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Abstract

We introduce the periodic Airy–Schrödinger operator and we describe its band spectrum. This is an 
example of solvable model with a periodic potential which is not differentiable at its extrema. We prove 
that there exists a sequence of explicit constants giving upper bounds of the semiclassical parameter for 
which explicit estimates are valid. We completely determine the behaviour of the edges of the first spectral 
band with respect to the semiclassical parameter. Then, we investigate the spectral bands and gaps situated 
in the range of the potential. We prove precise estimates on the widths of these spectral bands and these 
spectral gaps and we determine an upper bound on the integrated spectral density in this range. Finally, we 
get estimates of the edges of spectral bands and thus of the widths of spectral bands and spectral gaps which 
are stated for values of the semiclassical parameter in fixed intervals.
© 2017 Elsevier Inc. All rights reserved.
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1. Introduction and outline of the paper

For periodic Schrödinger operators, the semiclassical behaviour of the bottom of the spectrum 
and of the widths of the spectral bands and gaps is well known when the potential is analytic 
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or C∞. We introduce a periodic Schrödinger operator whose potential is not differentiable at its 
minima and maxima points and for which we still determine the semiclassical behaviour of the 
band edges and of the widths of the spectral bands and gaps.

The spectrum of the Schrödinger operator for a linear potential well is known. The eigenvalues 
are given by the absolute values of the zeroes of the first Airy function and its derivative. Our 
periodic Schrödinger operator with singular potential is a periodization of the truncated linear 
potential well. We expect to find a spectrum made of spectral bands, each containing one of the 
eigenvalues of the Schrödinger operator with a linear potential well. This is proven in the present 
paper in Theorem 2.5.

1.1. From the model to the semiclassical problem

Let 2L0 ∈ R
∗+ be a characteristic length modelling the distance between two ions in a one 

dimensional periodic lattice of ions. The behaviour of electrons of mass m in this lattice is mod-
elled by the following 2L0-periodic Schrödinger operator acting on the Sobolev space H2(R),

H = − h̄2

2m

d2

dz2
+ V, (1.1)

where h̄ is the reduced Planck constant and V is the 2L0-periodic function on R defined by

∀z ∈ [−L0,L0], V (z) = V0

( |z|
L0

− 1
)

,

V0 ∈ R
∗+ being a reference potential. The ions, in this model, are located at points 2nL0 for 

n ∈ Z, this points corresponding to the minima of the potential V .
We call H the periodic Airy–Schrödinger operator on R.
Since V is periodic and locally integrable, the theory of periodic operators ([12]) asserts that 

the operator H has purely absolutely continuous spectrum and that this spectrum is the union of 
spectral bands:

σ(H) =
⋃
p≥0

[
E

p

min,E
p
max

]
,

where Ep

min and Ep
max are the spectral band edges. For p ≥ 0, we shall call [Ep

min, E
p
max] the p-th 

spectral band and (Ep
max, E

p+1
min ) the p-th spectral gap. We will state precisely these notations and 

characterize these spectral band edges in Section 3.2.
Traditional results describe the spectral bands near the minimum of a C2 potential ([5]). We 

generalize this analysis to the case of the potential V which is not differentiable on its minima 
points. We are able to count the number of spectral bands in [−V0, 0], the range of the poten-
tial V , for any value of a dimensionless parameter defined in (1.3), and to describe precisely 
these spectral bands.

In order to describe the spectrum of H , one considers the equation on ψ ∈ H2(R),

− h̄2

ψ ′′ + V (z)ψ = Eψ . (1.2)

2m
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As V is affine on every interval [nL0, (n + 1)L0] for every n ∈ Z, one recognizes in (1.2), after 
rescaling and translating the variable, the Airy equation: u′′ = zu. The canonical solutions u
and v (with Cauchy data (1, 0) and (0, 1)) will be used throughout our study, as well as the 
classical pair of solutions (Ai, Bi).

We introduce the semiclassical parameter h

h := h̄

L0(2mV0)
1
2

. (1.3)

Notation. For any real number E, we set E = E
V0

. In particular, we set, for any p ≥ 0, Ep

min = E
p
min
V0

and Ep
max = E

p
max
V0

.
We use the semiclassical parameter h to rewrite the periodic Airy–Schrödinger operator in a 

form analog to the operator studied in [5].

Definition 1.1. Let H be the periodic Schrödinger operator acting on the Sobolev space H2(R)

and defined by

H = −h2 d2

dx2
φ + V(x) (1.4)

with V the 2-periodic function equal to V(x) = |x| − 1 on the interval [−1, 1].

Then, the equation (1.2) is equivalent to:

Hφ = Eφ, φ ∈ H2(R). (1.5)

One of the purposes of semiclassical analysis is to prove estimates, when h tends to 0, of quan-
tities depending on h. If these estimates are valid for any value of the semiclassical parameter 
in a fixed interval (0, h0] with h0 > 0, we want to say that the considered estimate is universal 
in (0, h0]. This notion of universal estimate in the context of semiclassical analysis follows the 
discussion of [6] about the domain of validity of the semiclassical analysis for their model.

In the literature, many results of semiclassical analysis are stated in this setting, providing 
estimates uniform on h ∈ (0, h0] (see [13,11]). An explicit constant h0 is found in [7], though, in 
general, the constant is not explicit. For general references about semiclassical analysis we refer 
to the textbooks [3,9].

We give explicit values of h0, for estimates of the spectral band edges and thus of the widths 
of the spectral bands and gaps. These estimates take the following form. Let Ep be an edge of the 
p-th spectral band [Ep

min, E
p
max]. If Ep is in the range of V, we prove that there exist an explicit 

h0(p) > 0 and universal constants Cp > 0 and λp �= 0 such that for every h ∈ (0, h0(p)),

∣∣∣∣Ep −
(

−1 + aph
2
3 + λph

2
3 e− 4

3 (h− 2
3 −ap)

3
2

)∣∣∣∣ ≤ Cph
5
3 (1 − aph

2
3 )−

3
2 e− 4

3 (h− 2
3 −ap)

3
2
, (1.6)

where ap is defined in Section 2.4. Moreover, (1.6) extends to h = 0 by continuity in h of Ep

(setting Ep(0) = −1) and the fact that the other quantities admit finite limits when h tends 
to 0.
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1.2. Outline of the paper

In Section 3.1, we describe the localization of the zeroes of the canonical solutions of the Airy 
equation and their derivatives. These intervals of localization imply an important result of sepa-
ration and ordering of the zeroes of the canonical solutions and their derivatives. In Section 3.2, 
the equations on the edges of the spectral bands are derived from the classical theory of periodic 
operators. The result on ordering the roots of these equations is the key result which allows to 
distinguish the upper edge of a spectral band from the lower edge of the next one among the solu-
tions of the equations obtained in Section 3.2. This numbering of the spectral edges is performed 
in Sections 4 and 5.

Section 3 is devoted to the study of families of strictly monotonous and continuous functions 
which allows, in Sections 4 and 5, to describe the solutions to the equations which define the 
spectral edges. Section 3 gives also the graphical interpretation of these equations, in terms of 
the functions v

u
and v′

u′ , which has guided our analysis throughout this paper.
Section 4.2 is devoted to the proof of Theorem 2.2. This proof contains most of the results 

used later in Section 6 to get all the uniform estimates of the widths of the spectral bands and of 
the spectral gaps. We also investigate in Section 4.3 the behaviour of the upper edge of the first 
spectral band in the semiclassical limit h → 0 as well as for h tends to infinity. In Section 5 we 
characterize the spectral edges of all the spectral bands in the range of V, we count these bands 
and we prove Theorem 2.4. We also prove a result on the integrated spectral density in the range 
of V.

In Appendix B, a variant of the Sturm–Picone lemma showing interlacing results on zeroes 
of solutions of general ordinary differential equations leads, in Appendix C, to monotonicity of 
auxiliary functions used in the sequel. This is a key point of the arguments developed in this 
paper.

2. Notations and main results

2.1. The canonical solutions of the Airy equation

Recall that u and v are the canonical solutions of the Airy equation, satisfying

u(0) = 1, u′(0) = 0 and v(0) = 0, v′(0) = 1,

which Wronskian is 1. One has the expression of u and v in terms of the classical Airy functions 
Ai and Bi:

∀x ∈ R, u(x) = π(Bi′(0)Ai(x) − Ai′(0)Bi(x)) (2.1)

and

∀x ∈ R, v(x) = π(Ai(0)Bi(x) − Bi(0)Ai(x)). (2.2)

Both u and v are analytic functions on R. Moreover, u and v are strictly increasing and pos-
itive on (0, +∞). Thus, the zeroes of u, v and their derivatives are all non-positive real num-
bers.
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Notation. We denote by

1. {−c̃2j }j≥0 and {−c̃2j+1}j≥0 ∪ {0} the set of the zeroes of respectively u and u′,
2. {−c2j+1}j≥0 ∪ {0} and {−c2j }j≥0 the set of the zeroes of respectively v and v′.

A direct consequence of Proposition 3.1 is: ∀p ≥ 0, −c̃p < −cp .

2.2. The first spectral band

Our first result gives the initialization of the counting of the spectral bands which are included 
in the range of V, [−1, 0].

Theorem 2.1. For h ≥ c
− 3

2
0 , there is no spectral gap of H in [−1, 0]. The first spectral gap 

intersects [−1, 0) as soon as 0 < h < c
− 3

2
0 .

We get precise estimates of the ground state E0
min for values of h in a fixed interval of the form 

(0, h0) and when h tends to infinity. Before stating them, we need to introduce notations for the 
zeroes of the Airy function Ai and its derivative.

Notation. We denote by {−aj }j≥1 the set of the zeroes of Ai and by {−ãj }j≥1 the set of the 
zeroes of Ai′ where the real numbers −aj and −ãj are arranged in decreasing order. These 
sets are both subsets of (−∞, 0]. Moreover, for every j ≥ 1, −aj ∈ (−ãj+1, −ãj ). We set α =
− Ai(0)

Ai′(0)
> 0. An approximate value of α is: α � 1,372.

All the quantities in (2.4) below are continuous in h at 0 if one replaces E0
min by −1 and all 

the other quantities by their limit.

Theorem 2.2. We have the following estimates on E0
min:

1. For every h > 0

−1 < E0
min < min

(
− 1

2 , −1 + ã1h
2
3

)
. (2.3)

2. There exists a universal constant M0 > 0 such that, for every h ∈ (0, ã
− 3

2
1 ),

∣∣∣∣E0
min −

(
−1 + ã1h

2
3 + α

√
3 (u′(−ã1))

2

ã1
h

2
3 e− 4

3 (h− 2
3 −ã1)

3
2

)∣∣∣∣ ≤

M0h
5
3 (1 − ã1h

2
3 )−

3
2 e− 4

3 (h− 2
3 −ã1)

3
2

(2.4)

Remark 2.1. In the proof of (2.4), we get a family of explicit constants M0,τ depending on a 
technical parameter τ > 0 for which (2.4) is valid. Optimizing in τ , we find an approximate 
value of the minimum of τ �→ M0,τ equal to 7271. We can take this value for the constant M0. 
Note that this value is not proven to be optimal for the universal estimate (2.4).
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When h tends to infinity, the first spectral band of H satisfies:

Theorem 2.3.

1. One has,

lim
h→+∞ E0

min = −1

2
and lim

h→+∞ E0
max = +∞.

2. More precisely, when h tends to infinity,

E0
min = −1

2
− 1

120

1

h2
+O

(
1

h4

)
. (2.5)

2.3. Counting and estimates of the spectral bands in the range of V

We have estimates on the widths of the spectral bands and the spectral gaps which are located 
in the range of V.

Two h-dependent integers are of interest in this paper:

1. the unique integer p0 such that

c̃p0+1 − c̃p0 < h− 2
3 ≤ c̃p0 − c̃p0−1 when h ≥ c

− 3
2

0 ; (2.6)

2. the unique integer k0 such that

ck0 < h− 2
3 < c̃k0 or c̃k0 ≤ h− 2

3 < ck0+1 when h < c
− 3

2
0 . (2.7)

Denote the integer part of a real number x by [x]. One has k0 =
[

4
3π

1
h

]
or k0 =

[
4

3π
1
h

]
− 1.

Let p ≥ 0 an integer and denote by δp = Ep
max − Ep

min the width of the p-th spectral band of H

and by γp = Ep+1
min − Ep

max the width of the p-th spectral gap.

Theorem 2.4. Let h < c
− 3

2
0 .

1. The k0 + 1 first spectral bands are included in the range of V.
2. One has, for every p ∈ {2, . . . , k0},

0 < δp ≤
(

π

3
+ 7

3π

p + 1
3

p(p + 2
3 )

)(
3

π

) 1
3 h

2
3

p
1
3

, (2.8)

and for every p ∈ {2, . . . , k0 − 1},

0 < 2

(( 7
6

) 2
3 − 1

)(
π
3

) 2
3

h
2
3

(p + 1)
1
3

< γp ≤
(

π + 7

3π

p

p2 − 1

)(
3

π

) 1
3 h

2
3

(p − 1)
1
3

. (2.9)

In particular, none of the gaps in σ(H) ∩ [−1, 0] is empty.
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Thanks to k
− 1

3
0 is of order h

1
3 , the highest spectral band in the range of V is of size of or-

der h.
We do not prove in this paper a lower bound of δp. A still open conjecture is whether or not 

δp has an exponential lower bound.
For any β > 1, the inequality in (2.9) shows that (pβγp)p≥2 is not bounded when h tends to 0. 

It was expected since, by results of Hochstadt, it would imply that V is a smooth function (see 
[8]). Moreover, an exponentially small upper bound of γp is characteristic from the analyticity 
of V (see [14]).

The inequality (2.8) implies an upper bound for the spectral density in the range of the poten-

tial V in the semiclassical limit. Let k0(h) be the integer defined in (2.7). For any h < c
− 3

2
0 , we 

denote by D(h) the sum of the lengths of the k0 + 1 first spectral bands (which are all included 
in the range of V) divided by the length of the range of V (which is equal to 1):

∀h < c
− 3

2
0 , D(h) =

k0(h)∑
p=0

δp.

Corollary 2.1. When h tends to 0, D(h) admits a limit denoted by DV . Moreover,

0 < DV ≤
(

2

3

) 1
3

. (2.10)

The limit DV can be interpreted as the integrated spectral density in the range of the potential 
V in the semiclassical limit.

Note that the number of gaps intersecting the range of V increases by one each time the 

semiclassical parameter is equal to one of the numbers c
− 3

2
p , p ≥ 0. To complete the first point of 

Theorem 2.4 we observe that the roots of the canonical solutions of the Airy equation and their 
derivatives characterize the values of h for which a spectral band either enters in the range of the 
potential or completes its entrance:

Proposition 2.1. There exists a unique spectral band for which either the upper or the lower 

edge is equal to 0 if and only if h ∈ {c− 3
2

p , c̃
− 3

2
p }p≥0.

