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Exercise 2.1. Write out the proofs of Proposition 1.22, Lemma 1.23, and Proposition 1.30.

Exercise 2.2. Let 𝐼 be a set and let 𝑋 be a topological space. For each 𝑖 ∈ 𝐼, let 𝑋𝑖 := 𝑋 . Prove that
there is a homeomorphism

∐
𝑖∈𝐼 𝑋𝑖 → 𝐼𝛿 × 𝑋 , where 𝐼𝛿 denotes the set 𝐼 with the discrete topology.

Exercise 2.3. We define the Cantor set as 𝐶 = ∩∞
𝑛=0𝐶𝑛 where 𝐶0 = [0, 1], 𝐶1 = [0, 1

3 ] ∪ [
2
3 , 1], and

more generally 𝐶𝑛 := 1
3 ·𝐶𝑛−1 ∪ ( 23 +

1
3 ·𝐶𝑛−1) for 𝑛 ≥ 1. We equip 𝐶 ⊂ R with the subspace topology

where R has the usual topology. Prove that the product
∏
N{0, 1} is homeomorphic to the Cantor set.

Exercise 2.4. Suppose 𝑋 is a topological space.
(a) Show that connected components are closed subspaces.
(b) Deduce that if 𝑋 has finitely many connected components, then 𝑋 is homeomorphic to the

coproduct of its connected components.

Exercise 2.5. Describe the connected components of Q regarded as a subspace of R where R has the
usual topology.

Exercise 2.6. Consider the commutative diagram of topological spaces and continuous maps

𝑋 𝑋′

𝑌 𝑌 ′ .

(1) Suppose the diagram is a pushout and 𝑋 → 𝑌 is a homeomorphism. What can you say about
𝑋′→ 𝑌 ′? Is the diagram also a pullback in this case ?

(2) Formulate and prove an analoguous result when the diagram is a pullback.

Exercise 2.7. Consider the commutative diagram of topological spaces and continuous maps

𝑋 𝑋′ 𝑋′′

𝑌 𝑌 ′ 𝑌 ′′

and prove the following:
(1) Suppose the right-hand-square is a pullback. Prove that the left-hand-square is a pullback if

and only if the outer square is a pullback.
(2) Suppose the left-hand square is a pushout. Prove that the right-hand square is a pushout if and

only if the outer square is a pushout.

Exercise 2.8. Let 𝑆𝑛 = {𝑥 ∈ R𝑛+1 : ∥𝑥∥2 = 1}. Let
𝐷𝑛

𝑁 = {𝑥 ∈ 𝑆𝑛 ; 𝑥𝑛+1 ≥ 0} , 𝐷𝑛
𝑆 = {𝑥 ∈ 𝑆

𝑛 ; 𝑥𝑛+1 ≤ 0} and 𝐷𝑛 = {𝑥 ∈ R𝑛 : ∥𝑥∥2 ≤ 1}
be the northern, resp. southern hemisphere of 𝑆𝑛, and the 𝑛-dimensional disc.
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(a) Explain why 𝑆𝑛 is the pushout of the inclusions 𝐷𝑛
𝑠 ← 𝐷𝑛

𝑆
∩ 𝐷𝑛

𝑁
→ 𝐷𝑛

𝑁
.

(b) Construct homeomorphisms ℎ𝑁 , ℎ𝑆 and ℎeq making the following diagram commute (where
horizontal maps are inclusions),

𝐷𝑛
𝑁

𝐷𝑛
𝑁
∩ 𝐷𝑛

𝑆
𝐷𝑛

𝑆

𝐷𝑛 𝑆𝑛−1 𝐷𝑛

ℎ𝑁 ℎeq ℎ𝑆

and deduce that the pushout of the lover line is homeomorphic to 𝑆𝑛. (See Example 1.34.)

Exercise 2.9. Suppose 𝑋 , 𝑌 , and 𝑍 are connected nonempty topological spaces. Consider a pushout
diagram

𝑋 𝑌

𝑍 𝑊

of topological spaces and continuous maps. Is 𝑊 connected?


