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Abstract

A nonngjative 1-periodic multifractal measureon R is obtained as infinite random product of
hamonics of a 1-periodic funcion W(z). Such infinite product are statisticaly sef-affine and
genedlize cettain Rieszproducs with random phasesThey are martingak structures, therefore
corverge. The criterion on W for nondgenegcy is provided. It differs compktely from those
for other knovn randommeasuregonstructedes martingalelimits of multiplicative processesin
patticular, it is very senstive to smal changesn W (). Whentheseinfinite product are interpreted
in the framework of thermodynamé formalism for random transbrmatons, logW is a potential
funcionwhenW > 0. Forregularenoughpotenials, in caseof degeneagy, the natural normalizaion
malkesthesequencef measuescorverge.Moreover, thisnomalizaion is neutral for nondgenesete
martingales. The multifractal analysis of the limit martingale measure is performed for a class of
poteniial funcionshaving adensecountble setof jump points.
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Résumé

On constuit sur R une mesue aléabire postive 1-péiiodigue commelimite d'une suite de me-
surs aléabires dont les denstés sont des produits d’hamoniques d'une foncion 1-périodique
W. Lesmesues «produits infinis» ainsi obtenuessont statistiquementaub-affines.Elles génén-
lisent certains produits de Riesz avec phases. Elles existant parce que la suite des densités est une
matingale. On obtient la CNSsur W pourquela limite soit nondégénéréeCetteconditionesttres
différentede celle obtenuepour les autresmesuresonnuecommelimites de processusnultiplica-
tifs de nature martingale. En particulier, elle est trés sensible a de petites perturbations de W. Plagant
cesproduits infinis dansle contexte du formalisme thermodynamgue pour destransformationsaléa-
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toires, log W estun poteniel lorsqueW > 0. Pour les poteniels assezéguiers donnantlieu a une
limite dégénérée, la normdisation naturelle rend la sute de mesures convergente; elle ne modifie
paslesmatingaks non dégénéges.L’ analyse multifraciale desmesues limites non dégénégesest
obtenuepour uneclassede poteniels présenant un ensembe densede points de saut
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1. Introduction

Therandomstatidically self-affinemultifractalmeasiresthatthis papernvegigatesare
limits of maringalks obtainedas producs of b-harmoncsof a periodic funcion.Let W be
anonngaive 1-periodic measirabk function satisfying:

/ W(t)dr =1.
[0,1]

Let (¢n)n>0 beasequencef independentandomphass distributed uniformly in [0, 1].
Letb > 2 beaninteger. Foreveryn > 1, denot by u, therandommeasirewhos densty
with repectto theLebeguemeasire £ onR is:

dan n—1
0= [Tw® e+ o0).

k=0

We let n — oo and study the limits w of such densities ), .

Unexpectedmathematicalreallts, practical motivations and numerical calculations
have helpedoneanoterin thisstudyin paricularly intimate fashion.Mandebrot'soriginal
canoncal cazade[21] andthemathematcal theoryit inspired[14] provokedtwo separa¢
broad developments One led to much more generaland more abgract mathematics
But actualuses in scienceandengineeringalso demandthe “invention” of very specific
multif ractalsof ever increasirg variety and versatility.

In particular one needsstationary multifractal measiresthat are natural and simple
to define and simulate numercally. The heurgtics and the picturesin [7] suggesed that
these goak could be fulfilled by themeasiresy studiedin this paperIn fact, as we show,
mahemaics defeaed this hope.But it also reveakd a subtie phenomenonilt was not
suspected might have escapedorute-forcenumericsandis of greatmathematicainteres.
Its practicalimplications are also greatbut will be discussedelsewvhere.

The article [7] was developed with no awarenes of Riesz producs [24], [27,
Chaper V 7]. But thoe classical object and the Riesz producs with randomphags
[10-12]provide specil exampkesof our sequencest, which do notvanish with postive
probability whenn — oo, i.e.,arenondgjenerag.
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Our broadesreallt is “ qualitatve”: the Riesz productsandother special examplesare
exceptonaland ungable, in the sens that the nondeyeneray of the limit is degroyed by
small changesn W. This new phenomenoimnvalidatesthe conjecuresstatedin [7].

Our secondreallt is that,undersuitablesufficient conditions the normalizedsequence
(tn/n ([0, 11))n>1 corvergesweakly on compactsubsets of R. This normalzaion is
necesary in concretecontets thereforewas used in [7,20]. As taken in [7] this step
was mathematicallyunjugified yet had a very fortunateeffect: it revealedthe subtle
phenomenorstudied in this paper As a reailt, all future applicaionswill have to face
averyimportantcomplicatingissue. An obrved measirethatseemsto be a multifractal
limit may, instead be avery differentmahematcal object providingdifferentingghtsinto
thegeneratingnechanis.

Thesequelcharacerizesthe nondgenerayg of the limit measireas well as performsits
multifractal analysis underweakasumptionson the regularity of W.

1.1. Thelimit measure

For every realt, the sequence(‘{%(z))n;l is a 1-meannonngaive maringak with
respect to the filtration (o (¢o, ..., ¢u—1))n>1. Therefore the existence of the random
multiplicative measue . we seek follows from the theory in [14]. Throughout weak
convergenceof measiresonalocally compacHauglorff set K meansveak: corvergence
in the dua of C(K), the spaceof real coninuousfunctionson K. Our precke reallt is
that, with probability one, the sequence (u,,),>0 redrictedto the compactinterval [0, 1]
corvergesweaklyto ameasire 19, and the endpoits 0 and1 are notatomsof (@,

Consquenty, by the 1-perbdicity of W, thereexists a uniguemeasire x on R such
that (9 (- + k) is the restiction of u to [k, k + 1] for every k € Z.

In the sequel, w will denoe Q. Letus detail the conterts of the paper.

1.2. Conditionof nondgeneracy

The first question is whether or not the martingale limit x is nondgenerag, meaning
that u # O with postive probability To answer, it is now necesary to go beyond the
criterion. Thearem 1 reports the surprising fact that i is nondegyenerag if andonly if
the martingale w, ([0, 1]) equas 1 amog surely. In paricular u has to be a probability
measire,andcanbecharacterizedia the Fouriercoefiicientsof W.

1.3. Themeasire u is generically degenerate

Theconditionof nond@enerag forcescertainproductsof Fouriercoefficientsof W to
vanish. Thereforedegenerag holdsonanopenanddeng setof functionsW. For exampk,
wisdegeneragif W(j)W(jb) # 0 for some j € Z*. Totheconrary, assoonasW(jb) =0
foral j € Z*, u isnondgenerag.

The exampde of W1(¢) = 3%(1— cog2rt))*andb =5. Theassociatedmeasirep = Hw,
is nondeyeneratebecaus Wi(5j) = 0 for al j € Z*. For ¢ € [0, 1], the backgroundof
Fig. 1 showstheintegral of thesinusidal W1(z), that is, ¢ — 11([0, ¢]), andtheforeground
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([0.)

Fig. 1.

shows dlightly trarslatedsanples of ¢ — w, ([0, ¢]) for n € {30k: 1 <k < 10}. Wesee a
grapht confirmaion thatthe sequence(u,),>1 convergesto a probability measue.

The dlightly perturbed example of Wa(r) = 89999(1 — cog2rt) + 0.1 c0s(1071))*, for
which Wa(1)Wo(5) # 0. Fig. 2 is plottedwith the same setof phasesas usedin Fig. 1. It
illu strateshow a small perturbation of Wy sufficesto insure adegenerateu = pw,.

A completely different criterion is found for other random statistically self-affine
measiresgeneratedby multiplicative martingalesfor example,the canonicaimultifractal
cazadegCCM) [15,21]andthe multifractal producs of pulses (MPCP) [3]. In termsof
the multif ractalfunction z(¢) (definedin Eq. (1)), the usual criterionis t/(1) < 0, which
holds on an openset of parametrs. The function 7(g) is not centralhere.Nevertheles,
Propogtion 2 showsthatfor a certainclass of functionsW the condition /(1) > 0 suffices
for degenerag.

1.4. Rak of degeneracy

Assume that p is degenera@ and W is positive ard satisfies the principle of
boundeddistortions (8) (for exampk if W is Holder continuoug, with probability one
lim,— o % log|lu, |l existsard is equal to ¥y (1) (seeEg. (3)). Propodtion 3 shows that
this limit yw (1) is never equalto 0, so that u,, corvergesexponentaly fast to 0 almog
surely.
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Fig. 2.

1.5. The natural normalization. The measire v

When the sequence(i,),>1 IS degenerag, it is natural to consder the normalzed
sequenceof measireson [0, 1],

P o
" 1a ([0, 1])

Moreover, it is important to comparewhat happensherewith what is observed for other
martingalegeneratedy randommultiplications For examplefor theinitial “lognormal”
maringake model conddered in [20], numercal simulations reveakd that when the
nonnormalzedsequencecorvergesto 0, the normalzedsequencedoesnot corverge.