The counting of energy levels in the range of the potential can be found in [4], in the simple 
case of the rectangular potential hole, which is not periodic (and thus [4] counts eigenvalues and 
not spectral bands). In [4], explicit values of the “size parameter” for which an eigenvalue enters 
the range of the potential are not given.

2.4. Universal estimates for the spectral bands and gaps

Thanks to the explicit form of the bands, universal estimates are proven.

Notation. Let j ≥ 0 and define the real numbers a2j = ãj+1 and a2j+1 = aj+1.
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Theorem 2.5.

1. Let p ≥ 0. The shifted and rescaled p-th spectral band,

[h− 2
3 (1 + Ep

min),h− 2
3 (1 + Ep

max)]

tends to the singleton {ap} when h tends to 0.

2. There exists a universal constant K2j > 0 such that for every h ∈ (0, c
− 3

2
2j ],

∣∣∣∣δ2j − 2α
√

3
(u′(−a2j ))2

a2j
h

2
3 e− 4

3 (h− 2
3 −a2j )

3
2

∣∣∣∣ ≤

K2j h
5
3 (1 − a2j h

2
3 )−

3
2 e− 4

3 (h− 2
3 −a2j )

3
2

(2.11)

when p = 2j and there exists a universal constant K2j+1 > 0 such that for every h ∈
(0, c

− 3
2

2j+1],

∣∣∣∣δ2j+1 − 2α
√

3(u(−a2j+1))
2h

2
3 e− 4

3 (h− 2
3 −a2j+1)

3
2

∣∣∣∣ ≤

K2j+1h
5
3 (1 − a2j+1h

2
3 )−

3
2 e− 4

3 (h− 2
3 −a2j+1)

3
2

(2.12)

when p = 2j + 1.

3. Let h ∈ (0, c
− 3

2
0 ]. For every p ∈ {0, . . . , 

[
4

3π
1
h

]
}, (2.11) holds true if p = 2j is even and (2.12)

holds true if p = 2j + 1 is odd.

Remark 2.2. Formulas (2.11) and (2.12) hold true when one replaces, for h = 0, δp by 0 and all 
the quantities by their limit.

Remark 2.3. Explicit formulas for the universal constants K2j and K2j+1 are deduced from 
those given for M2j , M̃2j , M2j+1 and M̃2j+1 in the proof of Proposition 6.1. Note that we did 
not prove that these universal constants are optimal.

Remark 2.4. Using Taylor formula for the exponential function, estimate (2.11) implies that 

there exists a universal constant K ′
2j > 0 such that, for every h ∈ (0, c

− 3
2

2j ],
∣∣∣∣δ2j − 2α

√
3

(u′(−a2j ))2

a2j
h

2
3 e− 4

3 h−1+2a2j h− 1
3

∣∣∣∣ ≤ K ′
2j he− 4

3 h−1+2a2j h− 1
3 (2.13)

and we have a similar estimate for p odd. In (2.13), the factor 4
3 in front of the h−1 is the Agmon 

distance between two consecutive minima of the potential V. Hence, (2.13) shows an extra term 
2a2j h− 1

3 for the tunnelling effect compared, for example, to the quadratic double well.
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The first statement of Theorem 2.5 shows the convergence of the band spectrum of the periodic 
Airy–Schrödinger operator to the pure point spectrum of the Schrödinger operator for a linear 
potential well. Note that the eigenspace associated with a2j is spanned by x �→ Ai(|x| − a2j )

and the eigenspace associated with a2j+1 is spanned by x �→ sign(x) · Ai′(|x| − a2j+1).
The spectral bands obtained for this non-C1 potential are larger than the ones obtained in the 

case of a C2 potential. Indeed, Theorem 1.1 of [5] shows spectral bands of widths proportional 
to an exponential term equal to

he− 4
3 h−1(1−(2p+1)h)

3
2
(

1 +O
(

h
1
4

))
. (2.14)

This difference of behaviour is expected since the size of the spectral bands depends strongly on 
the regularity of the potential. In [5], the potential is assumed to be at least two times differen-
tiable at its minima and maxima points while in our case, it is not even differentiable at these 
points.

The width of a spectral gap is close to the difference of two consecutive eigenvalues of the 
Airy–Schrödinger operator multiplied by the h

2
3 factor.

Theorem 2.6.

1. For every p ≥ 0, there exists a universal constant K̃p > 0 such that, for every h ∈ (0, a
− 3

2
p+1),

∣∣∣γp − (ap+1 − ap)h
2
3

∣∣∣ ≤ K̃pe− 4
3 (h− 2

3 −ap+1)
3
2
. (2.15)

2. Let h ∈ (0, c
− 3

2
1 ]. For every p ∈ {0, . . . , 

[
4

3π
1
h

]
− 1}, (2.15) holds true.

Remark 2.5. Notice that, for every h > 0, h ≤ a
− 3

2[
4

3π
1
h

], which justifies the second statement of 

Theorem 2.6.

Sharper estimates for the widths of the gaps are found in Proposition 6.2.
We can also prove, using the bootstrap technique proof of Theorem 2.2 and after reversing the 

numbering of the bands, a result similar to Theorem 8.1 of [10] (it is the case μ ∈ [−Ch, 0] in 
its notations) for the widths of the gaps and the bands, but with a different order of magnitude 
of these widths. These differences are due to the fact that in [10, Theorem 8.1], the potential is 
supposed to be analytic and in our case it is only piecewise analytic.

3. Preliminaries to the computation of the band edges

3.1. Localization of the zeroes of the canonical solutions

The aim of this Section is to obtain precise intervals of localization of the roots of u, v, u′
and v′. This will be a consequence of the expressions of these canonical solutions in terms of 
fractional Bessel functions.
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For this purpose, one defines functions P(ν, ·) and Q(ν, ·) for any real number ν through the 
Bessel functions Jν (see [11])

P(ν, ξ) =
√

πξ
2 sin(νπ)

(
Jν(ξ) sin

(
ξ + 1

2νπ − 1
4π

)
+ J−ν(ξ) sin

(
ξ − 1

2νπ − 1
4π

))
and

Q(ν, ξ) =
√

πξ
2 sin(νπ)

(
Jν(ξ) cos

(
ξ + 1

2νπ − 1
4π

)
− J−ν(ξ) cos

(
ξ − 1

2νπ − 1
4π

))
.

The functions P(ν, ·) and Q(ν, ·) have known expansions. In particular one has, for every ξ >
1√
26

, P( 1
3 , ξ) > 0 and

∀ξ >
1√
13

,

∣∣∣∣∣Q( 1
3 , ξ)

P ( 1
3 , ξ)

∣∣∣∣∣ <
5

36ξ
. (3.1)

Moreover, for every ξ > 1√
22

, P( 2
3 , ξ) > 0 and

∀ξ >
1√
11

,

∣∣∣∣∣Q( 2
3 , ξ)

P ( 2
3 , ξ)

∣∣∣∣∣ <
7

12ξ
. (3.2)

Notation. For every x > 0, we set ξ = 2
3x

3
2 .

We have, for every x > 0,

u(−x) = 2π
1
2 x− 1

4 Ai′(0)
(

sin
(
ξ − 7π

12

)
P

(
1
3 , ξ

)
+ cos

(
ξ − 7π

12

)
Q

(
1
3 , ξ

))
, (3.3)

u′(−x) = −2π
1
2 x

1
4 Ai′(0)

(
cos

(
ξ − 7π

12

)
P

(
2
3 , ξ

)
− sin

(
ξ − 7π

12

)
Q

(
2
3 , ξ

))
, (3.4)

v(−x) = −2π
1
2 x− 1

4 Ai(0)
(

sin
(
ξ + π

12

)
P

(
1
3 , ξ

)
+ cos

(
ξ + π

12

)
Q

(
1
3 , ξ

))
, (3.5)

v′(−x) = −2π
1
2 x

1
4 Ai(0)

(
− cos

(
ξ + π

12

)
P

(
2
3 , ξ

)
+ sin

(
ξ + π

12

)
Q

(
2
3 , ξ

))
(3.6)

Heuristically, from these expressions and using (3.1) and (3.2), approximations of the zeroes of 
u(−x), u′(−x), v(−x) and v′(−x) for x > 0 are given by:

ξ ± π

12
= nπ + δ

π

2
, n ∈ N, δ ∈ {0,1},

the zeroes of the cosinus and sinus in (3.3), (3.4), (3.5) and (3.6).
Note that the roots of u, v, u′ and v′ are interlaced with the zeroes of Ai and Ai′ thanks to 

(2.1) and (2.2). Thus, for every j ≥ 0,

−c̃2j ∈ (−aj+1,−ãj+1), − c̃2j+1 ∈ (−ãj+2,−aj+1), (3.7)

−c2j ∈ (−aj+1,−ãj+1) and − c2j+1 ∈ (−ãj+2,−aj+1). (3.8)
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In order to give more precise intervals of localization of the zeroes of the canonical solutions and 
their derivatives we use their expressions in terms of the fractional Bessel functions Jν .

We have, for every x > 0,

u(−x) = − 2π√
3
Ai′(0)

√
x · J− 1

3
(ξ), (3.9)

u′(−x) = − 2π√
3
Ai′(0)x · J 2

3
(ξ), (3.10)

v(−x) = − 2π√
3
Ai(0)

√
x · J 1

3
(ξ), (3.11)

v′(−x) = 2π√
3
Ai(0)x · J− 2

3
(ξ). (3.12)

These expressions are obtained from the expressions of u and v in terms of the classical Airy 
functions, using the expressions valid for any x > 0,

Ai(−x) = 1

3

√
x

(
J 1

3
(ξ) + J− 1

3
(ξ)

)
, Bi(−x) = 1√

3

√
x

(
J− 1

3
(ξ) − J 1

3
(ξ)

)
,

Ai′(−x) = −1

3
x

(
J− 2

3
(ξ) − J 2

3
(ξ)

)
and Bi′(−x) = 1√

3
x

(
J− 2

3
(ξ) + J 2

3
(ξ)

)

and the equalities Bi(0) = √
3Ai(0) and Bi′(0) = −√

3Ai′(0).
From the expressions (3.9), (3.10), (3.11) and (3.12) and the variations of the fractional Bessel 

functions (see [1, 9.1]), we also obtain the variations of u and v.

1. u is positive on (−c̃0, +∞) and for every j ≥ 0, (−1)ju is negative on [−c̃2j+2, −c̃2j ]. It 
is strictly increasing on (−c̃1, +∞), and for every j ≥ 0, (−1)ju is strictly decreasing on 
[−c̃2j+3, −c̃2j+1].

2. v is positive on [0, +∞), negative on [−c1, 0] and for every j ≥ 0, (−1)j v is positive on 
[−c2j+3, −c2j+1]. It is strictly increasing on (−c0, +∞), and for every j ≥ 0, (−1)j v is 
strictly decreasing on [−c2j+2, −c2j ].

Notation. We introduce, for every p ≥ 0,

ξp = 2

3
c

3
2
p and ξ̃p = 2

3
c̃

3
2
p .

Proposition 3.1. Let j ≥ 0. One has

ξ2j ∈
[

5π

12
+ jπ − 7

12(jπ + π
3 )

,
5π

12
+ jπ + 7

12(jπ + π
3 )

]
, (3.13)

ξ2j+1 ∈
[

11π

12
+ jπ − 5

36(jπ + 5π
6 )

,
11π

12
+ jπ + 5

36(jπ + 5π
6 )

]
, (3.14)

ξ̃2j ∈
[

7π

12
+ jπ − 5

36(jπ + π
2 )

,
7π

12
+ jπ + 5

36(jπ + π
2 )

]
, (3.15)

ξ̃2j+1 ∈
[

13π + jπ − 7
,

13π + jπ + 7
]

. (3.16)

12 12(j + 1)π 12 12(j + 1)π
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Proof. It can be deduced directly from the expressions (3.9), (3.10), (3.11) and (3.12) and the 
expansions of the zeroes of the fractional Bessel functions given in [1, 9.5.12]. Actually, these 
specific intervals of localization of ξp and ξ̃p are found using the expressions (3.3), (3.4), (3.5)
and (3.6) and thanks to the inequalities (3.1) and (3.2). For example, for ξ̃2j , one determines the 
sign of u(−x) at each x corresponding to an edge of the interval given in (3.15) by using (3.3)
and (3.1). Since the two signs are opposite, it is just a consequence of the intermediate value
theorem. �
3.2. Characterization of the spectral band edges

The band edges are characterized through the theory of Bloch decomposition for periodic 
Schrödinger operators ([12, XIII]).

Let ω ∈ [−1, 1]. We start by considering the restriction H(ω) of H to H2([−1, 1]), the Sobolev 
space of functions ψ ∈ H2(R) which satisfy

ψ(1) = ei(πω+π)ψ(−1) and ψ ′(1) = ei(πω+π)ψ ′(−1). (3.17)

According to [12], H is the direct integral of the operators H(ω):

H =
⊕∫

[−1,1]
H(ω)dω.

This decomposition in direct integral allows to recover the spectrum of H from the spectra of the 
H(ω)’s.

To determine the spectral band edges of H, we solve the equation (1.5) on [−1, 1] with the 
boundary conditions (3.17). A pair of fundamental solutions is x �→ u(−h− 2

3 E + h− 2
3 |x|) and 

x �→ sign(x) · v(−h− 2
3 E + h− 2

3 |x|). It leads to solve the four equations in X = h− 2
3 E:

v′(−X)u′(−h− 2
3 − X) − v′(−h− 2

3 − X)u′(−X) = 0, (3.18)

u(−X)v(−h− 2
3 − X) − v(−X)u(−h− 2

3 − X) = 0, (3.19)

v(−X)u′(−h− 2
3 − X) − u(−X)v′(−h− 2

3 − X) = 0, (3.20)

v′(−X)u(−h− 2
3 − X) − u′(−X)v(−h− 2

3 − X) = 0. (3.21)

The general theory of periodic operators asserts that the set of solutions of (3.18) and (3.19) after 
multiplication by h

2
3 is exactly {E0

min, E
1
max, E

2
min, E

3
max, . . .} and the set of solutions of (3.20)

and (3.21) (again after multiplication by h
2
3 ) is exactly {E0

max, E
1
min, E

2
max, E

3
min, . . .}.

Then, using [12, Theorem XIII.90], the spectrum of H is the band spectrum:

σ(H) =
⋃
p≥0

[
Ep

min,Ep
max

]
.

Moreover σ(H) is purely absolutely continuous and H has no eigenvalues.



H. Boumaza, O. Lafitte / J. Differential Equations 264 (2018) 455–505 467
Remark 3.1. The spectral band edges are the zeroes of the two solutions of (1.5) and their deriva-
tives, associated with the Cauchy data (1, 0) and (0, 1). They are respectively the even and odd 
canonical solutions of (1.5).

One must exert caution for solving the equations (3.18), (3.19), (3.20) and (3.21) with the 
particular values of h such that

h− 2
3 ∈ {c̃q − c̃r , | q > r ≥ 0} := Z.

