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Abstract Let p > 5 be a prime, let ku be the connective complex K -theory
spectrum, and let K (ku) be the algebraic K -theory spectrum of ku. In this pa-
per we study the p-primary homotopy type of the spectrum K (ki) by comput-
ing its mod (p, vi) homotopy groups. We show that up to a finite summand,
these groups form a finitely generated free module over the polynomial al-
gebra F,[b], where b is a class of degree 2p + 2 defined as a “higher Bott
element”.

Mathematics Subject Classification (2000) 19D55 - 55N15

1 Introduction

The algebraic K-theory of a local or global number field F, with suitable
finite coefficients, is known to satisfy a form of Bott periodicity. Bott period-
icity refers here to the periodicity of topological complex K -theory, and is an
example of vj-periodicity in the sense of stable homotopy theory. For exam-
ple, if p is an odd prime and if F contains a primitive p-th root of unity, then
the mod (p) algebraic K-theory K.(F;Z/p) of F contains a non-nilpotent
Bott element 8 of degree 2, with

—1
BP~ =wy.
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In one of its reformulations [19, 41], the Lichtenbaum-Quillen Conjecture
asserts that the localization

K.(F;Z/p) — K.(F;Z/p)[B~ 1

away from S is an isomorphism in positive degrees. In particular, K (F; Z/p)
is periodic of period 2 in positive degrees. In the local case, this follows
from [23, Theorem D].

The p-local stable homotopy category also features higher forms of pe-
riodicity [25], one for each integer n > 0, referred to as v,-periodicity. It is
detected for example by the nth Morava K -theory K (n), having coefficients
K@) =Qand K (n)y =F,[v,, v;l] with |v,| =2p" —2if n > 1. The study
of vy-periodicity is at the focus of current research in algebraic topology, as
illustrated for example by the efforts to define the elliptic cohomology theory
known as topological modular forms [24].

Waldhausen [44] extended the definition of algebraic K -theory to include
specific “rings up to homotopy” called structured ring spectra, like Eo, ring
spectra [30], S-algebras [20], or symmetric ring-spectra [26]. The chromatic
red-shift conjecture [4] of John Rognes predicts that the algebraic K -theory of
a suitable v,-periodic structured ring-spectrum is essentially v, 41-periodic,
as illustrated above in the case of number fields (which are vg-periodic). For
an example with the next level of periodicity, we consider the algebraic K-
theory of topological K -theory.

Let p > 5 be a prime, and let ku;, denote the p-completed connective com-
plex K-theory spectrum with coefficients ku,, = Zp[u], |u| =2, where Z,
is the ring of p-adic integers. Let £, be the Adams summand of ku;, with co-
efficients £,,, = Zp[vi] and v; = uP=1 In joint work with John Rognes [2],
we have computed the mod (p, vy) algebraic K-theory of the S-algebra £,
denoted V(1)+K(£,), and we have shown that it is essentially va-periodic.
This computation provides a first example of red-shift for non-ordinary rings.

In this paper, following the discussion in [1, Sect. 10], we interpret ku,
as a tamely ramified extension of £, of degree p — 1, and we compute
V (1)« K (kup). As expected, the result is again essentially periodic. However,
V (1)« K (ku,) has a shorter period : its periodicity is given by multiplication
with a higher Bott element b € V (1), K (ku,), of degree 2p + 2. We defer a
definition of b to Sect. 3 below, and summarize our main result in the follow-
ing statement.

Theorem 1.1 Let p > 5 be a prime. The higher Bott element b €
V(D)2p42K (kup) is non-nilpotent and satisfies the relation
pP~1 = —v).
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Let P(b) denote the polynomial I ,-sub-algebra of V (1)K (kup) generated
by b. Then there is a short exact sequence of graded P (b)-modules

0— Z?P3F, — V(1)K (kup) — F — 0,

where X?P3F p 18 the sub-module of b-torsion elements and F is a free P (b)-
module on 8 + 4(p — 1) generators.

A detailed description of the free P (b)-module F is given in Theorem 8.1.
The proof is based on evaluating the cyclotomic trace map [11]

trc : K (kup) — TC(ku,)

to topological cyclic homology. We emphasize that the higher Bott element b
is not the reduction of a class in the mod (p) or integral homotopy of K (ku).

The cyclic subgroup A C Zj of order p — 1 acts on ku,, by p-adic Adams
operations. The Adams summand is defined as the homotopy fixed-point
spectrum £, = ku?,A, and A qualifies as the Galois group of the tamely ram-
ified extension ¢, — ku, of commutative S-algebras given by the inclusion
of homotopy fixed-points. We proved in [1, Theorem 10.2] that the induced
map K (£,) — K (kuj) factors through a weak equivalence

K(£,) —> K (ku,)"

after p-completion. The mod (p, v1) homotopy groups of K (£,) and K (ku)
are related as follows.

Proposition 1.2 Let iy : V(1)4K(£,) — V(1)K (kup) be the homomor-
phism induced by the extension of S-algebras £, — ku,,.

(a) The homomorphism i, factors through an isomorphism

V(DK (€)= (V()LK (kup)) ™ € V)LK (k)

onto the classes fixed by the Galois group. The higher Bott element b is
not fixed under the action of A, but bP~' = —v, is, accounting for the
vy-periodicity of V (1)« K (£)).

(b) The homomorphism

p:P(b)®py V(DK (Lp) = V(1)K (kup)

induced by i, and the P (b)-action has finite kernel and cokernel, and is
an isomorphism in degrees larger than 2p* — 4. By localizing away from
b, we obtain an isomorphism of P (b, b~")-modules

11

P(b,b™") ®p(uy V(1)K (£p) —> V(1).K (kup)[b '],
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In particular, the P(b)-module V(1)K (ku,) is almost the module ob-
tained from the P (v2)-module V(1)K (£,) by the extension P(v) C P(b)
of scalars. The kernel of u consists of b-multiples of the v,-torsion elements,
and we have a non-trivial cokernel because some of the P (v2)-module gener-
ators of V(1)K (£,) are multiples of b in V (1)4K (ku,), see Corollary 8.2.

Notice that for the cyclotomic extension Z, — Z,[,] of complete dis-
crete valuation rings with Galois group A (where ¢, is a primitive pth root
of unity), we have corresponding results in mod (p) algebraic K -theory. In
effect, the natural homomorphism Ky (Z),;Z/p) — K.(Zp[¢pl; Z/p) fac-
tors through an isomorphism onto the A-fixed classes. The Bott class 8 €
K>(Zpl¢pl; Z/ p) is not fixed under A, but BP~! = vy is. This accounts
for the fact that Ky (Z,[¢p]; Z/p) has a shorter period than K. (Zp; Z/p).
Moreover, the P(8)-module K.(Z,[¢,]; Z/p) is essentially obtained from
the P(vy)-module K« (Z,; Z/p) by the extension P(vi) C P(f) of scalars.
These facts are extracted from computations by Hesselholt and Madsen [23,
Theorem D]. We therefore interpret Proposition 1.2 as follows: up to a chro-
matic shift of one in the sense of stable homotopy theory, the algebraic K -
theory spectra of the tamely ramified extensions

Zplgp] kup
A T and T A
Zp Lp

have a comparable formal structure.

This example of red-shift provides evidence that structural results for the
algebraic K-theory of ordinary rings might well be generalized to provide
more conceptual descriptions of the algebraic K-theory of S-algebras. See
Remarks 3.5 and 8.4 for a discussion of the results we have in mind here.

We now turn to the algebraic K-theory K (ku) of the (non p-completed)
connective complex K-theory spectrum ku, with coefficients ku, = Z[u],
|u| = 2. The p-completion ku — ku, induces a map

Kk : K(ku) — K (kup),

and the higher Bott element b € V(1)2,42K (ku)) is in fact defined as the
image of a class with same name in V (1)2),42 K (ku). The difference between
K (ku) and K (kup,) can be measured by means of the homotopy Cartesian
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On the algebraic K -theory of the complex K -theory spectrum 615

square after p-completion

K (ki) —— K(Z)

K(kuy) —~ K(Zp)

of Dundas [18, p. 224]. Here 7 denotes the map induced in K-theory by
the zeroth Postnikov sections ku — HZ and ku, — HZ,, where HR is the
Eilenberg-Mac Lane spectrum of the ring R. The homotopy type of the p-
completion of K (Z,) has been computed by Bokstedt, Hesselholt and Mad-
sen [10, 22]. The Lichtenbaum-Quillen Conjecture for K (Z) (see for exam-
ple [34, Chap. 6]) implies that the homotopy fiber of K(Z) — K(Z,) has
finite V (1)-homotopy groups, which are concentrated in degrees smaller than
2p — 1. This implies the result below. In fact there seems to be some con-
sensus that work of Vladimir Voevodsky and Markus Rost should imply the
Lichtenbaum-Quillen Conjecture, but to our knowledge this has not appeared
in written form. We therefore keep it as an assumption in the following re-
sults.

Proposition 1.3 Let p > 5 be a prime, and assume that the Lichtenbaum-
Quillen Conjecture for K (Z) holds at p. Then the homomorphism of P (b)-
modules

k2 V(DK (ku) — V(1)K (kup)

is an isomorphism in degrees larger than 2p — 1. Localizing the V (1)-
homotopy groups away from b, we obtain an isomorphism

V(1)K (ku)[b~ 1= V(1)K (kup)[b™']
of P(b, b~")-algebras.

This result is of interest beyond algebraic K -theory. Baas, Dundas and
Rognes have proposed a geometric definition of a cohomology theory derived
from a suitable notion of bundles of complex two-vector spaces [6]. These
are a two-categorical analogue of the ordinary complex vector bundles which
enter in the geometric definition of topological K -theory. They conjectured
in [6, 5.1] that the spectrum representing this new theory is weakly homotopy
equivalent to K (ku), and this was proved by these authors and Birgit Richter
in [7]. The next statement follows from Theorem 1.1 and Proposition 1.3.
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616 C. Ausoni

Proposition 1.4 [fthe Lichtenbaum-Quillen Conjecture for K (Z) holds, then
at any prime p > 5 the spectrum K (ku) is of telescopic complexity two in the
sense of 6, 6.1].

This result was anticipated in [6, Sect. 6], and ensures that the cohomol-
ogy theory derived from two-vector bundles is, from the view-point of stable
homotopy theory, a legitimate candidate for elliptic cohomology.

The computations presented in this paper fail at the primes 2 and 3, be-
cause of the non-existence of the ring-spectrum V (1). Theoretically, compu-
tations in mod (p) homotopy or in integral homotopy could also be carried
out, but the algebra seems quite intractable. Another approach [16, 28] is
via homology computations. There are ongoing projects in this direction by
Robert Bruner, Sverre Lunge-Nielsen and John Rognes.

Up to degree three, the integral homotopy groups of K (ku) can be com-
puted essentially by using the map r : K (ku) — K (Z) introduced above. The
map 7y : Ky (ku) — K, (Z) is 3-connected, so that

Kotkw) =7,  Ki(kw)=7Z/2 and Ko(ku)=7/2.

Here K (ku) and K, (ku) are generated by the image of n € w1 S and n2 e mS,
respectively, under the unit S — K (ku). Let w : BBUg — $2°°K (ku) be the
map induced by the inclusion of units, see (3.3). There is a non-split extension

0 — m3(BBUg) —> K3(ku) —> K3(Z) — 0

with m3(BBU ) = Z{u}, K3(ku) = Z{s} ® Z/24{v} and K3(Z) = Z/48{1A},
where v is the image of the Hopf class v, which generates 73S = 7 /24. We
have w, () =2¢ — v and m.(¢) = A. See [5] for details. This indicates that
the integral homotopy groups K, (ku) contain intriguing non-trivial exten-
sions from subgroups in 7S, 7.BBUg and K. (Z).

The rational algebraic K-groups of ku are well understood. In joint work
with Rognes [3], we have proved that after rationalization, the sequence

BBUg —> 2K (ku) —> Q®K (Z)

is a split homotopy fibre-sequence. A rational splitting of w is provided by a
rational determinant map 2°°K (ku) — (BBUg)q. In particular, by Borel’s
computation [14] of K,(Z) ® Q, there is a rational equivalence

%K (ku) ~g SU x (SU/SO) x Z.

All but finitely many of the non-torsion classes in the integral homotopy
groups 7. K (ku) detected by this equivalence reduce mod (p) to multiples
of v, and hence reduce to zero in V (1), K (ku).
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On the algebraic K -theory of the complex K -theory spectrum 617

We briefly discuss the contents of this paper. In Sect. 2, we study the V (1)-
homotopy of the Eilenberg-Mac Lane space K (Z, 3), which is a subspace of
the space of units of ku. In Sect. 3, we define low-dimensional classes in
V(1)K (ku) corresponding to units of ku, and in particular we introduce the
higher Bott element. We prove in Sect. 4 that these classes are non-zero by
means of the Bokstedt trace map

tr: K (ku) — THH (ku)

to topological Hochschild homology. In Sect. 5, we compute V (1), K (ku,,)
for n <2p — 2. This complements the computations in higher degrees pro-
vided by the cyclotomic trace

trc : K (kup) — TC(kuy)

to topological cyclic homology. In Sect. 6 we compute the various homotopy
fixed points of THH (ku,) under the action of the cyclic groups C,» and the
circle, which are the ingredients for the computation of V (1),TC(ku,) in
Sect. 7. In Sect. 8 we prove Theorem 1.1 on the structure of V (1), K (kup)
stated above. We also give a computation of V(1)K (KU)) for KU, the p-
completed periodic K -theory spectrum, up to some indeterminacy.

