Study of I';(p*) invariants for supersingular
representations of GLy(Q,)

Stefano Morra

ABSTRACT

We compute the dimension of I'1 (p™)-invariants for supersingular representations 7(r, 0, 1)
of GL2(Qp), when r # 0 modulo p — 1.

WARNING: these notes are an alpha version, and thus highly unstable.
The details of the proofs (as well as simpler arguments) will be added as soon
possible.

1. Introduction and notations

The aim of this note is to describe in detail the I';(p*) (k € N-) invariants for supersingular
representations 7(r,0,1) where r € {1,...,p—2} and p > 2. The main result (Theorem 4.21) is the
following:

THEOREM 1.1. Let r € {1,...,p—2} and k € Nx;. The dimension of the T'y(p")-invariants for the
supersingular representation m(r,0,1) is given by:
2(2p" 7 — 1) ifkisodd;

k

dims (7 (r, 0,1 ) = 5
Fp( ( ) ) 2(p5 +p¥ _ 2) if kiseven.

The general strategy is completely elementary -based on the study of certain eigenspaces issued
from the explicit description of 7(r,0, 1)- and can be outlined as follow:

o) from lemma 3.2 in [Mo] we are left to study the subspaces - -- ©gr, Rit1, - - Br,_, Ri;
i) we study the I'y(p*) invariants of R;_1/R; o, fori € {0,1}, k+2>1t > 1;

ii) from i) and left exactness of the functor H?(I'1(p*), ®) we compute the spaces

(- BR,_, Rt,l)rl(pk)/(- . ®R,_, RFB)Fl(p’“).

As annonced, we will not use any sophisticated arguments, the main difficulty will be painful and

boring computations (as we will see, we need to distingush according to the reduction of k£ modulo
4).
From now onwards, we fix an integer r € {1,...,p — 2}.

1.1 Notations
For t > 2 and n a character of H we recall the B N K-equivariant isomorphism
K ~ _
IndKo(pt—l)n|BﬂK - Wtil,x ® Wtfl,x
for suitable subspaces Wt{m. The description of such spaces is strightforward:

LEMMA 1.2. Let t > 2. Then
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i) an F,-base for the space thz is descrbed by

e l 1 0
xlo,,th dfz)‘|: :| Z)‘t2|:t2)\t2]1][176]

)\0€Fp At 2€F,
forl; € {0,...,p—1},j€{0,...,t —2}.
ii) An Fp—base for the space I/Vt__2 is described by the elements

de[ li— 1 O
x,], lt— 2 Z )\] |: :| Z A > |: t—2 At 2] 1 :| [176]
A €F,

where j € {1,...,t =3}, € {1,...,p—1}, lmG{O,...,p—l} forme{j+1,...,t—2}, and

the elements
def l 1 0
At—2€F,

forl;_o € {1,...,p—1}.
Proof. Omissis. O
We are now in the position to describe an Fp—basis for Ri_1/Ri—2, where t > 3:

LEMMA 1.3 definition. Let t > 3. An Fp—basis for the K-representation R,_1/R;_o is descrbed by
the following elements:

i) for j € {1,...,r} the elements
o def l 0 1 l 1 0 i
Llg,... Lt~ 2 Z )‘O |: :| Z >‘t ; |: t— 2>\t o] 1 :| (1, X" Y]
AOEFp At— 26Fp

for l,, € {0,...,p—1}, m € {0,...,t —2};

i1) the elements

o 1 L 1 0 r
toaca 0% S04 | 0 g | 32 a3 ey 0

Ao€F, At—2€F,
for i, € {0,...,p—1}, me{0,....,t =3} and ly_o € {r+1,...,p—1};
iti) for j € {1,...,r} the elements

. e l 1 0 r—q :
NG I PP D R [1, X"Iy7]
P A2 1
A GFP At 2€F,
for Iy, €{0,...,p—1}, me{l,...,t—2};
iv) the elements
d@f [ 2 1 0 r
o Z)\ [ ] Z Mo [ P2 A—2] 1][17)(]
A;€F), At—2€F
forl, €{0,...,p—1}, me{l,...;t =3} and ;o € {r+1,...,p—1};
v) the elements
(1, X"y 7]
for j € {1,...,r}.

For t = 2 the description is slighty different:
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LEMMA 1.4 definition. An Fp—base for R1/Ry is descrbed as follow:
i) for j € {1,...,r} the elements
W\ de Ao 1 i
()% Y A [ [10] : ] 1, X"y
M €F,
for lyp € {0,...,p—1};

i1) the elements

forlp € {r,...,p—1}
iti) for j € {1,...,r} the elements
[1, X"y,

We conclude the section with the main computationals tools for the description of the spaces
HO(Dy(p*),m(r, 0,1)).

LEMMA 1.5. Lett > 3,5 € {1,...,t—2} and 2/ d:efZﬁij [An]p™. If m € N is such that 2j+m < t—1
then

RS ER R R b

for suitable p-adic integers a, b, ¢, d, 2 such that:

i) a,d=1modp and b= p™|u|;
i) 2 = S 2\]p™ where

n=j
a2) Ao = A forn € {j,--,2j+m—1}
b2) Au+Sn_1(An_1) = A, forn € {2j+m+1,...,t—2} where S, _1(X) € F,[X] is a polynomial
of degree p — 1 and leading coeflicient A,y — Xn_l;
2) Agjam + N = Agjum i 2j +m e {j,... .t —2};

iii) ¢ = p[=S;_a(M_2)] + p'x for a suitable p-adic integer * € Z, and

a3) Si—2(X) € Fp[X] is a polynomial of degree p — 1 and leading coefficient N — Ao if
2 +m<t—2
b3) Si—2(X) € F,[X] is a polynomial of degree zero given by S;_2(X) € Fp[X| = u)\?.

Proof. Postponed. 0

As we will need later on, we recall the matrix equality:

]2

_[ 1 ' 0H1+pj[a] 0 )
LA+ pa) A+ p[d) 1 0 1+ p/[d]

where j € N+, a,d € F}, and z is a p-adic integer.

LEMMA 1.6. Let t > 4. We hae the following equalities in the amalgamed sum - -- ®r, , Ri—1:

3
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i)
1 ] Hl[ 1 0} ,
) > A [1,X7] =
At aCF [p [At—3 + p] N aeF, 2 2+ Pu(N—3)] 1
- ¥ [m i zw[”& X
A 3eF, p 3] t—2
+(r+1)(=1)" Z P_y(Ae=3)[1, (Ae—3 X +Y)"];
P JEF;;
i)
1 0} Hl[ 1 0] ,
Z t—3 Z Ao t—2 (1, X" =
/\t_ger[p N3] 1 M acF, P M2+ ] 1
1 0] Hl[ 1 0] ,
= Z -3 Z VL (1, X"] +
N [p i3] 1 N P N—2] 1
+r+ D) =) D L (X YY)
)\t_ger
Proof. Postponed. O

LEMMA 1.7. Let ki, ko be integers such that 0 < k; < p—1 and 1 < ko; let V be an F,-vector space
with a base given by

P = {'Uzy ’0 <k, 1<i< k2}

Assume we are given, for a fixed p € Fp, an endomorph1sm ¢, 1V — V such that

i) = 3 (7)o

n=0

where we adopt the convention

et
Ukj = V[k.j

for any k € N~, j € {0,...,k}.
Then the endomorphism ¢,, has the scalar 1 as the only eigenvalue, and the associated eigenspace
is

V¢“:1 = <1)170, ceey Uk2,0>fp-

Proof. Postponed. O

2. Study of Rtfl/Rtfg

In this section we are going to study in detail some invariant spaces of the quotients R;_1/R;_o.
More precisely, we consider the following subgroups of K:

1+ pZ, Z,

Bm[l:[ 0 1+pZ,

};KﬂU:[l Zp].