Then, for h− 2
3 = c̃q − c̃r ∈ Z, in the set {cp, c̃p}p≥0, X = h− 2

3 c̃r is the unique solution of the 
equation: (3.18) if q and r are odd, (3.19) if q and r are even, (3.20) if q is odd and r is even and 
(3.21) if q is even and r is odd.

Conversely, if h− 2
3 /∈ Z, then none of the h− 2

3 c̃p is a solution in −X of any of the equations 
(3.18), (3.19), (3.20) and (3.21).

Assumption. From now on, we assume that h− 2
3 /∈ Z.

Note that, however, all our results hold true when h− 2
3 ∈ Z, this assumption is only made for 

convenience’s sake.
With the assumption above, the band edges of the spectral bands of H are solutions of the four 

following equations:

v′

u′ (−h− 2
3 − X) = v′

u′ (−X), for X /∈ {c̃2j+1 − h− 2
3 }j≥0 ∪ {c̃2j+1}j≥0, (3.22)

v

u
(−h− 2

3 − X) = v

u
(−X), for X /∈ {c̃2j − h− 2

3 }j≥0 ∪ {c̃2j }j≥0, (3.23)

v′

u′ (−h− 2
3 − X) = v

u
(−X), for X /∈ {c̃2j+1 − h− 2

3 }j≥0 ∪ {c̃2j }j≥0, (3.24)

v

u
(−h− 2

3 − X) = v′

u′ (−X), for X /∈ {c̃2j − h− 2
3 }j≥0 ∪ {c̃2j+1}j≥0. (3.25)

3.3. Variations of v
u

and v′
u′

Using the value of the Wronskian of u and v one has:

∀x ∈ [0,+∞),
(v

u

)′
(x) = 1

u2(x)
and ∀x ∈ (0,+∞),

(
v′

u′

)′
(x) = − x

(u′(x))2
.

Similarly,

∀x ∈ (0,+∞),
(u

v

)′
(x) = − 1

(v(x))2
and ∀x ∈ [0,+∞),

(
u′

v′

)′
(x) = x

(v′(x))2
.

Thus, the functions v and v′
′ have the following behaviour (Fig. 1).
u u
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Fig. 1. Graphs of v
u and v′

u′ .

1. On every interval (−c̃2j+2, −c̃2j ), the function v
u

is continuous, strictly increasing and is a 
bijection from (−c̃2j+2, −c̃2j ) to R. The function v

u
is continuous, strictly increasing and is 

a bijection from (−c̃0, +∞) to (−∞, α).
2. On every interval (−c̃2j+3, −c̃2j+1), v′

u′ is continuous, strictly increasing and is a bijec-

tion from (−c̃2j+3, −c̃2j+1) to R. The function v′
u′ is continuous and strictly increasing on 

(−c̃1, 0) from −∞ to +∞. It is also continuous, strictly decreasing and a bijection from 
(0, +∞) to (α, +∞).

We remark that α is the common limit at infinity of the two functions v
u

and v′
u′ , thanks to the 

limits Bi(x)
Ai(x)

−−−−−→
x→+∞ +∞ and Bi′(x)

Ai′(x)
−−−−−→
x→+∞ −∞.

3.4. Some auxiliary functions

One sets, for x ≥ 0 and z ∈R,

fx(z) = v′(x − z)u(x) − u′(x − z)v(x) = π
(
Bi′(x − z)Ai(x) − Ai′(x − z)Bi(x)

)
(3.26)

and

gx(z) = v(x − z)u(x) − u(x − z)v(x) = π (Bi(x − z)Ai(x) − Ai(x − z)Bi(x)) . (3.27)

The expressions in terms of the Airy functions allow us to use classical properties of the Ai and 
Bi functions instead of the properties of u and v when it makes proofs easier.

The functions fx and gx are non-zero solutions of differential equations of the form u′′ =
p(x)u which satisfy the assumptions of Sturm’s theorem (see [2]), thus their zeroes are isolated 
on the real line. We denote by
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z0(x) < z2(x) < · · · < z2j (x) < . . .

the zeroes of fx arranged in increasing order. Then, since 0 is the first zero of gx for every x, we 
denote by

0 < z1(x) < z3(x) < · · · < z2j+1(x) < . . .

the zeroes of gx arranged in increasing order.
We characterize these zeroes and prove that none of them is negative.
Let j ≥ 0 an integer. Let x ≥ 0 and denote by ψ2j (x) the unique solution of the equation

v′

u′ (z) = v

u
(x), z ∈ [−c2j ,−ãj+1). (3.28)

We also denote by ψ2j+1(x) the unique solution of the equation

v

u
(z) = v

u
(x), z ∈ [−c2j+1,−aj+1). (3.29)

Lemma 3.1. For every k ≥ 0, the function ψk is well defined, continuous and strictly increasing.

Proof. Let j ≥ 0. Recall that α is the common limit of v
u

and v′
u′ at infinity. The function v′

u′ is a 
bijection from [−c2j , −ãj+1) to [0, α). Since for every x ≥ 0, v

u
(x) ∈ [0, α), we have:

∀x ≥ 0, ψ2j (x) =
(

v′

u′
∣∣∣[−c2j ,−ãj+1)

)−1 (v

u
(x)

)
.

Thus, the function ψ2j is well defined and it is continuous by continuity of v
u

on [0, +∞) and 

of the inverse of v′
u′ on [0, α). Since v′

u′ is strictly increasing on [−c2j , −ãj+1), its reciprocal 
function is strictly increasing on [0, α) and since v

u
is strictly increasing on [0, +∞), we deduce 

that ψ2j is strictly increasing on [0, +∞).
The function v

u
is a bijection from (−c2j+1, −aj+1] to [0, α). With the same arguments as 

before, we have that

∀x ≥ 0, ψ2j+1(x) =
(

v

u

∣∣∣
(−c2j+1,−aj+1]

)−1 (v

u
(x)

)

and thus ψ2j+1 is well defined, continuous and strictly increasing. �
Lemma 3.2. Let k ≥ 0. Then, for every x ≥ 0,

zk(x) ≥ 0 and zk(x) = x − ψk(x).

Therefore, zk is continuous on [0, +∞). Moreover, for every k ≥ 0, the function zk is strictly 
increasing from [0, +∞) to [ck, +∞).



470 H. Boumaza, O. Lafitte / J. Differential Equations 264 (2018) 455–505
This result is proven in Appendix C.
Let j ≥ 0. For x ≥ 0, denote by ψ2j (x) ∈ (−aj+1, −c̃2j ] the unique solution of the equation

v

u
(z) = v′

u′ (x), z ∈ (−aj+1,−c̃2j ]. (3.30)

We also denote by ψ2j+1(x) ∈ (−ãj+2, −c̃2j+1) the unique solution of the equation

v′

u′ (z) = v′

u′ (x), z ∈ (−ãj+2,−c̃2j+1). (3.31)

Lemma 3.3. For every k ≥ 0, the function ψk is well defined, continuous and strictly decreasing 
on [0, +∞).

Proof. We assume that k is even, k = 2j for one j ≥ 0. The function v
u

is a continuous bijection 

from (−aj+1, −c̃2j ] to [α, +∞). Since for every x ≥ 0, v′
u′ (x) ∈ [α, +∞), we have:

∀x ≥ 0, ψ2j (x) =
(

v

u

∣∣∣
(−aj+1,−c̃2j ]

)−1 (
v′

u′ (x)

)
.

Then ψ2j is well defined, continuous and it is the unique solution of (3.30). Moreover, 
(

v
u

)−1
2j

is a strictly increasing function from [α, +∞) to the interval (−aj+1, −c̃2j ] and v′
u′ is strictly 

decreasing on [0, +∞). Thus, ψ2j is strictly decreasing on [0, +∞).
We assume that k is odd, k = 2j + 1 for one j ≥ 0. The function v′

u′ is a continuous bijection 

from (−ãj+2, −c̃2j+1) to [α, +∞). Since for every x ≥ 0, v′
u′ (x) ∈ [α, +∞), we write:

∀x ≥ 0, ψ2j+1(x) =
(

v′

u′
∣∣∣
(−ãj+2,−c̃2j+1)

)−1 (
v′

u′ (x)

)
.

Then ψ2j+1 is well defined, continuous and it is the unique solution of (3.31). More-

over, 
(

v′
u′

∣∣∣
(−ãj+2,−c̃2j+1)

)−1

is a strictly increasing function from [α, +∞) to the interval 

(−ãj+2, −c̃2j+1) and v
′

u′ is strictly decreasing on [0, +∞). Thus, ψ2j+1 is strictly decreasing on 
[0, +∞). �
4. The first spectral band

4.1. Lower bound of the continuous spectrum

For E < −1, we show that there are no solutions to equations (3.22), (3.23), (3.25) and (3.24). 
This writes:

Proposition 4.1. For every h > 0, σ(H) ⊂ [−1, +∞).
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Proof. We remark that on the interval [0, +∞), v
u

< α and v′
u′ > α. Thus, these two functions 

cannot have a common value on this interval and equations (3.25) and (3.24) do not have any 
solution with 0 < −h− 2

3 − X < −X.
Moreover, we already know that v

u
is strictly increasing on [0, +∞) and v

′
u′ is strictly decreas-

ing on (0, +∞). Since −h− 2
3 − X �= −X the equations (3.22), (3.23) do not have any solution 

when 0 < −h− 2
3 − X < −X. �

Remark 4.1. This result holds true for every h strictly positive. In particular we do not need to 
assume the semiclassical parameter h to be small.

4.2. The bottom of the spectrum

The bottom of the spectrum is a solution of either the equation (3.22) or the equation (3.23)

with −X ≥ 0 and thus −h− 2
3 − X < 0.

We start by proving that for every h > 0, the equation (3.22) has a unique solution with 
−X > 0 and −h− 2

3 − X ∈ [−ã1, 0).
The function v′

u′ is an increasing continuous bijection from (−ã1, 0) to [α, +∞) and thus, 

since for every x > 0, v′
u′ (x) ∈ [α, +∞), one defines:

∀x > 0, ψ(x) =
(

v′

u′
∣∣∣
(−ã1,0)

)−1 (
v′

u′ (x)

)
. (4.1)

The function ψ does not belong to the family of the functions ψ2k+1, due to the difference of 
behaviour of v′

u′ on (−ã1, +∞) compared to (−∞, −ã1).
The function ψ is a continuous decreasing bijection from (0, +∞) to (−ã1, 0) and x �→

x − ψ(x) is a continuous increasing bijection from (0, +∞) to (0, +∞). Thus,

∀h > 0, ∃!x̃ > 0, x̃ − ψ(x̃) = h− 2
3 .

One sets X̃ = −x̃ and since x̃ = h− 2
3 + ψ(x̃) ∈ (−ã1 + h− 2

3 , h− 2
3 ) one has

−h− 2
3 < X̃ < −h− 2

3 + ã1. (4.2)

Observe that X̃ is the smallest solution of (3.22) and that it is a continuous function on h ∈
(0, +∞).

Now we turn to the smallest solution of (3.23). Since the function z1 is an increasing contin-
uous bijection from [0, +∞) to [c1, +∞),

∀h ≤ c
− 3

2
1 ,∃!x1 ≥ 0, z1(x1) = x1 − ψ1(x1) = h− 2

3 .

One sets X̆1 = −x1 and since x1 = h− 2
3 + ψ1(x1) ∈ (−c1 + h− 2

3 , −a1 + h− 2
3 ) one has

−h− 2
3 + a1 < X̆1 < −h− 2

3 + c1.
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Since ã1 < a1 we have X̃ < X̆1 and thus, if X0
min = h− 2

3 E0
min, X0

min = X̃. In particular, X0
min is 

the smallest solution of (3.22). Moreover, it is the smallest solution among those of (3.22) and 
(3.23).

Now that we have identified the bottom of the spectrum of H, we prove the estimates stated 
in Theorem 2.2.

Proof of Theorem 2.2. (1) Since X0
min = X̃, by (4.2) we have, for every h > 0, −1 < E0

min <

−1 + ã1h
2
3 and E0

min tends to −1 when h tends to 0.

Let h > 0. By the previous inequality, −E0
min ∈ (−ã1h

2
3 + 1, 1). We recall that, since u and v

are linear combinations of Ai and Bi and since X0
min is a solution of (3.22), it also satisfies:

Bi′
Ai′ (−X0

min − h− 2
3 ) = Bi′

Ai′ (−X0
min), −X0

min − h− 2
3 ∈ (−ã1,0).

We introduce the functions

F±(·,h) :
I± → R

x �→ Bi′
Ai′

(
x − h− 2

3

2

)
− Bi′

Ai′

(
x + h− 2

3

2

)

with I− =
(
− 1

2 h− 2
3 , 1

2 h− 2
3

)
and I+ =

(
−ã1 + 1

2 h− 2
3 , 1

2 h− 2
3

)
. We remark that, for every h > 0, 

the unique zero of F±(·, h) on I± is −X0
min − 1

2 h− 2
3 .

Thanks to the fact that 0 is the point of maximum of Bi′
Ai′ on (−ã1, +∞), one has:

F±
(

1
2 h− 2

3 ,h
)

= Bi′
Ai′ (0) − Bi′

Ai′ (h
− 2

3 ) > 0.

First case: h ≤ (2ã1)
− 3

2 . In this case, −ã1 + 1
2 h− 2

3 > 0 hence the unique zero of F+(·, h) on 

I+ is strictly positive, hence −X0
min − 1

2 h− 2
3 > 0 which implies that E0

min < − 1
2 . Thus, point (1)

is proven for every h ≤ (2ã1)
− 3

2 .

Second case: h > (2ã1)
− 3

2 . We prove that the unique zero of F±(·, h) on I± is strictly positive. 

Since F±( 1
2 h− 2

3 , h) > 0, it is sufficient to prove that F±(0, h) < 0. Indeed, if h > ã
− 3

2
1 , then 

0 ∈ I− and we study the unique zero of F−(·, h) in I−. If (2ã1)
− 3

2 < h ≤ ã
− 3

2
1 , then −ã1 +

1
2 h− 2

3 < 0 and 0 ∈ I+. In this case, we study the unique zero of F+(·, h) in I+.
We have:

F±(0,h) = Bi′
Ai′

(
− 1

2 h− 2
3

)
− Bi′

Ai′
(

1
2 h− 2

3

)
.

Let y = 1
2 h− 2

3 so that y ∈ (0, ã1) and set:

∀y ∈ (0, ã1), G(y) = Bi′
Ai′ (−y) − Bi′

Ai′ (y).

One has, for every y ∈ (0, ã1),
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G′(y) = y

π(Ai′(−y))2(Ai′(y))2

(
(Ai′(−y) − Ai′(y))(Ai′(−y) + Ai′(y))

)
.

On (0, ã1), 
y

π(Ai′(−y))2(Ai′(y))2 > 0 and as Ai′ is negative on (−ã1, +∞), Ai′(−y) + Ai′(y) < 0

for every y ∈ (0, ã1).
Let

K : (0, ã1) → R

y �→ Ai′(−y) − Ai′(y)
.

Then K(0) = 0 and

∀y ∈ (0, ã1), K ′(y) = −Ai′′(−y) − Ai′′(y) = y(Ai(−y) − Ai(y)).

