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Motivation TI.ITI

@ D. Silva, F. R. Kschischang and R. Kétter

A Rank-Metric Approach to Error Control in Random Network Coding
In: IEEE Transactions on Information Theory (2008).

Gabidulin codes

® k=sn<m
k-1

® F,-linearly independent 3y, 31,...,B,-1 € Fgm

® £k(]qu) = {gom + gt + .+ gt

Gni(B) = {(9(50)7---&(571—1)) | g(z) € Ek(qu)} S Fg’"
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B

Let

2
Fqgn ={z=(z0,...,%2n-1):7; € Fp2n}

R. Trombetti and Y. Zhou

A New Family of MRD Codes in F2"*" With Right and Middle Nuclei Fn
In: IEEE Transactions on Information Theory 65.2 (2019), pp. 1054-1062.

k < 2n;

2n

7 € Fy2n such that Nq2n/q('y) =+ a1 is a non-square element in F,(= g CANNOT be even);

2 k-1 k
Di(v) = {ax + frz? + for? +.. .+ fr_qz? + bzt i f; € Fy2n, a,b€ Fqn,};
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2 k-1 k
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VO TV TV VIV IV A

A DANGER A

P00
. . 2 .
T Z1(7) codes are Fyn-linear codes in F 2, and NOT F2--linear!

Message source Channel

Encoder Decoder

4 4
: :
. .
3 3

NQ‘ISE Syndrorf]e—based
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IF ;n-Generator Matrix and encoding of TZ-codes

T

TZr(v) < Fzgn are Fyn-linear codes of Fzgn of Fyn-dimension 2k

qun/q('y) is a

S Fq2n \]Fqn

non-square element Ed
inF,
'Dk(’y) = <x7 7733(17 b I(/
Ao A1 A2
o AL A5
G = -1 . ;—x 1:.—\
X5 A A3
i q° "t
Yo . YA TAg
TG A A5

= Fg2n = Fgn ()

2kX2n
€ qun (1)
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IF,n-Generator Matrix and encoding of TZ-codes TI-ITI

TZr(v) < Fign are Fyn-linear codes of Fign of Fyn-dimension 2k

Ngznjg(y) is a
non-square element = v €F2n \Fyn = Fg2n = Fgn ()
inF
q

)\Oq )\lq )\Qq . )‘2qn—1
’Yf\o 7%‘1 7%‘2 e ’Y>‘2.n—1
: : : : 2kx2n
G = k-1 k-1 k-1 k-1 e Fs5, (2)
q q q q
Ao A1 Ag S Agpg ¢
qk71 qk71 qk71 qk:fl
Yo A1 YAg cee YAop
a* a* " "
Yo 7™M YAz S YAzpa

Encoding process:

s 2k r3 2
f=(a,f1,1, 1,2, s fr-1,1, fe-1,2,0) €Fyn = c = fG € TZ,(y) € ]Fqgn
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T

IF,n-Parity-Check Matrix and [F»-syndrome

The syndrome of a € F;;‘n is zero iff a € C
The usual inner product DOES NOT “preserve” the [ n-linearity!

Find H € Ff;z_%)wn such that for all a € Fzgn.

n

Trgzn jgn (aH")=aH" + (QHT)q is zero iff a € TZ,(7)

-;A2p-1) is an F-basis of F 2n
l

there exists a unique [ -basis p = (po, pt1, -

If A= (Ao, A1,

.. 7,LLQ,,,ﬁl) of Fq2n

2nF 2nF £2F g2nF
Ho Y H1 oy p2 .Y Hon-1
g k+1 s g
Ko My M2 Hon-1
qk:+1 qk+1 qk+1 qk+1
THo TH1 TH2 TH2p-1
" . . B (4n—-2k)x2n
H= : : : : eF,, 3)
q2n71 q2n71 q2n71 q2n71 q
Ko M1 Ho s Han-1
q2n—1 q2n—1 an—l an—l
THo . TH1 . TH2 ’YNQI?—l
q q q q
Ko My M2 Hon-1
7/18
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[ E. M. Gabidulin
Theory of codes with maximum rank distance
In: PP/ 21.1 (1985), pp. 3-16

[ A. Wachter-Zeh

Decoding of block and convolutional codes in rank metric
General Mathematics [math.GM]. Université de Rennes; Universitat Ulm, 2013.
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T

Decoding of Trombetti-Zhou codes 7 Z;,(7):
a new syndrome-based decoding approach

