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ABSTRACT. Given a positive locally finite Borel measure pn on R, a natural
way to construct multifractal wavelet series F,(x) = ijo,keZ dj ks k(x) is
to set |d; x| = 27707 1/P0) (k279 (k 4 1)277))/P0 | where s0,p0 > 0, s —
1/po > 0. Indeed, under suitable conditions, it is shown that the function F,
inherits the multifractal properties of .

The transposition of multifractal properties works with many classes of
statistically self-similar multifractal measures, enlarging the class of processes
which have self-similarity properties and controlled multifractal behaviors.

Several perturbations of the wavelet coefficients and their impact on the
multifractal nature of F,, are studied. As an application, multifractal Gaussian
processes associated with F,, are created. We obtain results for the multifractal
spectrum of the so-called W-cascades introduced by Arnéodo et al.

1. Introduction and motivations

Phenomena exhibiting wild regularity variations are now well identified
in many areas. For instance, they occur in fluid mechanics (intermittent
turbulence [41, 25]), in traffic analysis (road and Internet traffic [40]), and
in finance [43]. Modeling these phenomena is a major issue for further
applications. In particular, finding processes with a local regularity that
can be controlled is an active domain of research. Among these processes,
those having properties of statistical self-similarity and of stability after
perturbations are of special interest. They are easier to study, since many
works have already investigated the subject. They also are better candidates
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to fit data from areas listed above, where scaling invariances play important
roles.

When they fulfill these conditions, most of the time these processes
satisfy some multifractal formalism, either for functions [48, 28] or for mea-
sures [16, 49, 22, 10]. Multifractal formalisms take their origin in the study
of fluid mechanics and dynamical systems [25, 26, 18], and are closely re-
lated to thermodynamical formalism. Before introducing this concept, let
us explain how the local behavior of a continuous function is measured in
this paper. Given a non-trivial open interval I of R, the local regularity at
a point zg € I of a function f € L7 (I) is given by the pointwise Holder
exponent h¢(zg), defined as follows. The function f belongs to C’QO if and
only if there exist a constant C' and a polynomial P of degree smaller than
[h] such that

V z € I close enough to zg, |f(z) — P(x — )| < Clz — zo|".
The pointwise Holder exponent of f at xg is
hy(wo) =sup{h: f € CI }. (1.1)

Multifractal analysis then focuses on the dimension of the (often fractal)
level sets of the function hy, that is the sets of the form

El ={zel:hix)=h} (h>0). (1.2)

The most common notion of dimension is the Hausdorff dimension, denoted
dim in this paper. The Hausdorff multifractal spectrum of f is defined by

df: h— dim E}. (1.3)

The same notions of level sets and spectrum are associated with any positive
Borel measure p on R, for which the local regularity at a given point x is
given by another Holder exponent h,(z) defined by

e logu(B(z, 7))

The knowledge of these multifractal spectra yields a geometrical idea of the
repartition of the singularities of the initial function or measure. Unfortu-
nately, this theoretical point of view is not adapted to numerical simulations
or data processing, since Hausdorff dimensions are not reachable numeri-
cally.

A multifractal formalism is a heuristic formula relating, via a Legen-
dre transform, the Hausdorff multifractal spectrum of a function f (or a
measure) to some kind of free energy function (or “scaling function”) n;
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associated with f. When this Legendre transform precisely yields the Haus-
dorff spectrum, the multifractal formalism is said to hold for f. The main
interest of this formalism for physicists is the following: If a given signal f
is supposed to fulfill the multifractal formalism, then its multifractal spec-
trum, which contains deep local information, can be approximated by using
an estimation of the scaling function 7ny. The crucial point is that the scal-
ing function is numerically accessible. As we already said, the validity of
multifractal formalisms has been established for wide classes of measures
and functions possessing statistical self-similarity properties.

There are several ways to define the scaling function associated with a
continuous function, most of them using wavelet decompositions [48, 28, 33].
Let 1 be a function in the Schwartz class, as constructed in [35] or [45]. The
set of functions {t;, = ¥(27 - —k)}, where (j, k) € Z?, forms an orthogonal
basis of L?(R), and any function f € L?(R) can be written

F@) =Y dixtjr(a),

jel kel

where d; ;. is the wavelet coefficient of f defined by

dise = dal(£) =20 [ SO0,

Wavelets are natural tools in multifractal analysis, for at least three reasons.
First, the concept of self-similarity is implicit in the construction of the
wavelet basis {1 r};k. Second, wavelet coefficients provide a time-scale
decomposition of the initial function (or signal) f. Hence scaling properties
of a function shall imply scaling properties of its wavelet coefficients. Finally,
the pointwise Holder exponent h¢(x) of any continuous function f around a
point x can be computed through size estimates of the wavelet coefficients
d; i, associated with f (see Section 2). Thus they are efficient tools to analyze
local behaviors.

Wavelet also provide an appropriate frame to generate processes with
scaling properties and which multifractal structure can be controlled [3, 28,
30, 31, 4]. In this article, we propose a natural construction of continuous
functions F), based on a measure p and on a wavelet basis {1 ;}. Namely,
given a positive Borel measure p on R, the function F), is defined as a wavelet
series given by

Fu() =Y 2796o=1/ro) (k277 (k + 1)2—j))1/p0¢j,k(m), (1.4)
720 keZ

where sg,po > 0, so — 1/pg > 0. These two positive real parameters rule the
global regularity of F},.
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This wavelet series model, and especially some of the generalizations
we propose in the rest of the paper, are implicitly used in several situations,
especially in fluids mechanics and study of fully developed turbulence (see for
instance [3, 15]), as well as in traffic analysis [51]. In the following sections,
these applications appear as simple perturbations of our wavelet series F),
when the measure p used for the construction is an independent random
cascade. Our approach enables us to compute the Hausdorff multifractal
spectra of the wavelet series and their perturbations in several cases, while
this was not realized in the works mentioned above.

We prove that the control of the multifractal structure of p yields a
control on the multifractal structure of F},. We shall use a slight modification
of the multifractal formalism for measures of [16], as well as the multifractal
formalism for functions of [33]. Our main result is

Theorem 1.

Let p be a positive Borel measure on [0,1]. Let so,po > 0, so—1/po > 0,
and consider the wavelet series F), (1.4) associated with f.

If 1 obeys the multifractal formalism for measures at singularity o > 0,
then F, obeys the multifractal formalism for functions at h = so — 1/po +
a/po, and dr, (h) = d, (o).

This result provides us with a simple and satisfactory bridge between
multifractal analysis of measures and multifractal analysis of functions.

Let us emphasize that, although built on a dyadic grid, the multifractal
formalism for measures we use is satisfied by measures with a construction
not based on the dyadic grid. In particular, Theorem 1 can be applied to
the classical families of multifractal measures u generated by multiplicative
procedures, like for example quasi-Bernoulli measures [16] and Mandelbrot
b-adic random multiplicative cascades [41]. It also applies to compound
Poisson cascade measures [9] and their extensions [5, 10] as well as to stable
Lévy measures [14, 29]. When g is random, we exhibit cases where almost
surely the whole multifractal spectrum of F), can be computed (and not
only each point of this spectrum almost surely). In each case, the verifica-
tion needs non-obvious arguments. We detail hereafter the cases of dyadic
random multiplicative cascades and of stable Lévy measures. The properties
required to deal with the examples that we mentioned above, but that we
do not treat in this paper, can be found in [12, 13].

An important property of the construction is its stability after pertur-
bations of the wavelet coefficients. Indeed, it is shown that, under reasonable
assumptions, a part of the multifractal spectrum remains unchanged. This
gives rise to important applications. For example, the famous W-cascades of
Arnéodo et alin [3] can now be seen as a perturbation of a wavelet series F),
associated with a well-chosen random multiplicative cascade measure p. Us-
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ing this interpretation, under suitable assumptions, we obtain almost surely
the whole multifractal spectrum conjectured in [3] for this class of random
wavelet series, while only their global regularity was explicitly computed.