Only limits of subsquencesf (v,),>1 are condderedin [12]. We point out that
the thermodynamd formaism for random trangormaitons [17,18] insures the weak
corvergenceof v, whenW is postive andHéldercontinuous

Fig. 3 illustratesthe convergence of the seqience v, obtainedby normalzaton of wu,
in Fig. 2 (W3 is positive).

Let (2, B,P) = (R/Z)®N, BR/Z)®N, ¢®Y). For w € 2, write o = (¢ (w)); 0. De-
fine on R/Z f(t) = bt as well as the random Perron—Fobenus operabr
Liogw = {El‘ggw: w € 2} actingon the spaceC (R/Z)¥ of families {¢.: w € 2} of real-
valuedconinuousfunctionsonR/Z by the formula:
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Fig. 3.

LRgwao® =Y W +¢0)qu(t).
r'ef=1()

Let # bethe ergodic trandormaion on (£2, IP) defnedby: 6 (w) = (bp;11(w))i>0. Itis
eadly seenthatforal we 2,n>2and g € CR/Z),

Jrsz £?£&/w 00 Liga o Lingw (9)(1)e(d)

JrjzLog oo Ly 0 Ly (D(0)e(dr)

f g vy (dt) =
R/Z

(herewe identified[0, 1) with R/Z andv, with its restriction to [0, 1)). The ailmog sure
weak corvergenceof v, is a consequenceof Propostion 2.5 in [18]. Denotethe almog
sure limit by v. To go back to [0, 1], it is an exerciseto show that with probability one, O,
asary fixed deterministic point, isnotanatomof v onT.

Observe that underthe previousasumptions if u is hondgeneras thenit coincides
with v since ., ([0, 1]) = 1 amog surely.

1.6. The multifr actal structure of  andv

If A is a positive measue on [0, 1], the multif ractalfunction 7, of A is definedhereas
in[12]. Itis
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T1q Iirrjép—m%m/l] A(Ir(t))q—lx(dt), 1)

wherel,. (t) =[t —r/2,t +r/2] N[O, 1].
Adding therestictive condition that the range of W is isolatedfrom 0 andoo, we show
thatfor alarge classof functions, the multif ractalfunction r,, of 11 takes theform:

Tu(g)=1—q+Yw(q), 2

where

Yw(g) = lim —E(Iogh f H Wbk + ) ) 3

(0,1 ¥

Secion 5 shows that this class of functions strictly includes funcions anabgous
to the exponentialof potentialof weak boundedvariationsrecentlyintroducedfor the
thermodynant formaism [16,26].In particular, this class includesfuncions W with a
den counfable set of jumppoints.

Themultifractalanalyss of © congstsin the computtion of the Hausdorff andpacking
dimension of level setslike

Xy = {z €0, 1]; fim Q9L (1)
r—0  logr

:ot} (x =0).

Once (2) is established, Secion 5.3 shows thatthose dimensonsfollow asin [12] usng
the Large Deviationstheory. The main difficulty is to show that (2) holds underweak
hypotheses. We also show that r,, is differentable at 1. Hencethe Hauglorff dimensgon of
themeasire u, i.e.,the smalest Hausdorff dimenson of a Borel set of full x-measire,is
equalto —r/;(l) (thisisalso thecae wheny isaCCM or aMPCP)

If W is postive and Holder continuous the multifractal function 7, of v (recall that
v = u in ca® of nondgenerag) takesthe form areadyobtainedin [12], namel,

(@) =1—q(1+yw@D)+ vw(g). 4)

Alsousng [19]it will beseenthatdueto the ergodicity of 6 on (§2, P), 7, is stiictly convex
and analytic.

1.7. Anatural quegion: doest, (¢) =1 — ¢ + log, f[o 1 W (¢)? dr onsome nontivial
intervd when u isnondgenerate?

It isimpossible to answer this quesion numertally by computng

n—1
1
1—g+ ;E(Iogh / ]‘[ W (bk(t + p1))? dt)

[Ql]kzo
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for large valuesof n. This problemis raisedin [11,12] (Secion 7) underthe form: does
Yw (¢) simplify inlog, f[o,l] W ()4 dr onanontivialinterval? ExceptwhenW iscongant,

Theorem3 shows that if W is positive and logW satisfies the principle of bounded
distortions(8), thenyrw (¢) < log, f[o,l] W ()7 dr outsideadiscrete set. Thisfollowsfrom

the condition for nondeyenerag. The equality holds on R when W is congant when

redrictedto eachintenal (k/b, (k + 1)/b), 0< k < b — 1. We conjecurethatthe ansver

no exceptin this ca.

Remak 1. W being a postive coninuousl-peribdic funcion s;uchthatfol W) dr =1,

canour productcongructionbe modifiedto yield amorefamiliarresault, namely arandom
measirem havingthefuncion f :g — 1—q+log, fol W (¢)4 dr asits multif ractalfunction

onanontivial interval? Sucha measireis indeedobtainedas the almog sure weaklimit

of the sequencef measires(m,),>1 on [0, 1] whose dersitieswith respectto ¢ aregiven
by:

dm,

de

n—1
O =[][wE*e+an) ifeell/ph a+1/5Y),
k=0

where the randomphas ¢ ; (k > 0, 0 < < b* — 1) areindependenand uniformly
distributed in [0, 1]. By using technguesdevelopedfor CCM and MPCP [1,3,15],0ne
can show [4] thatm is nondgenerag if andonly if /(1) < 0. Moreover, assuning
that m is nondgenerag¢ and defining J as the openinterval of thoe ¢’'s such that
—f(q)g + f(g) > 0we have:with probability one, both multif ractalformalisims of [6,23]
holdform on— f'(J) (thelargeg as possible openinterval on whichthey could hold), and
T =fonJ.

1.8. Rehtionswith the propetties of Riesz producs

The simples Riesz product with random phass is the special ca®
W(t) =14 acog2rt) for somea € [0, 1); in this cas theredriction of w, to [0, 1] is
cleaty a probability measue for all » > 1. This and closely related “ generadized” Riez
producs arecondderedin [10-12],which neither point out the martingak naure of some
of these producs, nor study nondgienerayg. While we consder ., [12] typicaly consd-
erson [0, 1] aweaklimit of a subsequenceof (v, = w,/ws ([0, 11)),>1. Our Theorem 1
exhibitsall thefunctonsW for whichthis normalzaton is not necesary for corvergence
to anondegyeneraglimit.

For thesimplest Riez producs, theapproxmateformulagivenin [10] for theHausdorff
dimenson of y is improved in Corollary 2 of this paper.

[11,12](seealso [13] for aclosely relatedproblemin thedeterminisic cag) performthe
multifractal anaysis of limit of subquencesf v, whenthe termsof the infinite product
arecontinuousandsatisfy a principle of boundedrariations Both assumptonsarerelaxed
in Theorem4 andRemark8 of this paper
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If W is postive and Holder continuous the multifractal analyss of the limit v of v,
is implicit in [19], but not complete. Sectian 6 callects both resuts of [12,19] to give a
completereallt for the multifractalspectrumof v.

[11,12]also study infinite producs wherethe randomphags are noti.i.d. but satisfy
a stationaryergodic property; the martingalestructuredisappearsnd it is necesary to
consderweaklimits of subssquencesf (w,/u, ([0, 1])),>1. If W is postive andHolder
coninuous [18] yieldsthe aimog sure corvergenceof the normalzedsequence.

1.9. Sunmary

Sectim 2 introducessome definitions neecedin the sequel, ard says preciselyin what
is statidically self-similar (Propo#ion 1). Section3 dealswith thenecesary andsufficient
conditionfor nondeyenerag of u,. Secion 4 providesa lower boundfor the Hausdorff
dimenson of i in thegeneralca®. Sections and 6 performthe multifractalanalyss of ©
andv, respectively. Section 7 briefly relatesthese measueswith a kind of multiplicative
cagadegneasire.

2. Same definitions and statistical self-affinity

Dersities. For 0 <n <m andr € [0, 1], let:

m—1
Pom@ =[] W(b"t +o0)

k=n

andP, = Py .

A™ . For every integer m > 0 we denoe by A™ the set of finite words of length m on
theaphabetd = {0, ..., b — 1} (A9 = {¢}). Thenfor a € A™, |a| = m and I, denoesthe
closedb-adic subinterval of [0, 1] naturally encoded by a.

A*.Wedenoe|J,_,A™ by A* and{0, ..., b — 1}V by 9A*. Theset A* actson theleft
on the disjoint union A* U 9 A* by the concaenaton operaion. Thus for everya € A*, let
C, denokad A*, namelythecylinder generatedy a. Denot by A the o-field generated
by the C,'s in 0A*. 3A* is enrdowedwith the standard ultrametric distarce d defined by
d(a,b)=b"19"l 'where|a Ab|=swp{n >1:a1...a,=b1...b,)}.

dimg and dimp. The Haugdorff (repecively packing) dimenson of a subset of R
(regectively 9A*) is consderedwith regectto the usual distance(regectiely d), and
denoedby dimy (repectively dimp). (See[9] for adetailed account)

I,(t), Cy(f) and I.(z). For t € [0,1] (regectively 7 € dA*) and n > 1, I,(¢)
(respectively C, (7)) derotes the closure of the b-adic semi-opento the right interval
(repecively the cylinder) of the nth generaion which contains ¢ (regectively 7). For
r € (0,1), I,(¢) denoestheintena [r — r/2,¢t +r/2] N[O, 1].

