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Abstract We study localization properties for a class of one-dimensional,
matrix-valued, continuous, random Schrédinger operators, acting on L*(R) ®
CN, for arbitrary N > 1. We prove that, under suitable assumptions on the
Fiirstenberg group of these operators, valid on an interval I C R, they exhibit
localization properties on [, both in the spectral and dynamical sense. After
looking at the regularity properties of the Lyapunov exponents and of the
integrated density of states, we prove a Wegner estimate and apply a multiscale
analysis scheme to prove localization for these operators. We also study an
example in this class of operators, for which we can prove the required
assumptions on the Fiirstenberg group. This group being the one generated
by the transfer matrices, we can use, to prove these assumptions, an algebraic
result on generating dense Lie subgroups in semisimple real connected Lie
groups, due to Breuillard and Gelander. The algebraic methods used here
allow us to handle with singular distributions of the random parameters.
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256 H. Boumaza

1 Introduction: Models and Results

In this paper, we will discuss localization properties of continuous matrix-
valued Anderson models of the form:

Ho)=--5® I+ VI&(x- (1)

nez

acting on L*(R) ® CV, where N > 1 is an integer, Iy is the identity matrix of
order N and ¢ > 0 is a real number. Let (22, A, P) be a complete probability
space and let w € Q. For every n € Z, the functions x — V" (x) are symmetric
matrix-valued functions, supported on [0, £] and bounded uniformly on x, n
and . The sequence (V{"),cz is a sequence of independent and identically
distributed (i.i.d) random variables on €. We also assume that the potential
X >0 VU (x — €n) is such that the operator H(w) is Z-ergodic.

As a bounded perturbation of —dd—; ® IN, the operator H(w) is self-adjoint
on the Sobolev space H*(R) ® C" and thus, for every w € €, the spectrum of
H(w) is included in R.

Due to the hypothesis of Z-ergodicity, there exists ¥ C R such that, for P-
almost every w € Q, ¥ = o (H(w)). There also exist X, Xy and X, subsets
of R, such that, for P-almost every w € Q, Xy, = opp(H(w)), Zac = 0ac(H(w))
and Xy = os(H()).

We will show that under suitable assumptions on the Fiirstenberg group of
H(w) (see Definition 4), this operator will exhibit localization properties on a
certain interval of R. These assumptions are not satisfied for every operators
of the form (1), but we will verify them for the following operator:

2 1" 1 ¢ (x — £n) 0
Hi@) == ® IN+Vo+) :
nek 0 CN(,()EG)I[(),e] (x — ¢n)
2)
acting on L*(R) ® CV. The real number ¢ > 0 represents the length of the
range of the random interactions. The constants cy, ..., cy are non-zero real

numbers and V) is the multiplication operator by the tridiagonal matrix V)
having a null diagonal and coefficients on the upper and lower diagonals all
equal to 1.

For every i € {1, ..., N}, the (a)(" ),,eZ are sequences of i.i.d. random vari-
ables on a complete probablhty space (Q, A, P), of common law v such that
{0, 1} C supp v and supp v is bounded. The random parameter w is an element
of the product space

(€2, A, P) = (®neZ§®Na ®neZJ®N, ®neZﬁ®N)

and we also set, for every n e Z, o® = (",..., o)), of law v®V. The
expectancy against P will be denoted by E(.).
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Localization for a Matrix-valued Anderson Model 257

The model (2) is a particular case of (1). Indeed, H,(w) is Z-ergodic and
the potential part of Hy(w) is uniformly bounded on x, n and w because of the
boundedness of supp v.

Following [16], we give the definitions of localization properties for H(w),
from the spectral and the dynamical point of views. For x € R, we denote by
1, the characteristic function of the interval of length 2¢ centered at x. We
also write < x >= /1 + |x|? and we denote by E,(.) the spectral projection of
H(w). The Hilbert-Schmidt norm is written as || ||, while the L?-norm is written
as | |-

Definition 1 Let / C R be an open interval. We say that:

(i) H(w) exhibits exponential localization (EL) in I, if it has pure point
spectrum in / (ie., ¥ NI =X,, NI and E,c N[ = E;c N 1 = ¢) and, for
P-almost every w, the eigenfunctions of H(w) with eigenvalues in I decay
exponentially in the L?-sense (i.e., there exist C and m > 0 such that
|1y || < Ce™ for ¢ eigenfunction of H(w));

(i) H(w) exhibits strong dynamical localization (SDL) in I, if NI #0
and, for each compact interval I ¢ I and ¥ € L2(R) ® CV with compact
support, we have,

n ~ . 2
vn >0, E (sup H< X >2 Ew(l)e*"H(“’)wH ) <00
teR

(iii) H(w) exhibits strong sub-exponential HS-kernel decay (SSEHSKD) in 1
if ¥ N I # ¢ and, for each compact interval I/ C I and 0 < ¢ < 1, there is
a finite constant C; , such that,

LE,(1 )f(H(w))lyH2> < Cp e,
Il fllo=l 2

Vx,yeZ,E( sup

f being a bounded Borel function on R and || flcc = sup,eg | f(DI.

We also set Xgr, Xspr. and Xsseuskp as the sets of £ € X for which there
exists an open interval I, E € I, such that H(w) exhibits on I, (EL), (SDL)
and (SSEHSKD) respectively. We have Xsspnskp C Zspr and we will actually
prove (SSEHSKD) for H,(w) on some interval, which will imply (SDL) on the
same interval. We quote (SDL) property as it has a more natural interpretation
than (SSEHSKD) in terms of control of the moments of the wave packets of
H(w).

We are now ready to give the statement of our main results. For E € R, let
G(E) be the Fiirstenberg group associated to H(w) (see Definition 4). For the
definitions of p-contractivity and L ,-strong irreducibility, see Definition 3.
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258 H. Boumaza

Theorem 1 Let I C R be a compact interval such that © N I # @ and let I be an
open interval, I C I, such that, for every E € I, G(E) is p-contracting and L,,-
strongly irreducible, for every p € {1, ..., N}. Then, H(w) exhibits (EL), (SDL)
and (SSEHSKD) in 1.

Before applying this theorem to the operator H,(w), we need to introduce
some notations. Let Spy(R) denote the group of 2N x 2N real symplectic
matrices and let O be the neighborhood of I,n in Spy(R) given by Theorem 6
applied to G = Spy(R) . We set:

diog 0 = max{R > 0| B(0, R) C log O},

where B(0, R) is the open ball, centered on 0 and of radius R > 0, for the
topology induced on the Lie algebra spy(R) of Spy(R) by the matrix norm
induced by the euclidean norm on R?V,

For 0@ = (0, ..., o) € {0, 1}V, let
M, o0 = Vy+ dlag(cla)l e CNCL)(O))
As Mo is a real symmetric matrix, it has A‘l"w), e, A“,{;O) as real eigenvalues.
We set,
. (©
Amipn = min  min )»“’U Amax = Max max Ay : (3)
w©®e{0,1}N 1<i<N w0e(0,1}V 1<i<N

and § = Amatmn We also set

d
tc = Lc(N) = min (1, 18—g0> (4)
0
and, for every £ < {¢,
d d
1(¢, N) = [Amax - “’5 © dmin + leo} . (5)

Applying Theorem 1 to the operator H,(w), we obtain the following results.

Theorem 2

(1) Assume that £ < £c and let I C 1(£, N) be an open interval such that ¥ N
I # 0. Then Hy(w) exhibits (EL), (SDL) and (SSEHSKD) in I.

(i) Assume that € = 1 and N = 2 in (2). There exists a discrete set S C R such
that, for every compact interval I C (2,400)\ S with N1 # ¥, Hy(w)
exhibits (EL), (SDL) and (SSEHSKD) in 1.

We remark that in point (i) of Theorem 2, as the length of (¢, N) tends to
+o0o when ¢ tends to 0%, taking ¢ small enough ensure that £ N I(¢, N) # ()
and, moreover, we can always find a non-trivial open interval I C I(¢, N) such
that ¥ N 1 # ¢.
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Localization for a Matrix-valued Anderson Model 259

To prove localization results as Theorems 1 and 2 for one-dimensional
operators such as (1) and (2), we can follow this plan:

1. We prove that the Lyapunov exponents of H(w) are all distinct and
positive.

2. We prove the Holder regularity of these exponents.

3. We deduce the same Holder regularity for the integrated density of states
of H(w).

4. With this regularity of the integrated density of states, we prove a Wegner
estimate.

5. We apply a multiscale analysis scheme.

According to this plan, our first result for H,(®) is the following. For the
definitions of ur and L, see Section 2.1.
Theorem 3 Assume that ¢ < £¢. Then,
(i) the N positive Lyapunov exponents of Hy(w), y1(E), ..., yn(E), verify
VE € I(t, N), yi(E) > --- > yn(E) > 0. (6)

Therefore, Hy(w) has no absolutely continuous spectrum in I(¢, N), i.e.,
Sac NI, N)=0.

