ON MOD p LOCAL-GLOBAL COMPATIBILITY FOR GL3(Q,) IN THE

NON-ORDINARY CASE

DANIEL LE, STEFANO MORRA, AND CHOL PARK

ABSTRACT. Let F/Q be a CM field where p splits completely and 7 :
GL3(Fp) a continuous modular Galois representation. Assume that 7 is non-ordinary and
nonsplit reducible (niveau 2) at a place w above p. We show that the isomorphism class
of F‘Gal(fw/Fw) is determined by the GL3(Fy )-action on the space of mod p algebraic
automorphic forms by using the refined Hecke action of [HLM]. We also give a nearly
optimal weight elimination result for niveau two Galois representations compatible with
the explicit conjectures of [Her09] and [GHS]. Moreover, we prove the modularity of
certain Serre weights, in particular, when the Fontaine-Laffaille invariant takes special
value co, our methods provide with the modularity of a certain shadow weight.
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1. INTRODUCTION

Let p be a prime. In this paper, we address a problem about local-global compatibility
in the mod p Langlands program for GL3(Q,). In [Ser87], J-P. Serre conjectured that if
7 : Gal(Q/Q) — GL2(F,) is a modular Galois representation, then the minimal weight of a
modular form giving rise to 7 is determined (in an explicit way) from the local datum 7|,
where I, denotes the inertia group at p. From the explicit description, one easily sees that
the conjectured minimal weight actually determines the isomorphism class of 7|;,. Serre in-
terpreted this as evidence for compatible mod p local and global Langlands correspondences
(cf. loc. cit., Section 3.4). These correspondences were established along with their p-adic
analogues in several works of many authors—Breuil, Berger, Colmez, Dospinescu, Emerton,
Kisin, and Paskunas to name a few (see [Bre03, [Coll0, [Eme]). In particular, F\Gal(@p/Qp)
can be recovered from the minimal weight and the Hecke action on it.

One would hope for analogous correspondences in greater generality. For a CM extension
F/F* in which p splits completely, fix a place w|p. For a modular Galois representation
7 : Gal(Q/F) — GL3(F,), one could consider the GL3(F,)-representation II(7) coming
from the space of mod p automorphic forms on a definite unitary group. It is not known
whether II(7) depends only on 7|q 7, /5,)- It is expected that if 7[q, 7, /p, ) is tamely
ramified, then it is determined by the set of modular Serre weights (the GL3(Z,)-socle of
II(7)) and the Hecke action on its constituents. However, this is not true if 7|q 7, /5, i
wildly ramified, and the question of determining 7| Gal(F, /F,) fTOM II(7) lies deeper than the
weight part of Serre’s conjecture. Using a refined Hecke action, we show that the GL3(Q,)-
action on II(7) determines 7|q, 7, /r,) in many non-ordinary cases following the work in
the ordinary cases of [HLM] for GL3(Q,) and [BD14] for GLy over unramified extensions
of Q.

In order to present the main results in more detail we need to fix some notation. We let
E/Q, be a finite extension, O its ring of integers and F its residue field. These are the rings
of coefficients of our representations and are always assumed to be sufficiently large. Let
p:Gg, — GL3 (F) be a continuous reducible indecomposable Galois representation. It is not
hard to see from the results of [GG12] that the semisimplification of 7 is often determined
by the modular Serre weights of p and the Hecke actions on them. If p is Fontaine-Laffaille,
the extension class, and hence the isomorphism class of p, is determined by an invariant
FL(p) € P(F) generalizing the one in [HLM] (cf. Definition .

One can also define a parameter on the automorphic side. Let I; denote the standard
pro-p Iwahori subgroup. If 7, is a smooth F-valued representation of GL3(Q),), which verifies
certain multiplicity one properties with respect to its GL3(Z,)-socle, then there is a natural
action of certain group algebra operators S, S’ on (asg, a1, ag)-isotypic parts of 7r£1 (isotypic
with respect to the residual action of the finite torus) and one can associate a non-zero
parameter to the pair (S,S’) (see Section [5| for the precise definition of the operators and
their properties).

The main result of this paper is to prove that the two local parameters defined above

coincide when the local representations are obtained from the cohomology of unitary arith-
metic manifolds (cf. Theorem . Let F/Q be a CM field with F'T its maximal totally
real subfield and let 7 : Gp & Gal(Q/F) — GL;3(F,) be a continuous Galois representation.
Assume that p is totally split in F' and fix a place wgl|vg of F, F* respectively, above p. We
assume that 7 is modular: for the purpose of this introduction this means that there exists
a totally definite unitary group G defined over F'* (outer form of GL3 and split at places
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above p), a tame level U? < G(A7;") away from p and a maximal ideal m; associated to 7
in the anemic Hecke algebra acting on S™ (UP,F) (the space of algebraic automorphic forms
with infinite level at p and coefficients in F) such that S™ (U?,F)[m;] # 0.

We write W (7) for the irreducible smooth GL3(Op+ ,)-representations V' over F such
that

Homg(oFﬁ_’p) (VV, SS‘“(UP,]F)[mF]) 7& 0.

(the set of Serre weights of 7) and we fix a Fontaine-Laffaille set of weights V' away
from vo (i.e. V' is an irreducible smooth representation of [, ., GL3(Op+) and there
exists an irreducible smooth GL3(O Fi )-representation V,, such that V' ® V,, € W(7);
see Definition for details on the definition of V). In particular, we define the space
S (Uv0, Vv0)[m;] of algebraic automorphic forms of infinite level at vy and coefficients in
V¥: it is a G(F,})-representation.

Theorem 1.1. In the previous hypothesis and settings, let U = U,, x U < G(AZ?) x
0 F
S(Op+,p) be a sufficiently small compact open, where U™ C G(AZL™). We make the
following assumptions:
i) 7lg is indecomposable of residual niveau 2 as in (2.1.1) with genericity condi-
tion ;
FL(,F|GFWO) ¢ {O’ OO};
is Fontaine-Laffaille at all places dividing p;
(iv) 7 is unramified at places away from p;
v has an image containing GL3(k) for some k C F with #k > 9;
( 9 9
(vi) FC Joes not contain F(¢p).

Let S,S" be the group algebra operators defined in Section@ (associated to the triple of
integers (—ag, —ay, —ag). Then

(ii)
(iii)
)
)

=

=3

01 0
(101) Sl ° 0 0 1 — (_1)(12*(11 . ai ag . FL(F|GF ) . S
P 0 0 az — a1 vo

on S (U, V) [my]!(ma1=0,=02)[(],]  where the notation (8)1(~91:=00:=92) denotes the
(—a1, —ag, —asg)-isotypic part, for the residual action of the finite torus, of the pro-p Iwahori
fized vectors of S (U, V) [mz], and Uy is a carefully chosen U,-operator.

In the theorem above, the global assumption (iii)-(vi) are needed in order to obtain a
freeness result for a Hecke algebra acting on S™ (U, V*)[m;] (cf. Theorem .

As mentioned before, in order to obtain Theorem [I.I] one needs a certain multiplicity
one condition on the G(O i )-socle. This is obtained by a thorough type elimination in
niveau 2, which highlights that the set of Serre weights for 7 depends on the associated
Fontaine-Laffaille parameter.

When 7|q Fug is semisimple, there is a conjectural description of the set W;O (7) of irre-
ducible smooth representations V,, of G(Op+ ;) such that V' @V, € W(7) (cf. [HexQ9]).
When 7|¢ Fu, 18 NOL semisimple, we define here an explicit set W, (7), which depends on the
Fontaine-Laffaille parameter associated to 77|(;Fw0 (cf. Definition . We remark that in
the set WZ)O (7) we can distinguish an explicit subset W;g’b”(f’) of obvious weights (related
to “obvious” crystalline lifts of 7|g Fug ). Our main result on Serre weights for 7 is contained
in the following theorem:
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Theorem 1.2. Assume that T verifies assumption (i) of Theorem . Then
W (T) © Wi, (7).

Moreover, the obvious weights F(as — 1,a1,a0 + 1) and F(ags — 1,a0 + 1,a1 — p + 1) are
always modular, while, if the Fontaine-Laffaille parameter at wq verifies FL(F|GFWO) = 00,
the shadow weight F'(as,ap,a1 — (p — 1)) is modular.
Finally, assume that F is unramified at all finite places and that there is a RACSDC

automorphic representation IT of GL3(A ) of level prime to p such that

(i) 7~ 7p,(ID);

(ii) For each place wlp of F, rpi(Il)|Gy, is potentially diagonalizable;

(iii) 7(Gr(c,)) is adequate.

Then we have the following inclusion:

WP (7) C Wiy, (7).

wWo

Remark 1.3. If 7|g,, is split, and 7 verifies items (i)-(iii) of Theorem [I.2| we can always
prove that W5t (7) N W C Wy, (F) where W/ o () N Wy is the set of obvious lower
weights of 7 at wq (cf. §6.3))

For the weight elimination results, we classify rank 2 simple Breuil modules with descent
data of niveau 2 corresponding to the 2-dimensional irreducible quotient of 7|g Fug+ Lhe
classification of the rank 2 simple Breuil modules is also heavily used to show the connection
between the Fontaine-Laffaille parameter and a Frobenius eigenvalue of certain potentially
crystalline lift of 7| Fug (cf. Propositionand Theorem. The proof of weight existence
is here performed by purely Galois cohomology arguments. We remark that along the proof
of Theorem we obtain a potential diagonalizability result, which lets us infer that
representations satisfying the hypotheses of Theorem [1.1] do exist (cf. Theorem [6.17).

We conclude this introduction with an overview of the sections of this paper. In the
remainder of this introduction, we introduce the notation that will be used throughout
the paper. In Section [2| we analyze the local mod p Galois representation p, in terms of
Fontaine-Laffaille theory. We also classify rank 2 simple Breuil modules with tame descent
data, and show the existence of crystalline lifts with certain Hodge-Tate weights of the
representation p,. In Section E[, we perform elimination of Galois types, by determining the
structure of possible Breuil modules with descent data corresponding to the representation
Po- In Section E| we completely determine the filtration of strongly divisible modules lifting
the Breuil modules, with a carefully chosen descent datum, corresponding to the represent-
ation p,y. The filtration on strongly divisible modules gives information of the eigenvalues of
the Frobenius map of the corresponding weakly admissible filtered (¢, N)-modules, and we
find an explicit relation between certain Frobenius eigenvalues and the Fontaine-Laffaille
parameter. In Section [5] we quickly review certain group algebra operators and their prop-
erties, developed in [HLM]. Our main results are stated and proved in Section @ We
establish weight elimination result in Section [6.3] and prove mod p local-global compatabil-
ity and modularity of certain weights in Section A freeness result for a Hecke algebra

sm

acting on S (U, V)[mz] is proved in Section

1.1. Notation. Let Q be an algebraic closure of Q. All number fields F/Q will be considered

as subfields in Q and we write Gp & Gal(Q/F) to denote the absolute Galois group of F.
For any rational prime ¢ € Q, we fix an algebraic closure Q, of Q¢ and an embedding
Q — Qy (and so an inclusion Gg, — Gg). In a similar fashion, we fix an algebraic closure
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F, for the residue field Fy of Q,. As above, all algebraic extensions of Q, (resp. Fy) will be

considered as subfields in the fixed algebraic closure Q, (resp. Fy).
def

Let f > 1. Welet Ky = W(k)[%] be the unramified extension of degree f of Q,. We

consider the Eisenstein polynomial E(u) & u¢ 4 p € Zy[u] where e = p/ — 1. We fix a root

w = ¢/—p € Q, and set K & Ko(w). In particular, K/Ky is a tamely, totally ramified
extension of K of degree e and a uniformizer w.

Let E be a finite extension of Q,. We write O for its ring of integers, I for its residue field
and wg € O to denote an uniformizer. From now on, we fix an embedding 7¢ : K — E,
hence an embedding og : k — F.

The choice of w € K provides us with a map:

WO : Gal(K/Q,) — W(Fyr)™

, s 1@

whose reduction mod w will be denoted as w,,. Note that the choice of the embedding oy :
k — F provides us with a fundamental character of niveau f, namely wy def 00°We | Gal(K/Ko)-
Write ¢ for the absolute Frobenius on k. By extension of scalars, the ring k ®p, [F is
equipped with a Frobenius endomorphism ¢ ® 1 and with a Gal(K/Q))-action via we @
1. In particular, we recall the standard idempotent elements e, € k @p, F defined for
o € Hom(k,F), which verify ¢(e;) = €sop-1 and (A ® 1)e, = (1 ® 0(N))e,. We write
e, € W(k) ®z, O for the standard idempotent elements; they reduce to e, modulo p.
Given a p-adic Galois representation p : Gg, — GL; (E), we write p* to denote the linear
dual representation. Given a potentially semistable representation p : Gg, — GL,(E), we
write WD(p) to denote the associated Weil-Deligne representation as defined in [CDT99],

Appendix B.1. We refer to WD(p)|IQp as to the inertial type associated to p. Note

that, in particular, WD(p) is defined via the (covariant) filtered (¢, N)-module Dgp (p) &

lim (Bt ®g, p)9* (and D:t’Q” denotes the contravariant filtered (¢, N)-module).
H/Qp

2. THE LOCAL GALOIS SIDE

In this section, we analyze the local mod p Galois representations we impose in terms
of Fontaine-Laffaille theory. After recalling some integral p-adic Hodge theory, we classify
rank 2 simple Breuil modules with tame descent data of niveau 1 and 2, which will be used
in Sections [3|and [4] We also show the existence of crystalline lifts with certain Hodge—Tate
weights of the local mod p representations, which will be useful later.

2.1. The Fontaine-Laffaille parameter. Let p, : Gg, — GL3(FF) be a continuous Galois
representation. We assume that p, is of niveau 2, i.e. an extension of a 2-dimensional
irreducible representation by a character. More precisely, we may let

w2+l * *

2.1.1 Dol = 0 w(al+1)+p(ao+1) 0
( pO Q. 2
’ 0 0 w1210+1+p(a1+1)
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for some integers ag, a1, as € N. It is obvious that it can be rewritten as follows:

W(G.Q—H.O—l)-‘rl * *
an = 0 w5 Jeuen
0 0 wg((al_ao_l)+1)

We let p, be the one-dimensional subrepresentation such that p,| Ig, = w2 and py, the

two-dimensional irreducible quotient such that pyqlr,, = w;”lﬂ)(al“) ) wgaﬁl)ﬂ(a““).

2.1.1. Preliminaries on Fontaine-Laffaille theory. We briefly recall the theory of
Fontaine-Laffaille modules with F-coefficients and its relation with mod-p Galois represent-
ations. The main reference will be [HLM], Section 2.1.

A Fontaine-Laffaille module (M,Fil® M, ¢,) over k ®g, F is the datum of

(i) a finite & ®p, F-module M, free over k;
(i) a separated, exhaustive and decreasing filtration {Fil’/ M};cz on M by k ®r, F
submodules (the Hodge filtration), which are k-direct summands;
(iii) A p-semilinear Frobenius isomorphism ¢ : gr* M — M
Note that, by property (iii), a Fontaine-Laffaille module is indeed free over k ®F, IF.
Defining the morphisms in the obvious way, we obtain the abelian category F-FLj of
Fontaine-Laffaille modules over k ®p, F. If the field k is clear from the context, we simply
write F-FL to lighten the notation.
Given a Fontaine-Laffaille module M, the set of its Hodge-Tate weights in the direction
of ¢ € Gal(k/F)) is defined as

Fil* M
HT, i eN, dimp | 22— ) #£0Y.
{ e, FiF M 7

In the remainder of this paper we will be focused on Fontaine-Laffaille modules in parallel
Hodge-Tate weights, i.e. we will assume that for all 7 € N, the submodules Fil* M are free
over k ®p, F.

Definition 2.1. Let M be a Fontaine-Laffaille module in parallel Hodge-Tate weights. A
k ®p, F basis f = (f1,..., fn) on M is compatible with the filtration if for all i € N there
exists j; € N such that Fil' M = Z;.L:ji k @p, F - f;. In particular, the principal symbols
(gr(f1),...,gr(fn)) provide a k ®p, IF basis for gr® M.

Note that if the graded pieces of the Hodge filtration have rank at most one then any two
compatible basis on M are related by a lower triangular matrix in GL,(k ®f, F). Given a
Fontaine-Laffaille module and a compatible basis f, it is convenient to describe the Frobenius
action via a matrix Mat;(¢e) € GL3(k®p, F), defined in the obvious way using the principal
symbols (gr(f1),...,gr(f.)) as a basis on gr* M.

It is customary to write F-FL 02=2 {5 denote the full subcategory of F-FL formed by
those modules M verifying Fil M = M and Fil’~* M = 0 (it is again an abelian category).
We have the following description of mod p Galois representations of Gk, via Fontaine-
Laffaille modules:

Theorem 2.2. There is an exact fully faithful contravariant functor

* . F-FL0P? 5 Repp(G,)

cris, Ko
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which is moreover compatible with the restriction over unramified extensions: if Ky/Ky is
unramified, with residue field k' /k, then

ety (F @1 M) = Ty e, (M),

cris, K|, cris, Ko

Proof. The statement with F,-coefficients is in [FL82], Théoréme 6.1; its analogue with
F-coefficient is a formal argument which is left to the reader (cf. also [GL14], Theorem
2.2.1). O

*

We will simply write T7 . if the base field K is clear from the context.
It is well known, (for instance [GG12], Lemma 3.1.5), that under mild condition on the
inertial weights, p, is Fontaine-Laffaille:

Proposition 2.3. Let p, : Gg, — GL3(F) be as in . If the triple (ag,a1,a9) € Z3
verifies p — 2 > (ag — ag — 1) > a1 — ag > 2 then p, is Fontaine-Laffaille.

In order to obtain results on local-global compatibility and to perform weight elimination
(cf. Section , we shall assume a stronger genericity condition on the integers a;,

Definition 2.4. We say that a niveau 2 Galois representation p, : Gg, — GL3(FF) as in
(2.1.1)) is generic if the triple (as, a1, ag) satisfy the condition

(2.1.2) p—3>(ag—ao—1)> (a; —ag) > 3.

2.1.2. The Fontaine-Laffaille parameter. Let p, be as in (2.1.1)) and assume that the
integers a; € N verify the generic condition (2.1.2)). By Proposi there is a Fontaine-
Laffaille module M such that T}, (M) = p, ® w~%~! and which is moreover endowed with
a filtration by Fontaine-Laffaille submodules My C M; C My = M induced via T .. from

the cosocle filtration on 7 (cf. Theorem [2.2)).
Lemma 2.5. Assume and let M € F-FL be such that T (M) = py @ w™ %L

cris
Then there exists a basis f = (fo, f1, f2) on M which is compatible with the Hodge filtration
Fil* M and with the filtration by Fontaine-Laffaille submodules on M, and such that

-1

0 p T
(2.1.3) Mats(¢s) = uot 2 Yy
0 0 puy

for some p; e F*, x,y,z € F.

Proof. For the rest of this proof, we set ¢ Ey —ar — 1, r L — ag — 1. In particular M
has Hodge-Tate weights {0,7 + 1,c¢+ 1}.

Let N be the rank two irreducible Fontaine-Laffaille submodule of M corresponding to
T (N) = w§0+1~ Then we have Fil' N = NNFil’ M for alli € N. As N is irreducible, we can
find a basis (fo, f1) on N, such that Fil' N = ... = Fil'""" N = (f1) and Mat(y, f,)(¢s) =

-1

(ﬂ91 M; . Let fs be a generator of Fil"*? M. As Fil"™® N = 0 and the Frobenius on N is
0

induced from the Frobenius on M it is obvious that the element Maty, 7, #,)(¢s) € GL3(IF)

has the desired shape (2.1.3)). O

Remark 2.6. Keep the notation in the proof of Lemma [2.5] As N is a rank two irreducible
Fontaine-Laffaille module, it is easy to show that it is always possible to choose (fo, f1) so
that z = 0.

