HETEROGENEOUS UBIQUITOUS SYSTEMS IN RY AND
HAUSDORFF DIMENSION

JULIEN BARRAL AND STEPHANE SEURET

ABSTRACT. Let {Zn}nen be a sequence in [0,1]%, {\, }nen a sequence of pos-
itive real numbers converging to 0, and § > 1. The classical ubiquity results
are concerned with the computation of the Hausdorff dimension of limsup-sets
of the form S(0) = Nyen Un>n B(@n, ).

Let 1 be a positive Borel measure on [0,1]%, p € (0,1] and o > 0. Consider
the finer limsup-set

Su(p,6,a) = ﬂ U B(xn, X3).
NEN n>N:pu(B(wn,A\5))~ALS

We show that, under suitable assumptions on the measure p, the Hausdorff
dimension of the sets S, (p, d, &) can be computed. Moreover, when p < 1, a yet
unknown saturation phenomenon appears in the computation of the Hausdorff
dimension of S, (p,d, ). Our results apply to several classes of multifractal
measures, and S(4) corresponds to the special case where p is a monofractal
measure like the Lebesgue measure.

The computation of the dimensions of such sets opens the way to the study
of several new objects and phenomena. Applications are given for the Dio-
phantine approximation conditioned by (or combined with) b-adic expansion
properties, by averages of some Birkhoff sums and branching random walks,
as well as by asymptotic behavior of random covering numbers.

1. INTRODUCTION

Since the famous result of Jarnik [34] concerning Diophantine approximation
and Hausdorff dimension, the following problem has been widely encountered and
studied in various mathematical situations.

Let {x, }nen be a sequence in a compact metric space E and {\,, },en a sequence
of positive real numbers converging to 0. Let us define the limsup set

S: m U B(-rfru)\n)a

NeN n>N

and let D be its Hausdorff dimension. Let § > 1. What can be said about the
Hausdorff dimension of the subset S(d) of S defined by

SO =1 U Bl ?
NeN n>N

Intuitively one would expect the Hausdorff dimension of S(d) to be lower bounded
by D /6. This has been proved to hold in many cases which can roughly be separated
into two classes:
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e when the sequence {(z,, \n)}, forms a sort of “regular system” [3, 18, 19],
which ensures a strong uniform repartition of the points {x,},.

e when the sequence {(z,, A\,)}, forms an ubiquitous system [22, 23, 33, 15]
with respect to a monofractal measure carried by the set S.

Let us mention that similar results are obtained in [47] when E is a Julia set.
When dim S(§) < D, such subsets S(J) are often referred to as exceptional sets
[21]. Another type of exceptional sets arises when considering the level sets of
well-chosen functions:

e the function associating with each point = € [0, 1] the frequency of the digit
1€4{0,1,...,b— 1} in the b-adic expansion of x,

e more generally the function associating with each point x the average of
the Birkhoff sums related to some dynamical systems,

e the function z — hy(z), when f is either a function or a measure on R? and
hy(x) is a measure of the local regularity (typically an Hélder exponent) of
f around =x.

It is a natural question to ask whether these two approaches can be combined
to obtain finer exceptional sets. Let us take an example to illustrate our purpose.

On one side, it is known since Jarnik’s results [34] that if the sequence {(zn, A\n)}n
is made of the rational pairs {(p/q, 1/¢?)}, qen2, p<q, then for every § > 1 the subset
S(6) of [0,1] has a Hausdorff dimension equal to 1/§. In the ubiquity’s setting, this
is a consequence of the fact that the family {(p/q, 1/¢*)}, 4en+2 forms an ubiquitous
systems associated with the Lebesgue measure [22, 23].

On the other side, given (mg,71,...,m_1) € [0,1]” such that Z?;é m o= 1,
Besicovitch and later Eggleston [24] studied the sets E™0:™1: -1 of points z such
that the frequency of the digit ¢ € {0,1,...,b— 1} in the b-adic expansion of z is
equal to ;. More precisely, for any « € [0, 1], let us consider the b-adic expansion of
r=3y 7 xub™ ™, where Vm, x,, € {0,1,...,b—1}. Let ¢; () be the mapping
(1) 2 Gin(z) = #{mgnn. xm—z}.

Then E7omtom-t = {g : Vi € {0,1,...,b— 1}, lim, 4o ¢i n(x) = m}. They
found that dim E70:™70—1 = Z;’;é —m; logy, ;.

We address the problem of the computation of the Hausdorff dimension of the
subsets E7°" ™ of [0, 1] defined by

3 (Pn, @n)n € (N*3)N such that ¢, — +oo,
E;O’m’”"ﬂb*l: x€(0,1): | — pn/an| < l/q%‘; and Vi € {0,...,b— 1},
limy, 4 oo (bi,[logb(q%)] (pn/‘]n) = T

([x] denotes the integer part of z). In other words, we seek in this example for
the Hausdorff dimension of the set of points of [0, 1] which are well-approximated
by rational numbers fulfilling a given Besicovitch condition (i.e. having given digit
frequencies in their b-adic expansion). This problem is not covered by the works
mentioned above. The main reason is the heterogeneity of the repartition of the ra-
tional numbers satisfying the Besicovitch conditions. As a consequence of Theorems
2.1 and 2.2 of this paper, we obtain
b—1

— o —m; logy m;
9 dim BT Mot szo T b v
(2) m L 5
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The key point to achieve this work is to see the Besicovitch condition as a scaling
property derived from a multinomial measure. More precisely, the computation of
the Hausdorff dimensions of the sets E5 ™™~ proves to be a particular case of
the following problem: Let u be a positive Borel measure on the compact metric
space E considered above. Given @ > 0 and § > 1, what is the Hausdorff dimension
of the set of points = of E that are well-approximated by points of {(2,, An)}n at
rate §, i.e. such that for an infinite number of integers n, |z —x,| < A%, conditionally
to the fact that the corresponding sequence of pairs (z,, A,) satisfy

o logu(B(wn, )\n))

=qa?
oo log(An) “

(3)

In other words, if € = (g,)n>1 IS & sequence of positive numbers converging to 0,
what is the Hausdorff dimension of

(4) SH((S,Oé,E) = ﬂ U B(:Cn,)\fl) ?

N20 n>N AT <p(B(zn,An))<An "

We study the problem in R? (d > 1). An upper bound for the Hausdorff dimen-
sion of S, (6, @, ¢) is given by Theorem 2.1 for weakly redundant systems {(Zn, An)}n
(see Definition 2.1). Its proof uses ideas coming from multifractal formalism for
measures [17, 43].

Theorem 2.2 (case p = 1) gives a precise lower bound for the Hausdorff dimension
of S,,(8, a, €) when the family {(z,,, A,) }» forms a 1-heterogeneous ubiquitous system
with respect to the measure p (see Definition 2.2 for this notion, which generalizes
the notion of ubiquitous system mentioned above). It can be applied to measures
u that enjoy some statistical self-similarity property, and to any family {(z,, A\n)}n
as soon as the support of u is covered by limsup,,_, .. B(@n, An).

To fix ideas, let us state a corollary of Theorems 2.1 and 2.2. This result uses the
Legendre transform 7;; of the “dimension” function 7, considered in the multifractal
formalism studied in [17] (see Section 2.2 and Definition 8).

Theorem 1.1. Let p be a multinomial measure on [0,1]¢. Suppose that the fa-
mily {(zn, An)}n forms a weakly redundant 1-heterogeneous ubiquitous system with
respect to (,u,a,r,’:(oz)).

There is a positive sequence € = (€p,)n>1 converging to 0 at oo such that

Vo>1, dim S,(da,¢) =T7,(a)/d.

Examples of remarkable families {(xy, A)}n are discussed in Section 6, as well
as examples of suitable statistically self-similar measures p. There, the measures
w are chosen so that the property (3) has a relevant interpretation (for instance in
terms of the b-adic expansion of the points ).

The formula (4) defining the set S, (6, o, €) naturally leads to the question of
conditioned ubiquity into the following more general form: Let p € (0,1]. What is
the Hausdorff dimension of

() Sulp:8,0,6) = [ U Bz, A) ?
N20 n>NAROTom) <u(B(wn M) <AR T

We remark that, in (4) and (5), if u equals the Lebesgue measure and if o = d,
the conditions on B(z,, \?) are empty, since they are independent of x,,, \,, and p.
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This remains true for a strictly monofractal measure p of index «, that is such that
3C >0, Irg such that Va € supp(p), V0 <r <rg, C~lr* < pu(B(z,r)) < Cre.

Again, an upper bound for the Hausdorff dimension of S, (p,d, o, ) is found in
Theorem 2.1 for weakly redundant systems.

Theorem 2.2 (case p < 1) yields a lower bound for the Hausdorff dimension of
S, (p,d,a,€) when p < 1, as soon as the family {(z,, A\n)}, forms a p-heterogeneous
ubiquitous system with respect to p in the sense of Definition 2.3. The introduction
of this dilation parameter p substantially modifies Definition 2.2 and the proofs of
the results in the initial case p = 1.

As a consequence of Theorem 2.2, a new saturation phenomenon occurs for
systems that are both weakly redundant and p-heterogeneous ubiquitous systems
when p < 1. This points out the heterogeneity introduced when considering ubig-
uity conditioned by measures that are not monofractal. The following result is also
a corollary of Theorems 2.1 and 2.2.

Theorem 1.2. Let ju be a multinomial measure on [0,1]%. Let p € (0,1). Suppose
that {(zn, A\n)}n forms a weakly redundant p-heterogeneous ubiquitous system with
respect to (u,a,r:j(a)).

There is a positive sequence € = (£p,)n>1 converging to 0 at oo such that

d(1—p) + p7;(a) *(a))'

Vé>1, dim S,(p,d,a,¢e)= min( 5 ST

Under the assumptions of Theorem 1.2, when T:(Ck) < d, although § starts

to increase from 1, dim S,(p,d, a, €) remains constant until § reaches the critical

d(1—p)+p7, () d(1—p)+p7, ()

value — @ > 1. When § becomes larger than ) , the dimension

decreases. This is what we call a saturation phenomenon.

It turns out that conditioned ubiquity as defined in this paper is closely related
to the local regularity properties of some new classes of functions and measures
having dense sets of discontinuities. In particular, Theorem 2.2 is a crucial tool to
analyze measures constructed as the measures v, - »

Vorve = O N 1(B(20, X)) s,
n>0

where d,,, is the probability Dirac mass at z,, p € (0,1], and 7, o are real numbers
which make the series converge. Conditioned ubiquity is also essential to perform
the multifractal analysis of Lévy processes in multifractal time. These objects have
multifractal properties that were unknown until now. Their study is achieved in
other works [9, 10, 11, 12].

The definitions of weakly redundant and p-heterogeneous ubiquitous systems
are given in Section 2. The statements of the main results (Theorems 2.1 and 2.2)
then follow. The proofs of Theorem 2.1, Theorem 2.2 (case p = 1) and Theorem
2.2 (case p < 1) are respectively achieved in Sections 3, 4 and 5. Finally, our
results apply to suitable examples of systems {(2n, Ay )}n and measures p that are
discussed in Section 6.
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2. DEFINITIONS AND STATEMENT OF RESULTS

It is convenient to endow R? with the supremum norm | - |lo and with the
associated distance (z,y) € R¥xR? i ||z —y|| s = maxi<i<q(|7;—y;|). Throughout
the paper, for a set S, |\S| denotes then the diameter of S.

