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Abstract

This article establishes a proof of dynamical localization for a random scattering
zipper model. The scattering zipper operator is the product of two unitary by blocks
operators, multiplicatively perturbed on the left and right by random unitary phases.
One of the operator is shifted so that this configuration produces a random 5-diagonal
by blocks unitary operator. To prove the dynamical localization for this operator, we
use the fractional moments method. We first prove the continuity and strict positivity
of the Lyapunov exponents in an annulus around the unit circle, which leads to the
exponential decay of a power of the norm of the products of transfer matrices. We then
establish an explicit formula of the coefficients of the finite resolvent in terms of the
coefficients of the transfer matrices using Schur’s complement. From this, we deduce,
through two reduction results, the exponential decay of the resolvent, from which we
get the dynamical localization.

Keywords Anderson localization - Lyapunov exponents - Fractional Moments
Methods - Unitary operators - Spectral theory - Random operators

Mathematics Subject Classification 47B80 - 82B44 - 47B93 - 37H15

1 Introduction: model and main results

In this paper, we aim at proving a result of dynamical localization for a random
scattering zipper of arbitray size. Let L > 1 an integer. A scattering zipper is a system
obtained by concatenation of elementary unitary diffusion with a fixed number 2L of
incoming and outgoing channels each.

Throughout this article, || - || denotes any subordinate norm on .#, (C), the vector
space of L x L complex-valued matrices. Let U (L) be the unitary subgroup of the
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linear group GL1 (C) of order L. We introduce the set
UQL)iy = { (‘; g) cUQL) ‘ @, y,8 € #(C)and B € GLL(C) ] (1.1)
which also has the representation (see [1]):
UQL)iny = {S(a, U,V)eUQRL)| |la*a|l <1 and U,V € U(L)}, (1.2)
where for any U, V € U(L) and any @ € . (C) with ||o*«| < 1,

o p(a)U

1
. . _ ot
S, U, V) = (Vﬁ(a) —Va*U) with p(a) = (I —aa™)2  and

pla) = (L — a*a)?, (13)

Let (S,)nez be a sequence of matrices in the set U(2L)in,. The scattering zipper
operator U associated with the sequence (S, ),z is the operator acting on 02z, CL)
and defined by :

U=VW, (1.4)

where the two unitary operators V and W act on £2(Z, C) and are given by
V = So osk, W = S (1.5)

where s, is the shift operator to the left (v;)nez — (Vng1)nez. mm

The deterministic scattering zipper operator U was introduced in [1] and a random
version of this model was introduced in [2]. We now precise this latter random version
of the random scattering zipper adding some hypotheses on the randomness which
allow to prove a dynamical localization result for this new model.

Let

& = (U(L) x {—1, )% x [0, 2n]L)2 (1.6)

endowed with the probability measure
7 oL oL\®?
B = (v ® (B(p)® © (Lebpo)®) (1.7)

defined on 4, the Borel o-algebra on € for the usual topology on the Lie group.
Here vy, denotes the Haar measure on the compact Lie group U (L), Z(p) denotes the
Bernoulli distribution of parameter p € (0, 1) and .Zebjo,2,] denotes the Lebesgue
measure on the interval [0, 27].
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We then define the product probability space:

(Q, B,P) = (fz?@@,@@). (1.8)

nez nez
Letw € Q and n € Z. Then w, € 2 and we set
wy = (VI a0 g™, DM, o) (1.9)

with :
() U8 e U(L) and VSV € U(L)
(i) dy (") =(d (n) ,d (")L) e{-1, l}L which will represent indifferently the L-uple

TR
or the dlagonal matrix whose diagonal elements are the d @) .d, ) .1 and the

PRERE
same for D" = (Dc(un)l, . D(”) ) e -1, 14,

(iii) 9,5)") = (95:)1, e 9(")L) € [0, 2]% which will represent indifferently the L-uple
or the diagonal matrix whose diagonal elements are the 96(;?), cee 9(" ., and the
same for ®(n) (@((:)1, e (n) 1) €10, 2k

With these notations we define, for every w € Q and every n € Z, the following
phases

U = 00 Fm po) ([mye .= (O G ang

oM

V(n) V(ﬂ)d('l)(v(n))* 5 — "/;()n)el o (1.10)

where the reduced notations I’J\Cf)”) and Vu()") will be used in the proofs of Theorem 1.4,
Lemma 1.7 and Theorem 1.10.

Remark 1.1 In view of the definition of the probability space (2, %, P), one can
see (ﬁcf)")),,ez and (Va(,"))nez as sequences of independent and identically distributed
(i.i.d. for short) random variables in U(L) of uniform law according to the Haar
measure on U (L). The sequences (dgf?)nez and (Dg")j)nez, fori,j € {1,...,L},
can be considered as sequences of i.i.d. random variables in {—1, 1} of common law
the Bernoulli law Z(p) of parameter p € (0, 1) and the sequences (QX,)')neZ and

(®( ))neZ fori,j € {1,..., L} can be considered as sequences of i.i.d. random
varlables in [0, 27r] of common law the uniform law on [0, 27 ]. Moreover, all these
sequences of random variables are independent from each others.

Remark 1.2 Note that for every w € 2 and every n € Z, f]\(f)") and Va()") are elements
of U(L) N Hy (C) where Hy (C) is the vector space of the Hermitian matrices of size
L x L. This property will be used in the proof of Lemma 1.7 where will need that
some square roots of unitary matrices are also Hermitian (see (3.19) and (3.20)). This
property is the reason why we introduce the randomness in this particular form. The
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presence of the Bernoulli variables as diagonal elements of the matrices Dé)") and

dc(un) is therefore necessary in order to have that 175)” and VC,(,”) can take all the possible
values in U (L) N Hy (C). Then we add the diagonal matrices el e and eieogm to ensure
that the random phases U(f,") and Va()") can take all the possible values in U (L). This
fact is used in Section 2.

The presence of separates terms e"®<(vn> and eieogn) also simplifies the formulation of
the finite-rank perturbation argument in the proofs of Theorem 1.4 and Theorem 1.10.

With these notations, we now introduce our model of random scattering zipper.
Consider the random family of unitary operators {U,},ecq Where, for every w € €2,
the operator U, acts on £>(Z, CL) and is the scattering zipper associated with the
sequence of random scattering matrices (S(E)"))nez defined by

S0 = S@ U, vy = @ peUs” (1.11)
w Yo 0 Ve Vu()n)ﬁ((x) _Vu()n)a*chn) ’ .

for a fixed « € .#1 (C) such that |«| < 1.

Note that the family {U,,},eq has a very important property of 2Z-ergodicity which
implies the existence of an almost-sure spectrum for this family. See [3] or [4] for a
definition of this ergodicity property and for the existence of the almost-sure spectrum.
Note that if ¥ denotes the almost-sure spectrum of {U,}peq , ¥ C S! since the
operators U, are unitary. The 2Z-ergodicity also implies the existence of almost-sure
pure point, absolutely continuous and singular continuous spectra.

The block shifting between V,, and W, in the product defining U, allows us
to consider the scattering zipper model as a matrix-valued version of the Blatter—
Browne model introduced in [5] to understand Zener tunneling effect in diodes. It can
also be considered as a matrix-valued version of the Chalker—Coddington model on
a band studied in [6]. Indeed, U,, has the same band structure as that found in the
Blatter—-Browne and quasi-one-dimensional Chalker—Coddington models, but with an
arbitrarily large diagonal bandwidth. Note that since U, is a unitary band operator,
the general results of [7] apply to it. To avoid any confusion, note that the scattering
zipper model is very different from the Chalker—Coddington model over the entire
72 network, since it is one-dimensional rather than two-dimensional. The scattering
zipper model can also be seen as a version of CMV matrices with matrix coefficients.
CMYV matrices are the unitary analog of Jacobi matrices and were originally introduced
in the study of orthogonal polynomials on the unit circle (see [8] for a comprehen-
sive review of this vast subject). On the other hand, Schulz-Baldes studied in [9] a
generalization of Jacobi matrices with matrix coefficients. The scattering zipper was
introduced by Marin and Schulz-Baldes in [1] with the aim of defining a unitary ana-
log to Jacobi matrices with matrix coefficients that shares with CMV matrices their
spectral properties and a simple way of representing their coefficients. In particular,
the block factorization of CMV matrices into two diagonal operators (see [10]) is used
to define the scattering zipper, without having to resort to an interpretation in terms of
orthogonal polynomials on the unit disk.
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We can summarize this discussion in a diagram in which the horizontal arrows
represent the transition from a scalar-valued operator to a matrix-valued operator, and
the vertical arrows represent the transition from a self-adjoint model to its unitary
analogue.

Jacobi matrices — Jacobi matrices with matrix coefficients

\ =

CMYV matrices —> Scattering zipper

Notation. Let {¢;}rcz be the canonical basis of £2(Z) ® CL. For i, j € 7, we set
eyi,jy := ejL+j, which corresponds to the jth component in the ith L-block.
We now state the main result of this article.

Theorem 1.3 There exists ro > 0 such that, for every o € GLL(C) with |a| < ro,
there exists Cr, > 0 and b > 0 such that for all {k, p} and {l,q} in Z x {1, ..., L},

E |:sup ‘(e{k,p}, (Uw)ne{l,q})‘:| < Croe_blk_ll. (1.12)
nez

The estimate (1.12) means that the family {U,,},q satisfies the condition of dynam-
ical localization as defined for example in [11]. This property is dynamic in nature
and follows the evolution of wave packets over discrete time n € Z. It tells us that
the solutions of the Schrédinger equation are localized in space in the vicinity of their
initial position and this, uniformly over time. This reflects the absence of quantum
transport.

The proof of Theorem 1.3 is based upon a number of intermediate results. First,
following the result of positivity of the Lyapunov exponents on the unit circle S!
obtained by Boumaza and Marin in [2], we prove their strict positivity on an annulus

Se ={zeC;1—€e< |zl <1+¢€} (1.13)

for some € € (0, 1]. The proof is done by combining the positivity of the Lyapunov
exponents on the unit circle and their continuity on C\{0}.

Notation. For j € Z,let E; = (..., 0,1, 0, ...) where I is in the jth position.
For z € C\ S! let G, (z) be the resolvent at z of the operator U, and let G, (z, -, -)
be its block Green kernel defined for every k, [ € Z by:
Gu(z k. 1) = (Ex, Uy —2)" Ey). (1.14)

Fora, b € ZU{%00},a < b, we denote by G([ff -0l (z) the resolvent of the restriction
of the operator U,, to the interval [a, b] and by G([f b1 (z, -, -) its block Green kernel :

—1
Glel(e) = (Ul —2) (1.15)
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and fork,l € Z,

-1
Gz k1) = (Ex, (U = 2) B, (1.16)
The precise definition of the restricted operator Ul g given at Section 3.1.
We study the fractional moments of GE,? bl (z, -, -) for z € C\S' and we first prove
that they are uniformly bounded.

Theorem 1.4 Foreverys € (0, 21;) there exists C(s) > O such that, for everyz € C\S',
everya,b € ZU {xoo}, a < b, and every k,l € Z such that |k — 1| > 4,

E <||G£?’b](z, k, 1)||S) < C(s). (1.17)

Once we have obtained this uniform bound, combining it with the positivity of the
smallest Lyapunov exponent and proving estimates on the blocks of the products of
transfer matrices, we prove the exponential decay of some blocks of the Green kernel
restricted to suitable intervals.

Theorem 1.5 There exist ro > 0, ¢ > 0, 5o € (0,1), po > 1, Cg,.ry, > 0 and
y > 0 such that, for every a € GLL(C) with ||a|| < ro, every s € (0, so] and every
€ € (0, 0],

E (||G£02”’2’”+1](z, 2, 2m + 1)||S) < CeVIm=l (1.18)

for every z € SA\S! and for every m and n in Z such that |m — n| > p.

Theorem 1.5 is central in the proof of Theorem 1.3. Unlike traditional approaches,
like the one used by Hamza, Joye and Stolz (see [11]) which relies on expressing the
Green’s function in terms of eigenfunctions with particular boundary conditions to
obtain exponential decay through transfer matrices, we adopt a different method. The
block configuration of our model does not allow us to directly apply this strategy since
the expression for the Green kernel obtained in our case is too complicated to estimate
(see [12] for such an expression of the Green kernel). Therefore, we use the Schur
complement as an alternative. This method allows us to identify a term whose norm
expectation must be bounded to demonstrate the decay of the reduced case.

In order to be able to reduce our analysis to the blocks for which we have the
exponential decay (1.18), we prove two reduction results. We start by showing that it
suffices to deal with even-sized scattering zipper operators.