Let us mention another application. Given a measure p satisfying
the multifractal formalism, one can explicitly construct Gaussian processes
which multifractal spectra are deduced from the one of y by affine transfor-
mations.

Perturbing the construction is also a way to simplify the simulation of
multifractal functions having the same spectrum as F),. Indeed, a multi-
fractal measure p is often the limit when j — 400 of some simple measure-
valued sequence {1 };>0. Then a convenient perturbation is often to replace
p([k277, (k +1)277) by p;([k277, (k4 1)277) in the construction of F,, (W-
cascades are obtained like this).

Let us detail a last application. In [11], a class of discontinuous mea-
sures was introduced. Given an initial positive Borel measure u, these new
multifractal measures v constituted only by Dirac masses have the form

v=07 Y (k2 1)27)) b (1.5)

j=1 k=0,...,29 -1

Among other properties, these measures fulfill the multifractal formalism
we use in this paper (see Remark 2), and Theorem 1 can be applied to
the wavelet series F,. The reader can verify that when p is the Lebesgue
measure, the corresponding wavelet series F;, built with parameters sg > 0,
po > 0, so — 1/pg > 0, are simple perturbations of the so-called saturating
functions used by S. Jaffard in [31] to prove the genericity in the sense of
Baire’s categories of multifractal functions in Besov spaces Byo>°(R).

Jaffard [30], Aubry and Jaffard [4], created processes with wavelet
coefficients that are mutually independent and identically distributed ran-
dom variables. They reach non-decreasing Hausdorff multifractal spectra,
nowhere strictly concave. Moreover, these processes have oscillating sin-
gularities. When working on real data, due to the use of the Legendre
transform, concave spectra with a decreasing part are often encountered.
Our construction, as well as the one of [3], reaches functions with theoret-
ical strictly concave Hausdorff spectra (see Section 6), with a non-trivial
decreasing part (not only in the Legendre spectrum). This certainly comes
from the strong correlations between the wavelet coefficients of F},, and could
lead to more realistic models. These strong correlations also imply that the
wavelet series F), has no oscillating singularity. This corroborates the fact
that the validity of multifractal formalism most often implies that there are
no major oscillations phenomena in the studied object [44, 54, 55].

Before proving Theorem 1, some recalls on both multifractal analysis
of functions and of measures is needed. Section 2 concerns functions: It
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provides the multifractal formalism for functions [32, 33, 34] well adapted
to our construction.

Section 3 introduces a modified version of the multifractal formalism for
measures of [16]. Indeed, the single usual Holder exponent for measures does
not provide enough information to control the regularity of the functions we
build. Therefore the definitions of the usual level sets E¥ must be modified.
Sufficient conditions for this modified multifractal formalism to hold are
given in Theorem 4.

The wavelet series F), is defined and studied in Section 4. Perturbations
of the wavelet coefficients of F}, are studied in Section 5. Section 6 provides
fundamental examples of qualified measures p and of associated functions
F,. It also contains the application to JW-cascades. Section 7 contains the
proof of Theorem 4. Eventually, Section 8 is devoted to the proofs of the
results stated in Section 6.

The results contained in this paper immediately extend to higher di-
mensions, as soon as the corresponding underlying measure p fulfills a mul-
tifractal formalism.

2. Functions setting

As explained before, the decomposition of functions on orthonormal
wavelet bases is fundamental in our approach. Let i be a function in the
Schwartz class, as constructed in [35] or [45]. We mention that 1 can also be
chosen with compact support, see [20]. Nevertheless such a choice introduces
technical complications unuseful to our purpose. For instance, if a compactly
supported wavelet 1 is used, outside the support of u, even if the wavelet
is smooth enough and has enough vanishing moments, the regularity of the
series F), we build is governed by the one of 9.

Thus, in the sequel, the wavelet v is fixed and belongs to C*°(R).
Moreover, all its moments of positive orders are supposed to be null.

Recall that the notions of pointwise Holder exponent, level sets and
Hausdorff multifractal spectrum of a function f have been introduced in the
previous section ((1.1), (1.2),(1.3)).

Remark 1. In Sections 4-6, if a compactly supported wavelet were used
(instead of a C'*° wavelet), the results below would be valid by replacing E,J:

by E{Lﬂ supp(y), and if the wavelet ¢ € C5~1/Ptemax/P(R), where apay is
the largest Holder exponent of p.

2.1 Pointwise Holder exponent and wavelet leaders

We recall the definitions of wavelet leaders and the associated result of
S. Jaffard in [33].
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For any couple (j, k) € NxZ, I;, denotes the dyadic interval [k277, (k+
1)277). Then, if z € R, Vj > 1, there exists a unique integer k;, such that
x € Ik, .. The interval I is also denoted I;(z).

Let f € C¢(R) for some £ > 0, and write it in the wavelet basis

f=> djrjk (2.1)

j.keZ,

For any couple (j, k) € N x Z, let us introduce the wavelet leader L,
associated with f and %

Lj,k = sup ‘dj’,k"- (2.2)
324, k279" €Ly,

Then, with any point x¢p € R and any scale j > 0 can be associated the
coefficient
Lj(.To) = sup Lj,k-
[k—Fkj|<1
Theorem 2.
Assume that f belongs to C*(R) for some € > 0. Let v be a function
in the Schwartz class, as constructed in [35]. Then for any o € R,

log L
h¢(xg) = lim inf m.

j—+oo  log 2-J (2'3)

Theorem 2, proved in [33], provides us with a wavelet characterization
of the pointwise Holder exponent for a uniform Hoélder function.

2.2 Upper bound for d;(h) and multifractal formalism
Recall that the Legendre transform of a function ¢ : ¢ € R — ¢(q) is
the mapping

" :heR— ¢*(h) = qigﬂfg(qh - ¢(q)) € RU{—o0}. (2.4)

For any function f € L?(R) decomposed into (2.1), one can introduce
the scaling function £y associated with f

. . p— *
& p €R— &y(p) = liminf — M ogy Y [ Ljxl”, (2.5)

! keZ
where * means that the sum is taken over the k such that |L; | does not
vanish. Since for each j > 1 the function p — Z*keZ |Lj kP is log-convex
and non-increasing when j is large enough, the mapping {; is concave and

non-decreasing on R (as a the limit of the infimum of non-decreasing concave
functions).
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This kind of free energy function are naturally introduced in order to
formulate a multifractal formalism for functions based on the representation
as wavelet series (see [48, 28, 32] for example). Frisch and Parisi first pro-
posed in [25] a formula that links the multifractal spectrum of a function
f with some averaged quantities derived from f. This formula, generically
referred to as the Frisch-Parisi conjecture, can be generalized and reformu-
lated in (see [25, 28, 31])

dy(h) = inf (ph = 1¢(p)) = (1y)" (), (2.6)

where the mapping 1y : p € R — RU{—o0} is a suitable free energy function
associated with f.

In the following we take 1y = {;. At this stage {; also depends on ),
and of course, (2.6) does not always hold. Nevertheless, Jaffard establishes
the following theorem [32, 33]

Theorem 3.

Assume that the function f belongs to C*(R) for some e > 0. Let ¢ be
a function in the Schwartz class, as constructed in [35]. Then the scaling
function £ depends only on f, not on 1. Moreover, one has

for all 20, dy(h) < inf (hp ~E4(0)) = (€)' (W) (27)

As a consequence, Theorem 3 yields a generic upper bound for the
multifractal spectrum of any uniform Holder function. In the examples of
Section 6, this upper bound proves to be the exact multifractal spectrum.

Definition 1. A function f € C*(R) for some € > 0 is said to satisfy the
multifractal formalism at the exponent h > 0 if d(h) = (&f)*(h).

3. Multifractal formalism for measures

We consider a slight modification of the multifractal formalism devel-
oped in [16]. The main difference is located in the definition of the level sets
EX. For our purpose, we only need the multifractal formalism associated
with the dyadic grid of [0, 1]. Theorem 4 gives sufficient conditions for the
validity of this formalism for measures built on the dyadic grid; Its proof is
given in Section 7. We made this dyadic choice for sake of simplicity. Nev-
ertheless, we mention that Theorem 4 also holds for measures that depend
on a b-adic grid with b greater than 2 (see [12, 13]).