The Fontaine-Laffaille invariant FL(p,) associated to p is defined in terms of Mat (o).
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Lemma 2.7. Keep the hypotheses and the notation of Lemma[2.5. Assume moreover that
x,y are not both zero, so that [z : y] € PY(F) is well defined. Then the elements

(NOM17M27 [—x : det (”1;1 ﬁ)D

deduced from Mati((j).) do not depend on the choice of a basis which is compatible with both
the Hodge and the submodule filtration on M.

Proof. The proof is an elementary computation in GL3(F). Indeed, let f be a basis on M as
in the statement of Lemma Then the matrix B € GL3(F) associated to a change of basis
(compatible with the Hodge filtration) on M is lower triangular and the requirement that
the new basis is compatible with the submodule filtration on M provides us the following
equation:

(U S
B -Mats(¢s) - gr(B)~' = ()\51 2y )
- 0 0 X!

where the diagonal matrix gr(B) is defined by gr(B);; = (B)i.i, and the left hand side is in
an element in GL3(TF).

a 0 0
By letting B = (5 B 0), an easy computation provides us with
e n v
0 AN' o 0 B e azy!
N2y = a8 w8z ey ety
0 0 X! 0 0 ot
We have
-1, P aay ™t _ . s
—azy” " :det (ulﬁiﬁ*15+z m*lélyw”ﬁ)} = [—a: : det (“1z y)}
and the conclusion is now clear. ]

Definition 2.8. Keep the hypothesis and notation of Lemma[2.5] and let M be the Fontaine-
Laffaille module associated to p, ® w™ %1, f = (fo, f1, f2) a basis on M as in Lemma

and py ', z,y, 2 € F be the elements defined by Mat (¢ ) as in 1]
The Fontaine-Laffaille parameter associated to p, is defined as

FL(7,) = [—x - det (“gl ;)} e PY(F).

Remark 2.9. Let p, be as in (2.8]). The isomorphism class of g, is completely determined by
the pair (pop1, 2) and the Fontaine-Laffaille parameter FL(p,) as well as their Hodge-Tate
weights.

2.2. p-adic Hodge theory: Preliminaries. We place ourselves in the framework of
strongly divisible lattices, Breuil module, étale ¢-modules with coefficients and descent
data, having [EGH13| Section 3.1 and [HLM] Section 2 as a main reference.

2.2.1. Preliminaries in characteristic zero. The ring Sy () (cf. [Bre97], Section 4.1,
[Car(8], Section 2.1) is defined as the p-adic completion of the divided power envelope of
the polynomial ring W (k)[u] with respect to the ideal generated by E(u) (compatibly with
the standard divided powers on pW (k)[u]).

It is canonically isomorphic to the following sub-algebra of Ky[[u]]:

> E(u) .
Swk) = {Z w; (Z') , w; € W(k)[ul, ilirgowi = 0}
=0
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where W (k)[u] is endowed with the topology of the pointwise convergence.

The ring Syy () is endowed with a continuous, semilinear Frobenius endomorphism ¢ :
Sw (k) — Sw (k) (semilinear with respect to the absolute Frobenius on W (k)), uniquely char-
acterized by u — u? and a W (k)-linear derivation N, uniquely determined by N(u) = —u
(hence Ncp = pgoN) This ring is naturally endowed With a filtration {Fil’ Sw (k) }ien, where

, J > i, and with a residual Galois ac-

tion by W(k:) algebra endomorphisms, defined by g( . ) = Wy (g)u for any g € Gal(K/Q,). In
particular, the action of any g € Gal(K/Q,) is compatible with the Frobenius the filtration

and the monodromy on S. Note that, by extension of scalars, the ring S@ = SW ®z, Qp
is endowed with the evident additional structures inherited from Syy 1)

We will be mainly concerned with objects having FE-coefficients. Concretely, we write
S« Sw (k) ®z, Op, SE = S ®z, Qp, so that the additional structures on Sy (x) induce,
by O and E- hnearlty respectlvely, a Frobenius, a derivation, a filtration and a compatible
residual Galois action on S, Sg.

Recall that a strongly divisible lattice in Welghts (0,7) is the datum of a free S-module of
finite type JV[ an S-submodule Fil” M - M together with additive morphisms ¢,., IN such
that:

(i) Fil" S - M C Fil’ M and M/ Fil” M is wp-torsion free;
(ii) the morphism ¢, : Fil”’ M — M is semilinear with respect to the Frobenius on S
and its image contains a family of S-generators for JV[;
(iii) the morphism N : M — M is W (k) ®z, Op-linear and verifies
(a) N(sz) = N(s)x + sN(z) for all z € M, se S;
(b) E(u)N(Fil’ M) C Fil" M;
(¢) @r(E(u) - N) = cN o, where ¢ < £E1) ”)) e Sx.

Let K’ € {Ky, Qp}. A descent data from K to K’ on M is the datum of an action of
Gal(K/K') by additive automorphisms on M, which are semilinear (with respect to the
descent data on S) and compatible with the additional structures on M (i.e. with the
Frobenius, monodromy, and the filtration). We write O g-Mody, to denote the category of
strongly divisible lattices in weights (0, r), with descent data from K to K'.

We have a contravariant functor

T2 0p-Modjy — Reppy (G )

where RepK st,[=r0] (Gk) is the category of Gg/-stable Opg-lattices inside E-valued, finite
dimensional p—adic Galois representation of G/ becoming semi-stable over K and with
Hodge-Tate weights in {—r,0} (cf. [EGHI3|, Section 3.1), and which establish an anti-
equivalence of categories if r < p — 1 (cf. [EGH13], Proposition 3.1.4, building on work of
Liu [Liu08]).

2.2.2. p-adic Hodge theory: preliminaries in characteristic p. The residual Breuil
ring § &' (k ®r, F)[u]/(u°?) is equipped with an action of Gal(K/Q,) by k ®r, F-semilinear
automorphisms. Explicitly if g € Gal(K/Q,) and a € k ®r, F, we have

~ ef

glau) = (g- a)(w=(g) ® 1u
where g - a denotes the natural Gal(K/Q)) action on k ®p, F.
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We recall that S is equipped with an k ®r, F-linear derivation N defined by N(u) = —u
and with a semilinear Frobenius ¢ defined by u — u? (semilinear with respect to the absolute
Frobenius on k ®r, F).

Fix r € {0,...,p — 2} and let Sj
quadruple (M, Fil" M, .., N) where

(i) M is a finitely generated S-module which is free over Sy;
(ii) Fil" M is a S-submodule of M, verifying u®"M C Fil” M;
(iii) the morphism ¢, : Fil"M — M is p-semilinear and the associated fibered product
S ke, F Fil" M — M is surjective;
(iv) the operator N : M — M is k ®, F-linear and satisfies the following properties:
(a) N(P(u)z) = P(u)N(x) + N(P(u))z for all z € M, P(u) € S;
(b) u¢N(Fil" M) C Fil" M;
(¢) wr(u®N(x)) = N(pr(2)) for all z € Fil" M.
A morphism of Breuil modules is defined as an S-linear morphism which is compatible, in
the evident sense, with the additional structures (monodromy, Frobenius, filtration).

4 k[u]/u®. A Breuil module over F is the datum of a

As above, we let K’ € {Q,, Ko}. A descent data relative to K’ on a Breuil module M is
the datum of an action of Gal(K/K') on M by F-linear automorphisms which are semilinear
with respect to the residual Galois action on S and which are compatible, in the evident
sense, with the additional structures on M. We write F-BrMod};,; to denote the category of
Breuil modules over F with descent data to K’.

We recall that we have an exact, faithful, contravariant functor

T : F-BrModyy — Repp(Gg-)
M = T5H(M) = Hom(M, A)
where A is a certain period ring (cf. [EGHI3], Section 3.2 building on [Bre99a], Section 2.2;
see also [HLM], appendix A).
The functor T respects the rank on both sides, i.e. dimp T3 (M) = rankg M (cf. [Carll],

Théoreme 4.2.4 and the Remarque following it, see also [EGH13] Lemma 3.2.2)
We have a natural compatibility between strongly divisible lattices and Breuil modules:

Proposition 2.10. Let M be an object in Op-Mody. Then M ®g S/(wg, Fil? S) is an
object in F-BrMod}4 in a natural way and one has a natural isomorphism:

T2 (M) @0, F = T (M @5 S/ (wp, Fil? 5)).
Proof. This is contained in [EGHT3], Section 3.2 (Lemma 3.2.2 and Definition 3.2.8). O

In the rest of this paper we will be mainly interested in the covariant version of the previ-
ous functors toward Galois representations. For this reason we define Tif " Op-Mody —
Repg;t’[fr’ol (Gk) and TZ, : F-BrModj; — Repp(Gk/) via

’ A~ ! A~ \/
T (0 (T ) @ e, T2 (V) & (T3, ()" @0

(where we write " to denote the usual linear dual for an F-linear space e).

We remark that this definition is compatible with the notion of duality on Breuil and
strongly divisible modules as defined in [Car05] and [Car11], namely T;’Qp (JT/E*) = Tg”’r (J/\;[)
and T7, (M) = T%, ().

We recall the crucial notion of type associated to a Breuil module.
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Definition 2.11. Let n € N and let (ag,...,an—1) € Z"™ be an n-tuple. A rank n
Breuil module M € F-BrMod}, is of (framed) type w2 @ --- @ wer ™" if M has an S-basis
(€0, -.,en—1) such that ge; = (W% (g) ® 1)e; for all ¢ and all g € Gal(K/K;). We call such
a basis a framed basis of M.

We also say that (fo, ..., fn_1) is a framed system of generators of Fil” M if (fo, ..., fn—1)
is a system of S-generators for Fil"M and gf; = (wf’;l“i (g) ® 1) f; for all ¢ and all g €
Gal(K/Kj).

A key tool in local to global compatibility is that the inertial type on a Breuil module M
is closely related to the Weil-Deligne representation associated to a potentially crystalline
lift of T7, (M).

Proposition 2.12. Let M be an object in Og-Modjy and let M = M

the Breuil module associated to M via the base change S — S.

Assume that TSP’T(J\A/[) has inertial type O Olw? Then the Breuil module M is of type

<y Olw“’ and Fil” M admits a framed system of generators.

M®g S/(WE,FIIP S)

Proof. This can be spelled out from, e.g. [EGHI3|, Section 3.3 (proof of Theorem 3.3.13).
See also [HLM], Lemma 2.3.8. O

2.2.3. Comparison between Breuil and Fontaine-Laffaille modules. We now recall
the following categories of étale p-modules, first introduced by Fontaine ([Fon90]).
Let k((p)) be the field of norms associated to (Ko,p). In particular, p is identified

with a sequence (p,)n € (@p)N verifying p? = p,_1 for all n. We define the category
(¢, F ®r, k((p))) -9M0d of étale (¢, F@r, k((p)))-modules as the category of free F@r, k((p))-
modules of finite rank ® endowed Wlth a semilinear map ¢ : ® — D (sermhnear with
respect to the Frobenius on k((p))) and inducing an isomorphism ¢*® — © (with obvious
morphisms between objects). a

By work of Fontaine [Fon90], we have an anti-equivalence

(@,F@FP k‘((g))) Mod  — RepF(G(QP)W)
© +— Hom (D,k((p))*?).

Let us consider & \/7 € K. We can fix a sequence (wy, ), € ( )N such that w? = p,
for all n € N and which is compatible with the norm maps K(w,+1) — K(wy,) (cf. [Breld],
Appendix A).

By letting Koo Lof UnenK (w,) and (Kp)oo ef UnenKo(prn), we have a canonical iso-
morphism Gal(K/(Kp)s) — Gal(K/Kj) and we will identify w, as a character on
Gal(Koo/(K0)oo)-

The field of norms k((w)) associated to (K, w) is then endowed with a residual action of
Gal(K oo /(Ko)oo), which is completely determined by §(w) = w(g)w.

We can therefore define the category (¢, F ®r, k((@)))-Modqq of étale (¢, F ®r, k((=)))-
modules with descent data: an object ® is defined in the analogous, evident way as for
the category (o, F ®F, k((p)))-9M00, but we moreover require that ® is endowed with a
semilinear action of Gal(Ko/(Kp)oo) (semilinear with respect to the residual action on
F®r,k((=)), where IF is endowed with the trivial Gal(K o /(Ko)oo)-action) and the Frobenius
@ is Gal( Ko /(Kp)so)-equivariant.



12 DANIEL LE, STEFANO MORRA, AND CHOL PARK

From [HLM]|, Appendix A.2 (which builds on the classical result of Fontaine) we have an
anti-equivalence

(SD,F@)IFP k((@)))—fmoadd = Rep}F(G(Ko)m)
D +— Hom(D,k((wm))*P).

The main result concerning the relations between the various categories and functors
introduced so far is summarized by the following proposition ([HLM], Proposition 2.2.9).

Proposition 2.13. There exist faithful functors
Myy((w)) : F-BrModgy — (¢, F @, k((@))) -DM0daa

and
F:F-FLOP 5 (0, F @p, k((p))) -MMod
fitting in the following commutative diagram:

M (())

(2.2.1) F-BrMod}, (. F @r, k((m))) -Modaq

- Hom (—k((z))™®

Repy (G o) ——=— Repp(G x,)..) ~ @ k(=)
Tie

F-gglor=2 (¢.F @5, k((p))) -Dod

F
where the descent data is relative to Ky and the functor Res o Teys is fully faithful.

The functors My, (), I are defined in [HLM]|, Appendix A, building on the classical
work of Breuil [Bre99b| and Caruso-Liu [CL09)].

Corollary 2.14. Let r < p — 2 and let M, M be objects in F-BrMod}y and F-F£l0p—2
respectively. Assume that T (M) is Fontaine-Laffaille. If

Mi((z)) (M) = F(M) ®p((p)) k(@)
then one has an isomorphism of Gk, -representations
T (M) = T (M).

cris

2.2.4. Linear algebra with descent data. We recall here some formalism on linear al-

gebra with descent data which was introduced in [HLM]. In what follows we fix a residual
n—1 a;

Galois type 7 : Ig, — GL,(F), with a framing 7 = &} w}".

Definition 2.15. Let M € F-BrMod/j, be of type &7 jw®. Let e Lof (€0s---sen1), f =

=0 Y
(fo,- -+, fn—1) be aframed basis and a framed system of generators of M, Fil” M respectively.

The matriz of the filtration, with respect to ¢, f, is the element Mat, ;(Fil" M) € M,(S)
verifying
[ =e-Mat, ¢ (FiI"M).
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Similarly, we define the matriz of the Frobenius with respect to e, f as the element

Mat,, r(¢r) € GLy(S) characterized by

Sor(i) =ée- Matg,j(‘:@r)-

As we require e, f to be compatible with the framing, the coefficients in the matrix of
the filtration verify important additional properties:

(Mates (FI" 30) € (5) 1.,

A
2] Wy

Concretely, one has (Matg £ (Fil” 3\/[)) = ulrlemailg, - where for any = € Z we define

)

[z] € {0,...,e =1} by [z] = a; — a; mode and s, ; € (5) , =k @, Flu]/(u?).

We can therefore introduce the subspace M2 (S) of “matrices with framed type 77

Definition 2.16. Let 7 be a framed tame Galois type.
The space MS(S) is defined as

MU(S) & {v € My(S), Vij € (S) o forall 0<i,j<n— 1} .

Similarly, we set

GLY(S) € GL,(S) n ME(S)

which is a subgroup in GL,(S).

As T is a residual Galois type, there exists an element w= € &, such that gf, ;) =
(wed @ 1) for(j) for all g € Gal(K/Ky) and 0 < j < n— 1. Moreover as ¢,(f;) is a w’
eigenvector for the residual Galois action we deduce that

Mat,, ; (Fil” M) - w7 € Mat., (S),  Mate f(¢,) € GL](S)

where we used the same notation ws for the permutation matrix associated to w=.
Given A, B € MnDH(S) and x € (S)wo we write , with a slight abuse of notation,

A =B modzx

meaning that there exists an element C' € ML), (S) such that A = B + 2C.

Lemma 2.17. Let M be a Breuil module of framed type @?golwf;, and let e, f be a framed
basis for M and a framed system of generators for Fil" M respectively. B

Let V = Mat, ¢(Fil" M) € M,,(S) and A = Mate, f(¢r) € GLY(S) be the matrices for the
filtration and the Frobenius action respectively. -

Then there exists a basis ¢ for Mz (M*), framed with respect to the type @?;Olw;‘”,

such that the Frobenius action is described by

o~

Mate(¢) = 7 (A7) € Ma(F o, H=])

where V, A are lifts of V, A in M, (F ®r, k[[@]]) via the reduction morphism F @, k[[w]] —
S and (Matg(@)ij € (F®r, k[[@]])w;rpaj.

Proof. This is Lemma 2.2.12 in [HLM] O
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Lemma 2.18. Let M € F-F£%P~2 pe g rank n Fontaine-Laffaille module in parallel Hodge-
Tate weights 0 < mg < -+ < my_1 < p—2 (counted with multiplicity).

Let e = (eo,...,en—1) be a k @, F basis for M;, compatible with the Hodge filtration
Fil*M and let F € M, (k ®r, F) be the associated matriz of the Frobenius ¢q : gr® M — M
There exists a basis ¢ for I & F(M) such that the Frobenius ¢ on 9 is described by
Mat,(¢) = Diag(p™®...p""~")F.

Proof. This is Lemma 2.2.13 in [HLM]. O

Finally, we need a technical result which lets us keep track of base changes on Breuil
modules with descent data.

Lemma 2.19. Let M € F-BrMod}, be of type 69?;010./?; and let e, f be respectively a framed
basis for M and a framed system of generators for Fil” M. B

Write V.= Mat, ¢ (Fil" M), A o Mat, ¢(¢r) to denote the matriz of the filtration and of
the Frobenius respectively. a

Assume that there exists an element V' € MS(S) such that
(2.2.2) A-V'=V  ws- B modu+),

for some B € GLY(S).
Then the element

u

/
€

o e-A.
defines a framed basis on M. Moreover:
(i) V- w=' = Mat. (Fil" M) is a matriz of the filtration with respect to ¢’ and a
system f' of gener?ztors for Fil" M;
(ii) ¢(B) is the matriz of the Frobenius with respect to ¢, I

Proof. Tt easily follows from Lemma 2.2.14 in [HLM]. O

2.3. Classification of simple Breuil modules of rank 2. By [CarIl], Théoréme 4.2.4
and the Remarque following it, the category F-BrMod, is additive and admits kernels and
cokernels. In particular a complex

0—)M0&M1QM2—>0

in F-BrMod}, is ezact if the morphisms f; induce exact sequences on the underlying S-
modules M; and Fil"M; (5 € {0,1,2}). This endows F-BrMod]; with the structure of an
exact category.

In what follows, we give a slight improvement of a technical result in [HLM] (loc. cit.,
Lemma 2.2.2) concerning the submodule structure of a given Breuil module M € F-BrMod},
and which will be crucial to provide the classification of rank two irreducible objects in
F-BrModj,.

We recall the definition of Breuil submodule:

Definition 2.20. Let M be an object in F-BrMod}};. An S-submodule N C M is said to
be a Breuil submodule if N fulfills the following conditions:
(i) N is an Sj-direct summand in M;
(ii) N is stable under the descent data action and the monodromy operator on M;
(iii) the Frobenius ¢, on Fil" M restricts to a ¢-semilinear morphism N N Fil” M — N.

The importance of Definition [2.20]is explained in the following two propositions.
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Lemma 2.21 ([HLM], Lemma 2.2.8). Let
0— My A M— My —0

be an eract sequence in F-BrMod}y. Then the S-module f (My) is a Breuil submodule of
M

Conversely if M is an object in F-BrMod}y and N C M is a Breuil submodule of M, the

pair (N,Fil" N YFil"MN N) with the induced structures is an object of F-BrModgyy in a

natural way and the complex
0=-N—-M—->M/N—=0

is an exact sequence in F-BrModj,.
In particular, if N is a Breuil submodule in M, then N is an S-direct summand of M.

