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Codes in the sum-rank metric ®000

Codes in the sum-rank metric: general definitions

Take k a field (think about k =TF,), V = (V4,..., Vi) s-uple of k-vector spaces (ni=dimy V;)

Endi (V) = Endx (V1) x -+ X Endy(Vs) =~ My, n, (k) X -+ X My, 5 (k)
The sum-rank distance between ¢ = (p1,...,9s), ¥ = (Y1, ...,1s) € Endx(V) is

s

dsrk(‘Pa ’Itb) = Z rk((p,- - ’l/}l)

i=1

Definition

A code C in the sum-rank metric is a k—linear subspace of Endy(V') endowed with the sum-rank
distance. lts length nis Y ;_, n?. lts dimension & is dimy C. Its minimum distance is

d = min {dsn(,0) | p €C,p # 0}.

nj=1Vi ~» codes of length s in the Hamming metric
s=1 ~ codes in the rank metric
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Codes in the sum-rank metric O®00

Particular case and the Singleton bound

£ = finite extension of k of degree r (think about { = F )

V =(Wy,..., Vi), s-uple of {-vector spaces ~~ Endy(V) is a {-vector space

~» [=linear codes in the sum-rank metric: ~ ¢-linear subspaces C C End(V)

~» [—variants of the parameters: ng == sr {—length
(taking dimy V; = r) ke = dim,C /~dimension

the minimum distance stays unchanged

Singleton bound

The ¢-parameters of C satisfy

d+re < ng+1.

Codes with parameters attaining this bound are called Maximum Sum-Rank Distance (MSRD).
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Codes in the sum-rank metric O®00

Particular case and the Singleton bound

£ = finite extension of k of degree r (think about { = F )

V =(Wy,..., Vi), s-uple of {-vector spaces ~~ Endy(V) is a {-vector space
~» [=linear codes in the sum-rank metric: ~ ¢-linear subspaces C C End(V)
~» [—variants of the parameters: ng == sr {—length

(taking dimy V; =r) ke = dimgC /—dimension

the minimum distance stays unchanged

Singleton bound

The ¢-parameters of C satisfy
d+re<n+1

Codes with parameters attaining this bound are called Maximum Sum-Rank Distance (MSRD).
For the k-parameters this reads
rd+k<n+r.
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Codes in the sum-rank metric OO®0O

Algebraic and geometric constructions in the Hamming and rank metric

Reed-Solomon (RS) codes:

° Py Py Fq

X]. X2 PR Xn

RS(x) == {(P(x1), P(x2), ..., P(xn)) | P € Fq[x]<x}
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Reed-Solomon (RS) codes:

° Py Py Fq

X]. X2 PR Xn
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« Optimal parameters: k+d =n+1
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Codes in the sum-rank metric OO®0O

Algebraic and geometric constructions in the Hamming and rank metric

Reed-Solomon (RS) codes:

° Py Py Fq

X]. X2 PR Xn

RS(x) == {(P(x1), P(x2), ..., P(xn)) | P € Fq[x]<x}

« Optimal parameters: k+d =n+1
(Singleton bound: k+d < n+1)
/\ Drawback: n < g

Algebraic Geometry (AG) codes:

P 1 / / \
P, X
\P2
\

Cx(P, L(D)) == {(f(P1), f(P2),...,f(Pn)) | f € L(D)}
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Codes in the sum-rank metric OO®0O

Algebraic and geometric constructions in the Hamming and rank metric

Reed-Solomon (RS) codes:

o Py Py Fq

X]. X2 PR Xn

RS(x) == {(P(x1), P(x2), ..., P(xn)) | P € Fq[x]<x}

« Optimal parameters: k+d =n+1
(Singleton bound: k+d < n+1)
/\ Drawback: n < g

Algebraic Geometry (AG) codes:

P 1 / / \
P, X
\P2
\

Cx(P, L(D)) = {(f(P1), f(P2),...,f(Pa)) | f € L(D)}
v Good parameters: n+1—g < k+d < n+1
« Longer codes
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Codes in the sum-rank metric OO®0O

Algebraic and geometric constructions in the Hamming and rank metric

Reed-Solomon (RS) codes:

o Py Py Fq

X]. X2 PR Xn

RS(x) = {(P(x1), P(x2),..., P(xn)) | P € Fq[x]<x}

« Optimal parameters: k+d =n+1
(Singleton bound: k+d < n+1)
/\ Drawback: n < g

Gabidulin codes:

« Optimal parameters: MRD codes

A\ Drawback: ??

