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Let V = Fgn. Let U be a Fg-subspace of V of dimension k. Then

Ly = {(U)r,, |ueU\{0}}

is called an Fq-linear set of rank k.
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Motivation

Suppose that a linear set Ly is given as a set of points in PG(r —1,q9"), can we
reconstruct the subspace U C PG(rn — 1,q) generating Ly?

No.
» There can be more than one subspace that is generating the same linear set.
» Even the rank of the linear set is not uniquely defined.

Given linear set Ly as a set of points in PG(r — 1,q"). What is the ‘minimal’
information we need to reconstruct the subspace U C PG(rn — 1,q) generating Ly?

» This is more difficult and more interesting!



ForapointinLy = {p | U Nm, # 0} we define the weight of p as
wt(p) = dim(U Nmp) + 1.
In vector spaces, there is a vector line (u)]Fqn corresponding to p. The weight is

wt({u)z,,) = dimg, ((U)g,, N U).

3Linear sets in finite projective spaces. Discrete Math. 22, 3096—3107 (2009).



ForapointinLy = {p | U Nm, # 0} we define the weight of p as
wt(p) = dim(U Nmp) + 1.
In vector spaces, there is a vector line (u)]pqn corresponding to p. The weight is
wt({U)r,,) = dimp, ((U)r,, NU).

Proposition (O. Polverino)®

Let L be a linear set of rank k in PG(r — 1,g"). Let N; denote the number of points in
L of weight i. Then the following relations hold:

LI<qg "+ . +q+1;
IL| =Ny + ...+ Np;

Ni+(@+DNo+ ... +(@" " +...+g+DNa =g "+ ... +qg+1.

3Linear sets in finite projective spaces. Discrete Math. 22, 3096—3107 (2009).



Example
LetV = ]Fg4 and define Fq-subspaces Uy = ng and Uy = {(x,y) | x € Fe,y € Fq}.
Then

> diqu(U-]) = 4, diqu(Uz) = 3,

» Ly, = Ly, is projectively equivalent to PG(1, g%) in PG(1,q%).



Example
LetV = ]Fg4 and define Fq-subspaces Uy = ng and Uy = {(x,y) | x € Fe,y € Fq}.
Then

> diqu(U-]) = 4, diqu(Uz) = 3,

» Ly, = Ly, is projectively equivalent to PG(1, g%) in PG(1,q%).

Example
LetV = ]Ff73 and let W be a 2-dim Fq-subspace of Fgs. Define Uy = W x W and
Us = {(x,y) | X € Fgs,y € Fq}. Then

» dimp,(U7) = 4 = dimg, (U>),

> Ly, = Ly, is projectively equivalent to PG(1,g®) embedded in PG(1, g®).
Note that all points in Ly, have weight at most 2 and in Ly, the point (0,1 F s has
weight 3.



Clubs in PG(1,q")

Alinear set Ly of rank k is called a club if there is a point p € Ly of maximal weight,
i.e. wt(p) = k — 1. We will consider clubs of maximum rank k = n.

» Any other point in Ly has weight 1.
> |Lyl=¢""+1.




Clubs in PG(1,q")

Alinear set Ly of rank k is called a club if there is a point p € Ly of maximal weight,
i.e. wt(p) = k — 1. We will consider clubs of maximum rank k = n.

» Any other point in Ly has weight 1.
> |Lyl=¢""+1.

Tp T T2 7an—1 g1 Ogn_

Let Ly = {p,p1,...,Pg—1} be aclub of maximum rank n in PG(1,q"), where the
point p of highest weight and the hyperplane m, N/ are given. Then we can
reconstruct the subspace U.



Reconstruction for clubs of rank 3 in PG(1, g%)

Given the set of points of Ly = {p, p1, . .., Pq2} and the line £ = U Nimp.

WU,

Tp T T2 T3 q3 q?
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Reconstruction for clubs of rank 3 in PG(1, g%)

Given the set of points of Ly = {p, p1, . .., Pq2} and the line £ = U Nimp.