Proposition 1.6 Assume a € GL{ (C) is such that |«| < 1. Let s € (0, 4—11), ee (0,1
and let k,l € 7 such that |k — 1| > 4. There exists C(s, €) > 0 such that:

1
2
E(IGE" ek DIT) = Clsie) Y BAGE @, 20+ 20, 2m + 14+ 2)™)7,
i,j=0
(1.19)
forall z € SA\S" and n, m such that k € {2n,2n + 1} and | € (2m,2m + 1}.
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The proof involves bounding the norm of the “even” blocks ||G,[f bl (z,2n,2m)||
and [|G19"? (z, 2n + 1, 2m) || by the norms of the “odd” blocks || GL¢" (z, 2n, 2m + 1) |
and ||G£f e (z,2n 4+ 1,2m + 1)||. A necessary condition for establishing this is the
invertibility of «. This invertibility is necessary to prove the following lemma.

Lemma 1.7 Ifa € GLL(C), thenforeverye > 0, foreveryn € Z andforeveryz € S,
the matrix o + zVa()")otULf)") is invertible almost surely, and for every s € (0, 1), there
exists C(s) > 0 such that

VneZ, E <||(a + VMU )= ||S) < C(s). (1.20)

Once we get Lemma 1.7, using Holder inequality and Theorem 1.4, one gets Propo-
sition 1.6.

The second reduction result show that it suffices to control the Green kernel of the
restricted operator to some finite interval in order to control the Green kernel of U,,.

Proposition 1.8 Lers € (0, %) and € > 0. There exists C(s) > 0 such that
2
E(IGu(z k. DI = COE (IG5 k0] (1.21)

forevery z € S¢ \ S! and every k, 1 € Z such that |k — 1| > 4.

The proof of Lemma 1.8 relies on the geometric resolvent identity.

Combining Proposition 1.6 and Proposition 1.8, as well as Theorem 1.5 on the
exponential decay of the reduced case, we obtain the exponential decay of the fractional
moments.

Theorem 1.9 There exist ro > 0, s € (0,1), g > 0, Cs,,, > 0 and y > 0, such that
for every o € GLL(C) with ||x|| < ro,

E(|Go(z k. DII*) < Csrpe” ¥l (1.22)

for every € € (0, €], everyk,l € Z and every z € S \ SL.

The proof of Theorem 1.3 follows from Theorem 1.9 and from the following esti-
mate on the moments of order two of the coefficients of the resolvent.

Theorem 1.10 There exist eg > 0, ro > 0, Cr, > 0 and y > O such that, for every
€ € (0, 0] and every z € S¢ \'S', for every a € GL(C) with ||| < ro, and every
{k, ptand{l,q}inZ x {1,...,L}:

E ((1 —1zP

2
(e pyl (U —2) 7! e{,,q})’ ) < Cpe D

Theorem 1.10 is a consequence of Theorem 1.9 using second order perturbation
theory.
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Remark 1.11 The parameter € is chosen to guarantee strictly positive Lyapunov expo-
nents over the annulus S, and is introduced in Corollary 2.11.

Results of strict positivity of the positive Lyapunov exponents are already known for
models of unit-band operators (see [7, 13]). Bourget, Howland and Joye’s article [7]
was one of the first to present the study of unitary models with one diffusion channel,
and was followed by other articles by Joye on the subject, such as [14] and [15]. For a
synthetic presentation of these results and the associated physical models, we refer to
[16]. Note that the unitary models considered in these first articles are all with scalar
coefficients, and not with matrix coefficients as in the case of the scattering zipper.

One can see the random scattering zipper model as a unitary version of the quasi-
one-dimensional Anderson model. There is already a unitary version of the scalar-
valued Anderson model for which Hamza, Joye and Stolz have proved dynamical
localization in [11]. The random scattering zipper can therefore also be seen as a
quasi-one-dimensional version of the unitary Anderson model. This is why, as we will
see in the rest of the paper, it is possible to follow the strategy of the proof of the
dynamical localization result of [11]. Based upon the fractional moments method (see
[17] for an overview of this method), this strategy is also the one used in the proof of
localization in [6, 18] for the Chalker—Coddington model.

However, it would be possible to consider a multiscale analysis approach to study
this unitary model, as Cedzich and Werner did in [19] in the context of unitary quantum
walks. This would then make it possible to address the question of localization for
a random scattering zipper model in which the unitary phases would reveal a much
more singular randomness than a uniform Haar law. A last possible approach would
be to adapt to the quasi-one-dimensional case the proofs of localization results for
CMYV matrices in [20, 21] which are based on large deviations inequalities.

The rest of the paper is devoted to the proof of the results we have just stated in
this introductory section. In Section 2 we introduce the transfer matrices associated
with the quasi-one-dimensional model {U,},cq of unitary type (see [22]). We also
define the Lyapunov exponents associated with the sequence of transfer matrices and
we prove their continuity, and hence their positivity on some annulus S,. Section 3 is
the core of the article. In this section we prove the exponential decay of the fractional
moments of the Green kernel. First, we show that it suffices to prove this exponential
decay for some particular blocks of the resolvent by proving Proposition 1.6 and
Proposition 3.5. To prove the exponential decay of the fractional moments of these
particular blocks we look precisely at the behavior of the four L x L blocks of the
products of transfer matrices and prove boundedness of some “Wronskian” involving
these blocks. Finally in Section 4, we prove the exponential decay of moments of
order 2 and we deduce from the spectral theorem for unitary operators the proof of
the dynamical localization for {U, },cq.
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2 Transfer matrices and Lyapunov exponents
2.1 Transfer matrices

Using the transfer matrix formalism, we reduce the study of the asymptotic behavior
of a solution ¢ of
Uy = z¢p, forz € C, 2.1

to the asymptotic behavior of a product of random matrices.

Definition 2.1 For L € N*, we define by . the bilinear form whose matrix in the
canonical basis of CL is (% o ) We also denote by .Z’ the matrix (IL _(} ) itself.

In the unitary setting, the role played by the symplectic group for the quasi-one-
dimensional models of Schrodinger type will be played by the group U(L, L) of the
matrices of size 2 L x 2 L which preserve the form .# in the sense that 7' is in U(L, L)
if and only if T* 4T = £Z.

To compute the transfer matrices we proceed as follows. Instead of looking at the
input—output relations of the scattering matrix Sf,,”), we look for a new matrix which

allows to express <$’r’l:' ) in terms of (1# ) for ¢ a solution of (2.1) and ¢ = W,,¢.

This is done by transforming the scattering matrices Sc(u") belonging to U(2L);,y into
elements of U (L, L) via the bijection:
UQRL)iny — U(L, L)
CORYETES
Let z € C. We have the following relations, proved in [1]:

Vn c Z <¢2n) _ (p(Z 15(211)) (1//2n 1) and (‘/f2n+l) — gO(SC(UZ}’Z‘FI)) (iﬁi’;) .

¢2n+1
2.2)
These relations lead to introduce the application 7'(z, -) : 2 — GL,7 (C),
vy vl o
Yw e Q, T(z,w) = ( o (U(()))*) To(2) ( o (U(E,U)*) T, 2.3)

with

_ (' @en! (5(a))—'a*> _ ( Pl (E(a))“a*)
TO(Z)—(Q(M))*I ot ) T =G e )

We define the 2-shift transformation 7, : Q2 +— 2 by:
Yo € Q,Vn € Z, (12(w))n = wp+2.
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Then, 13 is ergodic on (2, %, P) and
Vo € Q, VzeC, VneZ, T(z, 4 () =pi 'SZ) - ps?" D). (24

The matrix 7' (z, t"(w)) is the nth transfer matrix associated with {U,},eq. The

sequence (7' (z, T"(w)))nez is asequence of i.i.d. random matrices in GLyp (C) because

of the definition of the probability IP as a tensor product of probability measures.
Note that for z € S!, T(z, " (w)) € U(L, L).

Notation. Let w € Q,n € Z and z € C. In order to simplify the further computations,

we will denote by Ta()") (z) := T (z, 7} (w)) the nth transfer matrix.

2.2 Lyapunov exponents

Let z € C. The transfer matrices 7'(z, -) generate a cocycle ®(z,-,:) : X Z —
GL,1 (C) on the ergodic dynamical system (€2, A, P, (t"),ez) defined by

Ta()"_l)(z) .. Ta()o) (z) if n>0
Yo e Q, VneZ, ®(z,w,n) = 3 I if n=0
T @) @S V@)t if n <.

From this cocycle we define the Lyapunov exponents associated with the ergodic
family {U,},ecq. For P-almost every w € €2, the following limits exists and are equal:

V(o) = lim (Do, m) Oz 0,m) "

= lim_(®(z,®,n)* ®(z, w,n))' /2" (2.5)
n——0o0
Forevery k € {1, ..., 2L}, let A¢(z, w) the kth eigenvalue of ¥ (z, w), the eigenvalues

being ordered in increasing order. There are real numbers A;(z) > 0 such that, for
P-almost every w € 2, Ax(z, w) = Ar(z). We then define the Lyapunov exponents
associated with the ergodic family {U,}yecq as being the real numbers y4(z) defined
by :

VzeC, Vkell,...,2L}, w(z) :=log(At(2)).

Note that when z € S!, the fact that the transfer matrices belong to U (L, L) implies
a symmetry relation on the Lyapunov exponents which is the same as in the case where
the transfer matrices are in the symplectic group:

Vk e{l,.... L}, var—k+1(2) = = (2). (2.6)

To study the separability of the Lyapunov exponents, we study the so-called Fursten-
berg group associated with {U,,},eq. This is the group generated by the common law

of the transfer matrices. If . is the common law of all the transfer matrices Ta()")(z),
we set

Gy, = (suppu;) C GLoL(O). 2.7
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The closure is taken for the topology on GLp (C) which is induced by the usual
topology on .51 (C).

In [2] we proved that for every z € S', G w. = U(L, L). Actually, the algebraic
construction made in the proof of [2, Proposition 2] is valid for any z € C and we get

VzeC, UL, L) C G,.. (2.8)

Indeed, with our particular choice of randomness in the definition of the random

scattering zipper, and in particular with the introduction of the extra random terms
. ~(n) . (1) ..

¢'9»" and ¢!%, one recovers Step 1 of the proof of [2, Proposition 2] not only for

matrices U and V in U (L) N Hy (C) but for any matrices U and V in U (L). Then the

rest of the proof of [2, Proposition 2] remains unchanged.

Remark 2.2 Actually, we conjecture that the algebraic result (2.8) remains true with
only random terms ¢’ o’ and eieﬂ(’n) and well-chosen fixed matrices U and V (inde-
pendent of n and w) in (1.10). But up to now, we where not able to prove (2.8) with
such hypotheses. This is the only point where we need that 170()”) and \76,()") are random
but this point is crucial. All the others proofs in the present article require only the

.~ (n) . (1)
randomness of ¢/©¢" and ¢/% .

One gets, using a similar proof as the one of [2, Theorem 1], that
VzeC, yi(@) > >y@) > yr41(2) > - > y21(2). (2.9)
For z € S!, combining (2.9) with (2.6) gives:
VzeSh (@) > »@ > >y > 0. (2.10)

Using Kotani’s theory (see [2] which adapts results of [23]), this implies the absence
of almost-sure absolutely continuous spectrum of {U,,},cq.

But for z € C\ S! the transfer matrices are no longer in U (L, L) and we no longer
have the symmetry relation (2.6). Hence, there is no reason for yz (z) to be positive if
zis not in S!. Still, what remains true is the following equality:

VneZ, YoeQ, Ve C TM@) ' =& (T;“(Z*l))*.z. @.11)

The proof of (2.9) is based upon the Cayley transform, whose matrix in the canonical
basis of C?* is

1 (1, —iIL)
= — . 2.12
C ﬁ <IL i € > (C) ( )

and which maps the group U (L, L) onto the complex symplectic group Spy;(C) defined
by :

SPE(C) = (M € Ao (©) | MPIM =T}, with J= (1), @13)
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It also uses the following transformation which separates the real and imaginary
parts of a matrix with complex coefficients and place them in blocks:
- AL(C) — AL (R)

A+iB — (47F).

(2.14)

It allows to apply directly the results of [24] to get separability of the Lyapunov
exponents and their integral representation from the properties of p-contractivity and
L ,-strong irreducibility of the Furstenberg group as defined in [24].

We recall here the definition of the p-Lagrangian space L.