Given apostive measirev on [0, 1] andr apointin the closed supportof v, the“lower
log-densities” o, (r) and B, (1), andthe“upperlog-dendies’ @, (r) andg, () of v atr are
definedby: B
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T logv(1; (1)) lOQU(In(t))
QV(I)_“W—Jinlogr o Bu@ =liminf——""= ogh "
= N logv(Z/, (1)) 5 = . logv (1, (1))
av(t)_llrrn_)scgpilogr , ﬂv(t)_h;nj)obpi_nlogb .

If a,(t) =a,(7) (repectively B, (1) = By (1)) smply write a, (¢) (regectively 8, (¢)).
Similarly, if ¥ is a positive measue on 9 A* and is a pointin the closed supportof v,
define:

log i (Cy (7))
B () = lnfﬂ)log “nlogh
oo log#(C, (7))
() =1
B =limsw=—" "
7 isthe mappigfrom d A* to [0, 1] definedby 7 =11 .. N Zl>1t,/b

¢ isthe uniquemeasireon (9 A*, A) suchthatfor al a eA* 6(Cy) = bl
Now if p is a nonngaive measire on (04, A*), for n > 1 we define P,.p asthe
measirewhos densty with regectto ¢ is equalto

d(P,. - -
Fnd) iy — b, (D)),

Theargumentsequiredfor Propo#ion 1 also show that,with probabilityone thesequence
(P,.p)n>1 corvergesweakly to anonngaive randommeasire P.p. Moreover, sincethe
randomfacors W (b* (w () + ¢x)), k > 1, aremutualy independenit follows from [14]
thatthe operator L : p — E(P.p) onnonngative measiresis a projection(by definitionif
feC@T)then [;,. f(OE(P.p)(dr) = E(f; 4. f()P.p(dr))).

Let /2 denoe P.Z. Thefollowing remarkwill be useful in the proof of Theoreml. By
congruction i = ji o w1, For a € A* the probability distribution of /1(C,) depend®nly
on|a|. Moreover, sinced A* is totally discannectedwe have |||l = |l = Y c am (Ca)
for al m > 0. Consquenty

E() =E(|lll)e. (5)

We adoptthe convention 0 x co = 0.

Given a nontivial compactsubinterval 1 of [0, 1], the affine increagng mapping from
[0, 1] onto I isdenoedby f;. Thelength of I isdenoedby |/].

Given two randomvariables X andY, identity in distibution is derotedby X = Ly,

Given arealx, [x] standsfor the largeg integer less thanor equalto x.

Sef-affinity. The statisticalself-affinity property of x is made explicit now.

Propostion 1 (Statisticalselfaffinity). Fix n > 1 anda nontivial conpactsubinterval 1
of [0, 1] with length »~". Definethe sequencef measires (um)m>1 on/ by



J. Barral etal. / J. Math. PuresAppl. 82 (2003)1555-1589 1565

dul
T;(t) = Pn,m(t)~
For all m > n, therestriction of u,, to I andthe measire u! _, arerelatedby:

[ (dF) = Py (1)l (dlf) (6)

andthe following propeties hold:

Il

(i) For all fecd) andm > 1, [, f()pl,(dr)

. d
particular ||}, Il = [1]]lpm .
(i) With probability ong (uf,)m>1 corverges weakly to a measire u! asm tends to

oo and for all f e C(I), [, £ uldr) 4 |I|f[0!1]f o f1(t) u(dr); in particular

4
= 1l
(i) Themeasuresu’,a € A", arededucedromoneanoherby an horizontal trandation.

|[|f[0,1]f o fr(t) um(dt); in

Theverificationsareleft to thereader

3. Nondegeneracyand rate of degeneracy

The characerizaion of the nondgienerag of u, i.e., when is u positive with positive
probability, is the first problem to be sdved, and this phenomeron is expressedin
Theoreml via the Fourier coefficients of W. Then, Propodion 2 completeshis reault
by a differentsufficient condition for degenerag. Propostion 3 gives precisonson the
rateof corvergenceto 0 in ca® of degenerag. .

For every k € Z, let W (k) stand for [, , W(r)e 27! dr. By assumption W (0) = 1.
Forevery n > 1let Y, stend for 1, ([0, 11); (Y4, 0 (¢o, - .., ¢u—1))n>1 iS amartingale with
expectationl, which cornvergesto |||

Theorem 1 (Nondagenerag). The following propetties are equivalent:

@) P(lul > 0) > 0;

(i) (Yn)n>1 is uniformly integrable;
(i) Va>1,Y, =1amostsuely;
(iv) llull = 1 almostsurely (u is a probability measire); _

(V) Y1 >2Y(jo, ..., ja-1) € Z"\ {0, ..., 0}, X425 jib* = 0= [TZg W (ji) =O.

It followsfrom Theoreml thatif propery (v) isviolatedthenY,, vanishesamostsurely,
but E(Y") 4,00 0o foral i > 1.

Propostion 2 (A condition for degeneracy). Supposthat W > 0 andlog W satisfiesthe
following weak principle of boundediistortions
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n

o) = Z Swp llogW (1) —logW (s)| = o(n). @
k=0 1,5€[0,1], |t—s|<b*

LetDy =1— f[O,lJ W(t)log, W(z).If Dy < O0thenu isdegenerate. Thesame conclsion
holdsif Dy = 0 andmoreover ¢ (n) = o(y/nloglogn).

Propostion 3 (Rateof degenerag). Supposthat . is degenerate. Moreover, suppo® that
W is positive and that log W satisfiesthe principle of boundedlistortions

oo

C= Z sy llogW (1) —logW (s)| < oo. (8)
=0 £.5€[0.1], | —s|<b*

Then,with probability oneyry (1) =lim,,— oo % log ||, |l existsand ¥y (1) < O.

Remak 2. (1) The nondgeneray conditionis agebraic.It forcescertain W (k) with
k # 0 to be null, and at leas one VT/(kb) to be null. This characteization shows that
nondgenerayg holds on a closed subset of functions W with empy interior in the set
of nonn@aitveintegrabk functionson [0, 1] with meanl.

(2) Hereare two simple conditionsunderwhich nondgeneray holds

(a) Thereexists p > 0 suchthatW (k) =0 for al k ¢ b”(Z \ bZ).
(b) W isatrigonometic polynomial of theform

W(t) =1+ axcos2mmybP*t) + by sin(2rmibP*t),
keK

where K is a finite set,the a; and by areso that Y, _x \/a?+ b2 < 1 in order to
insure that W is nonngjaive, the p; arenonneaiveintegers and the m; arepostive
distinct integers sothat: for all (ex)rex € {—1,0, 1}X\ {(0, ..., 0)}, b doesnotdivide
D ke EKMk.

For instarce, if b =5 and K = {1, 3} then the choice m1 = 1, m3 = 3 yields the
functons

W (1) =1+ a1coq2r x 5°1t) + bysin(2r x 5P11)
+ agCOS(ZJT x 3 % 5p3t) + b3 Sin(Zn x 3 X 5p3t),

where p; and p3 arearbitrary nonngaiveintegers
(3) Let T bethe operabr on the 1-perdic funcionsof L _(R) definedby:

loc

L
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It isimmedate thatfor every k € Z, Tf (k) = f(kb). S0if Tf =0, f is of mean0, and
if the function W definedby W = 1+ f is nonn@aive, thenthefuncton W satisfieshe
conditionfor nondgenerag since W(kb) =0 if k # 0. Conversely, al the functions W
satisfying the conditionfor nondegyenerag andsuchthat W (kb) = 0 if k # 0 are of the
form W = 1+ ¢ for somel-periodic g € L} (R) with Tg = 0.

loc

This remarkwill be useful to congruct explicit exampkes of funcionswith a dene
counible set of jump points satisfying the “wealened” weak principle of bounded
distortionsin Secion 5.1.

Theproof of Theoreml beginswith the following lemma,which explainsthe origin of

propery (v).

Lemma 1. Assumethat >, _, |W (k)| < oco. Propetties (iii) and (v) in Theaem 1 are
equialent.