But, the Airy function Ai is decreasing on (−ã1, +∞) hence, for y ∈ (0, ã1), Ai(−y) −
Ai(y) > 0 and K ′(y) > 0. Thus, K is strictly increasing on (0, ã1) and

∀y ∈ (0, ã1), K(y) > K(0) = 0.

Thus, for every y ∈ (0, ã1), G′(y) < 0. Since G(0) = 0, for every y ∈ (0, ã1), G(y) < 0, which 
rewrites

∀h > (2ã1)
− 3

2 , F±(0,h) < 0.

Thus, the unique zero of F±(·, h) in I± is strictly positive. Thus, −X0
min − 1

2 h− 2
3 ∈

(
0, 1

2 h− 2
3

)
and E0

min < − 1
2 .

Taking in account the result in both cases, point (1) is proven.

(2) Since X0
min is the smallest solution of (3.22), if one sets X = −X0

min − h− 2
3 + ã1, then X

satisfies

u′

v′ (X − ã1) = u′

v′ (X + h− 2
3 − ã1), X ∈ [0, ã1]. (4.3)

Let τ > 0. We assume that h ≤ (ã1 + τ)− 3
2 and thus X + h− 2

3 − ã1 ≥ τ .
By Lemma A.5, equality (4.3) implies that

∣∣∣∣∣u
′

v′ (X − ã1) − 1

α
+

√
3

α
e− 4

3 (X+h− 2
3 −ã1)

3
2

∣∣∣∣∣ ≤ 2.83
(
X + h− 2

3 − ã1

)− 3
2

e− 4
3 (X+h− 2

3 −ã1)
3
2
.

(4.4)

Let ε = e− 4
3 (h

− 2
3 −ã1)

3
2 , which amounts to h− 2

3 − ã1 =
(
− 3

4 ln(ε)
) 2

3
. Note that ε is well defined 

if and only if h− 2
3 > ã1 hence our choice of restricting ourselves to h ≤ (ã1 + τ)− 3

2 for a given 
τ > 0.
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We use the following identity valid for strictly positive real numbers a and b:

a
3
2 − b

3
2 − 3

2b
1
2 (a − b) = (a − b)2

2
√

a
b

+ 1

2
(√

a
b

+ 1
)2

b− 1
2 . (4.5)

Define Y through X = εY and consider a = X+h− 2
3 − ã1 = εY +h− 2

3 − ã1 and b = h− 2
3 − ã1 =(

− 3
4 ln(ε)

) 2
3
. One has,

− 4
3

(
X + h− 2

3 − ã1

) 3
2 + 4

3

((
− 3

4 ln(ε)
) 2

3
) 3

2

+ 2
(
− 3

4 ln(ε)
) 1

3
εY

=
(
− 3

4 ln(ε)
)− 1

3
(εY )2Q(ε,Y )

where

Q(ε,Y ) = 4

3

2 (εY+h− 2
3 −ã1)

1
2(

− 3
4 ln(ε)

) 1
3

+ 1

2

⎛
⎝ (εY+h− 2

3 −ã1)
1
2(

− 3
4 ln(ε)

) 1
3

+ 1

⎞
⎠

2
.

The condition h ≤ (ã1 + τ)− 3
2 implies 0 < ε ≤ e− 4

3 τ
3
2

< 1.

Since εY + h− 2
3 − ã1 = −X0

min > 0,

(εY + h− 2
3 − ã1)

1
2(

− 3
4 ln(ε)

) 1
3

≥ 0.

If ϕ : R+ → R is defined, for every x ∈ R+, by ϕ(x) = 2x+1
2(x+1)2 , then ϕ is decreasing on R+, 

ϕ(0) = 1
2 and ϕ tends to 0 when x tends to +∞. Thus, for every ε ∈ [0, e− 4

3 τ
3
2 ] and every Y ,

0 < Q(ε,Y ) ≤ 2

3
. (4.6)

We have,

e
− 4

3

(
X+h− 2

3 −ã1

) 3
2

= ε · e
−2

(
− 3

4 ln(ε)
) 1

3
εY+

(
− 3

4 ln(ε)
)− 1

3
(εY )2Q(ε,Y )

. (4.7)

The condition X ∈ [0, ã1) implies that
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(
− 3

4 ln(ε)
) 2

3 = −ã1 + h− 2
3 ≤ X + h− 2

3 − ã1 ≤ ã1 +
(
− 3

4 ln(ε)
) 2

3
.

Moreover,

((
3
4

) 2
3 + ã1

| ln(ε)| 2
3

)− 3
2 1

| ln(ε)| ≤
(
X + h− 2

3 − ã1

)− 3
2 ≤ 4

3
1

| ln(ε)| . (4.8)

Using (4.4) and the identity 1
α

= u′
v′ (−ã1), which comes directly from the expressions of u and v

in terms of Ai and Bi, for every ε ∈ (0, e− 4
3 τ

3
2 ],

∣∣∣∣∣1

ε

(
u′

v′ (εY − ã1) − u′

v′ (−ã1)

)
+

√
3

α
e
−2

(
− 3

4 ln(ε)
) 1

3
εY

e

(
− 3

4 ln(ε)
)− 1

3
(εY )2Q(ε,Y )

∣∣∣∣∣ ≤

4

3

√
3

α

2.83

| ln(ε)|e
−2

(
− 3

4 ln(ε)
) 1

3
εY

e

(
− 3

4 ln(ε)
)− 1

3
(εY )2Q(ε,Y )

.

(4.9)

To estimate the left member of (4.9) one uses:

u′

v′ (εY − ã1) − u′

v′ (−ã1) =
1∫

0

(
u′

v′

)′
(−ã1 + tεY )εYdt =

1∫
0

−ã1 + tεY

(v′(−ã1 + tεY ))2
εYdt.

Using the upper bound for x

(v′(x))2 and x ≤ 0 given in (A.1), and since ã1 − 1
2εY ∈ ( ã1

2 , ã1] and 
1
α

> ã1
2 ,

∀ε ∈ (0, e− 4
3 τ

3
2 ],

∣∣∣∣u′

v′ (εY − ã1) − u′

v′ (−ã1)

∣∣∣∣ ≥ 1

α
εY. (4.10)

Using (4.9), (4.10) and (4.6),

∀ε ∈ (0, e− 4
3 τ

3
2 ], Y ≤ √

3e
−2

(
− 3

4 ln(ε)
) 1

3
εY

e
2
3

(
− 3

4 ln(ε)
)− 1

3
(εY )2

(
1 + 2.83

4√
3

(
1

| ln(ε)|
))

,

which rewrites

∀ε ∈ (0, e− 4
3 τ

3
2 ], Y e

2
(
− 3

4 ln(ε)
) 1

3
εY ≤ √

3e
2
3

(
− 3

4 ln(ε)
)− 1

3
(εY )2

(
1 + 2.83

4√
3

(
1

| ln(ε)|
))

.

But, εY = X ∈ [0, ã1) is bounded and thus (4.11) where Bτ > 0 is independent on h and Y ,

∀ε ∈ (0, e− 4
3 τ

3
2 ], Y e

2
(
− 3

4 ln(ε)
) 1

3
εY ≤ √

3e
2
3 τ

− 1
2 ã2

1

(
1 + 2.83

√
3τ− 3

2

)
=: Bτ (4.11)

and
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∀ε ∈ (0, e− 4
3 τ

3
2 ], ε

(
− 3

4 ln(ε)
) 1

3
Y e

2
(
− 3

4 ln(ε)
) 1

3
εY ≤ ε

(
− 3

4 ln(ε)
) 1

3
Bτ .

The function x �→ xe2x is C1 and strictly increasing on R, let us denote by k its reciprocal 
function which is also C1. From (4.11) one gets

∀ε ∈ (0, e− 4
3 τ

3
2 ], ε

(
− 3

4 ln(ε)
) 1

3
Y ≤ k

(
ε
(
− 3

4 ln(ε)
) 1

3
Bτ

)
.

Since k is of class C1, k(0) = 0, k′(0) = 1 and since for every ε ∈ (0, 1), ε
(
− 3

4 ln(ε)
) 1

3 ∈ [0, 12 ], 
for every ε ∈ (0, e− 4

3 τ
3
2 ],

k

(
ε
(
− 3

4 ln(ε)
) 1

3
Bτ

)
≤ Bτ ε

(
− 3

4 ln(ε)
) 1

3 + 1

2
B2

τ sup
s∈[0, 1

2 Bτ ]
|k′′(s)| · ε2

(
− 3

4 ln(ε)
) 2

3
.

Thus,

∀ε ∈ (0, e− 4
3 τ

3
2 ], Y ≤ Bτ + 1

2
B2

τ sup
s∈[0, 1

2 Bτ ]
|k′′(s)| · ε

(
− 3

4 ln(ε)
) 1

3
, (4.12)

from which we deduce that Y is bounded by Cτ := Bτ +B2
τ

(
1 + 2 ln(1 + 1

2Bτ )
)

, since for every 

s ≥ 0, k′′(s) ≤ 4 + 8 ln(1 + s
2 ). Thus, |X| ≤ Cτ ε, namely

|X| ≤ Cτ e− 4
3 (h− 2

3 −ã1)
3
2

and since X = −X0
min − h− 2

3 + ã1, we already have

∣∣∣E0
min + 1 − ã1h

2
3

∣∣∣ ≤ Cτ h
2
3 e− 4

3 (h− 2
3 −ã1)

3
2
.

We refine the estimate. Using Taylor formula and since for every ε ∈ (0, e− 4
3 τ

3
2 ], εY ∈ [0,

Cτ e− 4
3 τ

3
2 ] ⊂ [0, Cτ ],

∀ε ∈ (0, e− 4
3 τ

3
2 ],

∣∣∣∣∣u
′

v′ (εY − ã1) − u′

v′ (−ã1) −
(

u′

v′

)′
(−ã1)(εY )

∣∣∣∣∣ ≤ 3C2
τ ε2 (4.13)

since

sup

∣∣∣∣∣
(

u′

v′

)′′
(s)

∣∣∣∣∣ ≤ sup

∣∣∣∣∣
(

u′

v′

)′′
(s)

∣∣∣∣∣ ≤ 3. (4.14)

s∈[−ã1,−ã1+Cτ ] s∈[−ã1,+∞)
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Using (4.6) and (4.12) and since, for every ε ∈ (0, e− 4
3 τ

3
2 ], ε

(
− 3

4 ln(ε)
) 1

3 ∈ [0, 12 ] and (
− 3

4 ln(ε)
)− 1

3 ∈ (0, τ− 1
2 ],

∀ε ∈ (0, e− 4
3 τ

3
2 ],

∣∣∣∣∣−2

(
−3

4
ln(ε)

) 1
3

εY +
(

−3

4
ln(ε)

)− 1
3

(εY )2Q(ε,Y )

∣∣∣∣∣
≤

(
3

4

) 1
3
(

2Cτ + 2

3
C2

τ τ−1
)

ε| ln(ε)| 1
3 .

(4.15)

Let Dτ =
(

3
4

) 1
3
(

2Cτ + 2
3C2

τ τ−1
)

. Using Taylor formula for the exponential function,

∀ε ∈ (0, e− 4
3 τ

3
2 ],

∣∣∣∣∣e−2
(
− 3

4 ln(ε)
) 1

3
εY+

(
− 3

4 ln(ε)
)− 1

3
(εY )2Q(ε,Y ) − 1

∣∣∣∣∣ ≤ Dτε| ln(ε)| 1
3 . (4.16)

One deduces from (4.9) and (4.16) that, for every ε ∈ (0, e− 4
3 τ

3
2 ],

∣∣∣∣∣
(

u′

v′

)′
(−ã1) · Y +

√
3

α

∣∣∣∣∣ ≤ 3C2
τ ε +

√
3

α
Dτε| ln(ε)| 1

3 + 4

3

√
3

α

2.83

| ln(ε)|Dτε| ln(ε)| 1
3 .

Since for ε ∈ (0, 1), ε| ln(ε)| ∈ (0, 12 ], ε| ln(ε)| 1
3 ∈ (0, 12 ] and ε| ln(ε)| 4

3 ∈ (0, 12 ], if

Lτ := 3

2
C2

τ +
√

3

2α
Dτ + 2.83 · 2√

3α
Dτ ,

Lτ > 0 is independent on h and

∀ε ∈ (0, e− 4
3 τ

3
2 ],

∣∣∣∣∣
(

u′

v′

)′
(−ã1) · Y +

√
3

α

∣∣∣∣∣ ≤ Lτ

| ln(ε)| .

Since 
(

u′
v′

)′
(−ã1) = −ã1

(v′(−ã1))
2 , for every h ≤ (ã1 + τ)− 3

2 ,

∣∣∣∣∣Y −
√

3

α

(v′(−ã1))
2

ã1

∣∣∣∣∣ ≤ Lτ
(v′(−ã1))

2

ã1
(h− 2

3 − ã1)
− 3

2 . (4.17)

But, 1
α

(v′(−ã1))
2

ã1
= α

(u′(−ã1))
2

ã1
. Thus, for every h ≤ (ã1 + τ)− 3

2 ,

∣∣∣∣X − α
√

3
(u′(−ã1))

2

e− 4
3 (h− 2

3 −ã1)
3
2

∣∣∣∣ ≤ Lτα
2 (u′(−ã1))

2

ã1
(h− 2

3 − ã1)
− 3

2 e− 4
3 (h− 2

3 −ã1)
3
2

ã1
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and finally, using X0
min = −X − h− 2

3 + ã1 and multiplying by h
2
3 , for every h ≤ (ã1 + τ)− 3

2 ,

∣∣∣∣E0
min + 1 − ã1h

2
3 + α

√
3 (u′(−ã1))

2

ã1
h

2
3 e− 4

3 (h− 2
3 −ã1)

3
2

∣∣∣∣ ≤

Lτα
2 (u′(−ã1))

2

ã1
(h− 2

3 − ã1)
− 3

2 h
2
3 e− 4

3 (h− 2
3 −ã1)

3
2
.

(4.18)

Since −1 < E0
min < −1 + ã1h

2
3 , for every h ∈ [(ã1 + τ)− 3

2 , ã
− 3

2
1 ),

∣∣∣∣E0
min + 1 − ã1h

2
3 + α

√
3 (u′(−ã1))

2

ã1
h

2
3 e− 4

3 (h− 2
3 −ã1)

3
2

∣∣∣∣ ≤

ã1τ
3
2 e

4
3 τ

3
2
(h− 2

3 − ã1)
− 3

2 h
2
3 e− 4

3 (h− 2
3 −ã1)

3
2
.

(4.19)

Let M0,τ := max

(
α2 (u′(−ã1))

2

ã1
Lτ , ã1τ

3
2 e

4
3 τ

3
2

)
. Then, (2.4) is valid for M0,τ for every τ > 0. 