Recall that we have a faithful, covariant functor Tf, : F-BrModgy — Repp(Gg,) (cf.
Section [2.2.2))

Proposition 2.22 ([HLM], Proposition 2.2.5). Let K’ € {K(,Q,}. With the above notion
of exact sequence, the category F-BrMod), is an exact category in the sense of [Kel90] and
TZ, is an exact functor. Moreover, if M an object in F-BrMod}, the functor TZ, induces an
order preserving bijection

© : { Breuil submodules in M} — {G' subrepresentations of TL, (M)}

sending N C M to the image of Tt (N) — TL (M) and canonically identifying ©(M)/O(N)
with T (M) /T (N).

We now establish the main result of this section, namely the complete classification of
rank 2 Breuil modules with descent data of niveau 2 relative to Q,. We start with a
preliminary lemma:

Lemma 2.23. Lete =p* —1, Ko = Q,2, K = Ko(y/=p), and S = (F2 ®p, F)[u]/u®. Let
M € F-BrModj, be a rank two Breuil module, with descent data relative to Kgy. Assume
that T3 (M)|r,, = wit! & WY and the integers r,s € N satisfy n(p + 1) + (s + 1) <
r+1<(n+1)(p+1)—(s+1) for somen € Z.

Then we have a decomposition of Breuil modules M = M &M, where TS (Mg)|1,, = whtt

1
and Tjt(Ml)hKo = wg(H_ ),
Note that the numerical assumption on r, s implies s < 1’2;1.

Proof. By Proposition there exist Breuil submodules M; and M; in M such that
T (M) 1, =~ wh ™ and T3 (M) 1, =~ wg(rﬂ). Let us write My, = Smy, (resp. M; = Smy)

with descent data g(my) = S1_o(w2(g)¥ © 1)my (resp. §(my) = Sb_o(walg)l ® 1)my),
filtration Fil® My, = ((u™eq + u"e1)my) (resp. Fil® M; = ((u*0eg + u®te;)my)), Frobenius
map s : (u™eq + uter)my — Amy, (resp. @5 : (ueg + utter)my — nmy), and monodromy
operator N : my +— 0 (resp. N : m; — 0). Note that the integers k;, l;, 7;, s; satisfy
r; = pkit1 — k; mod (e) and s; = pli+1 — I; mod e (cf. [EGHI3|, Lemma 3.3.2).

Assume first that {my,m;} is linearly independent in M over S. By comparing the
cardinalities, it is clear that S(my,m;) = M, and so it is obvious that the Frobenius map
s and the monodromy operator N on M are immediately determined by the ones on My
and M;. We have Fil*M > <(uTUeO + utey)my, (u0eg + uslel)ml>. As the Frobenius on
Fil® My, Fil* M; is induced from the Frobenius on Fil* M, and since the Frobenius acts via
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A, m € Fp2®p, Fon Fil® M, Fil® M;, the previous inclusion is an equality. Hence, the Breuil
module M is a direct sum of these two Breuil submodules in the obvious way.

We now check that {my,m;} is linearly independent over S. Assume on the contrary
that o'm; = B'm; for o/, € S\ {0}. Then the minimal degree of o/ and 3’ should
be the same (if not, M and M; would not have the same cardinality): more precisely,
wloegmy = u'Begmy, v aeimy = u! Bermy, or both, for a, 8 € S and for 1,7 € [0,ep).
Say, u'aegmy, = u'Begm;. Then this immediately implies that kg = lp mod (e). We check
that this violates our numerical assumption on r and s. Since pro + 1 = 0 mod (e) and
pso + s1 = 0 mod (e), we let pro + 1 = ae and psg + s1 = be for 0 < a,b < s(p+ 1). Since
T (M) 1, =~ wh ™ and T2, (M) |1, = p(TH) , we also have

ko + pa =71+ 1 mod (e);
{ lo+pb=p(r+1) mod/(e).
Subtracting the first one from the second one, (p — 1)(r + 1) = p(b — a) mod (e) and so we
may let b—a=¢(p—1),and —(s+1) <e < s+ 1since s <p—1. Hence, 7 + 1 = —e mod
(p+1) and so we may let r+1 = —e+0(p+1) for 6 € Z. Our assumption on r and s implies
that n(p+1) <d(p+1)=r+1+e<(n+1)(p+ 1), which is obviously impossible. O

Proposition 2.24. Lete =p* —1, Ko = Qp2, K = Ko(/=p), and S = (F,2 ®x, F)[u] /u?.
We let © and y be integers with x £ y mod (e) and M € F-BrMod}, be a Breuil module of
type T ~ wE wY, such that T3, (M) is an absolutely irreducible 2-dimensional representation
of Gq,, i.e, T&(M)]ry, ~ w7+1 EBwQ(TH Assume further that n(p+ 1)+ (s+1) <r+1<
n+1Dpp+1)—(s+ 1) for some n € Z.

Then there exists a framed basis e = (eg,ey) for M and a framed system of generators
f = (fpws fpy) for Fil> M such that

o Mat ;(Fil* M) = (ugy u0m> where 0 < 1y, 1y < es with ry = py —x mod (e) and
ry =pr —y mod (€);
o Mate, r(ps) = (/\O”” )?) where Az, Ay € (Fp2 ®p, F)*;
0
o Mate( ( W7 () @ 1) for all g € G(K/Ky);
o N(eg)=0=
pm+ry prytre
o T3 (M >|f% = wz*” L

Proof. By Lemma [2.23) we deduce that M has a basis ¢ = (my, m;) over S, and a system
of generators f = (fx, fi) for Fil®> M such that:

. u"eqg 4+ uleq 0
° Matg’f(Fﬂs M) = 0 u®%eq + uleg

pki—1 — k; mod (e) and s; = pl;—1 — I; mod (e);

o Mat, r(ps) = (8 2) where A\, n € (Fp2 ®F, F)*;

) where 0 < r;,s; < es with r; =

0 Zi:o(‘ﬂg(g) ® Le;
o N(my)=0= N(my).

Let o be the unique lift in G(K/Q,) of the arithmetic Frobenius in G(K(/Q),) such that
o(</—p) = /—p, and let us try to recover the action of o on M. Let (my) = agmy + aymy

o Mat(g) = (Zi:o(wlkﬂi (9) @ 1)e; 1 0 ) for all g € G(K/Ky);
)
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and 6(m;) = Bemy + Bimy where ., B« € S. The identity ogo=! = g? for g € G(K/Ky)

gives rise to the following two identities:

o [(WEo(g)@1)er+(wE (9)@1 )eo) (agmp+army) = 6g(myg) = §6(my) = §7(ax)[(WB™ (9)®
D)o + (B (9) @ 1)eamy + §7 () [(WE* (9) ® L)eg + (Wit (9) @ DexJmu;

ot [(wh(g)®@1)er +(whi (9) @ Ve (Bumy + Brmy) = 6g(mu) = §P6(my) = g7 (Br)[(wi° (9) @
L)eo + (wBf (g) @ Der]mi + g7 (By)[(wB° (9) ® eo + (wh(g) ® 1)ex]mu.

Comparing the coefficients in these two identities, we have the following relations of descent

data:

\+|I

Q) k1 = ao + ko mod (e) and epay € egu®® (So)X if egag, # O;
ko = a1 + k1 mod (e) and ejay € equ® (Sp)*  if e;ay # 0,
(if) k1 = b + lpmod (e) and egay € egu® (SO)X if egay # 0;
ko = by + I3 mod (e) and ey € equbt (So)*  if eyoy # 0,
(iif) l1 = co + komod (e) and egfy € egu (So)X if egBy # 0;
lo =c¢; + k;mod (6) and elﬂk € equt (So)x if elﬁk # O,
(iv) Iy = do + lpmod (e) and epf; € equ? °(So)* if o # 0;
lo = di + 13y mod (6) and 6161 S elud (So)X if 61[‘3[ 7£ 0.

It is immediate that ag + a1 = Omod (e), by + ¢1 = 0mod (e), b1 + ¢o = Omod (e), and
dp + d1 = 0mod (e).
Since Fil" M is stable under the action of o, we have
o(Fil" M) = <(u”]el +u"teg)(apmi + aymy), (u*er + uteg) (Brmi + ﬂlml)>
C Fil" M = ((u™eq + u" e1)mg, (ueq + u*ter)my),
which immediately implies the following inequalities:
(a) r1+ap >roand rg+ay > ry;
(b) 1 +b0 Z S0 and ro + bl Z S1;
(c) s1+co>roand so+c1 > ri;
(d) s1+do>sp and sg+dy > 5.
Since 02 = 1, we have

(1 0):<ak0(ak)+5k0(al) axo(Br) + Bro( z))
0 1 ao(ox) + fio(au) o (Br) + Bio(B) )

From the (1,1)- and (2, 2)-entries, we have the equations:
(2.3.1) ao(or) = Bio(Bi) and Bro(ou) = ao(By),

and so at least one of aio(ay) and Bro(ay) are in §;_ (Note that o fixes the quantities in
231).)

Assume that ago(ag) € ?;, i.e., ag+a; = 0. By the identity , do+d; = 0. Hence,
we have ag = a; = dgp = d; = 0. Then, by (i) and (iv), ko = k1 mod (e) and Iy = I; mod (e),
and we also have rg = r; and sp = s; by (a) and (d). But this is impossible since we
assume that the Breuil submodules Smy, and Sm; correspond to characters of niveau 2.
Hence, apo(ak) € SO , 1.e., either axo(ag) =0 or ag + a; > 0.

Assume now that Bro (o) € Eé, ie., bg+c1 =0=0b1+cy. Thus, by = by =cyg =c; =0.
Then, by (ii) and (iii), kg = Iy mod (e) and k; = |y mod (e), and we also have 7y = s; and
r1 = so by (b) and (c). We let x = ko, y = lo, z = ro, and 7, = so. Then, by change of
basis: e; = egmy+e1m; and e, = e;my, +egmy, we get the description in the statement. [J
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The following lemma lets us specialize the result of Proposition [2.:24] to a niveau 1 descent
data:

def

Lemma 2.25. Fori € {1,2}, lete; Y1, K & Qi (/=p) and S; d:efIF®[Fp]Fp1: [u]/(uPet).
Let 1 : S1 — Sy be the morphism defined by the embedding Fp, — Fp and u uPtl,
If M € F-BrMod}, is a Breuil module of niveau one of niveau one type, then M Q3. Sy

has a natural structure of a Breuil module of niveau 2 of niveau two type and the functor
M — M®g, , S2 is fully faithful. Moreover, one has T (M) = T5 (M ®3, , S2)

Proof. Just for the duration of this proof, let us write F—BrModj’; to denote the category of
Breuil modules with F-coefficients and descent data from K; to Q,.
The exact sequence

1 — Gal(K»/K1) — Gal(K2/Q,) — Gal(K1/Q,) — 0

shows that any object in IF—BrModfl’é is naturally endowed, by inflation, with a niveau two de-
scent datum. In particular, the natural morphism S; < S5 factors through (?2)Gal(K2/ K1),
by the explicit definition of the descent data action on S5, one checks that the previous
factorization is indeed a isomorphism: §; —— (Sy)Gal(K2/K1),

Hence, by endowing M®z, S2 with the diagonal residual action of Gal(K2/Qp), we deduce
that the natural morphism M < M ®g Sa factors through a (functorial) isomorphism
M = (M ®g, Sp)C /KD Tt follows that the functor M +— M ®g, S, defined on
F-BrMod}}; is fully faithful,

As for the last statement, we recall the functor T : F—Brl\/[odzg — Galp(Gq,) is defined
by M s Hom(M, Ag, ®r,, F), where Ak, = (]Fpi ® O@p/p) (X) is a certain a period ring

o~

described in [Carll], Section 2.1 (where is simply noted as A, as in loc. cit. the extension
F,i /Fp has been fixed).

More importantly, one has Ag, = A /p ®F,; (u) Fps [u] /u®? (cf. [HLM], Section A.2). By
virtue of the fully faithfulness of M — M ®3, Sy, the last statement follows once we show
that R B R

Ak, ®§1 So — Ax,
is an isomorphism, which can be verified by a direct computation on the definition of A K-
O

‘We deduce:

Corollary 2.26. Let e = p— 1, K = Q,(5/—p), and S = Flu]/u?. We also let x and
y be integers with x #Z y mod (e), and let M € F-BrModj, be a Breuil module of type
T~ w® @ wY such that T, (M) is an absolutely irreducible 2-dimensional representation of
Ga,, i.e, T3(M)[ry, ~ witt @ wg(rﬂ). Assume further that n(p+ 1)+ (s+1) <r+1<
(n+1D(p+1)—(s+1) for somen € Z.

Then there exists a framed basis ¢ = (eg,ey) for M and a framed system of generators
f=(fe: fy) for Fil> M such that

0 "
u™v 0

ry =2 —y mod (e);

o Mate,f(¢s) = (>(\)z fy) where Az, Ay € F*;

o Mat ¢(Fil*M) = ( I) where 0 < 1y, 1y < es with r, =y —x mod (e) and
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o Mat,(§) = (“"x(go) 9l » (go) o 1) for all g € G(K/Q,);
o N(eg) =0=N(ey). - o

o Tg(M)|rg, =~ u)ép+1)ac+pf ® w;pﬂ)yﬂ)f‘

Proof. Using the notation of Lemma , it suffices to apply Proposition to M@z, S,
and then take the Gal(Ko/K1)-fixed part. O

2.4. Crystalline lifts. We end this section with certain results for crystalline lifts of p,.
The results in this subsection will be used in Section

Proposition 2.27. Let p, be as in Definition @ Then py admits a crystalline lift p :
Gq, — GL3(Qp) such that p|G@p2 is ordinary crystalline, with parallel Hodge-Tate weights
{az + 1,a1 + 1,a0 + 1}. In particular p is potentially diagonalizable.

Moreover, if FL(py) = [0 : 1] then p, admits a crystalline lift with Hodge-Tate weights
{p+ao+1,a2+1,a1}.

Finally if py is split then then p, admits further crystalline lift with Hodge- Tate weights
{p+ai,p+agp,az +1}.

The proof of Proposition [2.27| will occupy the reminder of this section.
Let a,8 € Z. By [GS] Lemma 6.2, there is a crystalline character €., g : GQp2 —
O}, unique up to unramified twist such that HTo,(¢(q,3)) = o, HT 5, (g(a,8)) = B; such a

. _ . G
character verifies moreover (q.5)|1,, = wg PP It Via,8) &f Indgz’”2 €(a,p) then Vi, g) ®op
p

Go . . . .
F = IndGz‘”2 Wy +pb up to an unramified twist and we have the following particular case of

[GHS], Corollary 7.1.3:

Lemma 2.28. The representation Vi, g)lc, , s crystalline with parallel Hodge-Tate weights
P
{a, B}

Proof. Indeed, we have V(, g = E(a,p) P EEBB)’ where we have defined the G@p2—

Ge ,
P
character EEB 5 by 9 7 E(ap) (Frob,, '.g - Frob,) where Frob, denotes a geometric Frobe-

nius. By [GHS], Lemma 7.1.2 we have that HT,,(c{s ;) = 8, HT,,(e{. ;) = a. The

G, is crystalline, as crystalline property is insensitive to unramified

representation Vi, g
base change. (Il

If v € Z we define the space of O g-valued crystalline extensions Extg, E[GQP]’CriS(V(a, 8):€p)

. . 1
as the inverse image (under base change O — E) of EXtE[GQP],cris(V(a,B) ®op E,e) @0, E).

By an immediate application of Hochschild-Serre spectral sequence and since the crys-
talline condition is insensitive with respect to restriction to unramified base change, we have
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the following commutative diagram:

~ 1) G

(2.4.1) EXt%‘)E[G@p],Cr}\s(V(a,B)’gg) — (EXt}aE[G@pﬂ,cris(s(a,B) @ 5Eaﬁ)’5<w)) :

Ext} (Viawp), €1) —— (Extl (e @ e (rm)
Og[Gq,I\V(a,8):¢p OE[G@pQ] (a,8) (a,8) (7:7)

1 Go +p8 ~ 1 +pf B+ (P+1)7\\C
Ext]F[GQp](IndGQ:2 wy P ,w”)%(ExtF[GQPQ](wS‘ PP wh P wyP T
def

where the bottom vertical arrows are the mod wg-reduction maps and G2 = Gal(Q,2/Q,).
The following technical lemma is a simple manipulation with Fontaine-Laffaille modules.

In its statement, we set eg def €ogs €1 def €5yoFrob, 10T the standard idempotent elements of
Fp2 ®, F, following the notation of Section

Lemma 2.29. Let M € F-F£0772 pe ¢ Fontaine-Laffaille module over Fy, ®p, F, with
Hodge-Tate weghts (8, ,7). Assume that

0 )\1 X
(2.4.2) Mats(de) = Ao 0 y
B 0 0 X

in a basis f = (fo, f1, f2) which is compatible with the Hodge filtration on M. Then if we
write M’ fgr the induced Breuil module F > @, M, we have two Fontaine-Laffaille quotients
M' — N, M’ — N®O of rank two over F,2 ®@p, F. Explicitly, we have N = Ney © Ne;
where Ne; are F-linear spaces, with Hodge-Tate weights («,y) and (8,v) fori =0 andi =1
respectively, and

Mat(Ney % Ney) = <>E)0 )Z\/) & Mat(Neg a2 Ney) = <>61 ;)
2 2

We have a similar description for NO = N(l)eo @® NWDe, :

Mat(NWe; 8 NWeg) = (Aol Ax) & Mat(NWey & NWey) = <A00 Ay>
2 2

and NMeg, NWe, have Hodge-Tate weights (3,7), (v, ) respectively.

Proof. This is elementary. Let f = (fo, f1, f2) be a basis on M, compatible with the Hodge
filtration, such that the matrix of the Frobenius on M is given by (2.4.2). In particular, we
have
M if i< p
qitl 1, ) (1, fop i BLli<a
FIEM =3 ")e i a<i<n
0 if 1>
Then, considering the change of basis we get

dof €y €1 0
19 fS(1®fo,1®0 f1,1® f2)- |er e 0
0 0 1
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we obtain
A€o + Aoer 0 Teg + yer
Matig ¢(ds) = 0 Aoeo + A1er  yeo + xey
B 0 0 Ao

We define N to be the Fontaine-Laffaille quotient characterized by
ker(]\/[’ — N) = <(1 X fo) * € + (1 ®f1) . 61>.

This is well-defined since the kernel is a rank one submodule. Note that, by construction,
we have

M'e : .
<(1®f0)0'€0> = Neg it tsa

def FﬂH_l MIEO + <(1 ® fO) ) 60>

F'li-‘rl N = — ((1®f2)-e0,(1Q fo)-eq) . )
1 €o <(]- & fO) . 60> ((1®f0)-€0) if « S 1< ~
0 it i>n
e~ Ney it i< f

; Fil'™ M'e; + (1 ® f1) - e1) : .
Fil't! Ne; & ! U _ ) (18f)-e1.(1@f)-e1) -
5ofa (1 f1)-e1) (@ f)er) £ p<i<y

0 it i>n.
Hence, N has Hodge-Tate weights HT,, = {a, v} and HT 5 0rrob, = {5,7}-
Similarly, one takes N to be the Fontaine-Laffaille quotient of M characterized by
ker(M' — NWY = (1@ fo) -e1 + (1® f1) - eo)-

This is well-defined by the same reason as N. |

We deduce from Lemma [2.29}

Lemma 2.30. Assume that p, is as in Definition . Let M € F-FLP~2 be the associated
Fontaine-Laffaille module and fix a basis on it in such a way that Mati(gb.) has the form
, with moreover z = 0. Let T be the image of py|a, , via the projection map

p

(2.4.3) ExtllF[G@ y <w§a1+1)+p(ao+1) @wéao+1)+p(al+1)’ wép+1)(az+1))

|

Then T has a crystalline lift with Hodge-Tate weights HT,, = {az + 1,a; + 1}, HT,, =
{az +1,a0 + 1}.

If moreover FL(py) = [0 : 1] then 7 has also a crystalline lift with Hodge-Tate weights
HT,, = {aa+1,a1}, HT,, = {p+ a0+ 1,a2 + 1}.

