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Etzion-Silberstein Conjecture

• Tuvi Etzion & Natalia Silberstein (2009)

• Subspace codes ← rank-metric matrix codes restricted to Ferrers diagrams

• Conjecture: existence of such codes attaining a Singleton-like bound

• Applications: subspace codes, network coding, understanding MRD codes
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Rank metric and Ferrers diagrams

• Matrix codes in Fm×n
q : (m × n)-matrices over Fq

• Rank metric: dR(A,B) := rank(A− B)

• Ferrers diagram (Young diagram) D ⊂ N2:

If (a, b) ∈ D, then (i , j) ∈ D
for all 1 ≤ i ≤ a and 1 ≤ j ≤ b

• Ferrers diagram restricted matrices:

0 outside D, any elements. ∈ Fq inside D

0

0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

i j

1
2
...

m

1 2 · · · n
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Singleton-like bound and conjecture

Finite Ferrers diagram D
Linear matrix code /Fq restricted to D, with min. rank distance d , dimension k

•
Singleton-like bound: k ≤ min{νi}d−1

i=0

νi := |D \ {first i columns and first d − 1− i rows}|

• Codes attaining bound: Maximal Ferrers Diagram (MFD) codes

•
ES-conjecture: for all (q,D, d) there exists an MFD code

(only some cases solved)

Ex.
d = 4

ν0

= 5

ν1

= 4

ν2

= 6

ν3

= 7 → min{vi} = 4
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Obtaining new MFD codes from old

Fix field size q, min. distance d
• Shortening and embedding arguments from several papers

• Consider diagrams D and D′ = D ∪ {p}

• Case 1: min{νi(D′)} = min{νi(D)}

→ can embed an MFD code for D into D′
→ conjecture for D′ reduces to D

• Case 2: min{νi(D′)} = min{νi(D)}+ 1

→ can shorten an MFD code for D′ on {p}
→ conjecture for D reduces to D′

Ex. d = 3

min{νi} = 4

min{νi} = 3

min{νi} = 3

D1 −→ D2

“D2 reducible to D1” ⇔ MFD code for D1 becomes MFD code for D2 by shortening or embedding
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Method

• Irreducible diagram: not reducible to any other diagram

• MFD codes for irreducible diagrams yield MFD codes for all

Given q, d : existence MFD codes for all irreducible diagrams implies ES-conjecture

• New subgoal: classify/construct all irreducible diagrams

Hugo Beeloo-Sauerbier Couvée (TUM) 7



Method

• Irreducible diagram: not reducible to any other diagram

• MFD codes for irreducible diagrams yield MFD codes for all

Given q, d : existence MFD codes for all irreducible diagrams implies ES-conjecture

• New subgoal: classify/construct all irreducible diagrams

Hugo Beeloo-Sauerbier Couvée (TUM) 7



Method

• Irreducible diagram: not reducible to any other diagram

• MFD codes for irreducible diagrams yield MFD codes for all

Given q, d : existence MFD codes for all irreducible diagrams implies ES-conjecture

• New subgoal: classify/construct all irreducible diagrams

Hugo Beeloo-Sauerbier Couvée (TUM) 7



Method

• Irreducible diagram: not reducible to any other diagram

• MFD codes for irreducible diagrams yield MFD codes for all

Given q, d : existence MFD codes for all irreducible diagrams implies ES-conjecture

• New subgoal: classify/construct all irreducible diagrams

Hugo Beeloo-Sauerbier Couvée (TUM) 7



Method

• Irreducible diagram: not reducible to any other diagram

• MFD codes for irreducible diagrams yield MFD codes for all

Given q, d : existence MFD codes for all irreducible diagrams implies ES-conjecture

• New subgoal: classify/construct all irreducible diagrams

Hugo Beeloo-Sauerbier Couvée (TUM) 7



Young lattice: all diagrams with inclusion relation

d = 3

min{νi} = 4

min{νi} = 4min{νi} = 4 min{νi} = 4 min{νi} = 4

min{νi} = 3min{νi} = 3 min{νi} = 3

Irreducible diagram:
not reducible to anything
⇔ source in digraph

min{νi} same above
min{νi} smaller below
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Young digraph: all diagrams with reduction relation
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d = 3
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d = 4
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Main result
Fix field size q, min. distance d

Suppose Ferrers diagram D contains a × b rectangle
with a, b ≥ d − 1

Proposition (B., Neri, ’26+)
Irreducible & of this form → ν0 = νd−1 = min{νi} Y

[a × b]

X>

Theorem (B., Neri, ’26+)
D = [a × b] ∪ X> ∪ Y is irreducible iff X and Y satisfy (ci is i -th column)

• |Y | − |X | = (b − a)(d − 1);

• For all j ∈ {1, 2, . . . , d − 2}: j(b − a + d − 1− j) + ∑j
i=1 cd−i(X )− ∑j

i=1 ci(Y ) ≥ 0

Hugo Beeloo-Sauerbier Couvée (TUM) 11
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D = [a × b] ∪ X> ∪ Y is irreducible iff X and Y satisfy (ci is i -th column)

• |Y | − |X | = (b − a)(d − 1);

• For all j ∈ {1, 2, . . . , d − 2}: j(b − a + d − 1− j) + ∑j
i=1 cd−i(X )− ∑j

i=1 ci(Y ) ≥ 0
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Main result
Fix field size q, min. distance d , fix min{a, b} (≥ d − 1)

Proposition (B., Neri, ’26+)
Finitely many integer solutions to linear (in)equalities
in cj(X ) and ci(Y ).

→ Finite polytope characterizing all
pairs (X ,Y ) of irreducible diagrams
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Polytope of irreducibles

d = 3
min{a, b} = 3 D1

b − a = 0
c1(Y ) = 0
c1(X ) = 0

Solved

D2

b − a = 0
c1(Y ) = 1
c1(X ) = 1

Solved

D3

b − a = 1
c1(Y ) = 2
c1(X ) = 0
Unsolved!

D4

b − a = −1
c1(Y ) = 0
c1(X ) = 2
Unsolved!

c1(X )

c1(Y )

b − a

D4D4

D2D2

D3D3
D1D1
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(X ,Y )’s only depend on difference b − a! → arbitrarily large diagrams

... ... ... ...

Irreducible diagrams for d = 3, varying b − a
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(X ,Y )’s only depend on difference b − a! → arbitrarily large diagrams

Irreducible diagrams for d = 4, fixed b − a = 1
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ES conjecture for d = 3

you could solve it! pls

Hugo Beeloo-Sauerbier Couvée (TUM) 17



Main result 2

For fixed q, d and min{a, b}, the polytope classifying all pairs (X ,Y ) of irreducible diagrams
has exactly 3d−2 vertices, that are all integral! (9 pages to prove).
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Open: shape of polytope

For 3 ≤ d ≤ 7, polytope classifying all pairs (X ,Y ) of irreducible diagrams
has isomorphic combinatorial structure (vertices, edges, faces, etc.) as product of d − 2 triangles!

Conjecture: also for all d > 7?
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Open: counting irreducible diagrams

??
∆ = b − a

???

→ Ehrhart theory?
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Thanks for listening!

Link to (almost ready) paper
on personal website:

(On arXiv next week)
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https://sites.google.com/view/hugosauerbiercouvee/publications

