INSIDE SINGULARITY SETS OF RANDOM GIBBS
MEASURES
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ABSTRACT. We evaluate the scale at which the multifractal struc-
ture of some random Gibbs measures becomes discernible. The value
of this scale is obtained through what we call the growth speed in
Hoélder singularity sets of a Borel measure. This growth speed yields
new information on the multifractal behavior of the rescaled copies
involved in the structure of statistically self-similar Gibbs measures.
Our results are useful to understand the multifractal nature of vari-

ous heterogeneous jump processes.

1. INTRODUCTION

Contrary to what happens with monofractal measures (for instance uni-
form measures on regular Cantor sets), multifractal measures exhibit si-
multaneously several different behaviors at small scales. It is natural to
question from which scale the multifractal structure of these measures be-
comes discernible and remains stable. This paper introduces a notion which
provides a way to examinate the value of this critical scale. This notion,
that we call growth speed in singularity sets, is naturally related with mul-
tifractal measures. In the following, we define and study the growth speed
in singularity sets for a class of statistically self-similar measures which

includes random Gibbs measures. This work requires refinements of the
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known theoretical results on the multifractal nature of these measures. Fi-
nally, we obtain rigorous estimates of the error made when approximating
the asymptotic local behavior of the measure by observing it at a fine but

fixed grid.

Before making precise all these notions, let us explain what one of our
main motivations was. The new multifractal properties we point out in
this paper are naturally involved in the small-scale structure analysis of
some jump processes recently considered in [4, 7, 8]. Typical examples
of such heterogeneous jump processes are Lévy processes in multifractal
time. Performing a multifractal time change in irregular processes is a
natural idea when trying to build multi-parameter processes [21, 23, 29].
Indeed, such processes yield multifractal objects with an interesting struc-
ture, that may be more realistic than classical homogeneous jump processes
(for instance like Lévy processes) for the purpose of modeling multifractal
discontinuous phenomena (Internet traffic [19], variations of financial prices
[21]). Another relevant property of these processes is that they provide new
illustrations of multifractal formalisms [14, 10, 24, 4].

Our results provide tools to study these processes. Indeed, the multifrac-
tal analysis of heterogeneous jump processes in [4, 7, 8] requires to deepen
our knowledge regarding statistically self-similar singular measures gener-
ated by multiplicative processes. The fact that these measures are locally
equivalent to a rescaled copy of themselves is exploited in a new direction
using the notion of growth speed in the Holder singularity sets of these
copies. The growth speed yields new insights on the structure of the pro-
cess, which are more precise than those obtained by only considering indi-
vidually these copies as the same probabilistic object. In particular, it pro-

vides a new quantitative way of distinguishing two well-known families of
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statistically self-similar singular measures, namely the random Gibbs mea-
sures [15] and the independent random cascades, like Mandelbrot canonical
cascades [20]. This paper focuses on random Gibbs measures, the case of

the Mandelbrot canonical cascades is very different and treated in [6].

The multifractal structure of random Gibbs measures has been exten-
sively studied ([14, 27, 16, 12, 25, 3, 13]). This topic is concerned with
the size estimation of the Holder singularity sets of such a measure pu.

These sets are defined as the level sets of the pointwise Holder expo-

log u(B(¢,r)

- . The sizes of Holder singularity sets are measured
g(r)

nent lim,._,q+
through their Hausdorff (or packing) dimension. It can be shown that these
dimensions are obtained thanks to the Legendre transform of a kind of free
energy function 7, related to 1. More precisely, let b be an integer > 2 and
A the alphabet {0, ...,b—1}. Suppose that we are working on the symbolic
space A = AV endowed with the product topology and the one-sided shift
transformation o. If w € A* = Un21 A", the n step cylinder about w in A
is denoted by [w]. The measures we are interested in are associated with
some (random) Holder potentiel and the dynamical system (A, o).

The function 7, considered in the multifractal formalism for measures

in [14, 10] is obtained as follows: For every ¢ € R, let

. 1 -
(1) Vi=1, m,j(q)=—;10gb > w([w]))? and 7u(q) = liminf 7, ;(q).
we A

The Legendre transform of 7, at a > 0 is then 7;(a) := inf er aq — 7,(q).

Then the Holder singularity set of level a > 0 is defined as

Ei={teh: lm Logy u(ftin]) _ o}

n— oo n

(t|n stands for ¢y - - - t,,). The Gibbs measures we consider obey the multi-

fractal formalism in the sense that dim £ = 7;;(«) when 7, () > 0.
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This property is classically implied by the existence of a probability
measure (i, of the same nature as g and such that pu, is concentrated on

Er N E’T‘ :“(a). This measure p, is called an analyzing measure of u at «.

The existence of the measure u, has another important consequence
regarding the possibility of measuring how the mass of p is distributed at a
given large enough scale. Indeed, a direct consequence of the multifractal
formalism ([28]) and the existence of p, is that for any € > 0 and o > 0
such that 7;(a) > 0, one has

@ gim QB W €A VIO < p((u]) b}

Jj—oo J

— 73(a).