We briefly recall the definition of the generalized Hausdorff measures and Haus-
dorff dimension in R?. Let £ be a gauge function, i.e. a non-negative non-decreasing
function on R, such that lim, o+ £(z) = 0. Let S be a subset of R%. For > 0,
let us define

HE(S) = inf Cy|), (the family {C;}iez covers S
1= ety e 281G v {Cohiex )

where the infimum is taken over all countable families {C;};cz such that Vi € 7,
|Ci] <n. As 7 decreases to 0, H$(S) is non-decreasing, and H*(S) = lim, o H5(S)
defines a Borel measure on R, called Hausdorff ¢&-measure.

Defining the family &,(z) = |z|* (a > 0), there exists a unique real number
0 < D < d, called the Hausdorff dimension of S and denoted dim .S, such that
D = sup{a>0:H*(S) =+oo} = inf {a:H**(S) =0} (with the convention
sup ) = 0). We refer the reader to [40, 26] for instance for more details on Hausdorff
dimensions.

Let p be a positive Borel measure with a support contained in [0,1]%. The
analysis of the local structure of the measure p in [0,1]? may be naturally done
using a c-adic grid (¢ > 2). This is the case for instance for the examples of
measures of Section 6. We shall thus need the following definitions.

Let ¢ be an integer > 2. For every j > 0, Vk = (ky,...,kq) € {0,1,...,¢/ —1}4,
I5 denotes the c-adic box [k1c™7, (k1 + 1)¢™7) x ... x [kac™7, (ka + 1)c™7). Then,
vz € [0,1)9, I5(x) stands for the unique c-adic box of generation j that contains
z, and k§ is the unique (multi-)integer such that I{(z) = I;,k;:w' If both k =

7,
(k1,...,kq) and k' = (k{,...,k}) belong to N, |k — k/||oc = max; |k; — k]|. The
set of c-adic boxes included in [0,1)? is denoted by 1.
Finally, the lower Hausdorff dimension of u, dim(u), is defined, as usual, as
inf {dim E : E € B([0,1]%), u(E) > 0}.

2.1. Weakly redundant systems. Let {z,},en be a family of points of [0, 1]¢
and {\,}nen a non-increasing sequence of positive real numbers converging to 0.
For every j > 0, let

(6) T; = {n: 9-(+D) < ), < 2—1}.

The following definition introduces a natural property from which an upper bound
for the Hausdorff dimension of limsup-sets (4) and (5) can be derived. Weak re-
dundancy is slightly more general than sparsity in [27].

Definition 2.1. The family {(xn, An) tnen i said to form a weakly redundant sys-
tem if there exists a sequence of integers (N;)j>o such that

(i) lim;_, o log N; /j = 0.

(i) for every j > 1, T; can be decomposed into N; pairwise disjoint subsets (denoted
Tja,-- -, Tjn,;) such that for each 1 <i < Ny, the family {B(xn,)\n) S iji} 18
composed of disjoint balls.
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We have vazjl T;: = Tj. Since the T} ; are pairwise disjoint, any point z € [0, 1]
is covered by at most N; balls B(x,,\,), n € T;. Moreover, for every i and j,
the number of balls of T} ; is bounded by Cjy - 249 where Cj is a positive constant
depending only on d. Indeed, if two integers n # n' are such that A, and A,/ belong
to T}i, then ||x, — 2|00 > 277.

2.2. Upper bounds for Hausdorff dimensions of conditioned limsup sets.
Let 1 be a finite positive Borel measure on [0, 1]%.
We let the reader verify that if supp p = [0,1]%, then the concave function

7 : lim inf —j7'1 7,
(7) 7wt g lim inf —j"og, > I
ke{0,...,ci —1}d

does not depend on the integer ¢ > 2. This function is often considered when
performing the multifractal formalism for measures of [17]. Then, the Legendre
transform of 7, at & € Ry, denoted by 77, is defined by

(8) T Qe ;g{ (g — 7.(q)) € RU{—o00}.

Theorem 2.1. Let {x,}nen be a family of points of [0,1]7 and {\,}nen a non-
increasing sequence of positive real numbers converging to 0. Let p be a positive
finite Borel measure with a support equal to [0,1]%. Let {e,}nen be a positive se-
quence converging to 0, p € (0,1], 6 > 1 and o > 0. Let us define

S,(p,d,a,e) = ﬂ U B(xn7AfL).
N21 > N GOF o) <u(Ban AG)) AR5
Suppose that {(xn, A\n) tnen forms a weakly redundant system. Then

d(l—p) +p7i(a)
3 ,7‘#(04> )

(9) dim S, (p,9, o, €) < min (
Moreover, S,.(p,0,a,e) =0 if 7;(a) < 0.

The result does not depend on the precise value of the sequence {&,},, as soon
as limy,_, y oo €, = 0. The proof of Theorem 2.1 is given in Section 3.

2.3. Heterogeneous ubiquitous systems. Let a > 0 and § € (0, d] be two real
numbers. They play the role respectively of the Holder exponent of p and of the
lower Hausdorff dimension of an auxiliary measure m.

The upper bound obtained by Theorem 2.1 is rather natural. Here we seek
for conditions that make the inequality (9) become an equality. The following
Definitions 2.2 and 2.3 provide properties guarantying this equality.

The notion of heterogeneous ubiquitous system generalizes the notion of ubiqui-
tous system in R? considered in [22]. The abbreviation m-a.e. or u-a.e. means as
usual m- or p-almost every or m- or pu-almost everywhere.

Definition 2.2. The system {(@n, An) tnen i said to form a 1-heterogeneous ubig-
ustous system with respect to (i, o, B8) if conditions (1-4) are fulfilled.

(1) There exist two non-decreasing continuous functions ¢ and 1 defined on Ry
with the following properties:
-(0) =¥(0) =0, r =% and r - r~¥(") are non-increasing near 0,
- lim, o 79 = 400, and Ve > 0, r — <=2 is non-decreasing near 0%,

- and ¥ verify (2), (3) and (4).
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(2) There is a measure m with support [0,1]% enjoying the following properties:
e m-a.e. y € [0,1] belongs to limsup,,_, B(xn, An/2), i€

(10) m (O U BlawAa/2) = lml.

N>1 n>N
e We have:
(1) {For m-a.e. y € [0,1]¢, 3 j(y), Vj12 Ji(y),
V k such that |k — k5 [loc <1, Pi(I5y) holds,
where P (I) is said to hold for the set I and for the real number M > 1 when
(12) M—1|I|a+¢(|1\) < M(I) < M‘[‘a—d)(\f\).
o We have:

(13) {For m-a.e. y € [0,1]4, 34(y), Vj>jly),

V k such that ||k — k5 [loc <1, D"(I5y) holds,
where DT (I) is said to hold for the set I and for the real number M > 0 when
(14) m(I) < M|1P=#UID.

(3) (Self-similarity of m) For every c-adic box L of [0,1)¢, let fr denote the
canonical affine mapping from L onto [0,1)¢ . There exists a measure m* on L,
equivalent to the restriction m, of m to L (in the sense that m; and mY are

absolutely continuous with respect to one another), such that property (13) holds
for the measure m* o fL_1 instead of the measure m.

For every J > 1, let us then introduce the sets
Vj>J4log. (ILI7Y), V¥ k such that ||k — K5 [l <1,

)5 S(’( \CL| ‘)

Ef=dzeL:

. o L(7c 147 |
we have: m (Ij’k) < ( 7]

The sets EL form a non decreasing sequence in L, and by (13) and property (3),
UJ>1 L is of full m*-measure. We can thus consider the integer
J(L) =inf{J >1: m"(E}) > |m"|/2}.
For every x € (0,1)% and j > 1, let us define the set of balls
Bj(z) = {B(xn,)\n) @ € B(xn, An/2) and A, € (c*(jﬂ),c*j]} .

Notice that this set may be empty. When § > 1 and B(xn, \,) € Bj(x), consider
B(2,\2). This ball contains an infinite number of c-adic bowes. Among them, let
B‘fL be the set of c-adic boxes of maximal diameter. Then define

S — 5
Bl(z) = U B?.
B(xnyAn)EBj (x)
(4) (Control of the growth speed J(L) and of the mass |m¥||) There exists a subset

D of (1,00) such that for every § € D, for m-a.e. x € [0,1]¢ (or equivalently,
by (10) for m-a.e. x € limsup,,_,o B(xn,An/2)), there is an infinite number of
generations j for which there exists L € B? (z) such that

(15) J(L) <log, (ILI7D)e(IL) and |LIPUED < [lm"].
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Remark 2.1. 1. (1) is a technical assumption. In (2), (13) provides us with a
lower bound for the lower Hausdorff dimension of the analyzing measure m. (11)
yields a control of the local behavior of i, m-a.e.. Then (10) is the natural condition
on m to analyze ubiquitous properties of {(xn, A\n)}n conditioned by p. (3) details
a self-similar property for m, and (4) imposes a control of the growth speed in the
level sets for the “copies” m* o f; ' of m. The combination of (3) and (4) supplies
the monofractality property used in classical ubiquity results.

2. If p is a strictly monofractal measure of exponent d (typically the Lebesgue
measure), then (1-4) are always fulfilled with « = 8 = d and . = m as soon as (10)
holds. In fact, in this case, (1-4) imply the conditions required to be an ubiquitous
system in the sense of [22, 23].

3. Property (4) can be weakened without affecting the conclusions of Theorem 2.2
below as follows:
(weak 4) There exists a subset D of (1,00) such that for every § € D, for m-a.e.
x € (0,1), there exists an increasing sequence ji(x) such that for every k, there
exists B(Tn,, An,,) € Bj,(2) () as well as a c-adic box Ly included in B(wn,, N, )

such that (15) holds with L = Ly; moreover limy_, oo igi‘if’“l =94.
nk

This weaker property, necessary in [11], slightly complicates the proof and we decided
to only discuss this point in this remark.

In order to treat the case of the limsup-sets (5) defined with a dilation parameter
p < 1, conditions (2) and (4) are modified as follows.

Definition 2.3. Let p < 1. The system {(zn,A\n)}nen is said to form a p-
heterogeneous ubiquitous system with respect to (u, «, B) if the following conditions
are fulfilled.

(1) and (3) are the same as in Definition 2.2.

(2(p)) There exists a measure m with a support equal to [0,1]¢ such that:

o There exists a non-decreasing continuous function x defined on Ry such that
x(0) = 0, r — X" s non-increasing near 0%, lim,_ o+ r X" = o0, and
Ve, 0,y > 0, 1 — re= 0= s non-decreasing near 0.

Moreover, for m-a.e. y € [0,1]¢, there exists an infinite number of integers
{3:(y) Ysen with the following property: the ball B(y,c W) contains at least
i) (d(1=p)=x (77 W) points x,, such that the associated pairs (xn, An) all satisfy

Ap € [c3i@FL =i A=x(e™ @]
for every n' # n, B(zl,\,) (N B(zn, A\n) = 0.

n? n

(16)

e (11) and (13) of assumption (2) are also supposed here.

(4’) There exists Jy, such that for every j > J,,, for every c-adic box L = Ify,
(15) holds. In particular, (4) holds with D = (1,+00).

Remark 2.2. 1. Heuristically, (16) ensures that for m-a.e. y, for infinitely many
j, approzimately ¥ 1=P) “disjoint” pairs (x,, \n) such that A\, ~ ¢~ can be found
in the neighborhood B(y,c=*7) of y. This property is stronger than (10).

2. Condition (4°) is stronger than (4), in the sense that it implies (4) for
any system {(zn, A\n)} and D = (1,400). It appears that (4°) is often satisfied, for
instance by the first two classes described in Section 6.2 (see [13]).

