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1 Introduction

A classical theorem of Brouwer asserts, in its weaker version, that an orientation
preserving homeomorphism of the plane R? which possesses a k-periodic point,
k > 2, also has a fixed point (see [2] or [3], [7], [12]). The aim of this paper
is to give a counterpart of this result in the framework of orientation reversing
homeomorphisms. Considering homeomorphisms of the 2-sphere S?, we first prove
that if such a homeomorphism reverses the orientation and has a k-periodic point,
k > 3, then it also admits a 2-periodic point (Theorem 3.1). Using Nielsen-
Thurston theory, such a result was already known for C!-diffeomorphisms ([10])
and one could probably drop the smoothness assumption working again with this
powerful theory. We give a topological proof based on the computation of the
Lefschetz index on suitable open subsets of S?. This point of view emphasizes
the analogy with the result of Brouwer mentioned above and leads, we hope, to
a fairly intuitive proof. For example these arguments allow one to localize the
2-periodic orbit on both sides of a Jordan curve with some index properties and
can be readily adapted to give a local version of Theorem 3.1: If an isolated fixed



point is the limit of k-periodic points (k > 3) then it is also the limit of 2-periodic
points (Theorem 4.3).

Section 5 is devoted to a “strong version” of our result. This is motivated by
the Brouwer plane translation theorem which, roughly speaking, asserts that if
h is a fixed point free orientation preserving planar homeomorphism then every
point is contained in a simply connected invariant domain where h is conjugated
to a translation (see [9], [12], [16] for modern references). It is then natural to
expect a version of our result which would assert that an orientation reversing
homeomorphism h of S? without a 2-periodic point has “obvious” dynamics on
some invariant open sets covering the complement of the fixed point set Fix(h).
This is carried out in Theorem 5.1 where such open sets are shown to exist,
where h is conjugate either to the map (x,y) — (z + 1,—y) or to the map

(xvy) = %(x7 _y)'

2 Background

2.1 Notations and basic definitions

The plane R? is endowed with its euclidean norm ||-|| and we think of the 2-sphere
S? as the one point compactification of R?, that is S? = R2U{oo}. Thus a planar
homeomorphism is identified with a homeomorphism of S? fixing the point oo
and our results are also valid for such a homeomorphism.

For X C Y C S% we write respectively Inty(X), Cly(X) and Oy (X) =
Cly (X) \ Inty (X) for the interior, the closure and the frontier of X with respect
to Y. For the sake of simplicity we omit the subscript Y when ¥ = S?. We also
denote my(X) the set of all the connected components of X.

An arc is a subset of S? homeomorphic to the interval [0, 1] and an open arc is
an arc with its two endpoints removed. If v is an arc with a provided orientation
and a,b two points met in this order on +, then [a,bl], is the subarc from a to b
for the chosen orientation of ~.

A topological closed disc is a subset of S? homeomorphic to the closed unit
disc.

For any map f : E — F, the fixed point set {z € E|f(z) = z} is denoted
by Fix(f). A point z € E is said to be a k-periodic point of f if k is the small-
est positive integer such that the sequence z, f(2),..., f*(2) is well-defined and

fk(z) = 2.



2.2 Jordan curves and Jordan domains

A Jordan curve is a subset of S homeomorphic to the unit circle S*. According
to the Jordan Theorem, the complement S? \ J of a Jordan curve J has exactly
two connected components and J is their common frontier. An open subset of
S? which is a connected component of the complement of a Jordan curve is said
to be a Jordan domain. If J is a Jordan curve with a given orientation and if
a # b are two points of J, then [a,b]; denotes the arc on J from a to b for this
orientation of J. Note that our vocabulary slightly differs from the one usually
used in the literature, where a Jordan curve J is often defined as a subset of R?
and a Jordan domain as the bounded component of R? \ J.

For later use, we collect now a few propositions about Jordan domains. The
first one is a straightforward adaptation of a result of Kerékjarto;

Proposition 2.1 Let U,U’ be two Jordan domains such that U NU" # 0 and
(SE\ CUU)) N (S*\ CUU")) # 0. Then every connected component of U NU’ is
also a Jordan domain, whose frontier is contained in OU U U’ .

Indeed, if we assume that C1(U) and CI(U’) are contained in the plane R? then the
hypothesis (S?\ CU(U)) N (S*\ CU(U")) # 0 is of course satisfied and Proposition
2.1 is a well-known result of Kerékjart6 ([14]). In the general case, let us choose
a point z € (S*\ CL(U)) N (S*\ CU(U’)) and a homeomorphism ¢ of S? such that
v(z) = 0o. We are reduced to the previous situation considering Cl(¢(U)) =
©(CLU)) and Cl(p(U")) = p(CUU)).

We have also:

Lemma 2.2 Let U, V be two Jordan domains such that V. C U, V # U, and
oV NoU contains at least two points.

(1) For any p € mo(U NOV') we have:
(i) w is an open arc lying in U with its two endpoints v = x(p), y = y(u)

in OU (it is usually said that p is a cross-cut of U ),

(1) We have a partition U\ p = U, VU, where U}, (resp. U,;) is the Jordan
domain contained in U whose frontier is pU[x, ylou (resp. pUly, x)av)-

(iii) The Jordan domain V is contained either in U, or in U/

Notation: We write U,y for the connected component of U \ . containing
V' and p for the arc in OU with endpoints x,y such that U p. = 0U,, v .

(2) If a is a point in U \ CU(V), there exists a unique p = p(a) € mo(U NOV)
such that a € Uy, v (see Fig. 1).



H=p(a)

oL

Figure 1: The Jordan domains U, V and the arcs p

Proof of Lemma 2.2: (1) (i) follows from the fact that U N9V = 9V \ oU is
not connected. (ii) is a classical result of plane topology (known as the ©-curve
Lemma). It can be proved with only elementary arguments (see for example
[18][Theorem 11.8 page 119]). It can also be seen as a corollary of the Schoenflies
Theorem, constructing a homeomorphism of S? mapping respectively OU and
onto S' and (—1,1) x {0}. For (iii), it is enough to remark that V is a connected
subset of U \ p.

(2) Choose @ to be any point in V. Since a, a’ are separated in S? by the
closed set OV they are also separated in U by a connected component p of UNOV
(see [18][Theorem 7.1 page 151]) and we have thena’ € V-C U, v, a ¢ U, v. Now
suppose that we can find two connected components p # v of U N AV such that
a ¢ U,vUU,y and consider the partitions

U\p=U,uU, and U\v=U,UU)

given by (1)(ii). Assume for example that U, = U,y and U}, = U, y. Since
pNv =0, we have either y C U,y or p C U,. This latter case is actually not
possible since pn C CI(V) and U] NV = (). It follows that

ac U] CcU\U,y CU\pand consequently U,/ C U.
Reversing the roles of v and p we obtain U, C U,j so U}/ = U]/ and finally
uzUﬂ@Ulll’:UﬂaUL’:V,

a contradiction. O



2.3 Lefschetz index

Let M be a manifold (more generally, a Euclidean Neighbourhood Retract), U an
open subset of M and ¢ : U — M a continuous map such that Fix(y) is compact.
One can define the fized point index, or Lefschetz index, 1(p) € Z (see [5]) which
possesses the following properties:

Properties 2.3 (1) I(p) depends only on the set Fiz(p); That is, I(p) =
I(p|y+) for any open set U’ such that Fiz(p) C U C U.
(2) If Fiz(p) =0 then I(p) = 0.
(3) Additivity; If U = \J;_, U; where Uy, . .., Uy are open and if the sets Fiz(p|u,)

are compact and pairwise disjoint (1 <i <n) then
n
Ifp) = Ifplu,).
i=1

(4) Homotopy Invariance; If (o : U — M)o<i<1 is a homotopy from oo = ¢ to
¢1 such that Jy<;<1 Fiz(pe) is compact, then I(p)=I(p1).

(5) Topological Invariance; If 1p : M — M is a homeomorphism then the maps
@ and Yoo (Y )|ywy : Y(U) — M have the same Lefschetz index.

Proof of Properties 2.3: The first four ones are stated in [5] so we just give the
argument for the fifth one. It is in fact a consequence of the following Commuta-
tivity Property of the Lefschetz index (see [5]):

Let U; be an open set of a manifold M; (i € {1,2}) and let k1 : U3y — Mo,
ko : Uy — My be two continuous maps. Then the composite maps

k'(U2) — M and K2 (U0) = M
T —  ka(k1(x)) x = ki(k2(z))

have homeomorphic fixed point sets. They also have the same Lefschetz index if
their fixed point sets are compact.

We remark that Fix(y o ¢ o (7)) = ¥ (Fix(p)) is compact, which ensures
directly that the Lefschetz index of 1 o ¢ o (¢71)|¢(U) is defined. Now use the
Commutativity Property with

k=@ pan :v(U) > M andky=1op:U — M.
We obtain

LYoo (™ H)pw) = Lelp-10n)-

5



Furthermore we have obviously
Fix(p) C o Y (U) C U

and we conclude with Property 2.3 (1). O

Notations: We will deal in this paper with continuous maps f : U — S?, where
U C S? is a given open set (U = S? except in Section 4) and we will calculate the
Lefschetz index of ¢ = f|y for various open sets U C U. Thus we will speak of
the indezx of f on U and we will write Ind(f,U) instead of I(f|i;). Moreover, if
U contains exactly one fixed point z of f, we recall that Ind(f,U) is said to be
the Lefschetz index of z (for the map f) and is also denoted Ind(f, 2).

The following lemma derives from Properties 2.3.

Lemma 2.4 Let Uy, Uy be two open subsets of S* and let f : S*> — S? be a
continuous map. We suppose that U; N\ Fiz(f ) is compact (i € {1,2}). Then there
are only finitely many connected components V' of UyNUsy such that Ind(f, V') # 0
and we have

Ind(f, Uy NUx)= > Ind(f,V).

VEﬂ'o(UlﬂUg)

Proof of Lemma 2.4: We can suppose Uy NUs # (). The set Uy N Uy N Fix(f) is
compact so there exists a finite open covering

UlﬂUQQFiX(f)Cle...UVn

where V7, ...,V,, are some connected components of Uy N Us. According to Pro-
perties 2.3 (1)-(2) we have Ind(f,U1 NUs) = Ind(f, V1 U...V,) and Ind(f,V)=0
for any V € mo(U; NU2) \ {V4,...,V,}. Then we obtain with Property 2.3 (3)

Ind(f, U1 N0z) = > Ind(f,Vi)= > Ind(f, V).
=1

VGWQ(UlﬂUQ)

O
Although this is not essential in this paper, let us recall that, for planar maps,
there is an intuitive interpretation for the Lefschetz index on Jordan domains:

Proposition 2.5 Let U be an open subset of R? and let f : U — R? be a contin-
wous map. If U is a Jordan domain such that Cl(U) C U and OU N Fixz(f) =0
then Ind(f,U) is the degree of the map

St — St

S(u(t))—u(t)
I1f () —u(®)]

t —
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where v : S' — OU = u(SY) is any homeomorphism which endows OU with its
counterclockwise orientation.