The result we establish in this paper brings precisions on these sizes
estimates. We consider a refined version of the sets E, (i) by considering,

for any sequence &, going down to 0, the sets

Bty ={tea:¥nzp, b7 < p(ffn)) < premen

(3) and Eg = U EL
p=1
It is possible to choose (g,,)n>1 so that with probability one, for all the
exponents « such that 7;;(«) > 0, one has fia(ER) = |pall = 1.
Since the sets sequence Eg,p is non-decreasing and ua(Eg) = 1, the
growth speed GS(u,«) in Ej; can be defined as the smallest value of p for
which the po-measure of ng reaches a certain positive fraction f € (0, 1)

of the mass of p,, that is the number
GS(p, @) = it {p: pa(BL,) > flluall}-
Now for n > 1 and o > 0 let

@) Nalpa) = #{we A" b OF=) < py([w]) < b=},
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Heuristically, one has
GS(p,a) ~inf{p: ¥n > p, b (7] < N () < (@ FED Y

i.e. GS(u,a) controls by above the smallest rank p from which considering
the evaluation of AV, (11, @) at any scale b~ smaller than b~ yields a correct

representation of the asymptotic behavior of N, (i, @).

Our results concern estimates of the growth speed of singularities sets
of copies of p involved in the self-similarity property of p. To illustrate
our purpose, let us describe the model of statistically self-similar measures
we shall work with in the sequel. We shall consider a natural random
counterpart to quasi-Bernoulli measures introduced in [22, 10] and mainly
illustrated by deterministic Gibbs measures on A. We are inspired in par-
ticular by self-similar Riesz products and their random version constructed

with random phases (see [12] and examples of Section 3).

1.1. Quasi-Bernoulli independent random measure.

In the sequel = means equality in distribution.

A random probability measure p = p(w) on A is said to be a quasi-
Bernoulli independent random measure if there exists a constant C' > 0
and two sequences of random measures (u1;);>1 and (1));>; such that for

every j > 1,

o (P1) YV (v,w) € ATx A", &y ([o])u ([w]) < p[ow]) < Cpy ()P ([w]),
e (P2) for every r € {0,...,b—1}, 0 < ess inf u([r]) < esssup pu([r]) < oo,
o (P3) (1Y ([w))) e ar = (ul[w])) e 4-- 1o I8 also denoted pl?,

o (P4) o(p;([v]) :v € A7) and o(u ([w]) :w € A*) are independent.

The measures 7) are the copies of 1 mentioned in the paragraphs above.
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1.2. Controlling the growth speed in Holder singularity sets of the
(u(j ))’s. Let p be quasi-Bernoulli independent measure. For each copy (7
of u, the corresponding family of analyzing measures u&j ) will be defined

as [y is defined for u. The result we focus on is the asymptotic behavior of
(5)  GS(u9a) =inf {N: pD (L) = [} as j — oo,

For sake of simplicity, we give in this introduction a shorter version of our

main result (Theorem 2).

Theorem A. The function 7, is deterministic. Suppose that it is C2. With

probability one, for all « > 0 such that T:Z(Oé) > 0 there exists 3 > 0 such
that if j is large enough, GS(u\9), a) < exp/BlogJ.

Let us introduce the quantity
GS’(M(j)7a) — inf {p V> p, b(Ta(e)—en) < Nn(u(j),a) < bn("—;(a)"!‘en)}.

Theorem A also implies a control of N, (1), a) (recall (4)). A stronger

version (Theorem 3) of the following result is going to be proved.

Theorem B. Suppose that 7, is C?. The same conclusion as in Theorem

A holds if GS(u), «) is replaced by GS'(u\9), ).

As claimed above, Theorems A and B indeed yields new information on
the multifractal structure of random Gibbs measures.

Section 2 contains new definitions and two propositions that are used in
Section 3 and 5 to state and prove stronger versions of Theorems A and B.
Section 4 contains the proof of results concerning the speed of convergence
of 7, to 7.

We end this introduction by giving an application of Theorem A.
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1.3. An application: The Hausdorff dimension of new limsup sets.
Let p be a quasi-Bernoulli independent random measure as defined previ-
ously and consider v, its projection on [0, 1]. Examples of jump processes
of [4, 8] are

Do > iR (k+ Db ] ks and (X ov([0,1])) o,

J20 0<k<bi-1
where X is a Lévy process. Basically, if {z,,} denotes the countable set of
jump points of such a process and (A,)n>1 is & sequence decreasing to 0
such that limsup,, . B(zn, A\n) = [0,1], the multifractal nature of these
processes is closely related to the computation of the Hausdorff dimension
of the sets defined for every o > 0, £ > 1 by

K(a,§) = () U [0 — XS, 2, + XS]

N21 n>1: 201 <u([zn—An,@n+An]) AT

for some sequence (g,,) converging to 0. The set K (a, &) contains the points
that are infinitely often close to a jump point x,, at rate & relatively to A,
upon the condition that v([z, — An, Zn + An]) ~ A%, This last condition
implies that v has roughly a Holder exponent « at scale A, around x,.
One of the main results of [4, 9] (see also [5]) is the computation of the
Hausdorft dimension of K(«,&). Under a suitable assumption on (), it
is proved in [4, 9] that, with probability one, for all a such that 7;(a) >0
and all £ > 1,

(6) dim K (a, §) = 7, (@) /¢,

where dim stands for the Hausdorff dimension. This achievement is a
non-trivial generalization of what is referred to as “ubiquity” properties of
the resonant system {(z,,\,)}. Ubiquity plays a role for instance in the
description of exceptional sets arising in the problem of small denominators
and the physical phenomenon of resonance [1, 11]. In the classical result,

v is equal to the monofractal Lebesgue measure, so a = 1, the condition
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Aoten < p([mn — Apy Tn + Ap]) < XY s trivial, and dim K(1,¢€) = 1/¢
(see [11] for instance).
The fact that, by Theorem A, the growth speed G'S(u), o) behaves like

o(j) as j — oo is a crucial issue in constructing a Cantor set of Hausdorff

dimension 7;(a) /€ in K(a,§).