If finally py is split then T admits further a crystalline lift with the following Hodge-Tate
weights HT 5, = {p + a1,a2 + 1}, HT 5, = {p + aop, a2 + 1}.

def def
Proof. We can assume that ag = —1 and set ¢ = a9 — ag — 1, r = a1 —agp — 1.
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By Lemma we see that the Fontaine-Laffaille module N = Neg + Nep associated
to 7 has Hodge-Tate weights HT,,(Neg) = {r + 1,c+ 1}, HT,,(Ne;) = {0,¢ + 1} and
Frobenius described by

-1
(244) Mat(Nel @ Neo) = <u8 zil>
Ho
-1
(2.4.5) Mat(Neg & Ney) = (ué x1>
Ho

We now use the explicit description of the set of modular weights for 7, given in [Breld]
pag. 26. Following the notation in loc. cit. we deduce from that the weight
(¢c—r—1,¢) @ det"™™" (which would be written as O(c,e),(r+1,0) in the notation of [GLS],
Definition 4.1.1) is always modular, while the weight (¢ — 7,p — 2 — ¢) ® det"P(HD (je.
O(c,p—1),(r,c+1) i the notation of [GLS]) is modular when x = 0. For sake of completeness,
the weight (p—2—c+r,p—3—-0¢)® deteTHPletD) 4 o O(p—14r,p—2),(c+1,c+1) i the notation
of [GLS] is modular when z = y = 0. We now can globalize 7: by [GK], Corollary A.3 there
is a totally real field F't such that F” = Q, for all places v|p, and a RAESDC automorphic
representation m of GLy(Ap+) such that the mod p reduction of the associated p-adic
Galois representation 7p,(7) : Gp+ — GL2(F) (cf. [BLGGT] §2.1) is absolutely irreducible
(modular) and verifies 7p,,(7)|c_, = 7 for all places v[p. The conclusion follows from [GLS],

Theorem A. O

Proof of Proposition|2.27. The existence of the crystalline lifts as in the statement of Propo-

sition follows now from Lemma and the diagram (2.4.1). More precisely, let

w;al—&-l)—&-p(ao—&-l)’ wép-l—l)(az-‘rl)

7@ 7D be the image of p, in Extlbl-[G@ ] ( ) via the isomor-

phism in the bottom line of the diagram (2.4.1). By Lemma 7 admits a crystalline
lift 7 : Gg,, — GL2(Op) with Hodge-Tate weights HTo, = {a,7}, HTs, = {87}
where the integers a, 3, are suitably specialized according to p, (e.g. specialized at
a=a1+1, B =a9+1, v =ay+ 1 for the first case of Proposition . By letting

7 Gg,, — GL2(Op) be defined by 7 (g) & ?(FrobglgFrobp) we see that 7(1) is a
crystalline lift of 7(Y) with Hodge-Tate weights HT,, = {a,~}, HT,, = {8,7}. By con-
struction 7 @ 71 € EXtIOE[Gsz],cris(s(a,ﬁ) ® 55;)7[%),5(%7)) is fixed under the Gs-action on
the Ext'-space. Its inverse image via the isomorphism in the first line of the diagram 1]

provides the required crystalline lift.
Moreover, any element of Ext}g[GQ eris(V(a,) ®op E,€)) becomes ordinary when re-
pl ’

stricted to GQp2’ as it can be directly checked on the associated filtered ¢-module. |

Remark 2.31. The existence of the crystalline lift for g, with Hodge-Tate weights {as+ a1 +
1, ap+1} can be obtained without invoking [GLS|. Indeed if (ap, ..., ap-1), (g, ..., 0} _4) €
7S are such that o; — o/ > 1 for all i, then we are in the setting of [Nak], Lemma 4.2(1)
and Lemma 4.3(3), so that

. 1
dimpg (EXtE[G@pf],CriS(E(o‘Ov"'vo‘f*I)’E(alov""a_/f_l))) = f

(cf. also loc. cit., Definition 2.4 and Remark 2.5). On the other hand, under the previ-
aQ 3 ] 1 —
ous hypotheses on «o; — o}, we have also dimpg (ExtE[G@pf](6((10’”.’%_1), Elalymsal! 1))) =f

f7
(INak], Proposition 2.15).
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3. ELIMINATION OF GALOIS TYPES

The aim of this section is to perform elimination of Galois types for a niveau 2, generic
representation py : Gg, — GL3(F) (cf. Definition [2.4), by means of integral p-adic Hodge
theory.

For K' € {Qp, Ko} we recall the category Mody® (o, N, K/K') of weakly admissi-
ble filtered (p, N, K/K', E)-modules (see e.g. [EGHI13], Section 3.1). We have a con-

travariant equivalence of categories D;’K/ : Rep&'(Gg/) — Modi™ (o, N, K/K'), where
Repg'St(G k) denotes the category of finite dimensional E-representations of Gk that be-
come semistable over K. If p € Repk (G ) has Hodge-Tate weights in {—r, 0}, we define
DI " (0) D5 (o @ ey).

The following result will be particularly useful to us:
Proposition 3.1. Let p : Gg, — GL3(Og) be a potentially semistable Galois representation,
becoming crystalline over K in Hodge-Tate weights in {—r,0}. Let M be a strongly divisible
Og-module in Og-Mod}, such that TSP’T(J\A/[) ®oy E=p.

Then Dg‘”’r(p) = J/\\/[[%] ®sq,,50 Qp and and M has inertial type WD(p ® &g, =
WD(p)|1,, (where so: Sq, = Qp is the morphism defined by “u+— 07).

Proof. The isomorphism D;Q“;p’r(p) = J/\\/[[%] ®3q,,50 Qp 1s proved in [EGHLJ], proof of Propo-
sition 3.1.4.

As for the second part of the proposition, let us write WD(p)|IQp =1 P D xn, for the
inertial type associated to p.

By definition of type on a strongly divisible lattice JT/[, we have to prove that there exists
a basis (€1, ..., e,) of M such that g-e; = 1®x;(g)e; for all g € Gal(K/Kp) andi =1,...,n.

For r = 1 this is proved in [GS11], Proposition 5.1 (note that the functors M Tg"’r(ﬁ[),
P DS” (p) would be written as Tg’:’rﬂ, Dg‘frﬂ(p) in loc. cit.). But the proof in loc. cit.
generalizes verbatim for higher Hodge-Tate weights. See also [EGH13|, Proof of Proposition
3.3.1. O

Recall that the restriction functor py — polay, is not full. The following elementary
lemma shows that in our situation, the Fontaine-Laffaille invariant FL(p,) can be deduced
from 7olc, -

Lemma 3.2. Let p, be as in Deﬁnition and let F' € GL3(F) be the matriz describing
the Frobenius action on the associated Fontaine-Laffaille module as in .

Assume that the Fontaine-Laffaille module M’ associated to ﬁo|GK0 has parallel Hodge-
Tate weights {0,7 + 1,c¢ + 1} and Frobenius action described by

(0 n X
F’ 2 M O Y | e GLg(k ®JFP F)
0 0 X

Then X =0 if and only if xt =0, and Y = 0 if and only if y = 0.

Proof. In the given hypotheses, we have an isomorphism of Fontaine-Laffaille modules (in
parallel Hodge-Tate weights {0, + 1,c+ 1}) over k£ ®p, F. This means that there exists a
lower triangular matrix B € B°PP(k ®p, F) such that

(3.0.6) B-F'-(p®1)(gr(B)) = F ®g, k,
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where gr(B) € T(k ®p, F) is defined by (gr(B)),; = (B),; for i = 0,1,2 and ¢ ® 1 denotes
the induced Frobenius automorphism on k ®p, F.
By an immediate computation we deduce that condition forces B to be diagonal.
In particular, there exists units o, 3, v € k ®p, F such that 1 ® 2 = ac(y)X and Bo(y)Y.
As the natural morphism F — k ®@p, F is injective, the result follows. O

For the reminder of this section, we assume that ag = —1 and define ¢ def as —ag + 1,
r& ay — ap — 1 (it is always possible to reduce to this case by twisting by w*(“f’“)).

3.1. Elimination of Galois types of niveau 1. We start this subsection by recalling the
following (cf. [MP], Lemma 3.3): let 4, j, k be integers , and let p be a potentially crystalline
representation with Hodge-Tate weights {—2, —1,0} and of inertial type &' @ @’/ ® &* such
that pg® ~ p°%. Then we have the identity

(3.1.1) WAHTITE — detply, = T+ (et1)

In this subsection, we fix e = p — 1 and K = Q,(y/—p). We also let S = Flu]/u® and
So = F[u®]/u®’. Recall that by [m]; for an integer m we mean the unique integer in [0, €)
congruent to m mod (e).

Proposition 3.3. Let M € F—BrModid be a Breuil module of type T = w?® & w” & wY such
that T2, (M)** =2 p5° and py C T% (M), where py is the one-dimensional subrepresentation
of po- Assume moreover that the submodule corresponding to py is of type w?.

Then there exists a framed basis e = (e., €5, ey) and a framed system of generators f for

Fil> M such that

we ulr=A g, Ay,
(3.1.2) Mat, ¢ (Fil> M) = | 0 0 u'e ;
0 u'v 0

(3.1.3) Mat, (p2) = | 0 Q. 0 ,

where o, 0y, € F* vy, vy, 1,1y € So, and the tuple (x,y, 2,74,7y, s) satisfies one of the
following properties:

(a:z2=r+1—mogmod(p—1), y=0mod(p—1), z2=c+1—mg mod(p—1), and
ry =@—1mo—(r+1—mo);

Ty =7+ 1 —myg;
§ =Mz,

where mg, ma € {1,2} satisfy mo + ms = 3;
(b): z=r—moemod(p—1), y=p—2mod(p—1), z2=c+1—my mod(p—1), and

re = (p—1)(mo+1) — (r+1—myp);
ry=({@—-1)+(r+1—-mp);
§ = M2,

where mg, ma € {0,1} satisfy mg + ms = 1.
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Proof. Since py is an extension of a two-dimensional irreducible representation by a character
of niveau 1, M is also an extension of a simple Breuil module of rank 2 by a Breuil module
of rank 1 by Proposition [2.22] Hence, it is immediate that the filtration and the Frobenius
map @9 of M are described as in (3.1.2]) and (3.1.3)) respectively, by using the classification
of simple Breuil modules of rank 2 in Corollary and the classification of simple Breuil
modules of rank 1 in [MP], Lemma 3.1.

By Corollary We have r, =y — 2 mod e and ry = x — y mod e, 7, +ry = 0 mod e.
We let 7, + 1y = ae for a € {0,1,2,3,4}. Again by Corollary we have

(p+1)x+ pry +pa=r+1mod(p? — 1);
(3.1.4) (p+1)y +pry +pa = p(r+1) mod (p* — 1);
z+s=c+1mod(p-—1).

By the determinant condition (3.1.1), 3(p+ 1)+ (r+1) —p(ry +a) +p(r +1) —p(ry +a) +
p+1)(c+1—8)=(p+1)(c+1+7r+1)mod(p*—1). Hence, we get a + s = 3, and so
a € {1,2,3} since s € {0,1, 2}.

Via the equations we now write r, in terms of a and the inertial weights z, z, y.
We have (p+1)ry, = (p+1)(z —y) = (1 —p)(r +1) — p(ry — ry) mod (p* —1). So
ry = —(p—1)(r+1) — p(ae — r,) mod (p* — 1). Solving this for r,, we get r, =7+ 1—a
mod (p+1). Welet ry, =r+1—a+e(p+1) for e € {0,1} (since 0 < r, < 2e). Then
ry = ae—(r+1—a)—e(p+1). Moreover, by the equations , we also have x = r+1—a-+e¢
mod e and y = e — € mod e. We let s = ms. Then we have a + mo = 3.

Assume that e = 0. If my = 0, then @ = 3, and so 7, = 3e — (r + 1 — 3) > 2e, which
contradicts to 7, € [0, 2¢]. Hence, a,mz € {1,2} and this gives rise to the case (a), letting
mop = a.

Assume that e = 1. If mg =2, thena=1,andsor, = (p—1) —r — (p+ 1) < 0, which
contradicts to r, € [0,2¢]. Hence, ms € {0,1} and a € {2,3}. Letting mo = a — 2, this gives
rise to the case (b). O

Lemma 3.4. Keep the notation as in Proposition (in particular, recall the elements v,

and vy in the matriz ) and let s = 1.

(i) If ry — [y — 2|1 > e then there is a framed basis for which v, = 0.
(ii) Ifry — [x — 2]1 > e then there is a framed basis for which v, = 0.

Proof. Since s = 1, we may assume that v,,v, € F. We only give a proof for (i), but one
can prove (ii) by the same argument.
Assume that v, # 0. Then the matrix (3.1.2) is column-equivalent to

0 u[z_z]l . Uy u[y_z]l s Uy
wr=te—lv—zh 0 u'e ,
0 u'v 0

which implies that
FiPM®g S/u 2 w” @ w® ®uw?,
since r; + e — [y — z]1 > 2e. But this is impossible unless = z mod (p — 1). O
Lemma 3.5. Keep the notation as in Proposition[3.3 If
p(ly — zl1 + 1y —se) > [z — 2]y and p([x — 2|1 + 74 —se) > [y — 2|1

then there is o framed basis such that n, = 0 = n, in the matriz . Moreover, this
change of basis does not affect the vanishing of v, and v,.
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Proof. We let V be the matrix in (3.1.2]) and Ag the matrix in (3.1.3). We also let

se T—2z|1 , o/ Y—2z[1 , oy
u U[ ] ’Uy u[ ] (%

Vi=10 0 u'e
0 u'v 0
and
a, u[z_z]l rr}/ u[y_z]l T];/
Bl = 0 Ay 0
0 0 oy
One can easily check that the equation
(3.1.5) AoV = VB

holds if and only if the following two equalities hold:

azu[w—z]lv; + u[y—z]1+ryny _ use-‘r[w—z]ln; + ayu[w—z]lvy;

aulV Al 4l ey = ezl g g ulv Ty,

Hence, the equation (3.1.5) holds true if we let v}, = aza; 'v,, v, = aya; vy,

u[m—Z]ln’I — u[y—z]l‘f‘ry_seny c g, and U[y_z]ln;j = u[z—z]1+r$—sen$ € g

Note that our assumption implies that [z — 2]y + 7, —se > 0 and [y — z]; +7, —se > 0. Now

let us consider the new basis ¢’ def eAg. Then Vi = Mat,s g/ (F112 M) and A def w(By) =

Mat,: s (¢2), where f' is the system of generators given by the column vectors of V;. By
our hypothesis the (1,2)-entry and (1, 3)-entry of A; can be written as follows:

[z—z]1, p(ly—zl1i+ry —se)—[z—z]

el ) = e(ny)

and
(p(u[y%h%) — u[y*Z]lup([I*Z]ﬁTzfse)*[y*Zhgo(nm)_

Asp(ly—=z]1+ry—se)—[z—z]1, p([xt—2]1+75 —se) — [y—z]1 > 0, by iterating the previous
procedure, we end up with a basis with the required properties. For the last statement, it
is obvious that v, = 0 (resp. v, = 0) if and only if v, = 0 (resp. v;, = 0). O

Proposition 3.6. Keep the notation as in Pmposz'tion and assume py = T2 (M).
(i) If s =1 in the case (a) and p, is non-split, then FL(py) = [0 : 1].
(ii) If s = 0 in the case (b), then py splits as a sum of a two-dimensional irreducible
representation and a character.

Proof. Assume that s = 1 in the case (a), Proposition ie., (mg,mg) = (1,2). Then
z=r—1mode,y=0mode, z=cmode, ry, =2e—(r—1),ry,=r—1,and s = 1.
Clearly, [t —z]1 =e—c+ (r—1) and [y — z]; = e — ¢. Then by Lemma we can assume
v, = 0 in the matrix , and by the Lemma we can assume 1, = 0 = 7, in the
matrix (3.1.3). We can also assume that v, € F as s = 1.

Let V be the matrix and A the matrix (3.1.3). By Proposition the ¢-module

over F @, F,((=)) defined by I & M, ((w))(M*) is described by

aZtw® 0 0

z X

(3.1.6) Mat(¢) = VH(A™H! = | alwl* =0 -0, 0 oy tw"
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in an appropriate basis ¢ = (e, ¢, ¢;). By considering the change of basis ¢/ = (@“e,,@" ‘e, ¢;)
we have:

a;lge(chl) 0 0
Mate (@) = | oz to,m®tD) 0 !
0 az—lze('r'—&-l) 0

We easily see that the ¢-module 91 is the base change via F ®p, F,((p)) = F ®F, F,((@))
of the ¢-module My over F @, F,((p)) described by

a;lp(c+1) 0 0
Mat(¢pg) = oz;lvyg(c“) 0 oyt
0 aw—lg(r-&-l) 0

Now we can find a basis for My such that

xr
Mat(¢pg) = Diag(1,p"*, pe™t) ay_l 0 azlv |,
- (I
and so FL(p,) = [0 : 1] as p, is non-split.
Assume that s = 0 in the case (b), Proposition i.e., (m2,mp) = (0,1). Since s =0,
we can assume v, = 0 = v,. One can readily check that we can assume 1, = 0 = 7, as well,
using Lemma [3.5] By the same argument as above, it is easy to check that

0 ozt 0
Mat(¢g) = Diag(l,gf“,gcﬂ) a;l 0 0
0 0 ot

z

: : c o — (el r—1 —1
. w zy Ty A . ’ -
(the only difference is the base change: ¢ = (@w®*'e,, @ " 'e,, @ '¢,)). Hence, the corre

sponding representation p, splits as a sum of a two-dimensional irreducible representation
and a character. O

3.2. Elimination of Galois types of niveau 2. We start this subsection by recalling the
following (cf. [MP], Lemma 3.3): let j, k be integers with k& # 0 mod (p + 1), and let p be
a potentially crystalline representation with Hodge-Tate weights {—2, —1,0} and inertial
type &’ @ 0k @ GE¥ such that p5° ~ 5°°. Then we have the identity

(3.2.1) R = detplr, = wHDHERD,

In this section, we fix e = p? — 1, Ko = Qp2, and K = Ko(y/—p). We also let S =
(Fp2 ®F, F)[u]/u®? and Sy = (F2 ®p, F)[u®]/u?. Recall that by [m]s for an integer m we
mean the unique integer in [0, e) congruent to m mod (e).

Proposition 3.7. Let M € IF—BrMod?jd be a Breuil module over S of type T ~ wi @
wWE @ wY such that TZ(M)** = p5* and py C T%(M), where py is the one-dimensional
subrepresentation of py. Assume that the submodule corresponding to py has descent data w3.

Then there exists a framed basis € = (e, s, €y) and a framed system of generators f such
that

wsP=1) g lpr—2]2 vy ulPy==l2
(3.2.2) Mat, ;(Fil> M) = 0 0 U ;
B 0 u'v 0
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[ u[mfz]Z . 7]1 u[y72]2 . ny
(3.2.3) Mat, f(p2) = | 0 Qy 0 ,
0 0 Qy

where oy, oy, 0, € (Fpe @ F)X, vy,v, € So, and the tuple (z,y,z,74,7y,8) satisfies the
following properties:
(a): if z = k mod (e), y = pk mod (e), and z = (p+ 1)j mod (e), then

j=c+1l—mogmod(p—1), k=r+1—my—pm; mod (e),

and
Ty = o€,
Ty = Mmie;
s =ma(p+1),

where m; € {0, 1,2} satisfy mo + mq + mq = 3.
(b): ifz=(p+1)j mod(e), y =k mod (e), and z = pk mod (e), then

j=r+1l—emod(p—1), k=0 +e—3)+p(c+1—10) mod (e),
and
re=(c—r—0+€)+p(d+2—r—4)+ee;
ry=(r+4—0—2€)+p(r—c+d—€)+(3—-0—¢€)e;
s=(c+4—e—9)+pd,

where € € {1,2} and 6 € {0,1} with e +J # 3.
(c): ifz =k mod(e), y=(p+1)j mod(e), and z = pk mod (e), then

j=e+d—-3mod(p—1), k=(r+1—¢€)+plc+1—10) mod (e),
and
e =(26+0—1r—4)+ple+2) —c—4) + ee;
ry=(c+4—e—20)+p(r+4—06—2¢)+(3—0—¢€)e;
s=(c—r+e¢€) +po,

where € € {1,2} and 6 € {0,1} with e + 9 # 1.