Sent message:

x 2k
f=(a,fi1, f1,2- s fe-1,15 fr-1,2,0) € Fgn
Received word:

rs 2
r=fG+eeF3,
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Decoding of Trombetti-Zhou codes T Z,(7):

a new syndrome-based decoding approach

Sent message:
7 2k
f=(a, f1,1, f1,20 - fo-1,1, fr-1,2,0) € Fyn

Received word:

r=fG+eeFi,
Algorithm correction capability: Let wgr(e) = dr(e,0),

wale) =t =[5 ] =25

wg(e) =n-— g with e € Fﬁﬁ

e
Z
Z
-
Z*

Angelica Piccirillo
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Decoding of Trombetti-Zhou codes T Z,(7):

a new syndrome-based decoding approach

Sent message:
7 2k
f=(a, f1,1, f1,20 - fo-1,1, fr-1,2,0) € Fyn

Received word:

wgr(e) =n-— g with ¢ € Fi’ﬁ
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Key points of the decoding algorithm

© Let 5=(B0,B1;---,Ban-1) be an Fy-basis of F 2n
e=p(A-B)=a-B,

where
® a=(ap,a1,...,a,-1) E]F;2m dimq(<a07alw~~7at*l>ﬂ<‘q) =t,

®* Be ]F:’;Qn, rank(B) = t.
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v Information already available

X' Information to be obtained step by step

Key points of the decoding algorithm

© Let 5=(B0,B1;---,Ban-1) be an Fy-basis of F 2n

e=p(A-B)=a-B,

where
® a=(ap,ay,...,a,1)€ F;an dimy({ag,a1,... ,at—1>u«‘q) =t,
tX2
®* BeF, ", rank(B)=t.
® Introduction of the intermediate unknown vector of error locators:

kT
ar =B
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=0 c=r vV
/
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Main steps of the algorithm TI.ITI

e Compute the Fyn-syndrome: s =r- H'

e [Fgn-Syndrome check:

Trgzn jgn (s)

\

&; ~Reconstruct a potential decomposition of the error as e =a - B

0 @)

<5

= &

e |dentify a of a potential decomposition: Solve an homogeneous linear system to determine

(A01A15“'7A[,) € F;;’}L
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Main steps of the algorithm

Compute the Fyn-syndrome: s =1 - HT

e [Fyn-Syndrome check:

Trgenjgn (s)

\

&; ~Reconstruct a potential decomposition of the error as ¢ = a - B

#0 O
- %

é

Identify a of a potential decomposition: Solve an homogeneous linear system to determine
(Mg, Aq,...,A,) € F;;,i such that

t
ker(Aoz + Ajz?. ..+ Az? ) = {ag,ay,..., flt—l)]yq

Determine d: solve a determined linear system arising from a and the F n-syndrome s
6T
Determine B from d' = B - pu¢

Reconstruction of the sent codeword: ¢ = — aB
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Determine a by employing the error span polynomial

Az = ] @-9)= Ao+ Azt + Al (4)

195(00,-~7at—1>11?q
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Determine a by employing the error span polynomial

t

Az) = [] (z-9) = Aoz + Aya? + ...+ Azt (4)

9€(ag,...,at-1)r,
By construction ker(A(z)) = {(ag,aq, ..., ‘lt71>]1?q
Theorem
(4n—2k)x2n

Let H € qun
received word r through H. If Ag,Aq, ..., Ay are the coefficients of the error span polynomial in (4), then

be an Fyn -parity-check matrix of T Zy(~) as in (3) and let s be the syndrome of the

(1’
Slt AO

q
53

t

a .
San—2k-1-2t  S4n-2k-3-2t

Angelica Piccirillo 12/18
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Case 1: 2t + k < 2n

Decoding of TZ-codes Decoding of Gabidulin codes
TZr(v) Gon k+1(2)
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T

Case 1: 2t + k < 2n

Decoding of TZ-codes Decoding of Gabidulin codes
TZx(7) Gon k+1(A)
e Determine (Ag,Aq,...,A;) € ]F;;,lL up to a scalar factor
e |dentify a of a potential decomposition as

t
ker(Agzx + Az ...+ Ay2z? ) = {ap,ai,..., at,l)]Fq

e Determine d: solve a determined linear system arising from a and the Fyn-syndrome s
T kT

e Determine B fromd =B - p?

e Reconstruction of the sent codeword: ¢ =r —aB
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Case 2: kiseven and t = n — %

Theorem
(4n—2k)x2n

Let H € F .

received word r through H. If Ay, Ay, ..., As are the coefficients of the error span polynomial in (4), then the
solution set of

be an T n -parity-check matrix of TZk(~) as in (3) and let s be the syndrome of the

40

Al

has dimension two.
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Case 2: kiseven and t = n — %

Theorem
(4n—2k)x2n

Let H € F .

received word r through H. If Ay, Ay, ..., As are the coefficients of the error span polynomial in (4), then the
solution set of

be an T n -parity-check matrix of TZk(~) as in (3) and let s be the syndrome of the

Ao
A 1

=QT

has dimension two.