2. DEFINITIONS, GROWTH SPEED IN SINGULARITY SETS

In the sequel, (€2, B,P) denotes the probability space on which the ran-

dom variables of this paper are defined.

2.1. Measure of singularity sets: a neighboring boxes condition.

Let 1 and m be two probability measures with supports equal to A.

With any w € A" can be associated the integer i(w) € {0,1,...,b" —
1} such that the b-adic subinterval of [0, 1] naturally encoded by w is
[i(w)b™™, (i(w) + 1)b~"] (alternatively i(w)b™™ = Y_}_, wxb™*). Then, if
(v,w) € A", §(v, w) stands for |i(v) —i(w)|. This defines an integer valued
distance on A"™. This distance yields a notion of neighbors for cylinders of
the same generation. This notion coincides with the natural one on b-adic

subintervals of the same generation in [0, 1].
Let € = (gn)n>0 be a positive sequence, N > 1, and 8 > 0.
We consider a slight refinement of the sets introduced in (3): For p > 1,

Vn>p, Vye{-11},
Eg,p(Nf) ={tc A: { } bvn(ﬂﬂsn)u([w])v <1

Yw e A", 6(w,t|n) < N, -

(7) and  ER(N,E) = U Ej(

p>1

This set contains the points ¢ for which, at each scale n large enough, the

p-measures of the 2N + 1 neighbors of [¢|n] (for the distance §) belong to
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[p=7(B+en) p=n(B=en)] Controlling the mass of these neighbors is necessary
in the proof of (6) when p is a quasi-Bernoulli independent random measure.
For n > 1 and ¢, > 0, let us define the quantity
8) S (myp, )= Y T > m()u(lw]) .
Nve{-1,1} vwEA™: §(v,w)<N
Proposition 1. Let (1,)n,>1 be a positive sequence.

If 2721 SN-enmn (m u, B) < 400, then Eg(N,g) is of full m-measure.

Remark 1. The same kind of conditions was used in [2] to obtain a com-

parison between the box [10] and centered [24] multifractal formalisms.
Proof. For v € {—1,1} and n > 1, let us define

Vwe A",
(9) E4(N,en,y) ={t€A: YO p([w]) < 1
5w, thn) < N,
For t € A, if there exists (a necessarily unique) w € A™ such that i(w) —
i(tln) = k, this word w is denoted wy(t). For v € {—1,1}, let S, , =

Z—Ngng my, with
mi =m({t€A: b B=En) (e ()Y > 1}).
One clearly has
(10) m((E4(N,en, —1))° | J(E4(N,£0,1))%) < Sp,—1 + Sn1,
Fix n, > 0 and —N < k < N. Let Y (¢) be the random variable which
equals bY(B=7E0)Mm 1y ([wy, (£)])Y™ if wy(t) exists, and 0 otherwise. The

Markov inequality applied to Y (¢) with respect to m yields my, < [ Y (t)dm(t).
Since Y is constant over each cylinder [v] of generation n, we get
me < Z bn(ﬂ—wsn)'ynnm([v])u([w])’mn_
v,weA™:i(w)—i(v)=k
Summing over |k| < N yields S, _1 + Sp1 < SN-e2m (m, u, ). The con-

clusion follows from (10) and from the Borel-Cantelli Lemma. O
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2.2. Growth speed in families of singularity sets. Let A be a set of
indexes, and 2* a measurable subset of 2 of probability 1. Some notations

and technical assumptions are needed to state the result.

e For every w € Q*, we consider two sequences of families of measures

({ug\j)},\e,\) N and ({m/\ }/\eA) . such that for every j > 0, the ele-
Jj=0 0

ments of the families {yy )} aca and {m X )} AcA are probability measures on

A. For v € {u,m}, {V)\ )})\GA is written {v)}aea-

e We consider an integer N > 1, and a positive sequence € = (g,)n>1,
as well as a family of positive numbers (8x)xca. Then, remembering (9)
let us consider for every j > 0 and p > 1 the sets

S 49 49
(11) Eﬁjp N,&) =) E; (N,en,~1)NEL (N,en, 1).
n>p
)

e Given j > 0 and A € A, the sets Egj)p(N,g)}, p > 1, form a non-
decreasing sequence. One then defines the growth speed of these sets re-
(4)

spectively to my’ as the quantity

. . (3)
(12) GSm{, 1, By, N, &) = inf {p >1: m{) (B} (N,8) > 1/2}.

