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Rank Metric Reed—Muller Codes

0 = (61,...,0,,) a canonical system of generators of G ~ Z/n\Z x -+ X Z/n,,Z.
0° =00 0fimeGfori= (i, ,im) EN", |i| =i+ ...+ im.

ni=(N1,..., ), A(n) :=[n1] X -+ x [ny,] with [¢] :={0,1,--- ,t — 1}

~N—— O
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A @-polynomial P = 3 a;0° € L[G]: degg(P) := max{|i| | i € A(n),a; # 0}.
ieA(n)
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0° =00 0fimeGfori= (i, ,im) EN", |i| =i+ ...+ im.

ni=(N1,..., ), A(n) :=[n1] X -+ x [ny,] with [¢] :={0,1,--- ,t — 1}

~N—— O
()

S a;0° € L[G]: degy(P) := max{|i| | s € A(n),a; # 0}.
ieA(n)

A 6-polynomial P =
Rank metric Reed—Muller code of order r and type n [ACLN21]

RMg(r,n) (P e L[G] | degy(P) < r} < L[G].

@ [ACLN21] Augot, D., Couvreur, A., Lavauzelle, J. and Neri, A., Rank-metric codes over arbitrary Galois extensions and

rank analogues of Reed—Muller codes, SIAM Journal of Applied Algebra and Geometry, 2021



G-Dickson Matrices

G-Dickson matrix of A € L[G]

D¢ (A) is the matrix representation of the L—linear map in an basis {gg.---+&m_1}
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D¢ (A) is the matrix representation of the L—linear map in an basis {gg.---+&m_1}

L[G] — Endp(L[G])
A +-> (B—BoA)’

Rkg (A) = Rk (D (A)) and A = mi] wg eL[G] =  Dg(A) ¥ <gj (aajl(i))>

1=0

where 0; € &, such that 0;(i) = k if g;g;, = g fori € {0,...,m — 1}.
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The Decoding Strategy

Y=Yy C=D>cg E=D) eg and Rk(E)=t, Dg(Y)=Dc(C)+Dg(E)
geG geG geG

e DG(FE) is partially known: For any g of 6—degree > r, ¢, is known.

e The strategy is to find submatrices of the G-Dickson matrix D (E) that contain only one
unknown entry denoted as x such that the row containing x can be written as a linear
combination of the rest of the rows.
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The Gabidulin code G,,, , € Fy7[0]: m =7, k=3,d = 5.



A First Example: Decoding Gabidulin Codes

The Gabidulin code G,,, , € Fy7[0]: m =7, k=3,d = 5.

o Sent C =coX + 1 X7+ X9 deg,(C) <3
e Received Y = C + E, where Rank(E) = |42] = 2.
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and the Unknown Coefficients of F

We know Y and hence, also D¢ (Y).

The coefficients e; for 3<i <6 of £ = Z?:O e; X9 are known (in green).
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Next we recover the unknown coefficients
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For an element E = )] egg e L[G] of rank ¢, any ¢t x t submatrix consists of consecutive
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Recovering ¢,

If G is cyclic

For an element E = )] egg e L[G] of rank ¢, any ¢t x t submatrix consists of consecutive
geG

rows and columns of Dg(E) is invertible.
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we look for ¢;




Finding ¢
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Here we get ¢y and D (E)!
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Next example: RMy(r,n): r

e Sent: C = 30908 + 20109 + c}0963

o Received: Y =C + E, where FE = Z?,j=0 el0i0] with Rank(E) =2 = |4L].
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Next example: RMy(r,n): r=1, n=(3,3), d=6

e Sent: C = 30908 + 20109 + c}0963
o Received: Y =C + E, where FE = Z?,j=0 el0i0) with Rank(E) =2 = |45 ).
e The reverse lexicographic ordering on G: g, = 0905, g, = 01 03, g, = 67605,

gs = 0163, 84 = 0163, g5 = 07 63, g5 = 07 03, &7 = 01 63, g = 07 05.

11
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Can we mimic the minor cancellation method?
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Recovering the unknowns by minor cancellation of Dickson matrix does not work.