Remark that the smallest value of M0,τ is obtained for τ such that α2 (u′(−ã1))
2

ã1
Lτ = ã1τ

3
2 e

4
3 τ

3
2

whose approximate values are τ � 3.075 and M0,3.075 � 7271. �
Remark 4.2. We had to consider equation (4.3) involving u′

v′ instead of v′
u′ because 

(
v′
u′

)′′
(x)

tends to +∞ when x tends to 0+.

4.3. The upper edge of the first spectral band

The upper edge of the first spectral band is given by the smallest value of X among the 
solutions of equations (3.24) and (3.25).

We start by assuming that h ∈ (c̃
− 3

2
0 , c

− 3
2

0 ]. In this case (3.25) has no solution with −X > 0

and we prove that (3.24) has a unique solution such that −X > 0 and −h− 2
3 − X ∈ [−c0, −ã1). 

Indeed, the function z0 : [0, +∞) → [c0, +∞) is a continuous bijection and

∀h ≤ c
− 3

2
0 , ∃!x0 ≥ 0, z0(x0) = x0 − ψ0(x0) = h− 2

3 .

One sets X̆0 = −x0 and since x0 = h− 2
3 + ψ0(x0) ∈ [−c0 + h− 2

3 , −ã1 + h− 2
3 ) one has

−h− 2
3 + ã1 < X̆0 ≤ −h− 2

3 + c0. (4.20)

Thus, for h ∈ (c̃
− 3

2
0 , c

− 3
2

0 ], X0
max = X̆0.

We then assume that h ≤ c̃
− 3

2
0 . In this case, (3.24) has still a unique solution such that −X > 0

and −h− 2
3 −X ∈ [−c0, −ã1), namely X̆0, but one can also find a solution of (3.25) with −X > 0. 

Indeed, the function from [0, +∞) → [c̃0, +∞) which maps x ≥ 0 to x −ψ0(x) is a continuous 
strictly increasing bijection. Thus,
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∀h ≤ c̃
− 3

2
0 , ∃!x̃0 ≥ 0, x̃0 − ψ0(x̃0) = h− 2

3 .

One sets X̃0 = −x̃0 and since x̃0 = h− 2
3 + ψ0(x̃0) ∈ (−a1 + h− 2

3 , −c̃0 + h− 2
3 ] one has

−h− 2
3 + c̃0 ≤ X̃0 < −h− 2

3 + a1.

Since c0 < c̃0, one has X̆0 < X̃0 which implies X0
max = X̆0 and X1

min = X̃0.
As we identified X0

max among all the solutions of (3.24) and (3.25), we give more precise 
estimates. Notice that (4.21) can be extended for h = 0 by continuity.

Proposition 4.2. We have the following estimates on E0
max:

1. For every h < c
− 3

2
0 ,

−1 + ã1h
2
3 < E0

max < −1 + c0h
2
3 .

2. There exists a universal constant M̃0 > 0 such that, for every h ∈ [0, c
− 3

2
0 ],

∣∣∣∣E0
max −

(
−1 + ã1h

2
3 + α

√
3 (u′(−ã1))

2

ã1
h

2
3 e− 4

3 (h− 2
3 −ã1)

3
2

)∣∣∣∣ ≤

M̃0h
5
3 (1 − ã1h

2
3 )−

3
2 e− 4

3 (h− 2
3 −ã1)

3
2
.

(4.21)

Proof. (1) The first point is (4.20) multiplied by h
2
3 and the inequality is strict since z0 is strictly 

increasing.
(2) For the second point, we follow the proof of point (2) of Theorem 2.2. We assume that 

h ≤ c
− 3

2
0 (for the identification of E0

max) and thus h ≤ (ã1 + τ)− 3
2 with τ = c0 − ã1 > 0. One sets 

X = −X0
max − h− 2

3 + ã1. Then X satisfies

u′

v′ (X − ã1) = u

v
(X + h− 2

3 − ã1), X ∈ [−c0 + ã1,0). (4.22)

Using Lemma A.6 and (4.22),

∣∣∣∣∣u
′

v′ (X − ã1) − 1

α
+

√
3

α
e− 4

3 (X+h− 2
3 −ã1)

3
2

∣∣∣∣∣ ≤

2.61 ·
(
X + h− 2

3 − ã1

)− 3
2

e− 4
3 (X+h− 2

3 −ã1)
3
2
.

(4.23)

Again, we set ε = e− 4
3 (h− 2

3 −ã1)
3
2 ∈ (0, e− 4

3 (c0−ã1)
3
2 ]. We also define Y as in the proof of point (2)

of Theorem 2.2. Then, equality (4.7) holds and the condition X ∈ [−c0 + ã1, 0) implies that
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−c0 + ã1 +
(
− 3

4 ln(ε)
) 2

3 = −c0 + h− 2
3 ≤ X + h− 2

3 − ã1 ≤
(
− 3

4 ln(ε)
) 2

3
.

Moreover, for every ε ∈ (0, e− 4
3 τ

3
2 ],

4
3

1

| ln(ε)| ≤
(
X + h− 2

3 − ã1

)− 3
2 ≤

((
3
4

) 2
3 + ã1−c0

| ln(ε)| 2
3

)− 3
2 1

| ln(ε)| .

Using (4.23) and the relation 1
α

= u′
v′ (−ã1), one gets, for every ε ∈ (0, e− 4

3 τ
3
2 ],

∣∣∣∣∣1

ε

(
u′

v′ (εY − ã1) − u′

v′ (−ã1)

)
+

√
3

α
e
−2

(
− 3

4 ln(ε)
) 1

3
εY

e

(
− 3

4 ln(ε)
)− 1

3
(εY )2Q(εY )

∣∣∣∣∣ ≤

4

3

√
3

α

2.61

| ln(ε)|e
−2

(
− 3

4 ln(ε)
) 1

3
εY

e

(
− 3

4 ln(ε)
)− 1

3
(εY )2Q(εY )

.

(4.24)

Inequality (4.10) holds and, using the fact that εY = X ∈ [−c0 − ã1, 0), one gets that Y is 
bounded and there exists an explicit constant C > 0 (similar to Cc0−ã1 with 2.83 changed by 
2.61) such that

|X| ≤ Ce− 4
3 (h− 2

3 −ã1)
3
2
.

Then, the bootstrap argument gives the existence of L > 0 (similar to Lc0−ã1 with 2.83 changed 
by 2.61), such that

∀h < c
− 3

2
0 ,

∣∣∣Y + α
√

3 (u′(−ã1))
2

ã1

∣∣∣ ≤ Lα2 (u′(−ã1))
2

ã1
(h− 2

3 − ã1)
− 3

2

and for every h < c
− 3

2
0 ,

∣∣∣∣E0
max + 1 − ã1h

2
3 − α

√
3 (u′(−ã1))

2

ã1
h

2
3 e− 4

3 (h− 2
3 −ã1)

3
2

∣∣∣∣ ≤

α2L
(u′(−ã1))

2

ã1
h

2
3 (h− 2

3 − ã1)
− 3

2 e− 4
3 (h

− 2
3 −ã1)

3
2
,

(4.25)

which proves the second point for M̃0 = α2L
(u′(−ã1))

2

ã1
. Note that an approximate value for M̃0

is 2.32 × 109. �
We deduce from the estimates in h of E0

min and E0
max an estimate of the width of the first 

spectral band.
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Proposition 4.3. There exists a universal constant K0 > 0 such that, for every h ∈ (0, c
− 3

2
0 ],

∣∣∣∣(E0
max − E0

min) − 2α
√

3 (u′(−ã1))
2

ã1
h

2
3 e− 4

3 (h
− 2

3 −ã1)
3
2

∣∣∣∣ ≤ K0h
5
3 (1 − ã1h

2
3 )−

3
2 e− 4

3 (h
− 2

3 −ã1)
3
2
.

(4.26)

Proof. Indeed one sets K0 = max(M0, M̃0) = M̃0 � 2.32 × 109 and (4.26) is a consequence of 
(2.4) and (4.21). �

For h ≥ c
− 3

2
0 , the situation changes. The range of the periodic potential V is included in the 

first spectral band.

Proposition 4.4. If h ≥ c
− 3

2
0 , E0

max ≥ 0 and we have

[
min

(
− 1

2 ,−1 + ã1h
2
3

)
,0

]
⊂

[
E0

min,E0
max

]
.

Proof. If h ≥ c
− 3

2
0 , no solution of (3.24) or (3.25) satisfies −X > 0. Thus, E0

max ≥ 0. Using the 

upper bound on E0
min given in Theorem 2.2, we have −1 + ã1h

2
3 ∈ [E0

min, E
0
max]. Using point (1)

of Theorem 2.2, we also have − 1
2 ∈ [E0

min, E
0
max], which proves the proposition. �

Proposition 4.4 along with Proposition 4.2 imply Theorem 2.1. The following proposition 
states more precisely the behaviour of E0

max.

Proposition 4.5. Let h ≥ c
− 3

2
0 .

1. If h ∈ [c− 3
2

0 , (c̃1 − c̃0)
− 3

2 ), then E0
max ∈ (−1 + c̃0h

2
3 , 0].

2. If h > (c̃1 − c̃0)
− 3

2 , let p0 defined in (2.6). Then, E0
max ∈ [−1 + c̃p0h

2
3 , c̃p0+1h

2
3 ] or E0

max ∈
[−1 + c̃p0−1h

2
3 , c̃p0h

2
3 ].

3.

lim
h→+∞ E0

max = +∞. (4.27)

Proof. (2) Since (c̃p+1 − c̃p)p≥0 is strictly decreasing and converges to 0, for any h ∈ ((c̃1 −
c̃0)

− 3
2 , +∞), the integer p0 ≥ 1 defined in (2.6) is well defined and unique.

X0
max is a solution of either (3.25) or (3.24). Let k ≥ 1. The restriction of the function v

u

to (−c̃2k, −c̃2k−2) is a strictly increasing and continuous bijection from (−c̃2k, −c̃2k−2) to R
and v′

u′ induce a strictly increasing and continuous bijection from (−c̃2k+1, −c̃2k−1) to R. Then, 
studying the sign of fx for x ∈ (−c̃2k, −c̃2k−2) and using the Sturm–Picone’s lemma as in the 
proof of Lemma C.2, we prove that the function
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x �→ x −
(

v′

u′
∣∣∣
(−c̃2k+1,−c̃2k−1)

)−1 (
v

u

∣∣∣
(−c̃2k,−c̃2k−2)

)
(x)

is strictly increasing and continuous from (−c̃2k+1, −c̃2k−1) to (c̃2k+1 − c̃2k, c̃2k−1 − c̃2k−2).

Thus, (3.24) admits a unique solution Xk with −Xk ∈ (−c̃2k, −c̃2k−2) and −h− 2
3 − Xk ∈

(−c̃2k+1, −c̃2k−1).
The sign of fx is deduced from the signs of u, v, u′ and v′ on the interval (−c̃2k+1, −c̃2k−2), 

since x ∈ (−c̃2k, −c̃2k−2) and x − z ∈ (−c̃2k+1, −c̃2k−1). For example, we have on (−c̃2k+1,

−c2k+1),

(−1)ku < 0, (−1)ku′ > 0, (−1)kv > 0, (−1)kv′ < 0

and on (−c2k+1, −c̃2k),

(−1)ku < 0, (−1)ku′ > 0, (−1)kv < 0, (−1)kv′ < 0

and the signs alternate on the intervals (−c̃2k, −c2k), (−c2k, −c̃2k−1), (−c̃2k−1, −c2k−1) and 
(−c2k−1, −c̃2k−2).

The restriction of the function v
u

to (−c̃2k+2, −c̃2k) is a strictly increasing and continu-
ous bijection from (−c̃2k+2, −c̃2k) to R. We set for every x ∈ (−c̃2k+1, −c̃2k−1) and every 
z ∈ (−c̃2k+1 + c̃2k+2, −c̃2k−1 + c̃2k), ḡx(z) = v(x − z)u′(x) − u(x − z)v′(x). Then ḡx satis-
fies the Airy equation and using the signs of u, v, u′ and v′ given above and a Sturm–Picone’s 

argument as in Lemma C.2, we prove that x �→ x −
(

v
u

∣∣∣
(−c̃2k+2,−c̃2k)

)−1

2k

(
v′
u′

∣∣∣
(−c̃2k+1,−c̃2k−1)

)
(x)

is strictly increasing and continuous from (−c̃2k+1, −c̃2k−1) to (−c̃2k+1 + c̃2k+2, −c̃2k−1 + c̃2k).

Thus, (3.25) admits a unique solution X̄k with −X̄k ∈ (−c̃2k+1, −c̃2k−1) and −h− 2
3 − X̄k ∈

(−c̃2k+2, −c̃2k).

Since c̃p0+1 − c̃p0 < h− 2
3 < c̃p0 − c̃p0−1, we have either X0

max = Xk or X0
max = X̄k for k equal 

to the integer part of p0
2 .

We deduce that −X0
max ∈ [−c̃p0+1, −c̃p0−1] and −h− 2

3 − X0
max ∈ [−c̃p0+2, −c̃p0], or 

−X0
max ∈ [−c̃p0, −c̃p0−2] and −h− 2

3 − X0
max ∈ [−c̃p0+1, −c̃p0−1]. After multiplication by h

2
3 , 

this proves the second point of Proposition 4.5.

(1) If h ∈ [c− 3
2

0 , (c̃1 − c̃0)
− 3

2 ), then h− 2
3 ∈ (c̃2 − c̃1, c̃0). The function v′

u′ induces a 
strictly increasing and continuous bijection from (−c̃1, 0) to R. Then, the function x �→
x −

(
v
u

∣∣∣
(−c̃2,−c̃0)

)−1 (
v′
u′

∣∣∣
(−c̃1,0)

)
(x) is strictly increasing and continuous from (−c̃1, 0) to 

(c̃2 − c̃1, c̃0), using again Sturm–Picone’s Lemma with ḡx for x ∈ (−c̃1, 0). Thus, (3.25) admits 
a unique solution X̄0 with −X̄0 ∈ (−c̃1, 0) and −h− 2

3 − X̄0 ∈ (−c̃2, −c̃0). Since X0
max = X̄0, we 

proved the first point after multiplication by h
2
3 .