> Let W = (¢,m),thendim(W) =4andU Cc W.
> Letlp = Wnmp and define Wy = (¢, 45) .
» Thendim(W;) =3 andU C Ws. W,

PG(5,q)

P+ +q+1=(q+1)Qq+1)+(q*—q)

W, meets q spread elements =; (different

from mp) in a line and g3 — g in a point.
Tp T T2 T3 7Tq2 a1 O'qs,qz



Reconstruction for clubs of rank 3 in PG(1, g%)

Given the set of points of Ly = {p, p1, . .., Pq2} and the line £ = U Nimp.

A0 (-

Tp T T2 T3 q3 q?

> Let W = (¢,m),thendim(W) =4andU Cc W.
> Letlp = Wnmp and define Wy = (¢, 45) .
» Thendim(W;) =3 andU C Ws.

P+ +q+1=(q+1)@q+1)+(q*—q)

W, meets q spread elements =; (different
from mp) in a line and g3 — g in a point.

» WLOG w3 N Wy is a point P3. Then (¢, P3) is
the subspace U generating Ly.




Reconstruction for clubs of rank 3 in PG(1, g%)

Given the set of points of Ly = {p, p1, . .., Pq2} and the line £ = U Nimp.

> Let W = (¢,m),thendim(W) =4andU Cc W.
> Letlp = Wnmp and define Wy = (¢, 45) .
» Thendim(W;) =3 andU C Ws.

P+ +q+1=(q+1)Qq+1)+(q*—q)

W, meets q spread elements =; (different
from mp) in a line and g3 — g in a point.

» WLOG w3 N Wy is a point P3. Then (¢, P3) is
the subspace U generating Ly.

For any line in m, there exists a subspace U generating the same linear set.

Tp T T2 T3 7Tq2 g1 O'qs,qz



Scattered linear sets in PG(1,q")

Alinear set Ly is called scattered if any point in Ly has weight 1. We consider
scattered linear sets of maximum rank n.

> Lyl=q¢" " +q" 2 +...+qg+1

™ T2 T3 Ly o1 Oqn+1—|Ly|

Let Ly = {p,p1,-..,P, } be a scattered linear set of maximum rank n in PG(1,q").
Suppose that an (n — 2)-dimensional subspace Z C U is given. Then we can
reconstruct the subspace U.

10



Reconstruction for scattered linear sets of rank 3 in PG(1, g%)

Given the set of points of a scattered linear set Ly = {p,...,p, } andaline £ C U.

m™ M T3 Tq2 Tg2y1 WLyl O1

> WLOG ¢nm=0forall1<i<qg?




Reconstruction for scattered linear sets of rank 3 in PG(1, g%)

Given the set of points of a scattered linear set Ly = {p1,...,p,} and aline £ C U.

> WLOG /N = forall1<i<qg? PG(5,q)
> Let W= (¢, m),thendim(W) =4andUd Cc W.

Tg2 Tg241  TLy| 91




Reconstruction for scattered linear sets of rank 3 in PG(1, g%)

Given the set of points of a scattered linear set Ly = {p1,...,p,} and aline £ C U.

> WLOG ¢nm=0forall1<i<qg? PG(5,q)

> Let W = (¢,m),thendim(W) =4andU Cc W. W,

> Letlp = Wnmy and define Wy = (¢, 45) .

» Then dim(Wz) =3andU C W,.
W, meets q + 1 spread elements in a line and
g® — ginapoint.

m™ M T3 Tq2 Tg2y1 WLyl O1



Reconstruction for scattered linear sets of rank 3 in PG(1, g%)

Given the set of points of a scattered linear set Ly = {p,...,p, } andaline £ C U.

WLOG ¢ N = (forall1<i<q?

Let W = (¢, m), thendim(W) =4and U/ C W.
Let /o = W Ny and define Wy = (¢, 45) .
Then dlm(Wz) =3andU C W,.

W, meets q + 1 spread elements in a line and
g® — ginapoint.

