
Introduction Weights, Defects and MD-Sequence Delsarte duality and dual MD-Sequence Applications

Delsarte duality on subspaces and
applications to rank-metric codes

Olga Polverino
Joint work with Martino Borello and Ferdinando Zullo

Università degli Studi della Campania “Luigi Vanvitelli”

OpeRa 2026
Bordeaux, France



Introduction Weights, Defects and MD-Sequence Delsarte duality and dual MD-Sequence Applications

Borello, P., Zullo: Delsarte duality on subspaces and
applications to rank-metric codes and q-matroids
ARXIV:2509.24409, 2025.



Introduction Weights, Defects and MD-Sequence Delsarte duality and dual MD-Sequence Applications

Combinatorics of Fq-subspaces in V(k , qm)

V = V(k , qm)

Lqm(V) = {W ≤Fqm V} Lq(V) = {U ≤Fq V}

G = GL(k , qm)

Finite Geometry −→ linear sets

q-matroids −→ representability problem

Rank-metric codes −→ q-systems
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Invariants

V = V(k , qm), U ∈ Lq(V), T ∈ Lqm(V)

Invariants

dimFq (U)

wU(T ) =: dimFq (U ∩ T )

−→ wU(T ) weight of T w.r.t. U

εU(T ) := wU(T )− dimFqm (T )

−→ εU(T ) defect of T w.r.t. U

Remark

εU(T ) ≤ 0 ∀T ∈ Lqm(V) ⇐⇒ dimFqm (⟨U⟩Fqm ) = dimFq (U) = n
↓

U subgeometry of dimension n

∃! n-dimensional Fq-subgeometry in V up to the action of GL(k , qm)
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Maximum Defects

Maximum defects
U ∈ Lq(V), h ∈ {0, 1, . . . , k}

εU(h) = max{εU(T ) : T ∈ LFqm (V) and dimFqm (T ) = h}

maximum defect of the h-dimensional Fqm -subspaces w.r.t. U

⇓
wU(T ) ≤ h + εU(h) ∀T h-dimensional subspace

⇓
U is (h, h + εU(h))-evasive

U is h-scattered ⇐⇒ εU(h) = 0



Introduction Weights, Defects and MD-Sequence Delsarte duality and dual MD-Sequence Applications

Maximum Defects

Maximum defects
U ∈ Lq(V), h ∈ {0, 1, . . . , k}

εU(h) = max{εU(T ) : T ∈ LFqm (V) and dimFqm (T ) = h}

maximum defect of the h-dimensional Fqm -subspaces w.r.t. U

⇓
wU(T ) ≤ h + εU(h) ∀T h-dimensional subspace

⇓
U is (h, h + εU(h))-evasive

U is h-scattered ⇐⇒ εU(h) = 0



Introduction Weights, Defects and MD-Sequence Delsarte duality and dual MD-Sequence Applications

Maximum Defects

Maximum defects
U ∈ Lq(V), h ∈ {0, 1, . . . , k}

εU(h) = max{εU(T ) : T ∈ LFqm (V) and dimFqm (T ) = h}

maximum defect of the h-dimensional Fqm -subspaces w.r.t. U

⇓
wU(T ) ≤ h + εU(h) ∀T h-dimensional subspace

⇓
U is (h, h + εU(h))-evasive

U is h-scattered ⇐⇒ εU(h) = 0



Introduction Weights, Defects and MD-Sequence Delsarte duality and dual MD-Sequence Applications

Maximum Defects

Maximum defects
U ∈ Lq(V), h ∈ {0, 1, . . . , k}

εU(h) = max{εU(T ) : T ∈ LFqm (V) and dimFqm (T ) = h}

maximum defect of the h-dimensional Fqm -subspaces w.r.t. U

⇓
wU(T ) ≤ h + εU(h) ∀T h-dimensional subspace

⇓
U is (h, h + εU(h))-evasive

U is h-scattered ⇐⇒ εU(h) = 0



Introduction Weights, Defects and MD-Sequence Delsarte duality and dual MD-Sequence Applications