Property (4) is needed for the last two examples developed in Section 6.2 and for
other measures constructed similarly (see [14]). Indeed, for these kinds of random



HETEROGENEOUS UBIQUITOUS SYSTEMS IN RY AND HAUSDORFF DIMENSION 9

measures, it was impossible for us to prove (4’), and we are only able to derive
that, with probability 1, (4) holds with a dense countable set D (see [14]) .

Before stating the results, a last property has to be introduced. Let p < 1. For
every set I, for every constant M > 1, P4,(I) is said to hold if

(17) M71|I|a+¢(\1\))+2ax(\1\)) < /L(I) < M|I|a*¢(m)*2a>€(|l|).

The dependence in p of P4,(I) is hidden in the function yx (see (16)).

It is convenient for a p-heterogeneous ubiquitous system {(zn, )} (p € (0,1))
with respect to (p, v, 3) to introduce the sequences ef, = (sMn) >1 defined for a
constant M > 1 by f, , = max(e M)n,sfvfn) where
(18) )\ziEM T = MT(2),) 0V @A) E20x(20) 1y convention x = 0 if p = 1).

2.4. Lower bounds for Hausdorff dimensions of conditioned limsup-sets.
The triplets (i, a, ), together with the auxiliary measure m, have the properties
requiAred to study the exceptional sets we introduced before.

Let 6 = (6n)n>1 € [1,00)V, E= (en)n>1 € (0,00)N, p € (0,1], M > 1, and

(19) IL p75 o g) ﬂ U B(l‘n,/\i”),
N2>1 n>N: Q(Ty ,An,p,0,En) holds
where Q(xn, ns P, €) holds when A7) < M(B(xn,Ap)) < A=) g0,

when 4 is a constant sequence equal to some § > 1, the set S (p,(5 a, &) coincides
with the set S,(p,d, @, €) defined in (4) and consldered in Theorem 2.1.

Theorem 2.2. Let p be a finite positive Borel measure whose support is [0,1]%,
p € (0,1] and o, 8 > 0. Let {2y }nen be a sequence in [0,1]% and {\,}nen a non-
increasing sequence of positive real numbers converging to 0.

Suppose that {(n, A )}neN forms a p-heterogeneous ubiquitous system with re-
spect to (p,a, 3). Let D be the set of points 6 of R which are limits of a non-
decreasing element of ({1} U D) (in the case of p <1, D = (1,400)).

There exists a constant M > 1 such that for every § € D, we can find a non-
decreasing sequence 6 converging to & and a positive measure m, s which satisfy
Mp,s <§H(p, 3,04,65’\4)) > 0, and such that for every x € §H(p, 3\,05765)\/[), (recall that
X =0 if p=1 and the definition of €, (18))
myp,s(B(x,7))

(20) limsup e S —6sty < %

r—0+

Vo€ (0.1, D(3. p.6) = min (L= FLE )
Vr >0, £s(r) = (4 +d)o(r) + x(r).

S can be taken equal to the constant sequence (0)n>1 if 0 € {1} UD.

where

For the two first classes of measures of Section 6.2 (Gibbs measures and products
of multinomial measures), (4’) holds instead of (4) and D = (1,+c0), and thus
Theorem 2.2 applies with any p € (0,1]. For the last two classes of measures of
Section 6.2 (independent multiplicative cascades and compound Poisson cascades),
Theorem 2.2 cannot be applied when p < 1.



10 JULIEN BARRAL AND STEPHANE SEURET

Corollary 2.3. Under the assumptions of Theorem 2.2, there exists M > 1 such
that for every o€ D there exists a non- decreasmg sequence 5 converging to 6 such
that 'H5P5(S (,0,(5 @ EM)) > 0. Moreover, 6 = (5 Jn>1 if 6 € {1} UD.

In particular, dim Sﬂ(p, (5,0175M) > D(B,p,9).

When p < 1, D(8,p,d) remains constant and equal to § when ¢ ranges in
1, d(l—g)erﬁ]

W < d, we are back to a “normal” situation where D(f, p,d) decreases as

1/6 when § increases.
When p =1, D(B, p,6) = /0, thus there is no saturation phenomenon.

. This is what we call a saturation phenomenon. Then, as soon as

Corollary 2.4. Fiz € = (g,,)p>1 a positive sequence converging to 0. Assume that
{(Zn, An) tnen forms a weakly redundant and a p-heterogeneous ubiquitous system
with respect to (p,, 7;(a)). Under the assumptions of Theorem 2.1 and Theo-

d(1—p)+p7; ()

rem 2.2, there exists a constant M > 1 such that for every d € | ) ,+o0)N
I

73, there erists a non-decreasing sequence 5 converging to § such that
dlm(S (p,<5 a,ehp)) = dlm(S (p,5 a,ef )\ U Su(p, 8, a,€))
6'>0
= D(.(a),p,0).
Moreover, & can be taken equal to (0)n>1 9fd € {1} UD.

Remark 2.3. 1. Corollary 2.3 is an immediate consequence of Theorem 2.2.

2. In order to prove Corollary 2.4, observe ﬁrst that when § > 1 and 6 is a
non-decreasing sequence converging to 6, S, (p,5 a,ef) C S (,0, &, a,eh,) for all
0" < 8. Theorem 2.1 gives the optimal upper bound for dim (S (p, 5 @ EM)). Again

by Theorem 2.1, when § > %, for &' >4, the sets S, (p,d',a,€) form
a mon-increasing family of sets Zf Hausdorff dimension < D(7;(a),p,d). This
implies HE: 5(U5, Su(p, &', a,€)) = 0. Finally the lower bound for the dimension
dim (S (p,é o, e N\ Usrss Su(p, 8, a,€)) is given by Corollary 2.3. This holds for
any sequence € converging to zero.

When 6 =p=1and§ = (1)n>1, the arguments are similar to those used for 6 > 1.

3. UPPER BOUND FOR THE HAUSDORFF DIMENSION OF CONDITIONED
LIMSUP-SETS: PROOF OF THEOREM 2.1

The sequence {(zn, A\n)}n is fixed, and is supposed to form a weakly redundant
system (Deﬁnition 2.1). We shall need the functions defined for every j > 1 by

T (4) = =7 " og, Z B(xn, A\}) ) and 7,,(q) = h}ggfﬂt,p,j(ﬁv
neTj

with the convention that the empty sum equals 0 and log(0) = —oo.
In the sequel, the Besicovitch’s covering theorem is used repeatedly

Theorem 3.1. (Theorem 2.7 of [40]) Let d be an integer greater than 1. There
is a constant Q(d) depending only on d with the following properties. Let A be a
bounded subset of RY and F a family of closed balls such that each point of A is the
center of some ball of F.
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There are families Fu, ..., Foa) C F covering A such that each F; is disjoint, i.e.

Q)
Ac |J | Fand VP, F' € F; with F # F', FO F = .
i=1 FeF;

Let (N;);>1 be a sequence as in Definition 2.1, and consider for every j > 1
the associated partition {7} 1,...,Tj n,} of T;. For every subset S of T}, for every
1 <i < Nj, Theorem 3.1 is used to extract from {B(z,,A0): n € T;; NS} Q(d)
disjoint families of balls denoted by T}, k(S) 1 <k < Q(d), such that

(21) U Blaa A U U B,

neT; NS k=1 neTy,; n(S)
Let us then introduce the functions
Tupald) = =" logy sup > w(B(an, A2)* (5> 1)
"nelUl, UZD T50(5)
and 7, ,(¢) = liminf; .7, ,;(¢). Recall that 7, is defined in (7).

Lemma 3.2. Under the assumptions of Theorem 2.1, one has
(22) Tup > d(1—p)+pry and T, ,> p1y.

Proof. e Let us show the first inequality of (22).
First suppose that ¢ > 0. Fix j > 1 and 1 < i < N;. For every n € T},
B(zn, A2) N [0,1]% is contained in the union of at most 3¢ distinct dyadic boxes of

generation j, := [jp] — 1 denoted B;(n),..., Bsa(n). Hence

;L(B(xn,)\” (Zu ) §3dq§:/¢(3 n
i=1

Moreover, since the balls B(zy, An) (n € T};) are pairwise disjoint and of diam-
eter larger than 2~ U*1 | there exists a universal constant Cy depending only on d
such that each dyadic box of generation j, meets less than C;2401=r)i of these balls
B(zpn,A?). Hence when summing over n € T}, the masses M(B(wn,/\ﬁ))q, each
dyadic box of generation j, appears at most C;2401=r)J times. This implies that

(23) D w(Blaa, ) < 31C2MTAT YT (L)
n€Ty,; ke{0,...,270 —1}d

(24)  and Z B(zn, M) < 340, N;24 =P Z (L)
neT; ke{0,...,29p —1}d

Since log Nj = o(j), we obtain 7, ,(q) > d(1 — p) + p7.(q).

Now suppose that ¢ < 0. Let us fix j > 1 and 1 <7 < N;. For every n € TH,
B(x,, \) contains a dyadic box B(n) of generation [jp] + 1, and p(B(z,, A))? <
u(B(n))q. The same arguments as above also yield 7, ,(¢) > d(1 — p) + p7.(q).

e We now prove the second inequality of (22).

Suppose that ¢ > 0. Fix j > 1 and S a subset of 7}, as well as 1 < i < N;
and 1 < k < Q(d). We use the decomposition (21). Since the balls B(zy, \?)
(n € Tj.x(S)) are pairwise disjoint and of diameter larger than 2-U+1D?  there
exists a universal constant C’;, depending only on d, such that each dyadic box of



12 JULIEN BARRAL AND STEPHANE SEURET

generation j, meets less than C7; of these balls. Consequently, the arguments used
to get (23) yield here

> u(B@a, M) < 3mc; YT pl)?

n€Ty i k(s) ke{o,_“72jp_1}d
and > B < ICQEN, Y (T
nEUjV:jl UQ(d) Tj.i.1(S) ke{0,...,290 —1}d

The right hand side in the previous inequality does not depend on S, hence

sup > p(B(rn, M) <3UCLQUAIN; > p(Iix)%,
b nelU, UZD 750 1(5) k{0, 2% —1}4
and the conclusion follows. The case ¢ < 0 is left to the reader. O

Proof of Theorem 2.1. Let 0 < a < 7/,(07). We have 7;(a) = infy>o(ag — 7.(q)).
We first prove that dim S, (p,d,a) < w. For this, we fix n > 0 and
N > 1 so that e, < n for n > N. Then we introduce the set S, (N,n,p,d,a) =

UnZN: AL < (B0 B(z,,,\?), which can be written as

SM(N,%P’(S’CY) = U U (xnv/\a)

it o O ety 3 2 (B )

We remark that S,(p,d,,&) C S,(N,n,p,0,«) and use S,(N,n,p,0, ) as cover-
ing of S,(p,d,,€) in order to estimate the D-dimensional Hausdorff measure of
S, (p, 6, a,€) for a fixed D > 0.