(3) The integer p0 tends to +∞ when h tends to +∞. Indeed, using the asymptotics of the 
c̃p deduced from those of the ξ̃p as in (3.15) and (3.16), one has that there exist constants C1 > 0
and C2 > 0 such that C1h2 ≤ p0 ≤ C2h2 for h large enough. Since c̃p −−−−−→

p→+∞ +∞, we get 

(4.27) and prove the third point. �
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Proof of Theorem 2.3. (2) We start with the proof of the second point since it will imply the 
first limit in the first point of Theorem 2.3. We look at the behaviour of E0

min when h tends 

to infinity and thus h− 2
3 tends to 0. Since X0

min is a solution of (3.22) with −X0
min > 0 and 

−h− 2
3 − X0

min ∈ (−ã1, 0), when h− 2
3 tends to 0, both −X0

min and −h− 2
3 − X0

min tends to 0. In 
order to avoid the technical difficulty induced by the fact that v

′
u′ tends to +∞ at 0, we notice that 

X0
min is also the unique solution in (−h− 2

3 , 0) of the equation

u′

v′ (−h− 2
3 − X) = u′

v′ (−X). (4.28)

Note that u and v stand for f and g in [1, 10.4.3]. Thus, for x in a neighbourhood of 0 where v′
does not vanish,

(
u′

v′

)′
(x) =

(
u′

v′

)′
(0) + 1

2
x2 − 2

15
x5 +O(x8). (4.29)

Let y = −X0
min − h− 2

3

2 . Then, (4.28) rewrites

u′

v′

(
y − h− 2

3

2

)
= u′

v′

(
y + h− 2

3

2

)
. (4.30)

Since −h− 2
3 < X0

min < 0, |y| ≤ h− 2
3

2 and y = O(h− 2
3 ). Thus equation (4.30) and equality (4.29)

imply

y − 2

15
y4 − 4

3

(
h− 2

3

2

)3

y2 = 2

15

(
h− 2

3

2

)4

+O(h− 14
3 ). (4.31)

Then, y =O(h− 8
3 ). Hence, y = 1

120 h− 8
3 +O(h− 14

3 ). After multiplication by h
2
3 , this proves (2.5).

(1) The first limit is a direct consequence of point (2). The second limit follows from point (3)

of Proposition 4.5. �
4.4. The first spectral gap

Similarly to the estimates for the edges of the first spectral band, we prove the following 
estimate for E1

min.

Proposition 4.6. There exists a universal constant M1 > 0 such that, for every h ∈ (0, a
− 3

2
1 ),

∣∣∣∣E1
min −

(
−1 + a1h

2
3 − α

√
3(u(−a1))

2h
2
3 e− 4

3 (h− 2
3 −a1)

3
2

)∣∣∣∣ ≤

M1h
5
3 (1 − a1h

2
3 )−

3
2 e− 4

3 (h− 2
3 −a1)

3
2
.

(4.32)
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Proof. We follow the proof of point (2) of Theorem 2.2. Let τ > 0. We assume that h ≤
(a1 + τ)− 3

2 . One sets X = −X1
min − h− 2

3 + a1 which satisfies

v

u
(X − a1) = v′

u′ (X + h− 2
3 − a1), X ∈ [0,−c̃0 + a1). (4.33)

Using Lemma A.3, (4.33) implies that

∣∣∣∣vu(X − a1) − α − α
√

3e− 4
3 (X+h− 2

3 −a1)
3
2

∣∣∣∣ ≤

Aτ

(
X + h− 2

3 − a1

)− 3
2

e− 4
3 (X+h− 2

3 −a1)
3
2
.

(4.34)

We set ε = e− 4
3 (h− 2

3 −a1)
3
2 ∈ (0, e− 4

3 τ
3
2 ] and Y = 1

ε
X. Since α = v

u
(−a1) and using the fact that (

v
u

)′ = 1
u2 is bounded from below by α2 by (A.7), one shows with a similar proof as (4.10) that:

∀ε ∈ (0, e− 4
3 τ

3
2 ],

∣∣∣v
u

(X − a1) − v

u
(−a1)

∣∣∣ ≥ α

2
εY.

Then, using that εY = X ∈ [0, −c̃0 + a1] is bounded, one gets that Y is bounded and there exists 
Cτ > 0 (similar to the constant Cτ in the proof of the estimate of E0

min with Aτ instead of 2.83) 
such that

|X| ≤ Cτ e− 4
3 (h− 2

3 −a1)
3
2
.

Using Taylor formula as in (4.13) and since 
(

v
u

)′′ is bounded by 1 on [0, +∞),

∀ε ∈ (0, e− 4
3 τ

3
2 ],

∣∣∣∣vu(εY − a1) − v

u
(−a1) −

(v

u

)′
(−a1)(εY )

∣∣∣∣ ≤ C2
τ ε2.

But, 
(

v
u

)′
(−a1) = 1

(u(−a1))
2 and we get, similarly to (4.17), the existence of Lτ > 0 such that

∀h ≤ (a1 + τ)−
3
2 ,

∣∣∣Y − α
√

3(u(−a1))
2
∣∣∣ ≤ (u(−a1))

2Lτ (h
− 2

3 − a1)
− 3

2

from which we obtain (4.32) on (0, (a1 + τ)− 3
2 ] for the constant (u(−a1))

2Lτ .

Since −1 + c̃0h
2
3 < E1

min < −1 + ã1h
2
3 , for every h ∈ [(a1 + τ)− 3

2 , a
− 3

2
1 ),

∣∣∣∣E1
min + 1 − ã1h

2
3 + α

√
3 (u′(−ã1))

2

ã1
h

2
3 e− 4

3 (h− 2
3 −ã1)

3
2

∣∣∣∣ ≤

(a − c̃ )τ
3
2 e

4
3 τ

3
2
(h− 2

3 − a )−
3
2 h

2
3 e− 4

3 (h− 2
3 −a1)

3
2
.

(4.35)
1 0 1
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Let M1,τ := max

(
(u(−a1))

2Lτ , (a1 − c̃0)τ
3
2 e

4
3 τ

3
2

)
. Then, (4.32) is valid for M1,τ for every 

τ > 0. Remark that the smallest value of M1,τ is obtained for τ such that (u(−a1))
2Lτ = (a1 −

c̃0)τ
3
2 e

4
3 τ

3
2 whose approximate values are τ � 3.01 and M1,3.01 � 1942. �

Remark 4.3. In this proof we had to consider equation (4.33) in this form and not with u
v

and u
′

v′
as in the proof of Theorem 2.2, since 

(
v
u

)′′ is bounded on [0, +∞) and 
(

u
v

)′′ is not.

Combining the estimates of E0
max and E1

min we deduce an estimate of the first spectral gap 
of H.

Proposition 4.7. There exists a universal constant K̃0 > 0 such that, for every h ∈ (0, a
− 3

2
1 ),

∣∣∣∣(E1
min − E0

max) −
(

(a1 − ã1)h
2
3 − α

√
3(u(−a1))

2h
2
3 e− 4

3 (h− 2
3 −a1)

3
2

)∣∣∣∣ ≤

K̃0h
5
3 (1 − a1h

2
3 )−

3
2 e− 4

3 (h− 2
3 −a1)

3
2
.

(4.36)

Proof. We combine (4.32) and point (2) of Proposition 4.2, use a1 > ã1 and we get (4.36) with 
K̃0 = max(M̃0, M1). �
5. Counting the spectral bands in the range of V

In this section, we prove Theorem 2.4 by determining the band edges which are contained in 
the interval [−1, 0] for a fixed h.

Proposition 5.1. Let p ≥ 0 and assume that h ≤ c̃
− 3

2
p . Then, for every k ∈ {0, . . . , p},

1. If k = 2j is even, (3.25) has a unique solution X̂2j with −X̂2j ∈ [0, +∞), −h− 2
3 − X̂2j ∈

(−aj+1, −c̃2j ] and satisfying:

−h− 2
3 + c̃2j ≤ X̂2j < −h− 2

3 + aj+1. (5.1)

2. If k = 2j + 1 is odd, (3.22) has a unique solution X̂2j+1 with −X̂2j+1 ∈ [0, +∞), −h− 2
3 −

X̂2j+1 ∈ (−ãj+2, −c̃2j+1] and satisfying:

−h− 2
3 + c̃2j+1 ≤ X̂2j+1 < −h− 2

3 + ãj+2. (5.2)

Proof. By Lemma 3.3, for every k ≥ 0, the function x �→ x − ψk(x) is a strictly increasing and 
continuous bijection from [0, +∞) to [c̃k, +∞). Thus, if h− 2

3 ≥ c̃p ≥ c̃k , there exists a unique 

xk ≥ 0 such that h− 2
3 = xk − ψk(xk). Let X̂k be such that X̂k = −xk . Then, if k = 2j , X̂2j is the 

unique solution of (3.25) with −X̂2j ∈ [0, +∞) and −h− 2
3 − X̂2j ∈ (−aj+1, −c̃2j ]. Moreover,
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−aj+1 < −X̂k − h− 2
3 ≤ −c̃k < 0 ≤ −X̂k,

and we get (5.1). If k = 2j + 1, X̂2j+1 is the unique solution of (3.22) with −X̂2j+1 ∈ [0, +∞)

and −h− 2
3 − X̂2j+1 ∈ (−ãj+2, −c̃2j+1]. Moreover,

−ãj+2 < −X̂k − h− 2
3 ≤ −c̃k < 0 ≤ −X̂k,

and we get (5.2). �
Proposition 5.2. Assume that h ≤ c

− 3
2

p . Then, for every k ∈ {0, . . . , p},

1. If k = 2j is even, (3.24) has a unique solution X̆2j with −X̆2j ∈ [0, +∞), −h− 2
3 − X̆2j ∈

[c2j , −ãj+1) and satisfying:

−h− 2
3 + ãj+1 < X̆2j ≤ −h− 2

3 + c2j . (5.3)

2. If k = 2j + 1 is odd, (3.23) has a unique solution X̆2j+1 with −X̆2j+1 ∈ [0, +∞), −h− 2
3 −

X̆2j+1 ∈ [c2j+1, −aj+1) and satisfying:

−h− 2
3 + aj+1 < X̆2j+1 ≤ −h− 2

3 + c2j+1. (5.4)

Proof. Let k ∈ {0, . . . , p}. Since h ≤ c
− 3

2
p , we have h− 2

3 ∈ [ck, +∞). Thanks to Lemma C.2, 
zk is continuous and strictly increasing and there exists a unique real number xk ≥ 0 such that 
h− 2

3 = zk(xk). Let X̆k be such that X̆k = −xk . Then, X̆2j is the unique solution of (3.24) such 

that −X̆2j ∈ [0, +∞) and −h− 2
3 − X̆2j ∈ [c2j , −ãj+1). Moreover,

−ck ≤ −X̆k − h− 2
3 < −ãj+1

and we get (5.3).

Similarly, X̆2j+1 is the unique solution of (3.23) such that −X̆2j+1 ∈ [0, +∞) and −h− 2
3 −

X̆2j+1 ∈ [c2j+1, −aj+1). Moreover,

−ck ≤ −X̆k − h− 2
3 < −aj+1

and we get (5.4). �
We deduce from Proposition 5.1 and Proposition 5.2 the following proposition on the p first 

spectral bands and the p − 1 first spectral gaps of the operator H .

Proposition 5.3. Let p ≥ 0. Assume that h ≤ c̃
− 3

2
p .

1. For every k ∈ {0, . . . , p}, Ek+1 = h
2
3 X̂k and Ek

max = h
2
3 X̆k .
min
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2. We have the estimates on the spectral gaps:

∀j ≥ 1, 0 < (c̃2j−1 − c2j−1)h
2
3 ≤ E2j

min − E2j−1
max ≤ (ãj+1 − aj )h

2
3

and

∀j ≥ 0, 0 < (c̃2j − c2j )h
2
3 ≤ E2j+1

min − E2j
max ≤ (aj+1 − ãj+1)h

2
3 .

In particular, all the spectral gaps in σ(H) are not empty.

Proof. (1) Using the estimates obtained on X̂k and X̆k and using the fact that ck < c̃k , we have 
X̆k < X̂k . Since

−1 < E0
min < −1 + ã1h

2
3 < h

2
3 X̆0 < h

2
3 X̂0,

we have E0
max = h

2
3 X̆0 and E1

min = h
2
3 X̂0. Then using X̆k < X̂k , we deduce the first point.

(2) These two estimates are deduced directly from the estimates proven on X̂k and X̆k in 
Proposition 5.1 and Proposition 5.2. We just have to be careful with the fact that E2j

min = h
2
3 X̂2j−1

and E2j+1
min = h

2
3 X̂2j and to use the right estimate in Proposition 5.1 depending on the parity 

of k. �
Propositions 5.1, 5.2 and 5.3 imply the proof of Proposition 2.1.

Proof of Proposition 2.1. For every p ≥ 0, −Ep
max(h) = (zp)−1(h− 2

3 ) and since zp is strictly 
increasing and continuous on [0, +∞), h �→ Ep

max(h) is strictly increasing and continuous on 

[0, +∞). Since for every p ≥ 0, Ep
max(c

− 3
2

p ) = 0, c
− 3

2
p is the unique zero in [0, +∞) of the 

function h �→ Ep
max(h).

Since for every p ≥ 0, −Ep+1
min (h) = (zp)−1(h− 2

3 ) (where zp : x �→ x − ψp(x) is strictly 

increasing and continuous on [0, +∞)), h �→ Ep+1
min (h) is also strictly increasing and continuous 

on [0, +∞), and since for every p ≥ 0, Ep+1
min (c̃

− 3
2

p ) = 0, c̃
− 3

2
p is the unique zero in [0, +∞) of 

the function h �→ Ep+1
min (h). �

The estimates in Propositions 5.1, 5.2 and 5.3 combined with the intervals given in Lemma 3.1
lead to the proof of Theorem 2.4. Before that, we prove a technical lemma.

Lemma 5.1. For every y ∈ R
∗+, let I (y) = ( 3

2 )
1
3

y
3
2 +1

y2+y+1
. Then, for every η > 0 and every real 

number 0 < b < a such that a−b
b

∈ [0, η],

(a − b)b− 1
3 I ((1 + η)

2
3 ) ≤

(
3
2a

) 2
3 −

(
3
2b

) 2
3 ≤ (a − b)b− 1

3 I (1). (5.5)
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Proof. One checks that I (1) = ( 3
2 )

1
3 , I ′(1) = − 1

6 and that I ′ < 0 on [1, +∞[, hence

I ((1 + η)
2
3 ) ≤ I

((
a
b

) 2
3

)
≤ I (1).

Since

I

((
a
b

) 2
3

)
= (a − b)−1

((
3
2a

) 2
3 −

(
3
2b

) 2
3
)

b
1
3 ,

we get (5.5). �
Proof of Theorem 2.4. Let h < c

− 3
2

0 . The first point in Theorem 2.4 is a direct consequence 
of point (1) of Proposition 5.3 and Propositions 5.1 and 5.2 which ensure that for every k ∈
{0, . . . , k0}, Êk and Ĕk are in [−1, 0].

For the second point, using Propositions 5.1, 5.2 and 5.3 one deduces that

∀p ∈ {2, . . . , k0}, (c̃p − cp)h
2
3 ≤ Ep+1

min − Ep
max ≤ (c̃p − c̃p−2)h

2
3

and

∀p ∈ {2, . . . , k0}, 0 < Ep
max − Ep

min ≤ (cp − c̃p−1)h
2
3 .

Let p ∈ {2, . . . , k0}. Assume that p is even, that is p = 2j for j ≥ 1. Then,

c̃2j − c̃2j−2 =
(

3
2 ξ̃2j

) 2
3 −

(
3
2 ξ̃2j−2

) 2
3
.

Using (3.15) in Lemma 3.1, we have ξ̃2j − ξ̃2j−2 ∈
[
π − 5

9π
2j

(2j)2−1
,π + 5

9π
2j

(2j)2−1

]
and

ξ̃
− 1

3
2j−2 ≤

(
−5π

12
+ jπ − 5

18π

)− 1
3 ≤

(
(2j − 1)π

2

)− 1
3

.