Algebraic Geometry (AG) codes:

P 1 / / \
P, X
\P2
\

Cx(P, L(D)) = A{(f(P1),f(P2),...,f(Pa)) | f € L(D)}
v Good parameters: n+1—g < k+d < n+1
v Longer codes

AG codes in the rank metric:

404 Error : Not Found

Algebraic Geometry codes in the sum-rank metric

Elena Berardini



Codes in the sum-rank metric OO®0O

Algebraic and geometric constructions in the Hamming and rank metric

NN/

On today’s menu

Equivalent constructions in the sum-rank metric of

o Reed-Solomon codes
~ linearized Reed-Solomon codes (Martinez-Pefias, 2018)

o Algebraic Geometry codes
~ linearized Algebraic Geometry codes (B. & Caruso, 2023)
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Codes in the sum-rank metric OOO®

Ore polynomials and Linearized Reed—Solom
L=Fq4, k=T, Gal(l/k) = (D) (®: ¢ — ¢ is the g-Frobenius)
l

)
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Codes in the sum-rank metric OOO®

Ore polynomials and Linearized Reed—Solomon codes
L=Fq4, k=T, Gal(l/k) = (D) (®: ¢ — ¢ is the g-Frobenius)
4

The ring of Ore polynomials ¢[T; ®] is the ring of polynomials with
) coefficients in ¢, with usual + and

Txa=®(a)T VYacl.
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Codes in the sum-rank metric OOO®

Ore polynomials and Linearized Reed—Solomon codes
L=Fq4, k=T, Gal(l/k) = (D) (®: ¢ — ¢ is the g-Frobenius)
4

The ring of Ore polynomials ¢[T; ®] is the ring of polynomials with
) coefficients in ¢, with usual + and

Txa=®(a)T VYacl.

ev: ([T;®] — Endg(¥)
P — P(®).
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Ore polynomials and Linearized Reed—Solomon codes
L=Fq4, k=T, Gal(l/k) = (D) (®: ¢ — ¢ is the g-Frobenius)
4

The ring of Ore polynomials ¢[T; ®] is the ring of polynomials with
) coefficients in ¢, with usual + and
K Txa=®(a)T Vael.
forcel
eve: L[T;®] — End(¥)
P — P(co).
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Codes in the sum-rank metric OOO®

Ore polynomials and Linearized Reed—Solomon codes
L=Fq4, k=T, Gal(l/k) = (D) (®: ¢ — ¢ is the g-Frobenius)
4

The ring of Ore polynomials ¢[T; ®] is the ring of polynomials with
) coefficients in ¢, with usual + and

Txa=®(a)T VYacl.

ev, : E[T;d)] — Endk(ﬁ)s
P = (P(a%),..., P(cs®)).
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Codes in the sum-rank metric OOO®

Ore polynomials and Linearized Reed—Solomon codes

(=TFgq, k=TF, Gal(l/k) = (®)

(®: ¢ — ¢ is the g-Frobenius)

i The ring of Ore polynomials ¢[T; ®] is the ring of polynomials with
Jq; coefficients in ¢, with usual + and
Txa=®(a)T VYacl.

k

Linearized Reed—Solomon codes

(Martinez-Pefias, 2018)

forc=(c1,...,¢s) € ¢° and x € Z

consider
evg : f[T, ¢]<n — Endk(l)s
P — (P(a®),...,P(cP)).

We define LRS(k, ¢) = ev (¢[T; ]<s).

