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Part 0 – Warm Up

Linear Spaces of Matrices: A Few Questions
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Questions for the Audience

1. We want a linear space of n × n matrices over a field F whose nonzero matrices are all
invertible. (n ≥ 2)

• Question 1.1: What is the largest dimension? ...
• Question 1.2: Can it have dimension larger than 1? ...

It depends on the field F!

2. We want a linear space of n × n upper triangular matrices over a field F whose
nonzero matrices are all invertible. (n ≥ 2)

• Question 2.1: What is the largest dimension? 1
• Question 2.2: Can it have dimension larger than 1? No
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Question 1.1

1. We want a linear space of n × n matrices over a field F whose nonzero matrices are all
invertible. (n ≥ 2)

• Question 1.1: What is the largest dimension?

(A) If F = C −! 1

(B) If F = R −! ρ(n) n-th Radon-Hurwitz number

(C) If F = Q −! n

(D) If F = Fq −! n
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Questions for the Audience II

1. We want a linear space of n × n matrices over a field F whose nonzero matrices have
rank at least r . (n ≥ r)

• Question 1.1: What is the largest dimension? ...

It depends on the field F!

2. We want a linear space of n × n upper triangular matrices over a field F whose
nonzero matrices have rank at least r . (n ≥ r)

• Question 2.1: What is the largest dimension?

(n − r + 1)(n − r + 2)
2

.

▶ (Etzion, Gorla, Ravagnani, Wachter-Zeh 2016) if |F| ≥ n − 1;
▶ (N., Stanojkovski 2024) for every F.
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Part I – Introduction

Ferrers Diagrams Rank-Metric Codes
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Ferrers Diagram Rank-Metric Codes

Ferrers Diagrams

A Ferrers (Young) diagram D of order n is a subset of [n]2 s.t.:
If (i , j) ∈ D, then (i ′, j ′) ∈ D for every i ′ ∈ [i ], j ′ ∈ [j ];

Example

D = {(1, 1), (1, 2), (1, 3), (1, 4),
(2, 1), (2, 2), (3, 1), (3, 2),

(4, 1), (4, 2), (5, 1)}
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Ferrers Diagram Rank-Metric Codes

Representations of Ferrers Diagrams

Subset of [n]2 Graphical Repr.

Vector of Columns

D = {(1, 2), (1, 3), (1, 4), (1, 5),
(2, 4), (2, 5), (3, 4), (3, 5),

(4, 4), (4, 5), (5, 5)}

D = (5, 4, 1, 1, 0)
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Ferrers Diagram Rank-Metric Codes

Ferrers Diagram Matrix Spaces

(Finite) field F.
Ferrers diagram D of order n.

FD := {A ∈ Fn×n : aij = 0 ∀ (i , j) /∈ D}.

FD =




a1,1 a1,2 a1,3 a1,4 0

a2,1 a2,2 0 0 0

a3,1 a3,2 0 0 0

a4,1 a4,2 0 0 0

a5,1 0 0 0 0

 : ai ,j ∈ F

 .
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Ferrers Diagram Rank-Metric Codes

Ferrers Diagram Rank-Metric Codes

A [D, k , r ]F Ferrers diagram rank-metric code C is a k-dimensional subspace of FD
endowed with the rank distance. The minimum rank distance r is equal to the

minimum rank

r = min{rk(A) | A ∈ C \ {0}}.

Etzion and Silberstein (2009): Multilevel construction of subspace codes in network coding.
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Ferrers Diagram Rank-Metric Codes

Part II

The Etzion-Silberstein Conjecture
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The Etzion-Silberstein (ES) Conjecture

A Combinatorial Bound on the Parameters

Singleton-like Bound (Etzion, Silberstein (2009)

Let C be an [D, k , r ]F code. Then

k ≤ νmin(D, r) := min
0≤j<r

νj(D, r)

Example:

r = 3
ν0(D, 3) = 5
ν1(D, 3) = 3
ν2(D, 3) = 2

νmin(D, r) = 2
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k ≤ νmin(D, r) := min
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The Etzion-Silberstein (ES) Conjecture

Etzion–Silberstein Conjecture

Etzion-Silberstein (ES) Conjecture (2009)

For every finite field F the Singleton-like bound is tight:

∀ D, r , ∃ a [D, νmin(D, r), r ]F code

Maximum Ferrers Diagram (MFD) code

Constructive proofs for some special cases (Etzion, Silberstein, 2009), (Etzion, Gorla,

