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Models

Dream: Algebraic models for rational equivariant cohomology
theories
e G-equivariant cohomology theories = Ho (G-spectra)

o ®RQ
o A(G)
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Conjecture

@ There is a Quillen equivalence (G—spectra)/Q ~ d A(G)
e A(G) is small and calculable
e of injective dimension = rank (G)

@ a category of sheaves of modules over the space of subgroups
of G

John Greenlees University of Sheffield The spectrum of the equivariant sphere



Panorama

Materials

The Grail
The Quest
One true path

Status
Group Isotropy | ASS Ho Quillen  Monoidal
Finite GM92 (ASS)..... ScS03  B09, K14
S0(2) G99 (ASS)....... GS11 BGKS16
0(2) G98 (ASS)..... B12
S0(3) GOo1 (ASS)..... K14
Tr G088 ... (Quillen) GS14
G free GS14
G toral | G15 BGK(?)
B=D.Barnes, K=M.Kedziorek, M=J.P.May, Sc=S.Schwede,
S=B.Shipley
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The proof

Theorem
For the above groups G, there is a (small, convenient, calculable)

algebraic model:
G-spectra/Q ~ d A(G)

G-spectra/Q L Diagrams of module G-spectra over ring G-spectr

~ Diagrams of module spectra over ring spectra

~ Diagrams of modules over DGAs
~ Diagrams of modules over rings ~ A(G)
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The ring
Modules

Abelian groups

We all know about abelian groups......
Let's make them more complicated......
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Abelian groups
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Modules

The ring

@ Abelian groups = Z-modules

o

(z) — Q
i)

Z5 = l
1,2, — (,Z,)®Q
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Abelian groups
The ring
Modules

Modules

o
MezZ) — M®Q
Me 7P = 1 1
Mell,z) — Mo (l,Z)eQ
(]

®Z . Z-mod D Z5-mod : Pull

Proposition
Z-mod ~ cell-Z°-mod
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T-equivariant cohomology theories

T-equivariant cohomology theories |

e T-spectra, finite isotropy groups (T=circle group)
o R=S,&E1S=5WMN =Jyr_ oSV =EF
oS — SoWM L YEF, ~\/, XE(n)
° ~
(S) — EF
sP = ! !
F(EF.,S) —s EFAF(EF4,S)

Proposition
S-mod ~ cell-SP-mod
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T-equivariant cohomology theories

T-equivariant cohomology theories |l

(S) — SeoW(T)

SH = b I
[1,F(E(n),S) — S=WDAT], F(E(n),S)

@ Equivariant cohomology theories are built from cohomology of
geometric T-fixed points (i.e., H*(XT) and Borel cohomology
of Cy-fixed points (i.e., H*(E(T/Cp)+ Ax/c, X<) for all n.

o m (§2WN) = Q w(F(E(n),S)) = H*(B(T/Ca)) = Qlc]

The spectrum of the equivariant sphere
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T-equivariant cohomology theories

T-equivariant cohomology theories Ill

mr(§°WM) = Q, w (F(E(n),S)) = Q[c]

Q

!
[1,Qlc] — &7'1,Qlc]

o A(T) objects of (-)~-mod so that horizontal and vertical are
extensions of scalars

%4

{
N — P

such that P =& N and P =E71]], Q[c] ® V.
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The T’ -equivariant sphere

The T"-sphere

@ Repeat for the r-torus G =T
o ~
(S) — EF
sH = ! !

F(EF.,S) —s EFAF(EF4,S)

o F(EFL,S) is still algebraic (essentially [[r H*(BG/F))

e It remains to understand EF ... which can be done by
induction on dimension and the inclusion-exclusion principle
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The T’ -equivariant sphere

o EF has geometric isotropy F = {K | K not finite} (a
cofamily)
@ We build it from simpler pieces, namely

SoOW(K) — U SW with geometric isotropy V(K) = {H | H 2 K}
WK=0
a principal cofamily.
o Inrank 1 EF = §®°W(C) 5o this is easy
@ In rank 2
(EF) — SoW(6)

!
HH SooW(H) — SooW(G) A HH SooW(H)
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G(q
Cech cohomology and 77 (S)

Calculating the homotopy of S

Organize the inductive construction to a single cube
Find S as a pullback of affine, formal ring spectra
Consider the poset of closed subgroups of G
Consider the coefficient system K — H*(BG/K)
Add information on Euler classes

Observe the homotopy of the ring spectra at the vertices
comes from the coefficient system

Define the associated Cech cohomology
This calculates 7&(S)
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Cech cohomology and rrf(»)

In ring spectra we have
SooW(G)

!
DEF, — S>W() ADEF,

and in rings

Q

!
[IrH(BG/F) — &g I H*(BG/F)
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Cech cohomology and rrf(»)

In rank 2, the layout of the vectors is

(010) (110)

e e

(000) L (100)

(011) L (111)

s e

(001) (101)
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Cech cohomology and wf(u)

The diagram of ring spectra is as follows:
1y S=WH A DEF/H, S2WIE) AT],, S©WH) A DEF/H,

— -

{ S><W(C) A DEF/G,

1y S A DEF, §oW(E) AT,y SWIM A DEF,

/

DEF, S§°W(6) A DEF,
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Cech cohomology and wf(u)

and the diagram of rings is as follows:

1w &q' g H'(BG/A) & 1w € T H*(BG/H)
Q/

[y €4 1 H*(BG/F) ‘ E I En' TIF H*(BG/F)
[1r H*(BG/F) &M Ir H*(BG//
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G(q
Cech cohomology and 77 (S)

Cech cohomology

Associated to this covering we have

Co(ZR) = [ cie*(ziR)

(do>->ds)
Cldo>>%) (5. R) Hs TT &gkt TT TIH:(BG/K)
KICKO KsCstl Ks

= continuous functions on H H X(G/Ks, Ko/ Ks)
KoDK1DDKs K,

There is a spectral sequence

*
H cts

(Z,R) = 7&(S)
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Cech cohomology and rrf(»)

The end

Thank you for listening!
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