3.1 Holder exponent, spectrum of singularity

Let us define I;r(ac) = [j(z) + 277 and I (z) = Ijz) - 277, The
convention log(0) = —oo is again adopted.
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Definition 2. Let u be a positive Borel measure on [0, 1]. For zg € (0, 1),
the lower and upper Holder exponent of p at xg are respectively defined by

. Jog p(Zj(x0)) _ : log pu(1(20))
a,(xg) = liminf ————— and @,(z¢) = limsup —————-=
00) = N og 1L (o) #50) = B0 9P g 11 )
When a,,(70) = @,u(z0), their common value is denoted (7o) and called

the Holder exponent of u at xg.
The left and right lower Holder exponents of i at xg are defined by

a, (zg) = liminf M (z0) = lim inf M

and o .
& (00 = T Tog [T (w0)] “ 7% Tlog | (o)

n

We consider the following level sets for p, that are necessary in our formalism

Definition 3. For every a > 0, define

EF = {:c € (0,1) Nsupp(p) : apu(z) = @, oy, () > @, g:[(x) > a.} . (3.1)

The mapping d, : a > 0 +— dim(E¥) is called the multifractal spectrum
of u.

In the framework of [16], the level sets (3.1) are {x € supp(u) : au(x) = af.
Unfortunately these simpler level sets are not adapted to our construction,

since the knowledge of the sole exponent «, is not sufficient to guarantee
the value of the pointwise Holder exponent of the wavelet series F),.

3.2 Multifractal formalism for E¥

Let 11 be a positive Borel measure on [0,1]. For j > 0 and k € Z, let I,
(resp. I;fk and I;}) denote the interval k277, (k +1)277) (resp. Ijj +277
and I, —277). Following [16], let us define

— limi -1 * ) q‘
7(¢) =lminf —j""logy > (L)
0<k<27

where Y~* means that the sum is taken over those k’s such that () > 0.
The function 7 is concave, non-decreasing. An equivalent definition for 7(q)
is 7(q) = sup{t : limsup,_,, Cj(q,t) = 0}, where

Cilg.t) = 3 u(ly)127. (3.2)
0§k§2j

Noting that E¥ is always included in {z € (0,1) : () = a}, it follows from
[16] that an upper bound for dim(E¥) can be derived from the Legendre
transform of 7. Recall the definition of the Legendre transform (2.4).

Proposition 1 Upper bound for dim(E#).
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Let o > 0. One has dim(E}) < 7%(a).
Moreover, if T"(ca) < 0 then E¥ = 0.

Definition 4. The measure p is said to obey the multifractal formalism
at a > 0 if dim(E¥) = 7*(a).

Remark 2. The formalism we use can be improved by considering the sets
Ef = {z : min(a,(v), o, (2), af () = hy(z) = a} (3.3)

instead of the sets EX. Indeed, Proposition 1 also holds for these sets. It is
this improved formalism which makes Theorem 1 applicable to the measure
v defined in (1.5) and the associated function F),.

Nevertheless we chose the more restrictive Definition 3 to ensure some
stability properties after perturbations of wavelet coeflicients in (see Sec-
tion 5).E¥ instead of the EX.

Remark 3. Other multifractal formalisms involve simultaneous informa-
tion on the quantities p(I;(z)~), u(Zj(x)), and p(Ij(z)"). In [53] and [56],
in order to define a grid-free multifractal formalism for the large deviation
spectrum of y, the function 7 is derived from partition functions involving,
instead of p([; ), the p-measure of the boxes Bj'-fk =1 Ulj,U I;fk such
that H(Ij,k) #0.

3.3 A sufficient condition of validity

The following theorem gives sufficient conditions for the validity of the
multifractal formalism at a given point. Its proof is postponed in Section
7. Theorem 4 applies in particular to standard classes of statistically self-
similar measures that may strongly depend on the dyadic grid with b > 3.
Examples of measures are given in Section 6.

Let A = {0,1}. For every w € A* = Uj>0.A7 (A° := {0}), let I, be the
b-adic subinterval of [0, 1), semi-open to the right, naturally encoded by w.

If w € AJ, one can assign to w a unique number i(w) such that the
interval I,, can be written [i(w)277, (i(w) + 1)277). Then, if (v,w) € A/,
0(v,w) stands for |i(v) — i(w)].

Given ¢ € R, a positive Borel measure pi4, and a function Cy; on A*
such that

pig(I) < Cy(w)p(I,)? 2@ for all w € A* such that u(l,) >0 (3.4)

holds, if 7/(q) exists, one defines for e,7 > 0
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Stg,e,m) = Z2j(T(Q)+(T/(q)_5)n) Z 11(1,)"Co(w) (L)

j=1 vweAI: §(v,w)<1,
w(Iw)>0
SH(q,e,m) = Zgj(T(q)—(T’(Q)+6)n) Z Cy(w) (L) 0.
j=1 wEAI, u(I)>0

Definition 5. If v is a positive Borel measure on [0, 1], its lower Hausdorff
dimension is defined by dim(v) = inf{dim(B) : v(B) > 0}.

Theorem 4.

Let 1 be a positive Borel measure on [0, 1] and let ¢ € R. Suppose that:
(i) there exists a positive Borel measure jiq on [0,1] and a function Cq on
A* such that (3.4) holds.
(it) 7'(q) exists, and dim(pq) > 7(7'(q)).
(i) for all e > 0, there exists n > 0 such that S{(q,e,n) + S5 (q,e,n) < .
Then p obeys the multifractal formalism at 7/(q), i.e. dim(Ef,(q)) =7(7(q)).

Remark 4. Condition (i), involving dyadic intervals and their neighbors,
is comparable to the one provided in [8] for a measure satisfying the mul-
tifractal formalism of [16] for a dyadic grid to also satisfy the “centered”
multifractal formalism [49].

4. Building multifractal wavelet series

In all the following sections, two real numbers sg > 0 and pg > 0 are
fixed such that sg — 1/po > 0. These parameters are used to specify the
Besov spaces B;*°(R) the functions belong to.

4.1 Explicit construction based on measures

Definition 6. Let p be a positive measure on R. One defines the wavelet
series F),, derived from p, by the following formula

Fu(z) =Y & abj(=), (4.1)
Jj20keZ

where the wavelet coefficients dé-L | are

dl]%k — 2*j(80*1/170)u(]j’k)1/p0 Tk (4.2)

and where o;; € {—1,1}, and by convention |0|'/P0 = 0.

Remark that the term 277(0=1/P0) ensures a minimal decay rate of the
wavelet coefficients. Any C° wavelet 1) can be used. As a consequence,
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several functions are built up here, depending on the choice of . Nev-
ertheless, Theorem 1 asserts that, under suitable assumptions on u, these
functions have the same multifractal spectrum. One can also consider com-
pactly supported wavelets, but with the restrictions and the modifications
we mentioned before (Section 2.1).

For every m € Z, let

Fym(z) = Z Z dﬁk%,k (m/2+x).

>0 m/2<k2-i<m/2+1

Remark that for every point x € R, there exists an integer m such that
x e (m/2,m/2+1).

Let us introduce at this point one possible definition for Besov spaces.
These functional spaces are an especially relevant frame to work with in the
frame of multifractal analysis of functions [31], and to find natural random
wavelet series with concave spectra in such spaces was the initial motivation
of this work. Let us recall the characterization of Besov spaces on R by
wavelet coefficients (where any C'*° wavelet 1; with all its moments of positive
order equal to 0 can be chosen for the decomposition). For p,q,s > 0, such
that s — 1/p > 0 (which is always the case in the following), one has

. 1/p
feB(R) & f e Ly(R) and (Z \dj,k23(5*1/p)\p) =¢j, (g§)j>0 € 14
k

For more details on unconditional characterizations of Besov spaces by
wavelet coefficients (in particular when p < 1), see for instance [17, 52].
The reader can verify the following lemma

Lemma 1.
If p is a positive finite measure, then for all m € Z, Fy, » € B3> (R).
Moreover, F, n, is C* outside [0, 1].

