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ABSTRACT. A family of one-dimensional branching random walks indexed by an
interval define a martingale taking values in the space of continuous functions. We
propose a new approach to study the differentiability of the limit of this martingale.
Under suitable conditions, this differentiability is obtained by assuming that the
functions defining the martingale are differentiable only once; there is no loss of
regularity. In this sense there is a progress with respect to the corresponding result
of Biggins [3].

RESUME. Etant donnée une famille de marches aléatoires de branchement sur R
indexée par un intervalle, nous proposons une nouvelle fagon d’étudier la dérivabilité
de la limite de la martingale & valeurs dans les fonctions continues qu’elles définissent.
Sous de bonnes hypotheses, cette dérivabilité est obtenue en supposant que les fonc-
tions définissant la martingale sont dérivables une fois seulement ; il n’y a pas de
perte de régularité, et en ce sens il y a un progres par rapport au résultat de Biggins
[3] correspondant.

1. INTRODUCTION.

Let T' = U, >oN" be the set of finite words on N, equipped with the concatenation
operation (e stands for the empty word and N’ = {¢}). Let (Q, B, IP) stand for the
probability space on which the random variables (r.v.) in this paper are defined.
Let A be the set of random sequences A = (4;);>0 € le such that almost surely

(a.s.) Z T 4,50y < oo and ]E(Z A;) =1
i>0 i>0

If A€ A and (A(a))ser are independent copies of A then the following sequence
Yan= Z Ag, (€)Ag,(a1) ... Ag, (a1 ... ap_1)

ai...a, EN™
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is a non-negative martingale with mean 1, which converges with probability one to
ar.v. Y4 > 0 and such that IE(Y,4) < 1. This martingale is introduced in particular
by Mandelbrot in a model for turbulence ([12,13]) in the case where there exists
¢ > 2 such that a.s. A; = 0 for all 7+ > ¢. In a different notation it was used
by Kingman to study a general branching process ([8]), and it can also be found
in [1], where Biggins constructs it from the branching random walk with points
{—log A;; i > 0} at the first generation (by convention log 0 = —00). Necessary
and sufficient conditions for Y4 to be non degenerate and to have finite moments
of orders greater than 1 are given in the following result

Theorem 0. 1) Assume thatIE(Y .., A; log A;) exists and is finite. The following
assertions are equivalent :
i) P(Ya=0)<1;
i1) IE(Ys) = 1;
iii) IB(Ya,1log™ (Ya1)) < oo and IE()  A; log A;) < 0.
i>0
(log™(.) = max(0,log (.))).

2) Assume the hypothesis of 1) and one of the assertions i), ii) or iii). Then, for
each p > 1, IE(YY) < oo if and only if

E()_A?) <1 and E(Y} ) < cc.
i>0

Parts 1) and 2) are due to Lyons [11] and Liu [10] respectively, after similar results
due to other authors under stronger hypotheses or in particular cases (Kingman
[8], Kahane [7], Biggins [1,2], Durrett and Liggett [5], Liu [9]).

Given I an open subinterval of R, ¢ — A; is a random process from I to Rli such
that for every t € I, A, € A, and (t — Ai(a))qer a sequence of independent copies
of t — A;. Now one obtains for every ¢ € I a martingale Y4, ,, and its limit Yy,. By
the regularity of ¢t — A;, we mean the regularity of its components, the ¢t — A; ;’s.
Then, it is natural to ask whether the martingales Y4, ,, converge simultaneously,
and if so, whether some regularity of ¢ — A; implies that ¢t — Yy, has some
related regularity. These problems were studied by Joffe et al. [6] and Biggins
[3,4] for particular cases of the previous construction, and for related processes by
Watanabe [18]. Biggins [3] considers the random walk {—1log A;; ¢ > 0} and the
following family: {—log A;; = —tlog A; + log IE(} ;50 AL); ¢ > 0}. It is not
difficult to show that his results hold in the general case studied in this paper. His
Theorem 2 ([3]) claims that under suitable conditions, if ¢ — A is a.s. continuously
differentiable, then the sequence ¢ +— Yy, ,, converges uniformly a.s. on compact
sets to t +— Yy,, and so t — Yy, is continuous (he also extends his result to the case
where t — A; is a.s. C™*T! and obtains that ¢ — Yy, is of class C™). If t — Ay has
an analytic extension in a complex neighbourhood of I, Biggins gives also conditions
for t — Y4, to have an analytic extension in this neighbourhood (Theorem 1 [3]),
and in [4] he extends his result to the case of branching random walks indexed
by a parameter taking values in an open subset of C". The aim of this paper
is to give conditions under which if ¢ — A; is a.s. continuously differentiable,
then ¢t — Yy, ,, converges uniformly a.s. on compact sets and ¢ — Yj,, is also
continuously differentiable (we also give conditions to extend our result to the case



