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Tuvi Etzion & Natalia Silberstein (2009)

Subspace codes < rank-metric matrix codes restricted to Ferrers diagrams

Conjecture: existence of such codes attaining a Singleton-like bound

Applications: subspace codes, network coding, understanding MRD codes
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Rank metric and Ferrers diagrams

Matrix codes in F™*": (m x n)-matrices over [F
q q

Rank metric: dg(A, B) := rank(A — B)

Ferrers diagram (Young diagram) D C N2

If (a,b) € D, then (i,j) € D
foralll1<i<aand1<;<b

Ferrers diagram restricted matrices:

0 outside D, any elements e < [F, inside D
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Singleton-like bound and conjecture

Finite Ferrers diagram D
Linear matrix code /]Fq restricted to D, with min. rank distance d, dimension k

[ Singleton-like bound: k < min{v;}¢} ]
®

v; := |D\ {first i columns and first d — 1 — i rows}|

e Codes attaining bound: Maximal Ferrers Diagram (MFD) codes

[ ES-conjecture: for all (g, D, d) there exists an MFD code ]

o (only some cases solved)
Ex. e o o :: : :
d=4 ° )
=>5 v =4 r3=7 — min{v;} =4
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Method

® Irreducible diagram: not reducible to any other diagram

® MFD codes for irreducible diagrams yield MFD codes for all

Given g, d: existence MFD codes for all irreducible diagrams implies ES-conjecture

e New subgoal: classify/construct all irreducible diagrams
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Young lattice: all diagrams with inclusion relation
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min{v;} = 4 min{v;} = 4 mm{y, =4 min{v;} =4

/ ) = \
m-in{u,-} =3 min{v;} =3 min{v;} =3
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d=3

Young digraph: all diagrams with reduction relation
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d=3

Young digraph: all diagrams with reduction relation

[ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] @
° e (o ° °
i {v;} = 4 min{v;} — 4 min{v;} = 4 min{v;} — 4
°« o o Irreducible diagram:
°« o 0 not reducible to anything
. & source in digraph

m-in{u,-} =3

Hugo Beeloo-Sauerbier Couvée (TUM)

min{v;} =
T

min{v;} =3 min{y;} =3



d=3

Young digraph: all diagrams with reduction relation

[ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] @
° e (o ° °
ng?n{u, =4 min{v;} = 4 min{y;} = 4 min{v;} =4
min{v;} same above o oo Irreducible diagram:
min{v;} smaller below o o o not reducible to anything
. & source in digraph

T

m-iln{u,-} =3 min{v;} =3 min{y;} =3
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Main result

Fix field size g, min. distance d X'
[a x b]

Suppose Ferrers diagram D contains a X b rectangle
with a,b > d —1

Proposition (B., Neri, '26+)
Irreducible & of this form — 1y = vy_1 = min{y;} Y

Theorem (B., Neri, '26+)
D =lax blUXTUY isirreducible iff X and Y satisfy (ci is i-th column)

o [Y[=IX[=(b—a)(d—-1);

e Forallje{1,2,...,d—=2}:  jlb—a+d—1—j)+_cai(X) = c(Y)>0
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Y
Theorem (B., Neri, '26+)
D =lax bl|UXTUY isirreducible iff X and Y satisfy (ci is i-th column)
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Finitely many integer solutions to linear (in)equalities
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Main result
Fix field size g, min. distance d, fix min{a, b} (> d — 1)

XT

Proposition (B., Neri, '26+) [a % b]
Finitely many integer solutions to linear (in)equalities
in ¢;(X) and ¢;(Y).

— Finite polytope characterizing all v
pairs (X, Y) of irreducible diagrams

Theorem (B., Neri, '26+)
D =lax bl|UXTUY isirreducible iff X and Y satisfy (ci is i-th column)

° Y| =Xl =(b-a)(d-1)

e Forallje{1,2,...,d=2}:  jb—a+d—1—j)+ ¢ i(X)=T1c(Y)>0
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Polytope of irreducibles

d=3
min{a, b} =3 D
b—a=0
a(Y)=0
a(X)=0
Solved
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D,
b—a=20
a(Y)=1
a(X)=1

Solved

b—a

Ds
b—a=1
a(Y)=2
a(X)=0
Unsolved!

Dy
b—a=-1
a(Y)=0
a(X)=2

Unsolved!
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(X, Y)'s only depend on difference b — a! — arbitrarily large diagrams
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(X, Y)'s only depend on difference b — a! — arbitrarily large diagrams
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(2,2,1,0) (3,2,1,1).

Irreducible diagrams for d = 4, fixed b—a =1
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ES conjecture for d = 3 TLTI

Theorem 6.6. Let I be a finite field. The following are equivalent.
(1) The Etzion-Silberstein conjecture holds for d = 3 over any Ferrers diagram D.

(2) For every n > 3 there exists an [n x (n — 1),n(n — 3),3]r MRD code C such that its
puncturing on one row is contained in an [(n —1) x (n —1), (n — 1)(n — 2), 2]g MRD code.

you could solve it! pls

Hugo Beeloo-Sauerbier Couvée (TUM) 17



Main result 2 TI_ITI

For fixed g, d and min{a, b}, the polytope classifying all pairs (X, Y) of irreducible diagrams
has exactly 3972 vertices, that are all integral! (9 pages to prove).

(T1ye ooy g2, Y1y ey Yd—2,2) € R29—3 satisfying the constraints
(.’L‘j—iﬂj+120 jE[d—3]
Yi — Yi+1 =0 jeld—3|
xj,y; > 0 j€ld—2]
{ = j ' :
jlz+d—1—4)+ Y xg0i— > y=20 jeld-2
/=0 =1
d—2 d—2 ‘ ‘
o yi— ) wi=2z(d—1)
\ 1=1 =1

Hugo Beeloo-Sauerbier Couvée (TUM) 18



Open: shape of polytope TI_ITI

For 3 < d <7, polytope classifying all pairs (X, Y) of irreducible diagrams
has isomorphic combinatorial structure (vertices, edges, faces, etc.) as product of d — 2 triangles!

Conjecture: also for all d > 77

Hugo Beeloo-Sauerbier Couvée (TUM)
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Open: counting irreducible diagrams

77

L d [ IBa(Z)] |

3 4

4 22

5 155

6 1301

7 12330

8 || 127275

Table 1: For d < 8: the number of integer points [B4(7Z)|.
A=b—a
d\AJ|-4] 3] -2]-1] 0] 1| 2 [3] 4| Total|

3 1 2 1 4
4 2 5) 8 5) 2 22
) ) 17 34 43 34 17 ) 155
6 16 | 66 | 159 | 257 | 305 | 257 | 159 | 66 | 16 || 1301

Hugo Beeloo-Sauerbier Couvée (TUM)

— Ehrhart theory?

77
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Thanks for listening!

Hugo Beeloo-Sauerbier Couvée (TUM)

Link to (almost ready) paper
on personal website:

(On arXiv next week)
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