(ii) Forevery p € {1, ..., N}, there exists a unique  g-invariant measure v, g
onP(L,) ={xe P(APR?N) | x € L} such that, for every E € 1({, N),

- AP M)x _
Z Vvi(E) = f log ud,uE(M)dvp,E(x). (7)
=1 Spn(R) xP(L,) flx |l

(iii) Foreveryie {l,..., N}, E > y;(E)is Holder continuous on 1(¢, N), i.e.,
there exist C > 0 and a > 0 such that,

VE,E €I, N), |yi(E) —v(E)| < C|E—- E|". (8)

Points (i) and (if) will directly follow from the theory of sequences of i.i.d.
random matrices in Spy(R) after proving that, for every E € I(¢, N), the
Fiirstenberg group of H,(w) is p-contracting and L,-strongly irreducible, for
every p € {1, ..., N}. Itis exactly the assumption of Theorem 1. Then, applying
results of [3], we obtain a regularity result for the integrated density of states
E i+ N(E).

Theorem 4 Let ¢ < £¢. Let I be a compact interval included in the interior of
I1(¢, N). The integrated density of states of H,(w) is Holder continuous on 1, i.e.,
there exist C > 0 and o > 0 such that,

VE,E €I, [N(E)y— N(E)| <C|E-E|". )

The local Holder regularity of the integrated density of states is a key
ingredient to prove a Wegner estimate for H(w). Let L € N* and denote
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260 H. Boumaza

by H'"Y(w) the restriction of H(w) to L>([—¢L,¢L]) ® CN with Dirichlet
boundary conditions. We define H EL) (w) the same way, for every £ > 0.

Theorem 5 Let I C R be a compact interval and I be an open interval, I C 1,
such that, for every E € I, G(E) is p-contracting and L,-strongly irreducible,
forevery p € {1,..., N}. Then, for every B € (0, 1) and every k > 0, there exist
Ly € Nand & > 0 such that,

P (d (E, U(H(L)(a)))) < efl(([L)ﬂ> < e*E(ZL)ﬁ’ (10)

forevery E € I and every L > L.

Applying this general result to H,(w) and using Theorem 3, lead us to the
following.

Corollary 1

(i) Lett < £c. Then (10) holds for HEL) (w) for every E € I, where I is a non-
trivial interval included in the interior of 1(£, N).

(i) Lett =1and N =2 in(2). There exists a discrete set S C R such that, for
every compact interval I C (2, 400) \ S, (10) holds for H}L) (w), for every
Eel

Then, to obtain Theorems 1 and 2, it will remain to show that we can apply
a multiscale analysis scheme as presented in [20] or [16].

After [10], we already know that, in the scalar-valued case (corresponding
here to N = 1), there exists a discrete set S C R such that, on every compact
interval I C R\'S, ¥ NI # ¢, we have exponential localization and strong
dynamical localization. Thus, there is localization at small and large energies in
this case. On higher dimension d > 1, the multi-dimensional Anderson model
is defined by the operator

H)=—-As+ Y VI (x—tn), (11)

nezd

acting on L?(R%) ® C, with the same assumptions as for model (1), in the case
N = 1. In particular, we are interested in handling singular distributions of the
random parameter w. For d > 2, it is known since [6], that there is spectral
localization near the bottom of the almost-sure spectrum of H(w). There is
not yet any proof of dynamical localization for this model. For large energies,
the question of the localization is still open, under any assumption on the dis-
tribution of the random variables. It is commonly conjectured that, for d > 3,
there exist delocalized states at large energies. On the contrary, for d = 2, it is
conjectured that there is localization, even for large energies, exactly like in the
case d = 1. To tackle the question of localization for d = 2, including singular
distribution of w, we can start by studying a simpler model, a continuous strip
in R?. We consider the restriction of (11) to the continuous strip R x [0, 1],
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Localization for a Matrix-valued Anderson Model 261

acting on L*(R x [0, 1]) ® C, with Dirichlet boundary conditions on R x {0}
and R x {1}. This continuous strip model is not only interesting as a first step
to study localization on R?, but it is also of physical interest. Indeed, such a
model can be considered to modelize nanoconductors and it allows to study
their transport properties.

The question of localization at all energies for the continuous strip R x [0, 1]
is a difficult problem, mostly due to its PDE’s nature. A possible approach for
this question is to operate a discretization in the bounded direction. Such a
discretization can be performed by first applying discrete Fourier transform in
the bounded direction of the strip. It leads to a quasi-one dimensional model
with a matrix-valued potential of infinite size (corresponding to N = oo in (1)).
Then, to obtain the desired discretization, we consider an arbitrary large cut-
off in the space of Fourier frequencies. Thus, we are bringed back to model
(1) with finite and arbitrary large N. It turns the nature of the initial PDE’s
problem to an ODE’s one, which allows to use formalism such as transfer
matrices and Lyapunov exponents. Then, we want to obtain localization for
arbitrary large N and we hope to be able to recover localization properties,
first for the infinite order quasi-one dimensional model in the Fourier space,
by letting N “tends to infinity”, and then for the continuous strip in dimension
2. For this purpose, it is important to have results for arbitrary N > 1.

In a previous article of the author, [2], we proved separability of the
Lyapunov exponents of H,(w) for large energies, but only for N =2. It
was done by proving p-contractivity and L ,-strong irreducibility of the
Firstenberg group for energies E > 2 (for N =2, Anax = 2) and away from
a discrete set of R. Point (if) of Theorem 2 is based upon this result. Due to
some technical difficulties, it was not possible to generalize the computations
done for N =2 to an arbitrary N > 1. This is were the parameter £ > 0 play
an important role, as explained in the end of Section 2.2. The main difference
between what was proved for £ =1 and N = 2 in [2], and the case N > 1 for
¢ small considered here, is the existence of a discrete set of critical energies
which does not appear in the second case.

We also want to mention that different methods have been used in [15]
to prove localization for random operators on strips. These methods, using
spectral averaging techniques, do not apply for singular distribution of the
random parameters. We choose instead to follow methods of [17] for the
discrete strip and adapt them to our models. The same strategy was already
followed in [10] for the scalar-valued case.

We finish this introduction by giving the outline of the rest of the article.
In Section 2, we prove Theorem 3. We first recall definitions of the Lyapunov
exponents in Section 2.1 before introducing the Fiirstenberg group of H,(w)
and study it in Section 2.2. In Section 3, we review and adapt estimates on
the random walk defined by the transfer matrices and, in particular, large
deviation type estimates. Then we shortly discuss the Holder regularity of the
integrated density of states in Section 4. We can deduce from this regularity
result a Wegner estimate, as it is done in Section 5. Finally, in Section 6, we
give the proofs of Theorem 1 and of Theorem 2. We start by presenting the
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262 H. Boumaza

requirements of a multiscale analysis scheme in Section 6.1 and then we prove,
in Section 6.2, an initial length scale estimate required to apply this scheme.

2 Positivity and Regularity of the Lyapunov Exponents

In this Section, we will give the proof of Theorem 3. Before that, we will set up
notations and definitions about Lyapunov exponents.

2.1 Lyapunov Exponents

We start with a review of the definition of the Lyapunov exponents. Let N be
a positive integer and let Spy(R) denote the group of 2N x 2N real symplectic
matrices. It is the subgroup of GL,n(R) of matrices M satisfying

"MIM = J,

where J is the matrix of order 2N defined by J = < 10 _OIN )
N

Definition 2 Let (7%),en be a sequence of i.i.d. random matrices in Spy(R)
with E(log™ || T¢ 1) < oo. The Lyapunov exponents y, ..., yon associated with
(T?)nen are defined inductively by

P
Zyi = nlirglo ;]E(log | AP (T, ... TY)

i=1

), (12)
forevery p € {1,...,2N}.

Here, A?M denotes the pth exterior power of the matrix M, acting on
the pth exterior power of R*Y. One has y; > ... > y»n. Moreover, we have
the symmetry property y»ny_iy1 = —¥;, for every i € {1,..., N}, due to the
symplecticity of the random matrices 7. We will only have to study the N
first Lyapunov exponents, those being positive.