Maximum Defects

Maximum defects
U ∈ Lq(V), h ∈ {0, 1, . . . , k}

εU(h) = max{εU(T ) : T ∈ LFqm (V) and dimFqm (T ) = h}

maximum defect of the h-dimensional Fqm -subspaces w.r.t. U

⇓
wU(T ) ≤ h + εU(h) ∀T h-dimensional subspace

⇓
U is (h, h + εU(h))-evasive

U is h-scattered ⇐⇒ εU(h) = 0



Introduction Weights, Defects and MD-Sequence Delsarte duality and dual MD-Sequence Applications

Maximum Defects

Maximum defects
U ∈ Lq(V), h ∈ {0, 1, . . . , k}

εU(h) = max{εU(T ) : T ∈ LFqm (V) and dimFqm (T ) = h}

maximum defect of the h-dimensional Fqm -subspaces w.r.t. U

⇓
wU(T ) ≤ h + εU(h) ∀T h-dimensional subspace

⇓
U is (h, h + εU(h))-evasive

U is h-scattered ⇐⇒ εU(h) = 0



Introduction Weights, Defects and MD-Sequence Delsarte duality and dual MD-Sequence Applications

Maximum Defects

Maximum defects
U ∈ Lq(V), h ∈ {0, 1, . . . , k}

εU(h) = max{εU(T ) : T ∈ LFqm (V) and dimFqm (T ) = h}

maximum defect of the h-dimensional Fqm -subspaces w.r.t. U

⇓
wU(T ) ≤ h + εU(h) ∀T h-dimensional subspace

⇓
U is (h, h + εU(h))-evasive

U is h-scattered ⇐⇒ εU(h) = 0



Introduction Weights, Defects and MD-Sequence Delsarte duality and dual MD-Sequence Applications

MD-Sequence

Monotonicity property
U ∈ Lq(V), dimFq (U) = n, ⟨U⟩Fqm = V(k , qm)

0 = εU(0) ≤ εU(1) ≤ εU(2) ≤ · · · ≤ εU(k) = n − k (∗)

MD-Sequence

s the number of distinct non-zero integers appearing in (∗)

0 < t1 < t2 < · · · < ts ≤ k

εU(l) = εU(ti) if ti ≤ l < ti+1

0 < εU(t1) < εU(t2) < · · · < εU(ts) = n − k (∗∗)

(∗∗) is the sequence of maximum defects or MD-Sequence
s is the length of (∗∗)
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MD-Sequence of h-scattered spaces

MD-Sequence
U ∈ Lq(V), dimFq (U) = n, ⟨U⟩Fqm = V(k , qm)

0 < t1 < t2 < · · · < ts ≤ k

0 < εU(t1) < εU(t2) < · · · < εU(ts) = n − k (∗∗)

(∗∗) MD-Sequence s length of (∗∗)

s = 0 ⇐⇒ n = k ⇐⇒ U is a subgeometry

s = 1 and t1 = k ⇐⇒ U is (k − 1)-scattered

s > 0
0 < εU(t1) < εU(t2) < · · · < εU(ts) = n − k (∗∗)

⇓

U is (t1 − 1)-scattered and is (t1, t1 + εU(t1))-evasive

U is (t2, t2 + εU(t2))-evasive

...............
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C nondegenerate [n, k ]qm/q linear rank-metric code,

dimFq UC = n

C ≤Fqm Fn
qm −→ UC≤Fq Fk

qm

↓ ↓

C⊥ ≤Fqm Fn
qm −→ UC⊥≤Fq Fn−k

qm

C⊥ [n, n − k ]qm/q linear rank-metric code nondegenerate → dimFq UC⊥ = n

Randrianarisoa: A geometric approach to rank-metric codes and classification of constant weight codes
DESIGNS, CODES AND CRYPTOGRAPHY, 2020.
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Delsarte duality