Notations and conventions Throughout the paper, unless stated otherwise,
p will be a fixed prime with p > 5, and Z, will denote the p-adic in-
tegers. For an [F),-vector space V, let E(V), P(V) and I'(V) be the ex-
terior algebra, polynomial algebra and divided power algebra on V, re-
spectively. If V has a basis {xi,...,x,}, we write V =IF,{xy,...,x,} and
E(x1,...,xp), P(x1,...,x,) and I'(xq, ..., x,) for these algebras. By def-
inition, I"(x) is the [Fj-vector space F,{yxx |k > 0} with product given by
ViX - yjx = ("Jirj)yiﬂx, where yox = 1 and y1x = x. Let P (x) = P(x)/(xh)
be the truncated polynomial algebra of height #. For an algebra A, we denote
by A{xy, ..., x,} the free A-module generated by x1, ..., x,.

If Y is a space and E, is a homology theory, such as mod (p) homol-
ogy, V (1)-homotopy or Morava K-theory K (2),, we denote by E.(Y) the
unreduced E.-homology of Y, which we identify with the E,-homology of
the suspension spectrum X°(Yy), where Y, denotes Y with a disjoint base-
point added. We usually write X¢°Y instead of X*°(Y,).

The reduced E.-homology of a pointed space X is denoted E.(X). We
denote 7, X the (unstable) homotopy groups of X, and 7, XX its stable
homotopy groups.

If f: A— B isamap of S-algebras, we also denote by f its image under
various functors like THH, TC or K .

In our computations with spectral sequences, we often determine a differ-
ential d only up to multiplication by a unit. We use the notation d(x) =y
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618 C. Ausoni

to indicate that the equation d(x) = ay holds for some unit « € I¥,. Classes
surviving to the E”-term of a spectral sequence, for » > 3, are often given as
a product of classes in the E2-term. To improve the readability, we denote the
product of two classes x, y in E” by x - y.

2 On the V (1)-homotopy of K (Z, 3)

If G is a topological monoid, let us denote by BG its classifying space, ob-
tained by realization of the bar construction, see for example [36, Chap. 1]. If
G is an Abelian topological group, then so is BG. The space BG is equipped
with the bar filtration

{x}=BpCcB i CB,C---CB,—1 CB,;, C---BG, (2.1)
with filtration quotients B, /B,,_1 = X"(G""). In particular, we have a map
s: XG=B; CBG, (2.2)
which in any homology theory E, induces a map
o0:E.G— E.1BG

called the suspension. If E, is a multiplicative homology theory satisfying
the Kiinneth isomorphism, we have the bar spectral sequence [36, Chap. 2]

E; .(G) = EL(G)®F*,
E; (G) =Tory ;" (E., E) = Ey11(BG)
associated to the bar filtration (2.1).

Let K(Z, 0) be equal to Z as a discrete topological group, and for m > 1,
we define recursively the Eilenberg-Mac Lane space K (Z, m) as the Abelian
topological group BK(Z, m — 1). We recall Cartan’s computation of the al-
gebra H,(K(Z,m); ) for p an odd prime and m = 2, 3. The generators

are constructed explicitly from the unit 1 € H, (K (Z, 0); F,) by means of the
suspension o and two further operators

0 ¢ Hag (K (Zom); Fp) = Hapgsa(K(Zym+1);F,)  and
Yp: H2q(K(Z’ m); Fp) g H2pq (K(Z, m); IE“p),

called the transpotence [17, p. 6-06] and the p-th divided power [17, p. 7-07],
respectively. The transpotence is an additive homomorphism since p is odd.
For x € Hyy(K(Z,m);F),), the class ¢(x) is represented, for example, by

P ®@x € Eyy,, (K(Z,m))
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in the bar spectral sequence. The algebra H, (K (Z,m); F},) has the structure
of an algebra with divided powers, which are uniquely determined by y,,.

Theorem 2.1 (Cartan) Let p be an odd prime. There are isomorphisms of
IF,-algebras with divided powers

I'(y) = Hy(K(Z,2):F,)

given by y — oo (1), with |y| =2, and

~

Q) E(er) ® I'(fi) —> Hu(K(Z,3);F)),
k>0

given by ey — Gyllfaa(l) and fi — wygaa(l), with degrees |ey| = 2p* + 1
and | fi| = 2p*t1 +2. For k > 0, the generators fi and ey are related by a
primary mod (p) homology Bockstein

B(fx) = exq1.

Proof The computation of H,(K(Z,m);F,) as an algebra is given in [17,
Théoréeme fondamental, p. 9-03]. The Bockstein relation 8( fi) = ek is es-
tablished in [17, p. 8-04]. O

Ravenel and Wilson [36] make use of the bar spectral sequence to compute
the Morava K -theory K (n).K (7, m) as an algebra when 7 = Z or Z/ pl.All
generators can be defined explicitly, starting with the unit 1 € K (n).K (i, 0)
and using the suspension, divided powers, transpotence and the Hopf-ring
structure on K (n).K (7T, x). We refer to [36, 5.6 and 12.1] for the following
result, and for the definition of the generators B and bk 1).

Theorem 2.2 (Ravenel-Wilson) Let p > 3 be a prime and let K (2) be the

Morava K-theory spectrum with coefficients K (2), = Fp[va, v, 1]. There are
isomorphisms of K (2)«-algebras

k
K (2)+K(Z,2) Z K 2)+[By |k = 01/ (Bl Blrs1y — V3 Biwy 1k > 0)
where |B| = 2p*, and
k
K(2)+K(Z,3) = K 2)[bai.1y |k = 01/(b{y. 1, +v5 bak.1y |k > 0)

where |bog,1)| = 2pk(p + 1). The class By € K(2)2K(Z,2) is equal to
oo (1), and the class b,1) € K(2)2p4+2K (Z, 3) is the transpotence of B(o).
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We now turn to V (1)-homotopy. For an integer n > 0, we denote by V (n)
the Smith-Toda complex [42], with mod (p) homology given by

H(V(n);F,) = E(t, ..., Ts)

as a left sub-comodule of the dual Steenrod algebra. In particular, V(0) = S/p
is the mod (p) Moore spectrum, and the spectra V (0) and V (1) fit in cofibre
sequences

s 5% v L xs
and
$20-2y0) 5 v(0) - V(1) 25 2201y (0),

where v is a periodic map. For n =0, 1 and p > 5, the spectrum V (n) is a
commutative ring spectrum [35], and its ring of coefficients V (n) is an I ,-
algebra which contains a non-nilpotent class v, 1, of degree 2p"+! — 2. We
call “V (n)-homotopy” the homology theory associated to the spectrum V (n).
In other words, the V (n)-homotopy groups of a spectrum X are defined by

V(n)y X =m(V(n) A X).

Notice that V(0), X is denoted 7.(X; Z/p) by some authors, and called the
mod (p) homotopy groups of X. By analogy, we sometimes call V (1),.X the
mod (p, v1) homotopy groups of X. If Y is a space, then V (n).Y is defined
as V(n), XY

The primary mod (p) homotopy Bockstein o1 : V(0)x X — V(0)x—1X
is the homomorphism induced by (X'ip) jo, and the primary mod (v;) ho-
motopy Bockstein By 1 : V(1)xX — V(1)x—2p4+1X is the homomorphism
induced by (£27~1i})j;. The homomorphisms ig, : 74(X) — V(0), X and
i154:V(0):X — V(1) X are called the mod (p) reduction and the mod (v;)
reduction, respectively.

Let HIF), be the Eilenberg-Mac Lane spectrum of IF,. The unit map § —
HT¥), factors through a map of ring spectra 4 : V(1) — HIF,, which induces
an injective homomorphism in mod (p) homology. Identifying the homol-
ogy of V(1) with its image in the dual Steenrod algebra A, we obtain the
isomorphism

H,(V(1); Fp) = E(t0, T1)

of left A,-comodule algebras mentioned above. Toda [42, Theorem 5.2] com-
puted V (1), in a range of degrees for which the Adams spectral sequence
collapses. Up to some renaming of the classes, we deduce from his theorem
that for p > 5 there is an isomorphism of P (vy) ® P(B1)-modules

P(v2) ® P(B1) @ Fp{l, 1, B, (181)*} = V(1) (2.3)
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in degrees % < 4p> — 2p — 4. The classes o and f; are the mod (p, vy)
reduction of the classes with same name in 7, (S), of degrees 2p — 3 and
2p% — 2p — 2, respectively. The class B is the mod (vy) reduction of the
class with same name in V (0), that supports a primary mod (p) homotopy
Bockstein By, 1(8]) = B1, and is of degree 2p% —2p — 1. The classes vs and
(a1B1)¥, of degree 2p> — 2 and 2p* 4 2p — 6 respectively, support a primary
mod (v;) homotopy Bockstein, given by B1,1(v2) = ﬂi and ﬁl,l((oelﬂl)u) =
«1B1. The class vy is non-nilpotent. The lowest-degree class in V (1), that is
not in the image of (2.3) is the mod (p, v1) reduction of the class B, in 7, (S),
of degree 4p> —2p — 4.

If X is a connective spectrum of finite type, the Atiyah-Hirzebruch spectral
sequence

E, =H,X;F)®@ V()= V(D)X (2.4)

converges strongly, and we can use it to compute V(1),.X in low degrees.
The first non-trivial Postnikov invariant of V (1) is Steenrod’s reduced power
operation P!, corresponding to the first possibly non-trivial differential of the
spectral sequence on the zeroth line, see Remark 2.4. This operation detects
the class o1, which belongs to the kernel of the Hurewicz homomorphism
V(s — Hy(V(1); Fp). In some more details, we have a commutative dia-
gram

VD
g h p!
X»=3HF, —= V(D)[2p—3] —— HF, — 3?P72{F,,
(2.5)

where p is the (2p — 3)th-Postnikov section, and the horizontal sequence is a
cofibre sequence. Notice that by (2.3) the map p is (2p> —2p — 2)-connected,
so that under our assumptions on X we have a well defined homomorphism

a=(px) g Hy—2py3(X;Fp) — V(1) X
forn <2p?—2p —3.

Lemma 2.3 Let X be a connective spectrum of finite type, and let p > 3 be a
prime. For n <2p* —2p — 3, the group V (1), X fits in an exact sequence

(Pl)*
Hy1(X;Fp) —> Hy2p3(X;Fp) = V(1),X

hs (Ph
— Hy(X;Fp) — Hyp—2p2(X; Fp).
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Here (PY)* denotes the homology operation dual to P'. If X is a ring spec-
trum then o sends the unit 1 € Hy(X; IFp,) to ay. Moreover, for any X and any
n > 0, we have a commutative diagram

V(DX Hy,(X;F)p)

Bi.1 l l o7
h

V(l)n—Zp—HX **> Hn—Zp—H(X;IFp)

relating the primary mod (v1) homotopy Bockstein B 1 to the homology op-
eration Q7 dual to Milnor’s primitive Q| = Pls—sP' e A.

Proof This exact sequence is the sequence associated to the cofibre sequence
in (2.5), where we have replaced V (1)[2p — 3], X by V (1), X via p,, which
is an isomorphism for these values of n, by strong convergence of the Atiyah-
Hirzebruch spectral sequence. The assertion on «; is true if X = §, and fol-
lows by naturality for X an arbitrary ring spectrum.

The self-map f = (22p—1i1)j1 of V (1), which induces B 1, is given in
mod (p) homology by the homomorphism f : E (g, 71) = E (70, 1) of de-
gree 1 —2p with f,. (1) = fi(r0) =0, fi(r1) =1 and fi(t071) = 10. We have
a commutative diagram

V(1) X : V()X

8x \L 8x i
®1

fe
E (70, 71) ® Hy(X; ]Fp) — E(70,71) ® Hi(X; IF“p)

A*®H*(X§Fp) H*(X;Fp).

®1

The horizontal arrows are of degree 1 — 2p, and 71* : A, — [, is the dual
of 71 with respect to the standard basis {t(E)§(R)} of A, given in [33,
Chap. 6]. The homomorphism g, is induced in homotopy by the smash
product of the unit § — HIF, with the identity of V(1) A X, u is induced
by the right homotopy action HF, A V(1) — HF,, and e, is induced by
IANRAT:HF, AV()AX — HF, A HF , A X. We have ugy = hy and
€48+ = Vihy, where vy is the left Ay-coaction on Hy(X; IF),). This completes
the proof since (71* ® 1)v, = Q7 by definition of Q1, see [33, p. 163]. O
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Remark 2.4 For X connective, the Atiyah-Hirzebruch spectral sequence (2.4)
has only two non-trivial lines in internal degrees ¢t < 2p*> — 2p — 3, corre-
sponding to 1 and o in V (1), see (2.3). The argument above shows that
there is a differential

d*72(z) = (PHY* ()

forz e Ei,o- In total degrees less than 2p> — 2p — 3 this is the only possibly
non-trivial differential.

Lemma 2.5 The map
Fplai}® Pp(x) — V(1),.K(Z,2)

given by x — oo (1) with |x| = 2 is an isomorphism in degrees less than
4p — 3.