0 1
The obvoius reason is that
i) (KNU)- Ky =To(pk);
.. | 1+p%Z, Z,
ZZ) (Bﬂ]l) K, = |: kap 1+pzp

H.

} is normal in T'y(p¥), and the quotient is isomorphic to
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We recall that the study of Kj-invariant has been pursued in [Mo].

2.1 Concerning the action of unipotent elements

[ 1 pZ, }
In this section we are going to describe explicitly the invariant spaces (R;—1/Ri—2) 0 1
for j € N, t > 2. The strategy will be elementary, using succesive induction on j and on the
filtration defined on R;_1/R;_2; the main statement will be corollary 2.6, where we give a basis for

1 Z,
0 1
Rtfl/Rt—z

The first step is

LEMMA 2.1. Let t > 2, n a character of H (seen as a character of Ko(p'~!) by inflation). Let m € N
be such that t —1 > m > 0 and define ko £ t=lom Then an F-basis for (Indﬁo(pt_l)n) 01

is described as follow:

i) If m > 1, the elements xy, ., 0. 0(e), withl; € {0,...,p—1} for j € {0,...,m — 1}, while
the element x¢ . o(e) if m = 0;
i1) for 1 < k < ko the elements
fU;k,...,l2k+m,1,0,...,o(e)

where lp € {1,...,p—1},1; €{0,...,p—1} for k+1< j <2k +m—1;

iii) for ko < k <t — 2 the elements
x2k7"'7li—2 (6)
where I, € {1,...,p— 1}, €{0,...,p—1} for k+1<j <t —2

iv) the element [1,€];
Proof. Postponed (induction on m). O

We switch now our attention to the spaces R;_1/Ri—1. We recall that the graded piece of the
filtration induced by Fil'(R;_1) give

Q(o)gf;g,r —Indf N —Indj p-Xoa”

The strategy to describe the invariant spaces of R;_1/R;_o is therefore to use lemma 2.1 and an
inductive argument using the aforementioned filtration on R;_1/R;_a.
The result is the following:

PROPOSITION 2.2. Let t > 2, m € N such thatt — 1 > m > 0; let moreover i € N be such that
1 p™Z,

0 1

r—1>i>0. Ifkg < tlom an Fp-basis for (Ry—1/Fil'(Ri—1)) { } is described as follow:

i) The elements

Zlg, dm1,0,..,0(3 + 1)
where l; € {0,...,p — 1} for j € {0,...,m — 1} (with the obivious conventions if m = 0 or
m=t-—2).
1) For 1 < k < kg, the elements
mfk,...,b“m_l,o,...,o(i +1)

5
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where I, € {1,...,p—1}, 1, € {0,...,p—1} forn e {k+1,...,2k+m — 1} (and the obvious
convention that “there are no zeros” if k = k)

iii) for kg < k <t — 2 the elements
Ty ()

where j € {i+1,...,r}, Iy €{1,...,p—1} and 1, € {0,....,p—1} forn e {k+1,...,t —2}.

iv) the elements
[1, X7 =Gy Y.
Proof. Postponed (descgnding induction on ¢, using lemma 2.1. Inside the proof we use a lemma.
Let us consider the F,-subspace U of R;_1/Fil'(R;—1) generated by
a) Fil'™(Ry_1)/Fil’(Ry_1);

b) the elements x;, ;. 0..0(%i+2) (the indices I; satisfying the conditions of the elements 7) in
the statement of the proposition)
¢) for 1 < k < ko the elements :):;k

the elements i) in the statement of the proposition)

.712k+m71’0,m70(i +2) (the indices I; satisfying the conditions of

d) for kg <k <t—2theelementsz; , (j)withj€ {i+2,...,r} and the indices /; satisfying
the conditions of the elements iii) in the statement of the proposition)

e) the elements [1, X7~ 02y +2]  [1,Y7].

I

0 1
if U” is the subspace generated by the elements in a),b), ¢) (notice also that U = U’ 4+ U") we have
the following lemma

m
We notice that the subspace U’ of U generated by the elements in d), ) is fixed under [ L "2, ]

LEMMA 2.3. Under the previous assumption, let j € N be such that m < j < t — 1. Then, an
1 pZ,

0 1

F,-basis for U" [ } is described as follow:

a) the elements

xlo,~~~,lj71,07--~,0(i + 1)
(where the indices l; satisfy the conditions of the elements i) in the statement of the proposi-
tion);

b) for 1 <n < # the elements

33;n,...,12n+j,1,0,...,0(i +1)
(where the indices l; satisfy the conditions of the elements ii) in the statement of the propo-
sition);
c) for # < n < t—2 the elements
(i4+1)
(where the indices l; satisfy the conditions of the elements iii) in the statement of the propo-
sition);

d) for =51 < k < =™ the elements

/
xln:-4~7lt72

$;k7...,lzk+m_1,o,...,o(i +2)

(where the indices l; satisfy the conditions of the elements ii) in the statement of the propo-
sition);
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e) the element [1, X7~ (+Dyi+1],
Proof. Postponed. (descending induction on ) O
The proposition follow applying the lemma with j = m. O

We are now in the position to prove the key result of this section.

PROPOSITION 2.4. Let t > 2, t —2 > m > 0 be integers and assume t +m > 3. Define ko = ==

2
[ 1 p™Z, }
An Fp-basis for (Ri—1/Ri—2) 0 1 is described as follow:
i) the elements
Tl b 1,0..,0,0+1(0)
where l,, € 0,...,p—1 forn € {0,...,m — 1} (and with the obvious conventions if m = 0 or

m=t—2);
i1) for 1 <k < ko the elements
x;k,...,l2k+7n,1,O,...,O,?"Jrl (0)

where I, € {1,...,p—1}, 1, €{0,....,p—1} forn € {k+1,...,2k +m — 1} (if the latter is
non empty; and “there ate no zeros” for 2k +m —1 =1t — 3).

iii) for ko < k <t — 2 the elements

AN )
where:
e for1<j<r,lxe{l,...,p—1} and l, € {0,...,p— 1} wheren € {k+1,...,t — 2} (if
non empty);

ee forj=0,l;_9€ {r+1,...,p—1},lx € {1,...,p—1} (non empty condition only ifk < t—2),
and if k<t—4,1,€{0,....p—1}ifne{k+1,...,t—3}.
iv) the elements
1, X" 1Y), . [, Y7
v) if kg € N, the elements

/
X ; .
lk(w"'vl;—z(l)

where i € {0,1}, Iy, € {1,...,p =1}, I, € {r+1,...,p—1}, 1l , € {0,...,r} and I, €
{0,...,p—1} wheren € {ko+1,...,t — 3} (if non empty).