Thus, by Lemma 5.1,

c̃2j − c̃2j−2 ≤
(

π + 5

9π

2j

(2j)2 − 1

)(
3

2

) 1
3
(

(2j − 1)π

2

)− 1
3

.

If p is odd, that is p = 2j +1 for j ≥ 1, then, using (3.16) in Lemma 3.1, we have ξ̃2j+1 − ξ̃2j−1 ∈[
π − 7

3π
2j+1

(2j+1)2−1
,π + 7

3π
2j+1

(2j+1)2−1

]
and ξ̃

− 1
3

2j−1 ≤
(

2jπ
2

)− 1
3
. Thus, by Lemma 5.1,

c̃2j+1 − c̃2j−1 ≤
(

π + 7 2j + 1
2

)(
3
) 1

3
(

2jπ
)− 1

3

.

3π (2j + 1) − 1 2 2
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Since 7
3π

> 5
9π

, we have

∀p ∈ {2, . . . , k0}, c̃p − c̃p−2 ≤
(

π + 7

3π

p

p2 − 1

)(
3

π

) 1
3

(p − 1)−
1
3

which proves (2.9). The proof of the upper bound in (2.8) is similar. We estimate both c2j −
c̃2j−1 and c2j+1 − c̃2j for j ≥ 1 by using (3.13), (3.16), (3.15) and (3.14) to obtain that ξ2j −
ξ̃2j−1 ∈

[
π
3 − 7

3π

2j+ 1
3

2j (2j+ 2
3 )

, π3 + 7
3π

2j+ 1
3

2j (2j+ 2
3 )

]
and ξ2j+1 − ξ̃2j ∈

[
π
3 − 5

9π

2j+1+ 1
3

(2j+1)(2j+1+ 2
3 )

, π3 +
5

9π

2j+1+ 1
3

(2j+1)(2j+1+ 2
3 )

]
. We also have that, for every p ∈ {2, . . . , k0}, ξ̃− 1

3
p ≤

(
(p+1)π

2

)− 1
3
. Since 

7
3π

> 5
9π

, we get the upper bound of (2.8) by using Lemma 5.1.
It remains to prove the lower bound in (2.8). We have to find a lower bound of c̃p − cp for 

every p ∈ {2, . . . , k0}. Using (3.15) and (3.13) we get for every j ≥ 1,

ξ̃2j − ξ2j ∈
[
π

6
− 229

432π
,
π

6
+ 229

432π

]
⊂

[
π

9
,

2π

9

]
.

We have

ξ̃2j − ξ2j

ξ2j

≤
2π
9

5π
12 + π − 7

16π

≤
2π
9

17π
12

≤ 8

51
≤ 1

6
.

Moreover, since 5
6 + 7

8π2 < 1,

(ξ2j )
− 1

3 ≥
(

5π

12
+ 2jπ

2
+ 7

16π

)− 1
3 ≥

(π

2

)− 1
3
(2j + 1)−

1
3 .

Thus, we take η = 1
6 and use the lower bound in (5.5) to get

I

(( 7
6

) 2
3

)
2

1
3 π

2
3

9
(2j + 1)−

1
3 ≤ c̃2j − c2j .

For p = 2j + 1, since π9 < π
6 − 97

264π
and 5

6 + 5
33π2 < 1, and taking η = 1

2 , we get a larger lower 
bound which is

I

((
3
2

) 2
3
)

2
1
3 π

2
3

9
(2j + 2)−

1
3 ≤ c̃2j+1 − c2j+1.

It allows to conclude that the lower bound valid for every p ∈ {2, . . . , k0} is the one obtained for 
p even. This proves the lower bound in (2.8). �
Proof of Corollary 2.1. Recall that the integer k0(h) defined in (2.7) is equal to 

[
4

3π
1
h

]
or to [

4 1
]
− 1. Using (2.8), one has:
3π h
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∀h < c
− 3

2
0 , 0 <

k0(h)∑
p=2

δp ≤
k0(h)∑
p=2

(
π

3
+ 7

3π

p + 1
3

p(p + 2
3 )

)(
3

π

) 1
3 h

2
3

p
1
3

. (5.6)

Since x �→ 1

x
1
3

and x �→ 1

x
1
3

x+ 1
3

x(x+ 2
3 )

are decreasing functions on [1, +∞), by comparison between 

sums and integrals,

3

2
h

2
3

(
(k0(h) + 1)

2
3 − 2

2
3

)
≤

k0(h)∑
p=2

h
2
3

p
1
3

≤ 3

2
h

2
3

(
(k0(h))

2
3 − 1

)

and

h
2
3

k0(h)+1∫
2

1

x
1
3

x + 1
3

x(x + 2
3 )

dx ≤
k0(h)∑
p=2

p + 1
3

p(p + 2
3 )

h
2
3

p
1
3

≤ h
2
3

k0(h)∫
1

1

x
1
3

x + 1
3

x(x + 2
3 )

dx.

Since

∫
1

x
1
3

x + 1
3

x(x + 2
3 )

dx = − 3
2

1

x
1
3

−
(

3
16

) 1
3

ln

(
x

1
3 +

(
2
3

) 1
3
)

+

(
3
27

) 1
3

ln

(
x

2
3 −

(
2
3x

) 1
3 +

(
2
3

) 2
3
)

+ 3
5
6

2
4
3

arctan

(
2

2
3

3
1
6
(x

1
3 − 1

3
1
2
)

)
,

and since k0(h) is equal to 
[

4
3π

1
h

]
or 

[
4

3π
1
h

]
− 1, one gets that

k0(h)∑
p=2

h
2
3

p
1
3

−−−→
h→0

3

2

(
4

3π

) 2
3

and
k0(h)∑
p=2

p + 1
3

p(p + 2
3 )

h
2
3

p
1
3

−−−→
h→0

0.

Thus,

k0(h)∑
p=2

(
π

3
+ 7

3π

p + 1
3

p(p + 2
3 )

)(
3

π

) 1
3 h

2
3

p
1
3

−−−→
h→0

(
2

3

) 1
3

. (5.7)

The function h �→
k0(h)∑
p=0

δp is increasing and for every h > 0, 
k0(h)∑
p=0

δp ≤ (0 − E0
min) ≤ 1, since the 

spectrum of H is included in [−1, +∞] by Proposition 4.1. Thus h �→ D(h) admits a limit in R
at +∞. Then, (5.6) and (5.7) imply (2.10). �
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6. Uniform estimates of the widths of the spectral bands and gaps

Proposition 5.3 allows us to identify the spectral band edges among the solutions of (3.25), 
(3.24), (3.22) and (3.23). Using proofs similar to those of the estimates and asymptotics of E0

min, 
E0

max and E1
min, one gets the following estimates for the spectral band edges.

Proposition 6.1. Let j ≥ 0.

1. There exists a universal constant M2j > 0 such that for every h ∈ (0, ã
− 3

2
j+1),

∣∣∣∣∣E2j

min −
(

−1 + ãj+1h
2
3 − α

√
3
(u′(−ãj+1))

2

ãj+1
h

2
3 e− 4

3 (h− 2
3 −ãj+1)

3
2

)∣∣∣∣∣
≤ M2j h

5
3 (1 − ãj+1h

2
3 )−

3
2 e− 4

3 (h− 2
3 −ãj+1)

3
2

(6.1)

and there exists a universal constant M̃2j > 0 such that for every h ∈ (0, c
− 3

2
2j ],

∣∣∣∣∣E2j
max −

(
−1 + ãj+1h

2
3 + α

√
3
(u′(−ãj+1))

2

ãj+1
h

2
3 e− 4

3 (h− 2
3 −ãj+1)

3
2

)∣∣∣∣∣
≤ M̃2j h

5
3 (1 − ãj+1h

2
3 )−

3
2 e− 4

3 (h− 2
3 −ãj+1)

3
2
.

(6.2)

2. There exists a universal constant M2j+1 > 0 such that for every h ∈ (0, a
− 3

2
j+1),

∣∣∣∣E2j+1
min −

(
−1 + aj+1h

2
3 − α

√
3(u(−aj+1))

2h
2
3 e− 4

3 (h− 2
3 −aj+1)

3
2

)∣∣∣∣
≤ M2j+1h

5
3 (1 − aj+1h

2
3 )−

3
2 e− 4

3 (h− 2
3 −aj+1)

3
2

(6.3)

and there exists a universal constant M̃2j+1 > 0 such that for every h ∈ (0, c
− 3

2
2j+1],

∣∣∣∣E2j+1
max −

(
−1 + aj+1h

2
3 + α

√
3(u(−aj+1))

2h
2
3 e− 4

3 (h− 2
3 −aj+1)

3
2

)∣∣∣∣
≤ M̃2j+1h

5
3 (1 − aj+1h

2
3 )−

3
2 e− 4

3 (h− 2
3 −aj+1)

3
2
.

(6.4)

3. Let h ∈ (0, c
− 3

2
1 ]. For every p ∈ {0, . . . , 

[
4

3π
1
h

]
}, (6.1) and (6.2) hold true if p = 2j is even 

and (6.3) and (6.4) hold true if p = 2j + 1 is odd.

Remark 6.1. The estimates (6.1), (6.2), (6.3) and (6.4) can be extended to h = 0 by continuity 
on [0, +∞) of the spectral band edges and since all the quantities have finite limits when h tends 
to 0.



492 H. Boumaza, O. Lafitte / J. Differential Equations 264 (2018) 455–505
Proof. For j = 0 we already obtained the estimate of E0
min. For every j ≥ 1, X2j

min is the 

unique solution of (3.22) with −h− 2
3 − X2j

min ∈ [−ãj+1, −c̃2j−1). Using Lemma A.1, the func-
tion x �→ x

(v′(x))2 is smaller than − 1
α

on the interval [−ãj+1, −c̃2j−1). Thus, the scheme of 

the proof of the estimate of E0
min can be followed and leads to (6.1), using the inequality 

−1 + c̃2j−1h
2
3 < E2j

min < −1 + ãj+1h
2
3 . Setting B2j,τ := √

3e
2
3 τ

− 1
2 ã2

j+1(1 + 2.83
√

3τ− 3
2 ) and 

defining C2j,τ , D2j,τ and L2j,τ as in the proof of the estimate of E0
min but with B2j,τ replacing 

Bτ , one sets M2j,τ := max(α2 (u′(−ãj+1))
2

ãj+1
L2j,τ , ãj+1τ

3
2 e

4
3 τ

3
2
). Any value of τ > 0 provides a 

universal constant M2j . Thus, we set: M2j := infτ>0 M2j,τ , which is obtained for τ such that 

α2 (u′(−ãj+1))
2

ãj+1
L2j,τ = ãj+1τ

3
2 e

4
3 τ

3
2 .

For every j ≥ 0, X2j
max is the unique solution of (3.24) with −h− 2

3 − X2j
max ∈ [−c2j , −ãj+1). 

Since the function x �→ x

(v′(x))2 is smaller than − 1
α

on the interval [−c2j , −ãj+1], the scheme of 

the proof of the estimate of E0
max can be followed and leads to (6.2). Defining L2j as in the proof 

of the estimate on E0
max but for τ = c2j − ãj+1, one sets M̃2j := α2 (u′(−ãj+1))

2

ãj+1
L2j .

For every j ≥ 0, X2j+1
min is the unique solution of (3.25) with −h− 2

3 −X2j+1
min ∈ [−aj+1, −c̃2j ). 

Since the function 1
u2 is greater than α

2 on this interval, the scheme of the proof of the estimate 

of E1
min can be followed and leads to (6.3), using the inequality −1 + c̃2j h

2
3 < E2j+1

min < −1 +
aj+1h

2
3 . As for E2j

min, we define L2j+1,τ with Aτ given in Lemma A.3 instead of 2.83 and aj+1

instead of ãj+1. Then we set M2j+1,τ := max((u(−aj+1))
2L2j+1,τ , (aj+1 − c̃2j )τ

3
2 e

4
3 τ

3
2
) and 

we set: M2j+1 := infτ>0 M2j+1,τ .

For every j ≥ 0, X2j+1
max is the unique solution of (3.23) with −h− 2

3 − X2j+1
max ∈ [−c2j+1,

−aj+1). Since the function 1
u2 is greater than α

2 on this interval and using the estimate (A.19), 
combining the proofs of the estimates of E0

max and E1
min leads to (6.2). Defining L2j+1 for τ =

c2j+1 − aj+1, one sets M̃2j+1 := (u(−aj+1))
2L2j+1.

The last statement is a direct consequence of the counting of the number of spectral bands in 

the range of V done in Theorem 2.4 and the fact that both sequences (c
− 3

2
p )p≥0 and (a

− 3
2

p )p≥0

are strictly decreasing and interlaced. �
Proposition 6.1 implies Theorem 2.5.

Proof of Theorem 2.5. The first statement of Theorem 2.5 is about the convergence of the spec-
tral bands to the zeroes of the Airy function Ai and its derivative, and is a consequence of 
the first two terms of (6.1), (6.2), (6.3) and (6.4). More precisely, for every j ≥ 0 and every 

h ∈ (0, c
− 3

2
2j ),

h− 2
3 (1 + E2j

min) = ãj+1 +O
(

e− 4
3

1
h (1−ãj+1h

2
3 )

3
2

)

and
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h− 2
3 (1 + E2j

max) = ãj+1 +O
(

e− 4
3

1
h (1−ãj+1h

2
3 )

3
2

)

and both h− 2
3 (1 + E2j

min) and h− 2
3 (1 + E2j

max) tends to ãj+1 when h tends to 0.

Using (6.3) and (6.4) we prove similarly that both h− 2
3 (1 + E2j+1

min ) and h− 2
3 (1 + E2j+1

max ) tends 
to aj+1 when h tends to 0.

The estimate (2.11) is obtained from (6.1) and (6.2) for K2j = max(M̃2j , M2j ).
The estimate (2.12) is obtained from (6.4) and (6.3) for

K2j+1 = max(M̃2j+1,M2j+1).

The last statement is a direct consequence of the counting of the number of spectral bands in 

the range of V done in Theorem 2.4 and the fact that the sequence (c
− 3

2
p )p≥0 is strictly decreas-

ing. �
Proposition 6.2. Let j ≥ 0. There exists a universal constant K̃2j > 0 such that, for every h ∈
(0, a

− 3
2

j+1),

∣∣∣∣γ2j −
(

(aj+1 − ãj+1)h
2
3 − α

√
3(u(−aj+1))

2h
2
3 e− 4

3 (h− 2
3 −aj+1)

3
2

)∣∣∣∣
≤ K̃2j h

5
3 (1 − aj+1h

2
3 )−

3
2 e− 4

3 (h− 2
3 −aj+1)

3
2
,

(6.5)

and a universal constant K̃2j+1 > 0 such that, for every h ∈ (0, ã
− 3

2
j+2),

∣∣∣∣γ2j+1 −
(

(ãj+2 − aj+1)h
2
3 − α

√
3

(u′(−ãj+2))
2

ãj+2
e− 4

3 (h− 2
3 −ãj+2)

3
2

)∣∣∣∣
≤ K̃2j+1h

5
3 (1 − ãj+2h

2
3 )−

3
2 e− 4

3 (h− 2
3 −ãj+2)

3
2
.