Ravagnani, Wachter-Zeh, 2016), (Gorla, Ravagnani, 2017), (Antrobus, Gluesing-Luerssen,

2019), (Liu, Chang, Feng, 2019), (N., Stanojkovski, 2024), (Calderini, Messia, N., 2026+)

Still widely open!
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The Etzion-Silberstein (ES) Conjecture

Two Special Cases

(1) Full size diagrams: D = (n, n, . . . , n) = [n]2

νmin(D, r) = n(n − r + 1)

ES conjecture holds! ✓
(Delsarte ’78)

(2) Triangular diagrams: Tn = (n, n − 1, . . . , 1)

νmin(D, r) = (n−r+1)(n−r+2)
2

ES conjecture holds! ✓
(Etzion, Gorla, Ravagnani, Wachter-Zeh ’14) if

|F| ≥ n − 1

(N., Stanojkovski ’24) for every finite field

Question

Do you wanna know

more?

Listen to Marta and

Hugo on Thursday!
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Zero-Pattern Matrix Spaces

Part III

Zero-Pattern Matrix Spaces

G. Marino & A. Neri (Unina) 24 February 2026 13 / 23



Zero-Pattern Matrix Spaces

Other Diagrams

Question

Why only Ferrers diagrams?

Application: Multilevel Construction of Subspace codes.

Ferrers diagram matrix spaces correspond to Schubert cells in Grq(n, 2n)
Theoretical: Optimal codes exist (?) over every finite field. (ES conjecture)

So, why not other subsets D ⊆ [n]2?!

Zero-Pattern Rank-Metric Codes: Subspaces of FD, where D ⊂ [n]2 is any subset.
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Zero-Pattern Matrix Spaces

Hamming and Sum-Rank Metric

We retrieve Hamming and sum-rank metric!

(FD, drk) ∼= (Fn, dH) Hamming metric

(FD, drk) ∼= ((Fm×m)ℓ, dsrk) Sum-rank metric
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Zero-Pattern Matrix Spaces

Relations Between Families of Codes

Zero-Pattern

sum-rank metric
Ferrers diagrams

rank metric

Hamming
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Zero-Pattern Matrix Spaces

Singleton Bound(s)

Question

Bound on the parameters? Same idea: canceling any r − 1 between rows and cols

k ≤ n − r + 1 MDS Codes

k ≤ m(ℓm − r + 1) MSRD Codes

Achtung!

Existence for

|F| > #blocks

•MDS conjecture
•MSRD conjecture?
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Zero-Pattern Matrix Spaces

Singleton Bounds (?)

Question

Bound on the parameters? Same idea: canceling any r − 1 between rows and cols

r = 3
k ≤ min{

11, . . . , 8

}

= 8

Question

Is it tight? Under which

conditions?
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Zero-Pattern Matrix Spaces

An Associated Bipertite Graph

Let D ⊆ [n]2. Define the associated bipartite graph as

G = ([n] ⊔ [n],D)

Properties of FD can be read from G .

Y. Li, Y. Qiao, A. Wigderson, Y. Wigderson, C. Zhang. “Connections between graphs and matrix spaces”, Israel Journal of Mathematics, 256(2),

513-580. 2023.
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Zero-Pattern Matrix Spaces

Permutation Equivalence ↔ Graph Isomoprhism

G = ([n] ⊔ [n],D1) and H = ([n] ⊔ [n],D”) are isomorphic if and only if

PFD1Q = FD2 for some P,Q ∈ Sn

 − Canonical form?
Can we study each

connected component

independently?
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Zero-Pattern Matrix Spaces

Number of Connected Components?

k ≤ n − r + 1 MDS Codes

k ≤ m(ℓm− r + 1) MSRD Codes

Achtung!

Existence for

|F| > #conn. comp
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Zero-Pattern Matrix Spaces

Open Questions

(Almost) Everything needs to be done!.

Is the Singleton bound tight sometimes? MDS conjecture suggests it can’t be always

Constructions of optimal codes: Polynomial representation?

Geometric interpretation.

Playing with small nontrivial examples: Tridiagonal?
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Zero-Pattern Matrix Spaces

The End?

Thank you! Grazie!

Merci!

G. Marino & A. Neri (Unina) 24 February 2026 23 / 23
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