Proof. Thanks to proposition 2.2 (and a direct space decoposition as in the proof of the latter) we
see that we are led to the study of the subspace U” of R;_1/R;_2 generated by the elements:

0,t—1 .
a) 0,...,0,r+1(0)7
b) the elements
Tlgeodin—1.0,.-0(1)

for l,, € {0,...,p — 1}, where n € {0,...,m — 1} (if non empty);

c¢) for 1 < k < ko the elements
x;k,...,l2k+m,1,0,...,O(l)
where I, € {1,...,p—1}and , € {0,...,p—1} forn € {k+1,...,2k+m —1} (if non empty)

We then have the following lemma.
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LEMMA 2.5. In the previous situation, consider an integer j € N witht —2 > j > m+ 1, and put
1 pZ,

0 1

jo & % An F,-basis for U”{ ] is described by:

a) the elements
'/L‘ZOa“-’lj—laO:“'vOuT‘i‘l(0)

where the indices l,, verify the conditions in i);

b) for 1 < n < jo, the elements
$27L7...,l2n+j_1,0...,0,T+1(0)

where I, € {1,...,p—1} and l, € {0,...,p—1} foru € {n+1,...,2n+j — 1} (if non empty);

c) for jo < n <t—2, the elements
IA;n’---ylth (O)

wherel;_o € {r+1,....,p—1}, 1, € {1,...,p—1} ifn < t—2 and, forn < t—4,1, € {0,...,p—1}

forue{n+1,...,t—3};
d) for jo < k < ko the elements

/
xzk,...,lzkm,l,0,...,0,r+1(1)
where the indices l,, verify the conditions described in the point c¢) above.

Proof. Induction on j. O

Lemma 2.5 enable us to establish the inductive step for the proof of the main statement. O

Zy

0 1 }—mvarlants:

As a consequence, we can describe explicitly the space of [
1 Z,

0

COROLLARY 2.6. Let t > 4. An F,-basis for (Ri_1/Ri—2) [ ] is described as follow:

i) the element
z,...,0,7+1(0);
ii) for 1 <k < 5t the elements
xgk,...,l%,l,0,...,0,r+1(O)
where I, € {1,...,p—1} and I, € {0,...,p—1} foru e {k+1,...,2k — 1} (if non empty);

iii) for 5t < k <t —2 the elements

xgk,...,t72(j)
where
o for1<j<rwehavely,e{l,...,p—1} andl, €{0,....p—1} forne{k+1,...,t —2}
(if non empty);
ee for j =0 wehavel; o €{r+1,....p—1}, Iy €{1,...,p—1} if k <t — 2 and, if moreover
E<t—4,1,€{0,....p—1} forue{k+1,...,t —3};
iv) the elements
1, XYY, [1,Y");
v) Ifky & 21 € N the elements

v, g (@)

[

8
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where lﬁ)Q €{0,...,7}, lt(g)Q e{r+1,....p—1} lx, €{1,...,p—1} and I, € {0,,p — 1} for
ue{ko+1,...,t —3} (if non empty).

The remaining cases t = 3,f = 2 can be detected by a direct computation.

1 Z,

0 } is described as follow:

LEMMA 2.7. An F,-basis for (Ry/R1) [
i) the element

z0,r+1(0);
i1) the elements

iii) the elements
7 (1)
where l; € {p —2,p—1,1,...,|r — 2[} (with the obvious convention on the ordering on the
set {1,...,p—1});
iv) the elements
1, XY, [, Y7,
Proof. Postponed O

1 Z,

0

LEMMA 2.8. An F-basis for (R1/Ry) [ 1 } is described as follow:

i) the element

zr(0);
i1) the elements

1, XY, [1,Y"].
Proof. O

3. Study of invariants in the amalgamed sum -1

. . . o . 1 Z . .
The aim of this section is to describe in detail the P ]—mvarlants of the spaces R;/R;—1 ®r

O 1 i+1
-+ ®pg, Rnt1), forn > 1 and i € {0,1}. The stategy is elementary and can be summed up as follow:
1) by the left exactness of the [ (1) le }—functor7 it sufficies to study the spaces
[ 1 Z, ] [ 1 Z, ]
0 1 0 1
(' - OR, Rtfl) /( - @R, 4 Rt*?)) ;

2) using the properties of the amalgamed sum, we dispose of a sequence of equivariant surjections
= Ry_3/Ri_4 B,y Rio1 > Ry—3/Fil' ' (Ri—3) ®r,_, Ri—1 — Ri—1/Ri—a.

3) by the results in section §2.1, we can use an inductive argument on the preceeding sequences
to deduce the description of the spaces in 1).

The following result is formal
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LEMMA 3.1. Let t > 2 and let j € N be an integer such that 1 < j < % We have equivariant
surjections
Ry 1-2j/Ri—2-2j ®R,_o; """ DRy Be1 — Ry—1-2j/Fil(Ry_1-2§) R, ; *++ OR,_, Re—1 —
= Ryp1-9j/Ri—2j R, 010, PR, i1

Proof. Formal consequence of the properties of the amalgamed sum. ]

In order to clarify the exposition, we are lead to treat separately the cases where t is even or
odd. From now on, we fix t € N; in order not to overload the notations -but not to avoid confusions
as well- we adopt the following convention: the (image of the) elements of R;_; in the amalgamed
sum will be noted by

N OF

while the (image of elements) of R;_1_g; (where % > j > 1) will be noted by

v ).

clt—2—2;

We hope this will avoid confusions without making the notations too heavy.

3.1 Analysis for ¢ odd
We start with some introductory lemmas:
LEMMA 3.2. Let t > 5. Fix j € N an integer with % > j > 1, and define U as the subspace of
Rt,l,gj/Filr_l(Rt,l,gj) ©R,_y; '+ OR,_, Rt—1 generated by:
a) Ry—1-9/Fil" (Ry—1-9));
b) the elements (images of elements in Ry 1_2j; we use the “y” notation, even if, for j = 1 we
should have used the “x” notation to bo consistent to what we wrote above)

/ .
ylt+1272j ""’l%—Z (1)5

where the indices [, verify conventionsanalogous to v) of corollary 2.6;
for1 <k< # the elements

/
ylk,...,lgk,l,0,...,0,7"+1
where the indices l,, verify conventions analogous to ii) of corollary 2.6;
the element

Y0,...,0,7+1(0);
¢) the elements

/ Sh .
Yieis o 7“_7lt7172j7r’p_1_r7,,(1) (homomorphic image from Ry13-2;);

/ ..
Yi, s ~~,lt—1—2j,T,p*I*T,n-,p*l*T,T‘(l) (homomorphic image from R;_3);

2

xit 1a“-)lt—1—2j1T7p_1_T7~")p_1_T)T(1).
2
1 p™Z, | . . . . .
Then, the space of 0 1 -invariants of U, for t — 1 — 25 > m > 1, is described by:

al) the space

1 p™Z, ]

(Rt—1—2j/Fil’”*1(Rt_l_%)) { 0 1

10



STUDY OF I'1(p*) INVARIANTS FOR SUPERSINGULAR REPRESENTATIONS OF GLa(Q))

bl) the elements in c), as well as the elements

1);

! (
ylt+172j et
2

(where the indices l,, verify conventionsanalogous to v) of corollary 2.6);

cl) for H% <k< # the elements
yik7...,l2k_170...70,7’+1(O)
(where the indices l,, verify conventions analogous to ii) of corollary 2.6).

1 Z
Moreover, fort —1—2j5 > %, the space of { P

0 1 }—invariants of U is described by

a2) the space

b
N 0 1
(Ri1-9;/Fil' ! (Ri—195)) )
b2) the elements

1)

/
ylt+1272j ,-~~7lt1_2(
with (l;—1-25,li—25) < (p — 1,r) (in addition to the usual conventions on indices l,,);

c2) the elements described in c), with the extra condition l;_1_2; #p — 1
Proof. Postponed. (Induction on m). O

REMARK 3.3. The second part of the statement of lemma 3.2 holds also for t — 1 —2j = =1 where

20
the extra condition on the elements x| is instead i, #|p — 3].