Proof. Noticethat Y1 = 1 amogt surely. SinceY", ., W (k)| < 00, t > 3, cp W (k)E27H
isacontinuousversion of W. Thereforeforeveryn > 2,

n—1

1=Y,=Yu(¢o, .., ¢n-1) = f [Tw® e +0)de

(6.1 k=0

ln—l
- / [T wepednitt oo g
o k=0jezZ
1 n—1

:/ Z l_[ W(jk)eZi” S bk (o) dr

0 (0w jn-1)€Z" k=0
n—1 N
=X [[Fueie
(joros Ju-1)EZ", Y425 jubk=0k=0

Since ¢o, . .., p,—1 aremutualy independeranduniformly distributed, this holdsalmog
surely if andonly if thefunction of n variables

n—1
Yot (o, ... un-1) € [0, 1]" > 3 [ W (oe? Zizoint' e

(JosesJu1) €L, Y173 jubk=0k=0
is idertically equal to 1. Thisisequivalentto (v). O

Proof of Theorem 1. To see that (i) and (ii) are equivalent, recall that the mapping
L defined in Section 1 is a projection. Moreover, it follows from (5) that L(¢) =
E(|lu])€. Consequently, the equaity L o L(£) = L(¢) yields E(||i])) = (E(]|]))? and
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E(llnl) € {0, 1}. Since (Y,),>1 is a I-meanmartingale, E(||u ) = 1 is equivalent to the
uniform integrahility of the martingale. The sarre argumert shows that (iv) implies (ii) .

It is clearthat (iii) implies (i) and that (iii) implies (iv). It remains to show that (v)
implies (iii) and (i) implies (v).

To prove that (v) implies (i), notice that property (v) mears that cetain Fourier
coeficients of W are null. It is then stardard that W is the limit in L1([0, 1]) of a
sequence(f,),>1 of nonn@aive trigonometic polynomials with mean1 such that

Wk =0= fp(k):OforaII keZ*andp > 1: f, =W x g, where

gpit—> (1+ cos(Zm))p/ / (1+cog2r))” dr
[0.1]

sothat f,(k) = W (k) (k) for dl k  Z. In particulareach f, satisfies propery (v), as
well asthe assumption of Lemmal, sofor every p, n > 1 amog surely

n—1
[ [175 @ ¢+e0)d =1

[0.1] k=0
Thereforefor every p,n > 1,
n—1

n—1
[16 @ C+e0) - [TWEC+¢0)|de
k=0

k=0

|1_ Yn| <
[0,1]

n—1
<Y £ (BF @+ ¢0) — W(BF( + )|
k=0

< [ @ c+an) ] weEre+en)

0k <k k<k'<n—1

and

n—1
E(11—Yal) <Ufp = Wl DIl W I = nll f, — Wil
k=0

By ourchoiceof (f),),>1 we get (iii) .

Now suppog (ii) holdsbut (v) fails. Fix no > 2 and (lo, . .., l,y-1) € Z™\ {0, ..., 0}
such that Y70 bk = 0 and [T;%," W) # 0. Then, for every n > 1, chooe
(jO’ ceen jn+n0—1) such that Jo=-=jp-1= 0 and (jn’ cees jn+n0—1) = (lo, ..., lno—l)-
By usng the Fubini lemmatogeterwith the 1-periodicity of W andtheindependencese
get
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. n+ng—=1 . 1
IE([Yn+no - Yn]eizm Zk:o s ¢)k)

. n+ng—1 .
(e I 00

n—1 n+ng—1
- / [TEW @ +0) T B(WEC+p0)e 2w o) d
(61 k=0 k=n
n+no—1
- / [1 ]E(W(bk(t+¢k))e’2i”fk”k¢k)dt
[0.1] k=n
no—1
- [T1I Q2inlib ke / W(bi1+ku)e—2i7rlkb”+ku du dr
(0.1 k=0 [0.1]
no—1 no—1
- / exp<2inb"t Z lkbk) ]—[ b= th) / W (u)e 27l dy o
1] k=0 k=0 (0.0+4]
no—1
=[] waw.
k=0

On the otherhand,E(]Y, 4., — Y1) hasto cornvergeto O as n terds to oo since by (i) the
martingale (Y,,),>1 is uniformly integrabk, acontadiction. O

Proof of Propostion 2. We proceedas in [25] to obtain the necesary condition of
nondgenerayg for CCM, viaasize-basng approach.

For every ¢ € [0, 1] andn > 1, defineon (£2, o (¢o, . . ., ¢p»—1)) the probability measue
P, , whose denrsity with respectto P is given by:

dP; ,
dp

(w) = P, ().

The sequence(P,(1)),>1 is a 1-meanpositive martingale with respectto the filtration
(o(¢o, ..., Pu—1))n>1. This dlows us to consder PP;, the Kolmogoros extenson of
(Pr)n>1 10 (82, 0(¢n, n > 1)). Following [25, Theoremd.1(i)], to conclde, it suffices
to show thatfor all ¢ € [0, 1], P, (lim Swp,,_, o, i (I (¢)) = 00) = 1. To seethis, notice that
underour assumptions it is straightforwardthatwith probabilityone,forall n > 1, for al
t,s €[0,1] suchthat|r —s| < b7",

e_w(n) < Pn—(t) < e‘p(").

h Py (s)

It follows that
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n—1

log un (I (1)) = —p(n) + Y —log(b) +log W (b*(t + ).
k=0

Therandomvariables — log(b) + log W (b* (t + ¢¢)), k > 0, arei.i.d. with repectto P,,
with P, expectation— Dy logb andpostive variance(otherwig W is congant equalto b,

contadicting fol W (t) dr = 1). Consequenty, if Dy < 0 then

P, (Iim s un (In (1)) = oo) =1

n—0o0

follows from the strong law of large numbersand the propery ¢(n) = o(n), and if
Dy = 0, the same follows from the law of the iterated logarithm and the property

p(n)=o0(/nloglogn). O

Proof of Propostion 3. It follows from thecompuatonsdonein the proof of Theoren2
in Section 5 (seealso[12], Section 7) that, almost surely, Y (1) = lim,,— % log, |l x|l

exists. Moreover, Yy (1) is alsothe limit of %Xn, where X, = E(log, ||, |]), and for all
m,n>1,

Xogm < 2C + X + X
It follows that the sequence X, 4 2C is sub-addtive andyrw (1) = inf,>1(X,, + 2C)/n.

Moreover, lim, . X,, = —c© sinceSlJrJ,l>lE(||u,,||) < oo and lim,,_ |||l = 0. This
yieldsyw (1) <0. O

4. A lower bound for dimg (u)

Whenthe measire i is nondegenerag, it is natural to ask for a lower boundedimate
of itsdimenson. Undersuitable assumptionsthis boundwill provein Secion 5.3 to bethe
exactvalue of thisdimenson.

Propostion 4. Suppos that i is nondgenerate and that f[o,l] WP (t)dr < oo for some
p > 1. With probability one for ji-almog every 7 € 9 A*,

Ba(t)=Dw=1- / W(t)log, W(z)dr > 0.
[0,1]
TheHauslorff dimenson of w, dimg (1), wasdefinedis Sectionl.

Corollary 1 (Lower bound for dim(w)). Suppos that u is nondgenerate and that
f[o’“ WP (t)dt < oo for some p > 1. With probability ong 0 < Dy < dimg(n) < 1. In
particular u isatomesswhen Dy > 0.
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Corollary 1 is smply a congquencef Propostion 4, therelationyw = i o 71 anda

Billingsley lemma(cf. [5, pp.136-145]).

Proof of Propostion 4. Forn > 1,¢ > 0 and n > 0, the Chebychev inequality applied to
the probability measue i andtherandomvariables ii(C,,(f))" yields

a({fed A f(Co)"p" PV > 1) < Y7 ACH TPV = f, ().

acA"

Applying succesively Propodtion 1, the Fatou lemma,and the Jengn inequality to
(f;, Pa() s, () yields

1+n
E(fu.e () <p"1P¥=2 % " limin E((/Pn(t) uf,étn(dt)> )

acA" I
Dw— P 1, 1 Ia
<pmPe Y lim inf E(Hum_n K [ Pa()™" um_,xdr))
acA" I,
n
— bnn(DW7178)< / W(t)1+77 dl)
[0,1]

(we aso used the independenceandthe propery: since i is nondgenerag, it follows
from Theorem 1 and Propodgion 1 that ||;L,I,;‘_n|| = b™™). This vyields
E(fo.e () <H"METOM) 50 37 E(f.e(m) < oo if 7 is small enough.Finaly, for
every ¢ > 0, with probability one Y=, -, A({7 € IA*: (Cy(7)"H"1 PV =) > 1}) < oo.
One concludes with Borel-Cartelli lemma. O

To seethat Dy > 0 weproceedasfollows: ontheonehandwelearnfrom Propostion 2
that Dw > 0 when W is a postive trigonometricpolynomialsatisying the conditionfor
nondgenerayg. On the otherhand,for every p > 1, the set of thes polynomidsis deng
in the setof functionsof L7 ([0, 1]) satisfying the conditionfor nondegeneray.

5. Multifractal analysisof u

We have to assume someredrictionsonthe funcion W.

(H1) Propery (v) of Theoreml holdsfor W (i.e., i« isnondgenerag).
(H2) 0<w < W < w < oo for somerealnumbersw andw.