This result is for example a consequence of [5][exercise 5 page 207]. In other words,
if f and U are as in Proposition 2.5 then Ind(f,U) is the winding number of the
vector f(z) —z when z moves along the Jordan curve OU in the counterclockwise
direction. For this reason Ind(f,U) is also said to be the index of f on the curve
OU and is often denoted Ind(f,dU) instead of Ind(f,U) in the literature.

We end this section with an index zero lemma which will be repeatedly used
in this paper;

Lemma 2.6 Let U,V be two Jordan domains such that V C U,V # U, OV NoU
contains at least two points and let f : S? — S? be a continuous map. Assume
furthermore that

(i) f has no fixed point in OV,
(i) UNoV N f(U) =0,

(iii) there exists p € mo(U NOV') such that, using the notations of Lemma 2.2,
flu) NU = 0.

Then we have Ind(f,V ) = 0.

Proof of Lemma 2.6: Because of (i), Ind(f, V) is defined. We consider the Jordan
domain U,y and the arc p, associated to p, as explained in Lemma 2.2. Since
OU, v = U py it is easy to construct a homotopy

Cl(Uyv) x[0,1] — Cl(Uuy)
(z,t) — re(2)

with the following properties:
1. 79 is the identity map of Cl(U,v),
2. ri(Cl(ULYy)) = ps
3.Vt € [0,1]Vz € ps  1(2) = 2,
4. if 0 <t <1 then r(Cl(U,v)) C Uy U px.

Essentially, this simply means that (r¢)o<¢<1 is a strong retracting deformation
of Cl(Uy,,v) onto p,. The additional fourth property ensures that the maps for;
have no fixed point on OV (0 < t < 1). Indeed there is nothing to prove for
forglav = flov and for 0 <t <1, z € OV C Cl(U,,v), we have:



-If 2z € ps then for(z) = f(2) # 2,
-If 2 € U, v U p then with (4)

fori(z) € f(Unv) U flp)
and consequently z # f o ry(z) since, using (ii) and (iii),
VN U,y Up)N fUuv)CcovVnUNfU)=0

and
OV (Upyv Up)N fus) CUN fps) = 0.

Moreover we have
foriV)NV C for(Cl(U,v))NU = f(us) NU =0

which gives Ind(f o r1,V) = 0. The result then follows from Property 2.3 (4)
considering the homotopy (f o r|y)o<t<1. U

2.4 Translation arcs

Definition 2.7 Let f be a homeomorphism of S*. An arc v is said to be a
translation arc for f if

1. one of its two endpoints, say p, is mapped by f onto the other one,

2. we have furthermore v N f(v) = {p, f(p)} N {f(p), F*(p)}.

Note that, with the above definition, Fix(f) is necessarily disjoint from (Jycy, f*(7).
For convenience we also make the following convention. If f is a given homeo-
morphism of S? and v a translation arc for f with endpoints p and f(p) then the
arcs f¥(v) are oriented from f*(p) to f¥T1(p) (k € Z). Of course v could also be
thought as a translation arc for f~! and the arcs f*() would be then oriented

from f*1(p) to f*(p).

Lemma 2.8 Let h be a homeomorphism of S? such that h*> # Ids> and let m be
a point in S?\ Fix(h?). Then at least one of the following two assertions holds:

Al : There exists a translation arc o for h, with endpoints p and h(p), such
that o 1 h(a) = {h(p)}, a N h2(a) = {p} N {h*(p)} and m € a'\ {p, h(p)}.

A2 : There exists a translation arc 3 for h?, with endpoints q and h?(q), such

that BN K(B) =0 and m € B\ {q,h%*(q)}.



Proof of Lemma 2.8: Let U be the connected component of S? \ Fix(h?) which
contains m. We know that h2(U) = U (see [4]) and, since an open connected
subset of S? is arcwise connected, there exists an arc v lying in U with endpoints
m and h%(m). We can slightly enlarge this arc v and obtain a topological closed
disc A such that v C Int(A) C A C U. For any R > 0, let us denote by Dpg the
closed disc in R? with center the origin o = (0,0) and radius R. Up to conjugacy
in S?, we can suppose that m = o and A = D;. Define respectively R; > 0 and
Rs > 0 to be the unique real numbers such that

8DR1 N h(@DRl) =Dpr, N h(DRl) #* 0
and
dDr, Nh?(0Dr,) = Dr, N h*(Dg,) # 0.

Observe that, since h?(o) € Int(D1) N h2(Int(D1)), we have necessarily Ry < 1
SO

Dpg, C Dy C §*\ Fix(h?) C §?\ Fix(h).
Lemma 2.8 then follows from the comparison of R; and Ro:
o If Ry < Ry, let us choose a point p € dDp, such that h(p) € dDpg,. Since
Dpg, C Dg,, the points p, h(p), h%(p) are pairwise distinct and any arc a from p
to h(p) satisfying o € a \ {p,h(p)} C Int(Dg,) (see Fig. 2) has the properties
required in the assertion Al.

h(Dgy

p)

DRy
Figure 2: The translation arc «

o If Ry > Ry, let ¢ € ODp, such that h%(q) € Dg,. Choose an arc 3 from ¢ to
h%(q) # q such that o € 3\ {q,h*(q)} C Int(Dg,). It is clear that 3 is an arc as
described in the assertion A2 (possibly with ¢ = h*(q)). O



2.5 Brouwer’s lemma

Let f be an orientation preserving homeomorphism of S?. Suppose that v is a
translation arc for f, with endpoints p, f(p), such that (J,c5 f ¥(v) is not a simple
curve, i.e. the set {k > 1|(y \ {f(®)}) N fF(v\ {f(p)}) # 0} is nonempty. If n
denotes the minimum of this latter set and x the first point on () to meet =,
then

n—1
C =1 fO J FO U0, e
=1

is clearly a Jordan curve and we have:

Proposition 2.9 (Brouwer’s lemma) Let U be a connected component of S\ C.
Then we have Ind(f,U) = 1. In particular f admits a fixed point in U.

Usually Brouwer’s Lemma ([3], [12][Appendice]) is stated for an orientation pre-
serving homeomorphism f of R2. The arcs fi(v) then lie in R? and it is shown
that Ind(f, U)=1 for the bounded connected component U of R?\ C. Proposition
2.9 is only a minor adaptation of such a statement. Indeed, let U; and Us be the
two connected components of S? \ C. According to the Lefschetz-Hopf Theorem
(see for example [5]) we have

2 = Ind(f,S?) = Ind(f, Uy) + Ind(f, Us).

Consequently f admits at least one fixed point z € S?\ C, say z € Uy, and it is
enough to check Ind(f,Us) = 1 . Choosing a homeomorphism ¢ of S? such that
©(z) = oo it is clear that ¢ o f o ™! is a planar homeomorphism posseding ¢ ()
as a translation arc, hence the above references give Ind(p o f o =1, (Us))=1.
We derive Ind(f, Uz)=1 from Property 2.3 (5).

3 First result: period k£ > 3 implies period 2

We prove in this section the

Theorem 3.1 Let h be an orientation reversing homeomorphism of the sphere
S? possessing a point of period at least three. Then h admits also a 2-periodic
point. More precisely, there exist a Jordan curve C C S?\ Fiz(h?) and a point z
such that, writing U, U’ for the two connected components of S*\ C, we have

z=h%(z) €U, h(z)el,

Ind(h,U)=0, Indh?>U)=1.
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We introduce the following notation in order to avoid unpleasant repetitions.
Notation: f,g being two homeomorphisms of S?, we write f ~ ¢ if and only if
we have

1. Vi € {1,2} Fix(f?) = Fix(¢*) and Ind(f?, Q) = Ind(g%, ) for any open set
Q) C S? such that Q N Fix(f?) is compact,

2. Vz € Fix(f%) f(2) = g(2).

Clearly, ~ defines an equivalence relation and Theorem 3.1 will be proved if
its conclusion holds for a homeomorphism g ~ h.

Let us explain the main idea to detect the 2-periodic point z € U. We will
prove actually the following stronger result (although less meaningful from the
dynamical view-point).

An additional index property: There exists a connected component U of S?\
C such that, in addition to the above index properties, we have Ind(h?, UNh(U))
= 0 (possibly with U Nh(U) = 0).

In particular this will show Ind(h?,U) # Ind(h?,U N h(U)) and Property 2.3 (1)
then gives Fix(h?) N U # Fix(h?) N U N h(U). In other words there exists a point
z € U such that h?(z) = z and h(z) = h™1(2) € U' = §?\ CI(U), as announced
in Theorem 3.1.

We remark finally that there is no loss in proving this last index property only
for a homeomorphism g ~ h:

Claim: Suppose g ~ h and let O C S? be any open set. Then the indices
Ind(g?,2Ng(R)) and Ind(h%, QN A(2)) are simultaneously defined or not and, if
defined, are equal.

Indeed g and h have exactly the same fixed points and the same 2-periodic orbits
SO

Fix(g%) N QN g(Q) = Fix(g?) N Q2N g(Q) N h(Q)
= Fix(h?) N QN g(Q) Nh(Q) = Fix(R?) N QN A(Q).

If these sets are compact we let Q' = QN g(Q) NA(Q). It follows from Property
2.3 (1) and from the definition of ~ that

Ind(g2,Q2 N g(Q)) = Ind(g?, Q') = Ind(h?, ') = Ind(h?, QN h(L)).

11



3.1 A proposition about translation arcs of h

Proposition 3.2 Let h be an orientation reversing homeomorphism of S?. As-
sume that we can find a translation arc o for h, with endpoints p,h(p), such
that:

o anh(a)={h(p)}, anhi(a)={p}n{r3@m},

e anh¥(a) #0 for an integer k > 2, i.e. the set |Jycy B¥() is not a simple
curve.

Then there exist a Jordan curve C and a point z as announced in Theorem 35.1.

