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Lemma 2. Any orientation preserving diffeomorphism { of R™ 1s
smoothly isotopic to the identity.

(In contrast, for many values of m there exists an orientaticn pre-
serving diffeomorphism of the sphere S™ which is not smoothly isotopic
to the identity. See [20, P. 404].)

Proor. We may assume that f(0) = 0. Since the derivative at O
can be defined by

dfo(z) = lim f(tz)/1,

it is natural to define an isotopy
F:R" X [0,11—FR"
by the formula
F(z, t) = f(tx)/t for 0 <t <1,
F(z, 0) = dfo(2)-
To prove that F is smooth, even as t — 0, we write f in the form*

@) = 2@ + o0t Zngn(T),

where g;, *** , gm 8T suitable smooth functions, and note that
Flz, §) = 20u(t2) + -+ + Tngalt2)

for all values of t.
Thus { is isotopic to the linear mapping df,, which is clearly isotopic
to the identity. This proves Lemma 2.
(1) . ,

1EMMA 2.1. Iet T be a C function in a convex neigh-

borhood V of o in RP, with f(0) =0 Then
n

f(x.l,...,xn) = z xigi(x.l,...,xn)

=

for some suitable C- functions 8 defined in V, with

g, (0) = %i(o).

f(x1‘,...,xn} = f e

PROOF: | 1
df{tx“...,txn) st —f
0 0

Il
of
z —aii(tx.!,...,txn)-xi at .

Therefore we can let gi(x1,...,xn) =f =, (tx1,...,txn) dt .
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