Proof This follows from Theorem 2.1, Lemma 2.3 and the relation

PY* (Ve p—100)) = kyie(») (2.6)
in Hy(K(Z,2); F,) = T'(y). O

Consider the cofibration
B = XK (Z,2) > By 15 32(K(Z,2)") — 32K (Z.2)
extracted from the bar filtration (2.1) of K (Z, 3). It induces an exact sequence
V().ZK(Z.2) ~5 V(1).By 2> VD, EXK (Z,2))

2
Ty (1), 22K (2,2),

where . is induced by the product on K(Z,2). We know that
V(1)2p+1K(Z,2) =0, by Lemma 2.5, which implies that the homomorphism

V(1)2ps2Br = V (D), K(Z,2)"
is injective. We know as well that the composition
VDK (Z,2) ® V(DK (Z2) > V(DK (22" 25 V(1).K(Z.2)

sends the class x? _1~® x to zero. In particular, the class k(xP~' ® x) is in
the image of j,. Letd € V(1) p+2 B> be the unique class which satisfies the
equation

ju(B) = T2 (xP' @ x).
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Definition 2.6 We define the fundamental class e6 € V(1)3K(Z,3) as the

image of the unit 1 € V(1)K (Z, 0) under the iterated suspension o3. We
define

b e V(D2p+2K(Z,3)
as b’ =l (b'), where I, : By — K(Z, 3) is the inclusion of the second sub-

space in the bar filtration.

Notice that the definition of " in V (1)-homotopy, using x”~! ® x as above,
lifts the definition of the transpotence in the homology of the bar construction.
We use this fact in the proof of the following proposition.

Proposition 2.7 The class b’ € V(1)K (Z, 3) is non-nilpotent, and satisfies
the relation

b'P = —ub.

There is a primary mod (v1) homotopy Bockstein
Br1(b) = e

Proof First, we notice that the I ,-vector space V(1)2p2 +2pK (Z.,3), which
contains b'?, is of rank at most one. Indeed, consider the Atiyah-Hirzebruch
spectral sequence

EZ, = Hy(K(Z,3);Fp) @ V(1); = V(1)K (Z,3).

From Theorem 2.1 and the formula (2.3) for V (1), in low degrees we deduce
that Ef* consists of F,{fo - v2, ey fo- o1 - B1} in total degree 2p% +2p.
Suspending the relation (2.6) for k =1 we get a relation

(P1Y*(e1) = eo. 2.7)
Notice that for degree reasons the class ej - fo- f1 € Ei* survives to E,%fk_z
as a product of e; and fy - B1. By Remark 2.4, and since fy - 81 is a cycle, we
have a differential

d*r2(er - fo- By =eo- fo- a1 - B,
and this implies the claim on V(1)2p2+2pK(Z, 3).
The unit map S — K (2) factors through a map of ring spectra V(1) —
K (2). The induced ring homomorphism
V(DK (Z,2) > K(2)+K(Z,2)
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maps x to B, since these classes are defined as the double suspension of
the unit in V(1)K (Z, 0), respectively K (2)oK (Z,0). By construction, the
class »' maps to the transpotence of (), which is b 1). We deduce that the
sub-V (1),-algebra of V(1)K (Z, 3) generated by b’ maps surjectively onto
the subalgebra

P(v2, b(O,l))/(bfo,l) +v2bo,1))

of K(2).K(Z, 3) generated by v, and b(q,1). In particular 5’ is non-nilpotent.
Thus V(1)2p2+2pK(Z, 3) is of rank one, and injects into K(2)2p2+2pK(Z, 3).
This implies the identity 5’7 = —v,b’.

To prove the Bockstein relation, we map to homology. The Hurewicz
homomorphism Ay : V(1)+K(Z,3) — H«(K(Z,3);F)) is an isomorphism
in degrees 3 and 2p + 2, mapping e, to ¢y and b’ to the transpotence
@ (y) = fo of y. We have a primary homology Bockstein 8( fo) = e1 by Theo-
rem 2.1, and combining with (2.7) we obtain (Pl)*,B(fo) = ¢p. We also have
B(P Dy ( fo) = 0 for degree reasons. Finally,

Q5 (fo) = ((PHY*B — B(PHY*)(fo) = e,

so by Lemma 2.3 the relation 81,1 (b") = ¢{, holds. O

3 The units of ku and the higher Bott element

The aim of this section is to define low-dimensional classes in V (1), K (ku)
by using the inclusion of units.

We recall from [30] or [31, Definition 7.6] that the space of units GL{(A)
of an E,-ring spectrum A is defined by the following pull-back square of
spaces

GL1(A) —— Q%A
T
GL{(mgA) —— moA.

Taking the vertical fiber over 1 € GL(m9A), we obtain a fiber sequence of
group-like E;-spaces or infinite loop spaces

SLi(A) — GL{(A) — GL{(mpA),
with products given by the multiplicative structure of A. Here we can assume
that we have a model of GL{(A) and of SL;(A) which is actually a topologi-

cal monoid, see for example [39, Sect. 2.3]. The functor GL| from E.-ring
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spectra to infinite loop spaces is right adjoint, up to homotopy, to the suspen-
sion functor X'¢°. This follows from [31, Lemma 9.6].

In the case of ku, the space SL{ (ku) is commonly denoted BU g . This nota-
tion refers to the product of the underlying H -space of BUg, which represents
the tensor product of virtual line bundles.

The first Postnikov section 7 : BUg — K (Z, 2), with homotopy fiber de-
noted by BSU g, admits a section j : K (Z,2) ~ BU(1) — BUg. Here the map
J represents viewing a line bundle as a virtual line bundle. Both 7 and j are
infinite loop maps, and we have a splitting of infinite loop-spaces

BUg >~ K(Z,2) x BSUg,
see [30, V.3.1]. We denote by Bj : K(Z,3) — BBUg a first delooping of j,

fitting in a homotopy commutative diagram

K(Z,2)

i . l . 3.1)
2Bj
QK(Z,3) — > 2BBUg,

BUg

where 5 denotes the homotopy equivalence which is right adjoint to the sus-
pension s as in (2.2). We name y; € my K (Z, 2) = Z the generator that maps
to y € Ho(K(Z,2);Fp) by the Hurewicz homomorphism. We have maps of
based spaces

K(Z,2) -1 BUg % BU x {0} C BU x Z,

where cq is the inclusion in BU x Z followed by the translation of the com-
ponent of 1 to that of O in the H-group BU x Z. The map coj is a m>-
isomorphism, and we define

U = o4 jx(y1) € m2(BU x Z).
We call u the Bott class. We have an isomorphism of rings

7« (BU X Z) = wyoku = Z[u)
given by Bott periodicity. The map co, : m+(BUg) — 7+ (BU X Z) is an iso-
morphism in positive degrees, and we define y, € m2,(BUg) by requiring
cox(yn) = u". Finally, we define

o/ € V(1)2,11BBUg 3.2)
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as the image of y,, under the composition

,BUg LN V(1)2,BUg —> V(1)2p4+1BBUg.

Here the first map is the Hurewicz homomorphism from (unstable) homotopy
to V (1)-homotopy, and o is the suspension induced by the map s : ¥BUg —
BBUg.

Lemma 3.1 Consider the homomorphism
Bj.: V(1)3K(Z,3) — V(1)3BBUg

induced by the map defined above. We have o| = (Bj)«(e;,), where e, =
03(1) e V(1)3K (Z, 3), as given in Definition 2.6.

Proof We have a commutative diagram

Ny o
mK(Z,2) —— V(1)K (Z,2) —— V(1)3K(Z,3)

i J l Jx l Bjx
hy o

mBUg V(1),BUsg V(1)3BBUg.

The right-hand square is induced in V (1)-homotopy from the square left
adjoint to the square (3.1). The class y; € m, K (Z,2) was chosen so that
hye(y1) = 02(1) in V(1)2K(Z,2) = Hy(K(Z,2);F,). The lemma follows,
since

01 = 0 huju(y1) = (B)x0hi(y1) = (B))x0” (1) = (B« (ep). O

The space £2°° K (ku) is defined as the group completion of the topological
monoid | |, BGL, (ku), with product modelling the block-sum of matrices,
see for instance [20, VI.7]. The composition

w : BBUg — BGL{(ku) — LlBGLn(ku) — Q2K (ku) (3.3)

factors through an infinite loop map BBUg — SL K (ku), which is right ad-
joint to a map

w: Z°BBUg — K (ku)

of commutative S-algebras. We consider also the map of commutative S-
algebras

¢: ZK(Z,3) — K (ku)
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defined as the composition of the suspension of Bj : K (Z, 3) - BBUg with
the map w.

Definition 3.2 For n > 1, we define
on = wi(0,) € V(1)1 K (ku),
where o, is the class given in (3.2). We define the “higher Bott element” as
b=¢.(b) € V(1)2p42K (ku),
where b’ € V(1)2p+2K(Z, 3) is the class given in Definition 2.6.

Remark 3.3 Notice that by Proposition 2.7 the classes b and o are related by
a primary mod (v;) homotopy Bockstein B1,1(b) =o7.

Remark 3.4 Assume that p is an odd prime. If R is a number ring containing
a primitive p-th root of unity ¢,, for example R = Z[{], then the mod (p)
algebraic K -theory of R contains a non-nilpotent class

p € V(0)2K(R),

called the Bott element, which we referred to in the introduction. It was de-
fined by Browder [15] using the composition

BC, — BGL|R — 2K (R)
analogous to (3.3), and its adjoint
¢: XBC, — K(R).

Here C), denotes the cyclic subgroup of order p of GL{(R) generated by ¢,.
By inspection, the class x = ¢, — 1 satisfies x” = 0 in the group-ring
F,[Cpl=V(0)oCp, and has a well defined “transpotence” B € V(0),BC P
supporting a primary mod (p) homotopy Bockstein By 1(8") = o (1) €
V(0)1BC),. The classical Bott element can then be defined as

B =¢+(B) € V(02K (R).

An embedding of rings R C C'P, where C'P has the Euclidean topology,
induces a map of commutative S-algebras ¢ : K(R) — K (C"P) = ku in al-
gebraic K -theory. Browder’s Proposition [15, 2.2] implies that (¢4« (8") = u,
where u is the Bott class in V(0)4ku = P(u). This proves that 8 is non-
nilpotent and is related to the Bott periodicity of topological K -theory. Snaith
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showed [40] that the relation 8’7 = v; 8" in V(0),BC), promotes to the rela-
tion
Br =

in V(0),.K (R).

The remark above makes it clear that our construction of b €
V (1)2p+2K (ku) is inspired from the classical Bott element, and that these
classes share interesting properties. This provides some justification for call-
ing b a higher Bott element. Here higher refers to the fact that b lives one
chromatic step higher than 8, in the sense that it is defined only in algebraic
K -theory modulo (p, v1) and that it is related to v,-periodicity. Indeed, recall
from Theorem 1.1 and Proposition 1.3 that b is non-nilpotent and that the
relation b’? = —vyb’ in V(1)K (Z, 3) promotes to the relation

b=,

in V(1)K (ku). Our proof of these assertions relies on the computation of the
cyclotomic trace for ku, and is much more technical then in the number ring
case: unfortunately, in the present situation we don’t have an analogue of the
map K (R) — K (C'P), but see the remark below for a possible candidate.

Remark 3.5 John Rognes conjectured [4] that if §2| is a separably closed
K (1)-local pro-Galois extension of ku, in the sense of [38], then there is a
weak equivalence

Lg@2)K(§21) >~ E,

where L ) is the Bousfield localization functor with respect to the Morava
K-theory K (2), and where E> is the second Morava E-theory spectrum [21]
with coefficients

(E2)x = W 2)[[u1 1w, u"].

This would provide a map
t: K(ku) — Lx2)K($21) = E>

that might play the role, at this chromatic level, of the map K (R) — K (C*P)
mentioned in Remark 3.4. Since V(1) Ep = sz[u, u—1] with upz_l = vy,
we presume that the class b would be detected by the non-nilpotent class

(D) = auPt e V(1) Es

for some o € I 2 \ IF), with aP~1 = —1. More generally, we expect that a pe-
riodic higher Bott element can be defined in V(1)K (A) if A is an commuta-
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tive S-algebra with an S-algebra map A — 21 and a suitable (p — 1)th-root
of vy in V(0).A.

4 The trace map
In this section, we consider the Bokstedt trace map [11]
tr: K (ku) — THH (ku)

to topological Hochschild homology. This is a map of commutative S-
algebras, and it induces a homomorphism of graded-commutative algebras in
V (1)-homotopy, which we just call the trace. Our aim here is to prove that for
n < p — 2 the classes o, and b defined above are non-zero in V (1), K (ku), as
well as some of their products, see Proposition 4.6. We achieve this by show-
ing that these classes have a non-zero trace in V (1), THH (ku). To this end,
we briefly recall the computation of V (1), THH (ku) given in [1, 9.15].

The topological Hochschild homology spectrum THH (ku) is a ku-algebra,
and its V(1)-homotopy groups form an algebra over the truncated poly-
nomial algebra V (1)4ku = P,_1(u), where we also denote by u the mod
(p, v1) reduction of the Bott class u € moku. There is a free F,-sub-algebra
E(1) ® P(un) in V(1) THH (ku), and there is an isomorphism of E(11) ®
P(1t) ® Py_1(u)-modules

V(1)«THH (ku) = E(*1) ® P(1) ® Qx, 4.1)
where Q, is the P,_(u)-module given by
Qs = Pp—l(”) ) Pp—Z(u){aOa by,ai, by, ... ydp—2, bp—l} S Pp—l(u){ap—l}-

The degree of these generators is given by |A{| =2p — 1, |u| = 2p2, |a;| =
2pi + 3 and |bj| = 2pj + 2. The isomorphism (4.1) is an isomorphism of
Pp_1(u)-algebras if the product on the P,_(u)-module generators of Q is
given by the relations

bibj =ub; i+j<p-—1,

bibj=ubjyj_pn i+j=p,

aibj =ua; | i+j<p-—1, 4.2)
aibj =uaiyj_ppn i+ j=p,

ajaj =0 0<i,j<p-—1.

Here by convention by = u. For example we have a product
@ a)u'by) =uP2a,
ifk+l=p—-3andi+j=p—1.
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Remark 4.1 The class u is called uy in [1], but we adopt here the notation
of [2].

