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Exercise 1.1. Let 𝑋 and 𝑌 be topological spaces, and let 𝐴 ⊂ 𝑋 and 𝐵 ⊂ 𝑌 be subspaces. Show that
𝐴 × 𝐵 ⊂ 𝑋 × 𝑌 is a subspace.

Exercise 1.2. Let 𝑋 be a totally ordered set; the order topology is defined by a sub-basis consisting
of 𝐿𝑎 = {𝑥 ∈ 𝑋; 𝑥 > 𝑎} and 𝑆𝑎 = {𝑥 ∈ 𝑋; 𝑥 < 𝑎} for 𝑎 ∈ 𝑋 , just as for the real numbers. A subset
𝐴 ⊂ 𝑋 inherits a total order from 𝑋 . Find different examples showing that

- the subspace topology of 𝐴 (relative the order topology of 𝑋), and
- the order topology of 𝐴,

sometimes agree, sometimes not. Find a condition of the subest 𝐴 of the orderet set 𝑋 so that these
two notions agree.

Exercise 1.3. Consider the usual order on R, and endow R × R with the lexicographical order. Let 𝑋
be the space defined as the set R × R with the corresponding lexicographical order topology. Show
that 𝑋 is homeomorphic to the product space R × R𝛿, where R has the usual topology, and R𝛿 is R
with the discrete topology.

Exercise 1.4. Complete the proof of Proposition 1.11 from the lecture (existence and uniqueness of
the quotient topology).

Exercise 1.5. Suppose 𝑝 : 𝑋 → 𝑌 and 𝑖 : 𝑌 → 𝑋 are continuous maps such that 𝑝 ◦ 𝑖 = id𝑌 . Show
that 𝑝 is a quotient map.
Remark: If 𝑖 : 𝑌 → 𝑋 is the inclusion of a subspace, we say that 𝑝 is a retraction of 𝑋 onto 𝑌 .

Exercise 1.6. We define the (2-dimensional) torus as the product 𝑇2 = 𝑆1 × 𝑆1.
(a) Construct a continuous, surjective map [0, 1]2 → 𝑇2, and use it to show that 𝑇2 is homeomor-

phic to a quotient 𝑄 of [0, 1]2.
(b) Define an embedded torus 𝑀 in R3 (for example, take the subspace of R3 corresponding to

the set of points on the trajectory of the circle of radius 1 in the plane 𝑂𝑥𝑦, of center (2, 0, 0),
under the rotations of axis 0𝑧). Then, define a continus surjective map [0, 1]2 → 𝑀 , and
deduce that 𝑀 is homeomorphic to 𝑄 and 𝑇2.

Exercise 1.7. We define the closed 2-dimensional disk 𝐷2 as the subspace 𝐷2 = {𝑥 ∈ R2 ; ∥𝑥∥ ≤ 1}.
Produce a surjective map 𝐷2 → 𝑆2 that induces a homeomorphism 𝐷2/𝑆1 → 𝑆2.

Exercise 1.8. Prove that 𝑆𝑛−1 × R is homeomorphic to R𝑛 \ {0}.

Exercise 1.9. A map 𝑓 : 𝑋 → 𝑌 is an open map if for every open subset 𝑈 of 𝑋 the set 𝑓 (𝑈) is open
in 𝑌 . Show that the projection maps 𝑝𝑋 : 𝑋 × 𝑌 → 𝑋 and 𝑝𝑌 : 𝑋 × 𝑌 → 𝑌 are open maps.
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Exercise 1.10. Let 𝑋 and 𝑌 be topological spaces. Let 𝑋
∐

𝑌 denote the disjoint union of the sets 𝑋

and 𝑌 equipped with the canonical inclusion maps 𝑖𝑋 : 𝑋 → 𝑋
∐

𝑌 adn 𝑖𝑌 : 𝑌 → 𝑋
∐

𝑌 . Prove that
there exists a unique topology 𝜏𝑋

∐
𝑌 on the set 𝑋

∐
𝑌 such that the map

𝑖 : Top(𝑋
∐

𝑌, 𝑍) → Top(𝑋,𝑌 ) × Top(𝑌, 𝑍)
given by 𝑖( 𝑓 ) = ( 𝑓 ◦ 𝑖𝑋 , 𝑓 ◦ 𝑖𝑌 ) is a bĳection of sets.

Exercise 1.11. Given topolgical spaces 𝑋 and 𝑌 and points 𝑥 ∈ 𝑋 and 𝑦 ∈ 𝑌 , define 𝑋 ∨ 𝑌 as the
quotient of 𝑋

∐
𝑌 by the equivalence relation generated by 𝑥 ∼ 𝑦. Formulate and prove a universal

property for the topology on 𝑋 ∨ 𝑌 .