More information
is needed!
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System of 2t equations in ¢ + 1 unknowns:

qf—l qt
82(t+1)-1 53 51
' ) S S
52(2t-1)-1 Sat-1 So(t-1)-1
qt*l qt
T?"q2n/qn (32t71) e TTan/qn (sl T?"q2n/qn (S4t71) AO
T t-1 t Ay T
S A= Jd5% =0
exp "L Try2n jgn (52¢41) Trgzn gn (sg ) Tre2njgn (8111 ) : 9
. . . At
t-1 t
Trg2njqn (82(2,5-1)—1) Try2njqn (8216—1) Trgznjgn (Sz(t—l)—l)

Theorem

The dimension of the solution space of Sy,
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Theorem

The dimension of the solution space of Sy, uLT = QT is one.

e Determine (Ag,Aq,...,A;) € ]Ffl;i, up to a scalar factor
o ldentify a of a potential decomposition as

t
ker(Agz + Az ...+ Ay ) = {ag,ai,..., (Lt,l)]Fq

Determine d: solve a determined linear system arising from a and the F n-syndrome s

6T
e Determine B fromd' =B - wl

e Reconstruction of the sent codeword: ¢ =r —aB
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Theorem

The dimension of the solution space of Sy, uLT = QT is one.

Determine (Ag,Ay,...,A;) € ]Ffl;i, up to a scalar factor
Identify a of a potential decomposition as
t
ker(Agz + Az ...+ Ay ) = {ag,ai,..., (Lt,l)]Fq
Determine d: solve a determined linear system arising from a and the F n-syndrome s

6T
Determine B from d' = B - wl

Reconstruction of the sent codeword: ¢ =r —aB

Is there anything under the rug?

Angelica Piccirillo
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TUTI

Algorithm 1: Decoding of Trombetti-Zhou codes: a new syndrome-based decoding approach.

Input:r = (7o, 71, .. ., Tono1) EFE.
Set H as in (3);
Fyr —syndrome calculatlon ser H' eFE™
if Tr, 3) =0 then
ésnmated codeword: ¢ «
end
else

if k is even and rank(smp) n - % then
Setupt=mn— g,
Solve Sexp* AT =07 for A= (Ao, Ay, ... . A)€FLE;
i (&, A 1) ¢ FLi then
' *Deciare decoding failure
end
end
else
Set up S asin (5) for t = [(2n - (k +1))/2] ;
while rank(S™) < t do
te—t—1;
Set up S as in (5)
en
Solve 50 AT =0 for A =(Ag, Ay, ..., A,) EFLS)
end
Find basis (aq, a1, ..., ac1)€Fq of the root space of A(x) = Yo A; ! over Fpon. ;
if £ =t then
Find (do, dy, ..., d1) € Fyan by solving (6);
. i€{0. t-1 n 2n-1 k.
Find B = (B,)ie 50 € B2 such that d, = Y205 Byl ;
Estimated codeword: ¢ <« r-a- B
end
else
| Declare decoding failure
end
end
Output: Estimated codeword c € F2%, or “decoding failure”
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TUTI

Algorithm 2: Decoding of Trombetti-Zhou codes: a new syndrome-based decoding approach.

2
s Ton-1) €EF .

Set H as in (3);

Fyr —syndrome calculatlon ser H' eFE™
if Tv* s) =0 then
'ésnmated codeword: ¢ «
end
else
if k is even and rank(Sey,) = n — & then
Setupt=mn—£;
Solve Sexp * g for A=(Ng,Ary...,! Ar) EFGEY S
if(he A A1) ¢ B then
\ ‘Declare decodmg failure
end
end
else =
Set up S\ asin (5) for t = |(2n — (k +1))/2];
Avsonns ! Ay) €FLL
end
Find basis (ag, a;, J2n of the root space of A(x) = pREN Azl over Foon. ;
if £ =t then
Find (do, dy, ..., d1) € Fyzn by solving (6);
” Ls(o t-1} 2n 2n-1
Find B = (Bi ;)0 ono1) € Fy ™" such that d; = 330" By
Estimated codeword: ¢ <« r-a- B
end
el

se
| Declare decoding failure
end

end
Output: Estimated codeword c € F2. or “decoding failure”

(k] .
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CORRECTNESS COMPLEXITY

3 .
O(n”) operations over F 2n
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Thanks for your attention!




Appendix
Let [i] = qi,

[t-1]
53
Sg—ﬂ
)
S[Qtﬁl]
-1
E!
at71
[~(2n-k-1)]

e
53

4]

S2t-1

—(2n-k=1)]
Sin—Qk—S

©)

(6)