Proof. Since py is an extension of a two-dimensional irreducible representation by a character
of niveau 1, M is also an extension of a simple Breuil module of rank 2 by a Breuil module
of rank 1 by Proposition Hence, it is immediate that the filtration and the Frobenius
map o of M are described as in (3.2.2) and (3.2.3)) respectively, by using the classification
of simple Breuil modules of rank 2 in Proposition [2.24 and the classification of simple Breuil
modules of rank 1 in [MP], Lemma 3.1.

Recall from Proposition that

(3.2.4) ry = py — 2 mod (e), ry = pr —y mod (e), and z+ ps =0 mod (p + 1).

We also recall that 0 < r;,7, < 2e, 0 <s<2(p+1), and by Lemma 3.3.2 in [EGH13| and
by Proposition we have:

(3.2.5) {

For case (a), assume that = k mod (e), y = pk mod (e), and z = (p + 1)j mod (e). We
let r, = mge, r, = mye, and s = (p + 1)my for m; € {0,1,2}, due to the equation (3.2.4).

erp%ErJrlmod(e);
z+ps=(p+1)(c+ 1) mod (e).
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Then it is immediate from the equation (3.2.5) that

k+ p(pmo +my) =r+ 1 mod (e);
j+pma=(c+1) mod(p—1).

Hence, j =c+1—mo mod(p—1) and k = r + 1 — mg — pm; mod (¢). The determinant
condition gives rise to the condition mg + m1 + me = 3 mod (p — 1) and so mg +
m1 + meo = 3 since p > 5.

For case (b), assume that x = (p + 1)j mod (e), y = k mod (e), and z = pk mod (e).
From equation we can write pr, + r, = ae for 0 < a < 2(p + 1). From the equation
BZ3) we get

{ (p+1)j+pa=r+1mod(e);
pk+ps=(p+1)(c+1) mod(e).
From the determinant condition (3.2.1]), we have

(3.2.6) (p+1)(c—r+3)—(p+1)s=pa— (r+1) mod (e),

andsoa=—(r+1) mod(p+1). Welet a =¢e(p+1) — (r+ 1) where € € {1,2} (recall that
0<a<2p+1)).

We now determine j, k, and s in terms of a = €(p+ 1) — (r + 1) and the inertial weights.
We have (p+1)j=(r+1)—pa=(r+1)—ple(p+1)—(r+1)] = (p+1)(r+1—¢) mod (e)
and hence j = r 4+ 1 — e mod (p — 1). From equation we have (p+ 1)s = (p +
Die—r+3)—ple(p+1)—(r+1)]+(r+1)=(p+1)(c+4—¢€) mod(e) and so we have
s=c+4—emod(p—1). We write s =c+4—e+d§(p—1) for § € {0,1} (again, since
0 < s <2(p+1)). Finally k is immediately deduced from s: k = (p+ 1)(c+1) —s =
(p+D(c+1)—[c+4d—€e+d(p—1)]=(e+d—3)+p(c+1—3J) mod(e).

We now describe 75,7, in the filtration. From the equation , r. =pk—(p+1)j =
(c—r+e—08)+pd+2—r—4)mod(e) andry = (p+1)j—k=(r+4—-05—2) +
p(6 —e+r —c¢) mod (e). Hence we have r, = (¢ —r+€—0) + p(d + 2¢ — r — 4) + mpe and
ry = (r+4—0—2€)+p(d —e+r—c)+mye for some mg,m; € {1,2} (since 0 < ry,ry < 2e).

We finally determine mg, mi. We have ae = pry + 1, = (6 +2¢ —r — 4+ pmy +mq )e and
so €(p+1)—(r+1) = a=0+2e—r—4+pmo+m;. Hence, we have d+e—3+m1 = p(e—my)
which immediately implies that my = € and m; = 3 — § — e. The requirement m; € {1,2}
implies that (4, ¢€) # (1,2).

For case (c), assume that © = k mod (e), y = (p + 1)j mod (e), and z = pk mod (e). We
write pry + 1y = ae for 0 < a < 2(p + 1) from the equation . From the equation
(3:2.5) we get

{ k+pa=r+1mod/(e);
pk +ps = (p+1)(c+ 1) mod (e).
We now determine j, k, s in terms of a and the inertial weights. From the determinant
condition ([3.2.1)), we have j =r+c—1—-k=r4+c—1—[r+1—pa] =c—2+a mod(p—1).
We also have p(r+1—pa) = pk = (p+1)(c+1)—ps which gives s = (p+1)(c+1)—(r+1)+pa =
(¢c—7r)+plc+1+a)mod(e). Hence we can write s = (¢ —7) +plc+1+4+a) —ee =
(c—r+e€)+p(c+14+a—pe) where e € {1,2} since 1 < s,a < 2(p+1). Define § := c+1+a—pe.
Then § € {0,1} (since 0 < s < 2(p+ 1)) and we have a = § + pe — (¢ + 1). We finally obtain
j=e+d—3mod(p—1)andk=r+1—pa=r+1—e+plc+1—0) mod(e).

We now describe 75,7, in the filtration. From the equation , ro=@p+1)j—k=
(2e+0—r—4)+p26+e—c—4) mod(e) and ry = pk — (p+1)j = (c+4—-20—¢€) +
p(r+4— 9 —2¢) mod (e). So we can write r, = (2 +6 —r —4) + p(26 + € — ¢ — 4) + mge
and ry = (c+4—20 —€) + p(r +4 — § — 2¢) + mye for some mg € {1,2} and my € {0,1}
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(since 0 < 74,7y, < 2e). We have ae = pry + 1, = (20 + € — ¢ — 4 + pmy + mq)e so that
d—(c+1)+pe=a=2+€e—c—4+pmy+m;. Hence, we have 6 + € —3+my = p(e —myg)
which easily implies mo = € and m; = 3 — § — e. The requirement m; € {0, 1} implies that
(6,6) £ (0,1). O
Lemma 3.8. Keep the notation as in Pmposition (in particular, recall the elements v,
and vy in the matriz ) and assume s < p+ 1.

(i) If ry +s(p — 1) — [py — z]2 > 2e then there is a basis such that vy = 0.

(ii) If ry + s(p — 1) — [px — z|2 > 2e then there is a basis such that v, = 0.

Proof. The same argument as in Lemma [3.4] works. O

Lemma 3.9. Keep the notation as in Pmposz’tion (in particular, recall the elements n,

and 1y in the matriz (3.2.3)).
(i) If[r—zla+rs—s(p—1)+e>0and [y —zlo+1y—s(p—1) —e > 0 then there is
a basis such that n, € F,2 @p, F and n, = 0.
(i) If[x—zlo+7rs —s(p—1)—e >0 and [y — z]a + 1, — s(p — 1) + e > 0 then there is
a basis such that n, =0 and n, € F,: Qp, F.
(i) I p([z — 2Ja + 72 — 5(p— 1)) > [y — 2] and p(ly — 2o + 7y — s(p — 1)) > [z — 2]
then there is a basis such that n; =0 and ny = 0.

Moreover, the change of basis does not affect the vanishing of v, and vy.

Proof. One can prove case (iii) by the same argument as in Lemma and case (i) is
similar to case (ii). We only provide with a proof for case (ii).

Let Vp be the matrix and Ay the matrix . We define 7, € u® - So by
Ny = 778 + 7y with 772 € 2 @, F and let Ay be the matrix obtained from Ay by replacing
71y in Ag by 7. We also let

qr T el gy T Dl gy
Bi=10 Qy 0
0 0 O

for some 7, 1;, € So.
One can easily check that the equation

(3.2.7) AgVi = Vo By
holds true if and only if the following two equalities hold:

azu[m*Z]Qvly + u[yfz]2+ryﬁy _ uS(p71)+[p71(172)]2nlx + ayu[pwfz]zvy;

aulPv=A2y! 4 ylrm ey uS(P—l)Hp*l(y—Z)]zn; T agulPy=?l2q,,

: : !’ -1 /o -1
Hence, the equation (3.2.7) holds if we choose v}, = aya; 'vs, v, = aya; vy,

WP @y el s and T -y < ylemlitreso-Ly

Here, both u[pfl(“_z)]zn; and u[pfl(y_z)]"‘n?’! are well-defined elements in S by our assumption
on (z,y,2) and (s,74,7y).
Now let us consider the new basis e’ def gflo. Then V; = Mat,s (Fil2 M), where f be the

system of generators given by the column vectors of V;. Note that gp(u[pfl(y’z)hn’y) =0,
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again by our assumption. We compute Mat, /(¢2) as follows:

2 (lel) :QA0<P(Bl)

_ [0 0 ppul? plaz) w @ Dapmly 0
=e|Ag+ |0 0 0 0 cp(ocy) 0
I 00 0 wlaa)
[ (o0 o a.) WP EDpmy 0
=e Ao+ Aol0 o p(ay) 0
i 0 0 0 p(az)
olas) wlP” Yaz—2))2 o1l "M(“z) [y—2]
=edo| o 30(%) ’
0 0 w(as)
olas)  ulv==l2+ry=se-D5 ) (o) fy—]
=€l o plow) 0
0 0 (o)
:Matgyw((pz)

Hence, for Mat. s/ (p2), we see that n, = 772, i.e., 1y = 0. Performing the above procedure
one more time, we see that n, = 0 and 7, € Fj2®p,F. It is obvious that the above procedure
does not affect the vanishing of v, and v,. |

Proposition 3.10. Keep the notation as in Proposition and assume that py = TZ (M).

(i) If ma = 0 in the case (a), then p, splits as a sum of a two-dimensional irreducible
representation and a character.
(ii) If (ma,m1,mo) = (1,0,2) in the case (a) and p, is non-split, then FL(p,) = [0 : 1].
iii) If (mg,m1,mp) = (1,2,0) in the case (a) and p, is non-split, then FL(p,) = [1 : 0].
) If (¢,6) = (2,0) in the case (b) and p, is non-split, then FL(p,) = [0: 1].
(v) If (¢,6) = (2,0) in the case (c) and p, is non-split, then FL(py) =[0: 1].

Proof. Let V be the matrix and A the matrix (3.2.3), and assume that s(p—1) <e
Since s < (p+1), we may assume that Uz, Uy € Fpe ®@p, F. By Proposition the ¢p-module

over F ®p, Fp2(()) defined by I = L 2((w))(3\/[*) is described by

wose—1)

0
(3.2.8)  Mate(¢) = VI(A ™) = | 2o~ 212+ lu_ggrytly=2l 0 L
w

&w[py 22 4 771 wore=tlz—zl2 L
a, = «@

Az 011 x

in an appropriate basis e = (e, ¢4, ¢,).

We now prove case (iii). Assume that (msq, mq, mg) = (1,2,0). Then we have x = r+1-2p
mode, y=p(r+1)—2mode, z=(p+1)c, s=(p+1), r, =0, and r, = 2e. So we have
[t—z]p=e+r+1—2p—(p+1)cand [y—z]a =e+p(r+1)—2—(p+1)c. By lemma 3.9
case (i), we may assume that n, = 0 and 7, € F,> ®F, F, and, by Lemma case (i), we
may assume that v, = 0 as well. Hence, in this specific case, we have

1 _e
= 0 1 0 2
Mate(¢) = 0 0 OTQ
Vg w9+r+1 2p—(p+1)c + Mz p+r+1—2p—(p+1)c 1 0
&z aza.n (e}
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By considering the change of basis ¢/ = (@(p+1)cez,@p(T+1)_2ex,QT+1_2pey) we have:

ai@e(c-i-l) 0 0
Mate/ (¢) = O 0 O(Ly
ine(c+1) 4 e we(c+1) Lwe(r+1) 0

We easily see that the ¢-module 9 is the base change via F ®p, Fj2((p)) = F ®r, Fp2 ((@))
of the ¢-module My over F ®f, Fp2((p)) described by

O%B(CJrl) 0 0
Mat (¢o) = 0 0 a
Vz o (c z c 1 r

Now we can find a basis for My such that

1 Vg N
0 o T

Mat(¢o) = Diag(1,p" ', p""") | o> 0 0o,
0 0 =

and so FL(p,) = [1 : 0], by Lemma[3.2] as p, is non-split.
Case (ii) is very similar to the previous one. We now have v, = 0 =1, and ), € F, ®p, F.
By the same argument as above, one can check that

0o = 0
Mat(¢o) = Diag(L,p" ™', p) [ &> 0 Z*th:]iy ,
0 0 L

and so FL(p,) = [0 : 1], by Lemma 3.2} as p is non-split.

Assume that s = 0, i.e., mg = 0. Since s = 0, we may let v, = 0 = v,. One can readily
check 1, = 0 =, as well, using Lemma case (iii). By the same argument as above, it
is easy to check that

0 a% 0
Mat(¢o) = Diag(1,p" ™', p™) | 5= 0 0
0 0 é

Hence, the corresponding representation p, splits as a sum of a two-dimensional irreducible
representation and a character.

Assume that (¢,6) = (2,0) in the case (b). By Lemma (3.8), case (i), we have v, = 0,
and, by Lemma , case (iii), n, = ny = 0. By the same argument as above, one can
check that

0 = 0
Mat(¢o) = Diag(1,p"*',p*") | o> 0 ¢,
0o o -
and so FL(p,) = [0 : 1], by Lemma[3.2] as p, is non-split.
Assume that (¢,0) = (2,0) in the case (c). In this case, we may let v, = 0 since

s(p—1) < [py — z]2. By Lemma (3.9), case (iii), n, = 1, = 0. By the same argument as
above, one can check that

0 &= 0
Mat(gbo):Diag(LQTH,BCH) a% 0 ZTZ ,

o o L
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and so FL(py) = [0 : 1], by Lemma[3.2] as p, is non-split. O

4. FONTAINE-LAFFAILLE PARAMETER AND CRYSTALLINE FROBENIUS

The aim of this section is to explicitly determine the Fontaine-Laffaille module associated
to the mod-p reduction of a potentially crystalline lift of p,, with a carefully chosen inertial
type. The main result is Theorem whose proof relies on some direct manipulation in
semilinear algebra (cf. Section Lemmas 2.13).

As we did in Section [3} in the reminder of this section we may and do assume ay = —1
def def
and definec = as —ag— 1, r = a1 —ag — 1.

4.1. Filtration on strongly divisible modules. We go back to the setting of section
and we let py : Gg, — GL3(F) be as in (2.1.1) with the genericity condition as in
Definition 241

Proposition 4.1. Let M € IF—BrMOd?id be a Breuil module of type T = w® ®w" G w ™! such
that T2, (M) = p,.

Then there exists a framed basis e = (e, er,e—_1) on M and a framed system of generators
= (fer frs fo1) for Fil* M such that

u® uef(cfr))\ uef(c+1)lu/ o, 0 0
Mat, ¢ (FiIM) = | 0 0 ue= (1) and Mate f(p2) = 0 o 0
- 0wttty 0 N 0 0 a;

where \; € F* and A\, € F.
Moreover, we have the following properties:
(i) A=0=pu if and only if o, splits;
(ii) if po is mon-split, then FL(py) = [pcy : —A] € PY(F).

Proof. From Proposition (b) for mg = 0 and my = 1, it is immediate to get Mat, (Fil* M)
as above. By Lemma it is also easy to check that 1, = 0 = n, in the matrix ,
and so we get Mat, r(y2) as above.

By the same argument as in Proposition [3.6] one can readily compute the following
¢-module over F ®p, F((p)) from the Breuil module structure as above:

0 1 n
a Qe
Mat(¢o) = Diag(L,p" ™, pt)) [ &= 0 2
0 0 4
The second part is immediate from this matrix. O

From now on in this section, we restrict our attention to p, that is non-split. We easily
deduce the following:

Lemma 4.2. Let M € IF—BrMod(de and A\, p € F as in the statement of Proposition .
Assume that py is non-split, i.e., not both A and p are zero.
Then the elementary divisors for M/ Fil> M are described by one of the following possi-
bilities:
(l) Zf >‘M 7& 0, by (ue—(c—i-l)’ue’ue—i-(c-i-l));
(11) Zf)‘ = O; by (uef(chl)’ue+(c7r)’ue+(r+1))’,
(iil) if p =0, by (ue= (=) ye= (1) yetletl)),

In particular, one has:
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(iv) (FiI®M)__, Cue=(DM; moreover, (Fil> M)

only if p=0;
(v) (FIPMnNueM) -, Cue (M,

(vi) (FiPM)_, CuM.

. CuetOM holds true if and

Proof. The elementary divisors are immediately deduced from the Smith normal forms of
Mat, (Fil> M) in Proposition
It is easy to check the following computation:

(Fil2 M)ye = <u€ec, udee +ucte Ve uue. + ue+(c_r)e_1> ;
(Fil> M), = <ue+Tec7 wt™ Ny + uft ey e e, 4 uee,1> :

(Fi12 M)wfl _ <u2@—(c—&-1)ec7 u2@—(c+1)/\ec + u266_1’ ue—(c+l)uec + ue—(r+1)6_1> )

The second part is also immediate from the computation above. O

Proposition 4.3. Let p : Go, — GL3(Og) be a p-adic Galois representation becoming
crystalline over K, with inertial type 7 = °®w" ©w =" and Hodge- Tate weights {—2,—1,0}
such that p = p,. Let Me Op-Mod3, be a strongly divisible lattice such that Tg”’Q(ff[) =p.

Then there exists a framed basis (€., e.,€—1) for M and a framed system of generators
(fc, fr f_l) for Fil? JVE/ Fil2 S - M whose coordinates are described as follows:

A : if FL(py) € PY(F)\ {[0: 1],[1 : 0]} then

_ 0
fe= 0 + E(u) 0
puc+1 uc+1
R 0
fr=E() | 1
0
uef(chl)
f-1= 0
a
where 0 < vp(a) < 2.
B: if FL(py) = [1: 0] then
- :
[ B TN
Buctt 0
R 0
fr= E(u) _%
ur—i—l
uef(chl)
fo1= 0
a

where 0 < v (8) and 0 < vp(a) < vp(B) +1 < 2.
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C: if FL(py) = [0: 1] then

fom| 2uer |+E@ [ 0
puctt uctl
ue—(c—r) 0
fr= -k + E(u) 0
gurJrl ,YUT+1
aue—(c-i—l)
J/lil — ue—(r+1)
B

where 0 < v (o) <1, 0 < vp(7), and 0 < vp(a) < vp(B) < 2.

Proof. Let e det (ec, er,e_1) be a framed basis for M. We write the elements of M in terms of
coordinates with respect to e. Moreover, we let M % M®g S /(wg, Fil” S) denote the Breuil
module associated to Jv[, define D &f ﬁ@oE Sg and, if x : F,” — O is a tame character, we
write X, & (Fil> D/ Fil® S - D)X, which is a E[E(u)]/(E(u)?)-module explicitly described
in [HLM], Proposition 2.2.24.

By [HLM], Proposition 2.2.24 we have an element f_; € Xz-1 N M of the form

mue—(c+1) xlue—(c-&-l)
ffl . yue—(r+1) + E('LL) y/ue—(r+1)
z z'

where z,y,z,2',y,2 € O and (z,y, 2) # (0,0,0). By Lemma [£.2}(iv) we necessarily have
z = 0 modulo wg.