» WLOG w3 N Wy is a point P3. Then (¢, P3) is
the subspace U generating Ly.

vvyyypy

m™ M T3 Tq2 Tg2y1 WLyl O1




Remarks

Let L be a scattered linear set in PG(1,¢%). Let N, = {m, .. .m} be the set of
spread elements in PG(5, q) corresponding to the points of L.

Proposition (G. Van de Voorde, M. Lavrauw)*

Through two points of a scattered linear set L of rank 3 in PG(1, g%), there are
exactly 2 sublines intersecting all elements of ;.

40n linear sets on a projective line. Designs, Codes and Cryptography 56, 89-104 (2010).
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Remarks

Let L be a scattered linear set in PG(1,¢%). Let N, = {m, .. .m} be the set of
spread elements in PG(5, q) corresponding to the points of L.

Proposition (G. Van de Voorde, M. Lavrauw)*

Through two points of a scattered linear set L of rank 3 in PG(1, g%), there are
exactly 2 sublines intersecting all elements of ;.

Hence, for any point P € U, we can construct two different subspaces generating
the scattered linear set.

m™ T2 T3 TLy| o1 T8 4+1—|Ly|

40n linear sets on a projective line. Designs, Codes and Cryptography 56, 89-104 (2010).
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Linear sets of complementary weight in PG(1,q")

A linear set Ly of maximum rank n in PG(1, ") is of complementary weight if there
are two points p, g € L such that wt(p) + wt(q) = n.

SLinear sets on the projective line with complementary weights. Discrete Mathematics 345 (2022). 13



Linear sets of complementary weight in PG(1,q")

A linear set Ly of maximum rank n in PG(1, ") is of complementary weight if there
are two points p, g € L such that wt(p) + wt(q) = n.

Proposition (V. Napolitano, O. Polverino, P. Santonastaso, F. Zullo) °

Let L be a Fg-linear set of maximum rank n in PG(1, g") for which there exist a point
of weight one and two distinct points p, g € L such that wt(p) = s,wt(q) = tand
s+ t=n. Then

qn—1 +1 < |L| < qn—1 +. .. +qmax{s,t} . qmin{s,t}—1 _ q+1

Note that if |L| = g"~" + 1, then L is a club. Hence, we assume |L| > ¢"~ 1 + 1.

®Linear sets on the projective line with complementary weights. Discrete Mathematics 345 (2022).

13



Reconstruction for linear sets of complementary weight in PG(1, g*)

Let L be a linear set of PG(1, g*) of rank 4 such that there are two distinct points
p,q € L such that wt(p) + wt(q) = 4.

» |f there is a point of weight 3, then L is a club.

» Assume that wt(p) = wt(q) = 2.

14



Reconstruction for linear sets of complementary weight in PG(1, g*)

Let L be a linear set of PG(1, g*) of rank 4 such that there are two distinct points
p,q € L such that wt(p) + wt(q) = 4.

» |f there is a point of weight 3, then L is a club.

» Assume that wt(p) = wt(q) = 2.

Casel: drelLy\{p,q} st wt(r)=2.
Given the line £ = U Nmp, we can reconstruct the e
subspace U generating Ly.

Tp Tgq Tr T4 T|Ly|
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Reconstruction for linear sets of complementary weight in PG(1, g*)

Let L be a linear set of PG(1, g*) of rank 4 such that there are two distinct points
p,q € L such that wt(p) + wt(q) = 4.

» |f there is a point of weight 3, then L is a club.

» Assume that wt(p) = wt(q) = 2.

Casel: drelLy\{p,q} st wt(r)=2.
Given the line £ = U Nmp, we can reconstruct the
subspace U generating Ly.

» Define W = <€p,7Tq>. 7Tp T % L,
» Thendim(W)=5andi/ Cc W.
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Reconstruction for linear sets of complementary weight in PG(1, g*)

Let L be a linear set of PG(1, g*) of rank 4 such that there are two distinct points
p,q € L such that wt(p) + wt(q) = 4.

» |f there is a point of weight 3, then L is a club.
» Assume that wt(p) = wt(q) = 2.

