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Sum-rank metric and the size of a sum-rank-metric code



SUM-RANK METRIC

The sum-rank-metric space is
ny Xma . Ng X Mg
F, X x F,

with sum-rank distance between X := (X, ..., X;) and
Y =(Y,...,Y:):

t
srkd(X,Y) = > rk(Xi — Y)).
i=1

o t = the number of matrices in the tuple;
on=|ny,...,n] and m=[my,..., m] are sizes of the matrices;
e g = the size of the field.
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MAXIMAL SIZE OF A SUM-RANK-METRIC CODE

A sum-rank-metric code C with minimum distance d is a
subset of a sum-rank-metric space such that:

min srkd(X,Y) = d.
X,YeC

NB! The code is non-linear in general.

Question: What is the maximal size of a
sum-rank-metric code with minimum distance d?
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BOUNDS FOR SUM-RANK-METRIC CODES

Many upper bounds on the code size are known:

o Byrne, Gluesing-Luerssen, Ravagnani, 2021: classical
coding arguments (Singleton, Gilbert-Varshamov,
sphere-packing bounds, etc.)

o Abiad, K, Ravagnani, 2024: a spectral-graph-theoretical
bound on the independence number.

o Ott, Puchinger, Bossert, 2021; Abiad, Reijnders, Tait,
2025+ simplifications/improvements on GV and SP bounds.

o Abiad, Gavrilyuk, K, Ponomarenko, 2025: Delsarte's LP
approach in sum-rank metric.
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OUTLINE

@ SUM-RANK-METRIC GRAPH
© DELSARTE’S LP APPROACH

e CONSTRUCTING A SUM-RANK-METRIC SCHEME



Sum-rank-metric graph



SUM-RANK-METRIC GRAPH

Sum-rank-metric graph I :=T(n.m,F,), n=[ny,..., n],
m=[mq,...,my], with m; > n; and my > --- > m:

o vertices of [ = elements of the metric space
(t-tuples of matrices from Fg*™);

o edge if the distance is exactly 1:
for X := (X1,..., Xy) and Y := (Yq,..., Yy),
t
srkd(X,Y) = > rk(Xi — Y;) = 1.

i=1
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SUM-RANK-METRIC GRAPH, t =1

(c9)
, 01 Sum-rank-metric graph
“\452\%5‘\ (1) [:=T1(2,2,F,): =

V(I') = matrices 2 x 2 over F,.

A~ Bif rk(A— B) =1.

NSRRI
Vr,'?o‘ ‘ V’\\'

N ((1) (1)) If t =1 itis also a bilinear forms

((1) 1) graph.

(Byrne, Gluesing-Luerssen, Ravagnani, 2022)

Geodesic distance between A and B in ' = sum-rank distance srkd(A, B). o



SUM-RANK-METRIC GRAPH, t > 2

Sum-rank-metric graph I :='([2,1], [2, 1], F»):
e vertices: (A1, A), Ay is size 2 x 2 over IF,, Ay € {0,1};
o edges: (Al,AQ) ~ (Bl, 82) if rk(A1 — Bl) + rk(A2 — Bg) =1.
00
11(()})}, 0) (00’ 0) 2, OU)U ‘ (H 1) (gg 1) (grl) 10)0
7 \10" ") 10! (10’1

1 00
( 0) (110 11 00
0r 11
) (5 (03 1)

11 0 01
00’ 3 01 1
00 00’

10 )
, 0 , 0 10 01
(“10 ol (13 1) (581)
(10’0 ro0) (10 .\ 01
(00) 10 (”1\0>v - 0y 01 0!
1’ 11 0
0 (00’0) (01’1 (ég 1) (11’1

= a Cartesian product of the first graph '(2,2,F,) and I'(1,1,TF) = K>.
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SUM-RANK-METRIC GRAPH AS A CARTESIAN PRODUCT

Letn=1[ny,....n], m=[my,... . my.

(Abiad, K, Ravagnani, 2024) The sum-rank-metric graph
[(n,m,F,) is the Cartesian product of bilinear forms graphs
F(ni,mi,Fy) fori=1,...,t.

The graph '(n;, m;,F,) is a bilinear forms graph for i =1,...t,
which are very well understood. Many properties of '(n,m,F,) can
be derived through the Cartesian product connection.
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Delsarte’s LP approach



LITERATURE OVERVIEW

The Delsarte's LP bound is an efficient tool that has been used to
estimate the maximal size of the code in multiple metrics:

o Hamming codes (Delsarte, 1973);

o rank-metric codes (Delsarte, 1978);

o bilinear alternating forms (Delsarte, Goethals, 1975);
o Lee codes (Astola, 1982);

o permutation codes (Dukes, lhringer, Lindzey, 2020);

e sum-rank-metric codes?