Case A : Assume that FL(p,) # [1 : 0],[0 : 1], or equivalently, by Proposition that
At # 0. Then v, (z) = 0 as u¢~ (1 is an elementary divisor for M/ Fil> M and v, (y) > 0
by Lemma (iv). We define e/, € M as follows:

x+ 2’ E(u)
cr | uT(y + Y E(u)
uc+1zl
Asvy(z) =0, ¢ & (el er,e_1) is again a framed basis for M. By letting o & 2 + p2’ we
therefore have the following coordinates for f_; in the basis ¢’
ue—(c+1)
J 0
a
where vp(«) > 0. From now onwards we use the basis ¢’ to write the coordinates of the

elements in M.
By [HLM], Proposition 2.2.24 we easily deduce:

~ e—(c+1) e—(c+1) 0
Fil> M w u
(A) < 0 | Ew| 0o |, B yuC+D >
Fil> SM ) __, o o 3

Og
where 3,7 € Og. Moreover, by Lemma (v) we necessarily have v, (8) > 0 so that,
without loss of generality, we can assume v = 1.
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By [HLM], Proposition 2.2.24 we have

uef(cfr) uef(cfr) 0
Xgr = < 0 s E(u) 0 ) E(u) p >

aur+1 aur+1 5ur+1
E

If 0 < v, (8) < 1, then one can easily check that it violates Lemma (i). Assume that
vp(8) > 1. Then the element e defined by

0
A 1
e :
" _ ﬁur-l-l
P
is in (FPIII;ZSJ\JLEV[\)~ and the family e & (¢, €/, e_1) is again a framed basis for M. Until the
or

end of case A we use the basis ¢’ to write the coordinates of the elements in M.
Hence, ( Fil* M >~ ) is generated by
-

Fil2 SM
ue—(c+1) ue—(c-{—l) 0
0 , E(u) 0 , B(u) | ue=(tD)
« « 0

over Og, and ( Fil® M )y by
w”

Fil2 SM
ue—(c—r) ue—(c—r) 0
0 , E(u) 0 , E(u) 1
ou” 1 ou” 1 0

over Op. Again by [HLM]|, Proposition 2.2.24 we further deduce

—-p 1 —-p 0
Xge = < 0 +E) | 0 |, Eu) 0 , BE(u) [ we™" > ,
auct? 0 auctl 0 5
and an immediate manipulation provides us with:
_p 0
o |+E@| 0 |exs.
pchrl ’LLC+1

By Lemma (vi) we necessarily have vp(%) > 0, in particular

- 0 Fil> M
puctl uctl Fil®sM /.
Hence, we obtain the following inclusion:
ue_(c+1) 0 —ﬁ 0 2
@ Fil*M
0 JE@ | 1|, o |+Ew| o c——.
o 0 puctl wuetl Fil© SM

Of
By Nakayama’s lemma and noticing that the elementary divisors of M/ Fil®> M are described
by Lemma [£.2}(i) we conclude that the inclusion is indeed an equality.

Case B : Assume that FL(p,) = [1 : 0], or equivalently, by Proposition that A =0
and p # 0. By exactly the same argument as in the proof of case A, we get the same
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(;;5;‘%) L as well as Xz as in case A. If vp(ﬁ) > 1, then one can easily check that it
i o-

violates Lemma [£.2}(ii). Assume 0 < v;,(8) < 1.
As in case A we easily deduce

and

—p 1 —p 0
Xge = < 0 +E)| 0 |, E(u) 0 JE(u) | —Bucr >

auctl 0 auctt uctt 5
In particular,
_pB ~
. o Fil2 M
0 + E(U) uc" S R
5uc+1 0 Fil® SM e
and, by Lemma [1.2}(vi) we necessarily have v,(3) > 0 and v,(8) +1 > vy ().
Hence, we obtain the following inclusion:
e—(ct+1) 0 _p8 0 ~
u 12
Fil*M
0 5 E(u) _% 5 00/ + E(U) UCiT g %
o ur ! Buct? 0 Fil® SM

Op

which implies that the elementary divisors for M/ Fil? M are necessarily of the form de-
scribed by Lemma [4.2}(ii). It follows, as for case A, that the inclusion is actually an
equality and the case B claimed in the statement of the proposition follows.

Case C :Assume that FL(5,) = [0 : 1], or equivalently, by Proposition that A # 0
and g = 0. We may assume that y = 1 as u*~("t1 is an elementary divisor for M/ Fil> M
and vy, (x), vy (y) > 0 by Lemma (iv). We define e]. € M as follows:

x/ue—(c—r)
e : 1+ 9y E(u)
Z/ur+1

Then ¢’ & (ec, e, e_1) is again a framed basis for M. By letting o & z+pa’ and 8 & 24 p2/
we therefore have the following coordinates for f_; in the basis e’:
aué—(ct+D)
ffl . ue—(r+1)
g
where v,(a) > 0 and v, (5) > 0. From now onwards we use the basis e to write the

coordinates of the elements in M.
By [HLM], Proposition 2.2.24 we easily deduce:

~ e—(c+1) e—(c+1) § e—(c+1)
F.12 M au au U
(F.llz Sﬁ) = < w =t Bu) | we )] E(u) 0
! w-t /3 B Y Op

where 7,6 € Op. Moreover, by Lemma [£.2}(v) we necessarily have vi,(y) > 0 so that,
without loss of generality, we can assume § = 1.
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By [HLM], Proposition 2.2.24 we have
aue—(c—r) 0 aue—(c—r) ue—(c—r)
Xor = < —p +Ew) | 1 |, E(u —p , E(u) 0 >
Bur+1 0 ﬂurJrl ,YurJrl o

If min{1, vp(8)} < vp(), then one can easily check that it violates Lemma [4.2}(iii). Assume
that 0 < vp(a) < min{l,v,(8)}. Then easy manipulations provide us with

0 ue—(c—r) 0
E(u) 1 , ~Z + E(u) 0 € Xan.
_ﬁ;a’YuT-i-l gUTJrl B;{S’Yur-‘rl

Again by [HLM], Proposition 2.2.24 we further deduce

Yoo = (| —2w )o@ | o )o@ w ) B@| o |
éuc+1 B*avuc+1 _ﬂ*avuc—o—l ,yuc+1
« po P E

and an immediate manipulation provides us with:

2
_% 0
_Pyer |+ E(u) 0 € Xge.
puc+1 uC'H
By Lemma (vi) we necessarily have Vp(%) > 0, in particular
pP’o
N 0 Fil2 M
_iuC*T + E(u) 0 € <12A .
et et Fil> SM / _
Hence, we obtain that FP; llfg‘% contains
_p% 0 ue=(e=n) 0 aue~(et)
e |rB@ [0 ) -2 JeEw (0 ) B [ e
puc+1 wctl gurJrl %urﬂ 3

By Nakayama’s lemma and noticing that the elementary divisors of M/ Fil> M are described
by Lemma [4.2}(iii) we conclude that the inclusion is indeed an equality. Note that v, (5 —
a7y) > 1+ vp(a) by Lemma (iii). O

Corollary 4.4. Let p and M be respectively a Galois representation and a strongly divis-
ible lattice as in Proposition . Write (Ae, Ay A_1) for the Frobenius eigenvalue on the
(0¢, 0", w™Y)-isotypic component of the filtered (¢, N)-module Dgp’2(p).
Then the valuation of the Frobenius eigenvalues on DSP’Q(p) is described as follows:
A : if FL(py) € PY(F)\ {[0: 1],[1: 0]} then

(Vp(Ae); vp(Ar), vp(A-1)) = (vp(@), 1,2 — vp(a))
where 0 < vp(a) < 2.
B: if FL(py) = [1: 0] then

(Vo (Ae)s vp(Ar), vip(A-1)) = (1 + vp(@) = vp(B), vp(B), 2 = vp())
where 0 < v (8) and 0 < vp(a) < vp(B) +1 < 2.
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C: if FL(py) = [0: 1] then
(Vp(Ae), vp(Ar), vp(A-1)) = (vp(B) — vp(e), 1 + vp(a), 2 — v (B))
where 0 < vp(a) <1 and 0 < vp(a) < vp(B) < 2.

Proof. Let us write so : Sg, — E to denote the morphism defined by u + 0. Then one
has ng?(p) = j\A/[[%] ®s5q,,50 £- Moreover, the Frobenius ¢ on JT/E[%] ®s5q,,50 £ 1s uniquely
determined by the condition
P(8i ®ay 1) = P*(p2 ®ay 1)(fi @ 1)
for i € {¢,r,—1}, where the elements €;, ﬁ can be chosen to be as in Proposition and
the x; € E are such that f; ®s, k; = €; Qs, 1.
The result is therefore immediate from the explicit description of the elements f; given

in Proposition [£-3] O

4.2. From Frobenius eigenvalues to Fontaine—Laffaille parameters. We are now
ready to state the main local result on the Galois. Let red : P}(Og) — PL(F) be the
natural reduction map on the rational points of the projective lines over Og. Namely,
red([z : y]) is defined as [(z/y) : 1] if v, (x) > v, (y) and [1: (y/x)] if vy, (2) < vy, (y). We
fix a coordinate on P*(Og) (hence on P!(F)).

Theorem 4.5. Let p : Gg, — GL3(Og) be a potentially crystalline Galois representation
with parallel Hodge-Tate weights {—2,—1,0} and inertial type WD(p)|1QP ~rY5eagre
W™t such that p = p,. We also let (Ae, \r, A1) € (O)? be the Frobenius eigenvalues on the
(0¢, ", w~Y)-isotypic component of Dgp’z(p).

Then the Fontaine-Laffaille parameter associated to py is computed by:

FL(p) = red ([, : p]).

The rest of this subsection is devoted to the proof of Theorem In the case where
FL(py) = [0: 1] or FL(p,) = [1 : 0], it is straightforward to prove it from the results in the
previous subsection (see the end of this subsection) and in what follows we will be firstly
interested in the case where FL(p,) ¢ {[1: 0], [0: 1]}.

Lemma 4.6. Keep the notation of Proposition @ Define aq € F* by the condition
Ole€y = 2—5f, modulo (wg, u) for all ¢ € {c,r,—1} (note that the oy here is not necessarily
the same as the ones in Proposition[{.1)), and assume that FL(p,) ¢ {[1: 0], [0 : 1]}.
IfMe F—BrModgd denotes the associated Breuil module to J/\\/[, then there exists a framed
basis € = (ec, er,e_1) on M and a framed system of generators f = (fe, fr, f-1) for Fil> M

such that Mat,, r(p2) = Diag(ac, oy, a—1) and

0 0 ue—(c+1)
Mat, ¢ (Fil M) = 0 u® us=(rty
- ue+(c+1) ue+(r+1)1. u€z

for some x,y,z € F.

Proof. The proof follows closely the argument of [HLM], Lemma 2.3.2, which we outline
here for the comfort of the reader.

Let M € O E—Modid be a strongly divisible lattice as in the statement of Proposition
In particular we have a framed basis € on M and a framed family fof generators for
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Fil? J\A/[/ Fil® S - M which is explicitly described in terms of e-coordinates according to the
value of FL(p,).

Write e, io for the base change of €, zvia S — S and set

def

Vo = Mat,, 5 Fil2M), Ay < Mate, r (02)-

Note that, by construction, we have (Ag)y,€c = acle = %ﬁ modulo (u, wg), and, simi-

iS]

o~

larly, (Ao)y; &r = 6y = %fr, (Ag)gp€-1 = a—1e_1 = "3+ f-1. Moreover, by the height
condition, we can write Voadj = u®Wy where Wy € MatE (S) is well defined modulo u*®~1),

We deduce from Proposition Case A that the matrix of the filtration for Fil> M has
the form

>

0 0 we(erh)
Vo = 0 u® 0
ueter g 0

Then there exists bia, ba1, by € F such that

(4.2.1)
0 0 ue(etl)
(422) —Wy - Ap - 0 u® ue—(7'+1)b12 = UzeBQ
ue+(c+1) ue+(r+1)b21 UCbas
d:efv1

where By € GLS'(S) verifies moreover

oy umCT By wem (D By,
By = 0 Q. we= T8, | modu®
0 0 Q.

for some 3;; € F. Indeed, an elementary computation shows that it suffices to take bijs =
—a; tay, bay = —a_ja; and by = fozj (@21b12 + ago) modulo u®, where the a;;’s denote
the corresponding entries of Ag.

By Lemma [2.19| we deduce that V; describes the coordinates of a framed system of gener-
ators i1 for Fil2 M with respect to the basis e, def e Ao and moreover A; dof Mat,, S, (p2) =
©(Byp) is the matrix for the associated Frobenius action.

We now iterate the previous procedure: as A; € Diag(a_1, oy, o) + u3 Mat' (S) (by
the genericity assumption (2.1.2)), we easily find Va € Mat5(S) as in the statement, and

B € Diag(ae, a,, a_1) + uMatz (S) verifying:

A Vo =B Vi mod u3€.
By virtue of Lemma this completes the proof. |

Lemma 4.7. Keep the notation of Lemma[].6] and assume that FL(p,) ¢ {[1: 0], [0 : 1]}.
Let M € F-F£97=2 be the contravariant Fontaine-Laffaille module associated to py.
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Then there exists a basis f on M, compatible with its Hodge filtration, such that the
Frobenius action on M is described by

0  yo,t ac_ll

-1 N
Mati(¢.) = 04_13:' 0 _O:Tl

0 0 o

for some x,y € F*.

Proof. By Lemma and Lemma the Frobenius action on the (¢, F((w)))-module
M = Me () (M*) is described by

0 0 @e-i-(c-l-l)a:%
Mat,(¢) = 0 wa; ! wetrtga~]
@e—(c—i-l)a;l EG_(T_‘—l)yOé:l EEZOZ:%

where ¢ = (¢_.,e_,,¢1) is a framed basis for the dual type 7V and z,y, z € F.

By performing the change of basis ¢/ 4 (zec, @ e, @ tey), it can be easily checked that
M = Mo Rr((p)) F((=)) where the (¢, F((p)))-module My is described by

Mat(¢g) = 0 ot xa:} Diag(;f“,;f“,l)

i.e., by an evident change of basis over F,
za”l yoil a
Mat(¢o) = Diag(1,p" ™, p*") | zal; oyt

0
a”i 0 0

1

C

d:efF

By Lemma we deduce that My = F(M) for a rank 3 Fontaine-Laffaille module
M e F-F£1%7=2 with Hodge-Tate weights {0, +1,c+ 1} and Mat (¢e) = F for a basis f
on M compatible with the Hodge filtration. B B
On the other hand the condition T} (M) = p, implies, by Lemma the existence of

another basis f' on M such that Mat (¢e) is the one described in 1} Equivalently,

there exists of a change of basis A € GL3(F) from f to f, compatible with the Hodge
filtration (i.e. A = (a;;);,; is lower unipotent) and such that

0 nt v
(4.2.3) A-F=|nt 0 ¢
0o 0 '

for some v, € F, n; € F*.
This can be easily verified: condition (4.2.3)) holds true if and only if one has

ZZO, 177.%(1206an 1+y@10=0
1+xaz1 =0 a2 +yaz =0,

which completes the proof. O
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Proof of Theorem[].5 First of all, note that Proposition [£.3] and its corollary apply in our
context. If FL(p,) = [1 : 0], then it is immediate that

FL(7) = [1: 0] = red([A, : p]),

since vp(A;) < 1 by Corollary Case B. Similarly, one can prove the case FL(p,) = [0 : 1]
by Corollary [£.4] Case C.
For the case that FL(p,) ¢ {[1:0],[0 : 1]} it is also easy to check that

FL(,) = [ar : 1] = red(\, : 5],
by Lemma [£.7] and by Definition [2.8] O

5. THE LOCAL AUTOMORPHIC SIDE

We now need to recall certain group algebra operators for Og|[GL3(F,)], F[GL3(Fp)]
which are needed to obtain local-global compatibility in terms of Hecke action. In order
to introduce such operators, we need some notation. In what follows, we have [Jan03| as a
main reference for the notation and terminology.

5.1. Basic set up. Welet G & GL3,z,, T be the maximal split torus consisting of diagonal
matrices and B D T the Borel subgroup of upper triangular matrices. The character and
cocharacter groups X*(7T'), X.(T) are identified with Z? in the usual way. In particular the
positive simple roots {a1,as} for the pair (B,T) become a; = (1,-1,0), s = (0,1, —1).
Finally, we let G, B, ... denote the base change of G, B,... via Ly — ).

The Weyl group W¢ of G is canonically isomorphic to the Weyl group of G. We write
wgy € Wg for the longest element and define

. def 1 . def 1
S1 — 1 s So = 1
1 1

which are lifts in G(Z,) of the simple reflections s1,s2 € W corresponding to oy, ae. In

. . ef . . . . .
particular wq L $159287 is a lift of wy € Wg.

For any dominant character A € X*(T') we let
0 def el alg
HOO) Y (maGwor) @, F

be the associated dual Weyl module. It is an algebraic representation of G' (or more precisely
def

of Gr) and we write F(\) = socg (H°())) for its irreducible socle. If the weight \ is
p-restricted, i.e. if 0 < (\,a)) < p—1 for i = 1,2, then F()) is irreducible as a G(F,,)-
representation (see for example [Her09], Corollary 3.17).

As in [HLM] we let I be the Iwahori subgroup of G(Z,) (preimage of B(F,) under the
reduction map G(Z,) - G(F,)) and I; < I for its maximal pro-p subgroup. If V is a
smooth representation of G(Z,) over O and a; € Z we write y1(az,a1,00) 5 denote the
0% ® W™ @ w%-isotypic component for the I-action on V711,

5.2. Group algebra operators and the automorphic parameter. Let (a,b,c) € Z3 be
a triple satisfying condition (2.1.2)) (when specialized at (as2,a1,a0) = (a,b,c)). In this case

the weight (a, b, c) is in particular restricted. In [HLM]| the following elements of F[G(F})]
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are defined:
def a o 1 x Yy
5 E Y o <bc><o T )
0 0 1
x,y,z€F,
def (a n 1 x y
§ Y b c><0 T ) g
0 0 1

@,y,2€F,
as well as their characteristic zero counterparts

1

§E T gm0 ( !
0

z,y,z€F,

) dof o 1 F g\ .
g7 def Z zp—(a=b)zp—(a c)<0 1 2>w0.
0 0 1

x,y,z€F,

o =8
=)

—
o

The behavior of such operators is described in [HLM], §3 and we include here the state-
ments for the comfort of the reader.

Proposition 5.1. Let (a,b,c) € Z3 be a triple satisfying ) (when specialized at

(az,a1,a0) = (a,b,c)) and consider the associated operators S, S' € F|G(F,)].
(i) There is a unique non-split extension of irreducible G(F,)-representations
0—Fla—1,b,c+1) >V > Fb+((p-1),a,¢c) =0

and S induces an isomorphism S : V1 (»:0:0) =y yL(a=Lbet1) of ope-dimensional
vector spaces. -

ii ere is a unique non-split extension of irreducible -representations

ii) There i ' lit extensi irreducible G(IF), tati

0— F(a—1,b,c+1) = V' = F(a,c,b—(p—1)) = 0
and S’ induces an isomorphism S’ : (V/)D(@et) 2y (pnyleslbet) e o
dimensional vector spaces.

In characteristic zero, we have:

Proposition 5.2. Let (a,b,c) € Z3 be a triple satisfying ) (when specialized at

(a2,a1,a0) = (a,b,c)). Letm, & Indgggp; (Xb@)(a@Xc) be a principal series representation,
P

where the smooth characters xe : Q) — E* wverify X°|Z§ =w* for e € {a,b,c}.

. . ‘ . I,(b,a,
On the one-dimensional isotypic component ﬂp’( “) we have

1
(5.2.1) S’ o 1 | =pxs(p)n S,

bS]

where the element n € Z,; verifies n = (—1)b=c. ‘;:é’ mod p.

Recall that if o is a smooth representation of G(Q,) we can define certain U,-operators

0o 0 1 0o 0 1
the U; operator is defined as the double coset operator [I1t;11], i.e.

Ui(v) = Z xt;v.

x€ly/(t;Int; TNIL)

e 0 0 e 0 0
on isotypic components of o’t. Concretely, by letting t; ot <§ 1 o) and o of (S p o>,
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Lemma 5.3 ([HLM] Lemma 3.1.8). Let (a,b,c) € Z* be a triple witha —b >0, b—c > 0,
a—c<p-—1 and define T =) Ind¥ (wb R@w* ®w“). Let o be a representation of G(Q,) over
F. Then
Homg (7, 0)[U;] = Homg (T/M;, 0)
for i € {1,2}, where My (resp. Ms) is the minimal subrepresentation of T containing
F(a,ec,b—p+1) (resp. F(c+p—1,b,a—p+1)) as subquotient.
In characteristic zero, we have:

Lemma 5.4 ([HLM] Lemma 3.2.8). Let m, “'In dB(Q ) (Xb R Xa ® xc) be a principal series

representation, where the smooth characters xo @ Q) — E* verify X'|Z§ = w* for e €
{a,b, c} and where a, b, ¢ are distinct modulo p — 1.
n the one-dimensional isotypic component mp we have Uy = xp(p)~" an
On th di I isot t 7" we have U ! and
U2 = x3(p) " 'Xalp) ™"
n the one-dimensional isotypic component mp we have Uy = pxq(p)~" an
On th di I isot t my @) we have U L and

Uz = p*Xa(p) " xe(p) "

6. LOCAL-GLOBAL COMPATIBILITY

This section contains the main global application of the local results obtained in Section [4]
We follow closely the setup of [HLM], which we reproduce in Section Section for the

convenience of the reader.