Definition 2.3 For p € {1, ..., L}, let L, be the vector subspace of APC2L | the pth
exterior power of C?L, defined by

L, =Span({Mey A ... A Me, | M € Sp{(C)}) (2.15)

where (eq, ..., epr) is the canonical basis of Cc2L,

2.3 Continuity and strict positivity of the Lyapunov exponents

Among the key elements for the development of the fractional moments method, the
continuity and positivity of Lyapunov exponents occupy a prominent place. As we have
just explained, small changes in the proof of [2, Theorem 1] gives us the positivity of
these exponents, but this assertion remains limited to the circle S'.

In order to manipulate the resolvent efficiently, it is necessary to choose a spectral
parameter z located outside of S'. The objective of this subsection is therefore twofold.
Firstly, we will demonstrate the continuity of Lyapunov exponents on C\ {0}. Secondly,
we will highlight the positivity of these exponents in some annulus S.

We start by giving upper and lower bounds on the norm of p () which will be used
throughout the rest of the article.

Lemma24 Let L > 1. Fora € .#1,(C) suchthat ||| < 1 and p(a) = (I, — aa*)%,
the following inequalities hold:

Lollp@)ll = 1= llee]|.

2 ol =2 = y1- llecl|.
3ol < m~

4 lp@~ =

1= lle)?”
and the same for p(a) = (I, — a*a)%.

Proof Point (1) follows from the triangle inequality, points (2) and (3) are direct

consequences of the power series expansion of z — +/1 — z and z — tz and the
sub-multiplicativity of the matrix norm. Finally, to prove (4) it suffices to note that for
a subordinate norm, we have m < ||AJl. The proof is identical for p(«). O
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We now prove several estimates on the transfer matrices which are ingredients of
the proof of the continuity of the Lyapunov exponents.

Lemma 2.5 Forany € € (0, 1), there exists C1 = Ci(a, €) > 0 such that:
Vz€Se, VneZ, Yo € Q, T ()| < Ci. (2.16)

Proof For simplicity, we denote p = p(«) and p = p(a).
2 1~ ~_
O B Y abas
w 0 (Ué)2n))* —Olp_l Z,O_l

Va()2n—1) 0 ( ﬁ_l —,0~_105*>
0 (Ué)anl))* —Olﬁ_l p—l .

Thus, for z € S,

B R ~_1 ~_1 %
o= (52 7))
1757 @1 < | (T 5 2 s
< Uz 1P e+ e+ Izl D

(N o [ 17 S o

1 _ _ _
< (:np 2007 Dl + (4ol 1||)

(Mo~ w2171 el + o711 -

We define ¢ := max{2;; 1 4+ €} > 1. Then, since é <1,

) -1 -1 “1p)?
I (Z)IIS(CeIIp I+ 200~ el + cellp ||)
<clp7 1P @+ 2lal)?

< 4c2; A+ [le)? := Ci(a, €).
S e T

using Lemma 2.4 at the last inequality. O

Lemma2.6 Lete € (0,1). Let p € {1, ..., L}. There exists C; = Ca(p,a,€) > 0
such that:
VeeSWneZvoe, [WTP@| <0 2.17)

where AP denotes the p™ exterior power:

Proof The inequality (2.17) comes from (2.16) and the general fact: if M € GL, 1, (C)
then for any p, || AP M|| < ||M||? (see [24]). O
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Lemma 2.7 Let € € (0, 1). There exists C3 = C3(a, €) > 0 such that:

Vn e Z, Vo € Q,Y21,22 € Se, IT @) —T @I <C3lz1—22]. (2.18)

Proof Letn € Z, w € Q and z1, 22 € Se.
(2n) —lerl =1 % —le—] =1 %
(n) (n) Vo 0 [(z] o —p ) <Zz o —p )]
1Ty " (z1) — T ") = ~ _ - ~ _

o W e 12 ( 0 (U(f)z"))*> —ap™! zp7! —ap~t zp7!
Va(,z"_l) 0 ( 5—1 —ﬁ_la*>
R ) A
AT )

“\=ap=t p! 0 (z1 —z22)p~ !
Since |la|| < 1 and using Lemma 2.4, there exists C; = C5(a) > 0 such that:

)
0 (z1-22)p~!

Y (e A A [ o )

178" 1) = TS ()l < €

lz1 — 22l

lz122]

<l ( +lz1 w\).

ol lezzl < — and using Lemma 2.4 we find,

Since zj and zp are in S, |z;| > 1 — € i—o?

1T @) — T @) | < Ch e (1 + %) (o1 — 22l < Caler — 2al.
1 — flo? (I—-¢)
O

We now prove the last step before proving the continuity of the Lyapunov exponents.

Lemma 2.8 Lete € (0,1). Let p € {1, ..., L}. There exists C4 = Ca(c, €, p) > 0
such that:

Vn € Z,Vo € 2,Vz21,22 € Se, | AP T (21) = APT ()| < Calz1 — 22 | -
(2.19)

Proof As the transfer matrices are invertible, we can reproduce the reasoning from the
proof of [25, Lemma 6.2.6] and use the following inequality:

YM, N e #.(C),

|IAPM — APN ||
<IN = MI(INIPT M NP2 M)

Then it suffices to apply Lemma 2.6 and Lemma 2.7 to conclude. O

Having these four lemmas, one can now deduce the continuity of the Lyapunov
exponents.
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Forpe{l,...,L},e € (0,1),x € P(C*)and z € S, we define:

2.20
X1 220

(n) -
o) (lw>

where P (C?L) is the projective space associated with C2L.

Lemma 2.9 The map (z,x) — ®(z, x) has the following properties:

1. The map x — @ (z, x) is continuous on P(Lp).
2. There exists a constant C > 0 such that for all z1, 22 € Se:

sup [P (z1, %) — P(z2, %)| < Clz1 — 22|
TeP(Ly)

Se x P(Ly) = R

3. The function ® : _ _
(z,%) = ®(z, %)

IS continuous.

Proof We start by demonstrating the first point. According to Lemma 2.6, AP Ta()") (z)
is uniformly bounded in z and w and

AP T ()%
Vz €Se, Yo € 2, In % <In|| AP TV ()| < In(Cy).

Hence, if x,, — x in P(L ), it suffices to apply the dominated convergence theorem
to show that:

(n) - (n) -
@(z,xm>=E<” AP TS <z>xmn> HWE(” AP TS (z)xn):q)m)_

11X | X1l

For the second assertion, we begin by taking z; and z; in S.. We have:

(n) _
®(z1,%) — P(z2,%) =E <1n M) .

I AP TSV (20X |
Writing

I AP TS @il = I AP TS 1) - AP o)™ APTSD )|l

< I AP T (20) - AP TSP @) U - AP TS ()%

and the same exchanging z; and z», one gets:

’111 (II AP Taﬁ”)(zl)xn)
IAPTS (22) ]|

< In (max{|| A? TS @)APTS (22) 7 | AP T @) (AP T (1) 7HI)
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Moreover,

1T @I @)™ = 1 (AP T @) = AT () - (APTS (2) ™ + Taw

= IAPT@) - 1 (AP T @) = APTS @) I+ 1

and the same exchanging z; and z;. This gives the following inequality:

'1n (II AP Té“(m)ﬂ)
IAPTS (z2)%]|

<ln |:_m211)§ (AP TP @ I} AP T8 @) = AP Gl + 1].
=1,

Since for every x > 0, In(x) < x — 1, using (2.11) to be able to apply Lemma 2.6
to the inverse of the transfer matrices, we get:

(n) =
AP T,
£ I agn)(m)lfll
| AP Ty (z2)x||
Lemma 2.8 ensures the existence of a constant C4 > 0 such that: | A? Ta()n) (z1) —
/\PTa()")(zg)H < C4 | z1 —2z2 | .Since C; and C4 do not depend on x, we get the
second point.

For the third point, it suffices to combine the two previous points. Let € € (0, 1)
and take (z1, X1) and (z2, x2) close enough to have:

< Coll AP T (z1) — AP (22)].

| @(z1,Xx1) — P(z2,%2) | | (21, %1) — (22, x1) | + | P(22, %1) — D(22,x2) |
< CC4|z1 —z2 | +€ < Ce.

This completes the proof. O

Using the inclusion (2.8) and the applications defined at (2.12) and (2.14) one gets,
following the strategy of [6], that the group C*G ,, C is p-contracting and L ,-strongly
irreducible for every p € {1, ..., L} and every z € C\{0} since C*U(L, L)C is. This
implies, foreach p € {1, ..., 2L}, (up to the use of the application 7 in order to apply
the classical results in the real setting [24]) the existence of a unique measure v, ; on
P(CL,C*) C P(C?L) which is u-invariant and such that :

| AP Mx|| -
Vze C\ {0}, i(@) +... +vp(2) =/ ———— du (M)dv), - (%).

Gy, x P(C2L) X1l

(2.21)

Following the proof of [26] or [25], one deduce from the integral representation

(2.21), from Lemma 2.9 and the use of Banach—Alaoglu’s theorem the continuity of

the sums of the Lyapunov exponents hence of the Lyapunov exponents themselves, as
functions of the parameter z.
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Proposition 2.10 Let € € (0,1) and p € {1,...,2L}. The function z +— yp(2) is
continuous on C \ {0}.

We deduce from this continuity result, together with (2.10), a result of positivity of
the Lyapunov exponents on some annulus.

Corollary 2.11 There exists €9 € (0, 1) such that for every € € (0, €y, the L first

Lyapunov exponents are positive on Se.

2.4 Exponential decay of transfer matrices

The positivity of the Lyapunov exponents does not imply directly the exponential
decay of the eigenfunctions of the operators U,,, as discussed for example in [22], but
it already implies the exponential decay of some power of the inverse of products of
transfer matrices.

Lemma 2.12 Let K C C a compact set. There exist constants C > O, ¢ > 0 and
s € (0, 1), such that:

-1
E (|| (T(f)’”)(z) . Ta()”)(z)) vlls> < Ce~cln=ml (2.22)
for all z € K, for all unit vector v , and for n,m € Z such that |n — m| is sufficiently
large.
Proof One can follow the proof of [11, Lemma 7.1] or [27, Lemma 3]. It suffices to

use (2.11) and the fact that

lim
[n—m|—o0 |n — m|

E (ln (7. . T(,S”)(z))f1 v||) =-y(2) <0

since for any A € GLL(C), the Hilbert-Schmidt norm of its inverse satisfies
A= |gs = (oL (A))~! where o7 (A) is the smallest singular value of A. O

3 Exponential decay of the fractional moments of the green’s
function

In this Section we provide a proof of the exponential decay of fractional moments of
the Green’s matrix, which is the result of Theorem 1.9. We will begin our analysis
by reducing the problem to the proof of the exponential decay of some particular
coefficients of the Green kernel, following the approaches described in previous works
such as [6, 11]. Then, we will adopt a new strategy to establish exponential decay in
the reduced case.

The usual scheme to establish exponential decay of fractional moments is to find
an explicit expression of the Green’s function in terms of the solutions of the equation
(Uyp — 2)¢ = 0 as in [11]. In our case, it is difficult to use this approach due to the
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matrix structure of the model which implies a formula (see [12]) whose terms are
difficult to control. Therefore, we proceed differently, in two steps: first, we bound
the norm of the Green’s function by multiplying it by a non-constant quantity and the
norm of the inverses of the transfer matrices which, as we have already established,
decay exponentially. Then, we demonstrate that the first quantity is bounded, under a
condition on the norm of the matrix «.

3.1 Finite scattering zippers

In this section, we start by explicitly compute the even—odd truncation for the scattering
zipper operator. The importance of this step lies in the fact that truncating a unitary
operator can lead to a non-unitary operator if the truncation is not done well. Let us
first denote explicitly the coefficients of the scattering matrices where we omit the
random parameter o in order to symplify the latter computations.