This proposition is a consequence of the following lemmas. The first one
allows us to reduce to the situation where, for a smallest n > 2, the iterate
h™(a) meets the arc o “in a nice way”. This will be convenient to compute some
indices on a suitable Jordan domain. We use the same technique as in the proof
of [3][Theorem 1], observing that the “perturbations” of h can be constructed
without altering not only the fixed point set but also the set of the 2-periodic
orbits. For completeness and because similar lemmas will be used farther in this
paper, we write a rather detailed proof.

Lemma 3.3 Let h, « be as in Proposition 3.2. Let us define n to be the minimun
of the set {k > 2ja N hE(a) # 0} and x to be the first point on h™(a) to meet
a. Then there exists an orientation reversing homeomorphism h, ~ h admitting
s = [z, h(p)|a as a translation arc such that h.(z) = h(p) and

e Vic{l,...,n—1} Ri(a) = h'(a),
o hi(ow) = [h"(p), @lpn(a)-

Proof of Lemma 3.3: If n = 2 then {x} = {p} = {h3(p)} = a N h?(a) and there
is nothing to prove. We suppose from now on n > 3.

e First step.
If we have already z = p, just define ¢ = h. Otherwise, since z # h(p) by the
minimality of n, observe that the arc [p, z], has the following two properties:

(i) it is disjoint from its images by h and h?,
(ii) it is disjoint from h(c) for every i € {1,...,n — 1}.

One can construct a topological closed disc D; neighbourhood of [p,z],, thin
enough to satisfy (i) and (ii). Since ax = [x,h(p)]s is an arc, one can also
construct a homeomorphism ¢ of S? with support in Dy such that ¢(ax) = a (see

12



for example [3][Lemma 2]). Defining g = h o ¢, let us check that g ~ h and also
that a, is a translation arc for g with g(z) = h(p) and

Vie{l,...,n} g¢'(ax) = h'(a).

The Alexander trick gives an isotopy (¢:)o<t<1 with support in D; from ¢g = Idge
to o1 = . It is easily seen with D;Nh(D;) = ) = D;Nh%(D;) that, for i € {1,2}
and t € [0, 1], the homeomorphisms h’ and (h o ¢;)" have exactly the same fixed
point set. We also observe that

z=h%*z) = 2 ¢ Dy = hoyz) =h(2).

Furthermore, if  C S? is an open set such that QN Fix(h?) is compact, we obtain
Ind(h?, Q) = Ind(g%, Q) considering the homotopy ((h o ¢;)"|q)o<i<1 in Property
2.3 (4). This shows g ~ h. By the construction we have g(a.) = hop(as) = h(a)
with g(x) = h o ¢(z) = h(p). Since D; is disjoint from U?;ll hi(a), we get g = h
on U= hi(a) so

Vie{l,...,n} g¢'(a)=h(a) with ¢'(x) = h'(p).
e Second step.

If {2} = {g"T ()} = o N ¢g"(a), it suffices to define h, = g. Otherwise, since
x # g"(x) = h™(p), the arc [z, g" " (2)]yn(q,) Possesses the following properties:
(iii) it is disjoint from its images by g and g2,

(iv) it is disjoint from g*(cv) for every i € {1,...,n — 1}.

Choose now a topological closed disc Do neighbourhood of [z, g"!(z)] g7 (an) S8~
tisfying (iii),(iv) and a homeomorphism 1 of S? supported in Do such that

(9" () = 9" (@), 2]gn(an)-

Using the same arguments as in the first step, it is not difficult to check that
h. =1 o g ~ g has the required properties. O

Lemma 3.4 Let h, a, n be as in Lemma 3.3. We assume furthermore that o N
h(a) = {p} = {h""(p)} and we consider the Jordan curve C = |JI_oh'(a). If
U is a connected component of S*\ C, then we have Ind(h,U) = 0 and Ind(h?,U)
=1.

Proof of Lemma 3.4: It is easy to construct an orientation reversing homeomor-
phism g of S? possessing the following properties:

13



1. g=hon U7 hi(a),
2. g maps h™(«a) onto «a (hence g(C) = C),
3. g interchanges the two connected components of S? \ C.

Thus ¢! o h is an orientation preserving homeomorphism of the sphere which
coincides with the identity map Idge2 on the arc U?:_OI hi(a). Using a variation
of the Alexander trick (see for example [3]Lemma 1) one can find an isotopy
(¢t)o<t<1 from ¢g = Idg2 to p1 = g~! o h such that

n—1
Vit €[0,1]Vz € U Ri(a) oi(z) = 2.
=0

Defining hy = goy; (0 <t < 1), we obtain an isotopy from hy = g to hy = h such
that hy = h on U?;ol hi(a) and (h?)p<i<1 is then an isotopy from g? to h? such
that h? = h? on U?:_02 hi(c). Clearly h? has no fixed point on a and then also

on [,z h' (). Consequently, for every ¢ € [0, 1], the homeomorphism A? (and so
ht) has no fixed point on

n—2 n—2 n—2 n
U P uh( | ri(@)uni(| K@) =] =C.
=0 =0 =0 =0

Hence all the indices Ind(hy,U) and Ind(h?,U) are defined and, according to
Property 2.3 (4), we have Ind(g, U) = Ind(h,U) and Ind(¢%,U) = Ind(h?,U). We
conclude observing that U N g(U) = 0 gives Ind(g, U)=0 and, as it is well known,
U = ¢g*(U) implies Ind(g?,U)=1. O

Remark 3.5 If in Lemma 3.4 we have n > 3, then aU h(«) is a translation arc
for the orientation preserving homeomorphism h? and Brouwer’s lemma gives
directly Ind(h*,U)=1.

Lemma 3.6 Let h, a, n and C be as in Lemma 3.4. Then there exists a con-
nected component U of S?\ C such that Ind(h*,U N h(U)) = 0.

Proof of Lemma 3.6: Let Uy and Uy = S\ CI(U;) be the two connected compo-
nents of S? \ C. We can assume U; N h(U;) # () for both i = 1 and i = 2 since
otherwise the result is obvious. Let us choose for example U = U;. According to
Lemma 2.4, it suffices to prove that Ind(h?, V) = 0 for any given V' € mo(UNh(U)).
Since h reverses the orientation, every point z € C'\h"(a) admits a neighbourhood
N, such that h(N,NU) = h(N,)NUs and h(N,NUsz) = h(N,)NU. Consequently
we have (C'\ @) N CI(UNA(U)) = (. In particular this shows h*}(U) ¢ U and we
obtain the following properties for every V € mo(U N h(U)):
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(1) V C U with V£ U,
(2) V is a Jordan domain such that 0V C a U h"(a),
(3) OV N C contains at least two points.

The first one is clear since U ¢ h(U). We know from Proposition 2.1 that V is
a Jordan domain such that 0V C C' U h(C) = UZ:LOI hi(a) and, since Cl(V) C
ClL(UNA(U)) is disjoint from C'\ a, we obtain more precisely 0V C aU h"L(a).
The third property follows since otherwise we would have

oV = Cl(0V \ C) C k" (a)

which is absurd because an arc cannot contain a Jordan curve.

Thus we can use Lemma 2.2. Every connected component p of U N9V is an
open arc and the property (2) above also shows that such a j is a subset of A" («)
and has its two endpoints in a. Consequently C'\ « is contained in the frontier
of one of the two connected components of U \ p and is disjoint from the frontier
of the other one (see Lemma 2.2 (1)). Now, since C'\ « C C'\ CI(V'), there exists
a path 7 from a point a € U to a point b € C'\ a such that v\ {b} C U\ CI(V).
Let 4 = p(a) € mo(U NOV) be such that a ¢ U, v (Lemma 2.2 (2)). Thus b is
in the frontier of the connected component of U \ p which does not contain V' so
(C\o)NoU, v =0 and then u, C a.

We obtain finally Ind(h2, V) = 0 applying Lemma 2.6 with f = h? because

UNnavnhiU) c (o) nh2U) = (k" Ha)NU) =0,
h% () NU C R (a) N U = 0.

0

Proof of Proposition 3.2: We consider the integer n > 2 and the point = €
h™(a) defined in Lemma 3.3. The set

n—1
C = [z, h(p)la |J 1(@) U " (), €ln )
=1

is then a Jordan curve. If necessary we can replace h,a with h,,«a, given by
Lemma 3.3 so there is no loss in supposing x = p = k" (p) and C = |J_, h'(c).
We complete the proof using Lemmas 3.4 and 3.6. [l
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3.2 A proposition about translation arcs of h?

Proposition 3.7 Let h be an orientation reversing homeomorphism of S?. As-
sume that we can find a translation arc 3 for h?, with endpoints q,h?(q), such
that

° BNA(B) =0,

e cither ¢ = h*(q) or W*(B) N B # O for an integer k > 3, i.e. the sets
Usez P*(B) and Ujez h2+Y(3) are not two disjoint simple curves.

Then there exist a Jordan curve C' and a point z as announced in Theorem 3.1.

Beginning of the proof of Proposition 3.7: It will be convenient to define
an integer n > 2 and a point x € h™(3) as follows:

- if ¢ = h*(q) then n = 2 and = = q¢ = h*(q),

- if ¢ # h*(q) then n is the minimum of the set {k > 3|3 N A*(B) # 0} and z
is the first point on A" (/) to intersect [3.

Let us remark that, because of the minimality of n, we have necessarily x &
{h?(q), h"(q)}. We also note that h? (and so h) has no fixed point on (J,, h*(8).
The proof of Proposition 3.7 depends on the parity of n, as explained below.

3.2.1 nis even

We consider the set
n—2 '
C = [, 1*(q)ls |J p¥(B) U [M" (@), Zlnn(s)-
2i=2

It is a Jordan curve contained in (J5,_, h*(8) (we have simply C' = 8 U h%() if
n = 2). It follows from the minimality of n that

(U h”(ﬁ))m L] RN B) | = 0.
21=0

2j+1=1

Hence (Js;- +11:1 h¥+L(B) is disjoint from C and, by connectedness, is contained
in one of the two connected components Uy, Us of S? \ C, say in Us. Thus we
have also Jy;_o h%(3) C h(Us). Observe that this implies h*1(U;) ¢ Uy and
Us N h(Uy) # 0. Since B is a translation arc for h?, Brouwer’s lemma gives
Ind(h?,U;)=1 and Uj N Fix(h?) # 0. We can suppose U; N h(U;) # 0 since
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otherwise we have U; N Fix(h) = ), hence Ind(h,U) = 0, and every fixed point z
of h? in Uy satisfies h(z) € Us. Writing simply U = Uy, we know from Proposition
2.1 that every connected component V' of UNh(U) is a Jordan domain such that
OV € CUA(C). Since CI(V) C CL(U) NCL(R(U)) is disjoint from (J7_, h*(3) we
get in fact

OV C [z, h*(q)]5 U [W" T (q), h(@)]an+1(g).