This implies that

for all h >0, dg,(h) = sup dg, , (h).
meZ

Remark 5. It is now worth noting that the multifractal formalism intro-
duced in [32, 34, 33], and used in this paper, is related to a generalization
of Besov spaces, namely the oscillation spaces. The introduction of those
spaces supply some limitation of the multifractal formalism associated with
Besov spaces and the related scaling function (see [31] for instance).

4.2 Transfer of multifractality theorem

We recall Theorem 1. It links the singularity spectrum of F), to the
one of p. This result applies on each function F}, ,,, m € Z. Without loss of
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generality, we redefine p as its restriction to [0,1], and F), is now defined by

Fu(@) =3 > o2 7oVl u(T; )| 70 1 (). (4.3)

Jj>0 0<k<2J

Theorem 1 Let u be a positive Borel measure, and let sq, pg be two positive
real numbers such that so—1/pg > 0. Let us consider the wavelet series (4.3).
If i obeys the multifractal formalism for measures at o > 0, then F), obeys
the multifractal formalism for functions at h = sop — 1/po + a/po, and

dp, (h) = dy ().
Moreover, one has £, (p) = p(so — 1/po) + 7(p/po), Vp € R.

Remark 6. The regularity of the wavelet series F}, in the complementary
of the support of u is governed only the one of the wavelet . Indeed, if
xo & supp(p), there exists j, such that if j > j,, pu(l;j(z)) = M(If(:c)) =

p(I; (x)) = 0, thus d; x = 0 for every couple (j, k) with k277 — 2| < 277,

Proof. Let us focus on one couple (j,k), and on the definition of the
wavelet coefficient @/, of F,. In view of formula (4.2), it is obvious that
for any couple (j', k') such that Ly p C I, |} 1| < |d},|. Hence, for any
couple (7, k), if L;" . denotes the wavelet leader associated with F),, one has
LYy = |d |, i-e. the wavelet coefficients coincide with the wavelet leaders.
Let xg € EX. As a consequence of the previous remark, for every j > 0,
one has L;(zq) = 27(s0=1/po) max(£(Lj ;o —1)s (L kj,zo)aM(Ij,kj,zoﬂ))l/po‘

Fl—L
501 /po--a/po’ In the

rest of the proof we set h = sog — 1/po + a/po. Hence E¥ C E,f“.

A direct application of Theorem 2 implies that z¢o € F

Assume that p obeys the multifractal formalism for measures at a.
Then, by definition of the scaling function 7 associated with u, one has
(@) = dim B% < dim E,* = dp, (h).

To get the upper bound for dr, (h), we apply Theorem 3. Let us com-
pute the scaling function {f, associated with the wavelet series F),. Let
p € R. One has (by convention 07 = 0 for all p)

271 29 —1 271
log Z |Ljk|P = log Z |d; k[P = log Z 2_jp(80_1/p0)ﬂ(fj,k)p/p°
k=0 k=0 k=0
271

k=0

Thus &F, (p) = p(so—1/po)+7(p/po), Vp € R. Theorem 3 then implies that
dFu(h) < <§Fu)*(h) = ;gﬁ(ph - (p(So - 1/]?0) + T(p/p())))

< (ap/po — 7(p/p0))) = 7" ().

inf
peR
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This, combined with the converse inequality, yields that dg,(h) = 7"(a).
O

Remark 7. The form of the wavelet series F), we build (i.e. deduced from
a positive measure) induces a hierarchy between the wavelet coefficients
that makes Theorem 1 hold. In particular, one could consider, instead of
a measure u, more general non-decreasing set functions, such as for exam-
ple Choquet capacities [39], provided that they satisfy some multifractal
formalism.

Remark 8. Theorem 1 remains valid if the sets EX used in the multifrac-
tal formalism are replaced by the sets Eg (3.3). This is used in Section
8 to derive the multifractal spectrum of F,, when p is a stable Lévy mea-
sure. This second formalism is nevertheless hard to manipulate when adding
perturbations in the wavelet coeflicients.

Remark 9. When p = 1, u(1;) can be viewed as (u, ¢(2/. — k)), where

¢(z) = 1p,1)(x). The mapping pp — Fy, = 37, 1 {1, @jk)¥jk is a linear regu-
larization operator.

5. Perturbing the construction

A natural question is the stability, from a multifractal viewpoint, of
the construction if a perturbation is introduced in F),’s wavelet coefficients.

5.1 Principles

The perturbation we consider consists in multiplying the wavelet coef-
ficients by the terms of a real sequence (7(j, k));>0, o<k<2i—1- As in Section
4.2, without loss of generality, consider the wavelet series F,, (4.1) with
coefficients d?’ i (4.2). Let us define, whenever it exists,

Freri(my = > dbin(x) with @bt = 27001 R0) (1 P k).
§>0,0<k<27

Let us begin, without proof, with an easy classical perturbation principle.

Lemma 2.

Assume that F,, € C*([0,1]), and let 8 €] — oo, ). Consider the set
of perturbation coefficients w(j,k) = 257, Vj, k. The wavelet series Fﬁe”
deduced from F), by dg’e,:t = 7(7, k)dg‘k = 2ﬁjdik belongs to C*=5([0,1]) and
dFﬁe”(h) =dg,(h+B) for all h > 0.

We shall need the following properties and definitions.

Property (P1): limsupj~' max log |7(j,k)| <0.
00 0<k<2i—1



From multifractal measures to multifractal wavelet series 15

Property (P): liminfj~! min log |7 (j, k)| > 0.
j—o0 0<k<2i—1

Property (Ps): The set T = {x :limsup j~Hog |7 (4, kj )| < O} is empty.
o0

Property (Ps(d)): 0 <d <1 and dim T <d.

First of all, we notice that property (P1) immediately implies that F; ﬁ’e”
belongs to By~ for all £ > 0.

Proposition 2.

Let p be a positive Borel measure on [0,1]. Suppose that the pertur-
bations (m(j,k)) satisfy (P1) and (P2). Then the two wavelet series F),
and F[je” have the same exponents at every point xo (hence dp, = d ppert ).

n
Moreover, & Fpert = §F, -

Proposition 2, except the identity of & pert and & ppert, holds in fact for
w M
the perturbation fP¢"* of any wavelet series f = 2220 2okef0,...2 -1} L kWi k
(with arbitrary wavelet coefficients), as soon as f belongs to [J.~o C®(R).

Proof. By construction, for any € > 0 there exists a scale J. such that
Vi > Je, Vi k, 27 < |m(5. k)| < 27 (5-1)

Equation (5.1) clearly implies that F2°"* belongs to B0~ (since
F, C B3™).

Notice now that if I/ ;v C I, one has dj i < 2(j_j')(50_1/p0)dj,k.
Consequently, due to (5.1), if {Lie,:t} denotes the set of wavelet leaders
of FPt, then for j large enough, Vk, one has L2/ < Lpf,:t < L 2%,
Theorem 2 then shows that for any xo, hr, (z0)—2¢ < hFﬁ)e'rt (w0) < hg, (wo)+
2e. One concludes by letting € go to zero. The above inequalities between
leaders also yields & Fpert = ¢F,- L]

Let amin = inf{a : 7;(a) > 0}.

Proposition 3.

Let o be a positive Borel measure on [0,1]. Suppose that the perturba-
tions (m(j, k)) satisfy (P1) and (Ps).

Let « > 0 and h = s9 — 1/po + a/po. One has d, (o) < ngm(h).
Moreover, if & € (qmin, 7' (01)] and p obeys the multifractal formalism at
@ € (Qmin, 7'(07)], then FP"* obeys the multifractal formalism at h.

Improvement of this result are given in Theorem 6 and Remark 13 (Sec-
tion 6.1) for Gaussian perturbations and a statistically self-similar measure.