Letw € . Denote S = (“y‘: §;) € U2 L)y and take U, V € U(L). We define
the restriction U2+ of U, to an interval [21, 2m -+ 1] with n < m two elements

of Z.
[2n,2m+1] and Wgnlm—&-l]

We construct V, as follows:

V[Zn,2m+l] — @ S(Zk) 3.1)
w : @ ’
kefn,...,m}
Wgn,Zm—H] =U®® @ Sc(¢)2k+1) eV 3.2)

ke{n,...m—1}

The boundary conditions U and V are placed in W,, in such a way that we obtain

exactly 2m + 1 — 21 + 1 L-rows and L-columns starting from 2n. Thus, UL2"2"+1]
is given by:

2n

en 00 00 u 00 0
2n+1 Sw 00 00 0 S(2n+l) 0
00  ¢Cnt2) 00 (U 0
00 “e 00 0
S(E)Zm—Z) 00 : . . :
00 0 S(szl) 0
2'm 00 00 ng) 0 1) 0
ama1 200 00 0 0o v
Since we will mostly deal with the resolvent of Ug n2m ] e also give the expression

20,2 m+1
of U221 _ 71d for 7 € C.
pRn2mHl g
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U=z Bt BonBon+1 0 0
yaU  bomoony1 —2 SonPonst 0 0
0 o 2Van+1 Q2420241 =2 Ponp202n43 Bont2Bon+3 0 0
0 Yut2Vn+l Y281 024202043 =2 Sani2Pm43 0 0
0 0 0 O p4Ym43  Qn4adonis — 2 ok 0
0 0 0 Van+4Y2m43 Von+482n+3 Hok 0
0 0 m—2Vam-3 @m-20m-3—2 Pom-202m-1  Prm—2Bam-1 0
0 0 Yam—2Y2m-3 Vam—202m—-3  Som-20am—1 —2  82Pam43 0
0 0 0 0 OmYam-1  Combrm—1—2 PamV
0 0 0 0 YamVam-1 Vambam—1  S2mV =2

Letz € Cand ® € €2([2n, 2m+1], CL) satisfying U2 *" ™ & = z&.1f we define
U = W2t g then V22 H1y — 2@, which leads to @ = 7z~ 1VIZm2mHlly,
In other words, in the formalism of scattering matrices (or S-matrices), we have:

b2y “1een) [ Yo Wont1
)\ = Uq> y - S )
" o <¢2n+1> © e Wy Want2

— g@n+D) Dot D m—2
. NNy ERTTRTTI Ny,
_ —1e@m-2) (Y2m—2
=2 5% (‘sz—l)’
Wom—1\ _ «@m=1) [ P2m-1 _
(“IJZm =S o, ) V®ormi1 = Vamr.

This yields the following diagram:

D B
s -1 -1 —‘L l il -
= [IU ] 18, 27 Sprea Som (%)
2 Szm ee 0o e Szm_l
l r ) S r L T
L 2% Do L 9 Poia Do 2 P

Other cases of intervals ([2n, 2m], [2n+1,2m] and [2n + 1, 2 m + 1]) are defined
in the same manner. The cases where a = —o0 or b = +00 are similar since we have
only to put boundary conditions on one side of the interval.

3.2 Proof of Theorem 1.4

The estimate of the fractional moments of the Green’s function has played a promi-
nent role in the proofs of localization for the self-adjoint Anderson model, notably
illustrated in the works [28—-30]. Our approach to evaluate these moments begins by
establishing an upper bound for their expectations. We will draw inspiration from the
method presented by Hamza in [26], while adjusting the proofs to adapt the argument
with the quasi-one-dimensional character of {U,},cq. This upper bound will subse-
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quently serve as a key tool to prove the exponential decay of the fractional moments
of the resolvent.

Proof of Theorem 1.4 Lets € (O, }‘) we Qandz € C\S'.Lete € (0, 1).For |z| <,
the bound (1 17) is clear. Hence, one may assume that |z| > €, |z|] # 1. Then, since
(U, —2)" ' = 22 [(Ua, +2)(U,—2)" ' = Id] there exists C(s) > 0 such that

~ N
Vil € Z, B(IGu(z k. DIF) = C) (B (|(Wo +2 Wo =27 D] ) +10)
Therefore, to prove (1.17), it suffices to prove the existence of c (s) > 0 such that
viil €2, E(|(Wo+2 W, -7 te.D)|) = ).

We use a finite-rank perturbation method to establish such a bound on the modified
resolvent. Let n € 7Z. We use the notations introduced in (1.3) and (1.10) which allow

us to write: ,
S(Zn) — I 0 o (04 p(O[)U( ")
[ 0 V(zn) 16, ,0(0[) _a*U(zn)

This implies a factorization of U,,:

L0 o« p@US"\Y L /
Uy =Vo,Wy = ~ . (2n) s"“Wy :=Y4Dy, V, ,W,,.
) oW (g(o Va()zn)elgé) >( 3(@) —a *U(E)Zn) o ® ooV oW
3.3)

I, O y
ie[sz")) and V| =

. o L 0
with the unitaries Y, = @,z ( (I)“ gan ), Dy, = D,z ( o
w e

U(2n)
@nGZ <p?ot) p(azU(Zn)> o SL.
We fix p € {I,...,L}. Fork # leven, A = {k+ 1,1+ 1} C Z and a =

k l k )
L0, +650). 0 =108, — 65, let

. b j=k+1
fg,;={ TEA gyl b i
/ 0 jé¢A

If one of the k, [ is odd, we seta = b = 195)](1, Define the diagonal matrices, D, D,
and D by:

D,eii 0 = e"”g)l’ ; Dpegi v = eisa(’j:z’ ; and
a{j,p} = e(j.r} be{j.p} = €{j.p}>

(34)

~ ey, p} if j is even
Deyj.py = {

) .
0oey; py  if jis odd
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Using these definitions, we factorize D, as D, = D, Dbﬁ and we have:
Uy = YD V! W, = Y, Dy Dy DV/, W, := Y, D, X,. (3.5)

with the unitary operator X, = DbD\V;)Ww independent of a. Note that D, =
Y, 'U,X;,! and that in view of the definitions of X,, and Y,,, U, — Y,,X,, is a finite-
rank operator.

Let P4 be the orthogonal projection onto the subspace generated by {X;le{ jprlJ €
A}. Note that {X;le{j,p} | j €Z, pe{l,..., L}} isanorthonormal basis of [2(Z) ®
CEL. One has

PAX, YU, Py = 79T, (3.6)

Indeed, for u € {X! e{ j.pt 1 J € A}, there exist real numbers A and ,u such that

u=1X_ lek+1 +/LX el+1 Thus, X IY U,u = AX I'p, ek+1 + uX, Ip, el+1 =

_”‘(AX lek_H +uX, €l+1) =e ”‘u Moreover U, Y wXe =Y, (D, —1d)X, =

0 on Ran(Id — P4) (the vector subspace generated by {Xw e(jpy:J € Z\A}), since
D, —1Id =0 onRan(Id — P4). As (Ywa)_l U, = e %I, on Ran(P,),

Ua) = Ya)Xa)(Id - PA) + UwPA = Ya)xw(ld - PA) + Ya)xw (Ya)xw)_l Ua)PA
= Yo Xo(d — Psy) + e 9Y,X,, Ps.

For z € C\ (S' U {0}), define

F,=Py(Uy+2)(U, —2)"'Ps, and F, = PA(Y, Xy 4+ 2)(YX, — 2) 7' Pa.
(3.7)
One has:
F,+ F* = PA((Y,X, —2) )"
[(waw = 2" YoXp +2) + (YoXo + 2)* (Yo Xo — Z)]
(YoXo —2) 71 Ps.

= Pa@1d =2z ((VoXo = 07") (VX =27 Pa.

On the image of Pg4, this implies that F + F; F* < 0 for |z| > 1. Consequently, —lF
is a dissipative operator. Similarly, —z F is also a dissipative operator. In the case
where |z| < 1, we have lF and lF that are dissipative operators.

Next, as in [11, (4.10)], we have

Fy = Fo = =2:P4 [(YoXo = 07 U0 = YoXo)Uo = 7| Pa.

As U, — Y, X, is zero on Ran(Id — P4) and equals Y,,X,,(e~* — 1)I, on Ran(Py),
we have:

U, — YoX, = Yo X, (Id — Py) 4+ ¢ Y, X, Pa — Yo X
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=Y,X, — YoX, P4+ e Y, X, Ps — Y, X,
=Y,X, [e_iaPA — PA] =Y,X, [e_iaPA Py — PAPA]
= Yo XoPale ™ — 1) Py;

hence, F; — F; = —22Pa [(YoXo — 2) 7 (Y X)) Pa(e ™ — 1) Po(U, — 2)7'] P
Thus, F, — F. = =PA(YoXo — 2) 7' Yo X Pale ™ — )P4 (22(Uy — 2) ) Pa.
Then, using the equality 2z(U,, — z) ™' = (U, + 2)(U,, — 2)~' —1d, it follows that

F, — F, = Pa(Y, X, — 2) 'YV, X, Pa(e ™ — 1)[F, — 1d] P4
= — P [1d + 2(Y X)) (Yo X — 2) 7YX Pale ™™ — D[F, — 1d]P4
= Pa 104+ (VKo + D (VoK — D7) Pale™ = DIl = F]| P4

— P, [%(Id T E)(em — D[Id — FZ]] Pa.

Therefore, P4 (F, — ﬁ)PA = Py [%(Id + ﬁz)(e_ia — 1){d — FZ)] Py, and we can
write: :
Fo— Fo= S(d + F)e ™ = D1d = Fy), (3.8)

which is equivalent to F;, (Id + %(Id + F)(e7ia — 1)) =F, +l(1d+ﬁv)(efia —1).
Hence, Fh(e7¢ — 1) (SEHd + £)) = Jemi — 1) (1d + A ).

e~ —ta—1

a

Let us define m, := — (2 - ) Then we have:

F.(img + F,) =1d + im, F.. (3.9)

Hence, F, and 1':"Z satisfy the same relation as the one found in the proof of [11,
Theorem 3.1] and they have the same dissipative properties. Then, one can follow the
proof of [11, Theorem 3.1] for T = % to finish the proof of (1.17).

Note that if at the beginning of the proof we choose both k and / odd instead of even,
we have to write the same proof as in the even case but by writing the factorization
(3.3) on the factor W, and replacing Va()Zk) by (75?’” and 6’5,216) by @EE 2 O

3.3 Reduction results
In this section, we reduce the problem to structures of odd lengths, and then on those
of finite lengths. These reductions imply the need of the invertibility of «. In what

follows, we fixa, b € Z, |a — b| > 4.
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3.3.1 Reduction to appropriate elements

The goal of this part is to estimate, in expectation, elements of the type H Gl bl (z,2n,
N N
2m)H and H Ggf’b] (z,2n+1,2m) ” by elements of the type H Ggff’b] (z,2n,

S
2m + 1)” and HG,[S’b](Z, 2m+1,2m+1)
sions. The challenge in proving the reduction to even elements consists of being able
to bound the even columns (and rows) of the Green’s matrix by the odd columns
(and rows), or more easily, by a sum. We use the notations introduced in Section 3.1.
We start with a lemma that allow us to have a useful recurrence relation. We use the
re . . . (n)
presentation (1.1) for the scattering matrices Sg, .

" , for which we know explicit expres-

Lemma3.1 Let!l € {a,...,b}. Foreveryk € {a+1,...,b — 1}, k # | and every
zeC\S!,

[ e | 6B k= 10 4+ v s+ 2168 e kb + 26 P e k1,1 =0,

(3.10)
WGP kD + BT [auss +287] G P @k + 1,0 + B B G P @ k+ 2,0 =0,
(3.11)

Similar inequalities are applicable for the columns.

Proof By the definition of the resolvent:

[a.b] _ la,b] - I ifk =1
[(Uw ADG, (Z)] k. D) = {0 ifk 1

Thus, for k even and [ # k, k 4+ 1, we find:
[ — 210Gl | (k, 1) = U = 21k, ) - Gz, 1) =0

This, given the 5-diagonal by blocks structure of the operator, results in:

1G9 (2, k —1,1) + (dk—1 — LGP (2, k, 1) + Brags1 G4
(z k+ 1,0 + Bifr1 G4 (2, k +2,1) =0, (3.12)

and similarly for k + 1:
[(UL?’“ — zId) - GL‘f’b](z)] (k+1,0) = (U —zldy(k + 1, ) - G9P)z, ., 1) = 0.
This results in:

Vivk—1GY9P 2 k — 1, 1) + w1 G142, k, 1) 4 (Spas1 — 2IL) G140
@k + 1,0 + 81 Gl (7 k+2,1) =0 (3.13)
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Multiplying (3.12) by 68, ! on the left and taking the difference one gets

(868 vt = vyt | G k= 1,1 + (868 (@b = 21L) — b1 ]Gl
(2, k, 1) + [8k B Brows1 — Srag — 211G PNz, k +1,1)
+ 8By BBt — 8iBis DG4 (2 k +2,1) = 0.

After simplification, this yields:

(@487 o = vyt | Gl k= 1.

+ 18k By (wdk—1 — 2IL) — yedk—11G 14 (7, &, 1)
+ 2G9N (7 k1,1 = 0.