We also define, for every p € {1,..., N}, the p-Lagrangian submanifold
L, of R*N, as the subspace of A’R?N spanned by {Me; A...A Me, | M €
Spn(R) }, where (ey, ..., eyn) is the canonical basis of R*N. We note that
L = A'R?N = R?N, We can now give the definitions of p-contractivity and
L - strong irreducibility.

Definition 3 Let G be a subset of Spy(R) and p € {1,..., N}.

(i) G is p-contracting if there exists a sequence (7},) ey in G such that the
sequence (|| A? T,||~" AP T,),en converges to a rank-one matrix.

(i) G is L,-strongly irreducible if there does not exist a finite union W of
proper subspaces of L, such that, (A?T)(W) = Wiorany T € G.

We can now give the proof of Theorem 3.
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Localization for a Matrix-valued Anderson Model 263

2.2 Proof of Theorem 3

In this Section, all the definitions are given for the operator H,(w), but we
could also define the same objects for the more general operator (1). We start
by introducing the sequence of transfer matrices associated to the operator
H;(w). Let E € R. The transfer matrix 7w (E) of Hy(w), from ¢n to £(n + 1),
is defined by the relation

u(l(n+1)) u(tn)
Vn € Z, <u/(£(n + 1))) = T (E) (u’(@)) ’ (13)

where u : R — CV is a solution of the second order differential system
Hi(w)u = Eu. (14)

We can give the explicit form of the matrices T,» (E). For E € R,n € Z and
o™ e Q®N we set

M0 (E) = Vo + diag(ci0}”, ..., cyol)) — Elx. (15)
Then, if we set

(0 Iy
Xw(n)(E) = (Mw(n)(E) 0 ) € MZN(R)v (16)

by solving the constant coefficient system (14) on [¢n, £(n + 1)], we have:
V¢>0,VneZ, VEeR, T,w(E)=-exp({X,mw(E)). (17)

The fact that 7,,m (E) is the exponential of a matrix will be very important to
be able to apply Theorem 6. We can now introduce the central object involved
in the proof of Theorem 3. It is the algebraic object containing all the products
of transfer matrices.

Definition 4 For every real number E € R, the Fiirstenberg group of Hy(w) is
defined by

G(E) = <suppig >,
where g is the common distribution of the 7,,m (E).

As the T,w(E) are iid., ur = (T,0(E)).v®" and we have the internal
description of G(E):

VEeR, G(E)= < T,0(E) | ®® € suppv®N >. (18)

As {0, 1} C supp v, we also have G(E) D < T,0(E) | o© € {0, 1}¥ >. Due
to a criterion of Gol’dsheid and Margulis (see [5, 14]), to prove that, for a
given E € R, G(E) is p-contracting and L,-strongly irreducible, for every p
{1,..., N}, it suffices to prove that G(E) is Zariski dense in Spy(R) . Actually,
we will prove a stronger statement which is that, for every E € I(¢, N), G(E) is
equal to Spy(R) . Therefore, for every E € (¢, N), G(E) will be p-contracting
and L,-strongly irreducible, for every p € {1, ..., N}.
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Proposition 1 Let ¢ < {c and (¢, N) be the interval defined at (5). Then, for
every E e I(¢, N), G(E) = Spy(R).

The proof of this proposition is based upon the following theorem due to
Breuillard and Gelander.

Theorem 6 ([7], Theorem 2.1) Let G be a real, connected, semisimple Lie
group, whose Lie algebra is g. Then, there is a neighborhood O of 1 in G, on
which log = exp~! is a well defined diffeomorphism, such that gy, ..., gn € O
generate a dense subgroup wheneverloggy, ..., log g, generate g.

This theorem gives us the outline of the proof of Proposition 1:

1. We prove that, for every ¢ € (0, £¢) and every E € [({, N), T,0(E) € O,
for every © € {0, 1}V,

2. For ¢ < £c¢, we compute log T,0 (E).

3. We prove that Lie{log T,0 (E) | ®® € {0, 1}"V} = spx(R), the Lie algebra
of Spy(R).

Before proving Proposition 1, we prove the following algebraic lemma
which will be used to prove point 3.

Lemma 1l Let N > 1 and E € R. The Lie algebra generated by { X0 (E) | o €
{0, 13N} is equal to spy(R).

Proof First, we recall that:

spy(R) = {(;2 _btla> ,ae MyMR), byand b, symmetric} .

Fori, je{l,..., N}, let E; be the matrix in My (R) with a 1 coefficient at
the intersection of the ith row and the jth column, and 0 elsewhere. We also
set

1 5 ) N
vi,je{l,..., N}, X;j= 5(8 E”—SE]’), Yi="Xy, Zij= <%j _?5)
ji

We also denote by §;; the Kronecker’s symbol:

5 — lifi=j
T=0i0fi#
We remark that the set {Xj;, Y;;, Z;j}i j=1.~ is a basis of spy(R). By direct
computation, we get the relations, for every i, j, k,r € {1,..., N},

(i) [Zij, Xirl = 8 Xir + 8 Xik
(11) [Ykrv Zij] = SikYrj + airij
(i) [ X, Yir] = zll(aszir +8;Zik + i Zjr + 8 Z 1)
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Localization for a Matrix-valued Anderson Model 265

where [, ]is the usual bracket on Lie algebra of linear Lie groups. From these
relations, we deduce that spy(R) is generated by
{A)(ij,Yij|i,]’€ {1,,N},|l_]| = 1}

Indeed, let g be the Lie algebra generated by this set. Let i € {1, ..., N}.
Then, Z,‘,’ = Z[Xi,', Yii] cg and Zi,i+l = Z[Xii, Yi,i-H] € g. Thus, for every A jE
{I,....N}li—jl =1, Z;€g. Thenwe have, X;;12 = [Z;iy1, Yirri2], Yiiea =
[Yi,i-‘rl’ Zi+1,i+2] cg and Zi,i+2 = Z[Xi,i-Ha Yi+l,i+2] cg. Thus, for every A jE
{I,...,N},li— jl =2, X;;, Y, Z;j € g. By induction, we do the same for indices
i, j such that |i — j| =3 and more generally for all indices i, j € {1,..., N}.
Thus, we proved that { Xj;, Yij, Z;j}; j=1.~ is included in g and then spy(R) C g.
Finally, g = spn(R) .

According to this, to prove Lemma 1, we only have to prove that, for every
E € R, the Lie algebra generated by {X,0 (E) | ®©® € {0, 1}"} contains all the
matrices X;jand Yj;fori, je {1,..., N}, |i— jl < 1. Let

a(E) = Lie{ X, 0 (E) | 0® € {0, }V}. (19)

To prove that a(E) contains the matrices X;; and Yj; for i, je {I,..., N}, |i —
jl < 1, we will proceed in several steps. We fix £ € R.

Step1 We prove that the matrices Z;; fori € {1,..., N} are in a(E). Let ©”
and @© in {0, 1}V. We have:

[ X0 (E), Xg0(E)] = X,0(E)Xg0(E) — Xz0 (E) X,0(E)

= diag(cl @7 — o), ..., en (@Y — V),

a(wi(’) _ 5)50)), L CN(CUE\(/)) . 5)53))).

In particular, for ®® = (0,...,0) and @© =(0,...,1,...,0), with
a1 at the ith place and 0 elsewhere, we get Z;; = [ X0 (E), Xz0(E)] €
a(E).

Step 2 With the same choice of @ and ®©, we get

Xzo0 (E) — X0 (E) =Y.

Thus, foreveryi € {1,..., N}, Y; € a(E).
Step3 We fix o € {0, 1}V andi e {1, ..., N}. We have:

1= 0 —2E;
[Xow (E). Zii) = (Mw<0> OE; + E;iM,0(0)—-2EE; 0 )

= —2X; +2Yii + 2V + 20 — E)Y;

with the convention that Y;; is zero if the index jis notin {1,..., N}.
Thus, dividing by 2, one gets,

Vie{l,...,N}, =Xi+ Yii1+ Yiir1 + (0 — E)Y; € a(E). (20)
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Step4 We prove that the matrix J is in a(E). We fix o® = (0,...,0). By
summing (20) fori € {1, ..., N}, we stay in a(E) and we have:
N N 0o 0
2 (= Xii+Yiim1+Yiipr — EYii)=2(—Xii) + <Mw(0)(E) O) €a(E).
= 1=

We can subtract X,o (E) € a(E) from this, to get:
N
: 0-In) _ (0-2I
le(—XuH (0 0 ) = (0 5 ) € a(E).
=

Thus, (8 _éN) € a(E). But, by Step 2, all the Yj;’s are in a(E), so we

also have:

N
00
;Yii = <1N 0) (S a(E)

1(1)\, OIN) € a(E).