Let ¢ > 0 such that 7,(q) > —oc. Let j, be an integer large enough so that
J = jq implies 7,,;(q) > Tu,p(q) — 1. Also let jy = max (jg, inf,>n logy (A h)).
For some constant C' depending on D, J, «, 1, p and g only, we have

M5 s (Su(p.d,0,8) < > 3 | B, A2)|”

JZinN nETjZ)\Z(aJrn)SM(B(InM\ﬁ,))

< D D B, X[ IA T (B, A7)
j>jn neTy
< Z(Qijé)DQ(jJrl)qp(aJrn)gfjm,p,j(q)
J2IN
< C Z 9—i(D—ap(a+n)+7u,p(a)=n)
JZinN

Therefore, if D > w H2 - ins (Su(p, 0,0, €)) converges to 0 as N —

oo, and dim S, (p,d, @, €) < D. This yields dim S, (p,d,a,€) < w,

which is less than 4=2)ltelaa= T“(Q))+(qp+1)" by Lemma 3.2. This holds for every

n > 0 and for every ¢ > 0 such that 7,(¢) > —oco. Finally, dim S,(p,d,, &) <
d(1—p)+pinfy>0 ag—7u(q) _ d(1—=p)+p7, ()
5 = 3 .
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Let us now show that dim S, (p,d, @, €) < 7;(a). This time, for j > 1 we define
S;={nel;: Apletm < 1(B(zy, A2))}. By (21), we remark that

Nj Q(d)
Supsad)c | U U U B

jZzin =1 k=1 neTy,; x(S;)
By definition of 7,, ,(¢), a computation mimicking the previous one yields

(Su(p,6,0,8)) < C Z 9= (Dp=ap(a+n)+7u,p(a)=n)

J2IinN

HfD

2.2—PIN
Hence dim S, (p, 6, o, &) < w, for every n > 0 and every ¢ > 0 such

that 7,(¢) > —oo. The conclusion follows from Lemma 3.2.

Finally, when 7;(a) < 0 and S, (p, 6, o, €) # (0, the previous estimates show that
Hgg,pm (Su(p, 6, ,€)) is bounded for D € (7;;(«r),0) (we can formally extend the

definition of H5P to the case D < 0). This is a contradiction.

The proof when o > 7;,(07) follows similar lines. O

4. CONDITIONED UBIQUITY. PROOF OF THEOREM 2.2 (CASE p =1)

We assume that a 1-heterogeneous ubiquitous system is fixed. With each pair
(zn, A\n) is associated the ball I,, = B(zy, \,). For every 6 > 1, L(f) denotes the
contracted ball B(z,,\3). The following property is useful in the sequel. Because
of the assumption (1) on ¢ and 1, we have

(25) IO >1, Vo<r<s<1, s ¢ <Cr¢M and s7¥) < or=¥),
We begin with a simple technical lemma

Lemma 4.1. Lety € [0,1]¢, and assume that there exists an integer j(y) such that
for some integer ¢ > 2, (11) and (13) hold for y and every j > j(y).

There exists a constant M independent of y with the following property: for
every n such that y € B(zy, \n/2) and log, A\t > j(y) + 4 , D(B(y,2\,)) and
Pi(B(xn, A\n)) hold.

Proof. Assume that y € B(x,, A,/2) with A, < ¢ 1= Let j, be the smallest
integer j such that ¢/ < \,,/2, and j; the largest integer j such that ¢4 > 2\,.
We have jo > —log. A > j1 > j(y). We thus ensured by construction that
j0—4§ —logc)\n S]l +4

Recall that I;(y) is the unique c-adic box of scale j containing y, and that k; ,
is the unique k& € N such that y € Iy = Ij(y). We have I7 (y) C B(xn, An) C
Uit ot I, s which yields (75, (1) < p(B(an, A)) < D0 plI, -

k—X5, ,llee<1

Applying (11) and (12) yields

0|21 < y(B(2n, An)) < 3% eIt 271D,
Combining the fact that jo —4 < —log, A, < j1 +4 with (25) and (18) gives

1,4+
a+5M,n

L=
X = MU ATV < (B, M) < M2 [0 HEA) = 0T

for some constant M that does not depend on y.
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Similarly, we get from (13) and (14) that Dy} (B(y, 2A,)) holds for some constant
M > 0 that does not depend on y. ([

Proof of Theorem 2.2 in the case p = 1. Throughout the proof, C' denotes a con-
stant which depends only on ¢, «a, 3, §, ¢ and .

The case 0 = 1 follows immediately from the assumptions (here ms = m; = m).

Now let M > 1 be the constant given by Lemma 4.1. Let § € DN (1, 400), and
let {dn}n>1 be a non-decreasing sequence in D converging to ¢ (if § € D, d,, = o
for every n). For every k > 1, 7 > 1 and y € [0, 1]¢, let

» Blan, \n) € By d
(26) D) —infln o, <ed 37> 04 B@ne) €By(y) and |
i 3 L € B, (15) holds

We shall find a sequence 5= (0n)n>1, converging to J, to construct a generalized
Cantor set Kg in §H(1,3,a,s}w) and simultaneously the measure ms on Kz. The
successive generations of c-adic boxes involved in the construction of K5, namely
G, are obtained by induction.

- First step: The first generation of boxes defining Kj is taken as follows.

Let Lo = [0,1]?. Consider the first element d; of D of the sequence converging
to 0. We first impose that d,, := dy, for every n > 1. The values of the sequence
5 will be modified in the next steps of the construction so that $ will become a
non-decreasing sequence satisfying lim,, ., 4, = 4.

Due to assumptions (2), (3) and (4), there exist ELo C E§(°LO) such that
m(E*) > ||m||/4 and an integer J'(Lg) > J(Lg) such that for all y € ELo:

- Y €Nyt Unsny B@n, An/2),
- for every j > J'(Lg), both (11) and (13) hold,
- there are infinitely many integers j such that (15) holds for some L € B;.h (y).

In order to construct the first generation of balls of the Cantor set, we invoke
the Besicovitch’s covering Theorem 3.1. We are going to apply it to A = E*° and

to several families F1(j) of balls constructed as follows.

For y € EL0, we denote ngij) by n;,. Then for every j > J'(Lg) + 4, we define
F1(j) ={B (y,2\n,,) : y € E™}.

The family F7(j) fulfills the conditions of Theorem 3.1. Thus, for every j >
J'(Lo) + 4, Q(d) families of disjoint balls F}(j),..., :lQ(d)(j)7 can be extracted

from Fi(j). Therefore, since m(A) = m(ELo) > ||m| /4, for some i we have
m( U B)zIml/(4Q).
BeFi(j)

Again, we extract from Fi(j) a finite family of pairwise disjoint balls G1(j) =
{B1,Ba, ..., By} such that

(27) m( U Bk)>8”é”(L|l).
BreG1(j)

By construction, with each By, can be associated a point y, € EX° so that By =
B(yk,2As;,, ). Moreover, by construction (see (26)), I = B(zp,;, ,A ) C

Mgy ye ' T My
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B(yk,2An,,,) = Bi. Thus IS = Bla,,,, Al ) is included in By. Finally,
Lemma 4.1 yield P}W(B(xnj,yk s Anj,, ) and Dy} (By).
Let F}, be the closure of one of the c-adic boxes of maximal diameter included in

I,({j’ly)k, and such that both (15) holds for Fj. Such a box exists by (26). Moreover,

by construction we have |Fj| < \L(fjly)k | < C|Fj| for some universal constant C.
We write By, = Fj. Conversely, if a c-adic box F' can be written B for some

larger ball B, we write B = F. Therefore, for every closed box F constructed above

we can ensure by construction that
(28) CYF| < [FI* < C|F|
where C' depends only on the fixed given sequence {d, },. We eventually set

(29) G1(j) = {Bx : Bk € G1(j)}-

We notice the following property that will be used in the last step: By construction,
if F; and Fy are two distinct elements of G1(j) then their distance is at least
maxi€{172}(|ﬁ|/2 — (|E|/2)d1), which is larger than max;cq 2y |F;|/3 for j large
enough (d; > 1 by our assumption).

On the algebra generated by the elements of G1(j), a probability measure ms is
defined by
_ m(F)

2 rec () MER)

Let F' € G1(j). By construction, D;(F) holds. Using consecutively this fact,
(28) and (25), we obtain

m(F) < M|F|P~2(FD) < ¢|F|8/4 | F|=2(FD) < ¢|p|/d | p|=#(FD,
Moreover, by (27), and recalling the definition of G1(j) (29), we obtain
— m
> om@E)= Y mp >
_ ~ 8Q(d)
FreGi(h) BreG1(5)

As a consequence, ¥ F € G1(j), ms(F) <8Q(d)C||m| ' |F|?/4|F|~#(FD.
By our assumption (1), we can fix j; large enough so that
V FeGi(1), 8Q()C|m| " < |F|=#(FD,

We choose the c-adic elements of the first generation of the construction of Kj as
being those of G := G1(j1). By construction

(30) V F € Gy, ms(F) < |F|#/h-20(FD,

m(;(F)

We know that by construction, for every F' € G, there exists yx € E%o such
that B(zn,, , ;A ) C F = B(yg, 2)\7%11%).

v ' 1y
As a consequence, for every y € | reg, F, there exists an integer n such that

A < e |z —y| < A0, and P, (1,) = Pi,(B(xn, A\n)) holds.

- Second step: The second generation of boxes is obtained as follows. Let
n1 be the largest integer among the ngflyjk, where the y; are the points naturally

associated with the balls I € G above.
Consider da, the second element of the sequence {d,}, converging to 6. We

modify the sequence d: for every n > nj, we impose 6, := ds.
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Let us focus on one of the c-adic boxes L € Gy. The selection procedure is the
same as in the first step. Due to assumptions (2), (3) and (4), we can find a subset
EL of E{;(L) such that m”(E™) > |[m”||/4 and an integer J'(L) > J(L) such that
for all y € EL:

- Y €Nys1 Unsny B(@n, An/2),
-V j = J(L) +log. (ILI7),

mLo —1 c c
B1) Yk k=K, e <1, D" (f1(I5k)) and P}(IS,) hold.

- There are infinitely many integers j such that (15) holds for some L € B}iz (y).

We again apply Theorem 3.1 to A = E and to families () of balls constructed
as above. Hence, for every j > J'(L) +log, (|L|7!) + 4, F2(j) = {B(y,2)\n(d2)) :
7y

y € EL} (ngd;) is defined in (26)). We set n;, = n®2).

3y
The family F»(j) fulfills the conditions of Theorem 3.1 and covers EX. By
Theorem 3.1, for every j > J'(L)+log, (|L|~')+4, Q(d) families of pairwise disjoint

boxes F3(j), ... ,.7-'2(2((1) (), whose union covers E%, can be extracted from Fy(j).
Since mY(A) = mY(EY) > ||m’||/4, there exists i such that m’ (UBefé(j) B) >
I 1/4Q(d). | i

As in the first step, we extract from F4(4) a finite family of disjoint balls G (j) =
{Bi,Ba,...,Bn} such that

)

(32) mL( U Bk)zgg(d).

BreGL ()

As above, with each By, is associated a point y, € ET so that By = B(yx, 2Xn;,, ),
and I3) C I,

g,y

C Bj. Now, notice that Lemma 4.1 applies with m” o fL_1 in-

mLofE1

stead of m and with the same constant M. It follows that D, (fL(Br)) and
7311\/[(Inj,yk ) hold. Let Fj, be the closure of one of the c-adic balls of maximal diameter

included in I such that (15) holds for F.

N,y

Yk

We then define the notation By = Fj, and conversely By = Fj,. We also have
(28) (for the same constant C'). We eventually define

(33) G5 (j) = {Bx : Br € G5 (j)}.

On the algebra generated by the elements F' of G&(j), an extension of the re-
striction to the ball L of the measure mg is defined by

m _ mb(F) m

LO —1 —
Let F' € G%(j). Since D}, T (fL(F)) holds, we have

_ el
mP(F) < M<|L> gcpﬂ/d2|L|ﬁ(

C|F|P/%|L|=P|F|~#1FD,

F|
[

|F|>_9"(Fl)

L]

IN
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where (25) has been used. Moreover, by (32) and (33),
Yo o miE) = Y mH(B) = [m]/8Q().