We have:
(v '8 — B) = (v D and Bfox = —8im & awyy ' = —(B ) 5}
This allows us to write:
[0 et ] G5 e k=1, D+ 0 D k20 1GE e, D 426G @ k1,0 = 0.
(3.14)

A similar equality can be found by multiplying (3.13) by oy y,:] and taking the dif-
ference:

[aka_IVka—l - Olk)/k] GlPl(z, k—1,1)

+ [y " vadk—1) — (@udk—1 — ZI)IGI Pz, k, 1)
+ ey ' Grasr — 2IL) — Bra 1G4 Pz, k + 1, 1)
+ 186y kBt — BBt 1G4 (2 k +2,1) = 0.

Hence,

GUPz k1) + [(aka_l(Sk — Bodi+1 — Zaka_l] Gy Pz k+1.D)
+ [y ' = BB 1G9 2, k +2,1) = 0.
For any k, we have:
oy 8k — B = (B DY and Blox = —6iw & oy = —(BT DS
This allows us to write:

ch,b](Z’ k, D)+ (ﬂk_l)* [Olk+1 + Z(S,f] G([j’b](z, k+1,01)
+ (B Bt Gl Pz k+2,1) = 0. (3.15)

@ Springer



Dynamical localization for a random... Page250f46 64

To find the equalities for the columns / (while fixing k), it suffices to repeat the same
process but start with the multiplication in the reverse direction:

(Gl @) wie? —z1a)| k.1 = {IOL =l

]

To exploit these relations, we need to be able to invert & + zer;. This is the subject
of the following lemma.

Lemma3.2 Ifa € GLL(C), then for any € > 0, k € Z and z € S, & + za is
P-almost surely invertible.

Proof Letz € S, and k € Z. We define:

Qiny = {w € Q; & + zof € GLL(C)}
={weQ p ' VWPa* —a*UP] e GLL(C)}
= {w € Q; detVPa* —a*UP) £ 0) (3.16)

To show that P(€2j,y) = 1, it suffices to prove that there exists (Uy, Vo) € 2 such

that det(z Voo™ — a™*Up) # 0, since U(f)k) and Va(,k) are drawn according to the Haar
measure vy and since « is invertible.

If z # 1, we set (Up, Vo) = (I,Ip) to get det(zVoa™ — «*Upy) = (1 —
DL (=D)L deta* #0.

If z = 1, it suffices to take (Up, Vo) = (I, IL) to get det(zVpa™ — a*Upy) =
(1 — i)t deta™ # 0. o

With Lemma 3.2 one can isolate the term GL?’b](z, k, 1) in (3.10). We define Qipy
as in (3.16). For w € Qjyy, the equality (3.10) becomes:

Gz, k1)
-1
= (5 "B+ afl) [ e Gl e k= 1,0 + 2G4 k41,1
= 6 + zaf]™" [yk_lGEg”’](z, k—1,0) 42y " Glb 2 k41, l)] L3I
Hence, to estimate the expectancy ||G£f’b] (z, k, D]* in terms of Ggf’b] (z,k—1,1)and

G9P) (2, k 4 1,1), one needs to estimate the expectancy of || (5 + za)~'[1°. This is
exactly Lemma 1.7.

Proof of Lemma 1.7 One has:
E {16 + 2071 ]

1
=/ ||(—zVa()k)otU(f)k)+oz)_1||sdw=/
Q Q

dw
(or(@ — VP aUP))s
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Here, o7 (-) represents the L™ singular value, which is the smallest singular value of
the considered matrix. Then,

oy g0 oK)~
Vk € Z, or, (oz — zVa()k)otUg‘)) =or (oz — VWit g0 Ué)k)> .

We can simplify some expressions. Indeed, we know that Gé,k), @ff ), ﬁg‘) and

V" are mutually independent. Furthermore, 6% = diag(@é)k)l, ~~-,9(f,k)L) and the

replace G,E)k) with G(E)k)l I and @Eff ) with ®$,)1 IL in the partial expectancy with respect
to 6 and ® (and not deterministically!), which gives:

= (k) L (k) ~ -5
Eo.0 (O’L (O[ — ZVa()k)elg“’ e Ué,k)> )
-5
=Fy 0 (oL (a — ZVQ()k>ei9$)1aei®ffﬁ l’}é)k)) )
@ )~ R —s
= E@,@ (UL (CY _ Zel(ow‘l+9w*l)vu()k)0lUé)k)> ) .
(3.18)

Since ﬁ(f)k) and ﬁé)k) are in U (L) N Hy (C), they have a square root which is also an

element of U(L) N Hy (C). Hence, one writes ﬁ}f” = (l’]\cf,k))%(ﬁcf)k))% and V\a(,k) =
-~ 1~ 1

(Va()k))f (Va()k))i to obtain:

i©P 10 5w Hw )
FgoloL|a—ze ot™ellV Yql,/
1O 405D (G0 S (PR 0 DO DY)
=Fgo (oL |a—ze "ot (V)2(V)2a(U, )2 (U, ")2
—~ * ~ * NG —~ -
— o (GL <((Va<)k>)§) o ((Ua()k))%) _Zez(owv,ww,,)(vcgk));a(Ué)k));) ) _
Since (I/J\Lf)k))% and (f/;(,k))% belong in particular to Hy, (C), we find that
Eg.0 (UL (a - ze“@ij)l +9$)1)‘7¢§k)al75;k)>x>
. _ Co® k) _ =
=Eg0 (C’L (((Va()k))%a(U,ﬁ;k))% - Ze’(o“’*‘+€“’")(Va()k))%0‘(sz)k))%> )) G19

. ) (k) ey -
=Ep 0 (aL ((Va()k))% (0: - zel(Oa’v1+9ﬂ’v1)a> (U(E)k))%> ) (3.20)
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k) k) -
:]Egy@ (O‘L ((1 - Zel(o 9 1)) ) ) .

Furthermore, for every w € , every z € C\S! and every k € Z,

. <(1 _ Zel(G)w lJr 1))05) _ |1 l(®(u 1+9a} 1)|0_L(a)

Therefore, we obtain the inequality for the partial expectation:

s 1
Ea@[”@k-%za;)lné]f‘/ L d(6. ©)
[0.27]x[0.27] |1 — 76/ ©Cw1H00.) | (0 ()

1 2 1 N
- / 43,
(or(@)* Jo |1 —zeif)s

o, 1) follows the uniform law on S!. According to [26, Lemma A.2], for
any z € (C\Sl, 02” md@ = C(s) < oo. Hence, by taking the expectation over
UL) x{—1, 1}F xU(L) x {—1, 1}* of this partial expectation, we obtain the desired
result. O

N(S)
since e'(o 6,

Remark 3.3 As explained in Remark 1.2, this is for the computations done in (3.19)
and (3.20) to be valid that we had to decompose the random unitary phases in a product
with a part which is explicitely unitary and Hermitian at the same time. One could
imagine that this decomposition could be made for any unitary matrix, and therefore,
we could have stick with the definition of the random scattering zipper as in [2]. But if
we had done it this way, we would have lost the independancy of the different random

terms in the definition of the phases Ucf)") and Va()"). Without this independancy, (3.18)
could be not true anymore.

Combining the results of Lemma 3.1 and Lemma 1.7, we get the lemma of reduction
to the even case.

Lemma3.4 Foroa € GLL(C) and s € (O, %), there exist C1(s), Ca(s) > 0 such that,

2
E(IGE@ k+ 1DIF) < Ci)E (1647 @ k. DI1>)

+ C2(9)E (IIGES'}’](Z, k+2, 1)||2S) . (3.21)
Similarly, for the columns, there exist C~‘1 (s), C~’2 (s) > 0 such that

2 ~
E (168 k1 4+ DIF) < Ci)E (1647 @ k. DI>)

+ Co(5)E (||G£g~”] (z. k[ + 2)||2S) . 322
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Proof For € Qjyy, equality (3.10) becomes:

-1
Gl kD) = (077 e + 20f1)

[0 G @ k= 1.0 + 265 @k +1.0).

= B+ 21 [ G P e k= 1D+ 2 6l P k4 1,0)].

This gives:

1G5 @ k. D
< 16k + 2™ (Iye-1. G, k = LDI+ 1 2 [y Gz, k + 1.1

Now, we just need to use Holder’s inequality, Lemma 1.7 and Jensen’s inequality as
in [26, Lemma 7.1] to conclude. O

Lemma 3.4 implies the first reduction result.

Proof of Proposition 1.6 The statement of Proposition 1.6 is just a combination of
(3.21) and (3.22). O

3.3.2 Reduction to a suitable finite interval

We will now prove that it suffices to bound the norm of the finite Green’s function
moments for a restriction to a suitable finite interval to bound the Green’s function on
the infinite volume. This reduction is based on comparing the blocks of the infinite
matrix with those of the finite matrix. Leta, b € Z U {00}, a < b.

Proposition 3.5 Fors € (0, %) and € € (0, 1), there exists C(s, €) > 0 such that
b 2 k,l 2
E(IGL" @k DI) = €. oF (IG5 ko 0®1)  (323)

foreveryzeSe\Sl andallk,l € [a+1,b—1], [k —1] > 4.

Proof We only deal with the case k = 2n,l = 2m where |k —[| > 4 and m,n € Z,

the other cases being treated the same way. Using the definition of Ug‘f ?1 e have
U[a,b] — U[a,zn—l] @ U[Zn,h] + FE (3 24)
w w w n :
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where I';, is given by

—Bon—20 + Bop—2V, k=2n-2,1=2n-1
—Bon—2B2m-1, k=2n—-2,1=2n
—8p—2a + 82p—2V, k=2n—1,1=2n-1
—8n—2Pom—1, k=2n—1,1=2n
l";(k, D)= —a242Vm+1> k=2n,1=2n-1
—@2p4202n+1 + @2p 42U, k=2n,1=2n
—Y2n4+2V2n+1 k=2n+1,1=2n—-1
—Voan+20m+1 +von+2U, k=2n+1,1=2n
0, otherwise.

Let GI (z) = G([:)z,Zn—I](Z) ® Gg"’b] (z). By the first resolvent identity, we have
Glabl(z) — G" (z) = =GPl (HT¢G" (2).
Consequently, for every m > n + 2,

Glﬁl’b'(z, 2n,2m) = [IL + (,32n72,32n71)G£g’b](Z7 2n,2n —2)

+ @272+ )G @ 20,20 — 1)
b
+ (224282041 + @24 42U) GEff 1z, 2n, 2n)

b 2n,b
F(2n 428241 + v2ns2UGE Pz, 20, 20 + 1)] SG2mP ¢z o om).
(3.25)

Similarly, we have UZ"?! = pl2n2ml g pyl2m+1.8] 4 1o \here ¢ is given by

—0m—2V2m—1+V2am—1. k=2m, 1 =2m—1
-0 m-20m—1+Vom-1, k=2m, 1 =2m

—Bom®m+1, k=2m,l=2m+1

—BomBam+2, k=2m,l=2m+2
Tk, ) = Y =V2mt1V2m—1, k=2m+1,1=2m—1

—V2m+102m + Uz 1, k=2m+1,1=2m

= m+102m+1 U mi1, k=2m+1,1=2m+1
—m+1B2m+2 +UB2my2, k=2m+1,1=2m+2
0, otherwise.

Now, if we define G} (z) = Gg”’Zm](z) ® GEZ’”“"’] (z), once again, we observe that
G210y — GM(z) = —G" ()T, G120 (7).
Thus, forany m > n 42

G2z, 21, 2m) = [ = [~ @2m—2v2m-1 + Vy2u- )Gz, 2m — 1, 2m)

— (02m—282m—1 + Vam—1) G20z, 2m, 2m)
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— (Pam+182m + @20 2U)G2MPN (2 2m + 1, 2m)

— BomBom+2) G20 (2, 2m + 2, 2m)]] G2n2m)(; op, 2m)
(3.26)

Inserting (3.26) into equation (3.25), then applying Holder’s inequality and Theorem
1.4, we obtain for all s € (0, 1) and € € (0, 1),

(E (H GE;"I’](Z, 2n,2m)

s>>2 <C(s,e)E (H G£2n‘2m](z, 2. 2m + 1)H2s) '

This yields the required result for all n, m such that m > n + 2. The proof is analogous
in the case where n > m + 2. O

Lemma 1.8 is now a direct application of Proposition 3.5 witha = —oo and b =
+o00. Note that one can take for example € = % to obtain in (3.23) a constant C(s)
independent in € as in [11].

3.4 Exponential decay of the reduced case

Now that we have reduce our study to the fractional moments of elements of the form
GEE”’Z’”“](z, 2n,2m + 1), we are ready to show that their expectations decrease
exponentially, which is the statement of Theorem 1.5.

3.4.1 An explicit expression of the Green’s function in terms of transfer matrices

Given the matching between the blocks dimensions in the Green’s matrix and those

in the transfer matrices, we formulate an expression of the Green’s function. This

expression relies directly on the dimensions of the blocks involved in the product of
transfer matrices.