Choosing a point a € U close enough to C' N (U%:2 h%(ﬁ)) and considering
p = pla) € mo(U NOV) such that a ¢ U,y (Lemma 2.2) one can check that
necessarily p. C [z, h?(q)]g (see Fig. 3). All this can be done as in Lemma 3.6
and details are left to the reader. Furthermore, since

) %
h(q)

Figure 3: The Jordan domains U and h(U)

UNnoVvnh(U)coUNAU)NUNKU) =0,
h(p ) NU C h(B)NU =0,

and

Unavnh3U) c hH(B)nh2(U) = k2(A"1(B)NU) =0,
R (us) NU C R2(B)NU =0,
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one can use Lemma 2.6 with successively f = h, f = h? and thus obtain Ind(h, V)
= 0 = Ind(h2,V). Since Fix(h) N U N h(U) = Fix(h) N U we have with Property
2.3 (1) and Lemma 2.4:

0= > Ind(h,V)=Ind(h,UnNh(U)) =Ind(h,U),
Vene(UNh(U))

0= Y  Ind(h?V)=Ind(h? U NAU)).
Vemy(UNh(U))

This proves Proposition 3.7 when n is even.

3.2.2 nisodd and A"t (B)NB =0

We begin with a lemma which plays the same role as Lemma 3.3. Note that the
assumption A"1(38) N B = () is useless in this proof.

Lemma 3.8 (see Fig. 4) There exists an orientation reversing homeomorphism
hs ~ h such that h? admits B, = [z, h*(q)]g as a translation arc with h%(x) = h%(q)
and

he(B) = [h(x), B> (@)]n()
Vie{2,...,n—1} hi(B,) = hi(B),
R (Bs) = [P™(q), Z]nn(s)

RIH(B,) = [hH(g), ()] (g)-

Proof of Lemma 3.8 (outline): As in Lemma 3.3 the proof divides into two steps;
e First step.

If 2 = q we rename h = g. Otherwise observe that the arc [h*(q), h*(x)]p2(g) has

the following properties:

(i) it is disjoint from its images by h and h? |
(ii) it is disjoint from hi(3) for every integer i € {1} U {3,...,n+ 1}.

One can construct a homeomorphism ¢ of S? mapping [h%(z), h*(q)] n2(3) onto
h2(3) whose support is contained in a topological closed disc D; so close to
[h2(q), h*(x)]2(g) that it satisfies also (i) and (ii). Defining g = ¢ o h, we have
then g ~ h and g = h on U, h'(8), hence g(B:) = [h(x), h*(q)]n(g) with
g(z) = h(x) and

Vie{2,...,n+1} ¢'(B.) = h'(B) with ¢'(z) = hi(p).
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Figure 4: The arcs h*(3), 0 <i<n+1

e Second step.
If {z} = {g""%(2)} = B N g"(B:) it is enough to define h, = g. Otherwise we
remark that the arc [z, g"*?(x)] g7(8.) is disjoint from its images by g and g® and
also from the set (U?:_ll gi(ﬂ*)> U ¢g"*1(Bs). Tt is possible to have the same for

a topological closed disc Dy containing the support of a homeomorphism v of
S? such that ¥ (g"(3)) = [9"(x), ] gn(g,). Then hy = 1) og ~ g possesses the
announced properties. ([l

Continuation of the proof of Proposition 3.7: We consider now the sets

n—1
v = [e, W@ U | BH(8) U™ (@), b s),
2i=2

n—2
v =), B3 (@l | R¥THB) UR™(@), z]pn(s)
2j+1=3

and finally C = v_ U ~,. Keeping in mind that 8N A"*(3) = 0, we see that
v— and 74 are two arcs which meet only in their common endpoints x, h(x).
Consequently C' is a Jordan curve. Replacing h, 3 with respectively h,,0, given
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by Lemma 3.8, one can suppose that z = ¢ = h"*2(q), that is

n+1 n n+1
v-=UJrB, = J »¥B) and ¢ = | H(O).
2i=0 2j+1=1 i=0

Lemma 3.9 Let U be a connected component of S?\ C. Then we have Ind(h,U)
=0 and Ind(h®,U) = 1.

Proof of Lemma 3.9: It is similar to the one of Lemma 3.4. One can easily
construct an orientation reversing homeomorphism ¢ of S? such that

1. g = h on the set [JI_, ' (),
2. g maps h""1(B) onto 3 (hence g(C) = C),
3. g interchanges the two connected components of S? \ C.

Thus ¢! o h is an orientation preserving homeomorphism of the sphere which
coincides with Idgz on the arc |JI_, h’(/3). Using the same variation of the Alexan-
der trick as in Lemma 3.4, one can find an isotopy (¢¢)o<t<1 from oo = Ids2 to
01 = g~ o h such that

vVt € [0,1]Vz € U RU(B) wi(2) = 2.
=0

Defining hy = go ¢ (0 <t < 1), we get an isotopy from g to h such that hy = h
on U:’L:O h'(3) and also an isotopy (h?)o<i<1 from g? to h? such that h? = h% on
Uy h*(B). Tt follows, for every t € [0,1], that h? has no fixed point on

n+1

n—1 n—1
Ur@ur(Jne)=ne =c
=0 i=0 i=0

Using again Property 2.3 (4), we get Ind(g, U)=Ind(h, U) and Ind(g?, U) = Ind(h?,U).
We obtain finally Ind(g,U) = 0 (resp. Ind(g?,U)=1) because UNg(U) = 0 (resp.
U=g*U)). O

Continuation of the proof of Proposition 3.7: Let U;,Us be the two
connected components of S? \ C. According to Lemma 3.9 we have Ind(h, U;)
= 0 and Ind(h?,U;) = 1. In particular we have U; N Fix(h?) # 0 (i € {1,2}).
If one can find ¢ € {1,2} such that U; N h(U;) = 0 then the result is easy.
Otherwise we consider for example U = Uy. Let V be any connected component
of UNh(U). Since h reverses the orientation, every point z € C'\h"*1(3) possesses
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a neighbourhood N, such that h(N,NU) = h(N,)NUz and h(N.NUsz) = h(N,)NU.
It follows that C'\ 8 is disjoint from CI(U Nh(U)) and in particular from CI(V).
Using one more time Proposition 2.1, we obtain that V is a Jordan domain such
that OV C BU A" 2(B). As in the proof of Lemma 3.6 one can use Lemma 2.2
and find p € (U NOV) such that the corresponding arc . satisfies . C 3. We
have then

OV NUNRAXU) c h"T2(B) N h3(U) = k2(W™(B) NU) = 0,
P2 () NU C W2(B)NU =0,

and Lemma 2.6 gives Ind(h2,V) = 0. We deduce from Lemma 2.4 that

0= > Ind(h?V)=Ind(h* U Nh(U)).
Ve (UNh(U))

3.2.3 nis odd and h"TL(B)NB#£D

The following remarks allow us to reduce to the cases studied in Sections 3.2.1
and 3.2.2. We consider the last point y on 3 to intersect h"(3) U h"*1(B). Since
BN h(B) =0, y does not belong simultaneously to 2"(3) and h"T1(3) and y # q.
We have also y # h?(q) because of the minimality of n. We can then assert:

Lemma 3.10 There exists an orientation reversing homeomorphism h ~ h such
that h? admits 8 = [y, h*(q)]s as a translation arc with h*(y) = h*(q) and

o 1(B) = [h(y), h*(@)]n(a),
o Vie{2,...,n+1} hi(B) = hi(p).

Proof of Lemma 3.10: 1t is enough to replace z with y in the construction of the
intermediate homeomorphism ¢ in the proof of Lemma 3.8. O

End of the proof of Proposition 3.7: By the definition of y we have:

- if y € h™(3) = h*(B) then k"t (8) N 3 = h"T1(8) N 3 = 0 and we reduce to the
situation of Section 3.2.2. replacing h, 8 with h, 3.

- if y € hY(B) = h"tY(B) then hi(y) = h*(q) # y and n + 1 is the smallest
integer k € {3,...,n+ 1} such that ﬁk(ﬁA) = h*(B) intersects 3. We reduce to the
case treated in Section 3.2.1. replacing h, 8 and n with B, @ and n+1. Proposition

3.7 is proved. O
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3.3 Proof of Theorem 3.1

Choose m to be a k-periodic point of h (k > 3) and consider an arc « or 3 given
by Lemma 2.8. Then m = h¥(m) € a N h¥(a) or m = h¥(m) € BN R*(3) and
either Proposition 3.2 or Proposition 3.7 applies. U

3.4 Some consequences

Corollary 3.11 Let h be an orientation reversing homeomorphism of the sphere
S? without a 2-periodic point. If a connected and simply connected compact set
K C $? satisfies K Nh(K) = ) = K N h2%(K) then we have K N h*(K) = () for
every integer k # 0. Consequently, the only non-wandering points are the fixed
points of h.

Proof of Corollary 3.11: Construct a topological closed disc D containing K and
so close to K that it is disjoint from its iterates h(D) and h?(D). We claim
that D N h*¥(D) = () for every integer k # 0; otherwise, there exists a smallest
k > 3 such that D N h*(D) # 0. Replacing the disc D with a slightly larger
one if necessary, we can suppose Int(D) N h*(Int(D)) # (). Then we can choose
m € Int(D) N h=%(Int(D)) and a homeomorphism ¢ with support in D such
that ¢(h*(m)) = m. Thus @ o h is an orientation reversing homeomorphism of
S? posseding m as a k-periodic point. According to Theorem 3.1, ¢ o h admits
a 2-periodic point. The support of ¢ is disjoint from its images by h and h? so,
for i € {1,2}, the homeomorphisms (¢ o h)* and h? have the same fixed point set.
Thus we get a 2-periodic point for h, a contradiction.

Now, for any point m € S?\ Fix(h) = S? \ Fix(h?) we can choose K to be a
neighbourhood of m so m is a wandering point. U

Remark 3.12 As an immediate consequence of Corollary 3.11, any area preserv-
ing and orientation reversing homeomorphism of the 2-sphere (or of the closed
2-disc) possesses a 2-periodic point.

Remark 3.13 If in Theorem 3.1 we assume furthermore that h? has only finitely
many fized points then the 2-periodic point z can be chosen such that Ind(h?, z)
= Ind(h?, h(2)) is a positive integer (resp. an odd integer).