This number, maybe infinite, is a measurement of the number p of genera-
)

tions needed for E”A »(V, €) to recover a certain given fraction (here chosen

equal to 1/2) of the probablhty measure m . We assume that m(J ) is con-

centrated on lim,_, 4 Eﬁ p(N £), so that GS’(mA ,,u)\ ,ﬁ,\7 N,&) < 0.
e We assume that for every positive sequence 77 = (1;) >0, there exist

- a random vector V(77) € RY, a sequence (V7));5¢ of copies of V(7),

- a sequence (9;(7));>0 such that for P-almost every w € Q*,

(13)  Vj>0, Yn>v;@@), V9 > ileljpi SN-Entin (1 € )7M§\J)7 V),

where S,]LV’E"’”"( ,uf\j),ﬁ)\) is defined in (8). This provides us with a

uniform control over A € A of the families of measures (mg\]), ug\])) §>0-
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Proposition 2 (Uniform growth speed in singularity sets). Let 7] =
(n;)j>0 be a the sequence of positive numbers.
Let (S;);j>0 be a sequence of integers such that S; > 1; (7). Assume that
(14) 3 E(Vn(?ﬂ> < .

J>0n>S;
With probability one, for every j large enough, for every A € A, one has
GS(m{, 1), By, N.E) < 8.

Proof. Fix 7 > 1. As shown in Proposition 1, for every n > 1 and every

A € A, one can write
() E#g\j) N 1 ¢ E”(Aj) N 1 ¢\ <« Sstnv"]n @ )
m)\ ( ﬁx ( 75717 )) ) ( ﬂ)\ ( aETH )) — n (m)\ 7/’6)\ 7@)\)-

Thus, using (13), one gets
, ) . ) . .
(15) mE\])< U (EL (Nen—1) U (Ef (N2, 1) ) < Sy,
77,23] ’I’LZSJ

Now (14) yields

Se(Y v z1/2) <23 EB( Y V) <o

i1 >, >l n>S,
Thus, with probability one, ansj n(j) < 1/2 for every j large enough.
This, combined with (11), (15) and (12), implies that, with probability one,

for all j large enough, for every A € A, GS(mgf),ugf),ﬁA, N,e) < S;. O

3. MAIN RESULTS

3.1. Examples of quasi-Bernoulli independent measures. It is not
difficult to show that, in the setting of [15], the two following examples
can be seen as random Gibbs measures associated with a random Holder

potential in the dynamical system (A, o).

Ezample 1. Multinomial random measures. Let (Woy,...,Wy_1) be a

positive random vector such that ZZ;E W; = 1 almost surely, and let
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(W, .. .,Wb_l)(j))jZl be a sequence of independent copies of the vec-
tor (Wo,...,Wp_1). Let £ denote the unique measure on A such that
([w]) =b~" for w € A™.

With probability one, the sequence of measures (p;),>1 defined on A by

(16) %(t):ijka(k) (t € [wr ... w,))
k=1

converges weakly, as j — oo, to a probability measure p which clearly
satisfies (P1) to (P4). Here u(7) is constructed like g, but with the vectors

((Wo, ey Wb_l)(k))ijJrl instead of ((Wo, ey Wb—l)(k))k21~

Ezample 2. Random Riesz products. Let ¢ be a 1-periodic Holder conti-
nuous function on R and let (0x)r>0 be a sequence of independent random
variables uniformly distributed in [0,1]. Let = : A — [0,1] be the map-
ping t =ty tg-- — 2@1 txb=*. Then consider on A the sequence of
measures (u;); >0 whose density with respect to £ is given by

(17) sy — TEZL exp (s(65 (1) + 0x))

e [Ty exp (¢(0Fm(w) + 61)) du’

Because of Theorems 3.1 and 3.2 in [15], with probability one, the sequence
{1;} converges weakly to a probability measure p. Moreover, it is shown
n [12, 3] that, because of the Holder regularity and the 1-periodicity of ¢,
properties (P1) to (P3) hold. Property (P4) follows from the fact that
the 6;’s are chosen independent. Here (%) is constructed like p, but with

the phases (0x)r>;+1 instead of (Og)k>1.

3.2. Identification of the function 7, and auxiliary measures.
Let p be quasi-Bernoulli independent random measure. We specify the
scaling function 7, and the family of analysing measures discussed in the

Introduction.
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e The function 7,. For every j,k > 1, let us define the function
9 geRm o, 3 (u);(ful)"
weAI
where (u(k))j denotes the measure associated with ;%) like 15 is associated
with g in formulas (16) and (17). When k = 0 we simply write 7;(q).

The same arguments as those used in [12] and [3] (mainly based on
Kingman’s sub-multiplicative ergodic theorem) show that, with probability
one, for all ¢ € R and for all k£ > 0, T;k)(q) converges, as j — 400, to a real
number 7,(g) (thus independent of k). 7,(¢q) coincides with the number
defined in (1). Moreover, 7,(q) is also the limit when j — 400 of the
sequence ]E(Tj (q)) In particular the mapping ¢ — 7,(q) is deterministic.

Due to the concavity of 7;, with probability one, 7; converges uniformly

to 7, on compact sets.

o Auziliary measures. The multifractal spectrum of p is obtained thanks
to the following auxiliary measures p,. Let Q* be a subset of {2 with
P(Q2*) = 1 such that the conclusions of Proposition 3 hold for all w € Q*.
For every w € 2%, for all ¢ € R and for all j > 1, let p4,; be the probability
measure with a density with respect to the measure ¢ on [v] (for every
v e Al) given by b7 p([v])9677 (D,

If w is still fixed, for every g € R one can consider a subsequence j,(q)
such that the sequence {114 ;, (4) }n converges weakly to a measure p, (which
depends on w). This can also be done for the measures p) . For every fixed

we Q* forall 7 > 1 and g € R, a measure ugj) is built as p4.