Casel: drelLy\{p,q} st wt(r)=2.
Given the line £ = U Nmp, we can reconstruct the

subspace U generating Ly.
» Define W = (¢p, mq).
» Thendim(W)=5andi/ Cc W.
» WnNm = ¢ =UnNm, SoU is given by (€p, 4r).

14



Reconstruction for linear sets of complementary weight in PG(1, g*)

Let L be a linear set of PG(1,g%) of rank 4 and let p,q € L s.t. wt(p) = wt(q) = 2.

Case 2. InLy \ {p,q} any point has has weight 1.
Given £p = U Nmp and P € U \mp, we can reconstruct the subspace U generating Ly.
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Reconstruction for linear sets of complementary weight in PG(1, g*)

Let L be a linear set of PG(1,g%) of rank 4 and let p,q € L s.t. wt(p) = wt(q) = 2.

Case 2. InLy \ {p,q} any point has has weight 1.

Given £p = U Nmp and P € U \mp, we can reconstruct the subspace U generating Ly.

LA

Tp T3 T4 Tg3_q T TLy|
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Reconstruction for linear sets of complementary weight in PG(1, g*)
Let L be a linear set of PG(1,g%) of rank 4 and let p,q € L s.t. wt(p) = wt(q) = 2.

Case 2. InLy \ {p,q} any point has has weight 1.
Given £p = U Nmp and P € U \mp, we can reconstruct the subspace U generating Ly.

WG

T T3 T4 i Ly

> dim(W) =2, W C U

'y
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Reconstruction for linear sets of complementary weight in PG(1, g*)

Let L be a linear set of PG(1,g%) of rank 4 and let p, g € L s.t. wt(p) = wt(q) = 2.

Case 2. InLy \ {p,q} any point has has weight 1.
Given £p = U Nmp and P € U \mp, we can reconstruct the subspace U generating Ly.

PG(7,
7.9, dim(W) =2,W C U

T A A > Ty = (W, m)
>L{CT1
T |

Ty T3 T4 Tg@3_q Tq Tp T Ly
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Reconstruction for linear sets of complementary weight in PG(1, g*)

Let L be a linear set of PG(1,g%) of rank 4 and let p,q € L s.t. wt(p) = wt(q) = 2.

Case 2. InLy \ {p,q} any point has has weight 1.
Given £p = U Nmp and P € U \mp, we can reconstruct the subspace U generating Ly.

PG(7,q)
> dim(W)=2,W C U
ANEYAWAWAN A\ > T = (W,m)
> UCT1
] 0
VARV V%

T T2 M3 T4 Tg3_q Tq Tp T T|Lyl
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Reconstruction for linear sets of complementary weight in PG(1, g*)

Let L be a linear set of PG(1,g%) of rank 4 and let p,q € L s.t. wt(p) = wt(q) = 2.

Case 2. InLy \ {p,q} any point has has weight 1.
Given £p = U Nmp and P € U \mp, we can reconstruct the subspace U generating Ly.
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Reconstruction for linear sets of complementary weight in PG(1, g*)

Let L be a linear set of PG(1,g%) of rank 4 and let p, g € L s.t. wt(p) = wt(q) = 2.

Case 2. InLy \ {p,q} any point has has weight 1.
Given £p = U Nmp and P € U \mp, we can reconstruct the subspace U generating Ly.

> dim(W) =2, W C U
u ‘ ‘ ‘ > T1 = <W,7I"|>
> U CTq
C g
» Tinm=Q
‘ \Vanv, ;T Tk
m™ T T3 Ta T@_q Tq Tp T Lyl > U =(W,Q)
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Future work

Questions

» Given U. Can we construct the other subspaces U’ such that Ly = Ly/?
Can we do this for other/more general types of linear sets?
Can we also find a construction for linear sets of rank k < n?

>
>
» What can we say about the complexity?
>



Future work

Questions

» Given U. Can we construct the other subspaces U’ such that Ly = Ly/?
Can we do this for other/more general types of linear sets?
Can we also find a construction for linear sets of rank k < n?

>
>
» What can we say about the complexity?
>

Thank you for listening!
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