Inspired by the notations in [1], for m, n € Z, n < m, we define:

A2m+1 (2) BZer] (U

2m+1 . 7Q@m+l1) .7 (2n) _ 2n 2n

T2n (Z) . T(u (Z) T(u (Z) (C%Z/H_I(Z) D%ZH_I(Z)U) (327)

where A%f“ (z) denote the left upper L x L block of the product of transfer matrices
and the same for the three other blocks.

Note that we remove the @ dependency from the various quantities since the random
character plays no role in the following discussion.

Lemma3.6 Foranye € (0,1),anyz € S, anyU,V € U(L) and any m, n € Z such
that |m — n| > 2:

1. the following quantities are invertible:

(@) CEH () £ VAT @), (b) B2 U £ AT (o)
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(c) D" (U + C2" L (2).

2. Thefollowing quantities are inside the Siegel diskD;, = {Z € #1(C) | ZZ* < 1} :

(@) (€5 @) = VAT @) (VB @) - D3 @)),
(b) (D2m+l(Z)U C2m+l( ))(Bz;anr] (Z)U A2m+l( ))—1’
(C) (D2m+l(Z)U+C2m+l(z))(322’i:’l+l(z)U+A2m+l( ))—1.

Proof 1(a) and 2(a) follow directly from Theorem 1 in [1]. To prove 1(b) and 2(b),
we apply Theorem 1 of [1] to

2m+1 % 2m+1
(Tzznm+1(z))—1 = Dg/ﬂ(T22nm+l(%))*g _ ( (A3 ( ) ( )) ) '

(32m+1< U)* (D%,:’”%;)U)

Dropping the 2n and 2 m+1 indices, we find that — V (A(%))* — (B(%)U)* isinvertible.
Therefore, A(%)V* + B(%)U is invertible. Since the mapping z — % is an involution
of C\ {0}, we can deduce that B(z)U + A(z')V* is invertible for all 7/ € C \ {0}.
Since this result holds for any unitary initial conditions U and V, we take V* = I or
* = —Ir to prove 1(b). Similarly, 2(b) and 2(c) can be shown.
To prove 1(c) we follow the proof of [1, Theorem 1] but with changing the vector

(&) into the vector () in the defintion of ®. Then we apply [1, Lemma 3] with

P* L P < 0 instead of CD*X@ > 0 which still implies the invertibility of DU + C.
But since we are in the negative case, (BU £ A)(DU =+ C) lisnotinDy. O

Lemma3.7 Lete € (0, 1). Forall z € S\S' and allm,n € Z, |m — n| > 2,

—1
GG 2n 2m 4 1) = (€31 = vagith + 03 - vaghy)

x L3+ _ygamty (3.28)

2m

-1
G2 on 1, 2m 4+ 1) = <(C%;’1n++1] - VA%ZILI) + Z(Dgglfll VB%r’znjll)U*>
Lyt —y gt (3.29)

with

K2m+1 IV(2m+1)~—1V(2m)~—1+V(2m+l)~—1 *(U(Zm))* ~—1 (330)

with U, Ve U(L), the two boundary conditions at 2n and2m + 1 as deﬁned in (3.2).

Proof For (3.28), we know that the quantity G2">" "z, 21, 2m + 1) corresponds
to the ¢, component of the solution & of the equation (Ug n2mH1l 7)® = & for
& = 62 m+1.41L. We apply Lemma 4 of [1]:

Gom+1\ _ [ Pom+1 2m+1 IL 0 (2 2m+1 7L
()= (Fot ) =m0 (5 o) () + miro (50

(3.32)
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K2m+l

We compute TZZnTH (2) (—z(‘)'IL> to retrieve the vector ( L%,'Z 1 ) given by (3.30)

2m
and (3.31) and using the notations introduced at (3.27), (3.32) one gets

bam-+1 — A%ZH_I Bgrrzn—i_l IL 0 <¢2n) + <K22r711+1> (3.33)
Véonst)  \c2ntt p2nit [\ o v ) \g2a) " \ 130!
We multiply the first row by V and calculate the difference of the two lines to find:

oy = (€3 = VA + D = VBRI U) 3 - VR,
(3.34)
For (3.29), we follow the same steps. Note that U 2,41 = z2¢2n+1 + E2ntr1 = 202041
implies that V5,11 = zU*¢2,+1. This yields:

2m+1 p2m+l 2m+1
( P2m+1 ) _ Ayt By \ (10 P2n+1 " Ky
Vo) “\cimt o o zue \gara ) e
We multiply by V and then take the difference of the two lines to find the expression
given in the statement. O

Remark 3.8 For the other cases, GL%"H‘zm](z, 2n + 1,2m) and GL?”’Z’"'(z, 2n, 2m),
the equations Vo, = z® 4+ & and W, & = W, yield V41 = 2¢om+1 + I or
Yom+1 = z2V*bam+1 + V*. So, we need to multiply the first row by zV*, add V*, and
take the difference to obtain:

GBm2™(z, 2n, 2m)
_ 2m * A2m * 2m * p2m * —1,.72m * p-2m *

L3,
extra terms —V* will prevent to prove directly the exponential decay for these terms
which is why we prove before the Lemma 3.4 so that we don’t have to estimate directly

these terms.

2m
with (KZ’" ) = Ta()2 m) () (—ZE)IIL ) As we will see later, the presence of the three

Lemma3.9 Let € € (0, 1). There exists ke > 0 such that for every z € S¢ \ S,

2n,2m+1 -1
I1G22m 1 2 2 2m £ 1)) < ke <(C§,’1"+1 —vaAdrtly (il - v3§;"+1>U) I
(3.35)

Proof 1Tt suffices to prove that ||L§:,"1Jrl — VK%;’:H || is uniformly bounded in m. One
has

||L%2+1 _ VK22:::+1|| — H(Ua(,z'"H))*aﬁfl Vu()zm),(771 + Z(Ua()2m+l))*5fl(ULZm))*aﬁfl

1 ~ ~ ~ ~—
_v (Eva()szrl)p_lVLizm)P Ly y@mt 5=l (g @myg 5 1)”
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~ 1 ~
<lp'? [Ilall-llp I+ Tz +llelllp A 2 | +||<X||)]

For |la|| < 1 and € € (0, 1), by Lemma 2.4 and since z € S,:

1 o 1
JL2mH g2 < { lol__ +<1—e>|a||+|a|2} = ke.

I <
zm L=l | JT— a2 1-

]

Remark 3.10 Note that since in Theorem 1.5 € € (0, eo] and €9 € (0, 1) is fixed by

Corollary 2.11, the term — in k¢ is in the interval (1, 1 — ) and thus is bounded.

To estimate the Green matrix using transfer matrices presents notable complexity:
in the scalar context, this process is made possible through the property | a - b |=| a |
- | b |. However, in the matrix context, this direct relationship does not hold, as we
only have sub-multiplicativity of norms. Thus, we opt for a different method.

3.4.2 Estimate of the Green kernel by products of transfer matrices

Our first step is to establish a lower bound on the norms of the inverses of transfer
matrices, which corresponds to the norms of the transfer matrices themselves. Hence,
we have to prove that the norm of a new term needs to be uniformly bounded by a
constant.

Lemma3.11 Ler e € (0, 1). There exists ke > 0 such that for all z € S¢ \ S' and all
m,n € Z such that \|m —n| > 2:

1G> (2, 20, 2m + 1)

T @) = ke (3.36)
n ||H22r:n+l(F22r:n+l)—1 _ G§Z1+1(E§lr1n+l)—l I
where
F2m+1 (D2m+l BzmH)U (C2m+l VA%ZH). (3.38)
G%T+l — A2m+l +V C22;n+1 + (BZerl + V*Dgrranrl)U. (3.39)
Hyr = (B3 + viDIThU — (AT vt (3.40)

Remark 3.12 Since in Theorem 1.5 € € (0, €p], once €y € (0, 1) is fixed, . can be
taken uniform in €. Thus, « can be taken such that it only depends on the norm of the
matrix o.

Proof Throughout this proof, we will omit the indices 2n and 2 m + 1 for brevity. With
a direct computation, we get with the expressions given in (3.37), (3.38), (3.39) and
(3.40),

@y = (A50) T = (L (V)
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((C—VA)+(D—VB)U (D=VB)U—(C—VA) >—1< 1 (IL —IL)>_1

A+V*C+(B+V*D)U (B+V*D)U—(A+V*C) 2\

0GR G

Using Lemma 3.6 1(a) and 2(a) and the Neumann power serie lemma, E = (C —
VA) 4+ (D — VB)U is invertible, so we can compute the inverse of ( £ F) using the
Schur complement :

—

(E F)l _ (E—l +E_1F(%)_lGE—1 E—lF(%)ﬂ)’

on (%) e (%)

where (%) = H — GE~'F is the Schur complement of E. Thus, we obtain:
-1
_ -V IL E'+ ET'VFAOHTIGET ETTF(H !
(T22nm+1(z)) 1 _ [ _L i + o _1(E)_1 M(—El) )
Va1, v (F) GE 5

-1
1 IL —IL
V2L I .
By taking the Frobenius norm, we obtain:

E- 4+ E-'F (X)) GE-V E-1F (M)
( (F) f (3.41)

()" oE (%)

1T @y~ = ‘
E

. . 1 -V 1L 1 (I I . _
since the matrices 75 ( I V*) and 7 ( I ) are unitary. We know that the Frobe
nius norm of a square matrix is always greater than or equal to the sum of the norms
of its blocks. Therefore,

E- '+ E-VF(M)y-1GE-! E-1F(M)-1 _ _
H( (r) V)| = e EE L

() 'GE™! (!

Furthermore, by the sub-multiplicativity of the Frobenius norm,

—1
HE—IF(%)”(F(%)”) I e
IE'F ()7 > = . (342
- H (2~ |(F) F=']

Combining (3.41) and (3.42), we have the following inequality:

> E
“IE T

1T @)~
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To conclude, it suffices to observe that (%) Fl=HF1-GE!and, using (3.37)

and Lemma 3.9, «|G2"2" (2 2n 2m + 1)|| < ||[E~"||, where « is the constant
obtained in Lemma 3.9 for € = €. O

With Lemma 3.11, to control the norm of the Green kernel by the norm of
(Tzznerl (z))~!, it suffices to prove that there exists a constant C, > 0 such that:

Vm,n € Z, |m—n| =2, [HZH(FHH~ - gt L(E2HY T < ¢, (3.43)

To achieve this, we propose a strategy which consists in constructing a sequence of
matrices which will follow a sub-arithmetico-geometric progression. This particular
progression eventually reaches a maximum threshold, meaning it does not exceed a
certain limit, provided that the value of the norm of o meet a specific condition. We
set ||.|| as the Frobenius norm on .1 (C).

Proposition 3.13 There exists ro € (0, 1), po > 2 and Cy,, p, > 0 such that for every
la|l < ro, every e € (0, 1), every z € S¢ and every m,n € Z, |m — n| > po,

IEZ L (Em =L = GIPFYEZMTY T < Cry o (3.44)

Proof Step 1 During the next computations, we drop the indices 2n, 2m + 1. Using
(3.37), (3.38), (3.39) and (3.40),

HF '—GE™' = ((B+V*D)U = (A+V*C)) (D - VB)U — (C — VA)™!
—(A+V*C+ (B+V*D)U)((D—VB)U + (C — VA)™!
=(BU — A+ V*(DU — C)) (DU — C — V(BU — A))™!
—(BU+A+V*DU +C)) (DU +C—V(A+BU) ™ ".