The classes u" 1ag € V(1)2n4+1THH (ku) for 1 <n < p —2 are constructed
as follows. The circle action S i A THH (ku) — THH (ku) restricts in the ho-
motopy category to a map d : X THH (ku) — THH (ku), which in any homol-
ogy theory E, induces Connes’ operator

d: ExTHH (ku) — Esy1 THH (ku). (4.3)

We have an S-algebra map / : ku — THH (ku) given by the inclusion of zero-
simplices. Composing the induced map in E,-homology with d yields a sus-
pension homomorphism

dl, : Eku— E,o THH (ku),

see [32, 3.2] (it is often denoted o). For 1 <n < p — 2, we define the class

u"lag as the image

u"lag =dl, ")

of u™ € V(1),ku. Mapping to homology, we can show that these classes are
non-zero. By Lemma 2.3, the Hurewicz homomorphism

hy : V(1)4THH (ku) — H,(THH (ku); I )
is an isomorphism in degrees * < 2p — 3 (notice that oy =0in V (1).THH (ku)
since THH (ku) is a ku-algebra). Let x = hy(u) € Hy(ku; IF),) be the image of
u € V(1)2ku. We then have hy (1" ag) = dl.(x") in Hoyy1 (THH (ku); Fp),

and this class represents the permanent cycle 1 ® x" € E 11 5, (ki) in the Bok-
stedt spectral sequence

E, ,(ku) = Hy(ku; F)®CTD,

F
E? (ku) = HH, ! (Hy(ku; F ) = Hyyo(THH (ku); F ).

This proves that the classes I (" 'ag) are non-zero for these values of n.
We refer to [1, Sect. 9] for more details.

Lemma 4.2 If 1 <n < p — 2, the class o, of (3.2) maps to the class u"lag
under the composition

V(1).BBUg 2> V (1)4K (ku) —> V(1) THH (ku).
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Proof Asmentioned above, hy : V (1)2,41THH (ku) — Hp, 1 (THH (ku); F )
is an isomorphism for n < p — 2 and maps u”*'ag to dl,(x"). Thus, passing
to homology and using the definition of o, in (3.2), if suffices to prove that
the composition
rywy
Hoy(BUg: F ) = Hany1(BBUg: Fp) == Hay1 (THH (ku); F )

maps z, = h«(yn) € Hy,(BUg; F)p) to dl(x"). Here we also denoted by
hy the Hurewicz homomorphism n7,BUg — H»,(BUg; IF),). First, we need
some information on the trace map. We will use the following commutative
diagram of spaces

BBUg BYBUg BUg

C o b e
22%°tr l

QCK (ku) — $2°°THH (ku) <— $2%°ku,

which is assembled from [39, Sect. 4]. Here the space BYBU is the realiza-
tion of the cyclic nerve of the topological monoid BUg, and, as $2°°THH (ku),
is equipped with a canonical S'-action. The map 7 is the realization of a mor-
phism of cyclic spaces, and is therefore S'-equivariant. The maps [ are given
by the inclusion of O-simplices, while c; is the inclusion of the component
of 1. There is a homotopy fibration [39, Proposition 3.1]

BUg —> BYBUg -2 BBU, (4.5)

and the map p admits a section up to homotopy i : BBUg — BYBUg.

Let d be Connes’ operator on Hy(BYBUg; F),) and H,(2°°THH (ku); IFp,).
It commutes with 7, : Hy(BYBUg; F,) — H.(2°°THH (ku); IF),) since 1 is
equivariant. In the next lemma, we prove that

dli(zp) = ix0 (zn)
holds in Hp,41(BYBUg; F)). Using (4.4), we deduce
(82°°t0) 5 w40 (2) = Tuin0 (2n) = Tudls(20) = dTili(20) = dlC14(20).
Finally, composing with the stabilization map
st: Hy(2°°THH (ku); F ,) — H.(THH (ku); F )
to spectrum homology, we obtain

w0 (2,) = St(Qootr)*w*U(Zn) =stdlic14(zy) = dl*(xn)-
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For the last equality, we used that the stabilization commutes with dl,, and
that stci,(z,) =x"forl <n <p—2. Il

Lemma 4.3 The equality dl(z,) = i+0(z,) holds in Hy, 1 (BYBUg; F)).

Proof We consider the homotopy fibration (4.5). Since H,(BUg; IF),) is con-
centrated in even degrees, the map py : Hy(BYBUg; F,) — Hy(BBUg; )
restricts to an isomorphism

P« Prim(Hay 41 (BYBUg; Fp)) — Prim(Hany 1 (BBUg; F)))

of the subgroups of primitive elements in degree 2n + 1, with the restriction
of i, as inverse. The class /,(z,) is spherical, hence primitive, and it follows
from d(1) = 0 that dl,(z,) is also primitive.

Next, we consider the diagram

1x1 %
S!x BUg — S! x BYBUg —— B%BUg

| | :

S'ABUg : BBUg,

where 1 denotes the S!-action on BYBUg and s the suspension map (2.2).
This diagram is commutative, as can be checked at simplicial level by using
the definition of u, see for example [27, 7.1.9]. Therefore p.dl.(z,) = o (z),
and since dl,(z,) is primitive, we have

dli(zp) = ixpsdly(2,) =150 (2). O

Lemma 4.4 The class b’ maps to the class by under the composition

V(1)«K(Z,3) N V (1)« K (ku) N V(1)«THH (ku).

Proof We know from Lemmas 3.1 and 4.2 that e, € V(1)3K (Z, 3) maps to
the class ag in V (1)3THH (ku). We have primary mod (v;) homotopy Bock-
stein

Bi.ib")=e, and By 1(b1)=ap

in V(1)xK (Z, 3) and V (1), THH (ku) respectively, see Proposition 2.7 and [1,
9.19]. Moreover V (1)2,4+2THH (ku) = IF ,{b1}, so that By 1 is injective on this
group. The result follows, since

B1,1tr Py (b/) = tr*d)*lgl,l(b,) = Iy (66) =4ao. O
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Let « : ku — ku, be the completion at p. It induces the inclusion Z[u] —
Zp[u] of coefficients rings.

Definition 4.5 We also denote by
0p € V(D)ouy1K(kup) and b e V(1)2p42K (kup)

the image under «, : V(1)K (ku) — V(1)K (kuy) of the classes o, and b
defined in Definition 3.2.

Proposition 4.6 The classes

b*  forO<k<p-—2, and
G,,bl forl<n<p—-2and0<Ii<p—-2-—n

are non-zero in V(1)K (ku) and in 'V (1)K (ku).

Proof For V(1)K (ku), it follows from Lemmas 4.2, 4.4 and the structure
of V(1).THH (ku) given in (4.2). In more detail, we have tr, " = bll‘ #0
for k < p — 2 and try(0,b") = u"lagh! = u"*'"la; #0 for I < p — 3 and
n+[—1< p— 3. Notice that we have a commutative diagram

tr.

V(1)K (kit) ——— V(1) THH (ku)

tr.

V(1)K (kup) — > V(1),THH (kuy).

The map « : THH (ku) — THH (ku,) is a weak equivalence after p-comple-
tion, so in this diagram the right-hand «, is an isomorphism. This proves that
the result also holds for V (1), K (kup). Il

Remark 4.7 We claimed in Theorem 1.1 and Proposition 1.3 that b is non-
nilpotent in V (1), K (ku). However, we have

e (b" ) =t () = bV = uP b, =0
in V(1).THH (ku), so that the Bokstedt trace is not sufficient for proving this
assertion. This is of course also predicted by our other claim that b7~ =

—wv7 holds in V(1)K (ku). Indeed, v maps to zero in V (1), THH (ku) since
THH (ku) is a ku-algebra.
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5 Algebraic K -theory in low degrees

In this section, we compute the groups V (1), K (kup) in degrees * <2p — 2.
This complements the computations presented in the next sections, which are
based on evaluating the fixed points of THH (ku) and which are valid only in
degrees larger than 2p — 2, see Proposition 6.7.
Consider the Adams summand

Ly = kuZA
of kuy,, where A =7Z/(p — 1) is the finite subgroup of the p-adic units, acting
on ku, by p-adic Adams operations, and where (—)*4 denotes the homo-
topy fixed points. By Theorem 10.2 of [1], the natural map V (1)K (£),) —
V (1)« K (ku) factors through an isomorphism

V(DK (€)= (V(1)uK (kup)) € V(1)K (kuyp) (5.1)

onto the elements of V(1)K (kup) fixed under the induced action of A. In
the sequel, we identify V (1), K (£,) with its image in V (1)+ K (kup).

The V(1)-homotopy of K (£,) is computed in [2]. In the degrees we are
concerned with here, namely * <2p — 2, V(1),K({,) is generated as an
IF,-vector space by the classes listed in

(1,029, 5,001 10 <d < p}, (5.2)

of degree |k1td| =2p—2d—1,|s|=2p—3and |dr|=2p —2,see[2,9.1]
(where the sporadic vy-torsion class s was denoted a). The zeroth Postnikov
section £, — HZ), is a (2p — 2)-connected map, so that the induced map
K(£y) — K(Zp) is (2p — 1)-connected [9, Proposition 10.9]. All the classes
listed in (5.2) map to classes with same name in V (1)K (Z,), which is given
by the formula

V(1)K (Zp) = E() @F,ls, 00} @F,p{r11710 <d < p}.

The name of the classes in this formula refers to permanent cycles in
the S! homotopy fixed-point spectral sequence used in the computation of
V(1)+K(Z)) by traces, compare with Theorem 7.9. If desired, these classes
could be given a more memorable name by means of the inclusion

V(0)«K(Zp) = V(0)K(Qp(¢p)),

in the target of which they can be decomposed as a product of a unit and a
power of the Bott element 8 € V(0)2K(Q,(¢))).

Using the inclusion given in (5.1), we view the classes listed in (5.2) as
elements of V(1)4K (ku,). The following lemma implies that these classes
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are linearly independent of the classes in V(1)K (kup) constructed in the
previous section.

Lemma 5.1 The non-zero classes b* and o,b" in V(1)+K (kuy) given in Pro-
position 4.6 are not fixed under the action of A.

Proof All these classes map into V (1).THH (ku) to classes which do not lie in
the image of V (1),THH({,), and hence which are not fixed under the action
of A, see Proposition 10.1 of [1]. Il

Proposition 5.2 The inclusion
Fp{l,an,kltd,s, oA |1<n=<p-2,0<d<p}C V(1)K (kup)
of graded T ,-vector spaces is an isomorphism in degrees <2p — 2.

Proof We have constructed all the classes listed above and have argued that
they are linearly independent. It suffices therefore to compute the dimension
of V(1),K (ku,) as an [F ,-vector space forall 0 <n <2p — 2.

Consider a double loop map §253 — BUg, such that the composition

$? > 28 >BUg,

where §? — £253 is the adjunction unit, represents the class y; € mBUg
defined in Sect. 3. By adjunction we have a map of E;-ring spectra

S[25] — ku,

where S[£2 53] is another notation for the suspension spectrum XS 3 We
refer to [3, Proposition 2.2] for some more details on the construction of
this map. After p-completion this map is (2p — 3)-connected, and induces
a (2p — 2)-connected map K(S[.QS3],,) — K (kuy). The dimension of the
IF,-vector space V(l)nK(S[QS3]p) for n <2p — 2 is computed in the fol-
lowing lemma, and this completes the proof of this proposition. Notice that a
priory

V(122K (S[28°1,) = V(1)2p 2K (kup)

is only surjective, but luckily V(1)2, 2K (S[£253] p) is of rank one. Since
we know that the rank of V (1), 2K (kup) is at least one, we also have an
isomorphism in this degree. O
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Lemma 5.3 The dimension of V(1),K (S[$2 S3]p) as an I ,-vector space is

ifn=0,1,2p -2,

ifnis odd with 3<n <2p—25,
ifn=2p—3,

for other values of n <2p — 2.

S W N =

Proof We compute V (1), K (S[$2 S3]p) in degrees less than 2p — 1 by using
the cyclotomic trace map to topological cyclic homology [11], which sits in
a cofibre sequence [22]

tre

K(S[25°1,), —> TC(S[25°1,) = ¥ 'HZ, — TK(S[25°1,),.

Here TC(X) = TC(X; p) denotes the (p-completed) topological cyclic ho-
mology spectrum of a spectrum X. By inspection, it suffices to prove that we
have

1 ifn=-1,0,1,2p -2,
dimeV(l)nTC(S[QS3]p) =42 ifnisoddwith 3<n<2p -3, (5.3)
0 for other values of n <2p — 2.

Indeed, V (1), 2! HZ, consists of a copy of IF,, in degrees —1 and 2p — 2,
and is zero in other degrees. We have an isomorphism V (1)_1TC(S[$2 S3] »)
- V()_1 2 'HZ p» and the sporadic class s is in the image of the connect-
ing homomorphism

V()2p2 X 'HZ, — V(1)23K (S[2S°] ),

by naturality with respect to S[£25°] p —> HZ,, see for example [2, Proof
of 9.1].