FLeGL () BLeGEL ()
Consequently, since mg(L) can be bounded using (30), we obtain
8ms(L)Q(d) |||~ C|F|?/%| L]0 |p|=# (7D
8 Q(d)||m™||” | L|P/ i —B=2e(LD)| p|8/da=e(I1FD),

ms(F)

IN

IN

By (1), we can choose ja(L) large enough so that for every integer j > jo(L), for
every c-adic ball F € GE(j), 8Q(d)CHmLH71|L|B/d1_ﬁ_2“’(|LD < |F|~#UFD. Then,
taking j» = max {j2(L) : L € G1}, and defining

G2 = |J G3(2),
LeGy

this yields an extension of ms to the algebra generated by the elements of Gy | G2
and such that for every F € Gy |J Gz, ms(F) < |F|?/%=2¢(FD) (indeed if F € G,
|F|P/dr < |F|B/42 because doy > dy).
Notice that by construction, for every F € Gy, |F| < maxpeg, 2(c™4|F|)%.
Finally we define ny as the largest integer among the njj? Ly
the points naturally associated with the balls F' € G5 above.

where the y;, are

- Third step: We end the induction. Assume that N generations of closed
c-adic boxes G1,...,Gy are found for some integer N > 2. Assume also that a
probability measure mgs on the algebra generated by J; - p<n Gp is defined and that
the following properties hold (the fact that this holds for N = 2 comes from the
two previous steps):

(i) For every 1 < p < N, the elements of G, are closed pairwise disjoint c-adic
boxes, and for 2 < p < N, maxpeg, |F| < 2¢7*% maxpeq,_, |F|%.

For 1 < p < N, with each F € G, is associated a ball F enjoying the properties:
FCF,
there is a constant C' > 0 which depends only on § such that (28) holds,
if Fy # F, belong to G, their distance is at least max;e (1 2) F;/3,
the F’s (F € G),) are pairwise disjoint.
F satisfies the next parts (ii), (iii), (iv), (v) and (vi).

(ii) For every 2 < p < N, each element F of G, is included in an element L of
Gp-1. Moreover, F C L, log, (|F|™') > J(L) +log, (|L|7') and F N Ef(L) # 0.

(iii) There exists a sequence & = {64}4>1 such that:

o Jis non-decreasing, and Vq > 1, d, <6,

o for every 1 < p < N and F' € G, there is an integer ¢ such that F' C
1% = B(xg, N)*) ¢ F, PL,(I,) holds, and 5, = d,.

o for every 1 < p < N — 1, we found an integer n, such that for every
g€ {np_1+1,np_1+2,...,n,}, g = 6, (with the convention that ny = 0).

(iv) For every F' € ;<)< Gp, ms(F) < |F|B/dn—=2¢(IF])
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(v) Forevery 1 <p< N —1, L € Gp, and F € G,41 such that F C L,
mE(F
ms(F) < 8Qms (1))
[[m*]]

(vi) Every L € U, <,<y Gy satisfies (15).

The constructions of a generation G 1 of c-adic balls and an extension of msg
to the algebra generated by the elements of U1§p§N+1 G)p such that properties (i)
to (vi) hold for N 4 1 are done in the same way as when N = 1.

By induction, and because of the separation property (i), we get:

- a sequence (Gy)n>1 and a non-decreasing sequence ¢ converging to d,
- a probability measure ms on o(F : F € Jys; Gn)
such that properties (i) to (vi) hold for every N > 1. We now define
Ks = ﬂ U F.
N>1 FEGn

By construction, ms(Ks) = 1 and because of property (iii), we have K5 C
:S’\u(l,g, a,el;). The measure ms can be extended to B([0,1]¢) by the usual way:
ms(B) := ms(B N Ks) for B € B(]0,1]%). Finally, since &, < § for every n > 1,
property (iv) implies that for every F' € Jys; G,

(34) ms(F) < |F|6/5—2w(\F|)_

- Last step: Proof of (20). If F' € Gy, we set g(F) = N.

Let us fix B an open ball of [0,1]¢ of length less than the one of the elements
of G1, and assume that BN Ks # (. Let L be the element of largest diameter in
UN21 G such that B intersects at least two elements of Gy(r)41 included in L.
We remark that this implies that B does not intersect any other element of Gz,
and as a consequence mgs(B) < mgs(L).

Let us distinguish three cases:

e When |B| > |L|: we have by (34)
(35) ms(B) < mg(L) < |L|ﬁ/5*2w(\L|) < C|B|ﬁ/672s&(|3\).

e When |B| < ¢=/(F)=3|L|: let Ly, ..., L, be the elements of Gy(L)+1 that intersect
B. We use property (v) to get

” 8QU) s~ 17
(36) ms(B) = > _ms(BN L;) < ms(L) TR > m*(L).

i=1 i=1
Let jo be the unique integer such that ¢/ < |B| < ¢ %*!. Assume that B
intersects for instance the boxes L;, and L;,. Then, by (i), we have |B| >
max(| L, |, [Li,|)/3 when jo is large enough. Consequently, when |B| is small enough,
we get |B| > (max;=1,... p |L;|)/3 and the scale of the boxes L; (defined as [— log,. | L;|])
is always larger than jy — [log, 3] > jo — 2.

By property (ii), for each i € {1,...d}, we have Ef(L)ﬂfi #(. Lety € Eﬁ(L)ﬂfi

for some ¢, and let us consider the c-adic box I o For every z € L;,

ly — 2| < ¢=Wo=2), This yields
fi C U 1;07271(.
ki ||k—kjj—2,yllec <1

Jo—2,y
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The ball B intersects L;, thus the distance between y and B is at most ¢~ (0=2),
As a consequence, if Ly # L;, the distance between y and L is lower than ¢~ (o —3),
This implies that

-

(37) L, c U IS g

Jo—
i=1 ki |lk—kjq—3,yllc0 <1

Since y € E§(L) and jo > —log, |L|+J(L)+3, assumption (3) ensures the control
of the m-mass of the unions of all the balls that appear on the left hand-side of
(37) by the sum of the masses of the 3 c-adic boxes I§ 5, [k — kj,—3y/lec < 1.
These boxes all satisfy

15 \
-3,k

_W(‘T) &
s (S) T <o () ()

where C' depends only on 3. Injecting this in (36) and using that the L; are pairwise
disjoint, we obtain that for |B| small enough

D 2
8Q(),q -, (1B1\" 181\ *(7)
s malb C(LI) (i7r)

c (IBN\?, . _
< L— [ =) |B|=¢®
< mal )||mL||<|L|> BT

where C' takes into account all the constant factors. We then use consecutively
two facts. First, by (34), ms(L) < |L|P/°|L|=2*(UED) < ¢|L|?/°|B|=%**UBD | which
implies, since r — r#1=1/9) is bounded near 0,

m[;(B) <

|B| B(1-1/6) C
ms(B) < |BW5\B| 3o(|1B]) () < ”7|B|,8/6|B|—3¢(|B\).

L] m*|

Second, (vi) allows to upper bound ||mL||_1 by |L|=#%), which yields

= lm LII

(38) ms(B) < C|L|—w(\LI)|B|ﬁ/6|B|—3@(IB\) < C|B|ﬂ/5|B|—4w(\BD.

e ¢ /BN < |B| < |L]: we need at most ¢/(F)F4) contiguous boxes of
diameter ¢~7(X)=3|L| to cover B. For these boxes, the estimate (38) can be used.
Also we know by (vi) that ¢/(%) < |L|=%) 5o for |B| small enough

ms(B) < Ccl L)+ (C—J(L)—3|L|)B/574tp(c—J(L)—3\LD < O ()| g|3/3-4%(BI)
< O|L|~ LD | B|#/0—42(B)) < ¢|B|A/o—(A+d)e(IBI),
Combining (35) and (38) with assumption (1), we obtain a universal constant C

such that for every non-trivial ball B of [0,1]¢ small enough, we have ms(B) <
C|B|/%|B|~ U+« (BD  This yields (20). O
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5. DILATION AND SATURATION. PROOF OF THEOREM 2.2 (CASE p < 1)

The introduction of the condition (16) induces a modification in the construction
of the Cantor set with respect to the case p = 1, in the selection of the pairs (z,,, An)-
The following lemma is comparable with Lemma 4.1

Lemma 5.1. Let y € [0,1]¢, and assume that (11) and (13) hold for y when
Jj > j(y) for some integer j(y). There exists a constant M independent of y with

the following property: for every integer j such‘that (1 = x(c7)) > W, for
every integer n such that \, € [c™I 11, C—j(l—x(cﬂ))] and

(39) By, (c” — 1)¢777) C B(xn, \?) C B(yvcfjp(l—x(c—j)))’

then 73Il\)/I(B(xnv AP)) holds. Moreover, the same constant M can be chosen so that
D7 (B(y,r)) holds for v € (0,c77W~1).

Proof. Let us fix j such that (39) holds, and let us denote j; the integer [jp] + 2
and jo the integer [jp(1 — x(c™7))] — 2. By definition of j; and ja, (39) implies that
I5 (y) C B(zn, A)) C Ul\kfkj-wllooﬁl I%, . Combining this with (11) yields

(40) (c—jl)a+w(c*j1) < M(B(fm)\fl)) < 3d(c—j2)a_¢(cﬂz).
We have ¢~ < 2XP = |B(:En, )\fl)| < QC—jz7 but by (39) we also have
(41) 0—1(20—3'2)% < 2N < C(gc—jl)l—x(cﬂ')

for some constant C independent of y and j. Hence, using the monotonicity of
7 =% (40) and (41) yields the two inequalities

e f(_%)
MM T (AT BT < B, M),
(2>\£L)1/1(2)\ﬁ) < (2/\71L—x(pc—j) )1/1(2>\,,17X(c*1) )
for some constant M > 1 also independent of y and j. Eventually, since x(r) — 0
when r» — 0, we have m < 142x(c7?) for j large enough. As a consequence,
for the same constant M we can write
M (2222 20X (M) HHRN) < (B, AL)).

The upper bound of (40) is treated with the same arguments, and we obtain
((B(2, AL)) < M (200)~ XA =V Hence PR, (B(2n, \2)) holds.

To prove that DYy (B(y,r) holds for some M > 0 independent of y and r €
(0,¢=7®=1) it is enough to write that B(y,r) C U”k_k;'y”ocgl I{ ., where j is the
largest integer such that » < ¢=7, and then to use (13). O

If y, j and (zn, \,) satisfy (16), then they also satisfy (39). This ensures that
the Cantor set we are going to build is included in S, (p, d, o, €h).

Proof of Theorem 2.2 in the case p < 1. Here again, the case § = 1 is obvious and
left to the reader. Since D = (1,00), we deal with the sets S, (p, (0)n>1, a,eh,),
which are equal to the sets S, (p, d, o, e,).

Let § > 1. As in the proof of Theorem 2.2, we construct a generalized Cantor
set K5 in S, (p,d, o, eh,) and a measure m, s on Kj.

- First step: The first generation in the construction of Ky is as follows:
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Let Lo = [0, 1]¢. Using assumption (2(p)), there exist a subset EL0 of Ef(oLg) of
m-measure larger than ||m||/4 and an integer J'(Lg) > J(Lo) such that Vy € ELo,
Vj > J'(Lo), (11) and (13) hold. There is a subset EL0 of ELo of m-measure greater
than [m||/8 such that for every y € ELo, (16) holds.