Our third assumption allows cettain functions W to have adens coungble set of jump
points This asumptionincludesa conditioningpiredfrom theweakprincipleof bounded
distortions (see Remark 3(1)) recentlyconsderedin the thermodynamidormalisn (see
[16,26]), but it is lessrestictive thanthis principle:
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(H3) “Wealened” weak principle of boundeddistortions for logW: there exists a
sequence(S,),>1 of finite subsets of [0, 1], al including {0, 1}, suchthat

n
hy = Z sup llogW (1) — log W (s)| = o(n)
k:o{t,se[O,ll, t—s|<b,
Sut,51=0

and

my = min[k eN:bF< inf |t —s|] =o(n).
t,SESy, t#s

Remak 3. (1) Theweakprinciple of boundedlistortions for exampkinthedeerministic
coniext of [26] (seealso [16] and[12, Theorem3]), would assume the more redrictive
condition that there exists ng > 1 such that S, = S,, for al n > no, i.e., W should be
pieceavise coninuous Even in this ca®, if W is not coninuous thefactthat we consder
randompha®s createscomplicationghat, to be circumvented,necesitate the new ideas
we develop in the ca® of an infinite numberof jumppoints.

(2) We adaptthe approachof [12] to find t,. The main difficulty is locatedin the
impossibility, under (Hs), to directly applying the (key) Kingman sub-multiplicative
ergodic theoreminvolvedin [12].

Before beginningthe study of the multifractal structureof 1, we exhibit somenontivial
exampksof functionsW satisf/ing the above assunptions.

5.1. Nonftrivial examplesof funcionsw

We shall use Remark?2(3)in Secion 3, wherethe operabr T was defined.

Funcions W (with a dens countble set of jump points) of the form 1 + Zng,,
wherethe g, are piecenise Holder coninuouswith atleast two jump pointsand7'g,, = 0.

Fix (Min)n>1 a nondecredsg sequenceof integers such that 7, = o(n) and
lim,,_ o0 My, = 00.

Fix asequence(@)) ,>1 € (0, 11V

For every p > 1, condruct a 1-perbdic funcion f, € Lﬁ)C(R) with the following
propertes:

() fpisgivenon[0,1/b) by > — Y ""1 f,(t + j/b).
(if) Thesetof jump pointsof f, in (1/b, 1) isnonempy andfinite, and f, is «,-Holder
coninuousbetveentwo conscutve jump points.

Dueto (i) wehave Tf, =0 0 f,(kb) =0 foral k € Z.

Thendenoeby D, the setcontining 0 and 1 and all the points wherethe funcion f,
jumps Denote by || f, e the supremumof | f,,| andby C, apostive real numbersuch
thatfor all ¢, s € [0, 1] suchthat[z, s] C [0, 1]\ D,

| fo(6) = fp(s)] < Cplt — 5]
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Assume that the sets D, \ {0,1,1/b} are pairwise disjoint. For j > 1, define
Rj= U;Zl D,. Fix (it is eay to condruct one) a nondecredsg sequence(j,),>1
of integers such that for every n > 1 lage enough,b™"» < inf,,seRj”,,#S |t — 5], and
iMoo Rj, = UpZy Dp- ChooseS = Rj,. Itfollowsthatm, <, =o0(n).

Finaly, choosaasequenceof realnumbers(8,) ,>1 suchthat

1
> 1Byl fplloe < 5,

p=>1

1 c

lim —ZM:O.

n—>oon 11—b ®p
p:

Thendefine

W=1+> B,/

p=1

By condrucon W jumps at every point of (J,>, D, \ {0.1,1/b}, W > 1/2, W
is bounded,f[oﬁl] W(i)dr =1 end W satisfies the condition for nondgyenerag since
TW =1.

It is clearthatwe canforce Up>1 D, to bedengin [0, 1].

Now if n > 1islageenoughand(z, s] C [0, 1]\ S, is suwchthat | — s| < b~* for some

< k < n, then by construction all the f,,, 1< p < j,, areconinuouson [z, s], SO

jﬂ

llogW (r) —logW (s)| < 2|W(t) = W(s)] <2 1B,ICpb~ " +4 > |Bylll.f llco-

p=1 P> jn
Consequenty

m
Lot p p plllJpllico
fn o™ sip W(t)+ Iﬂ 1Cp Y b~k 445" 1Bl f,
n n t€[0,1] P>jn

1BpICp
<2™ sip w4 2 Zl ey +4 2 Byl fyllec.
N te[0,1] p= P> jn

It followsthatlim, o h,/n =0
5.2. The multifr actal function of 1

Asin [12], we begin with the identification of a natural cardidate to be the multif ractal
function of u. Propostion 2 providessufficient conditionson W for Dy to be postive
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(herew isnondgenerat). In this cag, Corollary 1 saysthatu is atomless. Withoutthese
informationin generalwe have to condderthecase Dw = 0 in our statementsindproofs

Theorem 2 (Multif ractalfunction t,,). Assune(H1), (H2) and (H3).

(1) SupposthatO< Dy < 1.
(i) With probability one thelimit 7, asr — 0t of

1 _
qER— tr(q)z—@bgf (L) pdn
[0.11

existsandit isequalto

1
geER—1—g+ lim —E(Iogh / Pn(t)th>.
n—-oon
[0,1]

If Dy > 0 thenthe function 7, is corvex anddeceasng, andif Dy = 0thenz, is
convex anddecreasngon (—oo, 1) andnull on [1, c0).
(i) 7, is differeniable at 0 and 1 with f;/L(O) =-1+ f[o,l] log, W(r)dr and
—f,i(l) = Dw; 1, isnotaffineon |0, 1].
(2) Dw =1if andonly if W = 1 almog everywhere; thatis i is the Lebeguemeasure
andr,(q)=1—gq.

Theorem 3. Assume(H1), (H2) and (H3).

(i) tu(@) <1—gq+log, fol W (t)4 dt for all ¢ € R, with equality for ¢ € {0, 1}.
(i) Suppos W is positive and log W satisfiesthe principle of boundeddistortions (8).
Then,either W is congant, or

1
Tu(q) <l—q+ Iogb/ W ()4 dr
0

for every ¢ e R\ S, where S is a discrete set that contins {0, 1}. Moreover; if
SWci0,1) W) > b then S isupperbounded.

(iii) If W is equalto a postive congant wy on every inteval (k/b, (k + 1)/b) (0< k <
b —1)thenfor all ¢ € R,

1 b-1
T, (q)=1—¢q ‘HOQb/ WHidi=1—q+ IogwaZ.
0 k=0

Remak 4. In the proof of Theorem3(ii), we show thatif W is nonconsant, postive,
andlogW setisfies (8), thenyw (¢) < log, fol W4(t) dr for all g € R excepton a discrete
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set that contains {0, 1}. The proofis valid evenis W does not satis the condition for
nondgeneray.

The proof of Theorem2 needstwo lemmas namey Lemmas2 and 3, both
conequence®f (Hs). The proofsof thes lemmasare podponedunt| after the one of
Theorem? andthe statemenbf Lemma4. The proof of Theorem3 endsthis section.

Lemma 2. There existsa positive function ¢(n) = o(n) such that, with probability ong for
n largeenoughfor all ¢, s € [0, 1] with |r — 5| < b 7",

LWk + i)
LW k(s + pr))

e*(ﬂ(’l) < < e‘ﬂ(”)'

Remak 5. Becaus of theassumption (H3) onlog W, the set of integersn for which the
inequalities in Lemma 2 hold dependson w € £2. Consequenty, it is notpossible to obtain
thefirst partof Theoren® asdirecly asthe correpondingresultin[12, Theoren¥].

We alo needLemma3 whichinvolvesnew definitions

Fix y € (1/2,1). For every j and p > 0, denok by ¢; , the finite word written with
p x j timestheletter0 (e;,0 = ¢), and then for » > 1 denoeby E; , the event

Ej,n = {Va S Sj,nflA'/,

#HO<k < j—mj: ;N[ V(UL + pu-1)j40) Mod1] £} < j7}.
Thendefine M ,, (0) =#{1<1<n: w ¢ Ej }.

Lemma 3. There exists a sequence(s;);>1 tendingto 0 at co such thatfor every j > 1
large enough,with probability ong for n large enoughM; , < B;jn.

Proof of Theorem 2. (1)(i). We proceedn four steps

Sepl. We show thatfor every g € R, lim,._ o+ 7 (¢) existsalmostsurely if ard only if
lim,0l—gq+ % log, f[o,l] ]_[Z;é P, (1) dr existsalmost surely. Moreover, theselimits
areequalwhenever they exist.

Notice thatit sufficesto edablish this properyy whenr tendsto 0 alongthe sequence
(bO™™)n>1. We distinguish two cases

First case: ¢ —1> 0. For every n > 1 and a € A", define I, asbeing the closed
b-adic interval of the nth generaion immedately on the left side of 1, if 1, € (0, 1]
andy otherwise; also define 77 asbeing the closed b-adic interval of the nth generation
immedately on therightsideof 1, if I, C [0, 1) and® otherwise.