The reduced topological cyclic homology spectrum TC(S[§25%] p) 1s the
homotopy fibre of the map ¢ : TC(S[£2 53] p) = TC(S)) induced by the map
$3 — % to a one-point space. The maps ¢ admits a splitting, and we have a
decomposition

TC(S[28%],) =~ TC(S,) v TC(S[25°],).
The spectrum TC(S),) decomposes as
TC(Sp) =S,V XCP%,

where C P2 is the (p-completed) Thom spectrum of minus the canonical line
bundle on CP°, see [29]. The homology of XCP?] is given by

H(ZCP%;F,) =F,{x; |i > —1}
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with |x;| = 2i 4+ 1. Moreover these classes can be chosen so that the relations
(P1Y*(xp-2) =x_1and (P')*(x,-1) =0
hold. It follows from Lemma 2.3 that we have an inclusion
Fpleil =1<i < p—=3}UF,{a(x0)} C V(1)(ZCP),

which is an isomorphism in degrees x < 2p — 2, with h.(c;) = x;. These
classes have degree |c;| =2i + 1 and | (xp)| =2p — 2.
By [12, 3.9], we have a decomposition

TC(S[$25°]p) = Z°S3 v V,
where V is the (p-completed) homotopy fiber of the composition
T D(ES, Ag LSY) D mooLs® 5L moog3,

Here trf is the dimension-shifting S'-transfer on the free loop space LS> of §3,
and €; is the evaluation at 1 € S!, see [29]. We consider the Serre spectral
sequence

E2, = H,(BS"; Hy(LS®,F ) = H,(ES' x 51 LS>; F)).
We have isomorphisms

H.(BS':;F,) = H.(K(Z,2);F,)=I(y) and
H,(LS*;F,) = P(z) ® E(d2).
Here z € Hy(£2S3; F,) C Hy(LS>: F,) and dz € H3(LS3; [F},) is the suspen-

sion of z associated to the circle action on LS>. In particular, we have a non-
zero d’-differential

d*(yz) =dz.

For degree reasons no further non-zero differential involves the classes in total
degree less than 2 p, and we have an inclusion

Py(y) ®F,{z/ |1<j<p—1)C Hu(ES' x1 LS*;F))

which is an isomorphism in degrees less than 2p. We deduce that the inclu-
sion

SF,{z/ |1<j<p—1})C H(Z®Z(ES} ngi LS®); F)p)
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is an isomorphism in degrees less the 2p — 1. The homomorphism
(e1trf)s : Ho(Z®CZ(ESL A1 LS?); Fp) — Hi (S F)) = E(e)

maps Yz to a generator e of H3(S*;[F p) since the restriction of trf to
roey (SlL Agl LS?) is induced by the circle action. This implies that we have
an inclusion

Fple, 2012 j < p—2} C H{(Z®S3 v Vi Fp) = H (TC(S[25%1,): Fp)
which is an isomorphism in degrees smaller than 2p — 1. By Lemma 2.3
Fple, 22/ |2< j < p =2} C V().TC(S[2S])
is also an isomorphism in degrees less than 2p — 1. In summary, we have
V(DL TC(S[28%],) =V (1), @ V(1)L ZCPX @ V(1. TC(S[25%],),
which is isomorphic to
Fp(l. a1, ciya(xo),e, 2/ | —1<i<p-3,2<j<p-2

in degrees smaller than 2p — 1. This proves that formula (5.3) for the rank of
the I ,-vector space V (1),.TC(S[$2 S3]p) is correct. O

Remark 5.4 In an earlier proof of this lemma we used the space BU(1) and
the map 6 : X°BU(1) — ku of commutative S-algebras. I thank John Rognes
for noticing that using §2.53 instead simplifies the computation. The maps

S[$28%1— Z°BU(1) — ku

are mp-isomorphisms and rational equivalences. We use this in [3] to deter-
mine the rational homotopy type of K (ku).

6 The fixed points

In this section we compute the V (1)-homotopy groups of the homotopy limit

TF (ku,)) = holim,, p THH (ku,)",

where F : THH (ku p)cp”“ — THH (ku p)cp” is the Frobenius map. This
will be used in the next section to compute the topological cyclic homol-

ogy of ku,. The strategy to perform such computations was developed in
[9, 22, 43], but we will closely follow the exposition and adopt the notations
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of [2, Sects. 3, 5 and 6], with an exception: the G Tate construction on an
equivariant G spectrum X will be denoted by X’C instead of ]ﬁI(G, X). We
refer the reader to [2, Sect. 3] for a brief review of the homotopy commutative
norm-restriction diagram

K (kup)

try—1
o |
R

N
THH(kup)th,, — THH(kuP)CP” — THH(kMp)Cp”_I - Z'THH(kup)thn

| |5 H
h Rh

THH (kup)nC,n —> THH (kup)"Cr" — THH(kup)'Cr" —— ZTHH(kup)nc

"

for any n > 1, which is our essential tool. By passage to homotopy limits over
the Frobenius maps, we obtain the homotopy commutative diagram

K (kup)

trp
trr l/ \
R

STHH (kup)g1 —— TF(kup) —— TF(kup) ——= S2THH(kup); g1

H ' L |
Nh . Rh .
STHH (kup)ys1 —> THH(kup)"S' —> THH(kup)'S' —> X2THH(kup); 1.

The map iy : V(1) THH({,) — THH (ku,) factors through an isomorphism
onto the A-fixed elements of V (1), THH (ku,),

ix: V(1) THH(L,) —> (V (1), THH(kup))* € V (1), THH(kup),  (6.1)

see [1, 10.1]. The corresponding results hold also for the Cpn or S ! ho-
motopy fixed points of THH, for the Cpn or S ! Tate construction on THH,
and for TC and K, see [1, 10.2]. In the sequel, we identify V (1), THH(¢)),
V(1)4TC(£p), etc. with their image under i,.. We have a similar statement for
the various spectral sequences computing the V (1)-homotopy of these spec-
tra.

Lemma 6.1 Ler G = S! or G = Cpn, and let E*(G, ) and E*(G, kuy)
be the G homotopy fixed-point spectral sequences converging strongly to
V(1).THH (¥ p)hG and V (1).THH (ku p)hG, respectively. Then the morphism
of spectral sequences induced by the map £, — ku,, is equal to the inclusion
of the A fixed points

E*(G,,) = (E*(G, kup))” C E*(G, kup).
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This holds also for the morphism induced on the G Tate spectral sequences
converging to V(l)*THH(Zp)’G and V(l)*THH(kup)tG, which is given by

E*(G,£,) = (E*(G, kup))” C E*(G, kup).

Proof The group A acts on ku, by S-algebra maps, and it acts S L
equivariently on THH (ku,). In particular A acts by morphisms of spectral
sequences on E*(G, ku,) and E* (G, kup), and hence it suffices to prove that
the claims hold at the level of the E2-terms. This follows from (6.1). Il

From now on, we will omit ku,, from the notation and just write E *(G)
and E*(G) for the G homotopy fixed-point and G Tate spectral sequences
converging to V (1).THH (ku p)hG and V (1), THH (ku p)’G, respectively.

At this point, we recall the notion of §-weight introduced in [1, 8.2].
We fix a generator § of the group A acting on kuj,, K(ku,), THH (kuy),
TC(kup), etc. The self-map 8, of V(1)sku, = P,_1(u) maps u to au for
some generator « of F;j We say that a class v € V(1)K (kuy) has §-weight
ieZ/(p—1)if §,(v) = o'v. The same convention holds for classes in
V(1)«THH (kuy), V (1)4TC(ku,), etc. For example, the generators a; and b
of V(1),THH (ku,) givenin (4.1) all have §-weight 1, see [1, 10.1]. Similarly,
it follows from its definition that b € V (1), K (kup) has 6-weight 1. Since 6
is diagonalizable, we can reinterpret Lemma 6.1 by saying that each of these
spectral sequences for ku;, has an extra Z/(p — 1)-grading given by the §-
weight, and that its homogeneous summand of §-weight O consists of the
corresponding spectral sequence for £,,. Together with the internal and filtra-
tion degrees, the §-weight endows the E”-terms of these spectral sequences
with a tri-grading that we will refer to in the computations below.

By a computation of McClure and Staffeldt [32], [2, 2.6], we have an iso-
morphism of [,-algebras

V(D«THH({p) = E(A1, 22) ® P(1).

The induced map V (1), THH(£,) — V (1)+THH (ku,) sends A and p to the
classes with same name, and A, to the class a1b{7 _2.

Remark 6.2 In the sequel, we will frequently denote by A; the class albf -2
The C)-Tate spectral sequence
E(Cp)?, = H*(Cp, V1), THH (kup)) = V (1), THH (ku,,)'“?
has an E>-term given by

E(Cp)?=P(t,t™) ® E(u1) ® V(1) THH (ku )
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with 7 in bidegree (-2, 0), u; in bidegree (—1,0), and w € V (1), THH (ku,,)
in bidegree (0, ). Recall the description of V (1), THH (ku,) given in (4.1).

Lemma 6.3 In the C), Tate spectral sequence E*(C p) the classes Ly, A2, by
and t . are infinite cycles. There are non-zero differentials

d>(b)) = (1 — i)a;t
d*P(t'7Py =) -t
2P PPy =y 1P
Ay P =1y

with 0 <i < p — 1. The spectral sequence collapses at the E2p2+2—term,
leaving

A 2
E®(Cp) =P(*") @ E(\1,a1) ® Pp1(b1)
® E(M1) ® Pp_z(b1) @ Fplait’!, bit! |v,(j) = 1}.
Remark 6.4 Beware that in the lemma above, the index j appearing as a
power of ¢ runs over all integers, positive or negative, with specified p-adic

valuation. The same remark holds for the Lemmas 6.10 and 6.12 below, and
also for the power j of © in Lemmas 6.11 and 6.13 below.

Proof We know from [2, Proposition 4.8] that fu is an infinite cycle. The
classes A1, A2 and b; are also infinite cycles, see the argument given at the
top of [2, p. 21].

Let d be Connes’ operator (4.3) on V (1), THH (ku ), and recall from above
the notation by = u. We have

d(bo) = ao,

and this relation is detected via the Hurewicz homomorphism in mod (p)
homology, see [1, Sect. 9]. It follows from [37, Sect. 3.3] that in the S! ho-
motopy fixed-point spectral sequence

EX(SYy = P(t) ® V (1), THH (ku,) = V (1), THH (ku,)"S’

we have a d2-differential

d2 (bo) = aopt.
Since E2(Sh) injects into Ez(C p) via R"F | this differential is also present
in E2(C,). The differentials d?(b;) = (1 — i)a;t for i # 0 follow easily from
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the case i = 0 and the multiplicative structure. Indeed d?(;) = 0 for degree

reasons, and hence d?(u?p) = 2upagt. From the relation b;b p—i = u?p we
deduce that d2(b;) = «;a;t for some o; € ), because in V (1), THH (ku,)
the equation xb,_; = upap has x = a; as unique (homogeneous) solution.

First, notice that 0 = dz(bf_l) = (p — DAz, so we have o = 0. Next,
the relation b1b,_| = uzu implies that o)1 = 2, while b1b; = ub;; for
i < p —2implies that o; = 1 + ;1. We deduce that o; = 1 — i, proving the
claim on the d?-differential, which leaves

E3(Cp) =Pt 1) ® E(uy, k1, a1) ® Pp_i1(by).

Lemma 6.1 determines the given next three non-zero differentials, by com-
parison with the case of the ¢, treated in [2, Sect. 5.5], and this takes care

of the summand of §-weight zero. The only algebra generators of E3C p) of
non-zero §-weight are a; and b;. We know that b is an infinite cycle. In the
S! Tate spectral sequence, using the known differentials, the tri-grading and

.. . 2
the product, it is easy to see that a; survives to the E2P"+2_term. Therefore

aj also survives to the £ 20’42 term in E *(Cp), via the morphism of spectral
sequences induced by F. The d?? differential leaves

E*PTNC,) = P(*P, 1)) ® E(uy, A1, a1) ® Ppy(by),
and the dzl72 differential leaves

E¥*HNC,) = P(EP 1) ® E(uy, A1, a1) ® Pp_1(b1) @ E(u1, A1)
® Pp_a(b1) ® P(tp) @ Fpfart! , byt! |v,(j) =1},

. . . 2
as can be computed using the relation aj - b? 2 = ),. Finally, d*P"*1 leaves

B 2(C,) = P(tP) @ E(A1, a1) ® Pyp_y (b))
D EM) ® Ppa(b)) ®Fplart! , bit! |v,(j) =1},

and at this stage the spectral sequence collapses for bidegree reasons. O

Remark 6.5 The d’-differential can also be determined by computing d(b;)
for i > 0, using Connes’ operator in Hochschild homology (c.f. [1, 3.4]).

Definition 6.6 We call a homomorphism of graded groups k-coconnected if
it is an isomorphism in all dimensions greater than £ and injective in dimen-

sion k.
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Proposition 6.7 The algebra map
(M)« : V(1)< THH (kup) — V (1)< THH (ku,,)"»
factorizes as the localization away from ., followed by an isomorphism
V(l)*THH(kup)[u_l] — V(l)*THH(kup)’C”
given by
A AL, > 177 b 1Py and a; > 1700

for 0 <i < p—1, up to some non-zero scalar multiples. In particular the map
(I'1)« is 2p — 2)-coconnected.

Proof By naturality with respect to £, — ku, and by the computation of

(fl)* for £, given in [2, Theorem 5.5], we know that the map (ﬁl)* for ku,
satisfies

Al Aq, Ar = Ay and ;u—>t_1’2.

In V(1)4+THH (kup,) we have multiplicative relations uP=3a;b j=Ap fori+
j = p — 1, from which we deduce that (fl)*(ukai) # 0 and (ﬁl)*(ukbi) #0
forany 0 <k < p —3 and any 0 <i < p — 1. For degree reasons, this forces

(I)w@) =t"""Pa; and  (I7)u(b) =1"7"7b,
up to some non-zero scalar multiples. 0

Corollary 6.8 The canonical maps

7

: THH (ku,) 7" — THH (ku,)"c"
[, : THH(ku,)“»"" — THH(ku,)'S»"
I:

TF(ku,) — THH (ku,)"S'

~

 TF (kup) — THH (ki)'

for n > 1 all induce (2p — 2)-coconnected maps in V (1)-homotopy.