According to Lemma 3.6, BU — A, BU + A, DU — C and DU + C are invertible
and we find:

HF ' —GE~' = —v* (IL — (DU — C)(BU — A)—lv*)fl
Ty (IL — V(BU — A)(DU — C)_1>71
T+ (IL — (DU + C)(BU + A)—lv*y1

_y* (IL — V(BU + A)Y(DU + C)—l)q . (3.45)

Ifone sets M = (DU — C)(BU — A)"'V*and N = (DU + C)(BU + A)~'V*, by
Lemma 3.6 they are both invertible and they both lie in Dy . Therefore, Iy, — M and
I, — N are invertible and the same for I, — M~! and I, — N~!. Moreover, one has
I, —MHT=—_MdL—M) " and Iy — N~H)~! = —N. — N)~!. Rewriting
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(3.45), one gets
HF'—GE'=v* (—(IL M)A — M)+ (L + N) (I — N)—l) . (3.46)
Applying the Frobenius norm and since V* is unitary and M, N € Dy,
1HF = GET =2 (I =~ I+ 1A - M) (34T

Step 2 We will begin by bounding || (I — M22n’"+1)’1 ||. Since by Lemma 3.6, MZZ,’l” +le
Dy,

Iy — M3 H= ) < ——————.
" 1 — M3

To show that the upper bound is bounded, it suffices to prove the existence

1
S
of a constant C € (0, 1) independent of n and m, such that for every m, n € Z, |m — n|
large enough,

IM3™ ) = (D3 U — 3 thy(BI U — ASmthTlvE < c. (3.48)

We start by finding a reccurence relationship between the ranks 2m and 2m + 1 for n
fixed. Writing

2m+1 2m+1
A5 T () By, T (U _ T2m+l(z) _ T2m+1(Z)T2m—1(Z)

(W%Z’“(z) X%jﬁ“(z)) (A%ZH@ B%,:"—l(z)u>

Yol zont @) \c @) b U

with

1 m ~ — m)  ~ — m ~ — m -
W%,Z’*l(z):;w? GV B+ VY Gl T et S (o)L,
1 m ~ — m) , ~ — m ~ — m _
X ™ @ = = VD @V e et = v e ot Wi ot
vt @) = - W ) a@@n Ve Gl !
— 2 U™ G WS a B!,

724 () =0Ty a3 T VE (Fean e + 28T By T U Fap @),

yields the following relationships (dropping the z dependence):
2m+1 _ y2m+1 42m—1 2m+1 ~2m—1 2m+1y; _ y2m+1 p2m—1 2m+1 n2m—1
A2n - W2m A2n + X2m C2n ’ BZn U= W2m B 2n U+X 2m D 2n U

2m+1 _ y2m+1 42m—1 2m+1 ~2m—1 2m+1yr _ yv2m+1 p2m—1 2m+1 n2m—1
C2n - Y2m A2n + ZZm C2n ’ D2n U= Y2m BZn U+ ZZm D2n U.
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Summing and substracting these, we find:

A2m+]:|:B2m+]U W2m+l( 71:|:B fIU)+X2m+l(C2m71:tDmelU)‘

2m
This establishes the relationship:
(D 2m+1U C2m+1)(32m+1U A2m+1) 1
[Y2m+l(A2m 1_ 222;1 Uy + sz+1(czm 1_ 2m lU)]
[W2m+1( 521—1 2m Uy + X2m+1(c2m 1_ 2m lU)]
Under the condition of the invertibility of W2m+] we factorize W2er1 (Azm*1 -
B;, 2m=117) on the right in the inverse to get:

(D%rrzn_HU _ C2m+1)(32m+1U _ A%m+l)—l

— |:Y22r’r7+l +22m+l(c2m—1 D2m—1U)(A2m 1 _ 2m IU) l](WZm—O—l)fl

[IL+X2m+1(C2m 1 D%]iln IU)(A%? 1 Bzm lU)‘l(szn"fH)‘l]

Under the condition of the invertibility of szn'f +and assuming that
X - w5 H ™ < 1 (3.49)

using Neumann power serie, we can write:

2m+1 2m+1 2m+-1 2m4-1\—
“(D221+ U— CQ’I;II-F )(BZZI-F U— A m+ ) 1“
_ A+ uza u<cz’"*‘ Do @R — s toy i ovEh

L= 1xgm ey =" = partoyag =t = Bt oyt owgn tH=1

(3.50)

Therefore, we find:

A

(=) s 2m+11 ——
— (DU = G5 (BT U — AT
1
Az Zgm D ot h 1

2m 2m

=1 XL (W Y =1L (€3 — D3 UY(AY — B3 UYL

IA

under the condition

2m 2m 2n
2m+1 2m—1 2, —1 2m—1 2m—1y\— 2i +1 _
— 12X T G ™ = Dy T UN(ASY T = Boy T U Il (Wa I

2n n

(“Y2m+1 I+ “22m+1 I - “(C2m 1 D2m lU)(AZm 1 322;:1—1[])71 - ”(W2m+1)71 I B
(3.51)
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which is implied by the condition

AT 0z 4+ xS - powmth=1 < 1. (3.52)

m

since |(C3" ™' — D3~ Uy (A3 — B2™TU) Y| < 1. We set, with n still fixed,

X = XN,y = 1Y 2 = 123N, wy = (WD)
(3.53)
and forallm >n + 1,

0 = (D" U — Y B T U — APTTH T (3.54)

n
With these notations, we write:

1 - 1
[ — g0 = ] = utntintn

L—=xpwp f,f:?l

—1
(= w2y s

1- xmwmf,;n_)l

IA

L= YmWm — ZmWm _xmwmfn(f,)l
1

IA

L= Yymwm — Zmwm _xmwmf,ilrgl

Thus, we obtain a recurrence relationship for allm > n + 1:
(n) (m)
fm S YmWm + Zm W +xmwmfm_1- (3.55)

Step 3 Our goal now is to show that the sequence ( f,,([’)) m>n+1 1s uniformly bounded
in both m and n, by a constant strictly smaller than 1, at least for |m — n| large
enough. Iterating the sub-arithmetico-geometric relationship (3.55) and still under the
assumption x,, w,, < 1, one finds

Vm >n+1, f,g,n) < OmWp + 2 W) (1 + Xpwp, + - + (xmwm)m_n_l)
+ Comwa)" (3.56)

=t it (gt I It (e
1= %, I — xpwp
(3.57)
< Dt Tt (g It Tt (e
1 — Xpwpy, 1= X wp

(3.58)
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since we know that for every m, n, fn([’) < 1, using Lemma 3.6. It remains to estimate
the term y"’lu""—JrZ"‘w"’ Using Lemma 2.4, one gets

—XmWm
llec| 1 llexll
VmeZ, ywm <(A+lz)——>, xm=(l+—)+——> and
" =) ™" lz| ) 1= [le]?
|z + el
= PR 3.59
o = el = (3.59)

Then, to estimate w,,, we write :

1 _ _ ~ B _ _ B —1
W"?Z’“(z»*l:(;vi?'"+ V@™ vE @)™ + v Gy e ™) (o)) ‘) ,

—1
=2 (V"D Gan Ve Gen™)
1\
(IL + 2V Gy et WS (@) (VD T VE™ (e ™) )

Using Lemma 2.4,
-1
VS Gyt WS o™t (VS BT VS GenT!)
2 — 1 —la?)?
< falfo S (3.60)

1= ]

Forany e > Oand any z € S, the upper bound in (3.60) tends to O when ||« || tends to 0.
Hence, there exists 1 € (0, 1) independent of € such that for any « such that ||«|| < r]

_J1Za?)? .. .
and any z € S, |z|||a||(21_1|$ < 1. For such «, sz,;"H(z) is invertible and

using again Lemma 2.4,

1212 — V1 — [[]?)?
2—/1—a|?)?
1 — 2| flor]) Gl

1—|l?
211 = [l )2 — /1 = [la|?)?
1=l = lzlllefl (2 = /1 = Jle|?)?

Combining (3.59) and (3.61), for any « such that ||¢|| < rj,any € > Oand any z € S,

(14 2Dl @ = 1 = [la]?)? -1
L=l = lzlllel2 = V1 = [le]|?)? )

Vm € Z, wy = (Wi @)™ <

(3.61)

Vm € Z, xpw, < (3.62)

and
2 22
| 2] bl ) el ol )2y Ll
v e 7. JmWm & Zmwm (04 D + b 1=zl e 2=/ T )2

L= xpwm  ~ 1— (1 + 1 ) lll _lzl(d=llel®) C—+/1-lle]l?)?

21 2
1) 1=l 1— el — |zl 2—/T—l|t]|?)2
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_ el 20z el 212 = V1= fal®? N
- Ao
L=l = Qlz] + Dllee 2 = V1 = [ll)?

(3.63)

For any € > 0 and any z € S, both X, 4 and i, tends to O when |l«] tends to 0.
Hence, one can find r, € (0, 1) independent of € such that for any « such that ||« || < rp
andany z € S, u;.4 € (0, 1). Then, for such «, MLTQ_"I tends to O when |m — n| tends
to infinity. Moreover, one can also find r3 € (0, 1) independent of € such that for any
a such that |lo|| < r3 andany z € S¢, ;4 € (0, %].

From these two facts and inequality (3.58), one deduces that forevery € € (0, 1), for
any « such that ||«|| < rg := min(ry, 7, r3), there exists po > 2, and éro,po e (0,1
such that for any m, n € Z, |[m — n| > po and any z € S,

0< £ < hea+ (1 =2 )ul™ ™ < Cpppo- (3.64)

Following the exact same procedure, we obtain the same bound Cj,_,, for the second
term || (I, — N)~!||, since the change of sign in front of A and C does not change any
of the estimates in norm. We finally deduce (3.44) with C; ,, = #.

Step 4 To finish the proof it remains to discuss the assumptions m(gdoe during the
previous steps. In particular we have to give conditions on « to satisfy the conditions
of invertibility of W22r'n" +and to satisfy conditions (3.49) and (3.52). Actually, invert-
ibility of Wy ! was discussed at (3.60) and is implied by the condition ||| < r1.
Condition (3.49) is implied by 1., < 1 and in particular is satisfied for ||| < 7.

Condition (3.52) is also implied by A; , < 1 and leads to the same condition on «. O

Proof of Theorem 1.5 Using Proposition 3.13, Lemma 3.11 implies that
1
||G([3n,2m+l](z, 2n,2m+ 1)|| < ;C"O,po I (T22nm+l (Z))_l I

with « uniform in € € (0, €g]. Taking the power s and the expectancy and applying
Lemma 2.12, one gets the statement of Theorem 1.5. O

To prove the decay estimate for the general Green’s function, it suffices to combine
all the previous results. Actually, to prove Theorem 1.9, one directly follow the proof
of [26, Theorem 7.1] since we already proved Proposition 1.6 and Proposition 3.5.

4 Dynamical localization

In this section we prove dynamical localization for {U,},ecq and thus demonstrate
the main result of the article, Theorem 1.3. To do this, we will rely on two important
aspects: firstly, the use of the exponential decay of the moments of the resolvent
to obtain an estimate of the second order moments of the resolvent ; secondly, we
connect the powers of the operator to its resolvent through a general lemma about
unitary operators.
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4.1 Proof of Theorem 1.10

Proof Let € Q. We use here the factorization (3.3) of U, = Y,D,V, W,,
. . L 0
with the unitaries Y, = @y, (13 %2_,) ), Do = Djez ( g ez‘f?f”) and V) =
a plUy” L
Djez <;;(a) a*Uu(,Zj)> oS
We set X, = V|,W,,. Let n € Z be fixed and define, for § = (§1,...,68L) €
[0, 2715, the diagonal by blocks operator

Ii, 0 I 0 I, 0

5 ._ . :

Yo 1= (@ <0 P, 9(2/)>) ® (0 vcgzn)ei(e(f?")a)) ® (@ (0 P, 9(2”))
J<n j>n

and U, := Y2 X,,. 4.1)
Recall that we denote by (e{,k})nez kefl,..., 1} the canonical basis of 02 (Z) ® CL and
let P>,41 be the projection onto Span(e(2,+1,1}, --, €{2n+1,1})- Identifying P>, with

its matrix in the canonical basis, one has P2n+1 = diag(0,...,0,11,0,...,0) with

I in the (2n 4+ 1) position. The projection Py, corresponds to the projection on
(2n

the (2n 4+ 1)™ block. We define 75, = e’(g(zn)*‘s) 057" to get:
Ug) =Yoo + 120 Pont1)Xo = Uy + Y1120 P21 Xo. (4.2)

0
Indeed, the 2L x 2L block ( fom e - 5)> corresponds to the (2n)™ and the (2n +

@n
1)‘h blocks and in view of the position of the L x L block Va()zn) (0 _‘S), it is the
P>, 41 projector which appears in (4.2) and not the P»,, projector.
By the geometric resolvent identity,

Vze C\S', (U} —2) = (Up—2) ' = —(U%, — )" [Yornon Pant1Xo] Uy —2) "
We multiply on the left by X, and on the right by Y, to get:

X (U8 —2) Yo, =Xy (U —2) 1Yy = =X (U8 —2) " Y o [120 Pon 11X (Up—2) ' Y.
We define Fs(z) := X, (U% — 2)~'Y,, and F(z) = X,,(U,, — 2)~'Y,,. Then,

Fs(z) — F(z2) = —F5(2)(n2n Pon+1) F (2).