Fixn>1landa e A". Forevery t € I,, wehave I,-« (1) C I; U1, U I} . Dueto thefact
thatg > 1, this implies that

(lyn )" <3 ()T 4 L) (1))
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andthen

/ 1l )" () <370 (w7 w1+ (1) ). 9)
[0,1] acA"

Ontheotherhand, if a € A", I, I (t) forevery r € I, so

n(la)? =/u(1a)””lu(dt) S/M(Ib—n(t))q_lu(dt)

1, Ia
and
Z nla)? < / M(Ib—n(t))q_lu(dt)- (10)
acAn+l [0,1]

Now, we use the following important remark.Eventhoughwe do not know that u is
atomless, the theory in [14] tells us that, with probability one, the b-adic points are not
atomsof p. It followsthatwith probability one, for every a € A*,

u(ly) =mli_r)noo/¢|a|+m(la) = mlinoo/ Pia|(t) Pla},ja)+m () Os. (11)
[Ll

Moreover, by Lemma?2, with probability one, for n largeenoughforall a € A" andm > 1,

a9 < f[u Py (8) Py tm (5) ds

X X e‘ﬁ(n)
Pn(ta) f[a Pn,n+m(s) dS

wheret, = inf(1,). But dueto Propo#&ion 1(i) and Theoreml(iii) we have:
/ Py ntm(s) ds=p""
1

for every interval I of length 5=". Consequenty

1, Pu(8) Pa et (5) ds _

< e‘/’(”)
b= Py (ta)

e_‘p(”) <

andby (11),

nla)

e_(/’('l) <
b=" Py (ta)

<ef™, (12)
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Now, if I € {I,, 1, 1)} is nonempy, applying Lemmaz2 with (¢, s) = (inf(I), inf(1,))
in (12) writtenwith ylelds

e < w200
b7 Py (tq)

So

w47 u(l,)

b—1a=Dp—np, (1,)4 \exF’(h(CI)Qﬂ(n)), (13)

ep(—h(g@)pn)) <
whereh(q) =1+ 2|q — 1]. A lastapplication of Lermma 2 yields

fl P, (s)4ds
b7 Py (14)1

\qlw(n) < elalem)

\

and we deduce from (13) thatwith probability one, for n large enough for al a € A" and
I anonempy elementof {1,, I, I},

w(DI7Lu(ly)
b—ng—D f,a P, (s)4 ds

exp(—[lgl + (@) ]em) < <ep([lgl +hr@]em). (14)

Finally, theconclusionis aconsquencef (9), (10)and(14).
Seconctase: ¢ — 1< 0.Fix n > 1 and a € A", We saw that I, C I, () for every
t € 1,. Consquenty

[ @) wan < ¥ uir. (15)

[0.1] acAnt+l

Ontheotherhand, if @ € A", fix a’ € A"+2 suchthatl) := I, C 1, andl/, doesnotcontin
ary endpontof I,. We have I, .2 (1) C I, foral t € I so

() (1)) < / 1 (L2 (1)) ().

I

a

Thisyields

> nla) (I )" (). (16)
acA" 0.1

By using Lermma 2 we get, with probability one, for all n large enoughanda € A",

b2y 2e w2y  MUa)
w(la)’



1578 J. Barral etal. / J. Math. PuresAppl. 82 (2003)1555-1589

so by (16)

Z I/L(Ia)q < b2w—2e¢(n)+§0(n+2) / ,U«(Ibf(n+2) (l‘))qil,u.(dt) (17)
acAn 0.1

andtheproofendslike in thefirst cag by using (15), (17) and(14).
Sep 2. We use the notatonsintroducedwith Lemma3. For al j andn > 1 and all
q € R, define:

Yjn(q) =b""bI f Pu—1)j.j ()7 e
Igj,n—l

(Yj1(9) = f[o.lj P;(1)? dt). Define Cy = max(|logw|, | logw]). We use the notationsof
Lemma3 and prove the following propery:

(P) For every j large enough,with probabilityone,for all n > 1 lageenough0 < i <
j—1landg eR,

exp(—fl(j, " q)) < Ynj+i,l(q)

< =T Lexp(h(f,n, ),
Ty Yt @) exp(h(j,n,q))

whereh(j, n,q) =2lqlhn + Cwlg|(2B;jn + 2(j¥ +mj)n +1i).

It follows from the definition of M; ,, and theinequality W9 < exp(Cw |g|) that

Ynj-‘ri.l(‘]) <

Z eP(Cwlql(Mjn j +1))

exp(—Cwlgl(Mj, j +i)) <
with

Z = 1_[ P(I_l)j’[j(l‘)q dr.

1<I<n,
[0.1] weE ),

Moreover, againbecaus of W4 < exp(Cwlg|), we have e=CW14li < ¥; ,(g) < e“Wlali for
each0</<n—-1.%

Yuj+i1(q)
Z[li<i<n, wee;, Yid(@)

<exp(CwlqlM; ., j +1)). (18)

ep(—Cwlql(2M; , j +1)) <
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Definel1(w) =min{1 <! <n: w € E;;}. By condruciion we have:

7z = Z / l_[ P(z_l)jylj(t)q dr.

acAl1=Dij  11<I<n,
wEE/_]

By the 1-periodicity of W, the integral

1_[ Pg_y)j1i (@) dt

7 n<i<n,
“ wekEj

doesnotdepencna € A4~DJ |t follows that

Z =ph=Dij 1_[ Py_1y1; ()7 dr.

LY h<I<n,
£jl1-1 a)EEj']

Now, by using the definition of £;;, andcompuatonssimilar to thos used in the first
stepandin theproofof Lemma2, we get

exp(—2lglh; —2Cwlq|(j¥ +m))) < exp(2glh; +2Cwlgl (7 +m)))

< -
Yin(q)Z1

with

lebllj l_[ P(l_l)jﬁlj(l)q dr.

h+1<i<n,

I
il w€eEj

Repeatng the sameargumentuntl thelag / for whichw € E;; we get:

Z

<exp(h(j,n,q)), (19)
[ici<n, we;, Yia(@) ( )

exp(—h(j,n,q)) <

Wherefz(j,n,q) = (2lglh; +2Cwlq|(j* +m;))(n — M; ;). Thenpropery (P) follows
from Lemma3, (18) and(19).

Sep3. Fix ¢ € R. We show thatthelimit in Step 1 exists almog surely and is equalto
1—q+Yw(q).

By congruction, for every j > 1 the randomvariables Y;;(¢), [ > 1 are i.i.d. and
integrabe. It then follows from Step 2 ard the law of large numbersthatfor every j large
enoughwith probabilityone,
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J7 +m;j

hj 1
—ZIqIT.J —2Cwlq] (ﬁj + ) + 71[‘3('09 Y;1(9))

< liminf l0g¥v.1(q) <lim smw
N=oo N N—o0 N

hj j¥+mj 1
< 2I61|7:' + 2CW|61|<ﬂj + 7 j) + ;E(Iog Y;1(q))

and the conclusion follows by letting j tend to co.

Sep4. We show that with probability one, the convergenceas r — 07 of 1,.(¢) holds
foral g eR,andlim, o+ 7 (¢) =1 — g + ¥w(q).

It sufficesto noticethatalmog surely, forn > 1 and ¢, ¢’ € R,

1 1 , ,
- l0gY,,1(q) — - l09Y,,1(¢")| < Cwlg — 4’|,

andthento use Step 3, togeher with (9), (10), (15) and (17). The propery of the limit
function r, to be corvex nonincreagng is inheried from the .. The fact that 7, is
decreamg if Dy > 0 and decreamg on (—oo, 1) andnull on [1, c0) if Dy = 0 will
be explainedin Remark7 (Section5.3).

(2)(ii). It follows from the proof of (i) (Step 3) that the funcion z,, is the limit of
the sequenceof corvex funcions f, = E(t,-»). Moreover, dueto the concavity of the
logarithm, for al n > 1 and ¢ € R, fu(q) < f(¢) =1~ g +10g, [y W) dt, 0
7,(q) < f(g). Then, the differentiability of r, at 0 and 1 restts from the ecualities
O = fO) =1, fo() = f() =0, f/(0) = f'(0) = —1+ [j54l0g, W(r)dr and
)= f'(1) =—Dw for al n > 1. 7, is not affine on [0, 1] becaus of the valuesof
7,(0), 7, (1) andrl’L(l).

(2)(ii)). We have Dy = 1 if and only if the derivative of the corvex funcion
fig— flo,ll W(@)?dt at1is null. Since f(0) = f(1) = 1, this yields W = 1 dmost
everywhere.In this ca u istheLebeguemeasireandr,(¢q) =1—g fordl g e R. O

To prove Lemmas2 and3, we needthe:

Lemma4. For y € (1/2,1) andn > 1 definep, = p, (y) the probability that there exists
a e A" for which#{0 <k <n—my,: S, N[B*(I, + ¢x) modl] £ @} > n?.
Theseries}_, - p. converge.

