xy, X1, X3, Yy, Z
(PZo(p = Yo) + (Xo — Xa(p — Y0))(—pYo — ZoXa).  —p(p — Y0)* + (Xo — X1 (p — ¥5))(pXo + Xa(p — Y0)),
5 ™= P2+ (= ZoX1 +Y0)(=pYo — ZoXa2),  —pZo(p — Yo) + (=ZoX1 + Yo) (pXo + X2(p — 0)),
4 »— Yo)Yo — XoZ
o] ULt Ot 0.ty = Yo)¥h - Koy
Y§ + XoZo — pYo, X1XoZ2 + pX1YoZo — XoYoZo + pXoZo + pZ¢ - p*Yo,
psat _ X1 X2YoZ0 — pXoX1Zo + XoX2Zo — pX1X2Z0 + pXoYo + pYoZo — p*Zo, )
XoX1X0Z0 + pXoX1Yo — XoXaYp + pX1XoYo + pX§ — p? Xo X1 + pXoXa — p? X1 Xs + pXoZo + p*Yo — p*
R = O[Xo, Yo, X1, Y1, Z1, Xo]
E— m— (YOY1 +pZ1, YoXi+p(p—Y1), Xi(p+ XoX2) — Xo(p—Y1),
£ - Yi(p+ XoXo) — XoZ1, (p—Y1)Y1—-X1Z
A B ABY¥ (11, tn), (I, twyn), (0, woty)
st _ Y + X121 —pY1, YoYi +pZy, YoX1 — pYi + p?
XoYp + pXoXs +p?, XoY1 X2 — XoZ1 + pY1, XoX1 X2 + XoY1 — pXo + pXy
40 A B - - 0 R = 0[Xy, Yo, X1, Y1, X3
L Jwoty), (I, 1), (0, 1, . :
i o apy| ULt UL 8 (0 bun) I = [P = (p 4 Yo X, XoXaVi + p(Xo + V1))
D 4 B 11 o ), (0 R = O[Xo, Yo, X1, X
L ) (0, L 1), (0, wol, .
a5 ap¥| D) Otun) (0oty) I = 1P = (pXoYo + (p + X1Y0) (p + X0X2))

In the third column we express Z™7(Z) as Spec (R/I™), where R = ®?:0Rj and
I™, (Rj)j=0,, are extracted from the data of the second column and Table
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