The equality Ind(h?, z) = Ind(h2, h(2)) is a consequence of Property 2.3 (5) and
of the obvious relation h? = h o h? o h~!. Keeping the notations of Theorem 3.1

let us define

F =Fix(h’)NU, F=FnhU), F=F\F =Fix(h®)nUnh ' U).
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We have then

1=Ind(h?,U) => Ind(h? 2) = Y Ind(h%z)+ »_ Ind(h? 2).

zeF z€Fy z€F,

Recall we have shown Ind(h?,U Nh(U)) = 0 hence Y oer Ind(h?, z) = 0 and the

assertion follows.

4 A local version of Theorem 3.1

We first remind two recent results:

Theorem 4.1 ([1]) Let V, W be two connected open subsets of R? containing the
origin o and let h : V. — W = h(V') be an orientation reversing homeomorphism
which possesses o as an isolated fized point.

Then Ind(h,o0) € {—1,0,1}.

The iterate homeomorphisms h* : Vj, — hy(Vi), k > 1, are defined inductively
on the open sets Vi by Vi = V, h! = h and, for k > 2, Vi = h"1(Vik_1) C
Vi1, P*(2) = R*1(h(2)).

We have then

Theorem 4.2 ([11]) Let h be as in Theorem 4.1. Assume that the whole sequence
(Ind(h%,0)),~, is defined, i.e. o is an isolated fized point of h* for every integer
k>1. -

Then (Ind(h%“,o))kzo is a constant sequence.

We can now state:

Theorem 4.3 Let h be as in Theorem 4.1. If there exists an integer k > 3 such
that any neighbourhood of o contains a k-periodic point of h then there is also a

2-periodic point in every neighbourhood of o. In other words, the whole sequence
(Ind(hF, 0))1>1 is defined if and only if the second term Ind(h?,0) is defined.

Proof of Theorem 4.3: Let £ be an open disc with center o, so small that 2 N
Fix(h) = {o} and CI(©2) C V. Let us show that € necessarily contains a 2-
periodic point of h. Using the Schoenflies Theorem, we can extend h| C1(Q) to a

homeomorphism H of the whole sphere. Let €’ be an open disc with center o such
that ' C QN H~Y(Q) and let N be the connected component of ﬂf:ol H=(Q)
containing 0. The set N N H~2(N) is a neighbourhood of o so it contains a k-
periodic point m of h, and such a point m is also k-periodic for H because b/ = HJ
on ﬂ;:olH_i(Q’) for j =1,...,k. Since h = H and h? = H?> on QN H~1(Q) it
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is enough to prove that H has a 2-periodic point in €’. Suppose this is not true.
Then we have
{m,H*(m)} € N \ {o} = N \ Fix(H?).

The contradiction is obtained by following carefully the proof of Theorem 3.1
for the homeomorphism H. Since an open connected subset of R? is arcwise
connected, there exists an arc v C N \ {0} joining m and H?(m). Going back to
the proof of Lemma 2.8, we now slightly enlarge v to obtain a topological closed
disc A such that

v C Int(A) C A C N\ {o}.

Then we obtain a suitable translation arc for either H or H?, which is denoted by
respectively a or 8. Observe that, by the construction, o and 3 are contained in A
and so in ﬂfiol H=(Q)). Remark finally that all the Jordan curves C constructed
in the proof of Theorem 3.1 are subset of Uf:o Hi(a) C & or of Ufiol H{(B) c,
hence S? \ C has a connected component which is contained in the disc . Thus
we obtain a 2-periodic point of H in €', a contradiction. ([l

5 A strong version of Theorem 3.1
We prove in this section the following result;

Theorem 5.1 Let h be an orientation reversing homeomorphism of the sphere
S? without a 2-periodic point. Then for any point m € S?\ Fix(h) there exists
a topological embedding (i.e. a continuous one-to-one map) ¢ : O — S?\ Fiz(h)
such that

O is either R? or {(z,y) € R?|y # 0} or R\ {(0,0)},

m € (0),

if O =R2 or O = {(z,y) € R?|y # 0} then

(i) hog=poGlo where G(z,y) = (x +1,-y),
(it) for every z € R, o(({z} x R)NO) is a closed subset of M \ Fiz(h) (it
is said that ¢ is a proper embedding),

if O =R2\ {(0,0)} then

(iii) hop = o H|o where H(z,y) = 3(z, —y).
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Sections 5.2 and 5.3 below contain preparatory results. Section 5.2 gives some
dynamical properties for orientation reversing homeomorphisms of the sphere,
derived from results in Section 3. In particular it is shown that recurrence of
discs, just as recurrence of points, implies the existence of a 2-periodic point.
Section 5.3 recall the notion of brick decomposition of a surface introduced by
P. Le Calvez and A. Sauzet ([16], [19]) to give a dynamical proof of the Brouwer
plane translation theorem. Theorem 5.1 is proved in Section 5.3.

Note that, since we are looking for conjugacy outside the fixed point set,
the map H in the statement of Theorem 5.1 can be replaced with any map
(x,y) — Nz, —y) where A € R\ {0,+1}.

5.1 Some recurrence properties

Lemma 5.2 Let h be an orientation reversing homeomorphism of S? without a
2-periodic point and let V be an open connected subset of S* such that VNOh(V) =
0 =V Nh(V). Then we have V A (V) =0 for any integer k # 0.

Proof of Lemma 5.2: Suppose this is not true. Then we have V N A*(V) # ()
for an integer & > 3 and we can choose z € V N h*(V). Since an open connected
subset of S? is arcwise connected, there exists an arc K C V with endpoints
h~*(z) and z. Such an arc is disjoint from its two first iterates h(K), h%(K) but
meets h¥(K). This contradicts Corollary 3.11. O

The next lemmas can be regarded as the counterpart of Frank’s Lemma ([8][Propo-
sition 1.3]) in the case of an orientation reversing homeomorphism.

Lemma 5.3 Let h be an orientation reversing homeomorphism of S?. Assume
that there exists a finite sequence of topological closed discs D1, ..., D, satisfying

(i) Yi,j € {1,...,n} D; = D; or Int(D;) N Int(D;) =0,
(i) Vie{l,...,n} h(D)ND;=0= hz(DZ‘) ND;,

(iii) Vi,j € {1,...,n} D; meets at most one of the two sets h~1(D;) or h(D;),
Equivalently: h(D;) N Dj # 0 = h(D;) N D; =0,

(iv) Vi € {1,...,n— 1} 3k; > 1 such that h¥ (D;) N Int(Diy1) # O and Ik, > 1
such that h*»(D,,) N Int(Dy) # 0.

Then h possesses a 2-periodic point.
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Proof of Lemma 5.3: Let us choose a sequence Dy, ..., D,, satisfying (i)-(iv)
and whose length ng is minimal among all these sequences. If ng = 1 then the
result is contained in Corollary 3.11 so we can assume ng > 2. Moreover we can
suppose that the integers ki, ..., kp, are minimal for the property (iv). In order
to simplify the notations we also define D, 1 = D;. We have clearly

R¥(D;) N Int(Djy1) # O <= h¥ (Int(D;)) N Int(Diy1) # 0

so we can choose for every i € {1,...,no} a point x; € Int(D;) such that h¥i(z;) €
Int(D;41). Since the sequence Dy, ..., Dy, has minimal length we have

1<i#j<ng= Int(D;)NInt(D;) =10

so there exists an orientation preserving homeomorphism 1 of S? with support
in Dy U...U D, preserving setwise each disc D; (1 < i < ng) and such that

Vie{l,...,np—1} w(hkl(xz)) = Tit1, ¢(hk"° (Tny)) = 1.

Furthermore we have for every i,j € {1,...,n¢}

since otherwise either Di,...,D;,Dj,..., Dy, or Dj,...,D; would define a se-
quence satisfying (i)-(iv) with length < ng — 1. Thus the homeomorphism g =
1 o h reverses the orientation and possesses x1 as a periodic point with period
ki + ...+ kn, > 2. Theorem 3.1 then gives a 2-periodic point for g and it is
enough to check that Fix(h) = Fix(g) and Fix(h?) = Fix(¢?).

e The first equality is well known and follows easily from the fact that D;Nh(D;) =
() for every i € {1,...,n0}.

e Let us check that Fix(g?) = Fix(h?).

- First we observe that if m € h=1(D;) for an index j € {1,...,n0} then necessa-
rily m # g2(m): For such a point m we have g(m) = ¢ (h(m)) € ¢(D;) = D; so
hlg(m)) € h(Dy). Tt h(g(m)) & U, Di them g2(m) = w(h(g(m))) = (g(m) and
consequently m # g?(m) since h=1(D;)Nh(D;) = 0. If one can find i € {1,...,n0}
such that h(g(m)) € D; then we obtain h(g(m)) € D; N h(D;) # 0 and (iii) im-
plies D; Nh~1(D;) = 0. Since g?(m) = ¥ (h(g(m))) € ¥(D;) = D;, it follows that
g*(m) #m.

- Secondly we remark that if m ¢ (J°, h=3(D;) but m € h™2(D;) for a j €
{1,...,n0} then we also have m # g?>(m). Indeed we have then g(m) = h(m),
g*(m) = ¥(h?(m)) € ¥(D;) = D; and consequently m # g*(m) since h=2(D;) N
D; = 0.
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Thus we obtain:

m = g*(m) = m ¢ (Lj hl(&-)) U (LOJ hz(Di)> = g*(m) = h*(m).
i=1

i=1

On the other hand, it is easily seen with (ii) that

no no
m=h*m) = m¢ (U h_l(Di)> U <U h_2(DZ-)> — ¢%(m) = h%(m).
i=1 i=1

U

We will use actually the following slightly stronger lemma which relax the
hypothesis (iv) of Lemma 5.3. This technical improvement allows to suppress, in
the original work of Le Calvez and Sauzet ([16]), a hypothesis of “transversality”
for the brick decompositions of a surface (see Section 5.2 below for a definition).
These refinements are due to F. Le Roux ([17]) for orientation preserving homeo-
morphisms. We use the same arguments to write a proof adapted to our situation.

Lemma 5.4 If in Lemma 5.3 we replace the condition (iv) with the weaker
(iv’) Vi € {1,...,n — 1} 3k; > 1 such that h¥i(D;) N Diy1 # O and

3k, > 1 such that h*»(D,) N Dy # 0,
then the conclusion still holds.

Proof of Lemma 5.4: Let Dq,..., Dy, be a sequence of topological closed discs
satisfying (i)-(iii),(iv’) and whose length ng is minimal among all these sequences.
We have then

1 <i#j<ng= Int(D;)NInt(D;) =0.