Proof. Let € > 0. (P;) implies the existence of a scale J. such that for
every j > Jg, one has m(j,k) < 2. Using the same arguments as in last
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Proposition, one gets that for every xo, hr,(20) < hppert(70), i.e. the local
w

regularity can only increase after perturbation of the wavelet coefficients.

log (1 (20))
log2—J
Condition (P3) implies that there are infinitely many scales j such that

7(j, kjwy) > 2759, Thus, if {Lﬁ”} denotes the set of wavelet leaders of

FPe", then one has L?ert(ajo) > 277(50=1/Po) ([ ;(20))/P027257 for infinitely

many scales j. Then, Theorem 2 implies that hgpert(20) < hp, (20) + 2 =
m

pert
so — 1/po + a/po + 2¢, Ve > 0. Thus E¥ C Ei“

pert
dimE," = dFﬁm(h).

We let the reader verify that (P;) implies that & Fpert (p) > &R, (p) for
all p > 0. So the previous remarks together with Theorem 3 imply that if p
obeys the multifractal formalism at & € (min, 7/(07)] (i.e. in the increasing
part of the spectrum d,,), then Fﬁe” obeys the multifractal formalism at
every h. L]

Let now a > 0 and zg € EX. By definition, lim;_, 4 = .

, and d, (o) = dim E¥ <

Proposition 4.

Let v be a positive Borel measure on [0,1]. Suppose that the perturba-
tions (w(j, k)) satisfy (P1) and (Pa(d)) for some d € [0,1).

Let « > 0 and h = sog — 1/po + a/po. If du(a) > d then dy(a) <
dF;zert(h). If, moreover, a € (Qmin, 7 (07)] and p obeys the multifractal
formalism at o € (amin, 7'(07)], then FE obeys the multifractal formalism
at h.

Proof. (Pi(d)) replaced (P3), so the arguments concerning the exponents
in the proof of Proposition 3 hold at every x ¢ T'. This is enough to conclude.
O

Remark 10. Remark that no more hierarchical relation between the wavelet
coefficients holds after multiplication of d; ;, by 7(j, k). However our analysis
shows that d pert can be computed for some values of h.

I

5.2 Random perturbations

We give sufficient conditions for properties (P;) to hold almost surely
if the sequence (7(j, k));>00<k<2i—1 IS a sequence of real random variables.

Proposition 5.
Sufficient conditions for perturbations:
- (P1) holds if lim ¢ 'limsupj~' max log E(|7(j, k)|?) = 0.
q—00 j—o0 0<k<2i—1

- (P2) holds if 3750 2 maxg<p<ai 1 P((j, k) = 0) < 0o and

li L i1 log E(1q,(; i k)9) = 0.
q_{f_noo\(ﬂ msupj T max | log (Lgn(jmy20y (55 k)[7)
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- (P3) holds if the random variables w(j, k) are independent and if for every
e >0, imj_o maxg<p<oi 1 P(I7(j, k)| < 277¢) = 0.
- (Pa(d)) holds if the random variables 7(j, k) are independent and if Ve > 0,
li P(|7(j, k)| < 279¢) < 2471,
imsup  max | (Ir(7, k)| <277%) <

Proof. We begin by
- (P2): Fix e > 0. For all ¢ < 0 and j > 0,

P(3 0<k<2-1:0< |7(4, k)| gg—je)
27 -1

< 3 B(w(j, k) = 0) + B(x(j, k) £ 0, |n(j, k)| > 279%)
k=0

< 9J i k) = Jqe ) i)Y,
<2 (Ogglgagflp(ﬂ(],k) 0) +  max  2ZEE(Lix(kyzop|m(J, k)l )

Fix ¢/ > 0, jo > 0 and ¢ < 0 such that « = 1+ ge + |¢l¢’ < 0 and

Vi > jo, j! log B (1 L k)T < gle’.

7z do, J max log (Ln(imyz0y (G, B)[T) < lgle

Then Z]Z]O 2‘7 maXQ§k§2j71 2‘]q€E(1{ﬂ-(J’k)7go}‘7T(j, k)|l]) § Z]E]O 2‘](1 < +o0.
Using that ;- 2/ maxo<p<oi_1 P(7(j,k) = 0) < +oo, by applying the
Borel-Cantelli Lemma , one obtains that with probability one, there exists
an integer J such that, Vj > J, V0 < k < 27 — 1, |7(j,k)| > 2775. The
conclusion follows after letting ¢ tend to 0 along a countable sequence.

- (P1): The same proof as for (Ps) holds.

- (P3): For every ¢ > 0, let us define T, = {z € [0,1] : 3J, Vj >
J, |7(j, kje)| <2775} One remarks that T; C Ujysq Uy, where

UJ = ﬂ U Ij,k'

§2J 0<k<2i—1:|m(j k)| <2-3°

Each Uy is the boundary of a dyadic branching tree in a random environ-
ment with extinction probability 1 — P(|7(j, k)| < 277¢) (which tends to 1
uniformly in & when j — +o00) at node indexed by (j, k). Since the ran-
dom variables 7(j, k) are mutually independent, T is almost surely empty.
Indeed, for j large enough, the probability of extinction of one single node
of the jth generation becomes larger than the one in a sub-critical Galton-
Watson subtree of {0,1}*. Eventually, T' C U,,>1 T1/p, thus T' is empty with
probability one.

- (Pa(d)): In the sense of [22] (see the percolation results therein), for every
e > 0, the set T, is included in the set of “bad paths” in {0,1}N, where
every node is “bad” with probability Pj. = maxo<j<ai_1 P(|7(j, k)| < 279¢)
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and “good” with 1 — P;., a node being “good” or “bad” independently of
the other nodes. It follows that

J
with probability one, dim7. <1 — limsupj* Z log,(1/Pj).
J—too k=1

One concludes again by writing 7' C U,,>1 T /n- L]

5.3 Examples

- Uniform control on 7(j,k): (P1) (resp. (P2)) holds almost surely if
the 7(j, k) are identically distributed with a random variable with finite mo-
ments of every positive (resp. negative) order. This is used in Section 6.1.1.

- Gaussian 7(j,k): (P1) and (Ps3) hold almost surely simultaneously if the
7(j, k) are independent centered Gaussian random variables with variance
02(j, k) such that lim;_, 77! maxg<y<oi_1 |log o (4, k)| = 0. This makes it
possible the construction of Gaussian processes with prescribed increasing
part of their Hausdorff multifractal spectrum (via a multifractal measure).
This principle can be improved for functions F), built with statistically self-
similar measures (see Theorem 6 and Remark 13 in Section 6).

It also allows to construct very easily “pseudo” Fractional Brownian
Motion (FBM) in the following sense. Let us fix (sg,po) = (2,1), and let
us then consider the wavelet series F}’ 't where ¢ is the Lebesgue measure,
and where the perturbations m(j, k) are as above. Consequently, for every
H € (0,1), due to Lemma 2, the wavelet series Fy deduced from F}’ by

dj(Fir) = 2@ Did;  (FPYy = 27987 (5, k)

is a Gaussian process on [0, 1]. Its multifractal spectrum is the same as
the one of the FBM of exponent H, i.e. dp,(H) =1, and dp, (h) = —o0 if
h # H (note that the low frequency part of the FBM is forgotten here). Such
a method has been already considered in [24]. For a complete construction
of the FBM with exponent H based on wavelet coefficients, see [46].

- Lacunary n(j,k): Fix d € [0,1]. (1) and (Ps(d)) hold almost surely if
the 7(j, k) are i.i.d random variables that take the value 0 with probability
249=1 and 1 with probability 1—2¢71. If ;1 obeys the multifractal formalism on
(Qtmin, 7'(07)] the perturbation operation produces lacunary wavelet series
F fjert, with a multifractal spectrum equal to the one of F), at every h =
so — 1/po + ~v/po such that v € (min, 7'(07)] and 7*(y) > d.

