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Disclaimer

Please Note: ]

For clarity of presentation:

® Boundary cases are omitted.

® Some results are given in
shortened form.

Thanks for understanding!
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@ Reed-Solomon codes (Hamming metric)

© Gabidulin codes (rank metric)

@ Linearized Reed-Solomon codes (sum-rank metric)
@ Skew Reed-Solomon codes (skew metric)

@ Connections between them

@ Open questions



Reed-Solomon codes (Hamming metric)

Hamming distance:
d(u,v) = [{i | u; # vi}|

Definition
Let ai,...,a, € Fy be distinct. Then

RS[(ar, ... an)ik;nlg == {(f(ar), ..., f(an)) | f(z) € Fy[z], deg(f) < k}

is called a Reed-Solomon code.

RS-codes have minimum Hamming distance n — k + 1 and are MDS.
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GRS and dual codes

o (Linear) isometries = [F-monomial matrices

e A generalized RS-code is an RS-code with column multipliers
w e Fp.
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GRS and dual codes

o (Linear) isometries = [F-monomial matrices

e A generalized RS-code is an RS-code with column multipliers
w e Fp.

Theorem
@ The dual of RS[a; k,n], is GRS[a, w;n — k,n], with

i#]
@ The dual of GRS[a, v; k,n], is GRS[a, w;n — k,n], with

Ww; ‘= (’l)i H(az — aj))_l.

i#]
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The Schur product

Evaluation is multiplicative (ring homomorphism):

[v- fla)][w - g(a)] = vw(fg)(a)
Theorem

GRSla, v; k1,n], * GRS[a, w; k2, n]; = GRS[a, v x w; k1 + k2 — 1,1,
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© Gabidulin codes (rank metric)



Gabidulin codes (rank metric)

Rank distance:
dr(u,v) :=r1ky(u—v)

Linearized polynomial ring:

s—1
Lom|x] := {Z fix? | fi € qu} , fog(z):= flg(x))

i=0
Definition

Let ai,...,a, € Fgm be Fy-linearly independent. Then

Gabla; k,n]gm :={(f(ar), ..., f(an)) | f(x) € Lom[z], deg(f) <k}

is called a Gabidulin code.

Gabidulin codes have minimum rank distance n — k + 1 and are MRD.
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Generalized Gabidulin and dual codes

o (Linear) isometries = GL,,(IF,)

@ Gabidulin codes are closed under linear isometries
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The dual of Gabla; k,n]gm is Gab[b;n — k,n]gm, where b is trace-dual
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Generalized Gabidulin and dual codes

o (Linear) isometries = GL,,(IF,)
@ Gabidulin codes are closed under linear isometries
Theorem

The dual of Gabla; k,n]gm is Gab[b;n — k,n]gm, where b is trace-dual
to a.

e A generalized Gabidulin-code is a Gabidulin code with
q°-linearized polynomials.

o Its dual is again a generalized Gabidulin code.
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The Frobenius intersection /sum

Twisted ring homomorphism:

fla)? = £ at)
Theorem

Gabla; k1, n]ym N Gabla; kg, 'n]c(ﬁ,)L = Gab[a@; min(k; — 1, k2), n]gm
<~

Gabla; k1, n]gn + Gabla; k, n]fl‘,%Z = Gabla; max (ks + 1, k1), ngm
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@ Linearized Reed-Solomon codes (sum-rank metric)



Linearized Reed-Solomon codes (sum-rank metric)
Sum-rank distance: dsp(u,v) := Y1 rky(u; — v;)

Skew polynomial ring: Fym[z; 0] := {Zf;& fixt| fi € qu}

qi571

5-1
afi = 0(fi)x,  f(b)a:=_ fif'(b)a
=0

Definition
Let 8 = 27" be a field automorphism and ay, ..., ay € Fgm be from
pairwise distinct f-conjugacy classes. Moreover, let b = (by,...,by,)

have full sum-rank weight. Then

LRS[a, b; k, n)fm = {(f(b1)ar,-- -, f(bn)ay) | £ € Fymx;0],deg(f) < k}

is called a linearized Reed-Solomon code.

v

LRS-codes have minimum sum-rank distance nn — k+ 1 and are MSRD.
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GLRS and dual codes

o (Linear) isometries = Fym-block monomial matrices with GL, (FF,)-
blocks

e A generalized LRS-code is an LRS-code with block multipliers
w e ..
q
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GLRS and dual codes

o (Linear) isometries = Fym-block monomial matrices with GL, (FF,)-
blocks
e A generalized LRS-code is an LRS-code with block multipliers
w e .
q

Theorem
@ The dual of LRS[a, b; k,n]gm is a generalized linearized Goppa
code.
Q If the trace-dual b’ of b has full sum-rank weight, then the dual of
LRS[a, b; k, )% is LRS[9(a) ", b1 — k, 1) .
@ In general, the dual of GLRS[a, v; k,n], contains the respective
GLRS-Code, but is not necessarily equal. )
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@ Skew Reed-Solomon codes (skew metric)



Skew Reed-Solomon codes (skew metric)

Skew distance:
dg’o‘(u, v) :=deg(lclmj—y, _n {2z — 0(u; — v;)ei(u; —v;) ™ | v; # 0})

Skew polynomial ring: Fym[z; 0] := {Ef;& fixt| fi € Iqu}

6—1 is_,
.I'fz - a(fz)fﬂ, f[a] = Zflb -1
=0

Definition
Let ai,...,a, € Fym be Py-linearly independent (i.e., full skew weight).

SRS[a;kan]ZW = {(f[al]v c 7f[an]) | f € qu[$;9]7deg(f) < k;}

is called a skew Reed-Solomon code.

SRS-codes have minimum skew distance n — k + 1 and are MSD.
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Dual codes and ring homomorphisms

. analog to the linearized case ...
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@ Connections between them



From linearized to skew — and back

Theorem (From GLRS to GSRS codes)

GLRS|a, b, w; k, n]%. = GSRS[ys(b,a),w % a; k,n]%x
q q

Theorem (From GSRS to GLRS codes)
Let a,b € Fp such that w(a) = vp(b,a). Then,

GSRS[r(a), w; k, n]%» = GLRS[a,b,w b~ k,n]f.
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GRS and Gabidulin codes as GSRS/GSRS codes

Theorem (GRS as GSRS/GLRS codes)

GRS[b, w; k,n];m = GSRS[b, w; £, n];‘?n = GLRS|[1,b, w; k, n]:ﬁn

Theorem (Gabidulin as GSRS/GLRS codes)

Let o(x) = z? denote the Frobenius map. Then

Gab|b; k,n]gn = GSRS[b? ™", b; k,n]7n = GLRS[b, (1), 1; k,1]Jm.
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@ Open questions



Open questions

e What about the duals of GLRS/GSRS codes?

» Is there another type of duality, s.t. dual of GLRS is always GLRS?
> Are there other parameters under which the dual of GLRS is GLRS?
» If not, what is special about the cases where duality does not hold?
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Open questions

What about the duals of GLRS/GSRS codes?

» Is there another type of duality, s.t. dual of GLRS is always GLRS?
» Are there other parameters under which the dual of GLRS is GLRS?
» If not, what is special about the cases where duality does not hold?

o Is there an operator on LRS codes that collapses to Schur product
and Frobenius intersection in the special cases?

o Can we use these results for a characterization and classification of
GSRS/GLRS codes?

What is the impact on cryptographic applications?
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