Once again we are going to apply Theorem 3.1 to A = ELo and to families B; ()
of balls built as follows. Let y € ELo. We define

(42)  nj,, =inf {n =X < =5 and (16) holds with j;(y) = n} .
Then for every j > J'(Lg), let us introduce the family
Bi(j) = {Bly,3c7msve) s ye B0}

For every j > J'(Lg), the family B;(j) fulfills conditions of Theorem 3.1.
Hence, Vj > J'(Lg), Q(d) families of disjoint balls B}(j),...,B?(d)(j) can be
extracted from B (j). The same procedure as in Theorem 2.2 allows us to extract

from these new families a finite family of disjoint balls él(j) ={By,Bs,...,Bn}
such that

(43) m( u Bk)zlglg&).
BreG1(j)

Recall that with each Bj can be associated a point y; € ELo g0 that B, =
B(yg, 3¢ P™wioe). Let us fix one of the balls By, = B(y, 3¢ ?"vx»). By construc-
tion, we can find [c"]'~yk’P(d(lfp%X(“’i”j’yk'p))] points z,, in the ball B(y,c™?™vi-r)
such that (16) holds. We denote S(By,) the set of these points z,,. The correspond-
ing balls B(x,, A,) are pairwise disjoint. By construction, for each of these points
Zn € S(By), we have

(44) B(yg, (¢ — 1)c™Pmiwnr) C By, M) C B(yk,cfpn]}ykyp(le(Cinjwyk=P)))'

Therefore each point =, € S(By) such that (16) holds verifies the conditions
of Lemma 5.1. Thus P4, (B(zn,A\2)) and Dy} (By) hold for some constant M in-
dependent of the scale and of x. This constant M is the one chosen to define
Su(p, 0, eh)).

Let us now consider L(f;) = B(xp, \0). Let F, 1 be the closure of one of the
c-adic box of maximal diameter included in L(f). Since |By| = 6¢~ P vir | we have
|Bi| < C|F, x|?/? for some constant C' depending only on 4.

We write By, = Fj, . Conversely, if a closed c-adic box F' can be written B for
some larger ball B, we write B = F. Pay attention to the fact that a number equal
to #S(By,) > [c"jﬂykvp(d(l‘f’)_X(C_nj’y’“’”))] of c-adic boxes F,, ;; can be written as By
for the same ball By,. For every c-adic box F such that there exists k with B, = F,
we ensured by construction

(45) [F| < C|F|/?

for some constant C' depending on §. Moreover, the c-adic box F' is included in a
contracted ball I\ = B(z,,\) such that Py, (B(z,, \)) holds.
Since |By| = 6¢= ™ wior | there is C' > 0 independent of k and p such that

d(1—p)

(46) #S(By) > [C"j,yk,p(d(lfp)*x(cwj’“k'”))} > C B~ "7 |Bk\X(|B’“|).
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We eventually define
(47) G1(j) = {Fpp : Fpx € G1(j)}.
We notice that Fy and Fy belong to G1(j) and F #* F, then the distance between

Fy and Fj is by construction at least max;eq 0y Fi F;/3.

On the algebra generated by the elements of G1(j), a probability measure ms ,
is defined by
#S(F)
m 75(F) = .
’ 2 Byedi(j) M(Br)

Since D7 (F) holds for the measure m, by (45) and (25), we have

m(F) < M\F|ﬁ e(IF) < C’|F|Pﬁ/5‘F‘ »(|F)) < C|F|P5/5|F| e(IF)
Then, we also have by (46) and (44)

p(l P)

X(FD).

#SF)! < CF" X(IF) < ¢|F|$ \F|~XUFD < o) p ™

Moreover, by (43) and the definition of G1(j) (29), we get

[l
Z 4 m(Bg) > m

—p)+pB
5 .

Thus, V F € Gi(j), mps(F) < 16Q(d )ch”—l‘F‘ <p(|F|)|F| x(IF) \F\

By our assumption (1), we can fix j; large enough so that
Y F e Gi(), 16Q(d)C|m| ™" < |F|~#UFD.

We choose the c-adic elements of the first generation of the construction of Ks as
being those of G; := G1(j1). By construction

(48) V F € Gy, mys(F) < |F|* 82 -20(FD=x(FD),

and for every x € UF€G1 F, there exists an integer n so that A, < ¢=%/¢, |lzn —
7)o < A3, and P§,(B(x,,A2)) holds. Moreover, maxpeg, |F| < 2¢75%/7.

- Second step: The second generation is built as in the case p = 1, by focusing
on one c-adic box L of the first generation. We give the essential clues to obtain
this second generation.

Using assumption (2(p)), there exist a subset E* of EX, Ty of mP-measure larger
than ||m”|//4 and an integer J'(L) > J(L) such that for all y € EL, for every
j = J'(L) +log, (|L|7"), (31) holds. Then, there exists a subset EL of EL of
mE-measure greater than |m~||/8 such that for every y € E~, (16) holds.

One more time we apply Theorem 3.1 to A = EL and to families of balls B, ().

Let y € EL. For every j > J'(L) + log, (|Z|7'), we define the family
Bo(j) = { Bly.3c™s00) s y e BV,

The family By(j) fulfills conditions of Theorem 3.1. Hence, Q(d) families of disjoint
balls B (5), ..., BQQ( )( /) can be extracted from By (j). Moreover, we can also extract
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from these families one finite family of disjoint balls GL(j) = {Bi, Bs,..., By}
such that
)

(49) mL( U Bk> > 1'&;@.
BreG2(j)

Each of these balls By can be written B(yg,3c™?™vir) for some point y €
EL and some integer n;,, ,. Moreover, by (16), with each Bj can be associated
[ v (@A=p)=x(e M) boints 2, in B(yg, c P™wir) such that (16) holds. As
above, S(By) denotes the set of these points x,,. The corresponding balls B(z,, \y,)
are pairwise disjoint.

By construction, (44) holds for each of these points =, € S(By). Moreover,
Lemma 5.1 holds with the measure m” o f;l instead of m and with the same
constant M. Consequently, each point x,, € S(Bj) such that (16) holds is such

L -1
that P4, (B(zn, A2)) and Dy “4 " (f1,(By)) hold.
We then consider L@ = B(xn,\)), and we denote by F, . the closure of one
c-adic box of maximal diameter included in I°). Again we have (45).
We write By, = Fj, . Conversely, if a closed c-adic box F' can be written B for

some larger ball B, we write B = F. We eventually set
(50) G5 (4) = {Fuu - Fak € G5 ()}
On the algebra generated by the elements of G% (), an extension of the proba-

bility measure m, s is defined by
m" (F)
#S(F)

m 75(F> =m 7(;(I/) .
’ T Ypeay ) Mt (Br)

-1
Since DJ\TZLofL (fo(Br)) and (45) hold, we get

=\ B¢ (E) =\~ ()
m(F) < (i') < CF|% |07 ('ﬁ;’) < C|F| 2L -#|F|-#0F,

where the monotonicity of x +— x~#(*) of assumption (1) is used. Then (46) applied
to I and (49) yield
16 Q(d)C

[[m |

d(1—p)

\F| L) ~P | F|~#UFD | p| 552 | p|~XUFD,

mps(F) < mps(L)

and using (48) finally gives
d—=p)+pB _ 5 _
16 Q(d)C’|L| & B=2¢(|L)—x(IL]) |F|d<1fg>+p5 —o(IFD)=x(|F])
- [[m*

By assumption (1) we can choose j3(L) large enough so that for every integer
j > ja(L), for every I € GL(3),

mp.s (F)

16 Q(d)CHmLH_1|L|M7’372W(‘L|)7X(‘LD < |F|~#UFD,

Then, taking jo = max {j2(L) : L € G1} and defining G5 = Uree, G%(j2), this
yields an extension of m, s to the algebra generated by the elements of G |JGa.
We have for every F' € Gy |JGa, m,s(F) < ol i A CAVEN
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We remark that by construction if J € G; and F' € G4 verify F C J we have

D mps(F) <16 Q(dymy 5(1) )

[l

Also notice that by construction, |F| < maxjcq, 2(¢7%|J|)%/? < (2¢7%9/7)? for
every F' € Go. Moreover, F is contained in some I such that |IT(L5)\ < C|F|, where
C is a constant which depends only on c.

- Third step: Assume that N generations of closed c-adic boxes Gy,...,Gy
have already been found for some integer N > 2. Assume also that a probability
measure m,, s on the algebra generated by |J,,<y Gp is defined and that:

(i) The elements of G, are pairwise disjoint closed c-adic boxes, and for 1 < p <
N, maxjeg, || < (20_55/;,)17.
For 1 < p < N, with each F € G, is associated a ball F enjoying the properties:
e FCF,
e there is a constant C' > 0 which depends only on § such that (45) holds,
o if Fy # F, belong to G, their distance is at least max;e (1 2) F;/3,
e the F’s (F € G,,) are pairwise disjoint,
e F satisfies the next parts (ii), (iii), (iv) and (v).
(ii) For every 2 < p < N, each element F of G, is a subset of an element L of
Gp-1. Moreover, F' C L, log, (|F|~') > J(L) +log, (|L|7') and F N Eﬁ’(L) # 0.
(iii) For every 1 < p < N and F € G,, there exists an integer ¢ such that
F C B(xq,)\g) = Lga) C F and Py, (B(xg, A?)) holds, and |L§5)| < C|F] for some
constant C' which depends only on c.
(iv) For every F € U, <,<n Gp, mps(F) < |F|d(l_—§)+p/f72@(|FD7X(|FD.
(v) Forevery 1 <p< N —1, L € Gp, and F € G,41 such that F C L,
mt(F
ST mus(F) <16Q(d)mys(L) ”m(L||)~

F'eGyi1, FI=F

The construction of a generation G’y of c-adic boxes and an extension of m, 5 to
the algebra generated by the elements of (J; <1 G such that properties (i) to
(v) hold for N + 1 are done as when N = 1.

Then, by induction, we get a sequence (Gy)n>1 and a probability measure on
o(F : F € Uys;Gn) such that properties (i) to (v) hold for every N > 1,
and K,; = m U F. By construction, m,s(K,s) = 1 and because of (iii)

N>1 IeGn
K,s C Su(p,d,a,eh,). Finally, the measure m, s is extended to B([0,1]?) in the
usual way: m, s(B) :=m, s(BNK,s) for every B € B([0,1]%).

- Last step: Proof of (20). If F' € Gy, recall that we set g(F) = N.

Fix B an open ball of [0,1] of diameter less than the one of the elements of Gq
such that BN K, s # (. Let L be the element of largest diameter in |y, Gn such
that B intersects at least two balls L; such that L; belongs to Gg( L)+1 and L; is
included in L (hence m, s(B) < m, s(L)).
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e When |B| > |L|:

d(1—p

M5 (B) <my (L) < |L|“F2—20(LD=XULD < 0| p| =822 ~20(1B)—x(1B).

e When |B| < ¢/ =3|L|: let Ly, ..., L, be the c-adic boxes in Gy(z)4+1 such that
Vi L; intersects B. Property (v) yields

mps(B) = > m,s(BNL) < Z m,.5(L)

1=1 LGGQ(L)+1, L=L;

16 Q(d)

[lm |

Let jo be the unique integer so that ¢=/0 < |B| < ¢7J0*!. Because of (i), we have
|B| > max; |L;|/3. As a consequence — log, |L;| > jo — [log,. 3] > jo — 2.