Let us choose for each i € {1,...,no} a point z; € D; such that h¥ (x;) € D;yq
(again with the convention D, 11 = D1).
First we observe that the points 1, ..., z,, are pairwise distinct because

(1<i,j<ng and z; =x;) = hb(x;) =h(2;) € W% (D;) N Djq

and the fact that Dy, ..., Dy, has minimal length gives ¢ = j.
Now, if we can find i,j € {1,...,n0} and an integer k > 1 such that h*(z;) = zj
then h possesses a 2-periodic point. Indeed, this implies

W (@) = W9 (a5) € W¥HH(D;) N Dy

Again because Dy, ..., Dy, has minimal length, this is possible only for ¢ = j
and consequently h¥(x;) = x;. Because of (ii) we have necessarily k¥ > 3 and
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Theorem 3.1 then gives a 2-periodic point for h. Thus we can assume without
loss of generality

(#%) Vi, j €{1,...,no}Vk #0 h¥(x;) # z;.

For convenience we let kg = ky, and x9g = x,,. Then we choose for each i €
{1,...,n0} an arc ; with endpoints z; and h¥~1(z;_1) # z; lying entirely in
Int(D;) except possibly its endpoints in 0D;. Since 7; C D;, these arcs possesse
the same properties (ii),(iii) as the discs D;. Moreover, remembering that the
D;’s have disjoint interiors and the z;’s are pairwise distinct (1 < i < ng), we
obtain using (xx):

(i) i#j= Ny =0
By the construction we have also

Vie{l,...,no—1} W) Ny #0 and  hFo () Ny # 0.

One can construct for each i € {1,...,n0} a topological closed disc D, neighbour-
hood of 7; and so close to 7; that (i"),(ii),(iii) are still true with the D ’s in place
of the 7;’s. Such a sequence D1, ..., D;, then satisfies the conditions (i)-(iv) of
Lemma 5.3. (]

5.2 Brick decompositions

As mentioned above, this notion is due to P. Le Calvez and A. Sauzet ([16], [19]).
It is also used with some variants in [13],[15] and [17].

Definition 5.5 A brick decomposition D of a nonempty open set U C S? is a
collection {B;}icr of topological closed discs where I is a finite or countable set
and such that

1. Uier Bi =U,
2. if i # j then B; N B; is either empty or an arc contained in 0B; N 0B;,

3. for every point z € U, the set I(z) = {i € I|z € B;} contains at most three
elements and Uz‘el(z) B; is a neighbourhood of z in U.

The B;’s are called the bricks of the decomposition. Of course the set I is finite
only for U = S? and we will not be concerned with this situation. For a point
z € U, the neighbourhood [J;c 1(2) B; is necessarily of one of the three kinds
pictured in Fig.5(up to a homeomorphism).

We have then the following property which is one of the main motivation for
the use of brick decompositions.
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o7 ¢7

Figure 5: The neighbourhood Uie](z) B; for a point z € U

Property 5.6 Let D = {B;}ics be a brick decomposition of an open set U C S?
and let J be a nonempty subset of I. Then |J;c; B; is a closed subset of U.
Furthermore Oy (¢ ; Bi) is a 1-dimensional submanifold without boundary of U.
In particular, its connected components are homeomorphic either to S' or to R.

Proof of Property 5.6: 1If z € Cly(J;c; Bi) it is clear from the definition that
I(z)NJ # () hence | J;c; B is closed in U. Consider now a point z € dy (|U,c; Bi)-
Its neighbourhood J;¢(,) Bi contains necessarily two or three bricks, (at least)
one of them is in {B; };es and (at least) one of them is not this family. The result
is then obvious with Fig.5. O

Let D = {B;}ier be a brick decomposition of an open set U C S? and let h be a
homeomorphism of S? such that h(U) = U. For a given brick B;, € D, we recall
the notions of attractor and repeller associated to B;, (and h). We define

Io={io}, Ao=Ro=|]JBi=B,

i€lp

and inductively, for n € N,

I = (i € TIA(A) N Bi 20}, A= | B

ie]’n-kl

Ipa={i€llh (R)NBi#0}, Raa= [J B

1€l _n_1
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Definition 5.7 With the above notations, the two sets

A=JAn and R=[JR.,

n>1 n>1

are said to be respectively the attractor and the repeller associated to the brick
B

0"

Note that, according to Property 5.6, A and R are closed subsets of U. The
following easy property is left to the reader.

Property 5.8 We have h(AUB;,) C Int(A). Consequently h*(9y A)Nh! (OyA) =
(0 for any two integers k # 1 in 7.

We will use brick decompositions with a homeomorphism of S? which reverses
the orientation and without a 2-periodic point. The next result describes what
are the “good” brick decompositions in this setting and then gives two essential
properties for A and R.

Lemma 5.9 Let D = {B;}icr be a brick decomposition of an open set U C S? and
let h be an orientation reversing homeomorphism of S* which has no 2-periodic
point and satisfying h(U) = U. Assume furthermore that D satisfies the two
following hypotheses:

H1: Every brick B; satisfies B; \"h(B;) =0 = B; N h%(B;),

H2: For any two bricks B;, Bj, at most one of the two sets B; N h(Bj) or B; N
h=Y(B;) is nonempty.

Then, for any brick B;, € D, the attractor A and the repeller R associated to B;,
are such that

(i) Int(B;;) NA =0,
(i) AN Int(R) = 0.

Proof of Lemma 5.9:
(i) Observe that Int(B;,) N.A # () simply means that there exist an integer n > 1
and a sequence of bricks B;,, B;,, ..., B;, = B;, such that

Vk € {07"'7n_ 1} h(Bik)ﬂBik+1 7&@

This contradicts Lemma 5.4.
(ii) If AN Int(R) # 0 then there exist two integers n,m > 1 and two sequences
of bricks, say B;,, B;,,...,B;, and Bj,, Bj,,...,Bj,_, such that

Jo>
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Bio = Bj and Bim = Bj

Vk €{0,...,m—1} h(B)N B, #0,
vie{0,...,n—1} h_l(le)ﬁle+l # 0.
As an immediate consequence, each brick in the sequence

Bj,,....Bj,Bj,=Bi,...,Bi,_,

has its image by h which meets the next brick. This contradicts again Lemma
5.4 since h(B;,,_,) meets B;, = Bj,. O

5.3 Proof of Theorem 5.1

Let h and m be as in Theorem 5.1. We define U = S? \ Fix(h) = S? \ Fix(h?).
Of course we have h(U) = U # () and, according to the Lefschetz-Hopf Theorem,
U # S?. Let us remark that there is a situation where our result is easily seen.
According to a theorem of Epstein, a connected component K of Fix(h) is either
a point or an arc or a Jordan curve and, in the last two cases, h interchanges
locally the two sides of K: see [6][Theorem 2.5]. If one can choose K to be a
Jordan curve then S? \ K has exactly two connected components, say U; and
Us with m € Uy, which are interchanged by h (this implies also K = Fix(h)).
Since the U;’s are homeomorphic to R? we can use the Brouwer plane translation
theorem with h2|y, to find a proper topological embedding ¢ : {(x,y) € R? |y >
0} — U such that ¢(0,1) = m and h? o p(z,y) = ¢ o 7(z,y) for y > 0,
where 7(z,y) = (z +2,y) = G%(z,y). We obtain a proper topological embedding
©:0={(z,y) € R?|y # 0} — U such that hop = po G|p defining

Vy<0 o(z,y) :hogaonl(a;,y) € Us.

Thus we can suppose that S? \ K is connected for every connected component
K of Fix(h) and this implies that U = S? \ Fix(h) is connected (see for example
[18][Theorem 14.3 page 123]). According to Lemma 2.8, Propositions 3.2 and 3.7,
at least one of the two following properties is true:

P1: There exists a translation arc « for h containing the point m and such that
Ugez h¥(e) is a simple curve contained in U.

P2: There exists a translation arc 8 for h? containing the point m and such that
Urez h2F(8) and gy R?*T1(B) are two disjoint simple curves contained in
U.
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5.3.1 Proof when P1 is true

Up to conjugacy in S?, we can suppose that
' (a) = [~1,0] x {0},
h(z,y) = (z + 1, —y) for every (z,y) € h~}(a) Ua = [-1,1] x {0},
m = (2,0).

For € > 0 we consider the three rectangles (see Fig. 7)

1 1
D_1:{(a?,y)€]R2]_1§x§1and —e<y<e},

1 3
Dgz{(w,y)€R2|Z§w§Zand —e<y<e},
5.3 5
Dy ={(z,y) e R |Z§x§1and —e<y<e}
Lemma 5.10 (adapted from [19]) There exist € > 0 and a brick decomposi-
tion D = {B; }ien of U such that:
1. D_1,Dqg and D1 are bricks of D,

2. D satisfies the hypotheses H1 and H2 in Lemma 5.9.

Proof of Lemma 5.10: Clearly one can choose € > 0 so small that, for &, in
{0,£1}, we have

e Dy Nh(Dy) =0 = Dy Nh?(Dy),
e DN h(Dl) =0 or D, N h_l(Dl) = 0.

Let us denote V' = U \ Int(D_; U Dy U D;). This is a non compact bordered
surface with only one boundary component, namely 9(D_1 U Dy U Dy), so there
exists a countable triangulation 7 of V. Let 7’ be (for example) the barycentric
subdivision of 7. If the middle p of some edge E of 7 is a vertex of a rectangle
Dy (k = 0,+1), we slightly alter 7’ remplacing p with a close point ¢ € E.
Remark that this requires only finitely many modifications since there are only
finitely triangles of 7 meeting d(D_1 U Dy U D1). We continue to write 7’ for
this “perturbation” of 7’. Then we define

Dy = {D_1, Dy, D1} U {Star(v,T") | v vertex of T},
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where Star(v,7’) is the union of the triangles of 7’ containing v. It is left to
the reader that D; is a brick decomposition of U and in particular that, for any
vertex v of T, the set Star(v,7") N Dy, is either empty or an arc (k = 0,+1). If
the condition H1 does not hold with Dy, we can achieve it as follows; the bricks
B € Dy such that BN(h(B)Uh?(B)) # () can be numbered By, Ba, ... and Dg, D1y
are not in this (finite or countable) sequence because of the choice of e. Up to
a homeomorphism, we can suppose that B is a rectangle. It can be subdivided
into finitely many sub-rectangles By 1, B12,. .., B1y, disjoint from their images
by h and h?; it suffices that all these B ; have diameter less than the infimum of
d(z,h(2)) and d(z, h?(2)), z lying in By, where d(-,-) is any distance defining the
topology of S?. Furthermore, since B; meets only finitely many bricks of Dy, this
can be done in such a way that we have still a brick decomposition of U replacing
By with By 1,Bi2,...,Bin, in Dp (see Fig. 6). We write Dy ; for this new brick
decomposition of U. Now construct similarly a brick decomposition of U

| ]

Not allowed Not alowed

Allowed

Figure 6: Subdivision of a brick

Dio= (D11 \{B2})U{B21,B22,...,Bap,}

where B 1,B232,...,B2,, come from a suitable subdivision of By, and so on.
Then Dy = (D1 \ {B1, B, .. .}) Ui,j{Bi,j} is a brick decomposition satisfying H1
and possessing Dy, D41 as bricks.