Elena Berardini 5/11

Algebraic Geometry codes in the sum-rank metric



Codes in the sum-rank metric OOO®

Ore polynomials and Linearized Reed—Solomon codes

(=TFgq, k=TF, Gal(l/k) = (®)

(®: ¢ — ¢ is the g-Frobenius)

i The ring of Ore polynomials ¢[T; ®] is the ring of polynomials with
Jq; coefficients in ¢, with usual + and
Txa=®(a)T VYacl.

k

Linearized Reed—Solomon codes

(Martinez-Pefias, 2018)

for c = (1. - -,

consider
evg : f[T, ¢]<n — Endk(l)s
P — (P(a®),...,P(cP)).

We define LRS(k, ¢) = ev (¢[T; P]<,). MSRD codes!

Elena Berardini 5/11

Algebraic Geometry codes in the sum-rank metric



Codes in the sum-rank metric OOO®

Ore polynomials and Linearized Reed—Solomon codes

L=Fq4, k=T, Gal(l/k) = (D) (®: ¢ — ¢ is the g-Frobenius)

The ring of Ore polynomials ¢[T; ®] is the ring of polynomials with
Jq; coefficients in ¢, with usual + and

Txa=®(a)T VYacl.

k

Linearized Reed—Solomon codes (Martinez-Pefias, 2018)
for ¢ = (c1,...,c) € £° such that Ny/(c;) # Nyji(c) Vi # j and & € Z such that x < rs
consider

eve: T;®l.. — Endy(f)°
P = (P(a®),...,P(c?)).

We define LRS(k, ¢) = ev (¢[T; P]<,). MSRD codes!

= s < Card(k) ~» same problem as Reed—Solomon codes
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Codes in the sum-rank metric OOO®

Ore polynomials and Linearized Reed—Solomon codes

L=Fq4, k=T, Gal(l/k) = (D) (®: ¢ — ¢ is the g-Frobenius)
i The ring of Ore polynomials ¢[T; ®] is the ring of polynomials with

Jq; coefficients in ¢, with usual + and

¥ Txa=®(a)T Vael.

Linearized Reed—Solomon codes (Martinez-Pefias, 2018)

for ¢ = (c1,...,c) € £° such that Ny/(c;) # Nyji(c) Vi # j and & € Z such that x < rs

consider
evg : K[T, ¢]<n — Endk(f)s
P — (P(a®),...,P(cP)).

We define LRS(k, ¢) = ev (¢[T; P]<,). MSRD codes!
= s < Card(k) ~» same problem as Reed—Solomon codes

As in the Hamming case, we can try to overcome the problem using algebraic curves
Main idea: consider Ore polynomials with coefficients in the function field of a curve
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Riemann—-Roch spaces over Ore rings @O
Our setting

Y 7 a cover with cyclic Galois group of order r

T K = k(X), L = k(Y) the field of functions of X and Y, Gal(L/K) = (®)
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Riemann—-Roch spaces over Ore rings @O
Our setting

.dm, 7 a cover with cyclic Galois group of order r
{ \/ K = k(X), L := k(Y) the field of functions of X and Y, Gal(L/K) = ($)
Ly.

For p € X we have the decomposition L, = K, ®x L ~ Hq‘p
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Our setting

.dm, 7 a cover with cyclic Galois group of order r
{ \/ K = k(X), L := k(Y) the field of functions of X and Y, Gal(L/K) = ($)
Ly.

For p € X we have the decomposition L, := Ky @k L~ [],

For x € K*, consider the algebra of Ore polynomials with coefficient in L
Dy = L[T;®]/(T" —x)
and for all p € X, the algebras Dy, = K, ®k Dy x = Lp[T; ®]/(T" — x).
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Riemann—-Roch spaces over Ore rings @O
Our setting

.dm, 7 a cover with cyclic Galois group of order r
{ \/ (X), L := k(Y) the field of functions of X and Y, Gal(L/K) = ($)

For p € X we have the decomposition L, := K, ®k L ~ Hq‘p Ly.

