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Idea: obtain information on codewords, using only part of the information.

In Hamming metric: using a few coordinates of the codeword.

Probabilistic ———  Probabilistic - ——— Deterministic
Locally decodable code: Locally testable code: Locally recoverable code:
0l11 0101010111 '0110'101'01'0'\}11 01121/01010[1/11
recover deCid? ifthe recover a
the wordis a coordinate
message codeword
10011 not a codeword 0111001010110

And in Rank metric ? in [Kad+16] and [BDM24]: they use coordinates as in Hamming metric.
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Queries in Hamming metric

A query on v € Fg: one coordinate v; of v.

Hamming weight 1

A query on v € Fg: computation of a scalar product between v and a vector of Hamming weight one.
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Queries in rank metric

A Hamming query on v € Fg: computation of a scalar product between v and a vector of Hamming
weight one.

A rank query on v € Fgm: computation of a scalar product between v and a vector of rank weight one.

A rank query on v is an element of the support of v:

v EFgm, w e Fgm with wg(w) = 1.
Since wr(w) =1, w = A(wi, ..., w,), with XA € Fym and (wi,...,w,) € Fg\ {0}

(v,w) = A(viws 4 - - - + vaw,) € X - supp(v).
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Link with puncturing

v e Fgm.

Hamming puncturing

I C [n]. The Hamming punctured vector of v on [ is the vector v\, = (V;)jefn\i-

A set of s Hamming queries vj , ..., v;

, on v < the Hamming puncturing of v on [n]\/, with
I ={h,...,is}.
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[e]ele] lo]

Link with puncturing

v e Fgm.

Hamming puncturing

I C [n]. The Hamming punctured vector of v on [ is the vector v\, = (V;)jefn\i-

A set of s Hamming queries vj , ..., v;

, on v < the Hamming puncturing of v on [n]\/, with
I ={h,...,is}.

Rank puncturing [Ner19]

A € GL,(Fy), I C [n]. The rank punctured vector of v with respect to A and / is the vector (VA)\;-

A set of s rank queries g1, ..., gs obtained from s linearly independent vectors of rank weigth one
Wi, ..., Ws on v < the rank puncturing of v with respect to a set / of size n — s and a matrix
A € GL,(F,) :

(v, wa), ... (v, we)) = v - (W1| o \Ws\(*))
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Hamming metric vs rank metric

y € Fgm
Hamming metric Rank metric
support of y {i €[n], yi # 0} <Y1, - Yo >F,
nature of the support of y a set of indices a vector subspace of Fgm
a query on y a coordinate y; of y an element of the support of y
part of information of y part of the coordinates of y elements of the support of y

\ J
Y

v=(@1,1,1,0,1,@1,@1) v= (a?a?+ a,3a% + 2a,4a? + 1,2,2,0,a? + 1)

span supp(v)
|
‘ using d coordinates ‘ using sy, ..., Sq € supp(v)
Obtain information Obtain information
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Application to local testability and local recoverability
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Scalar product and queries, Hamming version

x € Fg with wy(x) =s, v € Fg.

We can compute (x, v) with s Hamming queries on v: )

I 0..0%,0..0x0..0 JX| V|= x; (e, vy + -+ x; (e(ls) v)
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Scalar product and queries, Hamming version

x € Fg with wy(x) =s, v € Fg.

We can compute (x, v) with s Hamming queries on v: )

I 0..0%,0..0%,0..0 xIx, (e, v) + -+ x; (els),v)

C a code such that x € C*.
@ Local testability: to decide if v € Fy belongs to C with s Hamming queries on v:

o Compute (x, v)
o If (x,v) =0, accept v. Otherwise, reject v.
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Application to local testability and local recoverability
[e] lelele)

Scalar product and queries, Hamming version

x € Fg with wy(x) =s, v € Fg.

We can compute (x, v) with s Hamming queries on v: )

I 0..0%,0..0%,0..0 xIx, (e, v) + -+ x; (els),v)

C a code such that x € C*.
@ Local testability: to decide if v € Fy belongs to C with s Hamming queries on v:
o Compute (x, v)
o If (x,v) =0, accept v. Otherwise, reject v.

@ Local recoverability: Vi € supp(x) = {i,...,Is}, Vc € C:

-1
G =X § Xj€j-

je€supp(x)\{i}
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Scalar product and queries, rank version
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Application to local testability and local recoverability
[e]e] TeJe)

Scalar product and queries, rank version

x € Fgm with wg(x) =5, v € Fgm.

We can compute (x, v) with s rank queries on v: J
Since wgr(x) = s, we can write x = (x1,1010 + -+ + X1,5Qs, . . ., X101 + + - - + Xn,ss), With x; j € Fgq, and
ai,...,0s € Fgm linearly independent over FFy.

X1,1 N Xn,1

s

This means that Mat(x)(a,,....as} =

Xl.s Xn.,s

B ’
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Application to local testability and local recoverability
[e]e] TeJe)

Scalar product and queries, rank version

x € Fgm with wg(x) =5, v € Fgm.

We can compute (x, v) with s rank queries on v: J
Since wgr(x) = s, we can write x = (x1,1010 + -+ + X1,5Qs, . . ., X101 + + - - + Xn,ss), With x; j € Fgq, and
ai,...,0s € Fgm linearly independent over FFy.

X1,1 N Xn,1

This means that Mat(x)(a,,....as} =

X1,s . Xn,s
We have
(X, vy = a1 ((x1,1,- -y Xn1), V) + -+ as (Xt,sy - - -y Xnys)s V)
—_————— —_————
one rank query on v one rank query on v
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Application to local testability and local recoverability
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Application to local testability and local recoverability

x € Fgm with wg(x) =s.
C code such that x € C*.
@ Local testability: to decide if v € Fgm belongs to C with s rank queries on v:

o Compute (x, v)
o If (x,v) =0, accept v. Otherwise, reject v.

(current work with Olivier Ruatta, Hugo Sauerbier Couvée, Antonia Wachter-Zeh and llaria Zappatore.)
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Application to local testability and local recoverability

x € Fgm with wg(x) =s.
C code such that x € C*.
@ Local testability: to decide if v € Fgm belongs to C with s rank queries on v:
o Compute (x, v)
o If (x,v) =0, accept v. Otherwise, reject v.

(current work with Olivier Ruatta, Hugo Sauerbier Couvée, Antonia Wachter-Zeh and llaria Zappatore.)

@ Local recoverability:
For every ¢ € C, every element of the support of ¢ can be computed with s — 1 other elements
(not necessarily distinct) of the support of c.
For every w € F?, there exists a1, .. .,as € Fqn linearly independent over Fy and (xi;) € Fg*C~Y
such that for every ¢ € C,

s—1

(eow) = —a; (3 a4l xmg)s€))-

=L

(current work with Julien Lavauzelle and llaria Zappatore.)
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Application to local testability and local recoverability
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Conclusion

@ Extension of the notion of query to the rank metric using the notion of scalar product.

This definition fits with the notion of rank puncturing.

I

“Part of information” becomes

elements of the support”.

In progress, with this notion of query:

o Local testability
o Local recoverability.
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Conclusion

@ Extension of the notion of query to the rank metric using the notion of scalar product.

This definition fits with the notion of rank puncturing.

I

“Part of information” becomes

elements of the support”.

In progress, with this notion of query:

o Local testability
o Local recoverability.

Future work:
@ Local decodability in rank metric with this notion of query.
@ Extension to the sum-rank metric.

@ Queries for matricial codes?

Thank you for your attention !
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