(9 (211) 1) _

Letke{l,...,L}.For§ = (0,...,0,6;,0,...,0), n, = diag(o, ...
lG(Zn) (9(2”)75 ) 19(2n)
e’ok ..., 0) and we set n, k = e' Yok ) _ oY%k Furthermore, for (m,k) €

Zx{l,... Lyandke{l,..., L},
(epm,n|(Fs(z) — F(2))epnt1,k)) = (epm,ny| (= F5(2)(M2n Pan+1) F(2))en+1,k)) -
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We define Fs(z, 1, k) := (eyn,ny| (F5(z) — F(2))e2n+1,k)). For all §:

|Fs5(z. k, k)| = [{epmry| Fs(@epnt1i)] = ‘(e{m,k}IXw(Uﬁ, -2 'Yaepntih)

= llenn 11X W, = 9™ Yolllepns1ull = 1Uq, = 97l < 1= a
Then :
R = s = TR oD Y
But: F(z, k, k) = m x 1and 1 — |z| < |nanx + (F(z. k. k))~'|. Thus,

we also have 1 — |0, + (F(z, k, k))_ll <lzl.
057 =80 _ 0

Recall that 2, x = € wk and introduce §; € [0, 27r] such that:

., (2n)

1 — e ok (F(z, k, k))~!
_ 05 1y

11— ek (F(z, k, k)71

—idk —

e

With this choice of &, following the proof of [11, Proposition 5.1], from equation
(5.17) to equation (5.20), we get:

_d- lyH)I1 =yl

(= 2P Fs(z. 1, k) < peree e ACULIE

By taking the expectation and integrating over &,

2 2\ _ 1 o 2 2
E((1 = 1zPIFG LR = 5/0 E (1= DI LK) dby.

Moreover, since the Haar measure on the unit circle is invariant by rotations, the

- (2n) .1 (2n) . . .
random variables /%« ~% and ¢/%& have the same distribution. Hence,

[T R (- rPire L R)an = - [T E (- P L o) s
2 0 o 27 0 o ’
By Fubini’s theorem, we have:

1 2T 5 2 ) 1 2 2
—/ E((1 = 12P)IFs( L 0R) dse = (1 = 2] )—/ |Fs(z, 1, k)2dsy
2 Jo 27 Jo

1 (1 — 1
<E sup / %IF( 1, k)|5dsy
2m ly|<1 le=% — y|2

1 2 1— 2
<2E(|F@ 1, b)F x sup — %d&k
lyl<1 27 Jo  |e7% —y]
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since |1 — y|® <2 for y € C such that |y| < 1. Using [11, Eq.(5.24)],
E ((1 —1ZP)IF (&, l)|2> < 2°E(|F(z.k. 1)) forall s € (0, 1).
We have:

E(1F L 0F) =E ([(epnn | XoUs — ™ Yoepnrin)

=E (‘ (XE ety | Uy —2) "' Yoepniin)

)
"

We use the band structure of X*, apply Minkowski’s inequality and use the fact that
the coefficients of X, are bounded to write:
)

E(FGLOF) 0@ Y E(|KhetmnlUo =27 Vaepnri)
lj—ll=<4L

Since Y, is block diagonal with unitary blocks in U (L),

Vm,neZ,¥j kell,... L},

(e | Uo =D Yoepniri)|

where m is the index of the block containing m L + j and equals [%] . Thus,

E(F@LOF) i) Y. E(IGu "5 ] 20+ DIY).
[j—l<4L
Now, we need to connect E (|F(z,[,k)|*) and E ((1 —1z1%» \(e{m,l}| Uy —2)~!
2
en+1.4))| )

. . . . I 0
Since Y, is a direct sum of matrices of the form (0 50 i) ), we have
w e

=~ . ,(2n)
Yoepnti.h) = VS it en+1,k}> and:
-1 2 -1 % 2
(etm, iyl Up — 2) e{zn+1,k})‘ = ‘(Xa)e{m,l}lxw Up —2) Ywae{an,k})‘
2
= [(Xoepm,n FYhepnt1.0)|
. 2
—~ ., (2n)
= |3 Kol FQUUS %)) ) repart,jy)
Jj=1
2

L

~(2 . n(2n)
S (VS ) ;i (Ko | F@epntt, )
j=1
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By the Cauchy—Schwarz inequality, we obtain:
—1 2
‘(e{m,l}| Up —2) e{2n+l,k})‘
L
2 2
‘ Z |(Xoepm.n | F(@epnt, )|
Jj=1

L
= | 22 [
j=1

~ _ 2
Since V. is aunitary matrix, its k™ column is of norm 1 and Z,L'=1 ‘ (V2 y ik ‘ =
1. Hence,

L
- 2 2
|(etnnl Wo =7 epniran| = D | Koerl F@eparn ]
=1
Therefore,

2 —1 2
E( (1= 12P) (el U0 = 27 eusri)|

L
= Y E(( = 12 [Koetmal F e )
j=1

Due to the band structure of the operator X, there exists a constant C»(s) such that:

E((l —1zP

2
(et Uy —2)7! e{2n+1,k}>‘ )

L
=G Y Y E(A-1PIFEp P)

Ip—l1<4L j=I

L
<C©)2 Y D E(F@p D)

|p—11<4L j=1

L
<Ci®OCH2 Y > >

|p—l|=4L j=1|q—p|=4L
—1 2 DL+ s

e (o (= [ = [*=2))] )
L L

We conclude the proof with the exponential decay of E(||G (2, p—I+¢q, 2n+1)L+

DII¥) given by Theorem 1.9 and the fact that each of the three sums has a finite number
of terms. =
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4.2 Proof of Theorem 1.3

First of all, recall that for U a unitary operator,

1 — 2 2 =1 R
VneZ, U" = lim d / (U — re’e) (U_1 - re_’e) emdn. (4.4)
0

r—>1- 2w

Using this formula, of which we find an elementary proof in [26], we can prove
Theorem 1.3 following exactly the proof of [26, Theorem 8.2], since we already have
obtained the main input of this proof, estimate (1.22).

Data Availability this manuscript does not contain any result based upon any data.

Declarations

Conflict of interest all authors certify that they have no affiliations with or involvement in any organization
or entity with any financial interest or non-financial interest in the subject matter or materials discussed in
this manuscript.

References

1. Marin, L., Schulz-Baldes, H.: Scattering zippers and their spectral theory. Journal of Spectral Theory
3(1), 47-82 (2013)
2. Boumaza, H., Marin, L.: Absence of absolutely continuous spectrum for random scattering zippers.
Journal of Mathematical Physics 56(2) (2015)
3. Carmona, R., Lacroix, J.: Spectral Theory of Random Schrodinger Operators. Springer, ??? (2012)
4. Kirsch, W.: An invitation to random Schrodinger operators, 1-119 (2008)
5. Blatter, G., Browne, D.A.: Zener tunneling and localization in small conducting rings. Physical Review
B 37(8), 3856 (1988)
6. Asch, J., Bourget, O., Joye, A.: Localization properties of the chalker—coddington model. In: Annales
Henri Poincaré, vol. 11, pp. 1341-1373 (2010). Springer
7. Bourget, O., Howland, J.S., Joye, A.: Spectral analysis of unitary band matrices. Communications in
mathematical physics 234, 191-227 (2003)
8. Simon, B.: Orthogonal Polynomials on the Unit Circle. American Mathematical Soc., ??? (2005)
9. Schulz-Baldes, H.: Rotation numbers for Jacobi matrices with matrix entries. Math. Phys. Electron. J.
13,40 (2007). Id/No 5
10. Cantero, M.J., Moral, L., Veldzquez, L.: Five-diagonal matrices and zeros of orthogonal polyno-
mials on the unit circle. Linear Algebra Appl. 362, 29-56 (2003). https://doi.org/10.1016/S0024-
3795(02)00457-3
11. Hamza, E., Joye, A., Stolz, G.: Dynamical localization for unitary anderson models. Mathematical
Physics, Analysis and Geometry 12, 381-444 (2009)
12. Damanik, D., Pushnitski, A., Simon, B.: The analytic theory of matrix orthogonal polynomials. Surveys
in Approximation Theory 4, 1-85 (2008)
13. Hamza, E., Joye, A., Stolz, G.: Localization for random unitary operators. Letters in Mathematical
Physics 75(3), 255-272 (2006)
14. Joye, A.: Density of states and Thouless formula for random unitary band matrices. Ann. Henri Poincaré
5(2), 347-379 (2004)
15. Joye, A.: Fractional moment estimates for random unitary operators. Lett. Math. Phys. 72(1), 51-64
(2005). https://doi.org/10.1007/s11005-005-3256-8
16. Joye, A.: Random unitary models and their localization properties. In: Entropy and the Quantum II.
2nd Arizona School of Analysis with Applications, University of Arizona, Tucson, AZ, USA, March
15-19, 2010, pp. 117-134. Providence, RI: American Mathematical Society (AMS), ??? (2011)
17. Aizenman, M., Warzel, S.: Random Operators vol. 168. American Mathematical Soc., ??? (2015)

@ Springer


https://doi.org/10.1016/S0024-3795(02)00457-3
https://doi.org/10.1016/S0024-3795(02)00457-3
https://doi.org/10.1007/s11005-005-3256-8

64

Page 46 of 46 H. Boumaza, A. Khouildi

18.

19.

20.

21.

22.

24.

25.

26.

27.

28.

29.

30.

Asch, J., Bourget, O., Joye, A.: Dynamical localization of the chalker-coddington model far from
transition. Journal of Statistical Physics 147, 194-205 (2012)

Cedzich, C., Werner, A.H.: Anderson localization for electric quantum walks and skew-shift CMV
matrices. Commun. Math. Phys. 387(3), 1257-1279 (2021). https://doi.org/10.1007/s00220-021-
04204-w

Zhu, X.: Localization for random CMV matrices. J. Approx. Theory 298, 20 (2024) https://doi.org/
10.1016/j.jat.2023.106008 . Id/No 106008

Bucaj, V., Damanik, D., Fillman, J., Gerbuz, V., VandenBoom, T., Wang, F., Zhang, Z.: Localization
for the one-dimensional anderson model via positivity and large deviations for the lyapunov exponent.
Transactions of the American Mathematical Society 372(5), 3619-3667 (2019)

Boumaza, H.: Localization for random quasi-one-dimensional models. Journal of Mathematical
Physics 64(9) (2023)

. Kotani, S., Simon, B.: Stochastic schrodinger operators and jacobi matrices on the strip. Communica-

tions in mathematical physics 119, 403-429 (1988)

Bougerol, P., Lacroix, J.: Products of random matrices with applications to Schrodinger operators.
Birkhduser, Boston, MA (1985)

Boumaza, H.: Exposants de lyapounov et densité d’etats intégrée pour des opérateurs de schrodinger
continus a valeurs matricielles. PhD thesis, Université Paris-Diderot-Paris VII (2007)

Hamza, E.F.: Localization properties for the unitary Anderson model. The University of Alabama at
Birmingham (PhD Thesis 2007)

Boumaza, H.: Localization for a matrix-valued anderson model. Mathematical Physics, Analysis and
Geometry 12(3), 255-286 (2009)

Graf, G.M.: Anderson localization and the space-time characteristic of continuum states. Journal of
Statistical Physics 75, 337-346 (1994)

Aizenman, M., Molchanov, S.: Localization at large disorder and at extreme energies: An elementary
derivations. Communications in Mathematical Physics 157, 245-278 (1993)

Aizenman, M., Graf, G.M.: Localization bounds for an electron gas. Journal of Physics A: Mathematical
and General 31(32), 6783 (1998)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable

law.

@ Springer


https://doi.org/10.1007/s00220-021-04204-w
https://doi.org/10.1007/s00220-021-04204-w
https://doi.org/10.1016/j.jat.2023.106008
https://doi.org/10.1016/j.jat.2023.106008

	Dynamical localization for a random scattering zipper
	Abstract
	1 Introduction: model and main results
	2 Transfer matrices and Lyapunov exponents
	2.1 Transfer matrices
	2.2 Lyapunov exponents
	2.3 Continuity and strict positivity of the Lyapunov exponents
	2.4 Exponential decay of transfer matrices

	3 Exponential decay of the fractional moments of the green's function
	3.1 Finite scattering zippers
	3.2 Proof of Theorem 1.4
	3.3 Reduction results
	3.3.1 Reduction to appropriate elements
	3.3.2 Reduction to a suitable finite interval

	3.4 Exponential decay of the reduced case
	3.4.1 An explicit expression of the Green's function in terms of transfer matrices
	3.4.2 Estimate of the Green kernel by products of transfer matrices


	4 Dynamical localization
	4.1 Proof of Theorem 1.10
	4.2 Proof of Theorem 1.3

	References