6.1. Automorphic forms on unitary groups. Let F//Q be a CM field, F'™ # Q its
maximal totally real subfield. We write ¢ for the generator of Gal(F/F™) and assume that
all places v of F'* above p further decompose as v = ww® in F. We let S (resp. S,) the
set of places of F'™ (resp. F) above p. For v (resp. w) a finite place of F'* (resp. F') we
write k, (resp. k) for the residue field of F,f (resp. F,).

We let G,p+ be a reductive group, which is an outer form for GL3, and which splits
over F. We assume that G(F,") ~ U3(R) for all v|co. By [CHTOS§|, Section 3.3, G admits
an integral model G such that G x O Fit s reductive if v is a finite place of F'+ which splits
in F. If v is such a place and w|v is a place of F', we obtain and fix an isomorphism

(6.1.1) tw : §(0p+) = G(0F,) = GL3(OF,).

Define Fif < F* ©q Q, and Op+ , = Op+ @7 Z,.

If W is a Op-module endowed with an action of §(Op+ ;) and U < G(AZ") x §(Op+ )
is a compact open subgroup, the space of algebraic automorphic forms on G of level U and
coefficients in W is the following O g-module:

(6.1.2) SU.W) = {f: GETNGAR) = W | flgu) = u, ' f(9) V g € GAF.),ue U}

(with the usual notation u = uPu, for the elements in U).

Recall that the level U is sufficiently small if t='G(F*)t N U has order prime to p for
all t € G(A$,). For a finite place v of F* we say that U is unramified at v if one has a
decomposition U = G(0 .+ )U" for some compact open U” < G(AF;"). If w is a finite place
of F' we say, with an abuse, that w is an unramified place for U if its restriction w|p+ is
unramified for U.

Let Py denote the set consisting of finite places w of F' such that v def w|p+ is split in F,
v ¢ S; and U is unramified at v. For a subset P C Py of finite complement and closed
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with respect to complex conjugation we write TV = OE[T&i), w e P, ie€{0,1,2,3}] for the
universal Hecke algebra on P, where the Hecke operator T, ) acts on S (U, W) as the usual
double coset operator

_ wld; 0
b {GL:S(OFUJ) (w 0 Id3~> GLS(OFW)] :

Remark 6.1. It important to note that for places v which split as v = ww*® in F the composite
co, is conjugate by an element of GL3(Op, . ) to the transpose inverse of iy (cf. [EGHI13],
Section 7.1.1).

We briefly recall the relation between the space A of classical automorphic forms and
the previous spaces of algebraic automorphic forms, in the particular case which is relevant
def

to us.

Let S = Hom(F,Q,) and, for any place w|p, let Sy, Lf Hom(F,,Q,), Sy = Hom(ky, Fp).
Following [EGHI13], Section 7.3 we consider the subset (Z2 )5 of dominant weights A = (),
verifying the condition

def

(613) >\1,ac + )\3,0 = 07 )\2,47 + >\2,c7c = 03 >\3,oc + )\170 =0

for all triples A, = (M0, A2, A3,0) and all o0 € S. If w|p and A € (Zi)g we write )\, for
the projection of A on (Zi)g v and W, for the Op,-specialization of the dual Weyl module
associated to A, (cf. [EGHI3|, Section 4.1.1); by condition and Remark one
deduces an isomorphism of G(O Jo )-representations Wy o1, = Wy . 0uye. Therefore, by

letting W S Wy, oty for any place w|v, the §(Op+ ;,)-representation
def
Wy = Q@ W,
v|p

is well defined.

For a weight A € (Z%)§ and an irreducible smooth §(Op+ ,)-representation 7 over @,
let us write S ,(Q,) to denote the inductive limit of the spaces S(U, Wy ®o,, 7) over the
compact open subgroups U < G(AZY) x §(Op+,) (note that the latter is an inductive
system in a natural way, with injective transition maps induced from the inclusions between
levels). Then Sy ,(Q,) has a natural left action of G(A%,) induced by right translation of
functions.

Fix an isomorphism 2 : @p 5 C. As we did for the O, -specialization of the dual Weyl

modules, we define a smooth G(F* ®q R)-representation o) = @ oy with C-coefficients,
v|oo
where oy depends only on ), for a place w|v (we invite the reader to refer to [EGHIL3],

Section 7.1.4 for the precise definition of o).

Lemma 6.2. The isomorphism 1 : @p 5 C induces an injective morphism of smooth
G(A$, )-representations

SA,T(@;D) ®@pﬂ Cc - Homg(F+®@R)(UX,.A).

IfII is an irreducible automorphic representation of G(Ap+), II, contains T ®g. . C if and
s

only if the isotypic space HOng(FJr@QR)(O’X,H) is in the image of 1.
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6.2. Serre weights. We recall the notion of Serre weights of 7 : Gr — GL3(F) and relate
constituents of GL3(OF, )-types and potentially crystalline lifts of 7|g,, .

Definition 6.3. A Serre weight for G (or just Serre weight if G is clear from the context)
is an isomorphism class of a smooth, absolutely irreducible representation V' of G(Op+ ;).
If v|p is a place of F'T, a Serre weight at v is an isomorphism class of a smooth, absolutely
irreducible representation V,, of S(OFJ). Finally, if w|p is a place of F, a Serre weight at w
is an isomorphism class of a smooth, absolutely irreducible representation V,, of GL3(Of, ).

In particular, if V,, is a Serre weight at v, the Serre weights at w® defined by V, o1,! oc,
V, 01t are dual to each other by Remark

As explained in [EGHI3], Section 7.3, a Serre weight V admits an explicit description
in terms of GLj3(k, )-representations. More precisely, let w be a place of F above p and
write v € w|p+. The element ¢ € Gal(F/F*) induces an involution S, =5 Sy and we
define the set @w‘p(Zi)gw as the set of tuples (@, bw, Cw)w (Where each triple (@, by, )
is dominant) verifying:

(621) Oy,o + Cwe,oc = 0, bw,a’ + bwc70'c =0, Cw,o + Quwe,oc = 0

for all o € S,,. If the triple a,, def (A, by, ) € Zi is restricted (i.e. 0 < a0 —bw,o, bw,o—

Cwo < p—1forall wlp, o € S,) we consider the Serre weight Fy, = F(aw;bw,cy) as
defined in [EGH13|, Section 4.1.2. It is an irreducible representation of GL3(k,,), hence of
S(ky) and (by inflation) of §(O+) via the morphism .

As above, condition implies that F(auw,bw,Cw)Y 0 twe = F(ay, by, Cw) © Ly as
G(ky,)-representations (i.e. F(awe,bye,Cpe) © tywe = F(aw,bw,Cw) © ty) and the smooth

5(0 g+ )-representation Fy S Fy, oty is well defined.

We set
F, = Q)F,,
v|p
which is a Serre weight for §(Op+ ). From [EGHI3|, Lemma 7.3.4 if V is a Serre weight
for G, there exists a tuple a = (@, by, Cw)w € @wlp(Zi)g‘“ and a decomposition V = ?VU
vlp
where the V, are Serre weights at v verifying V, o t;} 2 F(au, by, cy). Again, thanks to
condition and Remark we deduce that V,, is well defined.

Definition 6.4. Let 7 : Gp — GL3(F) be a continuous, absolutely irreducible Galois
representation and let V be a Serre weight for §. We say that 7 is automorphic of weight V (or
that V' is a Serre weight of T) if there exists a compact open subset U in G(AZ") x G(O0p+ ;)
unramified above p and a cofinite subset P C Py such that 7 is unramified at each place of
P and
where m7 is the kernel of the system of Hecke eigenvalues @ : T¥ — F associated to 7, i.e.
3 .
det (1 — 7 (Froby)X) = Y (~1)(Np, /g, (w)) Ba(T) x?
j=0
for all w € P.

In what follows (sections we will be needing the notion of Serre weight above a
specific place w|p. That is the reason for the following;:
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Definition 6.5. Let 7 : Gp — GL3(FF) be a continuous Galois representation and let wg|vg
be places of F', F'T respectively, above p.

If V., is a Serre weight at wy, we say that 7 is automorphic of weight Vy,, at wg (or that
Vi, 1s & Serre weight of 7 at wy) if for all v|p, v # vy there exist Serre weights V,, such that
by letting V0 & &® V., the smooth S(OFJ) representation V' ® V,,, is a Serre weight

v|p, v#£vg
of ¥ as in Deﬁnitio‘n [6-4] where Vi) = Vi, © tu, -

As above, we write W, (7) for the set of all Serre weights of ¥ at a place w|p. Note that
condition implies that W, (7) and W (7) are in natural bijection via the involution
c€ Gal(F/FT1): V,, € Wy(r) if and only if (V,,)Y o ¢ € Wy (7).

We recall some formalism related to Deligne-Lusztig representations and potentially crys-
talline lifts for 7|q Fug We refer the reader to [Her09], Section 4 for a precise reference.

Let w|p be a place of F', n € {1,2,3} and let ky »/k, be an extension verifying [k » :
k] = n. Let T be a maximal torus in GL3 . Following [Her09], Lemma 4.7 we have an
identification

(6.2.2) T(kw) = ][ ks

w,n;

where 3 > n; > 0 and Zj n; = 3; the isomorphism is unique up to Hj Gal(Kkw,n, /kw)-
conjugacy. In particular, any character 6 : T(k,) — @; can be written as § = ®;6; where

0; : kiym, — @; We say that 6 is primitive if §; is primitive as in [Her09)], Section 4.2 for
all j.

Given a maximal torus 7" and a primitive character § we consider the Deligne-Lusztig
representation R}, of GL3 (k). By letting ©(6;) be the cuspidal representation of GLy, (ku)
associated to the primitive character 0; via [Her(09], Lemma 4.7, we have

~ —r GL3 (kw
Rf = (-1)" " Ind5 5" (2,0(0;))
where P, is the standard parabolic subgroup containing the Levi [] j GL,; and r denotes
the number of its Levi factors.

Let Fyn o W(kw’n)[%]; we consider ; as a character on O by inflation and we
w,nj
define the following character rec(6):

(i) rec(d) & @?:1 g; o Art}i if 0; : ky — @; are niveau one characters;
(i) rec(6) &6, o Art}i & D o600 Art}i 2) if 61 is a niveau one character
oceGal(ky,2/kw) '

and 65 is a niveau 2, primitive character on kjﬂ;
(iii) rec(h) & é o (01 o Art}i 3) if #; is a niveau three, primitive character.
oceGal(kw,3/kw) '

From now on we assume that p is unramified in F'T. In particular, the set of embeddings

Sw, Sy are in natural bijection.

Theorem 6.6. Assume that p is unramified in F* and let w be a place of F' above p. Let V,
be a Serre weight at w for the Galois representation 7 : Gp — GL3(F) and assume that V,,
is a Jordan-Hélder constituent in the mod-p reduction of a Deligne-Lusztig representation
RY. of GL3(ky), where T is a mazimal torus in GL3 i, and 0 : T'(ky) — @px 18 a primitive
character. Ifrec(0) is as in item (i) above, we assume the characters 6; are pairwise distinct.

Then 7|qy, has a potentially crystalline lift with parallel Hodge—Tate weights {—2,—1,0}
and Galois type rec(0).
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Proof. This is the statement of [MP], Theorem 5.5. Note that in loc. cit. one assumes
further that p splits completely in F', but this condition is unnecessary as long as p is
unramified in F'™ (the statement of loc. cit., Proposition 5.2 holds true for p unramified in
FT). |

6.3. Weight elimination. Let wp|vg be places above p of F and FT respectively with
Fu, 2 Qp. We define a predicted set of Serre weights WJJO (7) for 7 at wo. Assume that
Tla Fu, 18 Of the form (2.1.1). We write p, for 7 le £, 1D this subsection. Recall that we defined
in Section the Fontaine-Laffaille parameter FL(p,) € P*(F). From now onwards, we fix
an affine coordinate in P*(F) = A'(F) U {oo} via [2g : 21] = 2% if 29 # 0 and [0 : 1] = oo.
If p, is split, then we let
W, (F) =W, U Wy UWg
where
def

WL = {F(al - 170/0’0/2 +2 _p)a F((p - 1) + CL07CL27CL1), F(a/2 - 1,@1,0,0 + 1)}7
W € {F((p—1)+ag,a1—1,a2+2-p), F((p—1)+a1,a2,a0), Flaz—1,a0+1,a1—(p—1))};
Ws < {F(az,a0,a1 — (p— 1)), F(p — 2+ a1, as,a0 + 1), F(p — 1+ ag,ar,as — (p — 1))}
If py is non-split, then

W (_)_{ F(asy —1,a1,a0+ 1), F((p—1)+ag,a1,a2 — (p— 1)), }UW

Wo F(ag—l,ao—i—l,al—(p—l))
where
F(p_1+a'07a‘27a‘1)a F(p_2+a’17a'27a'0+1)7 . — 0\ .
{ Flaz, ag,a1 — (p— 1)) it FL(7o) = oo
W
{F((p—1)+a1,a2,a0)} if FL(py) = 0;
0 otherwise.

Moreover, we define the set of obvious weights at wq as

Wrobv (7)) €W (7)) N (WL U Wy).

wo Wo

Theorem 6.7. Let wo|vg be a place above p on F and F* respectively with F,, = Q,, and
assume that ﬂGFwO is of the form ( with the generic condition . If Vi, is a
modular weight for ¥ at wo, then V,,, € W (7).

In what follows, we prove the inclusion Wy, (7) € W, (7) under the assumption ag = —1,
¢c=as—ap—1, and r = a3 — ap — 1. This assumption is harmless since W,,, (7 ® w®) =
W (F) ® w®. The proof is performed case by case, by series of lemmas.

Lemma 6.8. Keep the assumption as in Theorem and assume that py is semisimple. If
Vi, is a Serre weight of ¥ at wo, then Vi, € W5 (7).

Proof. Proposition tells us the possible Galois types of niveau 1 for the potentially

crystalline lifts with Hodge-Tate weights {—2, —1,0} of p,. Hence, the Serre weights of p,
. -0 . . " .

are constituents of Ry for 6 determined in Proposition Moreover, we can restrict our

attention to the obvious weights in JH (RT> since a shadow weight is either non-modular

-0
or an obvious weight of R, for another §. Thus, there are 24 weights we need to consider.
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It is easy to check the following:

Flp-1,¢,r—1)€JH ford =" 2o

=)

F(p—-1)+rp—1,c—1)€JH for 0 = 2o @

=

Flp—1,c—1,r)eJH for0 =t @rl;

Flp—2,c+1,r—1)ecJH for 0 =M @0 2%

Fle+1,r—1,-1) e JH for =@ a2

F(e,r,—1) € JH for 6 =Tt @a" w2

ir)
r)
r)
r)
ir)
r)

/_\/\/:?‘/_\/\/\

F(p—1)+rp—2,¢c)€JH (RT) forg = 'eo M oo!

None of the Galois types 6 of niveau 1 above appears in Proposition Hence, we can
eliminate all of the weights listed above so that we now have 17 weights survived.

Proposition 3.7 tells us the possible Galois types of niveau 2 for the potentially crystalline
lifts with Hodge-Tate weights {—2, —1,0} of p,. It is also easy to check the following:

F(e,r—1,0) € JH (R?) for 0 =@~ 1®@;2+p(c+2);

F((p—1)+r—1,p—1,¢) € JH(Ry) for  =&" ' @5

F((p—1),r—1,c—(p—1)) € JH(Ry) for  =&" ' @ T8

)

~c+14+p(r—2)

)
)
) for 6 = P! ® WS -2,
)
)
)

for 0 = &" @&k ™Y,

)

F((P_l)»T»C—l—(p—l)) € JH

F((p—1)+r,c—1,0) € JH(Ry) for ="' @os 1+,

(
(
F(lp—1)+ep—1,r—1)€JH (E
(
( ;
( for ="' @;2+p(c+2);
Flc+1,-1,r—1—(p—1)) € JH (RGT) for 6 = P2 @ @ P2,

None of the Galois types 6 of niveau 2 above appears in Proposition Hence, we can
further eliminate the weights listed above so that there are 9 weights survived, which are
exactly the same as the set Wg,o (7) for py split. This completes the proof. |

Lemma 6.9. Keep the assumption as in Theorem@ and assume that py is non-split with
FL(py) # 0. If Vi, is a Serre weight of 7 at wy, then Vi, is isomorphic to one of the weights
in the following list:

F(e—1,1,0), F(p—2,r,c—(p—1)), F(c—1,0,r = (p—1)),

F(p—2,c,7“), F(p—2+7",c,0), F((p—1)+c,p—2,7“).

Proof. Tt is enough to consider in the set of Serre weights listed in Lemma Proposi-
tion (ii) tells us that we can further eliminate the Galois type w™ @ w" ! @ w™t. Tt is
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easy to check the following:
F(p—-1)+(r—1),p—2,c+1) e JH (EQT) for g =Moo ol
F((p—2),r—1,c+1—-(p—1)) EJH( ) ford =M@ tea .
Hence, we can eliminate the two weights above.

Proposition tells us that we can further eliminate the Galois type w® @ wqy

1)-2
wg(ﬂr )

r+1—-2p ®

. It is easy to check the following;:
b orti=2e
F((p—1)+rc-1)€JH (RT> for = w° ® W,

Hence, we can further eliminate this weight as well, so that there are only the six weights
in the statement of this lemma remaining. O

Lemma 6.10. Keep the assumption as in Theorem and assume that p, is non-split
with FL(py) # oo. If Vi, is a Serre weight of ¥ at wy, then Vi, is isomorphic to one of the
weights in the following list:

F(C*l,T,O), F(p72,7‘,cf(p71)), F(Cfl,o,’l"f(p—l)%

F((p_ 1) +7’,C,—1)~

Proof. 1t is, again, enough to consider in the set of Serre weights listed in Lemma
Proposition tells us that we can further eliminate the Galois types w @ w™ ' @ w™!
and w® ® w"! ®wO. It is easy to check the following:

Fllp—1)+(r—1),p—2,c+1) € JH (RT) for 0 =5 0ol @a
for0 =t ol

)
F(lp—2),r—1l,c+1—(p—1))eJ
F((p—1)+(r—1),¢,0)
)

(R
cJH (R
F((p—2),c,r) € JH (R

Hence, we can eliminate the four weights above.
Proposition (v) tells us that we can further eliminate the Galois type wP~2? @

w§+1+p(r71) @ wngp(CH). It is easy to check the following:
F(lp—1)+ep—2,7) € JH (EOT) for § = P2 @@t P,

Hence, we can further eliminate this weight as well in this case, so that there are only the
four weights in the statement of this lemma remaining. O

Proof of Theorem[6.7 The lemma provides with a complete proof for the case p, split.
If FL(p,y) = oo then it holds by Lemma[6.9] and if FL(p,) = 0 then it holds by Lemma[6.10]
Finally, if FL(p,) # 0, oo then, by Lemmas [6.9] and the Serre weights are isomorphic
to the weights listed in both lemmas. |
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6.4. Local-global compatibility. From now on we assume that p is totally split in the
CM field F. We fix a place wq of F' above p and let vg € wo|p+. The aim of this section is to
prove that under suitable local hypotheses, the Fontaine-Laffaille invariant FL(p,) defined
in Section can be recovered from a refined Hecke action when p, : Gg, — GL3(F) is
realized as a local parameter in an automorphic Galois representation 7 : Ggp — GL3(TF).
From now on we assume that the Galois representation 7 : Grp — GL3(F) is automorphic
of weight Vi, = F(2.0, 01,09, @0.w,) at wo (cf. Definition [6.5) Let 1?0 R

where W), o Wias,w.a1.w,a0.0) © tw for any wlv (cf. Section .
We fix a sufficiently small subgroup U of G(AL"") x G§(Op+ ,), unramified at all places
dividing p, and such that

W, (7) = {Serre weights V' at wg such that S(U, (V 0 ty,) @F V), # 0}

where m; is the system of Hecke eigenvalues associated to 7 in the Hecke algebra T as in
Section (such a subgroup exists, cf. [EGHI3|, Remark 7.3.6.). Note that we can write
U=U" x S(OF;B) where U < G(A*"0) is compact open.