Suppose now that H2 is not satisfied with D,, i.e. the set

{BeDy|3B €Dy suchthat BNh ' (B)#0 and BNh(B') #0}
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is nonempty. The bricks in this latter set and other than Dy, Dy, are numbered
B1, B, ... Since h(B;) Uh~Y(By) is compact, there are only finitely many cor-
responding B’, say By, ..., Bl,. Each Bj is disjoint from its image by h? so there
exists § > 0 such that

Yk e {1,...,n} dist(h"'(B}), h(BL)) >,

where dist(X,Y) is the distance between two subsets X,Y of S?. As above we
can subdivide By into “sub-bricks” with diameter less than ¢ and so carefully that
we have still a brick decomposition of U, say Da 1, when B; is replaced with its
sub-bricks in Dy. Afterwards, define Ds 5 replacing By with suitable sub-bricks in
Dy 1, ete. It is easily seen that, replacing in Dy the bricks By, Ba, ... with their
sub-bricks, we obtain a brick decomposition of U which satisfies the hypotheses
H1,H2 and which possesses Dy, D11 as bricks. O

Let us consider the attractor A and the repeller R associated to B;, = Dg. We
remark that
DicAicA and D_iCR_1CR

since respectively (£,0) € k(Do) N Dy and (—%,0) € h™1(Dy) N D_;.

According to Lemma 5.9 (i), the vertical segment {3} x [—¢, €] is contained in a
connected component A of dy.A. Furthermore we know from Property 5.6 that
A is either a Jordan curve or homeomorphic to R. Before to deal with these

two situations, we give the following notations and an elementary but important
lemma.

Notations 5.11

1
= {0 - <z <)

= {@0)] 5 <z < =),
1 7 3
¥ ={@0)] - <z<}=7U{(0}u.

Lemma 5.12 The set h=1(A)U~_ (resp. v+ Uh(A)) is connected and contained
in U\ A (resp. in Int(A)).

Proof of Lemma 5.12: 'These sets are obviously contained in U. For the con-
nectedness, it is enough to remark that

(—%,0) ceh Y (A)NCl(y.) and (Z,O) € Cl(y+) Nh(A).
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(x=—1/4) (x=1/4) (x=3/4) (x=5/4) (x=7/4)

Figure 7: The bricks Dy, D41 and A, h*'(A) close to these bricks

Property 5.8 gives h(A) C h(A) C Int(A) and also

A A)NA=h"HANKA) Ch HApAN Int(A)) = 0.
According to Lemma 5.9 we have

Int(D_1)NACInt(R)yNA=0 and Int(Dp)NA=10

hence v N A = 0.
It remains to be checked that ;4 C Int(A). This follows from

3 5
{(z,0) | 71<%< 1} C Int(Dy) C Int(A)
and, with Property 5.8, from

{(z,0)] Z <z< Z} C h(Dg) C Int(A).
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First case: The set A is a Jordan curve.

Claim 1: The set A separates h~!(A) and h(A) in S2.

Proof: 1If this was not true, Lemma 5.12 would show that the segment ~y intersects
A transversely and meets only one connected component of S? \ A, which is
absurd. O

Let us write V. for the connected component of S?\ A containing h(A). We have
Oh(Vy) = h(A) C V4 so h(Vy) N V4 # 0 and actually h(CI(Vy)) C Vi since,
according to the above claim,

h(Vi)NovVy = (Vi) NA =h(Venh™(A)) = 0.

It is now a routine to construct a topological embedding ¢ defined on O =
R2\ {(0,0)} and conjugating h and H. We just sketch such a construction;
defining Q@ = Vi \ h(CIl(V,)), we have clearly Cl(2) = AUQUhK(A) C U. Let
¢ : S — A be a homeomorphism. It can be extended to a homeomorphism

o :S'UHSY) - AUuR(A)

defining ¢|g g1y = hopo H -1 H(sY)- Using suitably the Schoenflies Theorem, one
can extend again ¢ to a homeomorphism from the compact annulus A = {z €
C|3 < |z| <1} onto CI(R). Finally, for any point z € R?\ {(0,0)}, there exists
a unique k € Z such that z € H¥(A\ 0~ A), where 0~ A = {z € C||z| = }}, and
we define

©(z) = h¥ o oo H7(2) € WF(CI(Q)).

One can easily check that ¢ : O = R?\ {(0,0)} — U is a well-defined one-to-one
continuous map such that ho ¢ = ¢ o H|p and ¢(O) = ez K (CL(RQ)).

Second case: The set A is homeomorphic to R.
Since A is a closed subset of U we have

0 £ Cl(A) \ A C Fix(h).

Moreover, Cl(A) \ A has at most two connected components, say L; and Lo
with possibly L; = Lo, and each L; is contained in a connected component K; of
Fix(h). It will be convenient to compactify S\ (K1 UK3) as follows; let us choose
a1 and as in S? with the convention that a; = ao if and only if K; = K. Since
U has been assumed to be connected, we have the same for S?\ (K7 U K3) and it
is then very classical that this latter set is homeomorphic to S?\ {a1, as} (see for
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example [18]Chapter VI). Now, if 1) is any homeomorphism from S?\ (K1 U K>)
onto S?\ {a1,as}, we define h : S> — S? by

. B z if ze€ {a17a2}7
h(z) = { pohotp Hz) if z¢ {a1,as}.

One can check that h is a homeomorphism and that Cl(4)(A)) \ ¥(A) = {a1,as}.
Furthermore, since we are looking for a (proper) topological embedding ¢ taking
its values in U C S?\ (K U K3), it is enough to prove our theorem for h instead
of h. In other words, there is no loss in supposing that K; (and so L;) is reduced
to one point (¢ € {1,2}). This will be assumed from now on.

Claim 2: We have necessarily K1 = Ko.

Proof: Suppose this is not true and define

C=Cl(AURA)) =AUI(A)UK; UK.

Thus C is a Jordan curve. Let us remark that the sets h~1(A) U~_ and 7y are
both connected and contained in U \ (A UhR(A)) € §?\ C; for h=1(A) U~_, this
is contained in Lemma 5.12 since we know from Property 5.8 that AUR(A) C A.
Lemma 5.12 gives also

Y+ NACInt(A)NoyA=10

and
Y+ Nh(A) =h(y-NA) C h(y-NA) =0.

Now, since the segment ~ intersects A C C transversely, we deduce that the
connected components V_, V., of S?\ C containing respectively h~*(A)U~_ and
v+ are different. It follows that

O V) NVy=hrtCO)nNVe=hH(A) NV =10

so we have either V, C h=*(Vy) or Vo Nh~1(V,) = (). We remark now that none
of these two situations is possible. The first one would imply

Y4 Ure =71 URTH(g) Ch7H(Vy)

which is absurd because the segment « intersects A C h™(C) transversely.
Suppose now that h=1(V.) NV, = 0. We first remark that we cannot have
h=YHCI(VL))UuCl(Vy) = S? since this would imply A~!(A) = h(A) which contra-
dicts Property 5.8. So the set h=1(CI(V,)) U CI(V,) is contained in the domain
of a single chart of S? and can be represented as in Fig 8. Keeping in mind

37



h©)

Ko

Figure 8: V, N h™1(V}) = 0 is not possible

that K7, Ko are fixed points of h, this contradicts the fact that h reverses the

orientation. (]
Thus CI(A) = AU K is a Jordan curve. Again, v intersects A C CI(A)

transversely so we can write with Lemma 5.12:

Claim 3: The set CI(A) separates h~1(A) and h(A) in S2.

Now, let V; be the connected component of S? \ CI(A) containing h(A). Since

h(A) C Oh(Vy) NV, we have h(V4) NV, # () and in fact (Vi UA) C Vi because

the third claim implies

h(Vy) NoVy = (VL) NCUA) = h(Vi)NA =h(VeNh H(A)) = 0.

We conclude as follows. Let us define Q = Vi \ A(C1(V,)). We have obviously
Cl(Q)\ K1 = AUQUA(A) C U. Using the Schoenflies Theorem, one can construct
a homeomorphism

p:{(z,y) eR?|0 <z <1} U{oo} — CUR)
such that ¢(00) = K1, ({0} x R) = A and
VyeR o(l,y) =hopoG (1,y) € h(A).
Now, if k <z < k+1 (k€ Z) we let
o(z,y) =h*opo G F(x,y) e K (AUQ).

It is easily seen that ¢ : O = R? — U defined in this way is a proper topological
embedding, with image p(0) = (Jycz h*(AUQ), such that hoy = poG|e. This
completes the proof of Theorem 5.1 when Property P1 is true.
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5.3.2 Proof when P2 is true

Up to conjugacy in S?, we can suppose that

h2(8) = [-2.0] x {1},

1

h(z,y) = (x+1,—y) if (x,y) € | hF*(B) = [-2,2] x {1} U [-1,3] x {1},
k=-2
3
= (=, -1).
m=(3,-1)
For € > 0, let us consider the five rectangles (see Fig. 9)
1+ 1 1+ 3

Di:{(x,y)|T§x§ 5 and —1—e<y<—1+¢€} forie{0,+2},

1+ 1 1+ 3
Di = {(@y) |- <u <

and 1 —e<y<1+4¢} fori==+l.

The proof of the next lemma is similar to the one of Lemma 5.10 and will be
omitted.

Lemma 5.13 There exist ¢ > 0 and a brick decomposition D = {B;};en of U
such that:

1. Doy, D41 and D4y are bricks of D,

2. D satisfies the hypotheses H1 and H2 of Lemma 5.9.

We consider the attractor A and the repeller R associated to the brick B;, = Dy.
First we remark that

DiuUDy;c A and D_iUD_5CR

since, on one hand, (2,1) € h(Dg)ND; and (2, —1) € h(D1)N D2, and on the other
hand, (0,1) € h=1(Dy) N D_1 and (0,—1) € h~Y(D_1) N D_5. Using Lemma 5.9,
we see that the vertical segment {3} x [~1—¢, —1+¢] is contained in a connected
component A of dy.A. As in Section 5.3.1 we give some convenient notations
and a basic lemma before to study the situation where A is homeomorphic to S!
(resp. to R).