12 /30



ASSOCIATION SCHEMES

A = (X,R) is a symmetric association scheme on set X with

relations R = {Ry, ..., Ry} that form a partition of X x X such

that:

(1) Ry consists of all (x,x) for x € X.

(2) (x,y) € R; means (y,x) € R; for any R;, x,y.

(3) If (x,y) € Rk, then the number of z such that (x,z) € R; and
(v,z) € R; is a constant pfij that does not depend on the choice
of x,y.
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ASSOCIATION SCHEMES

(1) Ry consists of all (x, x) for
x € X.
= Ry is the ‘diagonal’ reflexive
relation. X <
(2) (x,y) € Ri & (y,x) € R; for any
Ri,x,y.
= R;'s are symmetric.
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ASSOCIATION SCHEMES

For points x, y,z €X:

(3) If (x,y) € Ry, then the number of z such that (x,z) € R; and
(v,z) € R; does not depend on the choice of x, .

pf‘J points for any x, y

The p,kd- are intersection numbers of the scheme.
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ASSOCIATION SCHEMES

For vertices x, y,z € V(G):

(3) If dg(x,y) = k, then the number of z such that dg(x,z) =/
and dg(y, z) = j does not depend on the choice of x, y.

pffj vertices for any x, y

If (3) holds, the graph G is called distance-regular.
The pf; are intersection numbers of the graph.
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ASSOCIATION SCHEME OF A DISTANCE-REGULAR GRAPH

If G is a distance-regular graph, then (V(G), R) is a symmetric
association scheme if we define relations by:

(Xv.y) €k < dG(Xa)/) =i

A well-known example of distance-regular graphs are Hamming
graphs.
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EXAMPLE: HAMMING SCHEME

Vertices at distance O:

110 111 000 001 010 011 100 101 110 111
100 000 R,
101 001 Ro
010 Ro
011 Ro
100 Ro
010 011 101 Ro
110 Ro
111 Ro

000 001
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EXAMPLE: HAMMING SCHEME

Vertices at distance 1:

110 111 000 001 010 011 100 101 110 111
100 000 RQ Ry Rq Ry
101 001 R, Re R, Ri

010 R, R, R R,
011 R. R Ro R,
100 R, Re R, R:

010 011 101 R Ri  Ro R1
110 Ry R, Ry R,

000 001 111 Ry Ri Ri Ro
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EXAMPLE: HAMMING SCHEME

Vertices at distance 2:

000 Ry Ri R R R Ry Ro

001 Ri Ry R Ri Ro Ri R>
010 R, R, Ry Ry R, Ri R,
011 R Rq Rq RO R> R> Rq
100 R Ro R» Ro Ri Ri R
101 R> R1 R Rl Ro Ry R1
110 R» Ri R Ri Ry Ro Ri
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EXAMPLE: HAMMING SCHEME

Vertices at distance 3:
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BILINEAR FORMS SCHEMES

Bilinear forms graphs are distance-regular.

11 00 00
A G e,
10/ APREEEN VO
| lati f (35 iy «u‘ 3 ;"_,.\ @)(1))
A symmetric association scheme defined FELINX XIS
e . /“gl. Pl “",“'.’A
on a bilinear forms graph is called a (32 VRN TREN (°0)

o

YA RY
apge /"sl!ﬂ:‘(ll ".&(/
bilinear forms scheme. o J
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DELSARTE’S LP BOUND

Let A= (X; Ry, ..., R,) be an association scheme, and let A C X. We define

AxXA)NR;
the distribution vector a of A with entries a; = ( X|A|) i '|, i=0,...,n.
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DELSARTE’S LP BOUND

Let A= (X; Ry, ..., R,) be an association scheme, and let A C X. We define

AxXA)NR;
the distribution vector a of A with entries a; = ( X|A|) i '|, i=0,...,n.

(Delsarte, 1973) For the second eigenmatrix @ of A, we have aQ > 0 for
any A.

In bilinear forms schemes, the j-th column of @ consists of the eigenvalues of the
adjacency matrix of R; (known closed expressions in g, n, m).
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DELSARTE’S LP BOUND

Let A= (X; Ry, ..., R,) be an association scheme, and let A C X. We define

AxXA)NR;
the distribution vector a of A with entries a; = ( X|A|) i '|, i=0,...,n.