Step5S Foreveryie(l,..., N}, [J, Z;]=2Y;+2X; € a(E). ButY; € a(E),
so 2X;=1J, Z;]—2Y; € a(E) and, for every i € {1,..., N}, X; €
a(E).

Step 6 We recall that X;;= X; and Y; =Y. Let ie{l,..., N}. Sub-
tracting (0® — E)Y;; € a(E) and adding X;; € a(E) in (20) we get
Yiioi + Yiis1 € a(E). For i=1, it means that Y, € a(E). Then,
%Zl’g =[X11, Y12l €ea(E)and Z,, € a(E). But we also have 2.X, =
[Z12, X220l € a(E) and X, € a(E). Now, for i =2, we have Y, +
Y>3 € a(E). But we just proved that Y, € a(E), thus Y,3 € a(E).
Inductively, we prove that:

Vi e {1, ey N}, Yi,i+l (S} a(E)
Also, foreveryi e {1,..., N},

By adding these two matrices, J =

1
[ Xii, Yi,i+l]=§Zi,i+l€a(E) and [Z;;1, Xip1,i1]1=2X 41 €a(E).

It proves that all the matrices Xj; and Y;; fori, je {1,..., N} and |i —
jl < 1arein a(E). Thus, a(E) = spy(R) . o

We can now prove Proposition 1.

Proof (of Proposition 1) In this proof we directly construct £¢ and 1(¢, N). Let
()

k‘{” ),. . )J;(,(O) be the real eigenvalues of the real symmetric matrix Mo (0), as in
the introduction. Then, the eigenvalues of X, 0 (E)' X,0 (E) are 1, (A‘f’(o’ — E)?,
e ()Jj\,’m) — E)2. Thus:

| X0 (E)|| = max (1, max e — E|> ,
=i<
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where || || is the matrix norm associated to the euclidian norm on R?V.

Let O be the neighborhood of the identity given by Theorem 6 for G =
Spn(R) . Then O depends only on N. To apply Theorem 6 to G(E) C Spy(R),
we need to find an interval of values of E such that, for £ small enough,

Vo' € (0, 1Y, 0 < 2| X0 (E)|| < diog 0, (21)
or, equivalently,
0 < £ max (1, max max |)L“’(> — EI) < diog 0. (22)
0®ef0,1}N 1<i<N

We assume that ¢ < dj,, 0 and we setr, = %dlog o > 1. We want to characterize
the set:

I, N) = {E eR ‘ max <1, max max [A?" — E|> < rg} (23)

w(O)e{o I}N I<i<N

Asry > 1,
1eN= () () " =rex” +r (24)

00,1}V 1<i<N

Let Amin, Amax and 8 be as in (3). If 8o < ry, 1(¢, N) # @ and more precisely,
1€, N) = [Amax — ¥¢, Amin + ¥¢]. This interval is centered in W and is of
length 2r, — 28y > 0. Moreover, 2r, — 28, — 400 when £ tends to 07. As Amin,
Amax and dioe 0 depend only on N, I(¢, N) depends only on £ and N and the
condition §y < ry is equivalent to

d
€< 222 — p(N).
8o
So, we have just proved that,
Ve < lc, YE € I(€, N), 0 < £]| X0 (E)|| < diog 0. (25)

Thus, for every E € I(¢, N), log T,o0(E) =£X,0(E), as exp is a diffeomor-
phism from log O into O. Then, we can apply Lemma 1 to obtain:

Ve >0, VE € R, Lie{tX,0(E) | o € {0, }V} = spy(R). (26)

Applying Theorem 6, we get:

Ve < le, VE € I(6, N), < Ty0(E) [ 0@ € {0, 1}V > =Spy(R).  (27)

As < T,0(E) | o® € {0, 1}N > C G(E) and G(E) C Spy(R), we finally have
Ve < te, YE € I(t, N), G(E) = Spy(R) (28)

which proves Proposition 1. O

We can finally prove Theorem 3.
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Proof (of Theorem 3) As, for every £ < £¢ and every E € [({, N), G(E) =
Spn(R), we get that, for every £ < £¢ and every E € I(¢, N), G(E) is p-
contracting and L,-strongly irreducible, for every p € {1, ..., N}. Then, by [1,
Proposition IV.3.4], we get the separability and positivity of the Lyapunov
exponents and their integral representation (7), together with the existence
of the p g-invariant measure v, g, for every p € {1, ..., N}. For the assertion
on absence of absolutely continuous spectrum, we refer to Kotani’s theory
[18]. For the regularity result (8), we can directly apply [3, Theorem 2] on the
interval I1(¢, N). O

In [2] we also used Theorem 6 to obtain the separability of the Lyapunov ex-
ponents for the model studied there. This model corresponds to the case N = 2
and ¢ = 1 of H;(w). The main difference between [2] and the proof we have
just given is that in [2] we could not let ¢ get small and then just control E, to en-
sure that £X,0 (E) € log O and thus T, (E) € O, uniformly on o € {0, 1}V.
We had first used simultaneous diophantine approximation to find a suitable
power of T,o(E), say (T 0 (E))™©® which is in O. Then arised difficulties
with the computations of the logarithm. First, log(exp(m,o (E) X, 0 (E))) #
My (E) X0 (E) as myo (E) X,0(E) ¢ log O in general. It leads to a problem
of determination of the logarithm and the existence of a discrete set of critical
energies S such that, for E € S, log(T,0 (E))"=© ) is not defined. Then, for
E ¢ S, the expression of these logarithms being not simple, we could not use
an algebraic result like Lemma 1 to prove that the Lie algebra generated by the
logarithms is spy (R) . That is why we had to restrict ourselves to N = 2 in [2].

3 Estimates on the Products of Transfer Matrices

In this Section, we review and adapt results precising the convergence
of the sequence (APU"™(E)),cz where, for every n e Z, U™ (E) = T,u
(E)--- T,o(E).In particular, we will prove large deviation type estimates.
Let I Cc R be an open interval such that, for every E € I, G(E) is
p-contracting and L,-strongly irreducible, for every p € {1,..., N}.

Lemma 2

(n)
1]E<10 [(APU™ (E))x||

o ) —— () + ...+ yp(E),

uniformly in E € I and x € P(L)).

For the proof of this lemma, we refer to [9, Proposition V.4.9 | or [4,
Proposition 6.3.4].
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Lemma3 Let p e{l,..., N}. There exist & > 0, § > 0 and n, € N such that,
forevery E € I, n > ny and x € AP(R*N), || x|| = 1, we have:

E (]| A7 U (Ex| ) < e (29)
Proof We fix pe{l,...,N}. We set Ny = || AP U™ (E)x||. We start by
writing
N(;S — e—élog Ny

and using the inequality ¥ < 1 + y + y?e"!, for any y € R. Then, for every
E € [ and every § > 0,

E(Ny®) < 1 —8E (log Ny) + 8°E ((log Ny)* e'e M) . (30)
But, ase’'°¢Nv = N? ||x|| = 1 and the T, (E) are i.i.d., by Cauchy-Schwarz

inequality,

E ((log Ny)* €’¢ ) < E[(log Nu)“]% E (N%JS)%

1

n—1 4 % n—1 2
<E (ZplognTwm(E)u) E[]‘[HTCUME)WP@}

i=0 i=1
1 n
<’ p’E [(log | Too (E)ID*]* E[II Tyo (E)I*7]* .
Thus, there exist constants C; = C(/) and C, = C,([) such that,

E (| A2 U (E)x] ) = 1= 6B (log | A? U (B)x]) + 802C1(C2)". (31)

If C > 0 is such that, for every E € I, T,0(E) < C, we can choose C| =
(plog ©)? and C, = CP®. Moreover, by Lemma 2, there exist ny > 1, uniform
in E € I, and x normalized, such that,

A

1 !
<1- Enoa(yl(E) + -t Yp(E)) + 8°niC CY

1—e¢,

E (I A? U™ (E)x| ™)

IA

for ¢ > 0, if we choose § small enough. Then, for n > 1, we set [:—O] the largest
integer less than or equal to nio, and we write the euclidian division of n by ny,

n= [nlo]no +r, 0 <r < ng. Then, there exist n; > 1, a constant C and & >0
such that for every p € {1, ..., N},

Vn>n, VEc I, E (|| AP U™ (E)x| “S) < C(1 =)l < e8n,
For this, we refer to [8, Lemma 5.1]. ]

This lemma will be used in the proof of a Wegner estimate for H;(w). Later,
we will need results on large deviation for the random walk (U™ (E)),cz. We
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will now briefly quote them, following or refering to [1] and [10] for the proofs.
The first result is an estimate on the u g-invariant measure v, g introduced at
Theorem 3.