Proof The claims for I}, and I}, follow from Proposition 6.7 and the gener-
alization of a theorem of Tsalidis [43] given in [13]. The claims for I and I”

follow by passage to homotopy limits. O
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Definition 6.9 Let r(n) =0 foralln <0, and let r(n) = p" +r(n —2) for all
n>1.Thus r@2n — 1) = p*~ 1 4+ ... 4+ p (odd powers) and r(2n) = p*" +
cee 4 p2 (even powers).

Lemma 6.10 In the Cn Tate spectral sequence E *(Cpn) the classes X1, A,
by and t are infinite cycles. There are non-zero differentials

d>(b)) = (1 — i)ajt
d*P Py = -t

d2p2(tpfp2) =y 1P
with0 <i < p —1, leaving

EX*H(C o) =P(t*7") ® E(un, 1, a1) ® Pp_i(b1) ® Pip)
® E(up, M) ® P,_2(b1) ® P(ti)
®Fplait! bit! |vp(j) =1}

Ifn =2, then for each 1 <k <n — 1 there is a triple of non-zero differentials

; ; 2%k
2% _ 2%k 2%
d2r @D (P =pT Ty =g (@R

d2r Q) (P =p22y =)@
with v,(j) =2k — 1, leaving

By =P EP" ) @ E(up, Ay, ar) ® Pp_1(by) ® P(111)
® E(un, A1) @ Pp—2(b1) ® P(tp)
@F  {ait’, bit! |v,(j) =2k + 1}

® @ Tn(Cp),

1<m=<k
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where
T (Cpr) = Ettn, 1) ® Priamy (t) @ Fp22t! [0, (j) =2m + 1}
@ E(up,a1) ® Pp—1(b1) @ Prm—1)(tp)
®@F {21t/ |v,(j) =2m)
@ E(un, 21) @ Pp—2(b1) @ Prom—2)+1(t 1)
@ Fpfart! |v,(j) =2m — 1}.
For n > 1, there is a last non-zero differential

d2r(2n)+l(un _l—pZ") - (m)r(zn—z)ﬂ
after which the spectral sequence collapses, leaving

A 2n

E®(Cp) =P )Y@ E(A1,a1) ® Pp_1(b1) ® Pran—2)+1(110)
S EMX)® Pp2(b1) ® Pran—2)+1( 1)
Q@ Fplait!, bit! |v,(j) =20 — 1)

& P TuCpm.

1<m<n-—1

Next, we describe the C,» homotopy fixed-point spectral sequence
E*(Cpn) for THH (kup). It is algebraically easier to describe the E”-terms
of the Cp» homotopy fixed-point spectral sequence for THH (ku,,)’ Cr, which
we denote abusively by

pVE*(Cpn) = V(1) (THH (ku ) €Y Cr

compare with [2, p. 23]. We know from Proposition 6.7 that the map

ic THH(kup)thn N (THH(ku )tC )hc

induces a morphism of spectral sequences
E*(Cpn) — nw 'E*(Cpr)

which on E2-terms (but not on higher terms) indeed corresponds to invert-
ing w. By the same Proposition and by strong convergence of the spectral

~hCn
sequences, the map I} © induces a (2p — 2)-coconnected homomorphism
in V (1)-homotopy.
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Lemma 6.11 In the Cp» homotopy fixed-point spectral sequence
;L_IE*(CPH) the classes A1, A2, by and tu are infinite cycles. There are
non-zero differentials

d*(b)) = (1 — i)a;t
d*P(uPy = ap - u ()P

AP (Y g 0\ )
with 0 <i < p — 1, leaving

2 2
u EPPTHNC o) = P(utP) @ Euty, A1, a1) @ Ppo1(b1) ® P(ij)
® E(up, 21) ® Pp,—2(b1) ® P(t)
@Fplarp!, bip |vp(j) =1} @ T1(Cpn),

where

T1(Cpr) = Ettn, 1) ® Ppa(ti) @ Fp (hapt? v, (j) = 1)
@ E(un, a1) ® Pp_1(b1) ® Pp(ti) @ F (a1’ |vp(j) =0}
@ E(un, A1) ® Pp_a(b)) ® P(uth)
QFplai0<i<p—1,i#1}

If n > 2, then for each 2 < k < n there is a triple of non-zero differentials

_ S . _ L 2k—2 _
er(2k 2)+2(b1,uj) =Cll,u] " P . (lu)r(Zk 2)+1

d2r@e=D PPy PR (g)r @R

2k 2k—1 2k—1
2R (T =g P ey @

with v, (j) =2k — 3, leaving

2k
pTLEZ O C oy = P(uEPT) @ E(up, A1, a1) ® Pp_1(b1) @ P(tp)
® E(un, A1) @ Pp—2(b1) ® P(tp)
QF plarn’, bip? |vp(j) =2k — 1)

& @ Tu(Cp),

1<m<k

@ Springer



648 C. Ausoni

where for m > 2 we have

T (Cpr) = E(un, 1) ® Pramy(tit) ® Fp{dap! [vp(j) =2m — 1)
@ E(un,a1) ® Py_1(b1) ® Prom—1)(tp)
@F {1 [vp(j) =2m —2)
® E(un, M) Q@ Pp2(b1) ® Prom—2)+1(t1)
®Fplain |v,(j) =2m —3}.

For n > 1, there is a last non-zero differential

d2r(2l’l)+1 (un . Mpzn) - (tM)r(2”)+1
after which the spectral sequence collapses, leaving

W ER(Cpr) = PP @ E(u, a1) ® Ppoi(b1) @ Pranys1(110)
S EMX)® Pp_2(b1) ® Priany+1(t1)
®Fplaip, by [vp(j) =20 — 1)

& P Tu(Cp).

1<m<n

Proof We prove these two lemmas by induction on n, showing that Lem-
ma 6.10 for C,» implies Lemma 6.11 for Cp», which in turn implies
Lemma 6.10 for C - The induction starts with Lemma 6.10 for C,, which
is the content of Lemma 6.3. Let us therefore assume given n > 1 such that
Lemma 6.10 holds for C». The homotopy restriction map

R" : THH (ku,)"»" — THH (ku,,)' 7"

induces a morphism of spectral sequences (RM* . E*(C o) = E *(Cpn),
which at the E?-terms corresponds to inverting the class t € E> 20(Cpn),

(RM?2: EX(Cpn) C E2(Cpm)t 711 = EX(C ), (6.2)
and can be pictured as the inclusion of the second quadrant into the upper-
half plane. As we will see below, although (R")" is not injective for r > 3,
it detects all the non-trivial differentials of E” (Cn). Taking into account the

multiplicative structure and the fact that A, Ao, b1 and ¢ are infinite cycles,
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we claim that these differential are given by
d*(b) = (1 — i)a;t
d?P(t) =y -t
a2r° Py =, - P+
with0<i<p-—1,

. . k

d2r(2k+l)(tp2k) =y PP ()" k=D

d2r D (PP PP @

ifn>2,1<k<n-—1andv,(j)=2k — 1 withi >0, and finally

A2 OO () = () QDL

To prove this claim, we assume that some r > 2 is given, and that E” (Cn)
has been computed using the differentials d" above with r’ < r. The class 7
is an infinite cycle, and E" (Cn) is a P(t1)-module. Our choice of generators
induces a decomposition E” (Cn) = F"(Cpn) @ T"(Cpn), where F"(Cpn) is
a free P(tjt)-module and 7" (Cn) is a t ju-torsion module. By inspection, the
non-zero elements of 7" (C,n) are concentrated in filtration degrees s with
—r < s <0, so they cannot be boundaries. They cannot support non-zero dif-
ferentials either since a tu-torsion class cannot map to a non-torsion class.
Thus the differential d" maps F"(Cpn) to itself and T"(Cpn) to zero. The
morphism (R")" maps F’ (Cpn) injectively into E (Cpn), and it therefore
detects the non-zero differentials of E”(C,n) as the non-zero differential of
E"(C pn) which lie in the second quadrant. These are precisely the differen-
tials given above. By induction on r, this determines all the non-trivial differ-
entials of E*(Cn). In the u-inverted homotopy fixed-point spectral sequence
w VE*(C pn), these can be rewritten as the claimed differentials. This proves
Lemma 6.11 for Cpn.

We now turn to the proof of Lemma 6.10 for C,.+1. In the Tate spectral

sequence E *(Cpn) the first non-zero differential of odd length originating
from a column of odd s-filtration is d?" @M+l By [2, Lemma 5.2] the spec-
tral sequences E*(Cp) and E*(C 1) are abstractly isomorphic up to the

E?Cm+1_term included. The Frobenius map
. tC nt1 tCn
F :THH (kup) 7" — THH(kup)'~»
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induces a morphism of the corresponding Tate spectral sequences, which on
E"-terms with 2 <r < 2r(2n) + 1 maps the columns of even s-filtration
isomorphically. This detects all the claimed differentials of E"(C 1) for
2 <r <2r(2n), and leaves

n—1
B Cp) = O €y & ) )

m=1

where F2r@m+1 (Cc pn+1) is the 7 u-torsion free summand

A 2n
FrOHC ) = PPT) @ E (1, 1) ® P(tp)

® (P,H(bl) ® E(a1) ® Pp_a(by)

2n

®Fp{a1t_ip2"_l,b1t_ip - |0 <i < p}).

The non-zero tp-torsion elements of E2r@m+1 (Cpn+1) are concentrated in
internal degrees ¢ with 0 <t < 2r(2n). In particular these elements cannot be
boundaries, and they cannot map to non-fp-torsion elements. As in the case
of the homotopy fixed-point spectral sequence above, we deduce that for r >
2r(2n) + 1 the differential d” can only affect the summand F> M+ (C )
By Lemma 6.1 the summand of §-weight 0 of E*(C pr+1) is equal to the image
of the injective morphism of spectral sequences

E*(Cpus1, Lp) = E*(C it kup) = E*(Cput)

induced by the map ¢, — ku,. Therefore, by [2, Theorem 6.1], the differen-

tials affecting the summand of §-weight O of Fr@em+1c pr+1) ata later stage
are given by

d2r(2n+1)(tp2"—p2"+l) = Al e (tj0)" =D

d2r(2n+2) (tp2n+l _p2n+2) - Ao tp2n+1 ) (tu)r(Zn) (6.3)

g2r@n+2)+1 (i1 - t—p2"+2) - (tu)r(Zn)-H,
together with the multiplicative structure and the fact that fu is an infinite
cycle. It remains to prove that from the E2 ?+1_term on, the only non-zero

differentials supported by homogeneous algebra generators of §-weight 1 are
given by

A2 1y = gy N () Cr=2+1 (6.4)
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for v, (j) =2n — 1. First, notice that for tri-degree reasons d?r e+l =0, so

that F2rCm+2(C 1) = F2rem+lc n+1). To detect the differential (6.4) we
make use of the (2p — 2)-coconnected map

(ﬁn—l—l)* : V(l)*THH(kup)Cp” N V(l)*THH(kup)th”“,

and argue as in [2, proof of 6.1]. There is a commutative diagram

Toy1

r
THH (ku,)"r" <—— THH(ku,)r" — THH(ku,) “r'

l F" l F" l F"
Iy §

THH (ku,) THH (ku,) THH (ku,)'»

where the vertical arrows are the n-fold Frobenius maps. The left-hand Frobe-
nius is given in V (1)-homotopy on the associated graded by the edge homo-
morphism

EX,(Cpn) = EGS(Cpr) C EZ ,(Cpr) = V(1) THH (kuyy),

which is known by induction hypothesis. For each 0 < £ < p there is a direct
summand

2n—3
Prn—2+1(tm){an?” "} C EX(Cpr),

and cll,tﬂ’zn_3 maps by F to the class with same name in V (1), THH (ku,).
Since (I)41s (2p —2)-coconnected, there is aclass x; € V (1), THH (ku p)CP"
with F (x¢) = 611,11«2172'173 in V(1)«THH (kup). In E*°(C,») we have no non-
zero class of same total degree, same §-weight and lower s-filtration than

2n—-3

2n—2)+1 ¢
r@n=241 gt

(1)
which forces v;(2n—2)+1xé =0in V(l)*THH(kup)Cl’”. By Proposition 6.7,
the class (ﬁl F™)(xp) is represented by alt_epzn_1 € EOO(CP), and therefore

2n—1

(fn+1)*(xg) must be detected in s-filtration 2¢p or higher. The only suit-

. fal . 2n—1 . .
able class in E¥@+2(C pn+l) is ajt~™""", which therefore is a permanent
cycle representing (ﬁn+1)*(xg). Notice for later use that the same argument
shows that
~2r(2n)+2
a) € E0,2[7+3 (Cer—l)
is a permanent cycle. The map (ﬁn+1)* is an isomorphism in degrees larger

than 2p — 2, and the relation U;(Zn—Z)—H (Fyt1)s(x¢) = 0 implies that the infi-
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nite cycle ()" 2—2+1. alt_@f”ZP1 , of total degree 2p>" +2¢p>"~ ! +2p 41
and of §-weight 1, is a boundary. On the other hand, the component of
EZCHL(C i) of total degree 2p>" + 26p™* ! +2p + 2, of §-weight 1
and of s-filtration degree exceeding by at least 2r(2n) + 2 the s-filtration de-
gree of (tp)" @—2+1 cayt—""" reduces to

iy 2n—1 _2n
Fp{bit=F .t7F}

This proves the existence of a non-zero differential

2n—1 2n 2n—1

d2r(2n)+2(b1t—ﬁp P ) - (tM)r(2n—2)+1 . alt—@p

for 0 < £ < p. Since tP”" is a unit and a cycle we obtain the claimed differen-
tials (6.4). This leaves

E2r(2n)+3 (CPVH—I) — ﬁer(Zn)+3 (CPVL-H)
® E(uni1,r1) @ Pp2(b1) ® Prn—2)+1(tp)
RF p{art! |v,(j) =2n — 1)

n—1
® @ fm(can),
m=1
with a fu-torsion free summand
F2O0H3(C i) = PE™") ® Euns1, 2, a1) ® Ppi(by) ® P(tp).