DIFFERENTIABILITY OF MULTIPLICATIVE PROCESSES RELATED TO BRW’S 3

of processes n times continuously differentiable). Our approach has elements in
common with [3] and also [6], where Joffe et al. use a result on the convergence of
martingales taking values in a Banach space. The new ideas here are the use of a
criterion on the second differences of a function to show this function is continuously
differentiable, and to exploit the functional equation satisfied for all t € I by Ya,
a.8.: Ya, =Y .50 AtiYa, (i), where the Yy, (i)’s are independent copies of Yy,, and
the o-algebra that they generate is independent of the one generated by A;.

The main result is the following one.

Theorem 1. Let I be an open subinterval of R. For everyi € N, let t — A ; be a
random continuously differentiable mapping from I to R, . Assume that for every
tel, Ay = (Aii)i>o is in A and let (t — Ai(a))qeT be a sequence of independent
copies of t — A;. Denote by t — Y ,, the sequence of functions t — Yy, n,, and for
every t € I, denote by Y; the almost sure limit of Y;,,. Suppose the following two
conditions hold.

i) For everyt € I, Ay satisfies the assumption and condition i) of Theorem 0.
i1) For every compact subinterval K of I, there exists p €]1,2] such that

a) supye i IE(3 ;50 AY;) <1 and supycg (> 50 Arel?) < o005

b) there exists C > 0 such that for all (t,h) € K x Ry such thatt+h € K

(11) EQ |Avrni — Aeil?) +B( D Arini — Aril?) < ORP;
i>0 i>0
c) there exist two positive functions ¢ and y on R, both monotonically decreas-
(h) . max(y(h), h*")
h Pt 2er (3)
0, and a constant C > 0 such that for all (t,h) € K x Ry such thatt+ h € K and
t—heK

(1.2) B |Airn+ Arn — 24¢P) +E(| Y Argn + Ain — 244[7) < Cy(h).
i>0 i>0

ing in a neighbourhood of 0 such that L are integrable near

Then, with probability one, Y;, converges uniformly towards Yy on compact sets
and t — Y; is continuously differentiable on I.

Remark. 1) Hypotheses ii)a)b) are stronger than those of [3] (Theorem 2). However
hypotheses ii)c) is weaker than assuming that the process is twice differentiable as
in [3].

2) If the mappings ¢t — A;;’s are only supposed to be continuous, and in (1.1) AP
is replaced by A% with a > 1, then the process t — Y;, possesses a continuous
modification.

3) If the t — A;;’s are just supposed to be continuous, (1.1) and (1.2) imply
that they are continuously differentiable, so the Theorem could be reformulated to
account for this.

4) If one chooses suitably A € A, ¢ > 0 and for all 4 € N, f; a continuously
differentiable function from I =| — ¢,¢[ to R such that f;(0) = 1, then defining for
Afi(®
5) For a function f from a subinterval of R to R and h € R, define (where it is
possible) A f it — f(t+h)— f(t) and A2f 1t — Apo Ay f(t) = f(t+2h)+ f(t) —

2f(t+ h).

every t € I, Ay = ( i>0 yields examples to which Theorem 1 applies.
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In Theorem 1, if one replaces 4i)b) and ii)c) by the following:

There exists n > 2 such that

i1)b) for all 0 < k < n — 1, there exists Cf > 0 such that for all (¢, hy,...,hgs1) in
K x RF*1 such that the Ap,,, o0 Ap A ;(t)’s, i > 0, are defined,

EY [Ani0 08n Ai()PHE[ Y Apyyy0r 08 Ai(OF < Cklhaf? .. higalP.
>0 >0

i1)c) There exist two positive functions ¢ and v on R* , both monotonically decreas-
o) max(y(h), )

h 2o (5)
0, and a constant C' > 0 such that for all (¢, h1,...,h,) in K X R™ such that the
Ap, 0---0Ap, 0 A} A i(t)’s, i > 0, are defined,

ing in a neighbourhood of 0, such that

are integrable near

E) |Ap, 0 0Ap, 0 A} A ()P +IE]D Ap, 0--0Ap, 0 AR A i(1)]P
i>0 i>0

< Cy([ha)[hal” - - |n .