3.3. Main results. In the sequel, [z] stands for the integer part of the
real number z. If the function 7, is differentiable, J stands for the open

interval {g € R: TL(‘])Q —7u(q) > 0}.

Theorem 1. Let p be a quasi-Bernoulli independent random measure,

and assume that 7, is twice continuously differentiable. Let € = (€p)n>1



14 JULIEN BARRAL AND STEPHANE SEURET

a sequence of positive numbers going to 0. Assume that ¥ (M,a) > 0 the

3/4 _ 2
pMn* T log(n) p—nacs, copyerges.

series D5
With probability one, Vq € J, the singularity sets Ef,“(q)qu (q)(N,E)

and E“,( )(N,a (defined in (7)) are both of full p,-measure.

Remark 2. (1) As soon as £, > n~"/%log(n)'/>*" for some n > 0, one
has bMn*/* log(n)p—naer, < n~H+2) for all M > 0. The conclusions of
Theorem 1 thus hold in this case.

In view of the law of the iterated logarithm (see [26, 17]), one could expect
€ to decrease faster toward 0. This is not the case because we impose the
control of neighboring cylinders (in the sense of 0) and the uniform control
over the parameter q.

(2) In Ezamples 1 and 2, 7, is analytic (see [3] and references therein,).

The next statement uses the definitions introduced in Section 2.2. The

(4) ()

measures 1) and g’ play respectively the role of wy’ and mf\j ) for j=>1

Theorem 2 (Growth speed in singularity sets). Under the assump-
tions of Theorem 1, let us choosen >0, N > 1 and a sequence € = (g,,) so
that £, > n~'/%log(n)'/2t". Let us also fix o > 1.

For every compact subinterval K of J, with probability one, for j large

enough and for all g € K, if §; = [exp( alog(j))], one has
max (GS (), 1, 71.(a), N.2), GS (4D, 1)) 7h(@)a = 7(a), N,2) ) < S

Remark 3. Instead of a fixed number of neighbors, it is not difficult to
treat the case of an increasing sequence of neighbors Ny, simultaneously
with the speed of convergence €,. This number N, can then go to oo under
the condition that log N,, = o(ne?2).

Another improvement consists in replacing the fized fraction f in (5) by
a fraction f; going to 1 as j goes to co. The choice f; = 1 —b™% with

s; =0 ([exp ( alog(j))]) is convenient, as the reader can check.
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Let us recall that for all integers j > 1 and n >1
(18) Nn(,u(j),oz,en)z#{w € A" pmleten) < ) ([w]) < b_"(o‘_g”')}.

Theorem 3 (Speed of renewal of large deviation spectrum). Under
the assumptions of Theorem 1, let us choose €, > n~'/8log(n)'/**" for
some nn > 0. Let K be a compact subinterval of J, and let f = 1 +
maxgex |q|-

For every o > 1, with probability one, for j large enough, for all ¢ € K
and for alln > [exp( alog(j))}, one has

pyr(mi@a=Tu(a)=Ben) < Af (M(j),TL(Q),En) <y (Da=Tu(9)+Ben)
The following Propositions are useful in the sequel.

Proposition 3. Let K be a compact subset of R, and let us fix o > 1.

1. There exists a constant Cg such that
for everym > 1, sup |E(Tn(q)) — m(q)| < Cgn~ L
qeK
2. There exists a constant Ck such that with probability one

for every n large enough, sup |7,(q) — 7.(¢g)| < CKlog(n)n_1/4,
geK

and for j large enough, for every n > [exp( alog(j))],

sup |79 (q) — 7,(q)| < Cilog(n)n="/*.
qeK

Proposition 4. Assume that 7, is differentiable and that K C {q € R :

7.(0)q — 7.(q) > 0}. Let us denote gx, the word consisting of k consecutive

zeros and dy the word consisting of k consecutive b — 1.

There are three constants (C,no, A) € Rf’ such that with probability one,
w([gn]) ™" w([da))N .,

sup (Nq([dn])ué[[dng,m +,uq([gn])% prAn <C,

4EK n>0 1(lgnl)
76{7111}7 776(0/'70]
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and for j large enough, for every n > [exp (y/alog(j))],

D 22D Gy B (dD) Y g
;:II? <“c(1)([dn])z(j)([fw7 JFH,(;)([QnDM(j)([W])b A< .
v€{-1,1}, n€(0,n0]

Propositions 3 and 4 are proved in Section 4, and the theorems in Section 5.

4. PROOFS OF PROPOSITION 3 AND 4

4.1. Proof of Proposition 3. 1. The arguments are standard. For ¢ € R
and j > 1, let us define L;(q) = jE(7;(¢)). As a consequence of (P1),

ol 3T (D (fw]))*?

vEAT wE AR vEAI+n

and Y p([v]) 3 () ([w]))

veAItT veAI we AT

IA
(]
=}
=
=

IN

Using then (P3) and (P4), and the definition of 7;(g), one gets
Vijsn =1, Vg eR, [Ljyn(q) = Lj(q) = La(g)] < Cq := |g]log,(C).

It follows that the two sequences L;(q) + Cy and —L;(q) + Cy are sub-
additive. Consequently, the sequence (L;(q)+Cy)/j converges, as j — 400,
to its infimum denoted by L(g). Similarly, the sequence (—L;(q) + Cy)/j
converges to —L(g). This yields that

(19) Vj>1,VqeR, [Liq)/i— L] < Ce/j,
which gives the desired conclusion since we have seen that L(q) = 7,(q).