(Delsarte, 1973) For the second eigenmatrix @ of A, we have aQ > 0 for
any A.

In bilinear forms schemes, the j-th column of @ consists of the eigenvalues of the
adjacency matrix of R; (known closed expressions in g, n, m).
= Delsarte’s LP bound on the size of a code with minimum distance d:

maximize Y ., ai(= |A])
subject to aQ > 0,

a>0,
30:1,
a; =0, 0<i<d.
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DELSARTE’S LP BOUND FOR DRG

Delsarte’s LP bound, 1973:

maximize Y . o ai(=|A[)
subject to aQ >0,

a>0,
30:1,
a; =0, 0<i<d.

When an association scheme is defined, one can use Delsarte’s LP to upper
bound the size of the code with given minimum distance.

Distance-regular Association scheme Delsarte's LP
graph (distance relations) bound

Is sum-rank-metric graph distance-regular?
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SUM-RANK-METRIC SCHEMES?

Is sum-rank-metric graph distance-regular?

(Abiad, K, Ravagnani, 2024) A sum-rank-graph is not distance-regular in
general.

1 The main challenge in applying Delsarte's approach in sum-rank!
But can we still apply Delsarte’s LP bound?

Sum-rank-metric Association scheme Delsarte's LP
graph (not DRG!) (distance relations) bound
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SUM-RANK-METRIC SCHEMES?

Is sum-rank-metric graph distance-regular?

(Abiad, K, Ravagnani, 2024) A sum-rank-graph is not distance-regular in
general.

1 The main challenge in applying Delsarte's approach in sum-rank!
But can we still apply Delsarte’s LP bound?

Sum-rank-metric Association scheme ) Delsarte's LP
graph (not DRG!) (distance relations) bound
J
% [ A different ) a

association scheme?
J
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Constructing a sum-rank-metric scheme



DIRECT PRODUCT OF ASSOCIATION SCHEMES

Given two association schemes
.Al = (X, {50, ceey SDl}) and ./42 = (Y, {To, cee TDz})7

the direct product A; ® A, is the association scheme (X x Y, R)
such that:

o R ={Roo,Rot,....Rops, Rios.-. Ripys - Rovos .- Roop,}:

o If (xi,x2) € Si and (y1,y2) € T}, then ((x1, 1), (x2, ¥2)) € Rij.

The Q-eigenmatrix of A; ® A, is the Kronecker product of the
Q-eigenmatrices of A; and A,.
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EXAMPLE: THE HAMMING CUBE

0 1
¢ ¢ 0 Ry Ry
1 R Ry
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EXAMPLE: THE HAMMING CUBE

10, J1
(00 01 10 11)
00 Roo Rox Ripg Rix
01 R(),l R0,0 R1,1 Rl,O
. ! 10 Rio Rix Roo Roa

o . Kll Rii1 Rio Roa Ro,o)
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EXAMPLE: THE HAMMING CUBE

000 001 010 011 100 101 110 111

000 Rooo FRoo1 Roio Roigp Rioo Rior Riio Riia
001 Roo1 FRooo Roii Roio Rioi Rioo Riii Riipo
010 Roio0 Roi1 Rooo FRoor Riio Riin Rioo Rion
110 111 | 911 Roi1 Roio Rooir Rooo Riii Riio Rioir Rioo
100 Rioo Rior Riio Riii Rooo Rooi Roio Roaa
100 101 101 Rio1 Rioo Riig Riio Roor Rooo Roiga Roipo
110 Riio Riinx Rioo Rioi Roio Roii Rooo FRooa

111 Riix Riio Rior Rioo Roii Roio Rooir Rooo

010 011

000 001
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EXAMPLE: THE HAMMING CUBE

The Hamming scheme based on distances in the graph:

000 001 010 011 100 101 110 111
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EXAMPLE 2: THE SUM-RANK-METRIC GRAPH

For example, in (2,2, F,) x ['(1,1.1%,), the tuples (($3),0) and
((39),1) are in the relation R, ;.

41 >A \ NN
NI
NS
AN
A\\.&AV, AN
'ﬂv' *"!a“-."y /

r(2,2,F,) Ko = I'(1,1,F,)
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EXAMPLE 2: THE SUM-RANK-METRIC GRAPH

For example, in ['(2,2,TF,) x [(1,1,%,), the tuples ((89),0) and
((39),1) are in the relation R, ;.