The same arguments as in the proof of Theorem 2.2 (Case p = 1) yield that
there exists an index ig and a point y € Ef( N L;, such that Ule L, is included

in Uy, kX3 yllo<t Ljo—31c Hence
P
(51) S mH (L) < ) )
=1 k: [[k—kj;—3,yllc <1
and by definition of Ef(L), we can bound m*(If ) by
o |B]

ity g < (Haeaad) O g iy iy ()

There are 3¢ such pairwise disjoint boxes in the sum (51), hence

|B]

mys(B) < Mm S(L)3%C <|ﬂ)fj (M)“’(w)

= mE | |
16 Q(d)34C BI\"
e e ® ) P

By (iv), we obtain
mys(L) < |L|" 8| L2 UL —x(LD < |p| =622 p|=2e(IBD-x(IB)

which yields

16Q(d)3%C  aa-pies (|B\?, . _ _
mp,g(B)gm|L| r (||L||) |B|~3¢(IBD=x(IBD)

Then, the second property of (15) in assumption (4) allows to upper bound ||m || -

by |L|~#UED ] which is lower than |B|~#(BD and thus

B
(52) m, s(B) < C|L|“*=5+22 <||'2||) \B|-42(B)-X(B)|
Finally, if 8 > 21=2108 ' (59) vields
B_d(lfg)ﬂ)ﬁ
m,s(B) < C|B|* = <||lz|> | B|~4#(1B)—x(BI)
< ©|B|"EE | BB -x(BD),
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If § < 2U=pEeB | (59) yields
In both cases, if D(3, p,d) = min(f, %)’
(53) m, s(B) < C|B[PP#9)| B|~4e(BN-x(B]),

e ¢ /(B|L| < |B| < |L|: we need at most /(144 contiguous c-adic boxes
of diameter ¢=7/(X)=3|L| to cover B. For these boxes, (53) can be used to get

—ﬁ|B|—4w(\B\)—x(IB\) < C|B|ﬁ|B|—4w(\B|)—X(|B\).

Mps(B) < CeltI) (o= I(L)=3| ) PO =telem ML) ~xte LD
< CcHD)|p|PBr0)| g|~4e(IBN=x(IBI)
< C|L|” LD B|PWr.0)| g4 (BN =X(IB])
< C|B|P®r8)| g~ (4+de(IB)—x(IBI)
This shows (20) and ends the proof of Theorem 2.2 when p < 1. O

6. EXAMPLES

Section 6.1 exhibits several families {(zy, An)}n which satisfy (10) or (16) for
any measure m, and form weakly redundant systems. Then Section 6.2 provides
examples of triplets (u, T, (a)) leading to p-heterogeneous ubiquitous systems. It
also gives relevant interpretations to property P¥,.

6.1. Examples of families {(x,, A\,)}nen. Let us notice first that, to ensure (10),
it suffices that

(54) ) U Blan, An/2) = [0,1]

N>1n>N
e The family of the b-adic numbers.

Fix b an integer > 2. Let us consider the sequence {(kb=7,2b77)}, for j € N
and k = (ki,ko,...,kq) € {0,...,b7 —1}4. By construction, for every j > 2,
Ukeqo,....pi—1} B(kb™3,b77) = [0,1]%. Hence (54) is satisfied, (16) holds for any
measure m and the family is weakly redundant.

e The family of the rational numbers.

By Theorem 200 of [30], any point # = (z1, ..., x4) € [0,1]% such that at least one
of the x; is an irrational number satisfies for infinitely many p = (p1,p2,---,pPd)
and ¢ the inequality ||z — p/qllee < ¢~ (Y9, As a consequence, the sequence
{(p/q,2¢=H/D)} for ¢ € N* and p = (p1,p2,...,pa) € {0,...,q¢ — 1}¢ fulfills
(54). Here again, (16) holds for any measure m.

To ensure the weak redundancy, we must select only the rational numbers
{(p/q,2¢=*1/D)} such that at least one fraction p;/q is irreducible. But (54)
is no more satisfied. Indeed, the rational numbers p/q themselves do not belong to
the corresponding limsup-set (each rational number belongs only to a finite num-
ber of balls B(p/q,2q’(1+1/d)). Nevertheless, as soon as the rational points are
not atoms of m (for instance if dim(m) > 0), both (10) and (16) hold. In this case,
by Theorem 193 of [30], the same holds with {(p/q,2/v/5¢?)} when d = 1. This
family is used to prove (2).

e The family {({na}, l/n)}neN.
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Let us focus on the case d = 1 to introduce another family. Let a be an irrational
number. For every n € N, we denote by {na} the fractional part of na. If z ¢
Z+ oZ, we have |na — x| < 1/2n for an infinite number of integers n (see Theorem
IL.B in [20] for instance). Hence

R\(Z+az)C () |J B({na},1/2n).
N>1n>N
As soon as m (Z + oZ) = 0, (10) is satisfied for the family {({na},1/n)},>1. We
do not know the measures m for which (16) holds. However the following property
concerning the redundancy holds:

Proposition 6.1. {({na},1/n)},>1 forms a weakly redundant system if and only
if inf{&: #{(p,q) ENXxN*: la—p/g|<q*} =00} =2

We know that every irrational number is approximated at rate £ > 2 by the
rational numbers. But the system {({na},1/n)}, is weakly redundant if and only
if the approximation rate by rational numbers of « is exactly equals 2.

Proof. Notations of Definition 2.1 are used.

We remark that T} (defined by (6)) contains exactly 27 integers.

Suppose that the family is not weakly redundant. For every partition of T}
into N; subsets, we have lim supj_,+ooj_1log N; > 0. Let us fix such a partition.
There exists € > 0 such that for infinitely many integers j, we can find a real
number = € [0, 1] such that more than 2% among the {B(zy, \n)}ner, contain x.
Since these integers n belong to T}, the corresponding ), belong to (2~U+1 277].
Consequently, these 2°7 integers n all verify |[{na} — x| <277,

By a classical argument, there are two integers n and n’ of T such that

(55) n#n', |n—n'| <2 and |{na} — {n'a}| <2.2790+),

We deduce from (55) that there exists p € N such that |[n — n/|a —p| < 2-
279049 < 2ln — n/|[~(+2) . Hence |a — p/|n —n/|| < 2|n — n/|7(+9). Since (55)
holds for infinitely many j, |n — n/| cannot be bounded as j goes to co. This yields
Co i=inf {&: #{(p,q) e Nx N*: |a—p/q| <qt} =00} >2

Conversely, if £, > 2, fix € € (0,&, — 2). For infinitely many (p,q) € N x N*
we have |a — p/q| < ¢~ %), For such an integer ¢, we have {nga} < 1/gn for
every n € [1,(15/2 . For ¢ large enough, let j, be the largest integer j so that
[, j+1] C [logy(q), (1 +£/2)logy(q)]. Consider then T}, . By construction, the point
0 belongs to at least 2377 balls B(x,,A,) such that n € Tj . Hence N;, > 24a¢/4,
Since this holds for infinitely many j’s, the conclusion follows. (Il

e Poisson point processes.

Let S be a Poisson point process with intensity A ® v in the square [0, 1] x (0, 1],
where X denotes the Lebesgue measure on [0,1] and v is a positive locally finite
Borel measure on (0, 1] (see [38] for the construction of a Poisson process). Let us
take the family {(z,, A\n)}n equal to the set S. Let ¢ be an integer > 2. Then for
J > 1, let us introduce the quantities 7} = {n: Ut <), < ¢}, as well as

B; = j_llogc V((c_(j_l),c_(j_g)]) and (= limsup f3;.

j—o0
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We have 8 = limsup; ., j~ 'log, E(#Tj_2) for b € {2,¢c}, but we use a basis ¢
rather than 2 in order to discuss property (16). In fact, it is a general property
that the number limsup;_, . j ~Hog, # 17 itself does not depend on c¢. We group
the information concerning (10), (16) and weak redundancy:

Proposition 6.2. (1) Suppose f[O,l] exp (2 f[t’l] v((2y,1)) dy) dt = +oo. This
implies in particular 8 > 1. With probability 1, (54) holds.
(2) Fiz p € (0,1). Let x be a function defined as in Definition 2.3. If there
exists an increasing sequence (jin)n>1 such that B, > 1 — x(c7n) +4/jy,,
then with probability 1, (16) holds for any measure m.
(3) {(@n, An)}n is weakly redundant almost surely if and only if B < 1.

As a consequence, if v(d\) = yd\/A? with v > 1/2, with probability 1, the
system S is weakly redundant and (54) holds. In addition, if 7 is large enough,
with probability 1, (16) holds for any measure m.

Proof. (i) Tt is a consequence of Shepp’s theorem (see [46] and [16]).
(ii) We shall need the following lemma.

Lemma 6.3. Lety € (1, 2, 1). Let N be a Poisson random variable with parameter
M. For allp > 1, we have P(N < M — M7)=0(M™?) (M — ).

The proof of Lemma 6.3 uses the identity Y ,_, exp(fM)%k = [u %e*“ du
(M > 0, n € N) as well as Laplace’s method for equivalents of integrals.

For j >1and 0 < k < clrl — 1, let I¢ be the subset of I[ij] ;; obtained by

liplk
keeping one over c of the consecutive c-adic subintervals of I;, . of generation j—2,
that is IA[ijLk = U Ij‘?_27cj_2_[jp]k+ck,. Let us also define the random
k’=0,...,ci—lir]=3 -1

sets Sjr = {n: Ay € (¢7U™1, U] 2, € It }, and the random variables
Nj = # Sk The Nj;’s are mutually independent Poisson random variables with
parameter M; equal to the product of v((¢~U=Y, ¢=0=2)]) with |I[C].p] .|, that is
M] e Cjﬁj . Cf[.jp}fl'

Fix y € (1/2,1) and let E; = {V 0 <k < V") -1, Nj, > M; — M} for j > 1.

We have P(E;) = (P(Njo > M; — M]))C[JP]. Moreover, by definition of j,, we have
lim,, o M;, = oco. Consequently, using the form of M; and Lemma 6.3, we have
lim,, .. P(E;,) = 1. Since the events E;, are independent, by the Borel-Cantelli
lemma we have P(limsup,,_, . E;,) = L.

A computation shows that M; — MJ’L > ¢Bin=P)in=% for n large enough. It
follows that with probability 1, there exist infinitely many j, such that for all
0<k<climl —1, Nj. k> ¢In(1=p=x(c™"")) " Moreover, by construction, the balls
B(zy, A\n) for n € Sj, are pairwise disjoint, and if y € [0,1], B(y,c™"?) contains
at least one of the f[jn o,k’s- The conclusion follows.

(iii) If 6 < 1, the fact that {(x,, An)}n forms almost surely a weakly redundant
system is a consequence of the estimates obtained in the proofs of Lemma 5 and 8
of [32] for the numbers J\~fj,k =#{neT;: z, k277, (k+1)279]}

If 8 > 1, computations patterned after those performed in proving (ii) show that
if e € (0,8 — 1), with probability 1, there are infinitely many integers j such that
for all k € {0,...,¢/ =1}, #{n € Tj: =, € I§,} > &= O
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e Random family based on uniformly distributed points.

Let {z,}, be a sequence of points independently and uniformly distributed in
[0,1]¢ and {)\,}, a non-increasing sequence of positive numbers.

We do not know conditions ensuring that (16) holds for some non-trivial measure
m. The following Proposition concerns (10) and weak redundancy.

Proposition 6.4. Let 3 = limsup; ., j~'log, #T.