2. We invoke a property which does hold because of (P2): there exists
M > 0 such that with probability one,

(20) Vag,¢ €R* Vji>1, |r5(q) — ()| < Mg —¢|.

Fix K, a non-trivial compact subinterval of R.
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For g € K, 7 > 0 and n > 1, let us define the random variables

LY (q) = —log, Z @), ([w))e,
weAm

and L,(q) = LE{J)(q). It follows from (P1) and (P4) that

(21) Vge K, Vjn>1,Yq€ K, |Ljsn(a)—L;j(q)—LY (q)| < |q|1og,(C).

Let Ok = sup,ck |q|log,(C), and fix ¢ € K. For every integer m > 1, we
write m = [y/m]? + i, where i,, € [0,3y/m]. Using again (P1) to (P4),

one deduces from (21) that for every m > 1, there exist [\/m] independent

copies Xl(m),.. , [(\/y)m of Ly m (q) such that

[v/m]
(22)  |Lwle) = Y X(0)] < Clvim] + |Li,, (@)] < 4Ckvim,
We invoke the following concentration inequality (see Lemma 1.5 of [18])

Lemma 1. Let n > 1 and let (Y;)1<i<n be a sequence of random variable

i.9.d. with a centered and bounded random variable Y. For all s > 0,

P< i=1

Let us define the random variables Y™ (¢q) = X™(q) — E(Xgm) ().

7

i > ||Y|\oos\/ﬁ) < 2exp (—5°/2).

By (P2), one can find a constant My > 0 such that sup,cx [Y;™(q)] <
M [v/m]. As a consequence, Lemma 1 can be applied to the bounded fam-

ily v, (q),. Y[m( q). Then choosing s = v/2log(m) yields (remember

that [|Y]|eo < Mk[v/m))

[vm]
B(| Y v ()| > VaMilog(m) Vi) < exp (— (logm)?).
i=1

(m)

For every m > 1, let q ) < qs (m)

- < q, ' < ... be a finite sequence

of points of K such that q,(ﬁ)l — ql(cm) < m~Y%, and denote by R,, the set
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of these points. We can assume that the cardinality of R,, is less than or

equal to |K|v/m + 1. Then

> P(3aeRm,

[V
> Yi(m)(Q)‘ > V2Mg 1og(m)[\/m]3/2)

m>1
< Z |K|vm + Texp (— (logm)?) < oo.
m>1

This implies that for m large enough, for every q € Ry,

[vm]
(23) Y v )| < ValogmMicl i
i=1
On the other hand, remembering the proof of item 1. and (19), one has

(24) Vq € Rm, |[E(XT"(9) — [VmlTu(9)| < Ck.

For every ¢ € Ry, |Lim(q) — m7,(q)| can be upper bounded by
vVm] [vm]
Ln(a) = Y- X (@) + | D v @)
i=1 i=1

[vm]
+ 3B @) - WaPr(a)] + inl@)
i=1

With probability one, for m large enough, using respectively (22) and (24),
this first and the third term are both bounded by a O([y/m]) (which does
not depend on ¢). Using (23) and remarking that i,, = O([\/m]), one gets

|Lm(Q) - mTu(Q)' < \/iMK 10g(m)[\/m3/2 + O([\/TH]),

where O([y/m]) is uniform over ¢ € R,,. This yields |7, (q) — 7.(q)| =
O(log(m)mfl/ 4) uniformly for ¢ € R,, when m is large enough. The

conclusion follows from (20) and from the construction of the sets R,.

Let us show the second inequality of item 2. For every j > 0, m > 1

and ¢ € K, let us consider a sequence Yi(m)’j(q), 1 < i < [/m], associated
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with g = p) like Y™ (q), 1 < i < [\/m], is associated with y = u(©). Let

R be defined as above, and let us consider the events
[vm] ‘ )
AGGm) = {34 € R, | ¥ (q)] > V2Miclog(m) V)2 }.
i=1

One verifies that >, Zmz exp /aTog ()] P(A(j,m)) < co. We then de-
duce from the Borel-Cantelli Lemma that with probability one, for j large

enough, if m > |ex alog(g then A(4, m)¢ holds. One concludes b
gh, p g\J Js Y

using the same estimates as above.

4.2. Proof of Proposition 4. If t; € {g;,d;}, the same kind of ar-
guments as in the proof of Proposition 3 show that, with probability
one, Ay(1) = lim;_ %logb (1([t;])) exists, and this number is determin-
istic. Hence, using (25), with probability one, for every ¢ € R, the limit
A(q) =lim; o0 %logb (114([t;])) exists and is equal to gA;(1)+7,(q). Since
g is a finite measure, Ay(g) < 0.

Moreover, there exists C'x > 0 such that for P-almost every w € Q*, for

j large enough, for all ¢ € K U {1},
1 N
‘5 logy, (1q([t;])) — At(Q)‘ < Oxlog(s)j /4

- 1 ; _
Vk > [exp (valog(s))], ‘E log, (13 ([tr])) — At(‘])‘ < Crclog(k)k™/*.
So, for j large enough, v € {—1,1} and 1 > 0, one has

p(lg; )" p(ld;])

uq([dj])ﬂ([dj])w7 + uq([gj])ﬂ([%_])W

< f(4)

and Vk > [exp (y/alog(j))]

where

() = pEHDCxT 108G n (18 (DI +40 (1)) (BA@ 4 pike(a)),
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Let us show that A:(q) < 0 for ¢ € {g,d} and g € K. Suppose A¢(qy) =0
for some gy € K. Remember that gA:(1) + 7,(¢) = Ai(g) < 0 for all
g € R. Using the concavity of 7,, the equality A;(go) = 0 implies that
TL(C]O) = —A4(1) and then that TL(qO)qo —7.(qo) = 0, in contradiction with
our assumption K C J.