We first prove the modularity of certain Serre weights, which will be needed to prove
Theorem We introduce the following useful notation. If W (resp. V) is a GL3(Op,, )-
representation over O (resp. over ), we write

v|p, v#vo Wi,

def

SOW) & SUW 0ty @0, V™) (resp. S(V) & SU,V 0 1y 00, V™))

Lemma 6.11. Assume that 7 : Gp — GL3(F) is absolutely irreducible and automorphic,

and that p, & F|GFwO is of the form (2.1.1) with the generic condition (2.1.4). Assume
further that py is non-semisimple. Then

{F(a2 - 1,@1,@0 + 1)7 F(a2 - 17(10 + 1,(11 - (pi 1))} g Wwo(’f’_)

Proof. The argument is not new: it is a “weight cycling” technique for GL3, first used in
[EGH13], Theorem 6.2.3 for a niveau three Galois representation, and recently adapted in
the niveau two semisimple case in upcoming work by Hui Gao [Gad].

As in [Gao] one proves that the commuting operators 71, T (acting on S(V ), for any
V € W, (7) and defined as in [EGHI3|, Section 4.2) act nilpotently on S(V)y,,. whenever
Vé¢{F(aa—1,a1,a0+1), F(az—1,a0+1,a1 —p+ 1)} (as p is not semisimple, it can not
have w®*! as a quotient); if else V € {F(as — 1,a1,a0 + 1), F(az —1,a9 + 1,a1 —p+ 1)}
then T # 0 (while Ty still acts nilpotently).

As T acts nilpotently on both S(F(az —1,a0+1,a1 —p+1))m, and S(F(az —1,a1, a0+
1))m, we deduce from [EGH13], Proposition 6.1.3 and the upper bound on W, (¥) (Theorem
that F(as —1,a0+1,a1 —p+1) € Wy, (7) if and only if F(az —1,a1,a0 +1) € Wy, (7)
i.e. that these two weights cycle to each other (this is independent on the value of FL(p,)).

Assume that FL(p,) ¢ {0,00} and that F(p — 1+ ag,a1,a2 —p+ 1) € W, (7). As T}
act nilpotently on S(F(p — 1+ ag,a1,a2 —p + 1)), for i = 1,2 we conclude by [EGHI3],
Proposition 6.1.3 and the weight elimination above that F'(as — 1,a1,a0 + 1) € Wiy, (7).

Assume that FL(p,) = 0 and that one of F'(p—1+ag,a1,a2 —p+1), F(a1+p—1,az,ao)
is modular. By Theorem (and again [EGHI3|] Proposition 6.1.3(ii)) we deduce that
F(a; +p—1,a2,a0) can be cycled to F(az —1,a1,a9 + 1) via T (cf. Remark and
. Similarly, F'(p — 1 + ag, a1,as — p + 1) can be cycled to F(ay — 1,a1,a0 + 1) via T}.

Finally, consider the case FL(p,) = co. As above, the weight F'(ag,ap,a1 —p+ 1) (resp.
F(p—1+ag,ai,as —p+ 1)) cycles to F(as — 1,a1,a9 + 1) via Ty (resp. T1). Similarly,
F(ag+p—1,a2,a;) cycles to F(as,ag,a; —p+1) via Ty (resp. to F(p—1+ag,ar,as—p+1)
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via T1). Finally, F(a; +p — 2,a1,a9 + 1) cycles to F(ap +p — 1,a2,a;) via both T; and
Ts. O

Remark 6.12. In the semisimple case it is easy to prove, along the argument of Lemma [6.11}
that either {F(az — 1,a1,a0 + 1), F(az —1,a0 + 1,01 —p+ 1)} C Wy, (7) or {F(ap +p —
lyai —l,a2 +2 —p), F(as — 1,a0,a2 +2 —p)} C Wy, (7).

Indeed, the only weights where T'1, T'» need not both act by zero are F(as — 1, a1, a9 +
1), F(as—1,a0+1,a; —p+1) (where T; may be non-zero, according to the normalizations)
and F(ag+p—1,a1 — 1,a2 +2—p), F(a; —1,a0,az +2 — p) (where Ty may be non-zero).

By weight cycling an easy but tedious check, using [EGHI13|] Proposition 6.1.3 and The-
orem [6.7] shows that:

(i) F(az —1,a1,a0+1), F(az —1,a0+1,a1 —p+1) (resp. F(ag+p—1,a1 —1,a2 +
2 —p), F(a; —1,a9,az +2 — p)) cycle to each other via T (resp. via T3);

(ii) F(as — 2+ p,as, a9+ 1) cycles to F(ag +p — 1,az,a;) (via both T and Ts);

(iii) F(ag+p — 1,a2,a;1) can be cycled to either F(ag +p — 1,a1,a2 —p+ 1) (via Ty)
and F(as,ag,a; —p+ 1) (via Ts);

(iv) both F(ag,ap,a1 —p+ 1) and F(ap +p — 1,a1,a2 — p+ 1)) can be cycled to one
of the weights in {F(a; — 1,a9,a2 —p+2), F(az — 1,a1,a9 + 1)}, via Ty and T,
respectively.

(v) F(a1 +p—1,a9,a0) can be cycled to one of the weights in {F(a; — 1,a9,a2 —p +
2), F(as —1,a1,a0+ 1), F(ap+p—1,a1,as —p+ 1)} via T (resp. to one of the
weights in {F(a1 — 1,a0,a2 —p+2), F(az —1,a1,a0 + 1), F(az,a0,a1 —p+1)}
via TQ)

In the following picture, we draw the Hasse diagram of the cosocle filtration in the

principal series Indg(lf’()F”) w* ®w™ @ w: letting e def p — 1 for brevity,
P

F(ag,a1,ao)

/\

F(a1 + e, az,aq)

T

F(a1,a0,a2 —e) F(ag —1+4e,az2,a1 +1) F(az —1,a1,a0 + 1) F(a; —1,a0,a2 +1 —¢)

e T e

F(ag +e,a1,az —e)

Provided that p, is non-semisimple as in the statement of Theorem [6.7} the weights in red
are always in W (); the weight in blue is in W, (7) if and only if FL(py) = 0 and the
weights in are in W, (7) if and only if FL(p,) = oo.

Using the notation and convention of Section |6.2] we define

S@ve, vy = {f: GETN\GAF) - V™ | flgu) =u, ' f(g) V g € G(AF:),uec U}

which is G(F.) representation by right translation of functions. We write S~ (U, V%)
to denote the submodule of S(UY, V") consisting of locally constant functions (i.e. the
submodule of smooth vectors for the G(F,}) action on S(U",V")).

Theorem 6.13. Let F be a CM field in which p splits completely and let 7 : Gp — GL3(TF)
be an absolutely irreducible and automorphic Galois representation. Let wolp be a place of
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F with vy & wo|p+ and fiz a sufficiently small compact open U = U,, x U < G(AZ?) x
S(Op+,p) where U™ C G(AT™). We make the following two assumptions:

(i) 77|(;Fw0 is indecomposable of the form with the strongly generic condition |D ;
(ii) FL(’F|GFU,O) ¢ {07 OO};
(iii) The Og-dual of SSIH(U“O,\7”0)&,(7“1’7“"’7“2) 1s free over T, where T denotes the

O g-subalgebra of End (Ssm(U”", ‘7“0)#7(:“1’7“0’7“2)) generated by T7, Uy and Us,.
Let S, S’ be the operators defined in Section@ specialised to (a,b,c) = (—ag, —a1, —as).
Then

1 0
(6.4.1) S o 0 1 — (_l)az—m . u 'FL(’F|GFU,O) . S
0 0

"N OO

a2 — ay

on SS"‘(UUO , Vvo)[m?]ly(—al,—ao,—@) [U1,Us]. Moreover, SS"‘(UUQ , V7)0)[m?]17(—a17_a07_a2) (U1, Us]
is embedded into S (U0, V¥0)[m;]l(me0—1Lmav,=a241) ynder the map S.

Proof. The proof follows closely the proof of the local-global compatibility statement of
[HLM]| (Theorem 4.4.1 in loc. cit.). We sketch here the argument.

We identify G(F,}) with GL3(Q,) via ty, without further comment. Let 6 : T'(F,) — O,
be the character W™ ® W* Q@ w*2, (where T is the maximal split torus in GL3) and consider
the Deligne-Lusztig representation RS (which will be considered as a smooth GLg3(Z,)-

representation by inflation).
Recall that we have fixed at the beginning of Sectionthe weights Ay = (Aw,25 Gw,15 Gw,0)

def

for places w|v above p with v # vy. By letting A\, = (0,0,0) we define the tuple

A ((/\w)mp),,?gvo,)\wo) € @U|p(Z3) and set

def

M SS‘" (Uv, Vvo)ﬁ{(*al,*ao-fw).

We write Mg, Mp, Tg etc. to denote the extension of scalars of M, T to E, F etc. B

By Lemma6.11|we have that S(U, F(az—1,a1,a0+1))m, # 0. As F(az—1,a1,a0+1)@pF
is a constituent of Ry we can lift the system of Hecke eigenvalues associated to m; to deduce
the following;:

(i) Mg = @Mglpg| where the direct sum runs over the minimal primes of T;

P
(ii) For each minimal prime p of T we have Mgpg] = @m(ﬂ)ﬂ{,(’)(*alﬁa“’*”) ®

uvo . . .
(77007“0) , where m ® g C runs among the cuspidal automorphic representations

such that the representation 7., ® g C is algebraic, of weight determined by (V”O)V,
rY lifts 7, and the Satake parameters of the base change of 7, to G(F,) (for
v = w|p+ with w € P) are determined by pg;

(iii) there are smooth, E-valued characters v,, : Q) — @: such that ¢, [, = o~ for
i € {0,1,2} and such that for any 7 as in item (ii) we have

~ GL3(Qp .
Too 2 Indjy 3 G - 2 © Y] - | ©

(iv) for 7 as in item (ii), T7\T/|GFU}O is potentially crystalline, with Hodge-Tate weights
{-2,—1,0} lifting 7, and moreover WD(rz|cp,, VS5 22 ahy D Yy B Vay-
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From (iii)-(iv) above and Corollary [{.4] we deduce (cf. Lemmal5.4)) that the eigenvalues of the
Up-operators have positive valuation. In particular T is a finite reduced, local Og-algebra,
with maximal ideal m generated by the image of mz, Uy, and Us.

Moreover, from (iii)-(iv) above and Corollary {4.4| the ¢-eigenvalue on Dg” ’2(7’7\{ ) Pue ="
is given by p*tq,, (p)~! and hence

1

_ Ya, (P
FL(r|GFw0) = red( ; ))
By Proposition specialized at (a,b,c) = (—agp, —a1, —az) we have
(6.4.2) S oTlv = w“;(mn%

on Mg [pE]

Assume now that Homg (M, O) is free of rank d > 1 over T. The argument of [HLM],

Theorem 4.4.1 shows that M[p] is free of rank d and we have an isomorphism

Mglp] — Mz[m]
which implies the desired relation (6.4.1]) on Mg[m] = (S™ (U¥, V¥0)[m])L(-en—a0,=a2) [, ]
Let N & §™ v, V”O)Qg_ao’_ar“’_al), T’ the Op-subalgebra of End(N) generated by T,
Ui, Uy, m’ the maximal ideal of T/ generated by m;, Uy, Us. Then one sees that II induces
an injective morphism Mp[m] < Np[m’].

Let v € Mg[m] be non-zero. Then by the upper bound of Theorem [6.7 we see by Lemma
and [Le], Proposition 2.2.2 that (K - v) is uniserial, of shape F(—ag — 1, —ay, —as +
1)—F(—a1 +p—1,—ag,—az) and (K - IIv) is uniserial, of shape F(—ag — 1, —a1, —as +
1)—F(—ag,—as,—a; —p+1). Hence Sv, S’ o TIv are non-zero by Proposition and the
result follows. O
Remark 6.14. There is a symmetry under the involution wy — w§. Indeed, if wg is
a place where p,, & 77|C;FwO admits a Fontaine-Laffaille parameter (in particular, it is
non-semisimple, and maximally non-split if its niveau is moreover one) then FL(p,, ) =
L (FL(ﬁw8)> where ¢ : P}(F) — P(FF) denotes the standard involution on the projective line.
Similarly, the role of the group algebra operators is exchanged: one has S, = S{Ug and

Swe = S{UO (in the obvious notation).
From the proof of Theorem [6.13] we deduce the following modularity result:
Corollary 6.15. Assume that T satisfies the assumption (i) in Theorem . Then
{F(ag —1,a1,a0 + 1), F(ag —l,a0+ 1,a1 — (p — 1))} C Wy, (7).
Furthermore,

F((p — 1) + al,ag,ao) S I/Vu,o(f)7 ifFL(’f‘GFwO) =0
F(ag,ao,al — (p — 1)) € WwU(F), Z'fFL(F‘GFwO) = 0.

Assume moreover that F is unramified at all finite places of F* and that there is a
RACSDC automorphic representation I1 of GL3(AFr) of level prime to p such that
o 7o~ 7y, (II);
o For each place wlp of F, rp, ;(I)|ay, is potentially diagonalizable;
o 7(GF,)) s adequate.

Then W50 (7) C Wy, (F).
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Proof. The first part is immediate from Lemma [6.11} Assume now that FL(7|g Fwo) = 00.

The argument is now similar to [HLM], Proposition 4.5.8.

We claim that F(az2,ag,a1 —p+ 1) € Wy, (7). Suppose that (K - v) contains the weight
F(—ay,—as,—ag —p+1). Then an easy check (as in the proof of Lemma shows that
both Hecke operators T and T act by zero on F(ag + p — 1,a2,a;), which implies, by
weight cycling and Theorem above, that F(as,ag,a; — p+ 1) is in Wy, (7).

We now suppose that (K -v) does not contain the weight F(—ay, —as, —ag —p+1). Then
both (K -v) and (K -Ilv) are quotients of the uniserial representations F(—ag—1, —a;, —as+
1)—F(-a1 +p—1,—ag,—az) and F(—ag — 1,—a1, —as + 1)—F(—ag, —az, —a; —p+ 1),
respectively (by Lemma [HLM]|, 3.1.8 and Theorem above). As walT(m = —1 where
0 < vp(a) < 1, the equality (6.4.2) on Mg[pg] implies that Sv = 0 for some non-zero
v € Mg[w']. By Proposition [5.1 (cf. [HLM] Proposition 3.1.2) and the previous observation
on (K - v) this forces (K - v) to have length one, i.e. F(az,ap,a; —p+ 1) is modular. The
case FL(HGFWD) = 0 is easier and treated similarly.

As for the last statement (which needs to be proved only if FL(p,) = o0), it is enough
to remark that for FL(p,) = oo, the representation 5, admits a potentially diagonalizable
lift with Hodge-Tate weights {p+ 1+ ag, as + 1, a1 } by Proposition and the conclusion
follows from [BLGG], Theorem 4.1.9 and Lemma 5.1.1. |

6.5. Freeness over the Hecke algebra. In this section, we prove Theorem [6.16] which
states that the dual
Hommo, (S(U, V)5 070 7%) o)
of the space of automorphic forms is free over a Hecke algebra for certain choices of compact
open subgroup U0 (‘7”0 and m; are as defined in Section .
We keep the notation of Section Hence F/Q is a CM field in which p splits, F'*
its maximal totally real field, with F//FT unramified at all finite places and [F : F] = 0

mod 4. Fix a place w|p of F, and let v & w|ps. Let 7 : Gp — GL3(F) be a Galois
representation with 7|, ~niveau two non-split as in Theoremm (i) satisfying the following
additional properties.

(i) 7 is unramified at places away from p.
(ii) 7 is Fontaine-Laffaille and regular at all places dividing p.
(iii) 7 has image containing GL3(k) for some k C F with #k > 9.

—ker ad7

(iv) F
By condition (stronger than the usual condition of adequacy (see Definition 2.3 of
[Thol2])) we can choose a place v; of FT which is prime to p satisfying the following
properties (see Section 2.3 of [CEG™]).
o v; splits in F' as v; = wiwyg.
o v does not split completely in F'(¢,).
o p(Froby,, ) has distinct F-rational eigenvalues, no two of which have ratio (Nvy)

does not contain F((,).

+1

We now fix an unitary group G\ p+ and a model G over O+ as in Section We require
moreover that G is quasi-split at all finite places (which is possible by the choice of F). Let
U < G(AZ;™) be a compact open subgroup satisfying the following properties.

(v) Uy, = 9(0,,) for all places v which split in F other than v; and those dividing p;
(vi) U,, is the preimage of the upper triangular matrices under the map

S(O'Ul) — g(kﬂl) % GL3(1€UJ1);
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(vii) U, is a hyperspecial maximal compact open subgroup of G(F,) if v is inert in F.
The choice of the compact open set U,, implies that U U, is sufficiently small in the sense
of Section for any compact open subgroup U,, of G(F,,).

Let P denote the set consisting of finite places w’ of F' such that v’ Y | 7+ is split in F'
and w’ does not divide p or v;. We define the maximal ideal m; of T” as in Recall the
space of automorphic forms S™ (U0, V”O),In’gfal’fao’*az) defined in Section which carries
a natural action of the algebra T” and the operators Uy, Us. From now on, we assume that
the highest weights A\, € (Z:T’_)g” appearing in the constituents of V" = @), 2, W, all
lie in the lowest alcove (i.e. for all wlv, v € S[‘f \ {vo} we have ag . — agw <p—2).

We make finally the following assumption:

(viii) S (U, V'), is nonzero.

Let T, (resp. T, resp. T;) denote the Og-subalgebra of
End(S™ (U0, Veo)gl a2

generated by T? (resp. T, Uy, and Us, resp. U;). Here the subscript a stands for the
“anemic” Hecke algebra. See Section 5.2 of [HLM] for the definitions of M, and R.. As
in [HLM], we let R; be the Roo-subalgebra of Endp_ (Moo (7)) generated by Us.

Theorem 6.16. Let 7 be as in Theorem [6.13 (i). Assume (i)-(viii) in the setup above. If
FL(7|gp, ) # 0o (resp. FL(7|gy, ) # 0) then the space

(ST (U, VP )mT T T (resp. (87U, Vw7 T
is free over T, where the superscript “d” stands for Schikhof duality (see Section 1.8 of
ICEG™]). Moreover, if FL(T|g,, ) ¢ {0,00} then R; = R, T; =T and

sm s

g (UUO, VUO)[m;]I’(_al’_am_aZ)[U2] =S r“(Uvo7 Vvo)[mf]l,(—m,—ao,—az) [Uh U2]
e AR A P I A R

Proof. The proof is exactly as in Section 5 of [HLM]. The key point is that Lemma 5.3.3 of
[HLM] still holds using Theorem [6.7] in place of Theorem 4.3.1 of [HLM]. O

Note that by combining Proposition Theorems and [EG] Corollary A.7
we can infer the following:

Theorem 6.17. Let b, be as in Definition . Then there is a CM field F', an automorphic
Galois representation 7 : Gp — GL3(F), verifying T|r, = py for all w|p, such that all the
hypotheses in the setup of Section [6.5 are satisfied.

In particular Theorem applies to 7: if FL(7|g,, ) # oo (resp. FL(7|gy, ) # 0) then
S (Uve, Vo) [my) L (manma0.ma2) [U,] (resp. ST (U0, VU0)[my]1(=a0:=a2:=a1)[[]}] ) is free over
T and if moreover FL(7|g, ) ¢ {0,00} then the equality of refined Hecke operators
on S (U, Vo) [mz]l(—ev—a0.=2) (1], Uy] holds true.
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