Then, with probability one, Y; ,, converges uniformly on the compact sets towards
Y; and the mappings t — A ;, ¢ > 0, and ¢ — Y; are n times continuously differen-
tiable.

2. PROOF OF THEOREM 1.

We need a series of lemmas. The first one is a generalization of a result of Von
Bahr and Esseen [17], which is also used in a refined form in [3].

Lemma 2.1. Let (U;)i>o and (V;)i>o be two sequences of real r.v.’s such that
o(Ui, i > 0) and o(V;, i > 0) are independent and the V;’s are mutually indepen-
dent. Assume that for all i > 0, V; is integrable and IE(V;) = 0. Then, for every
p€]1,2],

E(|) UVilP) <20 Y E(UP) E(Vi/P).

i>0 i>0

If B = (B;);>0 is a random vector taking values in R, denote by ¢ and Sp the
functions from Ry to [0, co] defined by

= ]E(Z | Bi|*)

i>0

and

=E[|Y_ Bi["].

i>0

Lemma 2.2. Let Ay, Ay and As be elements of A and let (A1(a), A2(a), A3(a))aeT
be a sequence of independent copies of (A1, Ag, A3). Assume that Ay, As and A
satisfy the assumption and condition i) of Theorem 0, and also that there exists
p' > 1 such that for every j € {1,2,3}, Y;=Ya, has a finite moment of order p'.
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Define p = min(p', 2). By Theorem 0, forj € {1,2,3},94,(p) <1 and Sy, (p) < cc.
Choose an integer m sufficiently large that 1 4,(p) < 2=p/m+1 Then

T:(p) + T2(p) + Ts(p)
(1—9¥Pm) (1 — 27 ()

Y1 4+ Y2 — 2¥5][, <

with T1(p) = ||Ya = Yallp(¥ 57 4. (0) + 057 4. (0)),
1
To(p) = (|2 = Ulp + Y2 = Ulp) Y7 a,_oa, (p) and
1
Ta(p) = 2542 4. ou, (D).

Proof. First, it is easily seen that for n > 1 and j € {1,2, 3}:

}/j - Z Aj,a1 (G)Aj’a2 (al) . 'Ajaa'n (al s an—l)}/j(a’)7

a=ai...a, EN"

where

Y'J(a) = pll)rgo Z Aj,a’l (a)flj,al2 (aa'l) ce Ajﬂ; (aa'l ce a;_l),
aj...a, €NP

and the r.v.’s (Y1(a), Ya(a),Y3(a)), a € N, are independent copies of (Y7, Ys, Y3),
which are also independent of the (A (b), Az(b), A3(b)), b € Ur—s N* and satisfy

h V(@) = 3 Aj(@Y;(ai),
S0 _

Yi+Y, -2Y;= ZAB,i(Yl(i) + Ya(i) — 2Y3(7)) + Z(Az,z‘ — Az ;) (Ya(d) — Y1(2))+

D (Avi+ Az — 243,)(Y1(i) = 1) + > (A1 + Az — 243,),
i>0 i>0

and using this decomposition repeatedly in the first term on the right, one obtains
for every integer m > 0

Yi+Ys—2Y3=Qm+ Y (Ri+ Sk +Si)
k=0

with Qm = Y ) [ 1:[ Az, (a1 ag)]Asz i(a)(Ya(ai) + Ya(ai) — 2Y3(ai)),

a€N™ i>0 £=0

k1
Re= Y Y ]I 430001 (a1 - a0)l(As,4(a) — Asi(a))(Ya(ai) — Ya(ai)),

a€ENk 120 £=0

k—1
S = Z Z[H Az ap,r (a1 ...ap)](A1i(a) + Az ;(a) — 243,4(a))(Ya(ai) — 1) and

a€Nk i>0 £=0
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-1

Sk = Y ] 43,002 (@1 an)l>_ A1 i(a) + As,i(a) — 243 i(a)]. Now the fact that
a€ENk £=0 >0