Proposition2 Let p € {1, ..., N}. Let §(x, y) be the projective distance between
X and y on P(L)). We assume that E € R is such that G(E) is p-contracting and
L,-strongly irreducible, for every p € {1,..., N}. Then, there exist p > 0 and
C > O such that, for every X € P(L),) and every ¢ > 0,

vp.e ({y € P(Ly) | 8(x, §) < ¢}) < Ce”. (32)

Proof It comes from a simple adaptation to the symplectic case of Theo-
rem VI.2.1 and Proposition VI1.4.1 in [1]. Thus, we deduce this result as in
Corollary VI1.4.2 in [1]. O

Lemmad Let pe{l,..., N}. We assume that E € R is such that G(E) is
p-contracting and L,-strongly irreducible, for every p € {1, ..., N}. Then, there
exists ko > 0 such that, for every e > 0, x € L, x # 0,

. 1
lim sup " log P (|log [[(APU™ (E))x|| — en(yy + - - - + yp)(E)| > €ne) < —kq.
n—+oo tN

(33)

Proof We refer to [1, Theorem V.6.2], replacing S, there by A?U "™ (E) here
and y by (y1 + - + vp)(E). O

Lemma5 Let pe{l,..., N}. We assume that E € R is such that G(E) is
p-contracting and Ly,-strongly irreducible, for every p e {1,..., N}. Lety € L,
of norm ||y|| = 1. For every ¢ > 0, there exist k; > 0 and ny € N such that,

(|((APU<"><E>)x, I _
[(APUD(E)a|

Yn > ng, sup
xeL,,x#0

e—aén) < e—lq@n. (34)

Proof We can directly adapt [10, Lemma 6.3] by replacing f, there by f, :
[0, 4] — R,

1 if0<t<e e
Fut) = 1 2 — et if =5t <t < 2e~¢tn
0 if2e™® <t <y

for ¢ sufficiently small, and P(R?) by P(L,) in the definition of ®,. We also
use an estimate on the convergence to v, g of the sequence of powers of the
image of x by the Fourier-Laplace operator (see [9, Corollary V.4.12], or [4,
Proposition 6.3.13(iii)]). In particular, at (6.6) of [10], we assume that k’% +

e < 0 and we set §; = 1|"22 + ¢|. At the end of the proof, we use Proposition
2 to estimate v, . m]
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We can finally deduce that, with probability exponentially close to 1, the
matrix elements (A?U™(E))x, y), for pe{l,...,N} and x,y € L,, grow
exponentially at almost the rate of £(y; + - - + y,)(E).

Proposition 3 Let p € {1, ..., N} and assume that E € R is such that G(E) is
p-contracting and Ly-strongly irreducible, for every p e {1,..., N}. Let x, y €
Ly, x|l = Iyl = 1. Then, for every ¢ > 0, there existx > 0 and ny € Nsuch that,

Vi = ng, P([(A? U™(E))x, y)| = eV BT tnBmabn) > 1 _emctn - (35)

Proof Let ¢ >0 and x,y € L,, x| = |lyll = 1. First, from Lemma 4, we
deduce that there exists n; € N such that, for every n > ny,

P (e()/l(E)+"‘+J’p(E)—5)5" < H (/\PU(H)(E))XH < e(Vl(E)+"'+Vp(E)+E)5n) >1— e—Koé’n.
(36)

Then, combining this probability estimate with (34), we get the existence of
n, € N such that, for every n > ny,

P (|(/\pU(n)(E)X, Y)‘ > efsén H AP U(n)(E)X” > e(yl(E)+~~~+yp(E)72a)£n)
>1— e—/q@n _ e—KUKn'
We get (35) for n large enough, say n > ng, with x = min(xo, k1) > 0. O

This result will be used in Section 6.2 to prove a probability estimate
required to start a multiscale analysis.

4 The Integrated Density of States

To prove a Wegner estimate for H(w) like in Theorem 5, a crucial property
is the local Holder continuity of the integrated density of states of H(w). We
review, in this Section, the definition of the integrated density of states and we
prove Theorem 4.

The integrated density of states is the distribution function of the proper
energy levels, per unit volume, of H(w). To define it, we consider, for every
integer L > 1, the restriction H" (w) of H(w) to L*>([—¢L,¢L]) ® CN, with
Dirichlet boundary conditions at +¢ L.

Definition 5 The integrated density of states associated to H(w) is the function
from R to R,, E+— N(FE), where N(E), for E € R, is defined as the following
thermodynamical limit:

. 1
N(E) = lim —r#{r < E| 1 eo(HP @)}, (37)

for P-almost every w € Q.
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In this definition, appear two problems of existence. The first one is to
verify that the cardinal in (37) is finite for every w € Q. The second one is
the existence of the limit and its almost-sure independence on w. In [3], we
already proved the existence of the integrated density of states for matrix-
valued continuous Schrodinger operators of the form (1). In particular, the
integrated densities of states of H(w) and H(w) are well defined for every
¢ >0 and every E € R. Moreover, as N(E) and the sum of positive Lya-
punov exponents, y;(E) + - - - + yn(E), are harmonically conjugated through a
Thouless formula (see [3, Theorem 3]), N(E) inherits the same Holder reg-
ularity as the Lyapunov exponents. This is how we proved [3, Theorem 4].
Applying this theorem to H,(w) and using Theorem 3, we obtain Theorem 4
as stated in the introduction. The Holder exponent « in (9) is equal to the
Holder exponent of the Lyapunov exponents in (8). This is due to properties
of the Hilbert transform.

5 A Wegner Estimate

This Section is devoted to the proof of Theorem 5. For this purpose, we need
two lemmas which give estimates on the norm of the solutions of the equation
' +Vu=0forVelLl R, Mny®R).

loc

Lemma 6 Let V be a matrix-valued function in LIIOC(R, MnR)) and u a
solution of —u" + Vu = 0. Then, for every x, y € R,

max(x,y)
@) + [ @) |* < (I 1? + [0/ ()]*) exp (/ Wy VO dr) :
min(x,y
(38)

We already proved this lemma in [3, Lemma 2].

Lemma 7 Let V be a matrix-valued function in L (R, Mx(R)) such that, for

loc
afixed £ > 0, |Vl]l¢u = sup,cp fxxH IV ()| dt < oo. Then there exists C > 0 such

that, for every solution u of —u” + Vu = 0 and every x € R,

x+e
/ lu(®IPdt = C (eI + 10 P (39)

—L

Proof Let x € R and u be a solution of —u” + Vu = 0. Applying Lemma 6 to
xandt € [x — £, x + £], one gets:

max(f,x)
lu®? + [ @ | < Uu)I? + |« @] exp ( / IV(s) + 1 ds)

min(z,x)

< (lu@) I + [/ @) exp2 + 21 VI,
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and

max(x,t)
o)1 + [’ ()] H2 < (lu@ > + ' @) |17) exp </ V() + 1] dS>

min(x,t)

< (lu®I* + ' O 1*) exp2 + 2[| V[l ¢,0)-

Setting C; = exp(—2 — 2||V]l¢.u) and C> = exp(2 + 2| V||¢.u), We obtain, for
everyte[x —¢€,x+{],

C (@I + [0 @) = lwol? + [« O] < 6 (lue >+ | @)
(40)

We set N, = |lu(x)|| + ||/ (x)|. Using the inequality (a + b)?> < 2(a® + b?)
valid for every a, b € R, we have, for every ¢ € [x — £, x + €],

CiN? =26 (Il + o) < 2 (o + e ©[*) =282, @)
and

N =2(Jul? + [ 0]) <26 (lue I + |« @) < 26N @2)

1

Setting C;= (& * and Cy= (2C2)5, we obtain, for every t € [x — £, x + £],
g 2

Cs (lu@)l + '@ ]) < lu®l + |o’ ®| < Cs (lu)]| + |[u' )|

). (43)

which is, with our notation, Cs; N, < N, < C4N,, forevery t € [x — €, x + £].

Assume that, forany ¢ € [x — €, x + £], |u(t)| < %Nx. Then, ||u/ ()] > %Nx
or else it would contradict (43). In particular, u’ does not vanish on [x — £, x +
¢] and the signs of its coordinates remain constant on this interval. Thus, for
t=x—fandt=x+¢,

C C
C3N, = fo + 73Nx > Jlux + O] + lux — O > lux + €) — u(x — 0]

x+£
= u'(s)||ds > 2— N, = C3N,.
|l =
x—{
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We get a contradiction and thus, there exists #y € [x — £, x + £], ||u(ty)] >
C3N But we also have, for every ¢t € [x — £, x + £], [/ @®)| < C4N Lette

[x — €, x + £] be such that |t — 1p| < 4%. Then, we have:

lu@)l = llutto) + u®) — ulto)|| = [luto)|l — llu@) — u(to)|l|

t
— |t ‘ / i (s)ds

fo

> %Nx - ng - ENxv

2 4 4
because
Cs Cs
‘ ft u(s)dsH / I (s)|ds </IU CyN,ds < EQNX < TNx.