Finally, since A¢(q) = gA(1) 4+ 7,(g), the mapping g — A.(g) is con-
tinuous, and the conclusion follows from properties (P1) and (P2), the

compactness of K, and the form of f(j).

5. PROOFs OF THEOREMS 1, 2 AND 3

Mimicking the approach in [3] and using Proposition 3 and 4 shows that
if K is a compact subset of R, there exists a constant My such that, with
probability one, for n large enough, Vv € A", Vq € K,

—173—(Mg)n®/*log(n) MQ([U]) (Mg )n®/* log(n)
(25) Mg < e S M .

and if @ > 1 is fixed, for the same constant My, with probability one, for
j large enough, for n > [exp ( alog(j))], Yve A", Vqe K,
()

—17— (Mg )n®/*log(n) Hq ([U]) (Mg )n®/*log(n)
(26)  Mcb = 1) ([v]) 2k (@) < Mb '

Before starting the proofs, let us make a last useful remark.

Remark 4. If v and w are words of length n, and if v and w stand for their
prefizes of length n — 1, then 6(0,w) > k implies §(v,w) > bk. It implies
that, given two integers n > m > 0 and two words v and w in A™ such
that b™=1 < §(v,w) < b™, there are two prefizes v and W of respectively v
and w of common length n — m such that (0, w) < 1; moreover, for these
words v and w, there are at most b*™ pairs (v,w) of words in A" such that

U and W are respectively the prefizes of v and w.



INSIDE SINGULARITY SETS OF MEASURES 21

5.1. Proof of Theorem 1. Fix K a compact subinterval of J and (7,,),,>1
a bounded positive sequence to be precised later. For w € Q* and g € K,
let us introduce the two quantities (recall (8))

(27)

Fo(q) = Sy (g, 11, 7,(q)) and Gi(q) = SN (g, pig, 7 (a)a—7,.(q))-

Due to Proposition 1, we seek for a uniform control of F,, and G,, on K.
We only consider F),, since the study of G, is similar.

e An upper bound for F,(q): Consider v,w € A™ such that é(v,w) =
k < N, as well as two prefixes v and w of respectively v and w of common
length n — [log, (k)] such that §(v,w) < 1. Let ¢ € K. If n is large enough,
(25) holds for both v and v. Then, using the construction of g, item 2. of
Proposition 3, (P1), (P2) and (25), one gets for n large enough

(28)  pg([o]) < OO 1o ([3]) and p((w])™ < Cu([@]) ™,

where C depends on C, K, ||i]los and ||&]|lso. Thus, by Remark 4, for n
large enough, 0 <k < N and v € {-1,1},

p(T (@) =vEn) ¥ Z g (0] pe(Jw]) Y™
v,weA", §(v,w)=k

S 6b6n3/4 log(n)b(n—[logb k])(T‘/L (q)—’yan)'ynn Z /,Lq([’()] )M([w} )'Y"]n ,

v,we A~ logs Kl 5y w)<1

for some other constant C' depending on C, K, N, ||&]|lsc and [|7]os -

Let us remark that for every integer I € {0,..,log,(IN)}, there are less
than b'*! integers k € [0, N] such that [log, k] = [. One thus deduces from
the definition (27) (and (8)) of F,(¢q) and from the above estimate that

o [logy, (N)]+1
(29)  Fu(g) < Coem s Ny (Ty(g,n, 1) + Ta(g, m, 1)),
=0
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where

(30) Tu(g,m, 1) = Y b DEul@=@d me Ny (] p([w])
ve{—-1,1} weAn—!l

B) Tolgyn,l) = Y7 HrIE@mE R 7 gy (][]
ve{-1,1} v,weAr—L §(v,w)=1

Let us first upper bound 71(g, n,1). (25) yields for some constant M- that
mT, ' m3/*logm n
D g([w]p([w)) 7™ < o@D pMimTOE TN Ty ()T
weEA™ weEA™
where m = n — [. Using item 2. of Proposition 3, for some constant Cg
3 p(fw])ern < b DT atrm)+H =D log(n—1)(n—1)~*/*
weA" !
Since 7, is twice continuously differentiable, one has 7,(¢ +vn,) — 7.(¢) —

YT, (@) = 1 O(n,) independently of ¢ € K (if [|7]| is small enough), and

(32)  Ti(g,m,l) < 2MjbMicHCr)(n=0)* Hlog(n—1) p=(n—na(entO(mm))

In order to estimate T5(g,m,l), we use the words g and dj defined in
Proposition 4. For every m > 1, a representation of the set of pairs (v, w)
in A™ such that «(w) = +(v) + 1 is the following:

1

(33) U U U {(wrdi,u.(r+1).g5)}

k=0 weAm-1-k rc{0,...,b—2}

Let m = n — 1. The sum 7, ,(q) = Zv,wEAm, 5 (0 w)=1 g ([v]) e (Jw]) Y

equals

=

b—

>

2
k=0 ueAm-1=kr=0 (e,f)€{(d,9),(g,d)}
Let us introduce ©(g, %, 7,7) = u([dx]) (98]} ™ + ([gx])p([d4]) ™. Us-
ing (25) and property (P1) of i, one obtains another constant C such that

m—

prg([wr-ex])p(fu.(r 4+ 1). f&]) 7"

m—1

m3/*log(m)mr
T+ (q) < C(b—2)b°x log(m) ym7y.(q) Z (g, k,n,v) Z p([u])a 7.
k=0 ueAWLfl—k
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Then, item 2. of Proposition 3 yields (with another C)

Tn7(q)
S 5 bCKm3/4 log(m) meu(q)
m—1
X O(q, k,n, V)bQCk(mflfk)s/4 log(m—k—1)—(m—k—1)7,(q¢+71n)
k=0
m—1
< GpECxm ogm)ymin ()= (a 1)) ™ @ (q, k, , )bk T)
k=0
m—1
< 5bm(—T;(q)7nn+O(ni))bQCKm3/4 log(m) @(CL k. n, ,y)kau(Q-‘rO('fln))_
k=0

By Proposition 4 and (25), the sum ka:_ol O(q, k,n,»)b*7u(a+00m)) js uni-
formly bounded over ¢ € K and m > 0 when ||7]|« is small enough. Hence,

replacing m by n — [,

(34) Tg(q,n, l) < 5b2CK(n71)3/4 log(n—1) b*(n*l)nn(EnJrO(nn))'

Finally, combining (29), (32) and (34) yields

_ [logy, (N)]+1
F.(q) < CpCn®/* log(n) Z 1O ((n=D** log(n—1)) = (n—1)7n (€0 +O0 (1))
=0

0 (an3/4 log(n) p—"n (6n+o(7]n)))

for some M > 0 independently of ¢ € K. By our assumption on &,, the
choice 7, = ae, with a small enough so that 7,(c, + O(n,)) > a2 /2
makes the series }_, -, F;,(q) converge for every ¢ € K. The conclusion

concerning the sets E¥, (N,€) then follows from Proposition 1.

7/.(a)

5.2. Proof of Theorem 2. Fix a € (1,a). We use twice (26), with

AV =Y

and «, in order to get a control like (28). For j large enough, if n
[exp (y/alog(j))] and if v € A™ and © is a prefix of v such that [v] >
n — logy(n), then |o| > [exp (y/alog(j))] and (28) holds for v and ©.

Then, from the computations performed in the proof of Theorem 1 and
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from Proposition 4, one deduces that for every compact subinterval K of J,
there exist C, M, > 0 and 77 = (7 )n>1 € ]RIY such that with probability

one, for j large enough, if n > [exp( alog(j))], for all g € K

masc (S (1), 1), 7)), SN () 1D, 4 () = @) )

< Can3/4 log(n)—pBne2 )

In order to apply Proposition 2, let us define
e A=K, A=gqand {(mg\j)»ﬂq )}]>0 \eK = {(Mt(lj)vﬂ(j))}jZO,EIGKv

o {B}rer = {TL((])}qu,

e for every j > 1 and for n > 1, V;¥) = cpMn™/*

log(n) p—Bne?

o for every j > 1, ¢;(n) =S, = [BXP( alog(j))].

With these parameters the conditions of Proposition 2 are fulfilled. As

a consequence, with probability one, for j large enough, for all ¢ € K,

GS(nf 1D, 7,(q), N,&) < [exp (Valog(f)].

Let us then consider the families {(ugj),ug ))}jzo,qu and {7/,(q)q —
7u(@)}ger instead of the family {(1, 4)};500ex and {7)(q)bgex re-
spectively, and keep the same definitions for the other variables involved
in Proposition 2. Then the same control as above holds for the growth
speed GS (ugj), ,ugj), qr,(q) — 7u(q), N, g) Notice that here the vector V)

is deterministic.

5.3. Proof of Theorem 3. Fix o« > 1 and K a compact subinterval
of J and N = 0. A standard Markov inequality (as in Proposition 1)
shows that for j > 0, n > 1 and ¢ € K, one has N, (u(j),T;(q),en) <
b’”Tf(lj)(Q)b"q(T;(qHsg"(‘”E"), where sgn(q) stands for the sign of q. Then,

by Proposition 4, with probability one, one has for j large enough, for
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n > exp (y/alog(j)) and for g € K

Nn(u(j)aTL(Q)yfn) < b= @ pra(ri(@+sgn@en) < pr(TL(@a—Tu(@)+eL)

where &), = sup ¢ Myn=*log(n)+|q|en. One remarks that ¢/, < &, (1+

sup,ex |q|) for n large enough. On the other hand, let

o) )
E-— (E" 0, ) (EM“ 0, )
71(a), [ exp alogm]( )0 7 (@)a—7(0), [ exp /@ 1og<j)]( )
Using Theorem 2, with probability one, for j large enough, for all ¢ €
N, u((]j)(E) > ||,ugj)||/2 = 1/2. But, looking back at the definition of
E, one remarks that uéj)(E) <N, (,u(j),TP’L(q),En)b’"(TL(Q)q*m(q)*E") for
n > exp (y/alog(y)), that is 5"(Te(@a=u(@=en) 9 < NG, (u), 7,(q):en).
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