Ay, As, and Az are in A, the equalities IE(Y7) = IE(Y2) = IE(Y3) = 1 and the inde-

pendences between r.v.’s allow the apphcatlon of Lemma 2.1 successively with,

instead of the (U;,V;)’s, the ([[T,=, A3 e (01 . ap)]Asz i(a), Yi(ai) + Ya(ai) —

2Ys(ai))’s in Qs the (TT; As,am(al ...ag)](Az,:(a) — Az ,5(a)), Ya(ai) — Y1 (ai))’s
in Ry, the ([He 0 ' Ag ae+1(a1 .ag)|(A1i(a) + Az i(a) — 2435,(a)),Y1(ai) — 1)’s in
Sk and the ( e:o Ag,aHl(al @), D0 Aria) + Azi(a) — 243,(a))’s in S
Then, standard calculus yields

1Qmllp < 20527V (p) | V1 + Yz — 2Y3]lp,

1Rl < w’“/f’( YWiP 4, Y1 — Yallp,

1Skl < 2657y >wzéaA2_2A3 (PY: - 1], and

k 1
ISkl < 2657 @)Y, 2, 0)
Now, the conclusmn comes from the inequality

Yo Rellp + 11Skllp + 1Sk ln)
1— 29§D/ (p)

11 + ¥z — 23|, <

I

and a symetrization of the right hand side.

The following lemma is a slightly stronger form of a well known result ([15]).

Lemma 2.3. Let a < b be in R. Let f be a continuous function from [a,b] to R
Assume that there exists a positive function ¢ on Ry, monotonically decreasing in

a neighbourhood of 0, such that L
C>0:VjeNand0<k<2 —2

is integrable near 0, and for some constant

k(b— a)
23

b—a b—a

(k+2)(b—a - o -

S0 2f(at hseo

)+ fla+

(k+1)(b—a
T E— )

Then, f is continuously differentiable.

Proof of Theorem 1. Fix K = [a,b] a non-trivial compact subinterval of I and
choose an integer mg > 0 such that sup,cx 94, (p) < 2—(mx+1)/p By the proof of
Theorem 5.1 of [9] and the hypothesis ii)a), for all t € K,

SUPte g SAt( )

B < T suprcr ¥a )

So, hypothesis ii)b) together with Lemma 2.2 applied with Ay = Ay = Ay,
Az = Ay and m = mg yield a constant C; such that for all (¢,h) € K x Ry such
that t+ he K

(2.1)  E(Yipn — Y|?) < CiRP.

Then, the Kolmogorov-Tchentov Theorem [16] yields a continuous modification
t—Y; oft = Y.



DIFFERENTIABILITY OF MULTIPLICATIVE PROCESSES RELATED TO BRW’S 7
Now, hypothesis ii)c), (2.1) and Lemma 2.2 applied with A; = Ayyp, As = Ay_p,
Az = Ay and m = mg yield a constant Cy such that for all (¢,h) € K x R} such
that t+ he K andt— h e K,

E(|Ysin + Yion — 2Y4[P) < Comax(y(h), h*P).

Thus, for all j € N,

- - ~ b—a ,b—a
Dj = P(Osiriaé)j(_2 ‘Ya_'_k(l;;a) + Ya+(lc+2;§b—a) — 2Ya+(k+1;§b—a) ‘ > Y QO( 9 ))
- b—a b—a, (b—a)?
J —P

max(y(h), h?P)
he+2pp (%)
in a neighborhood of 0, ) j>oPj < 00. Then, by the Borel-Cantelli Lemma, with

and as is integrable near 0 and ¢ and y are monotonically decreasing

probability one, t — Y; satisfies the hypothesis of Lemma 2.3 with the function ¢,
so it is continuously differentiable on K.

Recall that each random continuous function ¢ — Y; ,, take values in the separable
Banach space (C°(K,Ry),|| |loo)- For n > 1, denote by B,, the o-algebra generated
in Q by the t = Y;1’s, 1 < k < n, and define B, = J,;»; Bn- Ther.v. t — f’t is

B-measurable, and if we can show that it is integrable, that is IE(max;c g f’t) <
oo, then (proceeding as Joffe et al. [6]), it is easily verified that for all n > 1,
IE(Y|B,) = Y., and by Proposition V-2-6 of [14], with probability one, ¢ — Y;
converges uniformly towards ¢ — Y;. So with probability one, ¥; = Y; for all t € K
and one has the conclusion of the theorem, but with K instead of I.

The fact that IE(max;cx Y;) < oo comes from (2.1) together with the differentia-
bility of ¢ +— ¥;, which yield sup,c x IE(|£Y;|P) < Cy by the Fatou Lemma.

One ends the proof by writing I as a countable union of compact subintervals.
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