So, we have just proved that there exists an interval [, of length
min (26, oToh ), included in [x — ¢, x + £], such that |u(?)| > %Nx, for every
t € Iy. Then,

x+4 CZ C
/x_ ||u(t)||2dt>/ lu(®)]>dt > —63 n(ze 2 )N2

> C(lu@)1* + 1w 1)

It proves the lemma. O

We can now prove the following proposition upon which will be based the
proof of Theorem 5.

Proposition 4 Let [ C R be a compact interval and [ be an open interval, I C I,
such that, for every E € I, G(E) is p-contracting and L,-strongly irreducible,
for every p e {1,..., N}. Then, there exist o« > 0, Ly € N and C > 0 such that,
forevery E € I and every ¢ > 0:

VL > Lo,P(|3E € (E—¢, E+¢),3¢ € D(H" () | (H" (w) — E')¢ =0,

I = 1and [¢'(—¢L)[* + [¢'€D)|* =&} ) = CeLes.  (44)

Proof The proof will mostly relies on the Holder continuity of the integrated
density of states of H(w). Let I be an open interval such that, for every E € I,
G(E) is p-contracting and L,-strongly irreducible, for every p € {1, ..., N}.
Let I c I be a compact interval. By [3, Theorem 3], there exist o > O and
C; > Osuch that:

VE, E

— N(E)| = Gi|E-E|". (45)
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Let E be in the interior of /, ¢ > 0 and L € N. For every k € Z, let I; be the
interval 2k¢ L + [—¢L, ¢L] = [(2k — 1)L, 2k + 1)¢ L] and denote by H'¥ (w)
the restriction of H(w) to L?>(I;) ® CN with Dirichlet boundary conditions. We
define the event A, € A as:

Ar={weQ | H'(w) has an eigenvalue iy € (E —¢, E+¢) such
that the corresponding normalized eigenfunction ¢ satisfies ||¢'(—¢L)|* +
g’ (€L)|I* < &)

Then, because the V(E)”) are i.i.d. random variables, and because of the form
of the potential in H(w) as a ¢-periodization in law of V", we deduce that
P(Ay) is independent of k, that is, Vk € Z, P(Ax) = P(Agp). Moreover, P(Ap)
is equal to the probability in (44).

LetneNandlet J,=Uj_ It =[-Q2n+ DL, (2n+ 1)¢L]. Let HY" ()
be the restriction of H(w) to L?(J,) ® CN with Dirichlet boundary conditions.
Forafixedw € Q,letky, ..., k; e {—n, ..., n}be distinct and such that w € Ay,
foreveryie{l,...,j}. Letie{l,...,}. Let ¢; be defined on I, |¢:i]l =1,
¢i((2k; — )LL) = ¢;i((2k; + 1)¢L) = 0. We also assume that there exists Ay, €
(E — &, E + &) such that H') (w)¢; = A, i

Let x be a smooth functionon R, 0 < x <1, x(x) =0on (—00, 0], x(x) =1
on [£, +00) and f(f x(x)dx = 1. Let x? = (2k; = )¢ L,sothat I}, = [x;, xl-*].We
extend ¢; to J,, by defining qASi, for x € J,, by:

0 if x ¢ [x;7, x]]
o ) x (e = x)gix) if x € [x7 x4+ 4]
G e ifxelx +6x —(] w

X (5 = X)) if x € [xf — £, x/].

Then, ¢; € D(HY"(w)) and ||¢;]] < ¢l = 1. As HU (w)¢y = A,¢; and
Ak, € (E — ¢, E + ¢), we have:

[(H9 @) = E)i|| < [(HY (@) = 4 )di| + || (b = E)di|
= [ (HY @) = &) + [ma = E | 1]
< [(HY (@) — ae) i + e (47)

We want to estimate ||(HY") (w) — Ay,)il. For every x € [x;, x; + £],
(x (x = x7) i (0)" = x"(x = x7) i) + 2 (x — 7))} (x) + x (x — x7 )} (x),
and, for every x € [x; — ¢, x]],

(x (% = x)i(0))" = x" (%] — x)i(x) — 2x" (%] — %)} (x) + x (x] — )] (x).

@ Springer



276 H. Boumaza

Thus, using H%) (w)¢; = Ar, i,

(HY () — Ai,) i

0 if x ¢ [x;, x]
—x"(x — X7 )i(x) — 2x'(x — x;7)pj(x) if x € [x7, x; +£]
0 ifxe x’—i—ﬁx — ]

—)(”(x;r — x)¢,-(x) + 2x’(x )¢ (x)ifx e [xF — ¢ x; ]

Hence we have, applying twice Lemma 6 for x; and for x;" at the second
inequality,

. x; +¢
|(HY @) = 1) = / =)0+ 2x (v ) g0 dx

i

X

7 1 e -2 - e

(%) L=l
@ LG

<o (|G| GEDD

= G (Il (x;) ) 1> + 119} (x1)1?) < Cae?, (48)

using the fact that w € Ay, and using the Dirichlet boundary conditions of
HY4) (w) atx;” and x;" to say that ¢;(x;) = ¢;(x;") = 0. The constant C, depends
only on x and the parameters of the potential of H(w). We normalize <13,~ by
setting b = <;A5i/||q3,~||. We also have | ¢;|| > % because ||¢;|| = 1 and f(f x (x)dx =
1, and thus, by (47) and (48),

2 x;+¢
X /
L ([x;,x; +£]) xi

i

dx

+ 2

dx

(@) B3] = [ 1@~ B
< 2/Cre := Cse. (49)

We have construct, for each i € {1,..., j}, a normalized function é; in
D(H"Y"(w)), supported in Iy, such that:

Vie{l,...,j}

(HY”(w) — E)$i| < Cse, (50)

where C; depends only on the choice of x and on the parameters of the
potential of H(w). Moreover, as ¢; is supported in /i, and the intervals
Iy, ..., Iy, are disjoints, (¢1, . .., ¢)) is an orthonormal set and:

Vi#i, (i, H(@)$r) = 0= (H" (0)¢;, HY (0)¢y). (51)
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We recall that, as proven in [3, Section 2.3], the spectrum of HY")(w) is

a discrete set of eigenvalues with only +o0o as accumulation point, and thus,
its number of eigenvalues in any compact interval is finite. As we have (50)
and (51), we can apply to (@i, ..., ¢, and HY” () the version of Temple’s
inequality given in [19, Lemma A.3.2] to obtain that the number of eigenvalues
of HY" (w)in [E — Cse, E + Cs¢], counted with multiplicity, is at least j. So we
have, for a fixed w € ,

j=#lke{—n,....n}|we A} <#{)re[E — Cse, E+ Cse]| A € op( H'" ()}

Moreover, applying the law of large numbers to the random variables

14 1,4,, we get that, for P-almost every w € €,

pr s

1
#lke{-n,....n)|weA}= Y (Lo, +. o+ 14,) —— E(La,),

—n

2n+1

with E(14,) = P(Ap). Now, we assume that ¢ is small enough to ensure that
[E— Cse, E4 Cs¢] C I C I andto apply (45) on [E — Cse, E 4+ Cs¢]. Then we
have, for P-almost every o € €,

P(AO)=nETm2n+1#{ke{—n,...,n}|a)eAk}
< Jim St #{1 € [E — Gz, E+ Cse] | 2 € op(HY” (w))}
) T L — #{L € [E— Cse, E+ Cel | A € op(HV ()}

n—+o0 2(2n + 1)L L
=20L(N(E 4 Cs¢) — N(E — C3¢))
< 2LC;(2C38)* := CtLeg"“.

It finishes the proof. O

We remark that the exponent « in (44) is the same as the Holder exponent
of the Lyapunov exponent and the integrated density of states. We can now
use Proposition 4, Lemmas 3 and 4 to prove Theorem 5.