(1 5; ; o) (0070> 0) (11,1\ (gg,1> (82’1?
10 Klo (i 1 0071)

00
) 00
(i32)
11 (01
00’ ,1)
10 [Un S
(30) o) o1
0
0 01
0 (10.0)
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[Sum—rank—metric graph F] <:| [Sum—rank—metric scheme? ]

a 'good’ scheme for 7 ]

Cartesian product direct product

C billinear[form[s grap[hsj :> (t billear Jormjscheles )

bilinear forms graphs
are distance-regular
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A SCHEME FOR THE CARTESIAN PRODUCT

(Abiad, Gavrilyuk, K, Ponomarenko, 2025) If the graph G is a
sum-rank-metric graph which is a Cartesian product of bilinear
forms graphs Gy, ..., G;, then the Weisfeiler-Leman closure
(coherent closure) WL(G) is a fusion of the direct product of
bilinear forms schemes corresponding to Gy, ..., G;.
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A SCHEME FOR THE CARTESIAN PRODUCT

(Abiad, Gavrilyuk, K, Ponomarenko, 2025, simplified) The
product of bilinear forms schemes is ‘good’ for sum-rank-metric
graphs.

= We can define an association scheme for a sum-rank-metric
graph G and apply Delsarte’'s LP bound to it.
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BOUND COMPARISON: COMPUTATIONAL RESULTS

For |V| < 107 and t < 7 Delsarte’s LP is never strictly outperformed.

t q n m d ‘VI Delsarte LP RT4 iSyq iHy iEy Sy SPy PSP,
2 2 2,2] 2,2] 3 256 10 11 16 19 34 16 13 13
3 2 2,2, 1] 2,2, 1] 3 512 20 25 64 64 151 32 25 25
3 2 [2.21] 2,2,1] 4| 512 6 10 |16 64 27| 8 25 18
3 2 [2.21] 2,2,2] 3 | 1024 34 38 | 64 64 151 | 64 46 46
3 2 2,2,1] 2,2,2] 4 | 1024 8 15 16 64 27 16 46 36
4 2 21,11 2,2,2,1] 3| 512 24 28 | 64 64 151 |32 30 30
4 2 2,1,1, 1] 2,2,2, 1] 4 512 6 11 16 64 27 8 30 32
4 2 [21,1,1] 2,2,2,2] 3 | 1024 42 44 | 64 64 151 |64 53 53
4 2 21,11 2,2,2,2] 4 | 1024 10 18 | 16 64 27 |16 53 64
4 2 2,2,1,1] 2,2,1,1] 3 | 1024 40 46 256 215 529 | 64 48 48
4 2 22,11 2,2,1, 1] 4 | 1024 12 19 | 64 215 119 | 16 48 36
5 2 2,1,1,1,1] 2,1717171] 5 256 2 5 16 26 19 4 4 3
5 2 [21,1,1,1] 3,1,1,1,1] 5 | 1024 2 8 | 64 33 240 | 4 6 3
5 2 [21,1,1,1] 2,2,2,1,1] 3 | 1024 49 56 | 256 215 520 | 64 56 56
5 2 [2.1,1,1,1] 2,2,2,1,1] 4 | 1024 13 22 | 64 215 110 |16 56 64
6 2 [21,1,1,1,1] [21,1,1,1,1] 4 | 512 12 16 | 256 512 407 | 16 34 32
6 2 2,1,1,1,1,1] 2,1,1,1,1,1] 5 512 4 8 64 7 99 8 6 5
6 2 [21,1,1,1,1] [22,1,1,1,1] 5 | 1024 6 11 |64 77 99 | 8 9 8
6 2 [21,1,1,1,1] [22,1,1,1,1] 6 | 1024 2 7 |16 77 1|4 9 3

(Schrijver, 1979) The Delsarte's LP does not perform worse than Lovasz 6, bound.
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The talk is based on:

Abiad, A., Gavrilyuk, A.L., Khramova, A.P., Ponomarenko I. The
linear programming bound for sum-rank-metric codes. IEEE Trans-
actions on Information Theory (2025)

https://doi.org/10.1109/TIT.2024.3488902
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APPENDIX: SDP BOUND (A STEP BEYOND LP)

Delsarte's LP takes into account relations between pairs of
codewords (association scheme, Bose-Mesner algebra, Q-matrix).
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APPENDIX: SDP BOUND (A STEP BEYOND LP)

Delsarte's LP takes into account relations between pairs of
codewords (association scheme, Bose-Mesner algebra, Q-matrix).