Proofof Lemma 2. Fix y > 1/2. By Lemma4 and the Borel-Cartelli lemma, for almost
every w € §2, there existsng(w) > 1 suchthatforn > no, foral a € A",

#O<k <n—my: Sy N [BF(Ia + ¢r) mod1] # 3} <n?.
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Thisimpliesthat for n > no(w), a € A,, ands, s € I, we have:

Xn: log[ W (b* (¢ ++ 1)) ] — log[ W (b* (s + )]

< > [log[ W (b* (1 + 1)) ] — log[ W (b* (s + ) ]|
0<k<n—my,,
SuN[bF (Ia+¢r) mod 1]=0

+ (n” +my)(log(w) — log(w))
<y + (n? 4 my)(logw) — log(w))
by definition of #,,. So the conclusion follows if we take:
¢(n) =2[hy + (" +my)(log@) —logw))]. O

Proof of Lemma 3. By definition,for j andn > 1,

n
Mjn(@) =) log;, (o),
=1

where the randomvariables 1ove;;, 1< <n, ae independentopies of a Bernouli
randomvariable with paramedr p; (definedin Lemma4).

Define8; =2p;/(1+ p;) (B; tendsto O at oo). Then,theedimateof P(M; , > [B;n])
isstandarohndonehaszn%]P’(Mj,n >[Bjn]) <oco. O

Proof of Lemma 4. Fix y > 1/2. For every n > 1, denot by N,, + 1 the numberof
elementf §,. Notice that N,b~"» < 1. The ¢ being uniformly distributed, for every
0<k<n—m,andac A",

P(Su N [b* (1o + ¢1) mod1] # @) = N, b* .

Sothe probability thatb* (I, + ¢x) mod1 mees S, for atleasn” valuesof k in [0, n —m,]
isboundedyy (we usetheindependencdsetveenthe ¢y ):

n—my 1 n—my "
D M | e S D DI
I=nY 0<ki<--<kj<n—ny, i=1 l=nY 0k <<k <n—npy

By boundhg every termof theform s =1k by pXi=0"—"—i andthenumberof termsin
I e
Y 0<ky <<k <nmy, P15 Dy !, we get:
n—mpy n—mp

2 2 2
a, < Z Nfllb—nlnlb(n—m,,)l—(l —0/2 < Z nlb—(l -0/2 < nn+lb—(n Y—n?)/2

l=nY l=nY
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(we used N,b™"" < 1). As y > 1/2, anelementarystudy shows that , -, b"a, < oc.
Since p, < b"a,, we havetheconcusion. O

Proof of Theorem 3. According to the notations of the introducton, denoe by f the
funciong — 1 — g +log, fol W ()9 dt.

(i) Thisisshown in the proof of Theoren?2(ii) or Propo#&ion 10in[12].

(ii) Suppo® that W is not condant. Let S be the set of those points ¢ € R such that
1.(q) = f(q). Suppothatthereexists pg € S and(g,),>1 asequence of pairwisedistinct
pointsin S suchthatg, — po asn — oo.

For every g € R, writing t,.(g) = f(g) is equivaent to ¥w(q) = log, fol W ()7 dt,
i.e., ¥, (1) =0, where W, = W1/ fol W (t)? dt. Since W9 aso sdisfies the assumptions
of Propodtion 3, it follows from this propostion that z,(¢) = f(g) is equivaent to the
nondgeneray of the measire y, associatedwith W, like x with W. By Theoremi(v),
the nondegyenerag of 1, impliesthat for every j € Z*, Wq(])Wq(b]) =0, orequivalently
w4 (])Wq (bj) = 0. Now suppo® that W”O(b) # 0. The same holds for w4 () in a
neighborhoodof po, so we canasume without loss of generalitythat W (b2) = 0 for
all n > 1. Sincethemappng g — W4 (b?) has an analytic extersionto C (w < W < w),
this yields Wq(bz) =0 for dl g € R. On the other hand, since W is not congant,
€({r € [0,1]: W(r) > 1}) > 0 and either limy o0 | fig 1, W (1) cOS2b%) dt| = oo or
My oo | fig.1) W ()4 sin(2rb?) di| = oo, acontadiction.

Supposng that Wro(b2) # 0 leadsto a similar contradiction. Consequentty, the set S
is discrete. If sup,.(o.1) W (1) > b then f(¢) > O for ¢ large enough.Sincer,(¢) < 0 for
g > 1, it followsthatthe discreteset S is upperbounded.

(i) The function W, = W‘I/fo1 W (t)4 dr is of the same kind as W. In particular
VT/q (bj) =0 for dl j € Z*. Consequenty, propery (v) of Theoreml is fulfilled by W,,
henceheasociatedmeasire.w, nondgenerag. It followsthat||uw, .|| =1foraln > 1
andg € R. Thisyieldstheconclusion. O

5.3. The multifr actal spectrum of

We denoe 7, by 7 in this sectio.
If « > 0, define:

Xoe={rel0 1 au()=a}, X¢={te[0 1 @, (t)=a}, Xo=XoNXa,
Vo={rel0,1]: ap@®)>a}, V*={re[0,1]: @,¢) <a}.

We excludetheca® whereW isalmod everywhereequalto 1. It followsfrom Theorem?2

thatwe have aint < asup, Whereains = inf{—1/, (¢): ¢ > 0} andasyp= swp{—1’(¢): ¢ < 0}

(atint = 0 if Dy =0).

Theorem 4. Assume(H1), (H2) and (H3).

(i) With probability ong for every ¢ > 0 such that—7 (¢) > ainf andL € {H, P},
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0<—7i(@)g +1(q) <ML V_y (, NV @ <—7/ (g)g + 7(q)
andfor every g < 0 suchthat—t/ (¢) < asypandL € {H, P},
0< -1 (q)q +1(g) <dimg VN vT@ —tl(q@)q +1(q).

Moreover, at each ¢ where the corvex funcion 7 is differeniable and —7/(¢) €
(ctinf, asup), forevery E € {X, X, X} andL € {H, P},

dimg E_(q = —7'(¢)g + t(q) > 0.

(i) With probability ong V, N V# = ¢ for all (a, B) such that « < 8 and [a, 8] ¢

[ctint, Olsup]-

Remak 6. (1) Theoremd concludesas Theoreml in [12] for u, thedifferencebeing that
now W satisfieghe weakassumption (H3).

(2) Intheproofof Theoremd(i), we dealwith atomlessmeasiresy., inorderto compue
some Laplacetransform and use theLarge Deviationstheoryto show that v, is carriedby
V_ g N V7@ When Dw =0, we are not alle to provethat i1 = u is atamlesssince
Weonly know thatdimg 1 = Dw = 0 (Corollary 2). Thisiswhy we cannotlaimthat Xg is
notempy. If we could provethat i is atamless,this would yield X # ¢ anddim g Xo = 0.

(3) Onealso couldderive similar reaultsin theframeawvork of “box” multifractalanalyss
[6]. Also noticethatwhenW satisfieq8), 1 isakind of randomversion of quas-Bernouli
measiresconsderedin [6].

Thearem 4 will be obtained by using a conveniert family of auxiliary measues.Our
approachsasdightmodificaion of theoneof [12]. Ingeadof congructing thee measires
directy on [0, 1], we obtain themas projecionsof measiresdefinedond A*.

Let £2* beasubstof 2 suchthatP(22*) = 1 and for dl w € £2* the martingale limit
measire /i exists.Fix w € 2*. Thenforg e R, let i, », n > 1, bethesequencef measires
ondA*, definedby:

dpbqn( )= Pu(m(£))?
Jrom PaGr)ar°

It possesses a subsquencei, ,; ;) Which convergesto a probability measue i, with the
following propery:

Propostion 5. For P-almog every w in £2*%, for all ¢ € R, for i,-almog every 7 € 9 A*: if
g >0then

—ti(@)q +(q) < B, () < B, () < =t/ (9)q + T(q);

if ¢ <0then

—tL(q)q +t(q) < B, () < By, 1) <~ (9)g +T(q).



1584 J. Barral etal. / J. Math. PuresAppl. 82 (2003)1555-1589

Corollary 2. Due to the differertiability of r, at 1, with probability one the Hausdorff
dimension of u is exactly Dy .

S
g € R, becaus the logarithmicdensty of a measire cannottendto —oo. This forces

—Tégm])(q)q + 1(g) to be positive if —tégr(q)(q) € (ctinf, osup)-

(2) Since (1) = 0 and t is corvex nonincreafng, it is decreaBg on (—oo, 1).
Moreover, if Dy > 0, i.e, /(1) < 0, T becomesnegative on (1, c0). Consquenty,
it is also decreamg on [1, co), otherwise —ts’gr(q)(q)q + t(q) < O for some ¢ > 1,
contradictingPropostion 5. If Dy =0, i.e, /(1) = 0, since t is corvex nonincreamg,
7(gq) =0 for dl ¢ > 1. This compktes the proof of Theorem2(1)(i).

Remak 7. (1) It follows from Propostion 5 that —t/y.\(¢)g + t(¢) > 0 for dll

Theproofsof Propostion 5 andCorollary 2 are pogponed.