1. Suppose that limsup,,_, (22:1 )\p/2> —dlogn = 4+o0o. This implies 5 > 1.
With probability 1 (54) holds.

2. Suppose that B < 1. With probability 1, {(xn, An)}n is weakly redundant.

As a consequence, if A, = 7/n for some v > 2d then, with probability 1,
{(zn, An)}n is weakly redundant and (54) holds.

Proof. (i) It is Proposition 9 of [35].

(11) The estimates of [32] invoked in the proof of Proposition 6.2(iii) also concern
Njyk =#{neT;: z, € [k277,(k+ 1)277]} for the example we are dealing with
(i.e. (x,) is a sequence of i.i.d. unlform variables) when d = 1. In particular, when
d =1, a sufficient condition for the system to be weakly redundant is 5 < 1. Since a
random variable with uniform distribution in [0, 1]¢ is a random vector in R? which

components are independent uniform random variables in [0, 1], the same property
holds in dimension d if 8 < 1. O

6.2. Examples of measures 1 and m, Interpretations of the property P},
We give interpretations only for P}, since P4, contains similar information.

Given the measure p and the exponent o > 0, there is typically an uncountable
family of values of 3 > 0 such that properties (11), (13), (3) and (4) of Definition 2.2
hold for many systems {(x,, An)}n. Consequently, we seek for the largest value of
B. It follows from the study of the multifractal nature of statistically self-similar
(including the deterministic) measures we deal with that, in general, this optimal
value is given by 8 = 7 () (see formulas (7) and (8)).

We select four classes of measures to which Theorem 2.2 is applicable. Other
examples can be found in [28, 7, 2, 8, 14]. We keep in mind part 3. of Remark 2.1.

For the rest of this section the sequences {z,}nen and {\, }nen are fixed, and
we assume that (0,1)¢ C limsup,, .. B(Zn, A\ /2).

For C,k,r > 0 and v > 1/2, let pc(r) = C\log(r)|_1/2(loglog\log(r)|)1/2,
Be(r) = (log|log(r)[) ", and v (r) = C|log(r)|~"/* (log|log(r)])".

e Product of d multinomial measures and frequencies of digits

Let (mg (i) @ ), 1 <i < d, be d probability vectors with positive components

» te—1
such that Zl 0 7r( D= =1,V1<i<d. Forl<i<dletu® bethe multinomial mea-

sure on [0, 1] associated with (wéz), cee g )1) and p = p ® - @ p'? the product

measure of the (") on [0,1]%. We have 7, (q) = —log. > 5,_ 0(71'](:))(1 and 7,(¢q) =
Z?Zl 7, (). Tt is convenient to take a = 7,(q) for some given ¢ € R. Let us then
define 3 = 7;; (@) = q7/,(¢) —7u(q), and py = pdt )® ®u( ) 2

where ji4’ is the multi-
nomial measure associated with the vector (c nl >(q)( éz)) ., cnt )(q)( ii,)l)q).
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It is proved in [13] that each measure ;¥ satisfies properties (11), (13), (3) and
(4”) with the exponents o; = T;(i) (¢) and 3; = qT;lN‘) (q) =7, (q), and with m equal
to uéi). This requires some work, because the masses of the c-adic boxes and of their
immediate neighbors need to be controlled. We can choose m! o f;l =m = u((;),
and (3) and (4’) do not matter. Moreover, (¢,) is of the form (¢, ).

Now, in terms of conditioned ubiquity, it is interesting to recall the well-known
interpretation of the conditions (11) and (13), which hold for each p(¥, in terms of
c-adic expansions (recall Section 1 and the definition (1) of ¢ ;): For p(-almost

every point z; € [0,1], for every 0 < k < c— 1, forall y € Ljx, 1 U ), U
Ij,kmi+1a hm]ﬂoo ¢k,j(y) = CT“M) (Q)(ﬂ—l(fl))q

The previous remarks yield the following result, which implies (2).

Proposition 6.5. Let g € R. The measure j1 satisfies properties (11), (13), (3) and
(&) witha = 7,,(q), B = (), (¢, ¥) of the form (pc, 1), andmPo fi =m = p,
forall I €1

Moreover, there exists a sequence €, \, 0 such that, when applying Theorem 2.2,
property Q(a:n,)\n,l,a,e}w’n) in (19) can be replaced by the following condition
in terms of c-adic expansion: for every 1 < ¢ < d, for every 0 < k < ¢ —1,

Do flog, (1)) (Fnsi) — cr® (q)(ﬂ'](:))q‘ <&, where r, = (Tn1,...,Tnd)-
e Gibbs measures and average of Birkhoff sums

Let ¢ be a (1,...,1)-periodic Hélder continuous function on RY. Let T be
the transformation of [0,1)¢ defined by T((z1,...,24)) = (cz1 mod 1,...,czq
mod 1). For k € N, let T* denote the Kt iteration of T (T° = Idjg1)a). For every
r € [0,1) and n > 1, let us also define the nth Birkhoff sum of x, Sn(o)(z) =
Yho (TH(x)) as well as Dy, () (z) = exp (S,(6)(2)).

The Ruelle Perron-Frobenius theorem (see [44]) ensures that the probability
measures fi,, given on [0, 1] by 1, (dx) = D,,(¢)() dgc/f[o 1y Dn (¢)(u) du converges
weakly to a probability measure p which is a Gibbs state with respect to the
potential ¢ and the dynamical system ([0,1)¢,7). The multifractal analysis of  is
performed in [28, 29] for instance. With ¢ is also associated the analytic function
L: q€ R~ dlog(c)+ lim j! log/ D, (q¢)(u) du, which is the topological

n—oo [0’1)[1
pressure of g¢. We have 7,(¢) = %@6@. For ¢ € R, let 14 be the Gibbs measure
defined as p, but with the potential g¢.

Then, the structure of p combined with the Holder regularity of ¢ and the law
of the iterated logarithm (see Chapter 7 of [45]) yield

Proposition 6.6. Let ¢ € R. The measure p satisfies properties (11), (13), (3)
and (4°) with o = 7/,(q), B = 7;(a), both © and ¥ of the form pc, and m' offt=
m = pq for all I € 1.

There exists C' > 0 such that, applying Theorem 2.2, in (19) the property

Q(xp, An, 1, a,e}VI,n) can be replaced in terms of average of Birkhoff sums by:
IL'(q) = Afjiog, (3 (@n)| < 0c(An), where Ay(x) = Sp(¢)(x)/p-

e Independent multiplicative cascades, average of branching random walks
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For these random measures, the situation is subtle. Indeed, the study achieved
in [14] concludes that property (4) can be satisfied for some systems {(zn, An) tn>1,
while the strong property (4°) fails because of the unavoidable large values of J(L)
for some c-adic boxes L.

Let us recall that these measures p are constructed as follows. Let X be a real
valued random variable. Let us define L : ¢ € R +— dlog(c) + logE(e?X), and
assume that L(1) < oo. For every c-adic box .J included in [0,1]%, let X ; be a copy
of X. Moreover, assume that the X ;’s are mutually independent. The branching
random walk is then

(56) Vzel0,1)% Vn>1, Sy(z) = > X

JEIL, c=n<|J|<c=1, z€J

The measure p is obtained as the almost sure weak limit of the sequence p,, on
[0,1]¢ given by i, (dx) = (E(e*)) "5 da.

Let0: g€ R— %@;(q). In [39, 37], it is shown that 6’(17) > 0 is a necessary
and sufficient condition for p to be almost surely a positive measure with support
equal to [0, 1]%. The multifractal nature of y or of variants of x4 has been investigated
in many works [36, 31, 25, 42, 1, 41, 4]. We need to consider the interior J of the

interval {g € R: 0'(q)q — 6(q) > 0}.

For every ¢ € J and every c-adic box I in [0,1)?, let us introduce the sequences
of measures jig, and m], defined as follows: (i, is defined as p, but using
X;(q) := qX; instead of X in (56), and m] ,, is defined as jq,, but with aX =10
instead of X ;(q) in (56).

It is shown in [4] that, with probability 1, V¢ € J, the measures p,,, converge
weakly to a positive measure p, on [0, 1]¢; In addition, ¥ ¢ € J, for every c-adic box
I of generation > 1, the sequence of measures min converges weakly to a measure
m} on [0,1]%, and 7,(¢) = 6(¢) on J.

The following result is a consequence of Theorem 4.1 in [14].

Proposition 6.7. Suppose that limsup,, . B(zn, \,/4) D (0,1)<.

For every q € J, with probability 1 (and also with probability 1, for almost
every q € J), u satisfies properties (11), (13), (3) and (4) with the exponents
a=1,(q) and B = 7;(a), (,9) of the form (pw, V), m = pq, mlo fit = mé for
alIT €I, and D =QnN(1,00).

There exists v > 1/2 such that, applying Theorem 2.2, in (19) the property
Az, M, 1, @, 6}4”) can be replaced in terms of average of branching random walks

by: |L'(q) — A[|logc(>\n)|](xn)| <y (2X,), where Ap(z) = Sp(x)/p.

e Poisson cascades and average of covering numbers in the case d = 1.

Let £ > 0 and S a Poisson point process in R x (0, 1) with intensity A given by
A(ds dX) = &dsd\/2). For every c-adic box I of [0, 1], define S = {(f; *(£), [I|~'A) :
(t,A) € S, A <|I|}. The point process S; is a copy of S.

For every t € [0,1] and e € (0, 1], the covering number of ¢ at height & by the
Poisson intervals {(s — A, s + A) : (s, A) € S} is defined by

NE(t) = > sty =#{(s,) €S: A>e, te(s—As+N)}.
(t,\)€S, A>e



32 JULIEN BARRAL AND STEPHANE SEURET

The measure p on [0, 1] is the almost sure weak limit, as ¢ — 0, of
(57) pe(dt) = (BN W)) 1N gp = 8D N gy,

Let L:geR— ¢ 4+el—1,andlet : g€ R &(qL(1) — L(q)).

In [7], it is shown that 6’(17) > 0 is a necessary and sufficient condition for
to be almost surely a positive measure supported by [0,1)¢. Let J = {q € R :
0'(q)g — 0(q) > 0. It is also shown in [7] that, with probability 1, for all ¢ € J,
the measures p,.. on [0,1] given by p,.(dt) = 6" =1 aNZ (1) gy converge weakly,
as € — 0, to a positive measure p, on [0,1]; moreover, for every ¢ € 7, for every

c-adic interval I of generation > 1, the family of measures m{m constructed as fiq ¢

but with N1 (t) instead of N2 (t) in (57) converges weakly, as ¢ — 0, to a measure

m} on [0,1]; finally, we have 7,(q) = 6(q) on J.

The same conclusions as in Proposition 6.7 hold if Q(x,, Ay, 1,a,€}\47n) is re-

placed by |L'(9) + roay Nan (@n)| < 95(220).
More on covering numbers and related questions can be found in [5, 6].

6.3. Example where dim (limsup,_, . B(zn, A\n/2)) < d. Let us return to the
example of Gibbs measures p in Section 6.2. Let qp > 0. Fix K a subset of R such
that 7/,(K) N (7/,(q0), 7/,(—q0)) = 0. Define the system

{(Tn, An)} = { ((k+ 1/2) Cij,cij) : log (B (_(?I;Fg:(lc/)2),C_J)) € /C}

Let S = limsup,_, . B(zn,An/2). For every ¢ € K, we have p4(S) = 1 and
dim S < max (T;(TL(—(]())),T:(TL(QO))) <d.
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