Theorem

T ∈ LFqm (V(k , qm)) and εU(T ) ≥ 0 =⇒ T d ∈ LFqm (V(n − k , qm))

1 dimFqm (T d) = n − k − εU(T );

2 wUd (T d ) ≥ n − wU(T );
3 εUd (T d) ≥ k − dimFqm (T );

4 (T d)d ⊆ T and εU((T d)d) ≥ εU(T );

Theorem

T ∈ LFqm (V(k , qm)), εU(T ) ≥ 0 and T is minimal with respect to its defect

1 dimFqm (T d) = n − k − εU(T );

2 wUd (T d ) = n − wU(T );
3 εUd (T d) = k − dimFqm (T );

4 (T d)d = T ;
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5 T d is minimal w.r.t. its defect

EU(V(k , qm)) = {T ≤Fqm V(k , qm) : Tproper, minimal, εU(T ) > 0}

Corollary

φ : T ∈ EU(V(k , qm)
bijective−−−−→ T d ∈ EUd (V(n − k , qm)).

T ′ ⊆ T ⇐⇒ T d ⊆ T ′d
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Theorem: MD-Sequence of Ud

U ∈ Lq(V(k , qm)), dimFq (U) = n, ⟨U⟩Fqm = V(k , qm)

0 < t1 < t2 < · · · · · · < ts−2 < ts−1 < ts = k

0 < εU(t1) < εU(t2) < · · · < εU(ts−2) < εU(ts−1) < εU(k) = n − k

⇕

Ud ∈ Lq(V(n − k , qm)), dimFq (U
d ) = n, ⟨Ud ⟩Fqm = V(n − k , qm)

0 < t ′1 < t ′2 < · · · < t ′s−2 < t ′s−1 < t ′s = n − k

0 < εUd (t ′1) < εUd (t ′2) < · · · < εU(t ′s−2) < εUd (t ′s−1) < εUd (n − k) = k

(t ′i , εUd (t ′i )) = (n − k , k)− (εU(ts−i), ts−i)
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Linear rank-metric codes: generalized weights

Theorem

C non-degenerate [n, k ]qm/q code such that C⊥ non-degenerate

0 = εUC (0) < εUC (t1) < · · · < εUC (ts−1) < εUC (k) = n − k

⇓
r ∈ {1, . . . , k} , dr (C) = n − (k − r)− εUC (ti)

ti ≤ k − r < ti+1

⇕

r ∈ {1, . . . , n − k} , dr (C⊥) = r + tj
εUC (tj−1) < r ≤ εUC (tj)

d1(C⊥) = 1 + t1{
dr (C⊥) : 1 ≤ r ≤ n − k

}
= {1, . . . , n} \ {n + 1 − dr (C) : 1 ≤ r ≤ k} .

Wei-type duality

Ducoat: Generalized rank weights:A duality statement TOPICS IN FINITE FIELDS, 2015.
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Families of RD-codes closed under Delsarte duality

Theorem

C non-degenerate [n, k ]qm/q code such that C⊥ non-degenerate

C is an MRD code ⇐⇒ C⊥ is an MRD code

Theorem

C non-degenerate [n, k ]qm/q code such that C⊥ non-degenerate

C is near MRD ⇐⇒ C⊥ is near MRD

Theorem

C non-degenerate [m + ρ, k ]qm/q code, 1 ≤ ρ < m/(k − 1), such that C⊥ non-degenerate

C is quasi-MRD ⇐⇒ εUC (k − 1) = ρ

C⊥ is quasi-MRD ⇐⇒ UC is a (k − 2)-scattered space

C is dually quasi-MRD ⇐⇒ UC is a (k − 2)-scattered space and εUC (k − 1) = ρ
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Thank you

Thank you for your attention!
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