Proof (of Theorem 5) Let I C R be a compact interval and I be an open
interval, I C I, such that, for every E € I, G(E) is p-contracting and L,-
strongly irreducible, for every p € {I,..., N}. Let g € (0,1) and « > 0. For
L e N, we set n; = [t(£L)?]+ 1 with some arbitrary T > 0, where [t(£L)#]
is the largest integer less or equal to (¢L)?. For every E € I and 6, > 0, we
define the events:

T

AéOL)(E):{a)eQ‘ PRCTRIY @) IR e L)(E)<)

> e%(“)”} . (52)

BY(E) = {a) eQ ‘

T, ion (E) ... Ty (E) (?)

e%(W} . (33)
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Let& > 0and § > 0 be the constants given by Lemma 3. Let 6 = % and let
CH(E) € Abe the event:

[oee|d(Eo(H @) e}

If we set:
(@ :=P|CP(E)N N (4" (E)n B (E)] .
(B |E-Blzesetf) :
b) =P | AP (E) N BE(E)N U (A;”(E’))C ,

(B | |E=E|<eLF)

© =P | AP ENBEE)N U (B(«;L)(E'))C) :

(E' | |E-E|<eLF)
() =P ((Af,”(E))C) +P ((B},”(E))c) ,

then we have:
P(loee ( d(E.o(HP@)) e ') <@+ ®) +©+@.  (54)

Using Tchebychev’s inequality and Lemma 3, applied for p = 1, we directly
get, for L large enough,

d) < De—§inL—80(CL) < 2efélr(ZL)ﬁ+%(€L)ﬁ _ 267%@14)5' (55)

To estimate (b) + (c¢), we use the fact that there exists a constant Cy > 0
independent of n, w, E such that, for every E, E' € I,

VneZ,

| Ty (E) — T (E)| < Co|E — E'|. (56)

It was proven in the proof of [3, Theorem 2]. From this, we deduce that the
Cc
event (A(QL)(E/)) N AéL)(E) occurs for at least one E’ such that |E — E'| <
2

e (1" Then, following [8], we prove that for this £, there exists ag > 0 such
that, if r > 0 is small enough,

P (4B n (Al (E))) = et (57)
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c
We have a similar inequality for BéL) (E)N (B(QL)(E”)> for at least one E”
2

such that |E — E”| < e *“D" Thus, by inclusions of the events:

®)+© =P (AP E 0 (AP(E)) ) +P (BB 0 (BP(E)))
< 2e (D) (58)

It remains to estimate (a). Let @ be in the event in the probability (a). Let
E € (E —e D" E 4 e *(tL") be an eigenvalue of H (w) with a normal-
ized eigenvector ¢. As w is in the event in the probability (a), we have, using
Lemma 4,

lp(—e L) + ¢/ (—eD)|* = ¢ (—eL)|* < 262", (59)
and
lp@L)I? + ¢’ €L)|* = |¢'eL)|* < 2e70C¢D", (60)
Now, using Proposition 4 with & = e ‘D" we get:
(a) < CCL max (e”‘(“)ﬂ, wie*%(w”)“ . (61)

Putting (55), (58) and (61) in (54), we finally obtain (10) for a suitable & > 0
and L large enough. O

6 Localization Properties for H (») and H;(»)

In this section, we will prove Theorem 1 and its corollary, Theorem 2. It will
be the content of Section 6.2. Before that, we will present in Section 6.1, the
requirements needed to perform a multiscale analysis.

6.1 Requirements of the Multiscale Analysis

In this Section we present the properties of H(w) needed to use the multiscale
analysis. These properties are, for most of them, already detailed in [20] and
[11], but we will follow here the notations of [16], based upon [12], as we did in
the introduction for the definitions of spectral and dynamical localization.

We start by giving a property that guarantees the existence of a generalized
eigenfunction expansion for H(w). If we denote by H the Hilbert space
L*(R) ® CV, given v > 1, we define the weighted spaces H.. by:

Hy=LR, <x>"dx)® cN,
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where < x > is as in the introduction, equal to /1 + |x|?, for any x € R. We
define on H, x H_ the sesquilinear form <, >4, 31 by:

V@, W) € He x Hoy <@ ¥ >9, 0 = /l;w)omdx.

We also set T to be the self-adjoint operator on H given by the multiplica-
tion by < x >2". We recall that E,(.) denotes the spectral projection of H(w)
and we present a property of Strong Generalized Eigenfunction Expansion.

Definition 6 Let / C R be an open interval. We say that H(w) has the property
(SGEE) on [ if, for some v > 1

1
(i) for P-almost every we Q, the set Di(w)={p <€ D(Hw))N
Hy | Hw)¢ € Hy}is dense in H, and is an operator core for H(w),

(ii) there exists a bounded, continuous function f on R, strictly positive on

o (H(w)) such that:

E ((trn (77 fH@) EL(DT)Y') < oo.

Now, we can give the definition of a generalized eigenfunction and of a
generalized eigenvalue.

Definition 7 A measurable function ¢ : R — C" is said to be a generalized
eigenfunction of H(w) with generalized eigenvalue A if ¢ € H_ \ {0} and:

Vo € Dy(®), < H@)P, ¥ >, 0 =k <P, ¥ >w. 3 .

We now introduce definitions and notations for the restrictions of H(w) to
intervals of R of finite length. For x € Z and L > 1, we denote by I (x) the
interval Iy (x) =[x — ¢L, x+ £L], centered at x and of length 2¢ L. As in the
introduction, we denote by 1, ; the characteristic function of /; (x) and simply
by 1,, the characteristic function of /;(x). For L € 3N*, we also set,

li’ult‘ =Ly — lx,L,Q and 1;2[‘ = lx%

For every x € Z and every L > 1, we denote by H* (w) the restriction
of H(w) to L*(I(x)) ® CY with Dirichlet boundary conditions, and, for
E ¢ o (H%D(w)), by R®D(E) the resolvent of H*D (w) at E, R*D(E) =
(H*D(w) — E)~'. We also denote by E%D) the spectral projection of
H®D (). With all these notations, we can state the following Simon-Lieb type
inequality property.

Definition 8 Let / C R be a compact interval. We say that H(w) has the
property (SLI) if there exists a constant C; such that, given L, L', L” € N
and x, y, y' € Z, with I7,(y) C I1._»(y") C I;_»(x), for P-almost every w € €,
ifEel, E¢o(HYD(w)Uo(HY L) (w)), we have:

19 RP(EN, 1| < €194, RY- (BN, 1

12 RO BT
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The property (SLI) is an estimate of how the finite length resolvents
R>*DI(E) vary in norms when we go from one interval to a larger one con-
taining the first one. It is also called a Geometric Resolvent Inequality in [20].
We now state a property which is an estimate of generalized eigenfunctions in
terms of finite length resolvents. It is called an Eigenfunction Decay Inequality.

Definition 9 Let / C R be a compact interval. We say that H(w) has the
property (EDI) if there exists a constant C; such that, for P-almost every

w € , given a generalized eigenvalue E € I, we have for any x € Z and any
L e Nwith E ¢ o (H*D(w)),

[ | < Cra RSP 1970 .

The next property is an estimate of the average number of eigenvalues of
H>D (w).

Definition 10 Let / C R be a compact interval. We say that H(w) has the

property (NE) if there exists a finite constant C; such that, for every x € Z
and L € N,

E (try(ESP (D)) < CreL.

The last property required for the multiscale analysis is of a different nature.
It is a probabilistic property of independence of distant intervals. An event
A € A is said to be based on I (x) if it is determined by conditions on
H>B(w). Given dy > 0, we say that I1 (x) and I (x) are dy-nonoverlapping if
d(x), [1 (X)) > do.

Definition 11 We say that H(w) has the property (LAD) if there exists dy > 0
such that events based on dy-nonoverlapping intervals are independent.

Before giving the definition of the multiscale analysis set Xysa, we need a
last definition.

Definition 12 Let y, £ € R and w € Q. For x € Z and L € 3N*, we say that the
interval I (x) is (o, y, E)-good if E ¢ o (H*P (w)) and

[ REP B || < e

We can now define the multiscale analysis set. We assume that H(w) has the
property (IAD).
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Definition 13 The set Xysa for H(w) is the set of £ € X for which there
exists an open interval [ such that E € [ and, given any ¢, 0 < ¢ < 1, and
ap € (1,¢71Y), there is a length scale Ly € 6N and a real number y > 0, so if
we set Ly = max{L € 6N | L < L;°} for every k € N, we have:

P({weQIVE €1, I(x)or I1(y) is (0, y, E)) — good}) = 1 — e~ L.

for every k e Nand x, y € Z with [x — y| > Ly + dp.

We finish this Section by stating the bootstrap multiscale analysis theorem
of [12, Theorem 3.4] for operators involving singular probability measure like
H(w).