Proof of Theorem 4. (i) As a conequenceof Propostion 5 and a Billingsley lemma
[5,pp.136-145] for P-almos every o € 2%, for every ¢ € R such that
—Ts’g“q)(q)q + 7(g) > 0, the measire definedon [0, 1] by u, = fig o 71 is of Haus
dorff dimenson at leas —Tégm])(q)q + 1(q). In particular, it is atomless.Moreover, this
measire is the weak limit of the sequencey u; ) = fig.n;(q) © 7+ S0, for n > 1 and
ac A",

(I)=lim J1, Pa @) Pnjq) ()7 e
M = .
AT ()~ o0 f[O’” Pu(1)4 Py () ()4

Thefactthatf,“ Punjq)(0)? dr doesnotdependona € A" together with the same useof
Lemma2 asin theproofof Theoren® yield for n large enough,a € A" ands € 1,

b™"P,(s)4
Jio.y P4 dlt

b™" P, (s)4

e lgle) —_—
f[o, 1 Pn@®)? dt

< g (ly) < €19

Now, proceedingss in the proof of Theorem2, we obtainfor P-almog every o € £2*, for

ewrygeR wchthat—rs/g“q)(q)q +1(q) > 0,foral B eR,

. 1
iim_~log, / 1Ty (1)) g (@) = (B +q) — T(9).

n—oo
[0.1]

Thenmimicking the proof of Theoreml in [12] or the one of Theorem2.18in [23]
(they use a standardLarge Deviationstheorem(see [8])) we obtain that 1, is carriedby

VN v~"@ _ Thisyieldsthelower boundfor thedimensons

Theupperboundgor thedimensonsareobtainedasin [12, Theoreml]. An alternaive
approachs to use Theoren.24,Propogions2.5and 2.6,andLemma4.4in [23]. Notice
thatto makeuse of [23],it isneverthelesnecesary to replacg(it isimmediate}heproperty

of the measire in [23] to be a doubing measire by the following: via Lemma2, with
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probability one, there exists a constart C > 0 such thatfor all » small enough,for all
t€10,1],

w2 (1) < CeCel=logr)
w(l (1))

with lim, .0 ¢([—log(r)])/logr = 0.
(ii) It isaconsequencef Lemmad.4in[23]. O

Proof of Propodtion 5. Since dA* is totally discanected for all w € £2*, for al g € R,
foral a € A*,

- . f[u Pn(t)an,nj(q)(t)th
fg(Cy) = lim .
nj(q)—>00 f[O,l] Pn([)an,nj(q)(t)q dr

Then, compugtions similar to thoe performedin the proof of Theorem2 yield for
P-almog every w € 2%, for every g e R, for adll g e R,

. 1 - . 1 - c\B
nl|—>moo ; IOgb Z Mq (Ca)ﬂ+1 = n||—>moo ; lOQb / Mg (Cn (t ))ﬂﬂq (dr)
acA" JA*

=7((B+Dq) - (B+Dz(g).

Here agah, the Large Deviations theory yields the conclusion on the logarthmic
densty. O

Proof of Corollary 2. Consquenceof Propostion 5 appliedat ¢ = 1, the existence
of 7/(1), togethemith theBillingsley lemma[5, pp.136-145]. O

6. Multifractal function and spectrum of v

If W is Holder coninuous we consder the measire v obtainedin Section 1: v = p if
w isnondgenerag andv is the weaklimit of w,, /||, || otherwise. Due to Theorems3.1
and3.2in [17], themeasirev is almost surely equivalent to a probability measue Mfégw
suwch that the probability measue defined on R/Z x §2 by

Hilogw (df, dw) := uf’gg w(dHP(dw)

is ergodic with regectto the skew product (z, w) — (bt, 6(w)). It follows that, amost
suely, v anduig ,,, havethesamemultifractal nature Theresilts on multifractalanalyss
of Gibbsmeasiresin [19] would providethe Hauslorff dimenson of thelevel sets X, only
for al o amostsurely instead of almost surely for al «. But we keepfrom the approach
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in [19] (Section 5) the following information: with probability one (with the notations of
Sectian 1) the limit function

o1 n—1
g €Rr> lim ~log, f Liogwa © -0 Liggwa © Lingwa (1) (1) dt (20)
R/Z

existsand isstrictly convex, and analytic; moreover, by definitionitisequal to g — yrw (q).
Definefor v ande > 0 thesets X}, XV, X\, V) andVV“ asXy, X o, Xo, Vo @andV¥
werefor .

Theorem 5. With probability one

(i) The multifractal function of v is strictly convex and analytic, and is almost surely

givenbyt,(¢) =1— g1+ ywD) +y¥w(q).

(i) Forallg eR, Ee{X,X,X}andL € {H, P}, dim; E = —1/(q)q + 1(q).

(i) vy nvvP =gforall (a, B) suchthate < 8 and[a, B1 ¢ —1/(R).

Proof. The existerte of the limit function 7, (¢) is obtainedas in Secion 5.2 for x. The
multifractalspectrumof v isderived like theoneof 1 in Secion 5.3. Thenew point hereis
only thestrict corvexity andthe analyticity of 7, which follows from the existerce of the
limitin (20). O

Remak 8. If W satisfiesonly satisfies (H2) and (Hz3), after replacingt by t,, the
conclusionsof Theoremd aretruealmod surely forary limit v of asubsequencef v,. This
holdsfor alargerchoiceof funcion W, snce W doesnotnecesarily satisfy propery (v) of
Theoreml. In particular, givena dens countible subet S of [0, 1], it is eay to congruct
W jumping at every point of S and satisfying (H3).

7. A multiplicative cascade counterpart

Themeasiresstudiedin previoussecionsdesrve to be comparedo thos obtainedby
amultiplicative cascae construction.

Let (Wo, ..., Wy_1) beanonngaiverandomvecorin R? suchthats 1 Z?;(l, Wi=1
amost suely. Let (Wo,..., Wp—1)(n)),>1 be a sequenceof independentopies of
(Wo, ..., Wp_1). Then let u be the dmost sure weaklimit of the sequence of probability
measiresit, on[0, 1] given by:

dpen
de

(t) = 1_[ Wak (k) If re Iﬂlman
k=1

foreverya =as...a, € A". Thissequencés a maringak which convergesalmog surely
weaklyto ameasire u on [0, 1].
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The parallel with the measue studiedin the previous sectims is now easyto make by
usng Propostion 1: defineforn > 1 anda € A" the sequence(u,’;;)m>1 by:

dul“ - .
o O=[TWaqo+h 1€l q,

k=1

foreverya’ =aj...a;, € A™. ThenPropostion 1 holdsif onespecifiesthat? is oneof the
I, andif (6) is replacedoy thesimpler relation

s (1) = T | Way (k) s, (0.
k=1

The readerwill adaptthe approachused in Section4 to obtain the following reault,
in this construction, the computations are easiey becaisethe auxiliary measueshave the
simple expressimn

[Ti—1 Wa, (k)
o (52 W (k)

,Uvq([alman) =

For 8 > 0 define:

{Eﬁ:{te[o,l]iéﬂ(t)Z,B}, Ep={re€[0,1]: Bu() =B}, Ep=EgNEg,
Ug={rel0.1]: (1) =B}, UP={rel0,1]: B.() <B}.

Theorem 6. Assumethat Zf;éIE(l{WPoﬂ log Wk|) < oo. Definethe analytic deceasng
convex function r,, : ¢ € R~ —g +E(log, Zi;é Lw,~0 W,f). With probability one

(i) forall g R, F e (E,E,E}andL € {H, P}, dim; F_y () = —7,(¢)q + 7. (q);
(i) Uy NUP =pforall (o, p) suchthate < g and[e, ] ¢ —7/,(R).

Remak 9. (1) The level sets condderedin Theorem6 are those of the multifractal
formaliam developedin [6]. Indeed becaus of thetreestructurein the congructionhere,
the Large Deviationstheory can be used directy in the spirit of Secion 5 only in this
formalism. To get the same informaton for level sets involving cenered intervals, it is
possible to use thegeneralapproactof [2].

(2) Themeasirecondderedin this secion isaversion,with strongercorrelations of the
microcanontalcasademeasirem [21] obtainedssfollows: eachnodea of A* isequpped
with its own copy of (W, ..., Wp_1), (Wo, ..., Wp_1)(a), and thes copiesaremutualy
independent; the probability measuwe m is the almost sure weaklimit of the sequence of
probability measues(m,),>1 given by:

dm, n .
W(t) = H Wy ay.. .ak—1) iftely. q.

k=1
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Let f:q —> —q + log, E(Zf;(l) 1[Wk>0}W,f1)- Let J be the lamgest interval such that
—f'(q@)q + f(q) isdefinedard positivefor all g € J. With probability one, the multif ractal
formalism in the sense of [6] or [23] holdsfor m on — f/(J) andzt,, = f on J (cf. [1,2]
for details) Soin general, 7,(¢) < tn(q) on J exceptfor g = 1 where r,, andt,, always
coincide.lt is exactly the samephenomenorasfor 1 andm in Section 1 (Renmark 1).
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