Lacunary wavelet series are also considered in [30]. They correspond
to perturbations of the function F; where sy = 1 4+ « and pg = 1 for some
a € (0,1). But the way certain wavelet coefficients of generation j are killed
is different. For some fixed n € (0, 1), at each scale j, [2/"] wavelet coefficients
are selected uniformly and independently. These selection processes are
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mutually independent. The non-selected coefficients are put to 0. A major
difference with our perturbation process is that there, with probability one,
the pointwise Holder exponent is modified on a set of full Lebesgue measure,
and is left unchanged on a set of Hausdorff dimension equal to n. This also
gives rise to interesting spectra.

6. Wavelet series derived from statistically
self-similar measures

In the following examples, when a measure p is defined on (I, B(I))
with I € {[0,1], R}, in order to define F},, we implicitly consider on R the
extension of p by setting p = 0 outside I, and without ambiguity we say
that p (resp. F),) obeys the multifractal formalism whenever the redefined
measure (resp. function) as defined in Section 4.2 obeys it.

Most of the classical families of statistically self-similar measures satisfy
the conditions of Theorem 4. For instance, Quasi-Bernoulli measures [16,
21, 23, 36], Mandelbrot cascades [41], compound Poisson cascade measures
[9] and stable Lévy measures [14] belong to this class.

In this work, we detail the example of dyadic Mandelbrot random mul-
tiplicative cascades, and we refer the reader to [12, 13] for more details on
statistical self-similar measures and for the proof of Theorem 4 in these
cases. The wavelet series F), associated with Mandelbrot cascades is partic-
ularly interesting, since the perturbations of such series allows us to derive
the Hausdorff multifractal spectrum of the “random wavelet cascades” of
Arnéodo, Bacry and Muzy [3]. We also give some clues of what happens
when considering stable Lévy measures. The proofs of next Theorems 5, 6
and 7 are postponed to Section 8.

6.1 Dyadic random multiplicative cascades

We consider the random “canonical” cascade measures introduced by
B. Mandelbrot in [41, 42]. Their analysis led to a large literature [38, 37,
27,19, 47, 7, 6, 50].

Let us fix a positive random variable W. We assume that W is not
almost surely constant and that E(W) = 1/2. Let us introduce the function

qER—T(q) = —1 —logy E(1yyyWY). (6.1)

In order to avoid technicalities, unessential to our purpose, we assume in
this section that W is positive and that 7(q) > —oo for all ¢ € R.

Let (Wy)wea+ be a sequence of independent copies of W. For every
n > 1, let us consider the random measure u,, on R with density with respect
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to the Lebesgue measure given on every interval I,,, w = wyws . .. wy, by
n
2" W, Wayws - - - Wy ws...wn

and such that p, = 0 outside [0, 1] (see Section 3.3 for the definition of I,,).
With probability one, the sequence pu, converges vaguely to a measure p
when n goes to infinity. Moreover, if 7/(1) > 0, one has p # 0 with positive
probability [38]. Since W is chosen positive, i # 0 with probability one [27].

Then, let us introduce the set J = {q € R; 7*(7/(¢)) > 0}. It follows
from Theorem 8(iv) in [6] that 7 =7 on J.

Theorem 5.

Let p be a dyadic random multiplicative cascade. With probability one,
for every q € J, the associated wavelet series F), obeys the multifractal
formalism at h = so — 1/po +7'(q)/po and dp,(h) = 7'(q)q — 7(q).
Moreover, E,lj“ N(0,1) =0 for all h & {so —1/po+7'(q)/po: g€ T}.

Remark 11. 1. If (W = 0) > 0, the same kind of conclusion holds, but
in certain cases the interval 7 has to be reduced. This is due to the non-

existence of certain moment of negative orders of 1([0,1]) conditionally on
the fact that u # 0 (see [6] Remark 1 and Theorem 8(7)(b) for more details).

2. In certain cases this result can be completed by using some results of [6]
on the endpoints of J. We differ the use of these results to the application
to [3] below.

6.1.1 The natural perturbation and an application to [3]. It
turns out from the definition of u that Vw € A*, there exists a copy Y (w)
of 1(]0,1]) such that

:u(]w) = Y(w):u|w| (Iw)'

This reflects what we call the statistical self-similarity.

Moreover, if W <1 and P(W = 1) < 1/2, all the moments of p([0,1])
are finite (see [37, 47, 7] for moments of negative orders and [38] for mo-
ments of positive orders). Consequently, if we consider the perturbations

coefficients ”
Po
, ti (L)
m(j, k) = | =7+ , 6.2
(Js k) ( (L) (6.2)

we are in the context of the first example of Section 5.2. As a consequence,
the conclusions of Theorem 5 hold for F 56” instead of F},.

In [3], a random variable W is chosen with the following properties:
P(JW| > 0) =1, —oco < E(log [W|) < 0, and there exists 7 > 0 such that for
every h € 0,7,

f(h) = inf (hg+ 1+ logy E(|W|?)) < 0. (6.3)
geR
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Then, a sequence (W, )yea+ of independent copies of W is chosen, and a
random wavelet series F' is defined by its wavelet coefficients as follows (w
is such that I, = I,)

d]vk(F) - le Ww1w2 R Ww1w2...w]-- (64)

It can be seen that F converges almost surely in L2((0,1)).

By using large deviations results, in [3] the authors show that the
pointwise Holder exponents of F' belong to the interval [hmin, Amax] Where
hmin = inf{0 < h < —E(logy W) : f(h) > 0} and hpmax = inf{h >
—E(log W) : f(h) < 0}. Moreover, with probability one, for every a €
(0, hinin), F € C*((0,1)).

We claim that in certain cases the series F' can be viewed as a pertur-
bation of one wavelet series F), associated with a suitable dyadic random
multiplicative cascade measure p. As a consequence, when this holds, the
Hausdorff multifractal spectrum of ' can be computed.

Let us assume that all the moments of )V are finite. We consider
W]

2E(PV])

With W can be associated the scaling function 7 (6.1) and the interval J.

For every ¢ € R, one easily sees that T'(q) = —q(1 + logy E(|W)])) + 7(q)-
Hence one has

T'(q) = =1 —logy E(W[) + 7(q) and f(T'(q)) =T"(T"(q)) =7"(7 ((Q)))
6.5

T: geR— —1—logy, E((W|?) and W =

This implies that (Amin, hmax) = {T"(q) : ¢ € J}.
Moreover, using (6.3) and (6.5), one gets 7*(7(¢)) < 0 for some ¢ > 0.
This implies that 7 becomes positive at 17 and that 7/(1) > 0.

As a consequence, let us consider the measure u constructed as in the
\wwl...wn|}

{ 2BV S wear

Let us then introduce the corresponding wavelet series F), with parameters

so = 2 and pyg = 1 (with coefficients d;(F),)), and its perturbation FP*"*
built with the real sequence (6.2) (with coefficients d;;(F£"")). One can
then rewrite the wavelet coefficients of the wavelet series F' as (w = wy . .. w;
is chosen so that Ijx = Ly, w;)

previous Section 6.1 with the weights {Wy, . w, bwear =

d;x(F)| = 9(s0=1/po)j (QE(WVD) —(so—1/po)j Wy« o W
2(2+log2 E(w)))j |dj k(Fgert) |
In order to use the result on F l’je”, we assume that W < 1 and P(W =

1) < 1/2. We then apply Theorem 5 and Lemma 2. With probability one,
for every ¢ € J, at point

hg = —=(2 +log, (E(IWI)) + (so — 1/po + 7 (a)/po) = T'(q),
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one has dr(hq) = 7(q)q — 7(q) = f(hq) ((6.5) has been used here).
Moreover, Ef = () for every h & {T"(q) : ¢ € J}.

Corollary 1.