Theorem 7 ([12], Theorem 3.4) Assume that H(w) has the properties (IAD),
(SLI), (NE) and verify a Wegner estimate (W) like (10) on an open interval
I C R. Given y > 0, for each E < I, there exists an integer L, (E), bounded on
compact subintervals of 1, such that, if for a given Ey € ¥ N I we have:

P({weQ]|1.,0)is (0, y, Ey) — good}) = 1 —e*F, (62)
for Ly eN, Ly > L,(E)and § > 0, then Ey € Tvsa.

The assumption (62) is also known as an Initial Length Scale Estimate
(ILSE) in [10] and essentially, it remains to prove such an (ILSE) for our
operator H(w) on a valid interval, to prove localization on this interval. It is
the main purpose of the next section.

6.2 Proof of the Localization for H(w) and H,(w)

To prove Theorems 1 and 2, we have to establish a link between multiscale
analysis and the properties (EL), (SDL) and (SSEHSKD) defined in the
introduction. This link is established in the following theorem.

Theorem 8 ([16], Theorem 6.1) Let I C R be an open interval on which H(w)
has the properties (IAD), (SGEE) and (EDI). Then:

msa NI C gL N Bssenskp NI C g N Xspr N 1.

According to this theorem, to prove Theorems 1 and 2, it only remains to
prove an (ILSE) for H(w) to be able to apply Theorem 7 for every energies on
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a suitable interval. We can summarize in the following figure, the ingredients
of a proof of localization using multiscale analysis.

(IAD) + (SLI) + (NE) + (W) + (ILSE)
{4
(MSA) + (SGEE) + (EDI)
{4

(EL) + (SDL) + (SSEHSKD) (63)

Proposition 5 Let [ C R be an open interval such that, for every E € I, G(E) is
p-contracting and L,-strongly irreducible, for every p € {1,..., N}. Let E € I.
For every ¢ > 0, there exist § > 0 and Ly € N such that, for every L > Ly, L €
3N

P ({1.(0)is (w, 1 (E) — &, E) — good}) > 1 —e L. (64)

Proof We fix E € I and assume that L € 3N*. We consider U, and U_ two
matrices in My(R), solutions of H(w)U. = EU. and such that:

Up((L)=U_(—¢L)=0 and U, ((L)=U_(—tL) = . (65)

Let W(U,, U_) denote the matrix-valued Wronskian of U, and U_ defined
by:

Vx € 1.00), WU, U)(x) ="U_- (U4 (x) = 'U-(0U, (x).  (66)

From [9, Proposition I11.5.5], W(U,, U_) is constant on I;(0) and it is
non-invertible if and only if E is an eigenvalue of H® (w). We recall that
the spectrum of H”(w) consists on a discrete set of eigenvalues of H® (w)
with only +oco as accumulation point. Thus, E € o (H'")(w)) if and only if
W(U,, U_) is non-invertible in My (R). By [9, Proposition I11.5.6], the Green
kernel of H'® (w) is given by:

U_-(0WU_,U) " "Up(y)ifx<y
U,(0)WUL, U) MU_(y)if x > y.
(67)

To estimate the norm of R“X)(E), we can estimate the norm of its kernel,
the Green kernel G')(E, x, y). We start by estimating the Wronskian. As it is
constant, we have, using (66),

WWU.,U_)=WU,, U)(L) = —"U_(tL), (68)

and |W(U,,U_)|| = ||U-(LL)|. But, if X,Y € Moynxn(R), applying Proposi-
tion 3 for p = 1, column by column, we have:

3ng = 1, ¥n = ng, P(I'YU™(E)X| = eV B =9%) > 1 —e™"  (69)

VE ¢ o(H" (@), GP(E, x,y) = {
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with ¢ > 0 and « > 0 as in the proposition. If Tf%L(E) denote the transfer
matrix from —¢L to ¢L, we have U_({L) = (IN,O)T%L(E)‘(IN,O). Thus,
applying (69) for Y =7(In,0) and X ='(Ix, 0), and using the fact that the
transfer matrices are i.i.d.,

3L, > 1, VL > Ly, P(|W(Us, Uo)|| = NE=9tE) > 1 g2t (70)

Let xe[¢L—¢¢L] and ye[—¢% ¢%]. Then x>y and for E¢

o (HP (w)), GP(E, x,y) = U (x)W(U,, U_)"" 'U_(y). We apply Lemma 6
to U,, for x and y = £ L, and using (65):

U+ 0| < Cy, (71)

with C; independent of w and L.
To estimate the norm of ‘U_(y) is more complicated. We start by writing:

U-D\|| _ || 7—er 0
I'U-p) < H(U,(Y))H = ' T,""(E) (IN> ’

_ _ 0
< I TV HleiL@Jf(E) <IN>H

By Lemma 6 for y and —¢ L and using (65), we have
ITH*+I4E)| < C,, (72)

with C, independent of w and L. Now, using the i.i.d. character of the transfer
matrices and (36) for p = 1, we get the existence of L, € N such that,

VL >3L, P (HTUQ;]_[(E) (1(;) > e(yl(E)+s)4Z§> > 1—e 2tk (73)

If C=max(C,, C,), using (70), (71), (72) and (73), we get, for L >
max(Ll, 3L3),

P (E ¢ o (H" (0)) and |G (E, x, y)|| < Ce—<w<E>—10£>e%)

2kCL

>1—e e’z"oz%. (74)

Now, if we assume that x € [-¢L,—¢L +¢] and y € [—E%, K%], we have
x < yandfor E ¢ o (H" (), GP(E,x,y) = U_(x)WWU_,U,) " 'U,(y).In
a similar way as we proved (74), we get the same estimate:

P (E ¢ U(H(L)(a))) and ”G(L)(E, X, y)” < Ce—(m(E)—lOg)Z%)

bl

>1l—e e 2ol (75)
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We introduce the events A; .(FE) and B .(E) defined by:

A (E) = {w €Q ‘ E ¢ o(H () and

sup / 11 () GE (E, x, 1T, (»lIdy < e‘(y'(E"”‘Z%]

xeR

and

By . (E) = {a) cQ ‘ E ¢ o(HP (w)) and

sup f 5% ()G (E, x, I, (pldx < e B9t }
yeR JR ’ '
Then, from (74) and (75), we deduce that, for every ¢ > 0, there exist § > 0
and Ly € N, Ly > max(L1, 3L»), such that,

VL > Lo, L €3N, P(AL.(E)NBL.(E)) > 1—e k.

To pass from this estimate on the kernel GV (E, x, y) of ROV (E) to the
estimate (64) on R (E), we use Schur’s test. It finishes the proof. ]

It is interesting here to remark that the exponential decaying rate of the
resolvent, and thus of the eigenfunctions of H(w), is almost £y, (E), the biggest
positive Lyapunov exponent times the interaction length ¢. We have now all
the requirements needed to prove Theorems 1 and 2.

Proof (of Theorem 1) Let I C R be a compact interval, ¥ N [ # ¢, and let Ibe
an open interval, I C I, such that, for every E € I, G(E) is p-contracting and
L,-strongly irreducible, for every p € {1, ..., N}. If we look at the proof of [13,
Theorem A.1], we see that the potential only appears through estimates of its
absolute value and so, changing the absolute value into a matrix-norm in this
proof, we get that H(w) has the properties (SLI), (EDI), (NE) and (SGEE) on
1. From the form of the potential of H(w) and the assumption on independence
of the V™, H(w) also has the property (IAD). By Theorem 5, H(w) verifies a
Wegner estimate (W) on /, and by Proposition 5, it verifies an (ILSE) estimate
on /. So we can apply Theorem 7 for every Ey € I to get I C Xmsa. Then,
applying Theorem 8§, we get that:

I C ¥gL N Zsseaskp C XeL N ZspL-

It proves Theorem 1. O

Proof (of Theorem 2) For the point (i), by Proposition 1, for ¢ < £¢ and for
every E € I(¢, N), G(E) is p-contracting and L,-strongly irreducible, for every
pefl,...,N}. As I({, N) is a compact interval, we can apply Theorem 1 to
Hy(w) on every open interval I C I(¢, N) such that ¥ NI # (J. We already
remark in the introduction that such open intervals exist.

For the point (if), we use [2, Proposition 2] for the existence of a discrete
set S C R such that for every E € (2, +00) \ S, G(E) is p-contracting and L,-
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strongly irreducible, for every p € {1, ..., N}. Once again, if I C (2, +00) \ S
is a compact interval, as S is discrete, there always exists an open interval I C
2,4+0)\S, I C [. Therefore, we can apply Theorem 1 to H;(w) for N =2 on
I C (2,+00)\ S, I compact and such that ¥ N 1 # @. O
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