=1 yeenslt—1-25 ,r,p—l—r,...,p—l—r,r(l)
2

We now state the key result of the section.

LEmMA 3.4. Let t > 5, put kg & % and let j € N be such that t —1 — 2j > ko + 1. The space of

{ (1) le }—invariants inside Rt_l_gj/Rt_Q_Qj @---BR, , Ri_2 is described as follow:

i) the elements

AN )

the indices j, l,, satisfying the conventions described in iii) of corollary 2.6;
the elements

1, XY, .. [, Y7
the elements
/
xlko:"'vl(t)72 (0)
ii) the elements
/
xzko,,..,lg_g(l)

where the indices l,, verify the condition of v) in corollary 2.6, toghether with (l;_a_2;,...,l;—2) <
(r,p—1—r,...,p—1—r,r); moreover such elements are invariant in Ry ®r, ®---®g, , Ri—1
if (li—o—2j,..., li—2) < (r,p—1—r,...,p—1—r,71);

11
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iii) elements of the form

/ ..
Yioos,s—somp—1—r.p—1—rr(1)  (homomorphic image from R;_3);

! : 3 N
U/ ,...,lt7372j,7‘,p*1*7‘,’f‘(1> (homomorphic image from Ryy1-2;);
2

iii) the space
1 zp}

0 1
(Ri—1-2j/Ri—2-2;) [ ;

iv) homomorphic image of elements inside (Ro ®R, -+ ®r, , Ri—1) {

Proof. 1t is an induction on j, using the results in lemma 3.2 O

We define, for t > 2 the space

0 1 0 1

def

Vie1 = (Ro®R, -+~ BR,_, Re—1) } /(Ro @R, -+ ®Rr,_, Rt—3) [

To complete the description of V;_1 in the case ¢ odd we have to distinguish two situations.

[1 Z, 1zp}

3.1.1 Analysis for kg even. We assume now kg (d:ef %) even. We therefore have to consider the

chain of epimorphisms (where we assume ¢ > 5)
Riy/Rry—1 @Ry - ®Rpp Rio1 = Rigy /[FIU ™ (Ryy) ©Ryyy - ORy p Ri1 —
- Rk0+2/Rko+1 G91'%k0-~-3 DR Ri—1.
Thanks to lemma 3.4 and lemma 3.2 we deduce
PROPOSITION 3.5. Let t > 5 be such that kg € 2N. An Fp—basis for V;_1 is described by:
a) for ky < k <t —2 the elements
RN )
where the indices j,l,, verify the conditions described in iii) of corollary 2.6;
b) the elements
1, XY, [, Y7,
¢) the elements
/
xzko,...,lgfg(o)
where the indices l,, verify the conditions described in v) of corollary 2.6;
d) the elements
xgko,,..,lt_g(l)
where Iy, € {1,...,p— 1} and (lkg+1,---,lt—2) < (r,p— 1 —r,dots,p— 1 —r,7);
e) forly, e {p—2,p—1,1,...,[p—3 —r] — 1} (if non empty, and with the obvious convention
on the ordering on the set {1,...,p — 1}) the elements
o (1)

together with the element

xll—p_3_'r-|7r7“'7r(1) + Coy[p—g“ ,p—l—T‘,?",...,?"(l)
12
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for a suitable constant ¢y € Fp.
Proof. Postponed. O

dof 1

3.1.2 Analysis for ko odd We assume now ko(= “5~) odd. We therefore have to consider the
chain of epimorphisms (where we assume ¢ > 7)

Rig1/Rig SRy s+ ORy_s Ri1 = Rigyt/FI " (Ryy11) @,y -+ SR, Rt —
= Rygg3/ Rig2 ORyy g ORe—s i1
Thanks to lemma 3.4 and lemma 3.2 we deduce
PROPOSITION 3.6. Let t > 5 be such that ky € 2N + 1. An Fp—basjs for V;_1 is described by:
a) for kg < k <t — 2 the elements
AN )
where the indices j, l,, verify the conditions described in iii) of corollary 2.6;
b) the elements
1, XY, ... [, Y7
¢) the elements
x;ko,---,l?,g(o)
where the indices l,, verify the conditions described in v) of corollary 2.6;
d) the elements
xgko,...,lt,g(l)
where I, € {1,...,p— 1} and (lgy41,-- -, lt—2) < (p—1—r,r,...,p—1—1,7);
e) forly, e {p—2,p—1,1,...,[r — 2] — 1} (if non empty, and with the obvious convention on
the ordering on the set {1,...,p — 1}) the elements
x;ko,pflfr,r,...,r(l)

together with the element

'r/[r—ﬂ ,p—l—r,r,...,r(l) + CoYrp—3—r] ,7”,...,7"(1)

for a suitable constant ¢y € Fp.

The case t = 3 requires some extra care and is treated below:

LEMMA 3.7. An F-basis for Vs is described by:
i) the elements
1, XY, [, Y7,
i1) the elements
95;«+1(0)> . 790;;—1(0)5
iti) forly € {p—2,p—1,1,...,[r — 2] — 1} the elements
ay, (1)
and the element
h (1) + XY
(where XY™ 1 € Ry)

13
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We are now left to count the dimensions of such spaces.

def ¢

LEMMA 3.8. Let t > 1 be an odd integer and put ky = Tl
The dimension of V;_1 is then:

k — . .
dimg (V1) = P e =D+ (=D - 74)19133—11 —(p—1=r)pfo= N+ (p—1—r) if ko is even
W) = ;
o PR p— 1)+ (p— D+ )P 4 if ko s odd

for t > 3 and

1 Z
The dimension of { 0 1p ]—invariants of Ry ®R, -+ ®R,_, Ri—1 is given by:

1 Z, ko—1
0 1 | { o+ (r+ 1)Pp+—1 if kg = 0 is even

D4 —l—p(pko*l — 1) +p(r+ 1)% if kg is odd

dimfp(Ro @R, - Br,_, Ri—1) [

Proof. Computation. O
3.2 Analysis for ¢ even

0 1
-+ @R, , Ri—1 follows closely the arguments seen in paragraph §3.1. In particular, the proofs will
mostly be left to the reader.

1 Z
In this paragraph, we fix an even integer ¢ € 2IN. The analysis of [ P ] -invariants for Ry /Ro®r,

We recall the sequence of equivariant epimorphisms
(R1/Ro) ®R, -+ ®R, 5 Ri—1 — (R1/Fil" ' (R1)) ®p, -~ ®r,_, Ri-1 — (R3/Ra) ©Rry -~ OR, », Ri-1 = ...
(Ri—3/Fil" " (Ri—3)) ®R,_» Ri—1 — Ri—1/ Ry

1 Z,

0 ] is described as follow:

and that, for ¢ > 4, an F-basis for (R;_1/Ri_2) [
a) the element xq_ o ,4+1(0);
b) for 1 < k < k{) the elements
l’fl,...,12k,1,o,...,0,r+1
with I, € {1,...,p—1}and I, € {0,...,p— 1} foru € {k+1,...,2k — 1} (if non empty);
c) for kf{y +1 < k <t — 2 the elements
Ty ()
where the indices j, l,, verify the conditions of corollary 2.6-ii7)
d) the elements
1, X"YY],...,[1,Y7],
where we defined

st—2
kgdsz

We notice that the elements of the form c¢), d) are certanly invariant in the amalgamed sum (as
they are homomorphic image of invariant elements of R;_1).

The followng results are completely analogous to lemmas 3.2 and 3.4.