For x € K*, consider the algebra of Ore polynomials with coefficient in L
Dy = L[T;®]/(T" — x)
and for all p € X, the algebras D, = K, ®k Dy x = Lp[T; ®]/(T" — x).

[] Riemann—Roch spaces of Dy
~+ need to define a valuation for f € Dy

SHOPPING LIST

[ a Riemann’s inequality
[l equivalent of “evaluate at a rational point”
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Riemann—-Roch spaces over Ore rings @O
Our setting

.dm, 7 a cover with cyclic Galois group of order r
{ \/ K = k(X), L := k(Y) the field of functions of X and Y, Gal(L/K) = ($)
For p € X we have the decomposition L, := K ®k L ~[], L

For x € K*, consider the algebra of Ore polynomials with coefficient in L
Dy = L[T;®]/(T" —x)
and for all p € X, the algebras Dy, = K, ®k Dy x = Lp[T; ®]/(T" — x).

The valuation
Define the valuation map wy; x : Dp, x — %Z U{oo}a<j<m,): for f=fo+ AT+ +f_1T71,

- f: .
Wq,x(f) = MiNg<i<r (ve_(q,) e Zpﬁ_X)) eq=ramification index of q
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Riemann—-Roch spaces over Ore rings @O
Our setting

.dm, 7 a cover with cyclic Galois group of order r
{ \/ K = k(X), L := k(Y) the field of functions of X and Y, Gal(L/K) = ($)
Ly.

For p € X we have the decomposition L, = K, ®x L ~ Hq‘p

For x € K*, consider the algebra of Ore polynomials with coefficient in L
Dy = L[T;®]/(T" —x)
and for all p € X, the algebras Dy, = K, ®k Dy x = Lp[T; ®]/(T" — x).

The valuation
Define the valuation map wy; x : Dp, x — %Z U{oo}a<j<m,): for f=fo+ AT+ +f_1T71,

Wq,x(f) = ming<i<r (VJE‘(L) + - Zpﬁ_X)) eq=ramification index of q
= q
For p € X, epwq«(f) € 3 Z where b, is the denominator of p, = 20 after reduction
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Riemann-Roch spaces over Ore rings O®

Divisors and Riemann—Roch spaces over Ore polynomial rings

Let E =3 cy nqq € Div (Y) ® Q, with ng € 5-Z where p = m(q).

qey

Definition (Riemann—Roch spaces of Dj )

The Riemann—Roch space of Dy . associated with E is
A x(E) = { f € Dx|eqwqx(f)+ng>0forallqeyY }

= Ax(E) = @2y Ly(E)- T/, where E; ==Yy [ng + i pa(gyJa €DiV(Y)  (0<i<r).
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Riemann-Roch spaces over Ore rings O®

Divisors and Riemann—Roch spaces over Ore polynomial rings

Let E =3 cy nqq € Div (Y) ® Q, with ng € 5-Z where p = m(q).

Definition (Riemann—Roch spaces of Dj )

The Riemann—Roch space of Dy . associated with E is
A x(E) = { f € Dx|eqwqx(f)+ng>0forallqeyY }

= Ax(E) = @2y Ly(E)- T/, where E; ==Yy [ng + i pa(gyJa €DiV(Y)  (0<i<r).

Lemma: We have 37— degy (E;) = r-degy (E) — ’—22 D pex % degy (p).
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Riemann-Roch spaces over Ore rings O®

Divisors and Riemann—Roch spaces over Ore polynomial rings

Let E =3 cy nqq € Div (Y) ® Q, with ng € 5-Z where p = m(q).

Definition (Riemann—Roch spaces of Dj )

The Riemann—Roch space of Dy . associated with E is

A x(E) = { f € Dx|eqwqx(f)+ng>0forallqeyY }
= Ax(E) = Dy Ly(E) - T', where E; ==Yy [nq + i pa(gy]a €DiV(Y)  (0<i<r).

Lemma: We have >'_ dng(E) = r-degy (E) — ZpeX ey L deg (p).

