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Exercise 7.1. Let X be a space, and let A C X be a retract of X (in other words, there exists a
continuous mapr : X — A,sothat A Cc X 5 Ais the identity of A).

(a) Let us assume that X satisfies the separation axiom 7 (the points in X are closed subsets). Let
a # b € X. Under what conditions is {a, b} is a retract of X ?
(b) Show that if X is Hausdorff, then A is a closed subspace of X.

Exercise 7.2. Let (X, x() be a pointed space, and o € Q(X,xo). Let @ : (S',1) — (X,xo) be the
only pointed map with & = @ o g, where ¢ is the quotient map [0, 1] — S!, r — ¢*™. Furthermore,
let D? = {x € R?|||x|]| < 1} be the 2 dimensional disk. Prove that the following statements are
equivalent.

(a) We have @ ~ ¢y, in Q(X, x¢), where ¢y, is the constant path in X with image xj.
(b) There exists an extension & : D> — X of @ : S' — X. In other words there exists a map
h:D?> = X,witha = ho j, where j : S' — D? is the inclusion.

Exercise 7.3. Let (G, %) be a topological group with e as a neutral element. Prove the following
statements.
(a) The operation Q(G, e) X Q(G,e) — Q(G, e) defined by (a,8) — a *  with (@ x B)(t) =
(a(2)) % (B(2)), equips Q(G, €) with a group structure, having c, as neutral element.
(b) The operation 71(G,e) X 11(G,e) — n1(G,e), ([a],[B]) — [a] x [B] = [a x B] is
well-defined and produces a group structure on 71 (G, e).
(c) Wehave [a][B] = [a]*[B] forall [a], [B] € 71(G, e) (Indication : consider [a*c,]|*[c.*f],
where * is the concatenation of path inducing the usual group structure on 7y).
(d) The group 71(G, e) is Abelian.

Exercise 7.4. Let B C R? be the union of the circles with center (0, %) and radius % inRZforalln > 1,
as studied in Exercise 3.4.(b). Prove the following statements :

(a) There exists a surjective homomorphism 71 (B, 0) — [y Z.

(b) The group 71 (B, 0) is not countable.

Exercise 7.5. Let X be a space, and U and U, open subsets such that X = U; U U, and such that Uy,
U, and U N U, are path-connected. Leti : Uy NU; — X, iy : U NU; — U and ji : Uy — X be
the inclusions (k = 1,2). Let xo € Uy N U, be chosen. Prove the following variants of the Seifert-Van
Kampen theorem.
(a) Let us assume that i, : 7;(U; N Uz, x9) — m1(X,x0) is trivial. Then j; and j, induce an
isomorphism of groups

(1 (U1, x0)/N1) * (71 (U2, x0) /N2) — 71(X, x0) ,

where Ny is the normal subgroup of 71 (Uy, xo) generated by (ix). (7 (U N Ua, x0)).
(b) Let us assume that (i2). : 71 (U; N Us, xg) — m1(Ua, xo) is surjective. Then (j;). induces an
isomorphism of groups
m1(Ur,x0) /M — m1(X, x0) ,

where M is the normal subgroup of 71 (Uy, xo) generated by (i1).(Ker(iz).).