Reason: For a rank ¢t G-Dickson matrix over arbitrary Abelian groups, the submatrices consist
of ¢ consecutive rows and columns may not be linearly invertible.
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Recovering 0-polynomial via
Majority Voting



Voting for eg,,

Let D € LN*N be a matrix. D(i,5) € {D;yj : i<i’ <N—1and0<j <j}

- D(i.j-1)
‘ / For a position (4, 7), if
13
PR ialndabale i Th (4,9) e D, is a conjugate of egy,;
: e D(i+1,5), D(i,j — 1) and
| . .
s i1 4 D(i+1,j — 1) have the same rank
D(i+1,57—1) %77D(l%‘1,‘]) »J 0
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Voting for eg,,

Let D € LN*N be a matrix. D(i,5) € {D;yj : i<i’ <N—1and0<j <j}

- D(i.j-1)

‘ / For a position (i, 7), if
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e D, ; is a conjugate of eg,;

~
: e D(i+1,5), D(i,j — 1) and
D(i+1,j—1) %77 D(i +1,5) D(i+1,j — 1) have the same rank,
we compute the unique value d; ; for D; ; such
that RkD(4,5) = RkD(i + 1,j — 1).
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Voting for eg,,

Let D € LN*N be a matrix. D(i,5) € {D;yj : i<i’ <N—1and0<j <j}
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: e D(i+1,5), D(i,j — 1) and
D(i+1,j—1) %77 D(i +1,5) D(i+1,j — 1) have the same rank,
we compute the unique value d; ; for D; ; such
that RkD(4,5) = RkD(i + 1,j — 1).
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J=17

Voting for eg,.. We compute g; 1(CJZ;J) which is a predicted value for eg,,.
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Majority votes for the true value of the unknown

When eg,, is the farthest unknown in the decoding process

e the number of conjugates of eg,, appearing on the diagonal Ag,, is at least d.
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e the number of conjugates of eg,, appearing on the diagonal Ag,, is at least d.

e any entry of D¢ (FE) lying below the diagonal Ay, is known.
Two situations may occur:

e either the prediction for eg,, was true;

e or the prediction was false, which implies the corresponding position (i, j) is a pivot
position (= Rk(Dg(E)) < |452]).
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Majority votes for the true value of the unknown

When eg,, is the farthest unknown in the decoding process

e the number of conjugates of eg,, appearing on the diagonal Ag,, is at least d.

e any entry of D¢ (FE) lying below the diagonal Ay, is known.
Two situations may occur:

e either the prediction for eg,, was true;

e or the prediction was false, which implies the corresponding position (i, j) is a pivot
position (= Rk(Dg(E)) < |%42)).

There cannot be “too many” wrong predictions

Let T be the number of true predictions for eg,, and F' be the number of false ones, then

T > F.
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Complexity

Theorem [Couvreur, P., 2025]

e Let L/K be a Galois extension of degree N with Galois group G with a system of
generators 6 = (01,...,60,,).
e Let n = (ny,...,n,,) denotes the sequence of orders of 6;'s in G.

e Suppose r < >, | (n; — 1) and d denote the minimum distance of the code RMg(r, n).

If we are given a primitive element z of L/K, then the majority voting algorithm corrects any
error pattern of weight ¢t < 251 in O(N*), more precisely, O(tN3log(N)loglog(N) + kN?)

operations in K.

Couvreur, A., and Pratihar, R., Decoding Rank Metric Reed—Muller Codes, IEEE Transactions on Information Theory, 2025.
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Complexity

Theorem [Couvreur, P., 2025]

e Let L/K be a Galois extension of degree N with Galois group G with a system of
generators 6 = (01,...,60,,).
e Let n = (ny,...,n,,) denotes the sequence of orders of 6;'s in G.

e Suppose r < >, | (n; — 1) and d denote the minimum distance of the code RMg(r, n).

If we are given a primitive element z of L/K, then the majority voting algorithm corrects any

error pattern of weight ¢t < 25 in O(N*), more precisely, O(tN3log(N)loglog(N) + kN?3)

operations in K.

Couvreur, A., and Pratihar, R., Decoding Rank Metric Reed—Muller Codes, IEEE Transactions on Information Theory, 2025.

