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Picard Group of a Category

Definition

For pC,b, I q a symmetric monoidal category,

PicpCq “ {invertible objectsu

isomorphisms

Remark

An element of X P PicpCq gives an automorphism of C:

A P C ÞÑ Ab X



Example (C “ OX -modules)

Let X be a scheme.

PicpCq “ tlocally free OX–modules of rank one u

isomorphisms

– H1pX ,O˚X q

Example (C “ G -R-modules )

Let R be a local Noetherian ring and G ýR.

PicpCq “ tG -R-modules that are free rank one over Ru

isomorphisms

– H1pG ,R˚q



Example (C “ hSpE : Homotopy category of E -local spectra)

If E is S0, HQ, HFp, HZppq, or Kppq,Kp with p odd, then

PicphSpE q – Z
〈
S1
E

〉
.

For p “ 2
PicphSpK2

q – Z
〈
S1
K2

〉
‘ Z{2 〈DQK2〉 .

DQ :

Further,

PicphSpKFp
q –

#

Zp ˆ Z{2pp ´ 1q

Z2 ˆ Z{2ˆ Z{4.



Notation

K p1q “ KFp E1 “ Kp Pic1 “ PicphSpKp1qq

Theorem (Hopkins-Mahowald-Sadofsky)

The following are equivalent

1. X P Pic1

2. K p1q˚X is of rank one as a K p1q˚–module.

3. pE1q˚X “ π˚pE1^X qKp1q is free of rank one as pE1q˚–module.

Remark

For G1 “ Zˆp the Adams operations, pE1q˚X is a G1-pE1q˚-module.

Picalg1 “ PicpG1-pE1q˚-modulesq

0 // κ1 // Pic1 // Picalg1
// 0

X � // pE1q˚X



For M P Picalg1 , M – pE1q˚`ε for ε “ 0, 1. There is a non-split extension

0 // pPicalg1 q0
// Picalg1

// Z{2 // 0

M � // ε

and
pPicalg1 q0 – H1pG1, pπ0E1q

˚q – H1pZˆp ,Zˆp q

So

Picalg1 –

#

Zp ˆ Z{2pp ´ 1q p odd

Z2 ˆ pZ{2q2 p “ 2.

Theorem (Hopkins, Mahowald, Sadofsky)

If p is odd, Pic1 – Picalg1 .

0 // κ1 // Pic1
– // Zp ˆ Z{2pp ´ 1q // 0

0



For M P Picalg1 , M – pE1q˚`ε for ε “ 0, 1. There is a non-split extension

0 // pPicalg1 q0
// Picalg1

// Z{2 // 0

M � // ε

and
pPicalg1 q0 – H1pG1, pπ0E1q

˚q – H1pZˆp ,Zˆp q

So

Picalg1 –

#

Zp ˆ Z{2pp ´ 1q p odd

Z2 ˆ pZ{2q2 p “ 2.

Theorem (Hopkins, Mahowald, Sadofsky)

If p “ 2

0 // κ1 // Pic1 // Picalg1
// 0

Z{2
〈
DQKp1q

〉
Z2 ˆ Z{2ˆ Z{4 Z2 ˆ pZ{2q2



Theorem (Hopkins, Mahowald, Sadofsky)

If p “ 2

0 // κ1 // Pic1 // Picalg1
// 0

Z{2
〈
DQKp1q

〉
Z2 ˆ Z{2ˆ Z{4 Z2 ˆ pZ{2q2

Remarks on κ1

§ pE1^DQqKp1q » E1

§ C2 “ p˘1q Ă Zˆ2 “ G1

§ E hC2
1 “ K hC2

2 » KO2

§ pE hC2
1 ^DQqKp1q » Σ4E hC2

1 fi E hC2
1

§ E hC2
1 or C2 detects DQKp1q.



Higher K–Theories

Fix a prime p.

§ K pnq “ Morava K -theory

K pnq˚ – Fpn ru˘1s

For example, K p1q “ KFp.

§ En “ Morava E–theory

pEnq˚ – Zpn rru1, . . . , un´1ssru
˘1s

For example, E1 “ Kp.

§ Gn “ Morava Stablizer group (higher Adams Operations)



Notation

K pnq “ Higher KFp En “ Higher Kp Gn “ Higher Adams Ops

Definition

Picn “ PicphSpKpnqq

Why care?

§ © hSp is built from the hSpKpnq (for all p and n).

§ l Picn give automorphisms of hSpKpnq

§ ♦ In P Picn where In is the Brown–Comenetz dual of SKpnq



Notation

K pnq “ Higher KFp En “ Higher Kp Gn “ Higher Adams Ops

Theorem (Hopkins-Mahowald-Sadofsky)

The following are equivalent

1. X P Picn

2. K pnq˚X is of rank one as a K pnq˚–module.

3. pEnq˚X “ π˚pEn^X qKpnq is free of rank one as pEnq˚–module.

Remark

For Gn the higher Adams operations, pEnq˚X is a Gn-pEnq˚-module.

Picalgn “ PicpGn-pEnq˚-modulesq

0 // κn // Picn // Picalgn
// ?



Overview

n p Picn Picn,alg κn Who

1 ě 3 Zp ˆ Z{2pp ´ 1q Zp ˆ Z{2pp ´ 1q 0 HoMSa
1 2 Z2 ˆ Z{2ˆ Z{4 Z2 ˆ pZ{2q2 Z{2 HoMSa
2 ě 5 Z2

p ˆ Z{2pp ´ 1q Z2
p ˆ Z{2pp ´ 1q 0 Ho

2 3 Z2
3 ˆ Z{16ˆ pZ{3q2 Z2

3 ˆ Z{16 pZ{3q2 Kr, GHnMR, KmSh
2 2 ? Z2

2 ˆ Z{3ˆ pZ{2q3 ‹ Hn, BeBoGHn
ě 3 " n ? ? 0 HoMSa
ě 3 ě 3 ? ? p-gp Ha

Be = Beaudry Bo = Bobkova G= Goerss Ha = Heard

Hn = Henn Ho = Hopkins M = Mahowald R = Rezk

Sa = Sadofsky Sh = Shimomura Km = Kamiya Kr = Karamanov

Remark

At n “ p “ 2, we do not yet know if Pic2 Ñ Picalg2 is surjective.