14
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LEMMA 3.9. Let j € N>;. We consider the subspace U of(Rt,l,Qj/Filr_l(Rt,l,gj))EH @R, ,Ri—1
generated by the following elements:
a) Ry_1_oj/Fil" (Ry_1-9));
b) the homomorphic image from Ry 1_9; of the elements Lforl1 < k< # the elements
(homomorphic image from Ry1_2;)

/
Y, lak—1,0,....0,r+1

where the indices l,, verify conventions analogous to ii) of corollary 2.6;
the element

Y0....,0.r+1(0)
(homomorphic image from Ryi1-2;);

¢) the elements

/ 3 3 .
Yi, s, 7“_’[#172],’”1(0) (homomorphic image from Ryy1-2;);

/ .. .
Yy dior—grp—1—ryp—1—rr+1(0)  (homomorphic image from R;_3);
2

/
wl% yeeoslt—1-25,mp—1—7r,....p—1—r,r+1 (0)

M

pzp

Then, the space of [ (1) 1

}—jnvariants of U, fort —1—25 > m > 1, is described by:

al) the space

{ 1 p™Z, ]
ir—1 0 1
(Ri—1-2;/FiI" (Ri—1-25))

bl) the elements in c);

cl) for ZHT™ < | < 1220 the elements

yfk,...,z%,l,o...,o,wrl(0)

(where the indices l,, verify conventions analogous to ii) of corollary 2.6).

1 Z
Moreover, fort —1—2j5 > %, the space of { P

0 1 }—invariants of U is described by

a2) the space

[ 1 Z, }
i 0 1
(R¢—1-2;/Fil I(Rt71—2j)) ;

b2) the elements described in c), with the extra condition l;_1_2; # p — 1

Proof. Postponed. (Induction on m). O

REMARK 3.10. The second part of the statement of lemma 3.9 holds also fort—1—2j = %, where

the extra condition on the elements :1:;%PHJF172],’747:0717747”"pilimq“(O) is instead Iy, # [p — 3].

Similarly, we have:

lonce again we use the “y” notation, even if, for j = 1 we should have used the “z” notation to be consistent with
our notations. The same remark holds for the element yl/t,zj ,...,lt,1,2j,r+1(0) described in ¢) below.
=

15
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LEMMA 3.11. Let t > 4 and let j € N>y be such that t — 1 — 2§ > k{, + 1. The space of [ é le }_

invariants inside Ry_1_9j/Ri—2_2; ® - -- ®Rr,_, R¢—1 is described as follow:

i) for ko < k <t — 2 the elements

()
the indices j, l,, satisfying the conventions described in iii) of corollary 2.6, as well as the
elements
(1, X"y, ... [, Y7

i1) the elements
J:Eké,...,ltfg,r—f—l (0)

where the indices l,, verify the condition of i1) in corollary 2.6, toghether with (l;_2_2j, ... ,li—3) =
(r,p—1—r,...,p—1—r); moreover such elements are invariant in R1/Ro & - -- ®pr, , Ri—1 if
(li—2-2j5 -+ s lt—3) < (,p—1—7,...,p=1—7);

iii) elements of the form

/ .. .
Yoo dsos—jrp—1—rrp—1—rr+1(0)  (homomorphic image from Ry_3);
2

/ . .
Yis_o;rodi—soyrp—1—ro+1(0)  (homomorphic image from Rei1-2);

iv) the space

[ 1 Z, ]
0 1
(Ri—1-2j/Ri—2—2;) ;

[ 1 Z, }
v) homomorphic image of other suitable elements inside (R1/Ry- - ®g, , Ri—1) 01
Proof. Postponed. 0
As in section 3.1, we define, for ¢t > 2 the space
1 Z, 1 Z,
def 0 1 0 1
Vier = ((R1/Ro) @Ry -+ @R,y Ri1) /(R1/Ro) &R, - SR,_y Ri-3)

Again, to complete the description of V;_1 in the case t even we have to distinguish two situations.

3.2.1 Analysis for k{ odd. We assume now k{, odd. We therefore have to consider the chain of
epimorphisms (where we assume t > 4)

(Biy /By 1) Ry ) OReg Beo1 = (Riy /FIU " (Ryy ) DRy yy ORes o1
= (Biyra/Biy1) ORyy o ORes R
Thanks to lemma 3.11 and lemma 3.9 we deduce

PROPOSITION 3.12. Let t > 4 be such that k{, is odd, and k{, > 1. An F,-basis for V;_ is described
by:
a) for kg < k <t — 2 the elements

o, ,(7)
where the indices j, l,, verify the conditions described in iii) of corollary 2.6;

16
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b) the elements
(LX), LY
¢) the elements
xgké,...,lt,g,wrl(o)

where I}y € {1,...,p— 1} and (g1, .-, li-3) < (mp—1—r,....,p—1—71);
d) forly, € {p—2,p—1,1,...,[p—3—r]| — 1} (if non empty, and with the obvious convention

on the ordering on the set {1,...,p — 1}) the elements

xfko ,r,...,p—l—r,r—l—l(o)

together with the element

m/fp—?)—r-\ e (0) + CoYrp—3],p—1—rr,....p—1—rr+1 (0)

for a suitable constant ¢y € Fp.

Proof. Postponed. O

With some extra care, we deduce the same result for ¢ = 4:

1 Z, ]
LEMMA 3.13. Let t = 4. Then an F-basis for (R1/Ro ®r, R3) [ 0 1 ] is described by:

1 Z,
= . 0 1
a) an Fy-basis of (R1/Ry) ;
b) the elements
$;1,T+1(0)
where l; € {p —2,p—1,1,...,[p—3 —r| — 1} (with the obvious convention on the ordering
on the set {1,...,p—1});

¢) the element
x/fp—fi—r] 41 (0) + CO$T+1(O)
for a suitable constant cy € Fp;
d) the elements

21, (5)
where the indices j, la verify the conditions of iii) in corollary 2.6, as well as the elements
1, X" Y], ..., [1,Y").
Proof. Postponed. O

3.2.2 Analysis for ki even. We assume now k{ even. We therefore have to consider the chain
of epimorphisms (where we assume t > 4)

(Bip1/Biy) @Ry oy ORpg Beo1 (Rpg 41 /FIU ™ (Rpy 1)) DRy o ORip o1 =
— (Riy 43/ Rig12) @ OR,_y R
Thanks to lemma 3.11 and lemma 3.9 we deduce
PROPOSITION 3.14. Let t > 4 be such that ky, is even. An Fp—basis for V,_1 is described by:

17



STEFANO MORRA

a) for kg < k <t — 2 the elements

AN )

where the indices j, l,, verify the conditions described in iii) of corollary 2.6;

b) the elements
1, XY, .. [, Y7

¢) the elements
$Ek6,...,lt,3,r+1<0)

where [}y € {1,...,p— 1} and (g1, -, li-3) < (p—1—=rr,...,p—1—=7);
d) forly, € {p—2,p—1,1,...,[r — 2] — 1} (if non empty, and with the obvious convention on

the ordering on the set {1,...,p — 1}) the elements

/
xlko,p—l—r,...,p—l—r,r—i—l(0)
together with the element
x/[r—ﬂ ,p—l—r,...,p—l—r,r+1(0) + CoYrp—3—r] ,r,.A.,p—l—r,r—l-l(O)
for a suitable constant ¢y € Fp.

Proof. Postponed. O

We are now left to count the dimensions of such spaces.