Under the above assumptions on W, with probability one, one has
dr(h) = f(h) for every h € (hmin, Pmax)-
Moreover, E,f =0 for every h & [hmin, hmax] -

Remark 12. The results concerning the endpoints hpin and hpmax can be
completed using [6]. Moreover, if hyin = 7" (¢max) and hmax = T"(¢min ), One
can use the results of [19, 50] to specify £ outside [gmin, Gmax]-

Corollary 2.
Under the assumptions of Corollary 1, let us suppose the additional
properties on W:
(1) Ry € J and (T)*(amin) >0, or Ry ¢ J,
(15) R C J and (T)*(otmax) >0, or R_ ¢ J.
Then, with probability one,

dp(h) = {f(h) = (&r)*(h) if h € [Pumin, hmax]

—00 otherwise,

hmaxp Zf — 00 < @min and p S Gmin
and  Ep(p) = < —loga E(|WPP) ifpe T

hminp Zf @max < 00 and P 2 Gmax-

In particular, F' obeys the multifractal formalism on [Amin, hmax]-

6.1.2 The Gaussian perturbation. Let us consider, indepen-
dently of i, a perturbation sequence (71']Gk) of mutually independent variables
such that Wfk ~ N(0,0;) and such that lim; . j ' maxo<p<oi_; |log o(j, k)| =
0.

The perturbations of F,, and F (defined in (6.4)) by (Wfk) are re-
spectively denoted by F] E and F¢. One has the following improvement of
Proposition 3.

Theorem 6.

Assume on W and W the hypotheses of Section 6.1.1. Assume, more-
over, that there exists a sequence of positive integers (n;);>1 such that, as
Jj — 00, nj — 00, nj =o0(j) and logE(W ") = o(j).

The conclusions of Theorem 5 for F,, (resp. of Corollary 1 and 2 for
F) hold for FE (resp. F©).

Remark 13. Under suitable assumptions, the same result on F), as The-
orem 6 holds if u is a statistically self-similar [0, 1]-martingale as studied in
[9, 5, 10]. This is also the case if u a binomial measure or a Gibbs measure
as studied in [21] for instance.
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6.2 Stable Lévy measures

Fix € (0,1). Let Sg be a Poisson point process in Ry x R’ with
intensity ¢ ® v, where ¢ is the Lebesgue measure and %()\) = A\"17F. The
measure p defined by

w= Z A0y

(t,)\)GSg

is almost surely finite and called 3-stable Lévy measure. The process Xg(t) =
1([0,¢]) is a B-stable Lévy subordinator. The measure p is statistically in-
variant by positive horizontal translations.

We focus on the stable case, which simplifies the computation of the
function 7.

Theorem 7.
With probability one, F),, obeys the multifractal formalism at every h €
[50 = 1/po, s0 = 1/po + 1/Bpo], with dr, (k) = Bpo(h = s0 + 1/po)-
Moreover, Ef:“ N(0,1) =0 for all h & [so — 1/po, so — 1/po + 1/Bpo].

7. Proof of Theorem 4

Theorem 4 is a consequence of the next proposition and two lemmas.
In the sequel, the assumptions of Theorem 4 are supposed to hold.

Lemma 3.
min(a, (), a, (), (x)) > 7'(q) pg-almost everywhere.
Proof. For j>1ande >0, for x € {—,0,+}, let us define

log pu(Z;(z)")
E* = I —

<7(g) — <},
with the convention E?,e =E,. and Ii(z)? = I;().

Fix e, > 0, and let us focus on E;_. Let Y (¢) be the random variable
equal to 2/(7(D=E),(I;(#)7)". The Markov inequality applied to Y (¢) with
respect to fig yields pg({t : Y(t) > 1}) < [Y(t)dpg(t). Since Y is constant
on any dyadic interval, one gets

(E5L) < 30 pgllip)n(l)"2 @79,
0<k<2i—1

Using (3.4) yields, with Cy(j, k) = Cq(w) if I = L,

o) < 2@ @) 3 U5 Cos k)T )7
0<k<2i—1, (I, 1)>0
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The same upper bound holds for p,(E; .) and p, (EIE), by replacing z(1; ;)"
respectively by u(/; )" and M(I]T*'k)". Hence, for all €, > 0, for some con-
stant C(q,e,n), one has

> 1 (Ej.UE; . UE].) < Cla,2,m)St (g, ,m).
j=1
Choosing 1 such that S{(g,e,n) < oo yields 2oj>1 Mg (Ej_a UE; U E;“a) <

oo for all € > 0 and the conclusion follows by the Borel-Cantelli Lemma.

]

Lemma 4.
a,(x) < 7'(q) pg-almost everywhere.

Proof. For j > 1 and € > 0, define

= log pu(Z;(z))
Ej. = {:c € supp(u) : logu\lw

Fix e,n > 0. As above, it follows from the Markov inequality applied to the
random variable Y (¢) = 277 (@+&)n (1, (¢))~" that

pq(Ejz) < > gL (1) 127 (@),
0<k<29—1: u(1;1)>0

This holds for every j > 1. Using (3.4), it follows that

1g(E;e) < 9iT(a)=i (7' (@) +e)n Z Cqld, k)p(Lx)?".
0<k<2i—1

> 7'(q) +5}.

By summing the last inequality over all 5 > 1, one obtains that
ZNQ(EJ}&) < 85(q,e:m).
Jj=1
The conclusion then follows as in Lemma 3. []
Proof. (of Theorem 4) Due to Lemma 3 and 4, p, is carried by E¥ () Con-
sequently, our assumption on dim(s,) implies that dim(E”, ,(q)) > 7*(7(q)).
Moreover, dim(Ef,(q)) is always less than 7%(7'(¢)). Thus dim(Ef,(q)) =
7*(7'(¢q)) and the multifractal formalism holds at 7/(q). L]

8. Proofs of Theorems 5, 6 and 7

8.1 Proof of Theorem 5

Some computations use arguments that were already present in [8]. For
every g € J,ve A" and j > 1, let
Yo () =270 S Wi W W

VW1 vwiwy VWIW2... W5 "
wy...w; EAI
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It follows from Corollary 5 in [6] that, with probability one, for all v € A*
and all ¢ € 7, the limit Y (v) = lim;_.o Yy ;(v) exists. Moreover, with prob-
ability one, for all ¢ € J, the mapping p, defined on the dyadic intervals by

|v]

ng(1) = 2@y, (o) [T W, (8.1)
j=1

extends to a Borel measure (notice that 1 = p). All the measures p, have
their support equal to [0,1] and for all v € A* and ¢q € 7,

1g(L) = Cy(v)(1,) 7217 (8.2)

with Cy(v) = 2251((1;)) Moreover, Yq € J one has dim(pq) > 7(7'(q)) =
™ (7'(q))-

Since 7 = 7 on J, the first part of Theorem 5 is a consequence of The-
orem 1 and 4 if the following property holds: For every non-trivial compact
subinterval K of J, with probability one, for all ¢ € K, for all € > 0, there
exists n > 0 such that for v € {—1,1}

ZQJ (@)+yn7'(9)—en) Z (1(L,)Cy(w) (L) < o0.

Jj=1 v,wEAI:5(v,w)<1
This is equivalent to 3,4 i(r(@)+ynr'(@)=en) f, . (q) < oo, where
fiem(@) = Z v) Y (w H Wl oW,
v,wGAj:5(v,w)<1

Let us fix such a compact K. It turns out that it suffices to show that for
every € > 0, if n > 0 is small enough,

2> SupqEKj2j( @ (@—n), E(fjen(q) < o0

5o supyere 2 O @) g1 (g)]) < oo
(8.3)

for v € {—1,1}, {

Indeed, if (8.3) holds then, with probability one,

3 9J (r(nf(R))+amr (inf(K)=em) ¢ (inf K) < oo
i>1

and /K Z

d

(277t M”T'(‘”‘”)fj,g,n(Q))‘ dg < .

Hence the series 3,4 2j(7(q)+7’77/@*€’7)fj@n(q) converges uniformly on K
(a similar approach was initially used to get the main result in [6]).
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It follows from Lemma 6 in [6] that for  small enough and v € {—1, 1},
one has

Cx=_ s B(| L0V )]) B (@) 7)) < o0

(] d e we)

and Ci(n) = sup < 00.