Theorem (‹BBGH)

The group κ2 has a filtration

κ
G1

2
2 Ă κF2 Ă κ2

such that

κ
G1

2
2 – Z{4‘ Z{8 κF2 {κ

G1
2

2 – Z{2 κ2{κ
F
2 – Z{8.

In particular, |κ2| “ 29.



Filtration by subgroups G Ď Gn

§ 0 // κpGq // PicpE hG
n -modq // PicpG -pEnq˚- modq

PicpGq Picalg pGq

§ X ÞÑ E hG
n ^X gives a map:

κn

iG // κpGq

with kernel κG
n “ tX | E

hG
n ^X » E hG

n u.

§ If G0 Ď G1 Ď . . . Ď Gn Ď Gn, then κGn
n Ď κ

Gn´1
n Ď . . . Ď κG0

n Ď κn.

Subgroups of Gn

There is a group homomorphism det : Gn Ñ Zˆp .

§ G1
n “ kerpGn Ñ Zˆp {µpq where Zˆp {µp – Zp.

§ Gn – G1
n ¸ Zp

§ F a maximal finite subgroup (containing the p–torsion).



Filtration by subgroups G Ď Gn

§ 0 // κpGq // PicpE hG
n -modq // PicpF -pEnq˚- modq

PicpGq Picalg pGq

item X ÞÑ E hG
n ^X gives a map:

κn

iG // κpGq

with kernel κG
n “ tX | E

hG
n ^X » E hG

n u.

§ If G0 Ď G1 Ď . . . Ď Gn Ď Gn, then κGn
n Ď κ

Gn´1
n Ď . . . Ď κG0

n Ď κn.

Example (n “ 1)

For F “ C2 in G1 – Zˆ2 , κ1 – κpC2q – Z{2 and κC2
1 “ 0

E hC2
1 ^DQKp1q » Σ4E hC2

1 fi E hC2
1

since E hC2
1 » KO2 is 8–periodic, but not 4–periodic.



Filtration by subgroups G Ď Gn

§ 0 // κpGq // PicpE hG
n -modq // PicpF -pEnq˚- modq

PicpGq Picalg pGq

§ X ÞÑ E hG
n ^X gives a map:

κn

iG // κpGq

with kernel κG
n “ tX | E

hG
n ^X » E hG

n u.

§ If G0 Ď G1 Ď . . . Ď Gn Ď Gn, then κGn
n Ď κ

Gn´1
n Ď . . . Ď κG0

n Ď κn.

Theorem (Kr, GHMR, KmSh)

Let p “ 3 and F Ă G2 be a maximal finite subgroup containing the 3–torsion.

κ2 – Z{3ˆ Z{3 – κpF q ˆ κF
2

and κF
2 “ κ

G1
2

2 .



Subgroups of Gn

There is a group homomorphism det : Gn Ñ Zˆp .

§ G1
n “ kerpGn Ñ Zˆp {µpq where Zˆp {µp – Zp 〈ψ〉.

§ Gn – G1
n ¸ Zp

Remark (GHMR, Westerland)

There is a fiber sequence:

SKpnq // E
hG1

n
n

ψ´1 // E
hG1

n
n

If λ P π0E
hG1

n
n and pEnq˚λ “ 1. Let Xλ be the fiber

Xλ // E
hG1

n
n

ψ´α // E
hG1

n
n .

Then, Xλ P κ
G1

n
n .



Strategy F Ď G1
2 Ď G2 at p “ 2

Use κ2
// κpG1

2q
// κpF q

§ κpF q – Z{8 (Heard-Mathew-Stojanoska)

§ Prove that κ2
iF
ÝÑ κpF q is surjective.

* Use the relationship I2E
hG48
2 » DE hG48

2 ^ I2.

§ Prove that κpG1
2q{ kerpκpG1

2q Ñ κpF qq – Z{2

* Use obstruction theory for the Bo-GHMR duality resolution

pGalq`^E
hG1

2
2 Ñ E hF

2 Ñ E hH
2 Ñ E hH

2 Ñ Σ48E hF
2 .

§ Prove that κ
G1
2

2 – Z{4‘ Z{8

* By proving π0E
hG1
2 – Z2 ‘ Z{4‘ Z{8.

§ Prove that κ2

iG1
2

ÝÝÑ κpG1
2q is surjective.

* Descent technology of Heard-Mathew-Stojanoska.



Theorem (BBGH)

|κ2| “ 29 and

κ
G1

2
2 – Z{4‘ Z{8 κF2 {κ

G1
2

2 – Z{2 κ2{κ
F
2 – Z{8.

Questions

§ What is the group structure of κ2?

§ Recall: at p “ 3, κ2 – κpF q ˆ κF2 .

* Is this true at p “ 2? I.e., is κ2
iF
ÝÑ κpF q split?

§ Recall: DQKp1q generates κ1 “ κpC2q.

* Is there a finite X such that XKp2q generates κpF q? (p “ 2, 3)

§ Recall: at n “ p´ 1, EOp´1 “ E hF
p´1 and κpF q – Z{p (HeMaSto).

* Is κn Ñ κpF q split surjective at n “ p ´ 1?



Thank you! And now for Tilman Bauer... (P.S. sseq is GREAT!)
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