LEMMA 3.15. Let t > 1 be an even integer and put k = %
The dimension of V;_y is then:

Fol(p— 1)(r +1) + (p — D[(r + 1) 225

k1 . /.
‘ D —rpYo ]+ r if k| is even
dimg (Vi-1) = ) ;3'271_1 "

Pl p—D(r+ 1+ (p—1)(p—r)k o1 T (p—1—r) if kjis odd

fort > 4 and

dimfp (Vl) =r+1

The dimension of { (1) le ]—invariants of Ri/Ry @R, - -+ ®R,_, Ri—1 is given by:

k! pk(/)_l . .
1 Zp} po+r+p(r+1) s if kg > 0 is even

0 1

dimfp(Ro @R, - DRy Ri—1) [

r—1

k /
if kg is odd

Proof. Computation. O

4. Study of invariants in the amalgamed sum -1I

In the present section we are going to complete our study of T'y(p*)-invariants for supersingular
representations 7(r,0,1) of GL2(Q,), with r # 0,p — 1.
To be more precise, for k¥ € N>; we describe in detail the spaces

(- BR, Rk+1)rl(pk)/(‘ - ®R,_, Rk_l)Fl(p’“)
(- @p,_, R/ g, Re_o) )
18
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together with the results in section §3 we will then be able to compute the dimension of T'y(p*)-
invariants (proposition 4.21).

We start with the following, elementary, observation:

k k

0 1 1+p*Z, prZ,
e
(o Bryy R ) = (o, Rea ol Y 1) forie{o). (3)

We are now lead to the analysis of the two cases W) and Wk

4.1 Study of Wy
An immedate consequence of corollary 2.6 and proposition 3.5 in [Mo] is that
LEMMA 4.1. Let k > 2. Then an F,-basis for (Ris1/Ri)"®") is described by:
a) the element xo . 0,+1(0);
b) for 1 <n < % the elements

$En,...,12n,1,0..4,0,r+1(0)

where I, € {1,...,p—1} and [, € {0,...,p— 1} foru € {n+1,...,2n — 1} (if non empty);

c) for k—;l < n < k the elements

xgn,...7lk_177‘+1(0)
where, if n < k, we convene that l,, € {1,...,p— 1} and I, € {0,...,p — 1} for u € {n +
1,...,k — 1} (if non empty)

We can now describe an F-basis for the subspace Vi1 A (RkH/Rk)Fl(pk):

PROPOSITION 4.2. Let k > 2 be an integer. An F-basis for Vi1 A (RkH/Rk)Fl(pk) is described as

follow:
1) for k odd the elements:
x; k+1 7""lk:717r+1(0)
k41

where [, € {0,...,p— 1} forue{%,...,k—l}.

2) Assume k even. Then the basis is described by the elements
x;w ,...,lk_l,T‘-i-l(O)
2

where I, € {0,...,p— 1} foru € {£2 ... |k — 1}, and the elements
a2) if & is odd the elements
xik,“.,lk,h’l’-i-l(())
2

with lx € {1,...,p—1} and (lxs2,...,l4—1) < (rnp—1—7,...,p— 1 —r); the elements
2 2
xEE7T7p717r7"'7p7177‘77'+1(O)
2

forly € {p—2,p—1,1,...,[p—3 —r| — 1} together with
2

-----

where ¢y € F, is a suitable constant;
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b2) if% is even the elements
/
xlﬁ7...,lk_1,r+1(0)
2

withlx € {1,...,p—1} and (Igs2,...,lp—1) < (p—1—r,...,p— 1 —1r); the elements
2 2

'x;g’Pflfr,...,p—lfrﬂq,l(())
forly e {p—2,p—1,1,...,[r — 2] — 1} together with
2

x/]'r—2'| p—1—r,.. . p—1—rr+1 (0) + C0Y[p—3—7r],r,...p—1—rr+1 (0)

where ¢y € F, is a suitable constant.
Proof. Postponed. O
For sake of completeness, we recall the results for k = 1.

LEMMA 4.3. For k = 1 the space Vo A (Ry/R1)"P) is 1-dimensional, and a basis is given by the
element

741(0).

Let v € (--- @R, Ri+1) be the canonical lift of an element v € Vj, A (Rpt1/Rie) 1 @) If we write
pr for the map
(- @Ry Riy1) ) B Ry 1 /Ry,
then we see that ¥ is in the image of pr iff it exists y € --- ®p, , Rr—1 such that y +v € (--- ®p,

1
Ry1)"1®") which is equivalent to v € (- -- OR,, Ry 1)"1®") since v is [ 0 le ]-invariant and y is

Kj-invariant in the amalgamed sum.
We outline the elementary result:

1+p*Z, 0
0 1+ p*Z,
elements in Vj, A (Rk+1/Rk)F1(pk). Moreover if 1 <n < k—1 we have

LEMMA 4.4. Let k > 1. The action of } is trivial on the canonical lifts of the

1 0
|: pk['u} 1 :| xénw--vlk—lﬂ”-l-l(o) = xgnw-,lk_lﬂ”-‘rl(o) —+

+(r+ D=1 (=) (=)0, g, (r = (0= 1= lk—1))
where we define
def 0 if lk,1<p—1—7’;
Alli-1) = { £0if lqazp—1—r

(with the convention that, forn =k —1,y; (r)=[1,X""*Y7]).
Proof. Postponed. 0

We define U as the F,-subspace of (--- @g, Rgi1) generated by the canonical lifts of Vi A

(Rk+1/Rk)F1(pk). Then ( DRy, kal) +Uis a |: 0

pklzp 1 ]-stable subspace of (--- ®r, Ri+1)-

4.1.1 The case k odd. Assume now k > 2, k odd. We have the following result:

LEMMA 4.5. Let k > 2, k odd. We consider j € N such that k—25—1 > % Then the [ pklz (1) }_
P

invariants of ((Ry—2j—1/Rk—2j—2) ® - ®R,_, Rr—1) +U are described by:
20
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a) the space ((Ri—2j—1/Rr—2j—2) ® -+ R, » Rk—1);
b) the elements
x;k+1 ,...,lkfl,'l’—l-l(o)
2
where (lg—2-2j,..-,lk—1) 2 (mp—1—r,...,p—1—7r) and (lks1,...,ly—25-3) € {0,...,p —

2

1}16723‘727%'
Proof. Postponed. (induction on j). O

We therefore deduce:
PROPOSITION 4.6. Let k > 2 be odd. An F,-basis for Wy, is described by the elements

:L‘;k-kl 7v--»lk—lvr+1(0)

where

(lk+1,...,lk_1,’r’+1) <

2

p—1—-rr...;,7,p—1—1) if%EQN
(rhp—1—=r,...,r,p—1—1) if%eQN—i—l.