Riemann’s inequality for A, (E)

The space Ay «(E) is finite dimensional over k and

dim ALy (E) > r-degy (E Z
PGX

by,—1
byey

degx(p) — r-(gy —1).
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Linearized AG codes @0
Code’s construction

Let p € X rational, t, a uniformizer (x,~k((1))), x € K*
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Linearized AG codes @0
Code’s construction

Let p € X rational, t, a uniformizer (x,~k((1))), x € K*

under some hypotheses on x get

gt ALx(E) = Endo, (O1,) % End(Or,/t,01,) = Endi(V;)
fos f(u,®) = f(uy®) mod t,
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Linearized AG codes @0
Code’s construction

Let p € X rational, t, a uniformizer (x,~k((1))), x € K*

under some hypotheses on x get

gt ALx(E) = Endo, (O1,) % End(Or,/t,01,) = Endi(V;)
foe f(u) = f(uy®) mod t,
Linearized Algebraic Geometry codes (B. & Caruso, 2023)

Let £ =3 cy nqq € Divg(Y). Chose x € K and pu,..., ps rational places on X such that the
hypotheses hold. Consider

a: AN (E) — TIi;Endi(Vy))
o= (Ep(F), ... 5.(F)).

The code C(x; E; p1,...,ps) is defined as the image of a.
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Linearized AG codes O®

Code’s parameters

We study the parameters of the k-linear code C in [];_; End(V},).

The length is n = sr? (dimy Vp,=r)

Theorem (B. & Caruso, 2023)

Assume degy (E) < sr. Assume the previous hypotheses and that D, . contains no nonzero

divisors. Then, the dimension x and the minimum distance d of C(x; E; p1, ..., ps) satisfy
b,—1
m2r~degy()—r(y—l)——2bp degx (p),
pex

d > sr —degy (E).
Singleton bound: rd+x<n+r

We have: rd+Kk>n+r— (r~gy + ’2—2 D pex % degX(p)>
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Linearized AG codes O®

Code’s parameters

We study the parameters of the k-linear code C in [];_; End(V},).

The length is n = sr? (dimy Vy,=r)

Theorem (B. & Caruso, 2023)

Assume degy (E) < sr. Assume the previous hypotheses and that D, , contains no nonzero

divisors. Then, the dimension x and the minimum distance d of C(x; E; p1, ..., ps) satisfy
b,—1
Kk > r-degy(E )—r(gy—l)——pr degx (p),
pex

d > sr —degy (E).
Singleton bound: rd+k<n+r

We have: rd+Kk>n+r— (r~gy + ’2—2 D pex % degX(p)>

X =P, Y =P}, E =%.00 € Divg(Y) ~ linearized Reed-Solomon codes!
Our lower bounds = MSRD codes
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Conclusion and further works @O

Asymptotic behaviour: better than the Gilbert—VVarshamov bound

Theorem (B. & Caruso, 2023)

We assume that q is a square. For all real numbers R, é € (0, 1) such that
2 1

Va-1" (/a1

there exists a ¢-linear LAG code with rate at least R and relative minimum distance at least §.

R<1—-6-—

We compare to the sum-rank version of the Gilbert—Varshamov bound :

da da da — GV bound
1 14 14 — Theorem
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Conclusion and further works O®
Take away and further questions

« We have Algebraic Geometry codes in the sum-rank metric, of length sr?

« The s in the length is the number of rational places ~~ can take s > g

« We beat the sum-rank metric version of the Gilbert-Varshamov bound
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Conclusion and further works O®
Take away and further questions

« We have Algebraic Geometry codes in the sum-rank metric, of length sr?

« The s in the length is the number of rational places ~~ can take s > g

« We beat the sum-rank metric version of the Gilbert-Varshamov bound

® decoding problem: work in progress with X. Caruso and F. Drain (our Ph.D student)
(decoding algorithm for linearized Reed—Solomon codes ¢ )

® duality theorem for the codes C(x; E; p1,...,ps): work in progress with X. Caruso
(require to develop the theory of differential forms and residues in our framework)

Grazie per |'attenzione!
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