Hgholdt, T., and Pellikaan, R., On the Decoding of Algebraic-Geometric Codes, IEEE Transactions on Information Theory, 2002.
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Recursive Decoding of Binary Rank Metric RM Codes, i.e., G =~ (Z/2Z)™

Binary RM codes in rank metric

A binary rank metric Reed—Muller code of over L/K of order r and

geG, wh(g

RMp jk (r, m) def {f eL[G] : f= Z fgg},
)<r

wi(g) is the Hamming weight of the g seen as a vector in (Z/27Z)™.
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Recursive Decoding of Binary Rank Metric RM Codes, i.e., G =~ (Z/2Z)™

Binary RM codes in rank metric

A binary rank metric Reed—Muller code of over L/K of order r and
def
RMy g (r, m) = {f eL[G]: f= ) fgg},
geG, wu(g)<r

wi(g) is the Hamming weight of the g seen as a vector in (Z/27Z)™.

A decoding algorithm with improved complexity in

Couvreur, A., and Pratihar, R., Recursive decoding of binary rank Reed-Muller codes and Plotkin
construction for matrix codes, arXiv: 2510.19095.
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Recursive Decoding of Binary Rank Metric RM Codes, i.e., G =~ (Z/2Z)™

Binary RM codes in rank metric

A binary rank metric Reed—Muller code of over L/K of order r and

RMp jk (r, m) def {f eL[G] : f= Z fgg},
)<r

geG, wh(g

wi(g) is the Hamming weight of the g seen as a vector in (Z/27Z)™.

A decoding algorithm with improved complexity in

Couvreur, A., and Pratihar, R., Recursive decoding of binary rank Reed-Muller codes and Plotkin
construction for matrix codes, arXiv: 2510.19095.

Thank You!
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The Recursive Structure of Binary Rank Metric Reed—Muller Codes

L =K(ay,...,om) G = Gal(L/K) = (Z/2Z)™ = (61, ..., O
) (Om) The minimal polynomial of «; :
e X?—q;, a;eK when CharK # 2
( the Kummer case),
G/{0m)=Co=(01,....0m—1) e X?+ X +a;, a;eK when CharK = 2
( the Artin-Schreier case).
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The Recursive Structure of Binary Rank Metric Reed—Muller Codes

L =K(a,...,omn) G = Gal(L/K) = (Z/2Z)™ = (61, ..., 00)
) () The minimal polynomial of a; :
_ K(a N ) e X2 —q;, a;cK when CharK # 2
Lot ( the Kummer case),
)G/<9m>:GU<917--~;07n1> e X2+ X + a;, a; € Kwhen CharK = 2
K ( the Artin—Schreier case).
Proposition [The recursive structure in the Kummer case]
+ By @l — By) A e 7
RMy g (r, m) = 3 )
+ By _B, B; e RMy g(r —1,m — 1)

def
where a,, = o2, € K.
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The Recursive Structure of Binary Rank Metric Reed—Muller Codes

L =K(a,...,omn) G = Gal(L/K) = (Z/2Z)™ = (61, ..., 00m)
) (0m) The minimal polynomial of «; :
e X2 —q;, a;cK when CharK # 2
G = (()41.,...,04»,”,1)
( the Kummer case),
G/(Om)=Co=(01,-,0m—1) e X>+ X +a;, a; €K when CharK = 2
K ( the Artin—Schreier case).
Proposition [The recursive structure in the Artin—Schreier case]
+BU (Lm( +B1)+BU e
RMyk (r, m) = o 7
+ B, o + By B; e RM k(r—1,m —1

def
where a,,, = afn + a,, € K.

|
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Recursive Decoding of Binary Rank Metric Reed—Muller codes

Ay + By am(A; — By) Ey Eo; il
Y= + i Rk(E)=t<27n—7— 1
A + By Ay — By Ej Eq;
C e RMyx(r,m) EeK2™x2™
Step 1: Folding Y
To get rid of the A;'s without increasing the error rank.
I 2 1 1 1
( T | I)Y 1 = By + 2B + Eo — —FEo + Eig — Eqq,
am e I Qm Qm Om Am
I 2 1 1 1
(-1 I)Y( h > — 2B, — — By — — Eoo — — Eo1 + E1o + — En1.
Qm. TI Oy m (0779 Qm
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