Proof. Postponed. O

For k =1 we get
LEMMA 4.7. For k =1 we have
dimfp(Wl) =0.
Proof. Postponed. O

4.1.2 The case k even. In this section we assume that £ € N is an even integer. We have then

LEMMA 4.8. Let j € N be such that k —2j —1 > % + 1. The space of [ -invariants of

Pz, 1 ]
((Rk—2j—1/Rp—2j—2) ® -+ ®R,_, Rrk—1) + U is described by

a) the space ((Ri—2j—1/Ri—2j—2) ® - PR, » Rk—1);

b) the elements described in 2 — a2) (resp. 2 — b2)) of proposition 4.2 if% is odd (resp. even);

¢) the elements
/
xl%+l,...,lk,1,'l’+1(0)
where (lp—2—2j,...,lk—1) 2 (r,p—1—r,...,p—1—7r) and (l%+1,...,lk_3_2j) € {0,...,p—

1}%‘2j—2. Moreover, if we have (ly_2_2j,...,ly—1) < (r,p—1—r,...,p—1—r), the element
is invariant in the amalgamd sum lim ((Ry/Ro) ®R, -+ ®r, Rn+1)-
H

neven

Proof. Postponed. (Induction on j). O

We are now able to describe W}, for k even:

PROPOSITION 4.9. Let k > 2 be an even integer. An F,-basis for Wy, is described as follow:
1) ifg is odd, the elements
x? ,...,lk_l,’l‘-f—l(o)

k
2
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where (g 1, lk—1) < (r,...,p—1—r) and lx €{0,...,p— 1} together with the following
2 2
p — 2 — r-elements

xé;fl,r,...,pflfr,wrl (0) + clx;“,pflfr,...,pflfr,r+1 (0)7
xll,r,...,pflfr,rJrl (0)7

xlfp—3—r]—1,r,‘..,p—1—r,'r+1(0);
x/[pffifr] rroep—1=rr41(0) + COYrp—31 p—1-r,....p— 111 (0)-
2) If g is even, the elements
xgg,...,lk,l,rﬂ(o)
where (l§+17~--7lk—1) <(p-1-mrr,...,p—1—r) and l% € {0,...,p — 1} together with the
following r — 1-elements
Ty 1 p1r pt1—rri1(0) F 12y 1y 1 i1(0);

xll,pflfr,...,pflfr,ﬂrl (0)7

/ .
x[r—ﬂ —1,p—1—r,..p—1—rr+1 (0)’

wl[r—Q] p—1—r,... . p—1—rr+1 (0) + CoYTp—3—r],ry.c,p—1—rr+1 (O)

We can sum up the results, giving the dimensions of the spaces W.
PROPOSITION 4.10. Let k € N>;. The dimension of the space W}, is then given by
1) for k odd, we have

k41 k-3

dime, (W) = (p—1-— r)Pp?_f +prpp7_;1 if kLl ecoN
Fp TR pk:fl—l e k1
(p—T') Pl lf TE2N+1

2) For k even, we have

plp—r)2 L (p—2—r) if keaN+1
k

p+1

k k_o
pllp—1-nE= +prl ]+ (r—1) it Hlea2N

dimfp (Wk) =

4.2 Study of Wk
In this section, we follow closely the steps which led us to the description of Wy in paragraph 4.1.

Again, we use corollary 2.6 and proposition 3.5 in [Mo] to get

LEMMA 4.11. Let k > 3 be an integer. An F,-basis for (Rk/Rk._l)Fl(pk) is described as follow:

a) the element xg . 0r4+1(0)
b) for1 <n < g the elements

ﬁUEn,...,lgn,l,0,...,0,r+1(0)
where the indices l,, verify the conditions in ii) of proposition 2.6;

¢) forn € {5 51} NN the elements

, .
xzn,...,lk_Q,lSjl (i)
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where i € {0,1}, l,i(i)l e{r+1,...,p—1}, l,(:_)l € {0,...,r} and (In,...,lk—2) € {0,...,p —
1}k—1—n'

For k = 2 an F,-basis for (Rg/Rl)Fl(pQ) is given by
a2) the element xg,41(0);
b2) the elements

‘T;“—H(O)v cee 7x;7—1(0);

c2) the elements

Fy(L). ()
together with the element x, (1) if r = p — 2.

For k = 1 an F-basis for (Ry/Ry)" ) is given by
x,(0).
We deduce an Fp—basis for the space Vi, A (Rk/Rk,l)Fl(pk):

LEMMA 4.12. Let k € N, k > 3. An F-basis for the space Vi A (Rk/Rk_l)Fl(pk) is described as
follow.

1) Assume k even. Then we have the elements

al)
x o (2
zgﬂ,...,lk,g,z,(cjl( )
wherei € {0,1}, 11(21 e {r+1,...,p—1},lx_1 € {0,...,r} and (l%+1,...,lk_2) €{0,...,p—
1}5%
b1)

x?& yeeslk—1 (O)
2

where [, € {r+1,...,p—1}, l§ e{l,...,p—1} and (l§+17...,lk_2) € {O,...,p—l}%d;
cl) According to the parity of % we have
cl.l) if % is even the elements
wfg,...,zk,l(l)

where lx € {1,...,p— 1} and (I« coylk—1) < (ry...,r), together with the elements
2

317"
x;—Q,r,.A.,r(l);
;—l,r,...,r(l)’
@ (1);

:L‘/l—p_?)—ﬂ —1,7‘,...,7‘(1);

x/[p*377‘—| ,T,...,r(l) + Coy/"pfg] :p*lfT,T‘,...,r(l);

(with ¢y € F),, a suitable constant);
c1.2) if £ is odd the elements

vl (D)

e
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where Iy € {1,...,p— 1} and (g, lk—1) < (p— 1 —r,...,7), together with the
2 2
elements

x/[r—ﬂ—l,r,...,r(l);
x/|"r—2'\ ,r,...,r(l) + Coy?p—S—r],r,...,r(l);

(with ¢y € F),, a suitable constant);
2) Assume k odd. Then we have the elements

a2)

T ) (2)

/
i
lk‘érl 7"'7lk72’l](€,1

wherei € {0,1}, 1", € {r+1,...,p—1},1{?, € {0,...,r} and (Liss ooy li2) €40, p—

1}%_2;

b2) According to the parity of % we have:

b2.1) if % is odd, the elements
x2b7...,lk_2,r+1(0)
2

where (Ixi1,...,lk—2) < (r,...,p—1—71), lxs € {1,...,p — 1} together with the
2 2
elements

:E;)—Q,T,...,p—l—r,r—i-l (0)’

x;)—l,'r,...,p—l—'r,'r—l—l (0)’
xll,r,...,p—l—'r,'r—l-l (0)’

'I/fp—?)—r-\ -1,7,....,p—1—rr+1 (O)a

/ / .
€T [p—3—7],r,...,p—1—rr+1 (0) + Coy(p,:ﬂ p—1—ror...p—1—rr+l1 (0) )

(with ¢o € F), a suitable constant, and, for k =3, y'_is remplaced by y,+1(0));

b2.2) if 51 is even, the elements
mgk,I ,...,lk,Q,’I‘-i-l(O)
2
where (lxkt1,...,lk2) <(p—1—7r,...,p—1—7), 11 € {1,...,p— 1} together with
2

2
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the elements
’ (0);
xp—Q,p—l—r,...,p—l—r,r-i—l )

wlp—l,p—l—r,...,p—l—r,r-i—l (0>7

xll,p—l—r,...,p—l—r,r-l—l (0)7

/ .
J’Ter] —1p—1—r,....p—1—rr+1 (0),

xl]—T—Q] p—1—7,. . p—1—rr+1 (O) + Coy/]—p—?)—r] Ty p—1—1r+1 (0)7

(with ¢o € F, a suitable constant).

Proof. Postponed. O

For sae of completeness, we have cover the cases k € {1,2}:

LEMMA 4.13. For k = 2 an F,-basis for Vo A (Ry/R1)T1#*) is described by the elements b2), ¢2) of
lemma 4.11; for k = 1 an F-basis for Vi A (R1/Ro)"*(?) is described by the element x,.(0).

We are lead to distinguish two situations, according to the parity of k.

4.2.1 The case k even. In this paragraph we fix £ € 2N, k > 2. We start with the following
observation
1+ p*Z, 0

LEMMA 4.14. In the amalgamed sum 1£>n Ro®R, - - -®r,, Rnt1 the action of 0 14942,

n,odd
is trivial on the lifs of the elements 1) in proposition 4.12, as well as on the elements described in

lemma 4.13.

