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Rank-metric codes

Definitions

Definition
A linear vector [m, k]gn /q-rank-metric linear code C is a
Fgn-subspace of Fg, of dimension k.

Definition
@ The rank weight of a vector v = (vi,va,...,vp) € Fgn is
w(v) = dimg ({v1,v2,..., Va)).

@ The minimum distance of C is
d =d(C) = min{w(v)|0 # v € C}.

In this case we say C is a [m, k, d]gn q-rank-metric linear code.
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Rank-metric codes

Definitions

Theorem (Singleton-like bound)
logq|C| < max{m, n}(min{m, n} —d + 1).

Definition

A code attaining the Singleton-like bound is called MRD-code.
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Regular fat linear sets

Linear sets

Definition

A linear set of rank p in PG(k — 1, q") associated with an
Fy-subspace U of]Fff,,,, dimg,(U) = p is

LU = {<V>Fqn | VvV € U,V 75 0}

€

Definition
o The weight of a point P = (v)g_, € PG(k—1,q") w.r.t. Ly is

WLU(P) = dl'qu(<V>Fq,, N U)

o Ly is said to be scattered if dimp,((v)r,, N U) <1Vv e IE‘S,,.

v
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Regular fat linear sets

(r,i)-RFLSs

Definition

An (r,i)-regular fat linear set ((r, i)-RFLS) is one that has precisely r
points with weight greater than one, and all of these points have weight i
(r>0,i>2).

Any (0,i)-RFLS is a scattered linear set, and vice versa.

Proposition
If Ly is an (r,i)-RFLS of rank p then

g —1—r(q' —q)
g-1 '

ILu| =
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Regular fat linear sets

Examples for r =1 or i =2

@ The (1,/)-RFLS are called i-clubs (Sz. Fancsali, P. Sziklai,
2006) and have been widely studied.

@ (M. De Boeck, G. Van de Voorde, 2022) deal with linear sets
or rank p < 4 in PG(1,q") and rank 5 in PG(1,q°). In
particular, for p = 4 all (r,i)-RFLS have parameters (1, 3),
(g+1,2), (1,2) or (2,2).

@ (r,2)-RFLSs are also investigated in: (D. Bartoli, G. Micheli,
G. Zini, F. Zullo, 2022), (B. Csajbdk, G. Marino, O. Polverino,
C. Zanella, 2018), (C. Zanella, 2019), (O. Polverino, F. Zullo,
2020), (D. Bartoli, B. Csajbdk, M. Montanucci, 2021), ...
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Regular fat linear sets
Points with complementary weights and (2, /)-RFLSs

Theorem (V. Napolitano, O. Polverino, P. Santonastaso, F. Zullo,
2022)

Let 1 <t < nandn=/t. There exist Fq-linear sets of rank p in
PG(1,q") with one point of weight t, one point of weight s and all
others of weight one for the following values of n, k and s:

@neven, p=t+sandanysc{l,..., 7},

@ nodd, p=t+sandanyse{l,..., 5}

If t divides n, there is a (2,t)-RFLS in PG(1,q").
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Regular fat linear sets
Points with complementary weights and (2, /)-RFLSs

Theorem (G. N. Alfarano, R Jurrius, A. Neri, F. Zullo, 202X)

There exist (2, i)-regular fat linear sets in PG(1,q") in the
following cases:

@ neven and n > 2i;

n> 2

n=tty witht; >iandi <1+ t;(t2—1)/2;
n=tit, witht; >iand t, > 2;

°
°
°
e g=ph n=p,2-1<n)2
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Associated rank-metric codes

Definition
Let Ly be an (r,i)-RFLS of rank p in PG(k —1,q"). Take
G e IB’S"X("FP) having as columns an I 5-basis of

Ut = {x e Fg,, | Trgn/q(x - u) =0, Vu € U}.

Define the code C < F Zln(_” associated with the linear set L./ as
the rowspace of G.
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Associated rank-metric codes

Proposition
If i < n, the rank-metric code C associated with L./, where U is
a (r,i)-RFLS of rank p in PG(k —1,q"), is an
[nk — p, k,n — i]gn q-code with

e r(q" — 1) codewords of weight n — i

e (|[Ly|—r)(q" — 1) codewords of weight n — 1

o (g" — 1) — |Ly|(g" — 1) codewords of weight n

q°—1-r(9'=q)

recall |Ly|= i
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Associated rank-metric codes

Theorem (A. Ravagnani, 2016)

Let C be a rank-metric code in Fg,. Let (A;)ien and (B;)jen be the rank
distributions of C and C*, respectively. For any integer 0 < v < n we

have
Saf) - el

Let U <p, IFS", such that Ly is a (r,i)-RLFS of rank p, i < n.

el

(-1 Hq
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Examples with r, i > 2
A construction in PG(k — 1, g*)

Let g be odd, t > 3, (s,t) =1,
w e E ={x€Fpr| Traee(x) =0}, w#0, Ngeyg(w?) # (-1)°,
and | be an i-dimensional I 4-subspace of Ft, i > 2. Define

T=Tows={x+wx% | xel}.

Then for any k > 1, L« is a ((g* —1)/(q — 1), i)-regular fat linear
set of rank ki in PG(k — 1, ?t). The points of weight i are
precisely the elements of PG(k — 1,q), i.e. (a1 :ax:...: ak) with
(0,0,...,0) ;é (81,32,...,ak) S Fz
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Examples with r, i > 2
A construction in PG(k — 1, g%), £ > 2

f|qt — 1. Let £ € Fgr such that {1,¢,¢2,...,e71} is the set of all roots
of X! —1. Ej={x € Fpe | x9 —&lx =0}, j=0,....,—1 There

exist 1) € £ such that £; = ()r,, j=0,...,0—1

Let (s,t) =1,£>2,¢|q"— 1, n as before and | be an i-dimensional
Fg-subspace of Fe, i > 2. Define T = Ty, = {x +nx% | x € I}. Then
for any k > 1, Ly« is a ((¢g" — 1)/(q — 1), i)-regular fat linear set of rank
ki in PG(k —1,q%). The points of weight i are precisely the elements of
PG(k—1,q), ie. (a:a:...:ak) with (0,...,0) # (ay,...,ax) € Fk.
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Examples with r, i > 2

Linearized polynomials

o A linearized polynomial over Fgn is f = Zf'(:o aix? € Fgn[x].
@ If ax # 0 then the g-degree of f is k.

o L, q will denote the set of linearized polynomials over Fgn.

® Lng=Lng/(x9" —x).

© The graph of f is Gr = {(y,f(y)) | y € Fq} C AG(2,q).

Definition

The linear set associated to f is
Le=Lg, = {{(y, f(¥)))qr | ¥y € Fin}.

€




Examples witl

[e]e]e] lo}

Examples with r, i > 2
The polynomial ¢m -

Let pmo =X+ X 4 m (X" - XU‘“) € Fgu[X], t >3, q odd,
oc=gq’, (J,2t)=1,and m IF}.

@ Ifmisa (o — 1)-power of an element of
E={xeFq| x9 4 x =0}, then Ly, . isan (r,2)-regular fat
linear set for some integer r.

@ Ifmis a (o + 1)-power of an element of E and t is odd, then L,
is a (2, t)-regular fat linear set.

@ Ifmis a (o + 1)-power of an element of E and t is even, then L,
is a (g + 1, t)-regular fat linear set.

@ Otherwise, L,  is a (0,—)-regular fat linear set, i.e., a scattered
linear set.
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