GEK 51 0 we A E(W;WW&)

Taking into account the fact that the W’s are mutually independent, one
gets

E(|ffen@l) < Cxm)(1+ jC(0)gjcn(a),

where Gjem(q) = Z H E (W;l?Z,ngl...wk) .
v,weAI: §(v,w)<1l k=1

One also has E (fje,(q)) < Ck (1)95.en(2)-

A common way to represent the pairs of words (v, w) is the following.
Let pi be the word consisting of k£ consecutive zeros and let A\, be the word
consisting of k consecutive 1. A representation of the set of pairs (v, w) in
A’ such that i(w) = i(v) + 1 is as follows:

JL_J U {(w.0 N, uw.l.05) } - (8.4)

k=0 uyeAi—1-k

Then, splitting gj.,(¢) into the sum over the identical pairs (w,w)
and the sum over the pairs (v, w) such that 6(v, w) = 1, and using (8.4), one
obtains

. i—L
where hjc,(q) = 2534 2" @WeH)* (BWMEW @), One then
sees that

i g+ k
hjen() = 2EWIDEWD) Y LEQE(W”))}

o<hei—1 (WW)E(W‘I

< l=i@+T(m)+7(a) 3 ok(2=7(g+ym)+7(yn)+7(2)
0<k<j—1

< 9=+ (m+7(a) 3 ok (2= () +7(y1)~neq (1))
0<k<j—1

_ 91—j(T(@)+ 7' (@) +neq(n))

22—y (q)+7(vn)—neq(m) — 1’
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with e4(n) — 0 uniformly on K when n — 0. Then, it is easily seen that (8.3)
holds if 7 is small enough.

The second part of Theorem 5 comes from the fact that if « ¢ {7/(q), ¢ € T},
then 7*(a) < 0. Thus, using that 7 =7 on J, one has 7*(«) < 0.

8.2 Proof of Theorem 6

We only prove the result for F| f . The case of FC is then a consequence
of the arguments developed for F; f and those used when studying F'.

The probability space with which we work can be written (2, xQ¢q, P,®
Pg), where (2,,P,) and (¢, P¢g) are the probability spaces on which p and
(mj%) are defined.

Let us denote by dfk the wavelet coefficients of F E and Lfk the asso-
ciated wavelet leaders. If v is the element of A* such that I, = I, m; is
denoted 7(v) and o(v)? is its variance (recall that 7(v) is normal).

Since (P1) holds (see the proof of Proposition 2) the conclusion aree
immediate if we prove that, with P, ® Pg-probability 1, there exists a positive
sequence (g;) going to 0 at oo such that for all j > 1 and all 0 < k < 27,
2798 < Li’“

S Ik
To see this, for all u € A*, let us denote by u" the cascade mea-

sure on [0, 1] obtained as p by replacing in its construction (Wy,)wea+ by
(Wyw)wear- Then, for all u,v € A*, one has

|ul

(L) = p*(1y) H Wy, -
k=1

By definition of p and F}, (and using the notations of the previous section)

this implies that if I = I,
L¢
=Y s (),

Lik

where S(u) = sup |m(u - v)| 27 VI(0=1/Po) (1 Y1/Po The term Y (u)~ /%0 is
vEA*
the perturbation (6.2). It follows from our assumptions that Y (u)~1/P0 =
20(1u) yniformly in u as j = |u| goes to infinity. Thus it remains to show
that for all € > 0, inf,,c 4, S(u) > 27 for j large enough.
Fix € > 0. By the Borel-Cantelli Lemma, it is enough to show that

> P@Pe(Su) <27) < oo (8.5)
j>lucAj

Let (nj);>1 be as in the statement of Theorem 6. For every u € A7, we

use the fact that S(u) > sup |m(u-v)|27(0=1/POms 0 (1) together with the
veA™
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assumptions on the independencies between random variables to get
B(S(u) < 279) <Bp, ( [] Bo(IN] < ou-v)~to=iglo-tmim yu(r) 1)),
ve A"

where N ~ N(0,1). Since |[v] = n; = o(Ju| = j), the assumption on
(0jx) and (n;) imply that for j large enough, independently of u € A7 and
ve A,

Pe (V] < o(u - v)~tom= (o= t/moms (1) =)
< Po(N] <27t (I,)7h) < 27,
This yields for j large enough and u € A7
P(S(u) <27) <2722 gp (] (L)) (8.6)
veA™

It follows from the definition of p* and the independency properties that

o, (T w0 ) = s ) T I m(waliid ™).

ve A" k=1yy.-v,€AF

We know that W € (0,1], so E(W~*) increases with k. This yields

Bp, (I (1)) < @) @)™ @)

veA"i

The assumptions on (n;) together with (8.6) and (8.7) imply that (8.5) holds.

8.3 Proof of Theorem 7

In this section, we use the sets E¥ defined in (3.3) instead of the E¥.
Theorem 7 follows if the following property holds: With probability one,
p obeys the multifractal formalism at every a € [0,1/8] with dim(E/) =
Ba and 7*(a) < 0, Va > 1/83. Let us denote by (Xﬁ(t))te[o,l] the stable
subordinator such that, almost surely, 1([0,t]) = X3(¢) for all ¢ € [0,1].

We begin by estimating by above the Hausdorff dimension of the sets
EF. Let us estimate the function 7. One knows that u(l,) is a copy of
279/8X (1) for every j > 1 and w € AJ. Moreover, E(X(1)7) < oo for
every q € (—oo,3). This yields that for every 7 > 1 and for every couple
(g,t) € (=00, 8) X R, (Cj(q,t) is defined in (3.2))

E(Cy(q.t)) = 20T I/PIE(X (1)1). (8:8)
For every ¢ € R, let us introduce the mapping

“q) = {;1 +q/B if g € (~00,p)

otherwise.
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It follows from (8.8) that for every ¢ €] — oo, 5[ and € > 0, with probability
one 3.1 Cj(q, 7(q) — €) < oo. Consequently, Vq €] — o0, 8], 7(q) > 7(q).
Using that 7 and 7 are continuous, 7 is non-decreasing, and 7(/3) = 0,
one deduces that 7 > 7 on R almost surely. Thus, almost surely, 7*(a) <
T*(a) = af for all @ € [0,1/8] and 7*(a) < 7" () = —o0 for all a > 1/0.
Finally, by Proposition 1 applied to E&‘, with probability one, dim(Eg) <
Ba for all a € [0,1/5], and Eg = for all « > 1/8.

It remains to lower bound the dimensions. It is proved in [29] that,
almost surely, the set EX is empty if a > 1/ and dx(a) = Ba if a €
[0,1/8]. Moreover, since a stable subordinator is not compensated (see
[14]), if « € [0,1/0], the proof of Proposition 2 in [29] shows that for every
teEX, Ye>0,3C>0,Vse[0,1]\{t}, | X(s)— X(t)|<C|s—t|*=.

Using the triangular inequality, this implies that, with probability one,
for every o € [0,1/f] and t € EZY, min(a,, (t), a,(t), a;} (1)) > a.

On the other hand, because of Proposition 1 of [29], with probability
one, for every a € [0,1/0], if t € EX, for every e > 0 there exists (jin)n>1,
an increasing sequence of integers, and (t,)n>1, a sequence of jump points
of X such that X(t,) — X(t;) > 277~ and |t — t,| < 27In/(aFe) Let
Jn = [jn/(a+e)]—1. It is straightforward to see that if ¢ is not a dyadic point
one can assume without loss of generality that ¢, € I, x, ,. This implies

WLy, ky, ) = 2-39-(ete)n /> 1, and min(g;(t),gﬂ(t),g/j(t)) <a-+te.
Since this holds for every € > 0 and the set of dyadic points is at most

countable, we deduce that
with probability one, for all a € (0,1/4], dim(E") > Sa. (8.9)

Let us finish with the case o = 0. By construction, with probability one,
the deterministic set D of dyadic points in [0, 1] does not contain any jump
point of X. So Eg( \ D, which contains the jump points of X, is not empty
and (8.9) holds for a = 0.
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