The action of [ } is trivial on the lifts of the elements

1
kap 1
952& eolb_1 (0)
2

where (l,...,lx—2) €{0,...,p— 1}571 and l_1 € {r+1,...,p—1}.

2
Finally, let n € {%—{—1, %}ON and assume k > 6. We have the following equality in the amalgamed
sum:

1 0 / /
[ PPl 1 } ngﬂ,...,zk,l(l) = xlgﬂ,...,lk,l(l) +
+0r, (1 + 1)(_1)T+1M’l{(lk72)yl%+1,...,lkfs(’r —(p—1-lk—2))
where we define

der [ O if lp_o<p—1-—r;
“(l’f—Q)_{ £0if lyo=p—1-—r.

(and with the convention that, for k =6, y; (x) = [1, X"7"Y7]).
For k > 4, let U be the subspace of Ry @R, --- ®r,_, R generated by the (canonical lift of the)
following elements:
a) the elements cl1.1) (resp. c1.2)) of lemma 4.12-1) if % is even (resp. odd);
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b) the elements

/
Py 1t (1)
where l;_; € {0,...,7} and (l§+1’ ooy lk—2) €{0,...,p— 1}%*2_
As in §4.1.1 we start with a lemma

LEMMA 4.15. Let k > 4 be an even integer, and let j € N be such that k —2j — 2 > % + 1. Then,

oz (1) }-invariants of ((Ri—2j—2/Rk—2j—3) ® -+ ®R,_, Rr—2) +U is described by
P

a) the space ((Ry—2j—2/Rk—2j—3) ® - R, 5 Rk—2);

the space of [

b) the elements cl.1) (resp. c1.2)) of lemma 4.12-1) if% is even (resp. odd);

c¢) the elemets

/
JL’l§+1,...,l,€,1(1)

where (lk—2j-3,...,lk-1) = (r,...,7) and (Ix_ s lk—2j-4) € {0,...,p— 1}5_2]'_4. More-
2

over, if (lg—2j-3,...,lk—1) < (r,...,7), such elements are invariant in the amalgamed sum

lim Ry ®R, - ®r, Fnt1-

—

n,odd

Thanks to the preceeding lemma, we are able to describe an F)-basis for Wk, when k is even.

PROPOSITION 4.16. Let k € 2N be a non zero even integer. An F,-basis for the space Wk is described
as follow.

a) The elements

., (0)

ko
where l,_1 € {r+1,...,p— 1} and (lg,...,lk._2) €{0,...,p— 1}%71;
b) according to the parity of % the elements
bl) if ¥ is odd, the r — 1 elements
x(),pflfr,...,r(l);

xll,pflfr,...,r(l);

x/fr—?\ —l,p—l—r,...,r(l);
xllrr_QW ,p—l—r,...,r(l) + Coy/"p_g_,r,‘l 7T7"’7T(1)

(where y' has to be replaced by XY"~! € Ry if k = 2 and ¢y € F,, is a suitable constant)
together with the elements

Ty tp (1)
2
where (Ix 1,...,lk-1) < (p—1—r,...,r) and lx € {0,...,p—1}.
2 2
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b2) if% is even, the p — 2 — r elements

o, (1);

x/[p—?)—r] —1,1”,..,,7”(1);
$I|—p—3—r] ,r,...,r(l) + Coy/’—p_3-| ,p—l—r,r,...,r(l)

(where ¢y € F), is a suitable constant) together with the elements
Ty otp (1)
2

where (l§+1,...,lk_1)—< (ry...,m) andlg €{0,...,p—1}.

4.2.2 The case k odd Assume now k an odd integer. As the element x,.(0) € Ry/Ry is clearly
I’y (p)-invariant, we will assume k > 3 throught this paragraph.

As in the previous section we have

1+p*Z, 0

LEMMA 4.17. In the amalgamed sum h_H}l (R1/Ro)®R,- - @R, Rny1 the action of 0 147,

n,even
is trivial on the lifs of the elements 2) in proposition 4.12.

The action of [ p"}Z (1) } is trivial on the lifts of the elements
P

952 ...,lk_l(o)

)

k
2

where (Les1, ..., lp—2) €{0,....p— 1} 3 2 and l_, € {r +1,...,p— 1}.

2

We therefore define U as the F-subspace of (R1/R)®g, - -®r,_, Rr generated by the (canonical
lifts of the) elements

/
$z% e, (1)

k+1

where l_1 € {0,...,r} and (lks1,...,lk—2) €{0,...,p—1} 2 ~=.
2
We have

LEMMA 4.18. Let k > 3 be an od integer and let j € N be such that k — 25 — 2 > % The space

of [ pk:lz (1) }—invariants of (Rg—2j—2/Rk—2j—3) ® - - ®R,_, Rk—2) +U is described by:
p

a) the space ((Ry—2j—2/Rr—2j—3) ® -+ OR,_, Rr—2);
b) the elements

/
f’/’l% ..... I, (1)

where (l—2j-3,...,lg—1) = (r,...,7) and (lgs1,...,l—25—4) € {0,...,p — 1}%_2j_3. More-
2
over, such elements are invariant in the amalgamed sum (R1/Ro)®g,- - -®r,_, R if (lg—2j—3,.. ., ly—1) <
(ry...,r).
Proof. Postponed. O

We finally get the description of Wk for k > 3, k odd.
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PROPOSITION 4.19. Let k € N be an odd integer, and assume k > 3. An Fp—basis for Wk is described
as follow.

a) the elements
x;% e, (0)

k+1

where l,_1 € {r+1,...,p—1} and (lx41,...,lk—2) €{0,...,p—1} 2 ~%;
2

b) according to the parity of % we have
bl) if % is even, the elements in b2.2) of lemma 4.12 together with the elements

$E k+1 yeeslle—1 (1)
=t

with (Ixs1, ..., lg—1) < (p—1—r,...,71);
2
b2) if % is odd, the elements in b2.1) of lemma 4.12 together with the elements

$Ek+1 yeesll—1 (1)

with (l%,...,lk,l) < (ry...,r).
Proof. Postponed.
We sum up what We can sum up the results, giving the dimensions of the spaces W.
PRrROPOSITION 4.20. Let k € Ns3. The dimension of the space Wk is then given by

1) for k odd, we have

%71 %71 k=3
p((p—1-— r)pp2_1 +prpp2_1 )+r+(p—1)p =z
if kLl caN
__ 2
lelfp(Wk):
k53 s
pp—r)trg—+p—1-r)+(p—-1)p >
k—1
== e 2N +1
\ 2

2) For k even, we have

k
( —1
—1

. ;
(p—1—m)p? " +plr + )Ert +(r = 1)
- if fe2N+1
dimg (W) =
lme( E L 5 1 Bt
(p=1=rp2 +prLes +pp—1-1)ror)+(P—-2-7)
[ if EleoN

We are finally able to compute the dimension of 'y (p*)-invariants, using propositions 3.15, 4.10,
4.20:

THEOREM 4.21. Let k € N1 be an integer and r € {1,...,p — 1}. Then the dimension of I'y (p*)-
invariants for the supersingular representation 7(r,0,1) of GL2(Q,) is described as follow:

22p"7 — 1) ifkisodd;
k k—2

dims (7 r, 071 Fl(pk) =
F, (7(7,0,1)7 1) 2(p% +p" 7 —2) ifkiseven

Proof. Postponed.
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