Again, further differentials can only affect the summand F? CM+3(C )
Since b; and a; are infinite cycles, the next non-zero differentials are
d? @+ and ¥ @"+2) | as given in (6.3), leaving

n
E2r(2n+2)+1 (Cpn+1) — F"~2r(2n+2)+1 (Cer-l) P @ fm (Cp”'H)’
m=1
with
A~ 2n+2
F2rOnt2H(C ) = PEEP ) @ Euna1,00) ® P(tja)

®(@4w0®Emo@Prxm>

2n+1

®Fplart= " by 7" 0 <i < p}).

. . - on+l - on+l
Notice that for tri-degree reasons, the classes ajt—*” " and by~ are

cycles at the E2"(2+2+!1 gtage. The third differential of (6.3) remains, after
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which the spectral sequence collapses for bidegree reasons, leaving

E®(C o) = PG @ E(ut,a1) ® Ppei(b1) ® Pramy41(110)
DS EX) ® Pp2(b1) @ Priany+1(tp)
®F ,{ait’, byt! |v,(j) =2n+ 1}
& P Tu(Cpusn),

1<m<n

as claimed. This completes the induction step and the proof of Lemmas 6.10
and 6.11. d

Taking the limit over the Frobenius maps we obtain the following two lem-
mas.

Lemma 6.12 The associated graded EOO(S]) ofV(l)*THH(kup)’S1 is given
by

E®(SY)=EMi.a1) ® Pp_1(b)) ® P(tp) & @) Tu(Sh),

m>1

where
T (S") = E(h1) ® Priam) (ti) @ Fp{hat! [0, (j) =2m + 1)
® E(a1) ® Pp_1(b1) ® Pram—1y (1) @ Fp{hit! |v,(j) = 2m)
S EMX)® Pp_2(b1) ® Prom—2)+1( 1)
®Fplart! [vp(j) =2m — 1).

Lemma 6.13 The associated graded E*®(S') of V(1)>,<THH(kup)hS1 is
mapped by a (2p — 2)-coconnected homomorphism to

P EX(SY = E(a,an) © Ppoi(b1) © P(ip) & @ Tu(S)),

m>1
where
Ti(SY) =E(11) ® Pa(tp) @ Fplrop! [vp(j) =1}
@ E(a1) ® Pp—1(b1) ® Py(tpn)
®F {21/ [v,(j) =0}
S E(1) ® Pp_a(b) ® P(u™")
QFplai|0<i<p—1,i#1}
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and, form > 2,

T (S =EO.) ® Priam (tn) @ Fp{hop! v, (j) =2m — 1}
® E(a1) ® Pp—1(b1) ® Prom—1)(t1)
®F {1/ [vp(j) =2m — 2}
S EMX)® Pp2(01) ® Prom—2)+1( 1)
®Fplarn’ [v,(j) =2m —3).

7 Topological cyclic homology

We now evaluate the restriction map R : TF(ku,) — TF(kup) in V (1)-homo-
topy. Consider the homotopy commutative diagram

TF (kup) TF (kuy) THH (ku,)"S'

oL e

R" G
THH (ku,)"S' —— THH(ku,)'S' — (THH (ku,,)'Cr)"S'

displayed in [2, p. 27], and with G a V (1)-equivalence. By the argument
in [2, Lemma 7.5], we know that on V(1),TF(ku,) the profinite topology
coincides with the topology induced via I', by the spectral sequence filtration

of V(1) THH (ku p)hS 1 , and that the restriction map
Ry : V(1) TF(kup) — V(1) TF (kup)

is continuous in degrees larger than 2p — 2. In this range of degrees, we iden-
tify V(1) TF(kuy) with V(1) THH (ku,)"S ' via the homeomorphism I%.
Under this identification R, corresponds to (I f*_l)Ri’ , and we first describe
R" and F*f*_l separately.

Lemma 7.1 In total degrees larger than 2p — 2, the morphism
(RMy>: E*(8") — E>(Sh)

has the following properties.

(@) It maps E(Ay,a1) ® Pp—1(b) @ P(t) isomorphically to the summand
with same name;
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(b) It maps E(\1) ® Priy(t10) @ Fp(hop™%" "'} oo
k—1
E(\) ® Prg—2)(tp) O Fp (1t}
and E(11) ® Pp—2(b) ® Prgos1 (tt) @ Fplar=""'} onto

k—1
E() ® Ppoa(b) ® Pri—2y+1(tp) @ Fplarr® )

fork =2 even and 0 < d < p;
k—1
(c) It maps E(ar) ® Pp_1(b) ® Prgo(ti) @ Fp{ry ="} onto

1

k—
E(a1) ® Pp_1(b) ® Prk—2)(tp) @ Fp{a11%7" )

fork >3 oddand 0 <d < p;
(d) It maps the remaining summands to zero.

Proof This follows from the description of (R")?2, see (6.2). O

Lemma 7.2 In degrees larger then 2p — 2, the homomorphism I, I *_1 maps

(a) the classes in V(1),THH (ku )tS1 represented in EA°°(S1) by
p
Ailafzbk (rp)™t!

forv,(i) #1,€1and e €{0,1},0 <k < p—2and m >0, to classes in
V(l)*THH(kup)hS1 represented in E®(S') by

2 a bt ey w!

with i + p?j =0, up to multiplication with a unit in Fp;
(b) the classes in V(l)*THH(kup)tS1 represented in EAOO(SI) by

)u?bkall‘i

for vp,(i) =1, ¢ € {0,1} and 0 < k < p — 3, to classes in
V(l)*THH(kup)hS1 represented in E®(S') by

k 1l
Ai'b waj

withi = (1— j)p—Ip*>for0<j < p — 1 such that j # 1, up to multi-
plication with a unit in If,.

Proof The proof is similar to the proof of [2, Proposition 7.4], and we omit
it. O
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Definition 7.3 We recall from [2, Theorem 9.1] that there are classes AP~ !,
Arand Az in V(1)4 K (£,) C V(1)K (kup), of degree 1, 2p — 1 and 2p2 -1,
respectively. We denote by

e~

)\.ltp_l, ):1 and ):2

their image in V (1)TF (kuj,) under trp,. The latter classes are represented
by

mtP t=@w?~toagpn'P, A and A
in E*(ShH, respectively, see [2, Theorem 8.4]. We further denote by » and
vy the image in V (1)4TF(kuj,) under trr, of the classes with same name

in V(1)K (kup). These classes are represented by by and 7 in E%(Sh,
respectively, see Lemma 4.4 and [2, Proposition 4.8].

Lemma 7.4 There exists a unique class ay € V(1)2,43TF (ku,) with the fol-
lowing two properties:

(a) ay has §-weight 1 and P25, = Ay,

(b) Ri(ar) =a.

Moreover, this class ay is represented by ay in E(Sh).

Proof Fori =0 or 1, let us denote by Tf) and ker(R — 1)5? the summand of
d-weight i of V (1),TF(kuy) and ker(R — 1), C V(1) TF(ku,), respectively.
We make the following claims:

(1) The homomorphism given by multiplication with b?~2 on TZ(IIJ)Jr3 fitsin a
short exact sequence

n b2
0= Fplz} = Ty, 5 — Tz(p;_l -0,
where the class z is represented by b - )P~V a u =P in E®(SY);
(2) The class z does not belong to ker(R — 1),.

Using these claims, it is easy to deduce that multiplication with 5”2 restricts
to an isomorphism

1 = 0
ker(R = 1)5), 3 —> ker(R— DS, .

We have 1, € ker(R — 1);(;)2_1 since A, has 8-weight 0 and is in the im-
(M

age of trp,. Therefore, there is a unique pre-image a; € ker(R — 1)2[7 13

of ):2 € ker(R — l)gz_l, or, in other words, there is a unique class a; €
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V (1)2p4+3TF (kup) with properties (a) and (b). Moreover, 5\2 is represented
in E*(S') in filtration zero by Ap = bf 72a1, and we deduce that a; must be
represented in filtration zero by a;. Thus this lemma follows from claims (1)
and (2), which we now prove.

First, notice that the group T*(i) inherits via I, the spectral sequence fil-
tration of V (1), THH (ku p)hS l. Denoting by E*°(S 1)§f) its associated graded,
we know from Lemma 6.13 that

E®(S")}) 3 =Fplar.by - x,|n >0} and

0
EX(SHY =Fplha tin-xn [n = 1),

where x, = (ZM)r(Zn—H)—r(Zn)—l X )\]M(l_p)pzn.

Next, the relation 5’7 + v, =0 in V(1)K (Z, 3), established in Proposi-
tion 2.7, maps under trg ¢, to the relation b” + vpb =0 in T*(l). The class
vwbin T, *(1) is represented by the non-zero class ¢ - by in E%°(S 1y in filtration
—2, and we deduce that b?~! € T*(O) must be represented by —¢u in E®(S1).
It follows that if a class x € TZ(IIJ)Jr3 is represented by b; - x,, then bP~2x is
represented by —#u - x,, in 2 filtration degrees lower. Using a coarser filtra-

tion that ignores this shift, and considering our formulas for E°°(S 1)52 3

and E*(S 1);(;)2_1 given above, we deduce claim (1) from the corresponding
claim for the associated graded, with z represented by by - xp.

To prove claim (2), we notice thatif aclass y € T2(117)+3 is represented by by -
X, with n > 1, then R, (y) will be represented by b; - x,_1 in higher filtration,
up to some non-zero scalar multiple: this follows directly from Lemmas 7.1

and 7.2. In particular, R, (y) # y. This implies the following claim:

(3) The group ker(R — l)él; 43 contains at most one class represented by
b1 - xo.

Now consider the class Xg = A12P~! € TI(O) given in Definition 7.6. By defin-

ition, this class lies in ker(R — 1)50) and is represented by xo. We also claim
that

(4) The class b € ker(R — 1)&1’) 5 is not annihilated by 572

Since bxy is represented by b - xg, claim (2) follows from claims (3) and (4).
Finally, to prove claim (4), we recall from [2, Theorem 8.2] that the class

vXo € ker(R — 1);(2271

degree lower then —2p + 2, by a class in

is non-zero, and must be represented, in filtration

Fpltp - xp|n > 1}.
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None of these classes is annihilated by ;. Therefore bv,Xg = —bP X is non-
zero, and we deduce that bx( € ker(R — l)élp) 43 is not annihilated by b” —2.0

Remark 7.5 The lemma above implies that ay € V (1),THH (ku,) has a lift
ay € V(1)K (kup) under the trace, with bP~2a; = Xy, see Theorem 8.1. It
would be nice to have a more direct construction of such a lift. In fact, we con-
jecture that a; € V(1)K (kuj,) decomposes as bd, where d € V(1)1 K (KU )
is a unit class, when mapped into V(1)K (KU ), see the discussion preced-
ing Theorem 8.3 below.

Definition 7.6 We consider the following subgroups of E>(S!):

A=E1,a1)® P,_1(b1) ® P(tp),
Bo=EM1) ® Pp_a(b1) @Fp{utaj,a0|2<i < p—1},

k—1
Be=(EGD® Ppat) ® @ (Pryapi-1 1) ®Fplan®? 1))
O<d<p

@(E(M) ® P Prpap-1t) ® Fp{kztd”k_l}) for k > 2 even,
O<d<p

By = E(a1) ® Pp—1(b1)

® @ (Pr(k)—dpk71 (t//L) ® Fp{)\,ltdpk71 }) fOI' k > 1 Odd,
O<d<p

and we let C be the span of the remaining monomials in E*(S!). We then
have a direct sum decomposition E®(SY=A®B®C, with B = @kzo By.

Lemma 7.7 In dimensions larger than 2p — 2 there are closed subgroups A,
By and C in V(1)TF (kup), represented by A, By and C in E (S respec-
tively, such that

(a) Ry restricts to the ide~ntity on A,
(b) Ry maps By onto By for k > 0,
(¢) R, maps Boy, By and C to zero.

In these degrees V (1) TF (kup) = A® B®C,where B= szo By.

Proof On the associated graded E(SY), the homomorphism (F*ﬁ*_l)Ri‘
has been described in Lemmas 7.1 and 7.2, and maps A isomorphically to
itself, Bx42 onto By for k > 0, and By, By and C to zero. It remains to find
closed lifts of these groups in V (1), TF (ku,) with desired properties. We take

A to be the (closed) subalgebra of V (1), TF(ku,) generated by X1, ap, b and
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vy. Then A lifts A, by definition of its algebra generators and by the fact,
proved above, that pP—1 s represented by —¢u in E®(S1Y). Also, X1, b and
vy are fixed under Ry, since they are in the image of trr,, and a; is fixed by
definition. To construct By for k > 0 and C, we follow the procedure given
in [2, Theorem 7.7]. O

Definition 7.8 We denote b € V (1),42TC(ku,) the image of the higher Bott
element b, defined in 3.2, under the cyclotomic trace map

(trc)ys : V(1)K (kup) — V(1) TC(kup).
Theorem 7.9 The class b € V(1)2,42TC(ku,) satisfies the relation
bl = —v,.
There is an isomorphism of P(b)-modules
V(1)«TC(ku,) =P(b) ® E(9, A1, ay)
® P(b) ® E(a1) @ Fp{t?h110 <d < p)
® P(b) ® EG.) @ F plu'a, 17 PA210 i < p—2),

where the degree of the classes is 0] = —1, |A| =2p — 1, |a1| =2p + 3,
lutag) = 2i +3, |r2| =2p? — 1 and |t| = —2.