A more refined approach: consider triples of codewords (Terwilliger

algebra, semidefinite matrix)
—> Schrijver’s SDP bound (2005).
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APPENDIX: SDP BOUND (A STEP BEYOND LP)

Delsarte's LP takes into account relations between pairs of
codewords (association scheme, Bose-Mesner algebra, Q-matrix).

A more refined approach: consider triples of codewords (Terwilliger

algebra, semidefinite matrix)
—> Schrijver’s SDP bound (2005).

We can apply existing symmetry reduction methods to
computationally obtain new bounds on smaller examples.
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APPENDIX: COMPUTATIONAL COMPARISON WITH SDP

bold entries in the SDP column = SDP strictly outperforms any other known bound
(otherwise coincides with Delsarte's LP).

t q n m d | [V] | SDP | DLP; RTg | 54 Hg Eq | S¢ SPs PSP,
2 2 2,7 2,7] 3| 256 9 10 11 | 16 19 34 | 16 13 13
3 2 [2,2,1] 2,2,1] 3| 512 | 19 20 25 | 64 64 151 |32 25 25
3 2 [2,2,1] 2,2,1] 4| 512 5 6 10 | 16 64 27 | 8 25 18
3 2 [2,2,1] 2,2,2] 3| 1024 | 34 34 38 | 64 64 151 | 64 46 46
32 [2,2,1] 2,2,2| 4| 1024 | 8 8 15 | 16 64 27 | 16 46 36
4 2 [2,1,1,1] 2,2,2,1] 3| 512 | 23 24 28 | 64 64 151 | 32 30 30
4 2 [2,1,1,1] 2,2,2,1] 4| 512 6 6 11 | 16 64 27 | 8 30 32
4 2 [2,1,1,1] 2,2,2,2] 3| 1024 | 42 42 44 | 64 64 151 | 64 53 53
4 2 [2,1,1,1] 2,2,2,2] 41024 | 9 10 18 | 16 64 27 | 16 53 64
4 2 [2,2,1,1] 2,2,1,1] 3| 1024 | 39 40 46 | 256 215 529 | 64 48 48
4 2 [2,2,1,1] 2,2,1,1] 4| 1024 | 11 12 19 | 64 215 119 | 16 48 36
5 2 [2,1,1,1,1] 2,1,1,1,1] 5 | 256 2 2 5 6 26 19 | 4 4 3
5 2 [2,1,1,1,1] 3,1,1,1,1] 5| 1024 | 2 2 8 64 33 240 | 4 6 3
5 2 [2,1,1,1,1] 2,2,2,1,1] 3| 1024 | 48 49 56 | 256 215 520 | 64 56 56
5 2 [2,1,1,1,1] 2,2,2,1,1] 4| 1024 | 12 13 22 | 64 215 119 | 16 56 64
6 2 [2,1,1,1,1,1] [2,1,1,1,1,1] 4 | 512 | 11 12 16 | 256 512 407 | 16 34 32
6 2 [2,1,1,1,1,1] [2,1,1,1,1,1] 5 | 512 4 4 8 64 77 99 | 8 6 5
6 2 [2,1,1,1,1,1] [2,2,1,1,1,1] 5| 1024 | 5 6 11 | 64 77 9 | 8 9 8
6 2 [2,1,1,1,1,1] [2,2,1,1,1,1] 6 | 1024 | 2 2 7 6 77 14 | 4 9 3
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APPENDIX 2: THE Q-EIGENMATRIX IN A BILINEAR FORMS GRAPH

By considering the Bose-Mesner algebra arising from association schemes, one
can derive the Q-eigenmatrix of the bilinear forms scheme.

For a graph with eigenvalues 6y, ..., #, and intersection numbers a;, b;, ¢;:
1

Py = pi(0i) = — (6 = a-1)pj-1(0:) — bj—2pj-2(61)),  po(6:) =1, pa(6:) = 6.
gl

In bilinear forms, P;j = Qj;, and the values 0;, a;, b;, ¢; are all expressed in the
parameters of the graph:

g (@ =1)(@"—q)—q'+1 c—pi = dd )
! q— 1 ) ! 1,i—1 q— 1 )
. 2i( qm—i __ 1 n—i __ 1 )
bj = p1iy = Tl q —)gq )’ ai = py,; = bo— b —c;.
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