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Context: the geometry of codes

Coding theory Finite geometry
Code in Fg of dimension k Set of n projective points in PX~1(F,)
(Up to code equivalence) (Up to projectivities)
G=(g1]g2] - |8n) Ne ={g1,82,..-,8n}
Reed-Solomon code Rational normal curve
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Hamming metric Sum-Rank metric | Rank metric

Linearized Reed-
Solomon codes

Algebraic [MZ15] and geometric o Algebraic [007] and geometric
[ACG13] characterizations ’ [A+25] characterizations

Reed-Solomon codes Gabidulin codes
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Sum-rank metric

M = (Mx, ..., M¢) vector of FZ™*™ matrices.

The sum-rank weight of M is

Werk(M) = rk(My) + - - - + rk(My).

M=( M ,...,M)s—v=_v1 |...|w).
~ —~—
eFpxm eFrn
m= 1: t= ].:
o M=veF o MeFg*™orveFg,
® Wek(M) <— Hamming weight of v. o wek(M) = rk(M) <— rank weight of v.
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Sum-rank metric codes

An [n, k. d|,m, sum-rank-metric code C is a k-dimensional Fym-linear subspace of Fgn.

o Length: n= mt.

@ Dimension: k.

@ Minimum distance: d = min{wg(c) : c € C\ {0}}.
Singleton-like bound: d < n— k + 1.

Ifd=n—k+1= C is called MSRD.
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Linearized Reed-Solomon codes

Norm operator over Fym with respect to Fg:
qu/q . qu — Fq,

m—1 g -1
ar—a-a%...3% =g a1,

N;(a) = HJ':;(I) a? i-th truncated norm of a, for i > 1.
(a,b) € Flm x Fh is an if

@ the norms of the components of a are non-zero and pairwise distinct,

@ the components of b are linearly independent over F,.
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Linearized Reed-Solomon codes

((a1,..-,at), (b1, bm)) € Fim x Fgh evaluation pair.

A k-dimensional is generated by G = (Gi|...|Gt), with
1 by ... bnm
‘. Ny(a;) bf . b.,?, |
Ni—1(a;i) bi’.kfl . bﬂ,.kfl

k-dimensional Gabidulin code over Fg’m

forie{l...,t}.

Linearized Reed-Solomon codes are MSRD =— d = mt — k + 1.
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The geometry of sum-rank metric codes

Code C with generator matrix G = (Gi]...|G).
Forie {1,...,t},
U; = colspg (Gj) C Fgm

Ly, ={u:uecl\{0}} C P (Fyn) linear set.

Le =Ly, U---ULy, is the set of projective points associated with C.

[NSZ23]  Neri, Santonastaso, and Zullo. “The geometry of one-weight codes in the sum-rank
metric”. In: Journal of Combinatorial Theory, Series A (2023).
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g-rational normal curve

The Xgq is defined by
pl — pk-1
k—2 P-1 =11
X — (l:x:x‘”1 s x9 +---+q+1) = <1 PX XL ... x a1 )
The of Xg are
Xq(Fgm) ={(1: Ni(a) : No(a) : -+ : Nk—1(a)) - a € Fgm} U {Ps}.
Reminder

. ] =
Ni(a) = H};(l) a% = a1, for i > 0.
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The geometry of Linearized Reed-Solomon codes

Theorem (A., Borello, Couvreur, Salizzoni. 26+)

Let C be a Linearized Reed-Solomon code with generator matrix G. Then

t
L =| | Ly, € Xq(Fgm).
i=1

In particular, if t = q — 1,

LoU{(1:0:...:0),(0:...:0:1)} = Xg(Fqm).
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Characterization of some Linearized Reed-Solomon codes

V CPKY(Fym), I(V) = {p € Fgn[x1,...,xx] : p(V) = 0} vanishing ideal.
1(V)4 homogeneous part of degree d > 0.

Theorem (A., Borello, Couvreur, Salizzoni. 26+)

Let C be an MSRD code of dimension k < m with generator matrix G = (Gi|...|G:). The
code C is a Linearized Reed-Solomon code if and only if

o C; = rowspe_,(Gi) is a k-dimensional Gabidulin code over Fih,
o Ly N Euj =0,
o I(Luy;)g+1 = 1(Luy)q+1,

for all i,j € {1,...,t} with i # j.

Complexity: polynomial in the defining parameters of C.
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Conclusion and Open questions

@ Linearized Reed-Solomon codes <— g-analogue of the rational normal curve.

@ Geometric characterization of Linearized Reed-Solomon codes with k < m.

What's next?

@ Linearized Reed-Solomon codes with kK > m.

@ Sum-rank analogues of Reed-Muller codes.
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