Notations 5.14

y={@ -] -5 <z < 2h =1 U{(G,~D} U,
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Lemma 5.15 The set h=2(A)U~y_ (resp. 71 UR?(A)) is connected and contained
in U\ A (resp. in Int(A)).

The proof is similar to the one of Lemma 5.12 and is left to the reader.

=0 =) (=2)

(x==1/2) (x=1/2) (x=3/2) (x=5/2) ()‘(=7/2)

Figure 9: The bricks Do, D11, Do and A, h*2(A) close to these bricks

First case: The set A is a Jordan curve.

Claim 4: The set A separates h~!(A) and h(A) in S2.

Proof: First we remark that A separates h=2(A) and h?(A) in S?: this follows
from Lemma 5.15 and from the fact that + intersects A transversely. Let us
denote V_, V; the connected components of S?\ A containing respectively h=2(A)
and h?(A). As in Section 5.3.1 (with h? in the place of h), one can check that
h2(CU(V4)) C Vi or equivalently CI(V_) C h%(V_). According to the Brouwer
fixed point Theorem, h? possesses two fixed points 2 € V_ and 2, € V, and
these points are also fixed points of A since h has no 2-periodic point. In particular
we have

Vinh(Vy) #0#Vonh (Vo).

We deduce now from h(A) N A = ) that h(A) C Vi: otherwise we would have
h(A) C V_ and consequently

so Vi C h(Vy) C h3(V4) which contradicts h?(CI(V4)) C V4. We get similarly
h~Y(A) C V_ replacing h,V, with A=Y V_. O
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Defining Q@ = Vi \ A(CI(V})), we proceed now exactly as in Section 5.3.1 to
construct a topological embedding

0:0=R?\{(0,00} - U

with image ¢(O) = Uz K¥(CU(Q)) such that ko = p o Hl|o.

Second case: The set A is homeomorphic to R.
We denote again Li, Ly the connected components of the nonempty set CI(A) \
A C Fix(h), with possibly L1 = Ls. Each L; is contained in a connected compo-
nent K; of Fix(h) and, as explained in Section 5.3.1, there is no loss in supposing
that K; (and so L;) is reduced to one point.

For convenience we will use the following notations for the two half-planes on
both sides of the z-axis:

Py ={(x,y) eR?|y>0} and P-={(z,y) e R?|y <0}
We first suppose K| = K».

Then CI(A) = AU K is a Jordan curve. Using again Lemma 5.15 and since
v N A is a transverse intersection, one can write:

Claim 5: The set CI(A) separates h~2(A) and h%(A) in S2.

We consider now the two connected components V_,V, of S?\ CI(A), with
h%(A) C V4 and h72(A) C V_. One can easily derive from the claim above
that hQ(V+ U A) C V+, ie. V_UA C hQ(V,)

Claim 6: There are three possible situations:

S1: h(V+ U A) C V+,
S2: h(VLUA)CV_,
S3: h(V_UA) C V,.

Proof: Suppose that we are neither in the situation S1 nor in the situation S2.
Then h(Vy UA) meets OV = V- = CI(A). Since h(A) N A = (), this implies
h(Vi) N A # 0 and then A C h(V4). Consequently A(V_ U A) is a connected
subset of S?\ CI(A) and we get either h(V_UA) C Vy or h(V_UA) C V_. The
latter is actually not possible because of V_ U A C h2(V_). O

We construct now a proper topological embedding ¢ : O — U conjugating h and
G which will be defined on O = R? in the first situation and on O = {(z,y) €
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R? |y # 0} in the last two ones.
e In the situation S1 we proceed exactly as in Section 5.3.1.
e Remark now that

h(V_UA)CV, <= V. UAChVy) <= h (V_.UuA) CV,

which shows that the situation S3 can be reduced to the situation S2 replacing h
with =1, Since it is equivalent to prove Theorem 5.1 for h or for h™!, it suffices
to consider S2. In this case, let us denote Q = V \ h?(CI(V,)). We have then
Cl()\ K1 = AUQUA?(A) C U. We construct the required embedding ¢ as
follows. We consider for example the set D = {(z,1)|z > 0} and we write B
for the domain between D and G?(D) in the upper half-plane P,. Using the
Schoenflies Theorem, one can construct a homeomorphism

¢ : CU(B) = Clgz(B) U {oc} — CL(Q)

such that ¢(o0) = K1, (D) = A and ¢ o G?|p = h? o ¢|p. Then we define the
map ¢ on the half-plane P, observing that for every point z € P, there exists a
unique even integer 2k € Z such that z € G?*(D U B) and then defining

o(z) =h?* 0o G72*(2) e KF(AUQ).
In particular we have at this stage
h?op=poG?p,.
Afterwards we extend ¢ on P_ by

Vy <0 @(z,y) =hopoG '(z,y) € | Jr* 1 (AUQ).
keZ

It is easily seen that we have obtained in this way a continuous map
p:O={(x,y) eR?|y#£0} U

satisfying h o ¢ = ¢ o G| and such that, for every z € R, ¢(({z} x R) N O) is
a closed subset of U . It is not totally obvious that this map ¢ is one-to-one (in
contrast to the previously constructed embeddings). To check this property, it is
enough to see that the sets h*(A UQ), k € Z, are pairwise disjoint. This turns
out to be true because h¥(A) N h'(A) = () for k # I (Property 5.8) and because

QN CVeinh(Vy) =0, QNA*Q) CcQNh?(Vy) =10

which implies, according to Lemma 5.2, h¥(Q) N h'(Q) = 0 for k # L.
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We suppose now Kj # K.
Let us define C = CI(A UR?(A)) = AUA?(A) U Ky U Ks. Thus C is a Jordan

curve.
Claim 7: The set C separates h~2(A) and 74 in S2.

Proof: Property 5.8 gives A U h?(A) C A so, with Lemma 5.15, h=2(A) U y_
is contained in a connected component V_ of S?\ C. This lemma also gives
Y+ NA C vy NIpA = 0 and v4 N A2(A) C h2(y- NA) = 0 hence 74 is also
contained in a connected component V. of S?\ C. We have necessarily V_ # V.
since the segment ~ intersects A C C transversely. U

We keep the notations V_, Vi of the proof above, that is V_ (resp. V) is the
connected component of S? \ C' containing h=2(A) (resp. v4). In particular we
have 9V_ =90V, = C.

Claim 8: We have h2(V. )NV, =0 =h(V,)NV,.
Proof: According to the previous claim we have

O 2V )NV =(h2(A)UA) NV =0

so we have either A 2(V,) NV, = 0 or Vi, C h=2(Vy). The latter would imply
that + is contained in h=2(V) except for the point (3, —1) which is absurd since
this segment intersects A C h~2(C) transversely. This proves h?(V,) NV, = 0.
For the other equality, we first observe that the situations h**(V) C V, are not
possible since they contradict h?2(Vy) NV, = 0. Suppose now Vi, N h(V,) # 0.
Then we have

h(V)NC #0 and VinNh(C)#0,

that is
R(Vi)N(AUR*(A)) #0 and Vi N (h(A) UL (A)) # 0.
For convenience we define four sets E1,..., 4 by
Ey=h(Vi)NA, By =h(Vo)Nh%(A), B3 = Ve Nh(A), By =V, Nh3(A).

Since h¥(A) N hY(A) = () for k # | we see that E; is either empty or equal, for
respectively i = 1,2, 3,4, to the whole set A, h?(A), h(A), h3(A).

It turns out that necessarily E; = (), hence Ey = h%(A). Otherwise we would
have A C h(Vy), i.e. h™1(A) C Vi, and h~}(CI(A)) would be a connected set
joining K and K» in CI(V,). Moreover, Cl(v4) is an arc contained in V4 except
one endpoint on A and the other one on h?(A) so it separates K; and K in
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CI1(Vy). This implies h~1(A) N~y # 0. On the other hand, since v, C A, we get
with Property 5.8

R (A) Ny =R Y ANR(yy)) € b0y AN Int(A)) =0,

a contradiction.

We observe also that the two sets F2 and E4 cannot be simultaneously nonempty
since this would give h3(A) C h2(Vy) NV, = (. It remains to be studied the
situation h(A) C Vi, ie. h*(A) C h(Vy). We first observe that we cannot
have CI(Vy) U h(CI(Vy)) = S? because this would imply A C h(V,) and then
h(A) C h2(V,) NV, = 0. Thus the whole set CI(V,) U h(CI(V,) is contained in
the domain of a single chart of S?. In such a chart, the situation is as in Fig. 10
and, K1 and K> being fixed points, we obtain a contradiction with the fact that
h reverses the orientation. The claim is proved. O

Ve - (V4

XD

K 1'5:—\
Figure 10: The situation h(A) C Vi is not possible
We consider now a new “model” homeomorphism G defined by
V(z,y) €eR® Gi(a,y) = (z +lyl,—y).

Let D = {(0,y) € R?|y > 0} and let B be the domain between D and G%(D)
in the half-plane P,. Using again the Schoenflies Theorem, one can construct a
homeomorphism ¢; : Cl(B) — Cl(Vy) such that ¢1(0,0) = Ki, ¢1(c0) = Ko,
©1(D) = A and ¢ 0 G3|p = h% o ¢1|p. For every point z € Py there exists a
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unique even integer 2k € Z such that z € G2*(D U B) and we set
01(2) = h?* 0 1 0 GTH(2) € K*F(AUV,).
We have in this way h? o ¢1 = @1 0 G5|p, . Extending ¢1 on P_ by

Vy<0 @i(z,y) =hop oGy (z,y) € | rFH(AUV),
kEZ

we obtain a continuous map ¢; defined on O = {(x,y) € R?|y # 0} and such
that h o1 = @1 0 G1|o. Using the eighth claim and Lemma 5.2 we get h¥(A U
V) NAY(AUV,) = for k # [ which ensures that ¢ is one-to-one. Finally, it is
easy to construct a homeomorphism ¢ : O — O such that Gy o9 =1 o G|p and
such that

vz e R C’l(?[)(({x} « R) N 0)) \ v (({z} x R)n O) = {(0,0), 00}

Then ¢ = ;1 01 is a proper topological embedding such that ho ¢ = ¢ o G|o,
with ¢(O) = ez K(A U V4). The proof of Theorem 5.1 is completed. O
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