Proof Recall that TC(ku,,) is defined as the homotopy fiber of the map
R —1:TF(kup) — TF(kup).
In V (1)-homotopy, it gives a short exact sequence of P (vy)-modules
0— 3! cok(R — 1)y — V(1) TC(kup) — ker(R — 1), — 0. (7.1)
We have isomorphisms of P (v)-modules
> leok(R—1),=x" 1A
(7.2)

ker(R— 1), =ZA® lim By® lim By.
k>0 even k>1 odd

Indeed, R, — 1 maps each factor of the decomposition V (1), TF (kup,) = Ad

B @ C to itself. It restricts to zero on A and to the identity on C. We have a
short exact sequence

. ~ ~ R,—1 ~ . ~
0— lim B;— 1_[ By = l_[ By — lim' By — 0,
k>0 even k>0 even
k>0 even k>0 even
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and similarly for the By with k odd. Here the limits are taken over the se-
quential system of maps Ry : §k+2 — By for k > 0 even or k > 1 odd. Since
these maps are surjective, the lim!-terms are trivial. This proves our claims
on X! cok(R — 1), and ker(R — 1), in (7.2).

For k > 1 odd, the group ék is isomorphic as a P (v2)-module to a sum of
2(p — 1)? cyclic P (vp)-modules

B*= E(a1) ® Prx)(v2) ® Pp_1(b) (X)ﬂ?p{)vlldpk_l |0 <d < p}.

The map R, respects this decomposition into cyclic P (v;)-modules. Since
the height of these modules grows to infinity with k, we deduce from the
surjectivity of R, that limg>1 odd Bk is a sum of 2(p — 1)2 free cyclic P (v2)-
modules, given by an isomorphism

lim By = E(a1) ® P(v2) ® Pp1(b) ®F {11110 < d < p).
k=1 odd

Similarly, for £k > 2 even, By is isomorphic to a sum of 2(p — 1)2 cyclic
P (v2)-modules of height growing with k, and passing to the limit we have an
isomorphism of P (v;)-modules

lim By = E(h) ® P(v2) ® Pp_1(b) @ Fpfa1r? |0 <d < p}.

k>0 even

Thus ker(R — 1), is a free P (v2)-module, and the exact sequence (7.1) splits.
We have an isomorphism of P (v;)-modules

V(l)*TC(kup) =ZEP(n)® Pp_l(b) ® E(9, ) 1,ay)
O P(2)® Pp_1(b) ® E(a1) ®F, {1117 |0 <d < p}

S PW2)® Pp_1(b)® E(M) @Fp{a1r?? |0 < d < p)
(7.3)

in degrees larger than 2p — 2, where the summand
P(v2) ® Pp,—1(b) @ E(A1,a1) QF {0}
is the group cok(R — 1), = ¥~ 1 A. We now show that the relation
pPl = —u,
holds in V (1)TC(ku,). Recall from Proposition 2.7 that the class b'” T4,

in V(1),2_,K(Z, 3) is annihilated by b'. This class maps by trc,¢, to the
class

bP~! vy € V(1),,2 TC(kuy),
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which is therefore annihilated by b. Thus it suffices to show that zero is the
only class in V(1),,2_,TC(kup) that is annihilated by b. We consider the
short exact sequence

0— cok(R — 1)y ,2_1 = V(1)p,2_»TC(kup) — ker(R — 1);,2_» — 0
given in (7.1) above. Here

ker(R — 1), C V(1) TF(ku,)

inherits via I the spectral sequence filtration of V(1),.THH (ku p)hS g
By (7.3), this filtration gives the short exact sequence

0— IF,,{bp_2 M -ait?} — ker(R — D2y = Fp{va} >0

in dimension 2p? — 2, while in dimension 2p? + 2p it gives the short exact
sequence

0— Fp{va-A1-ait?} — ker(R — Dap2i0, = Fplb-v2} — 0.

Here ¥3 and b - v, are represented by ¢/ and by -t in E°(S'), respectively.
Multiplication with b is compatible with the filtration, and maps the former
sequence to the latter one. First, notice that the class v; maps to a non-zero
class in Fp{m}, since b - V3 is represented by by -t in E>®(S1). Next, the
relation b” = —bv; in ker(R — 1), implies

bP - x-aitP =—vy-b- A1 -agt?,

which is non-zero by (7.3). A fortiori bP~V A apt? € Fp{va- A1 -ait?}is
not zero either. Thus ker(R — 1),,2_, contains no non-zero class annihilated
by b, and we deduce that

b"~ !+ vy € 3(cok(R — 1)5,2_ ) =F,{bP % - ay - ).

However the class b?~2 - a; - 9 is not annihilated by b, since by (7.3) we know
that b? -aj - d = —v7 - b - ay - 9 is non-zero. This proves that bP~! 4+ vy must
be zero.

In particular b is not a nilpotent class, and we have an isomorphism of
P (b)-modules

V(1)4TC(ku,) =P(b) ® E(d, A1, ar)
® P(b) ® E(a1) @ F,{t71 10 <d < p)
® P(b)® E(A) @Fp{artP? |0 <d < p}
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in degrees larger than 2 p — 2. This proves that our formula for V (1),TC (ku,,)
is correct in dimensions greater than 2p — 2. Let us define M and N as

M= P VWOTCkuy) and N= @ V(1).TClkup).
—1<n<2p-2 n>2p—1

We just argued that N is a free P (b)-module. We know by (5.3) that there is
an isomorphism

MZ=TF,{3,1,u'ap, 1%, 00 |0<i<p—3, 1<d<p—1}

of [F, -modules. This proves that the formula for V(1),TC(kup) in Theo-
rem 7.9 holds as an isomorphism of [ ,-modules. It only remains to show that
for any non-zero class m € M, we have bm # 0 in V (1),TC(kup). By com-

parison with V(1),TC(¢,) or with V(l)*THH(kup)hSI, we know that either
mM1 or mvy is non-zero. These products lie in N for degree reasons, so are
not b-torsion classes. Therefore m is not a b-torsion class either. O

8 Algebraic K-theory

Theorem 8.1 There is an isomorphism of P (b)-modules
V(DK (kup) =P(b) @ E(A1,a1) ® P(b) ® F,{0A1, 0b, day, dria1}
® P(b) ® E(a)) ®F, {14110 < d < p}
®P(b)® EQ) ®Fy{on, hat” P |1 <n<p—-2)
S F,{s},

with bP~1 = —v,. The degree of the generators is given by |d| = —1, |A{| =
2p — 1, a1l =2p +3, lopn| =2n+ 1, |t| = =2, |Aa2| =2p%* — 1 and |s| =
2p — 3. The classes 1, 6,,, A1, b and a1 map under the trace to 1, u"_lao, M,
by and ay in V(1),THH (ku), respectively, and the other given P (b)-module
generators map to zero.

Proof There is a cofibre sequence of spectra [22]

K (kup), — TC(kup) — X 'HZ, — YK (kuy) .
We have an isomorphism V(l)*Z‘_lHZp =IF,{0,€} with a primary v
Bockstein 81,1 (¢) = 9. Here 9 is the image of the class d € V(1) 1 TC(ku,),

while € maps by the connecting homomorphism to a class

s € V(1)ap_3K (kuyp).
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These facts, together with Theorem 7.9, allow us to establish our formula for
V(1)«K (kup). The statement on the trace follows from the definition of the
given P (b)-module generators. O

The following corollary is a restatement of Proposition 1.2 part (b) of the
introduction.

Corollary 8.2 There is a short exact sequence of P(b)-modules
0— K = P(b) ®p(uy V(1)K (Ey) = K (kup) — Q — 0
where K and Q are finite (and hence torsion) P(b)-modules given by

K =F,{bfa|l <k<p -2}, and
Q=Py2(b)QF,{0b,0ay, ar, driay, hiay}
® Py 2(b) ®F,{a1111910 < d < p)
DEM) @F {ob" | 1<n<p—2,0<i,<p—2—n}.

Here a € V(1)2,-3K(£p) is the class annihilated by vy and mapping to s. In
particular we have an isomorphism P (b, b~")-algebras

P(b,b™") ®puy V(DK (£y) = V(1)K (kuy)[b 1.

Proof This follows from the formulas for V(1)K (£,,) and for V (1)K (ku,)
given in [2, Theorem 9.1] and Theorem 8.1, and the fact that V(1)K (£))
includes as the summand of §-weight zero in V(1)K (kup), see [1, Theo-
rem 10.2]. Notice that for 1 <d < p — 2 the class

ot € V(D a1 K(Ep)

p—1-d

maps to ogb , up to a non-zero scalar multiple. 0

Blumberg and Mandell [8] have proved a conjecture of John Rognes that
there is a localization cofibre sequence

K(Zp) = K (kup) —> K(KU,) - TK(Z,),
relating the algebraic K -theory of ku,, of its localization KU, = ku,[u~"]
(i.e. periodic K-theory), and of its mod (u) reduction HZ,. The V(1)-

homotopy of K(Z,) and K (ku,) is known, but we need to compute also the
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transfer map 7, and solve a P(b)-module extension if we seek a decent de-
scription of V(1)K (KU ). Let us therefore assume that this localization se-
quence maps via trace maps to a corresponding localization sequence in topo-
logical Hochschild homology, building a homotopy commutative diagram of
horizontal fibre sequences

T J

K(Zp) K (ku,) K(KU ) TK(Zp)

L tr L tr l tr Xtr
J

THH(Z,) —~ THH(kup) ——~ THH(ku,|KU,) —~ STHH(Z,),

8.1)

as conjectured by Lars Hesselholt, compare with Remark 8.4 below. The
V (1)-homotopy of the bottom line was described in [1, Sect. 10]. The V (1)-
homotopy groups of K(Z) are given by an isomorphism [22]

V(1)K (Zp) Z E(hy) @ F {001, 001} @ F {21710 <d < p).

The class dvy maps to s in V(1)K (kup) via 4. The class 1 € V(1)0K(Z))
is in the kernel of t,, because it is wvp-torsion and there is no torsion
class in V(1)oK (ku,). Let d € V(1)1 K(KU,) be the class mapping to
1 € V(1)oK(Z)) via the connecting homomorphism. Presumably d corre-
sponds to the added unit or the self-equivalence

KU, > $72KU, = KU,,

where u denotes multiplication by the Bott class, and the second map is the
Bott equivalence. The class d maps in V(1) THH (ku,|KU ) to a class with
the same name. In [1, Sect. 10] we establish an (additive) isomorphism

V(). THH (kup|KUp) = Pp_i () ® E(d. A1) ® P(u1).  (82)
If this is an isomorphism of algebras, then the relation j.(b1)d = j«(a1)
holds in V (1),THH (ku,|KU ), and it lifts to the relation j,(b)d = j«(a;) in

V(1)K (KU ). By inspection this determines the structure of V (1)K (KU )
as a P(b)-module.

Theorem 8.3 Under the hypothesis that there exists a commutative diagram
of localization sequences (8.1), and that the isomorphism (8.2) is one of al-
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gebras, we have an isomorphism of P (b)-modules
V(D«K(KU,)=P(b)® E(A,d) ® P(b) ® F,{0A1, db, 0ay, dr1d}
®Pb)®EM ®F {14110 <d < p)
® P(b) ® EG.) ®F ploy, Aat” P [1<n<p—2).

The class d has degree 1, and the other classes have the degree given in
Theorem 8.1.

Remark 8.4 Consider a complete discrete valuation field K of characteristic
zero with perfect residue field k of characteristic p > 3, and let A be its valua-
tion ring. Hesselholt and Madsen [23] compute the V (0)-homotopy of K (A)
and K (K') by means of the cyclotomic trace. They introduce a relative version
of topological cyclic homology, denoted TC(A|K), that sits in a localization
cofibre sequence

TC(k) - TC(A) > TC(A|K) - XTC(k).

The computation of V (0),.TC(A|K) is achieved by using the rich algebraic
structure on the V(0)-homotopy groups of the tower TR*(A|K), and de-
scribed in terms of the de Rham-Witt complex with log poles Wow™ (A, AN
K>), see [23, Theorem C]. Then V(0),TC(A) can be evaluated by means of
the localization sequence. This approach has, in particular, the advantage of
avoiding a computation of V (0),.TR®(A), which seems quite intractable.

Continuing the discussion in [1, Sect. 10] on a relative trace for ku,, and
following Lars Hesselholt, one could speculate on the existence of a relative
term TC(ku,|KU p) fitting in a localization sequence

TC(HZ,) — TC(ku,) — TC(ku,|KU ,) = STC(HZ,),

through which the trace of diagram (8.1) factorizes. By analogy with the
case of complete discrete valuation fields, we expect that a computation of
V(1)+«TR" (kup|KU ) should be easier to handle than the computation of
V(1) TR" (kup) presented in this paper. In fact, the advantage of such an ap-
proach is already apparent when comparing

V(l)*TRl(kup|KUp) =V (1)+THH (ku,|KU p)
in (8.2) with V(1),THH (kup) in (4.1), and is also confirmed by partial, hy-

pothetical computations of V (1),TR"(€,|L ) and V (1).TR" (ku,|KU ;) by
Lars Hesselholt (private communication) and the author.
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