(6.6)

Proof. The estimate (6.5) is obtained for K̃2j = max(M̃2j , M2j+1) and is a consequence of 
(6.3), (6.2) and the fact that aj+1 > c2j > ãj+1.

The estimate (6.6) is obtained for K̃2j+1 = max(M̃2j+1, M2j+2) and is a consequence of 
(6.1), (6.4) and the fact that ãj+2 > c2j+1 > aj+1. �

This proposition implies directly Theorem 2.6 of the introduction. The last statement of The-
orem 2.6 is a direct consequence of the counting of the number of spectral gaps in the range of 

V done in Theorem 2.4 and the fact that the sequence (a
− 3

2
p )p≥0 is strictly decreasing.

7. Conclusion

Let us summarize some of the results obtained in this article.
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1. We obtained estimates of the widths of the spectral bands and the spectral gaps, which are 
universal in precise intervals of the semiclassical parameter, for a periodic and symmetric 
potential which is not differentiable at its extrema. Our estimates rely on a thorough analysis 
of the special functions involved here.

2. As expected, the spectral bands are exponentially thin in the semiclassical limit, but the width 
is somewhat larger than in the regular case.

3. Thanks to the rather explicit estimates, all our results are obtained for h ∈ [0, h0) where h0
is explicit and depends only on the number of the spectral band.

4. Counting results of the spectral bands and gaps situated in the range of the potential V are 
obtained.

5. We prove an upper bound on the integrated spectral density in the range of the potential.

Appendix A. Uniform estimates for uv , u
′

v′ , v
u , v′

u′ and their derivatives

The real number α provides lower and upper bounds for the derivatives of u
v

, u
′

v′ , v
u

and v′
u′ on 

the negative half-line.

Lemma A.1. For every x ∈ (−∞, 0) \ {−c2j+1}j≥0,

− 1

v2(x)
≤ − 1

α
(A.1)

and for every x ∈ (−∞, 0] \ {−c2j }j≥0,

x

(v′(x))2
≤ max

(
− 1

α
,x

)
. (A.2)

Proof. Using (2.1), the equality Bi(0) = √
3Ai(0), one has, for every x ∈ (−∞, 0) \

{−c2j+1}j≥0,

− 1

v2(x)
= − 1

α
· α

π2(Ai(0))2
· 1

(−√
3Ai(x) + Bi(x))2

. (A.3)

Let M = √
Ai2 + Bi2 be the Airy modulus. The function M is strictly increasing on (−∞, 0]

(see [11]) and we have, for every x ∈ (−∞, 0) \ {−c2j+1}j≥0,

1

(−√
3Ai(x) + Bi(x))2

= (
√

3Ai(x) + Bi(x))2

(M(x))4
≥ 1

(M(x))2
.

With (A.3), it leads to

− 1

v2(x)
≤ − 1

α
· α

π2(Ai(0))2
· 1

(M(x))2
≤ − 1

α
· α

π2(Ai(0))2
· 1

(M(0))2
,

for every x ∈ (−∞, 0) \{−c2j+1}j≥0. Since M(0)2 = 4(Ai(0))2, we get, for every x ∈ (−∞, 0) \
{−c2j+1}j≥0,
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− 1

v2(x)
≤ − 1

α
· α

4π2(Ai(0))4
≤ − 1

α

since α

4π2(Ai(0))4 � 2.19 > 1, and (A.1) is proven.

Derivating (2.1) and using the equality Bi(0) = √
3Ai(0), one has, for every x ∈ (−∞, 0] \

{−c2j }j≥0,

x

(v′(x))2
= 1

α
· α

π2(Ai(0))2
· x

(−√
3Ai′(x) + Bi′(x))2

. (A.4)

Let N = √
(Ai′)2 + (Bi′)2. Then, x �→ (N(x))−2 and x �→ x(N(x))−2 are strictly increasing on 

(−∞, 0] and we have, for every x ∈ (−∞, 0] \ {−c2j }j≥0,

x

(−√
3Ai′(x) + Bi′(x))2

≤ 4x

(N(x))2
≤ 4x

(N(0))2
.

Since N(0)2 = 4(Ai′(0))2, (A.4) implies that for every x ∈ (−∞, − 1
12α

] \ {−c2j }j≥0,

x

(v′(x))2
≤ 1

α
· α

π2(Ai(0)Ai′(0))2
·
(

− 1

12α

)
= − 1

α
, (A.5)

since π2(Ai(0)Ai′(0))2 = 12. Moreover, on (−c0, 0], x �→ x

(v′(x))2 is strictly concave and its 

graph is under its tangent at 0. Since −c0 < 1
12α

, one has:

∀x ∈ [− 1
12α

,0], x

(v′(x))2
≤ x. (A.6)

Finally, (A.5) and (A.6) implies (A.2). �
Lemma A.2. For every x ∈ (−∞, 0] \ {c̃2j }j≥0,

1

u2(x)
>

α

2
(A.7)

and for every x ∈ (−∞, 0) \ {c̃2j+1}j≥0,

− x

(u′(x))2
> α. (A.8)

Proof. For every x ∈ (−∞, 0] \ {c̃2j }j≥0,

1

u2(x)
= α

2
· 2α

π2(Ai(0))2
· 1

(
√

3Ai(x) + Bi(x))2
. (A.9)

If M is the Airy modulus,

∀x ≤ 0, (
√

3Ai(x) + Bi(x))2 ≤ 4(M(x))2 ≤ 4(M(0))2.
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With (A.9), for every x ∈ (−∞, 0] \ {c̃2j }j≥0,

1

u2(x)
≥ α

2
· 2α

π2(Ai(0))2
· 1

4((Ai(0))2 + (Bi(0))2)
.

Since 2α

π2(Ai(0))2 · 1
4((Ai(0))2+(Bi(0))2)

� 1.09, one deduces (A.7).

One also has, for every x ∈ (−∞, 0) \ {c̃2j+1}j≥0,

− x

(u′(x))2
= α · α

π2(Ai(0))2
· −x

(
√

3Ai′(x) + Bi′(x))2
. (A.10)

The function x �→ |x|− 1
4 N(x) is strictly increasing on (−∞, 0) (see [11]) and:

∀x < 0,
−x

(
√

3Ai′(x) + Bi′(x))2
≥ −x · |x|− 1

2

4(N(x))2|x|− 1
2

.

Since x �→ |x| 1
2

(N(x))2|x|− 1
2

is strictly decreasing on (−∞, 0), one has:

∀x < −ã1,
−x

(
√

3Ai′(x) + Bi′(x))2
≥ ã1

4(N(−ã1))2
.

As (N(−ã1))
2 = |Bi′(−ã1)|, with (A.10) one has, for every x ∈ (−∞, −ã1] \ {c̃2j }j≥0,

− x

(u′(x))2
≥ α · α

π2(Ai(0))2
· ã1

4|Bi′(−ã1)| .

With α

π2(Ai(0))2 · ã1
4|Bi′(−ã1)| � 2.74, we deduce that

∀x < −ã1, − x

(u′(x))2
> α.

Moreover, the function x �→ − x

(u′(x))2 is convex on the interval (−c̃1, 0) and its minimum on this 
interval has an approximate value equal to 2.03 > α. Since −c̃1 < −ã1, we deduce (A.8). �

We also get estimates on the positive half-line.

Lemma A.3. Let τ > 0. There exists Aτ > 0 such that, for every x ≥ τ ,

∣∣∣∣v′

u′ (x) − α − α
√

3e− 4
3 x

3
2

∣∣∣∣ ≤ Aτx
− 3

2 e− 4
3 x

3
2
. (A.11)



H. Boumaza, O. Lafitte / J. Differential Equations 264 (2018) 455–505 497
Proof. Let τ > 0 and x ≥ τ . One has:

v′

u′ (x) = Ai(0)Bi′(x) − Bi(0)Ai′(x)

−Ai′(0)Bi′(x) + Bi′(0)Ai′(x)
= α

1 − √
3 Ai′(x)

Bi′(x)

1 + √
3 Ai′(x)

Bi′(x)

= α − 2α
√

3
Ai′(x)

Bi′(x)
+ 3α

(
Ai′(x)

Bi′(x)

)2
⎡
⎣1 + 1 − √

3 Ai′(x)
Bi′(x)

1 + √
3 Ai′(x)

Bi′(x)

⎤
⎦ . (A.12)

For x ≥ τ ,

0 ≤ 1 + 1 − √
3 Ai′(x)

Bi′(x)

1 + √
3 Ai′(x)

Bi′(x)

≤ 2

1 + √
3 Ai′(τ )

Bi′(τ )

. (A.13)

Using [1, 10.4.61, 10.4.66] and since each error term in these expansions is bounded in absolute 
value by the first neglected term of the expansion ([11, Section 4.4.1]), one has for every x ≥ τ ,

Ai′(x) = −1

2
π− 1

2 x
1
4 e− 2

3 x
3
2 + R1 with |R1| ≤ 7

96
π− 1

2 x
1
4 x− 3

2 e− 2
3 x

3
2 (A.14)

and

Bi′(x) = π− 1
2 x

1
4 e

2
3 x

3
2 + R2 with |R2| ≤ 7

48
π− 1

2 x
1
4 x− 3

2 e
2
3 x

3
2
. (A.15)

Thus, for every x ≥ τ ,

Ai′(x)

Bi′(x)
= −1

2
e− 4

3 x
3
2 + R3 with

|R3| ≤ x− 3
2 e− 4

3 x
3
2

(
7

48
+ 3

2

(
7

48

)2

τ− 3
2 + 1

2

(
7

48

)3

τ−3

)
.

(A.16)

We also remark that for every x ≥ τ ,

(
Ai′(x)

Bi′(x)

)2

= 1

4
e− 8

3 x
3
2 − e− 4

3 x
3
2
R3 + R2

3 and e− 8
3 x

3
2 ≤ x− 3

2 e− 4
3 x

3
2
. (A.17)

Let Aτ,0 = 7
48 + 3

2

( 7
48

)2
τ− 3

2 + 1
2

( 7
48

)3
τ−3. Combining (A.12), (A.13), (A.16) and (A.17), we 

get (A.11) for

Aτ = Aτ,0 + 3

2
α

1

1 + √
3 Ai′(τ )

Bi′(τ )

[
1 + Aτ,0 + τ− 3

2 A2
τ,0

]
. � (A.18)

Remark A.1. From (A.18), we get that Aτ tends to +∞ when τ tends to 0.
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Lemma A.4. For every x ≥ 0,∣∣∣∣vu(x) − α + α
√

3e− 4
3 x

3
2

∣∣∣∣ ≤ 2.46 · x− 3
2 e− 4

3 x
3
2
. (A.19)

Proof. A similar proof as the one of Lemma A.3 leads to (A.19) for x ≥ 1 since Ã0 +
3
2α

(
1 + Ã0 + τ− 3

2 Ã2
0

)
� 2.458, where Ã0 = 5

48 + 3
2

(
5

48

)2 + 1
2

(
5
48

)3
and since, for every 

x ≥ 0, 2
1+√

3 Ai(x)
Bi(x)

∈ [0, 2]. For x ∈ [0, 1], x �→ v
u
(x)x

3
2 e

4
3 x

3
2 − αx

3
2 e

4
3 x

3
2 + α

√
3x

3
2 is a continu-

ous increasing function whose approximate value at 1 is 0.684. Since 0.684 < 2.46, we deduce 
(A.19). �
Lemma A.5. For every x ≥ 0,∣∣∣∣∣u

′

v′ (x) − 1

α
+

√
3

α
e− 4

3 x
3
2

∣∣∣∣∣ ≤ 2.83 · x− 3
2 e− 4

3 x
3
2
. (A.20)

Proof. Let x ≥ 0. One has:

u′

v′ (x) = 1

α
− 2

√
3

α

Ai′(x)

Bi′(x)
+ 3

α

(
Ai′(x)

Bi′(x)

)2
⎡
⎣1 + 1 + √

3 Ai′(x)
Bi′(x)

1 − √
3 Ai′(x)

Bi′(x)

⎤
⎦ . (A.21)

For x ≥ 0,

0 ≤ 1 + 1 + √
3 Ai′(x)

Bi′(x)

1 − √
3 Ai′(x)

Bi′(x)

≤ 2. (A.22)

Combining (A.21), (A.22), (A.16) and (A.17), we get (A.20) for x ≥ 1, since A1,0 +
3
α

(
1 + A1,0 + A2

1,0

)
� 2.828 < 2.83, where A1,0 is given after (A.17) for τ = 1. For x ∈ [0, 1], 

x �→ u′
v′ (x)x

3
2 e

4
3 x

3
2 − 1

α
x

3
2 e

4
3 x

3
2 +

√
3

α
x

3
2 is a continuous positive function which admits a unique 

maximum smaller than 1. Since 1 < 2.83, we deduce (A.20). �
Lemma A.6. For every x ≥ 0,∣∣∣∣∣uv (x) − 1

α
+

√
3

α
e− 4

3 x
3
2

∣∣∣∣∣ ≤ 2.61 · x− 3
2 e− 4

3 x
3
2
. (A.23)

Proof. A similar proof as the one of Lemma A.5 leads to (A.23) for x ≥ 1, since Ã +
3
α

(
1 + Ã + Ã

)
� 2.604 < 2.61 with Ã = 5

48 + 3
2

(
5
48

)2 + 1
2

(
5
48

)3
. Indeed, for every x ≥ 0, 

2
1+√

3 Ai(x)
Bi(x)

∈ [0, 2]. Moreover, for x ∈ [0, 1], x �→ u
v
(x)x

3
2 e

4
3 x

3
2 − 1

α
x

3
2 e

4
3 x

3
2 +

√
3

α
x

3
2 is a contin-

uous function, increasing from 0 to its value at x = 1 which is approximately equal to 2.594. 
Since 2.594 < 2.61, we deduce (A.23). �
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Appendix B. Sturm–Picone’s lemmas

In this Appendix we prove a Sturm’s formula and a version of the Sturm–Picone’s formula 
adapted to the setting of the proof of Lemma C.2.

Lemma B.1. Let a < b be two real numbers and let g1, g2 ∈ C0([a, b]). Let z be a solution of 
−z′′ + g1z = 0 and let y be a solution of −y′′ + g2y = 0. Then:

(
yz′ − zy′)′ = (g1 − g2)yz. (B.1)

Proof. We have:

y(−z′′ + g1z) − z(−y′′ + g1y) = −yz′′ + zy′′ = −(yz′ − zy′)′

We also have:

(−y′′ + g1y) − (−y′′ + g2y) = (g1 − g2)y.

Then,

y(−z′′ + g1z) − z
(−z′′ + g2z + (g1 − g2)y

) = −(yz′ − zy′)′.

Since −z′′ + g1z = 0 and −y′′ + g2y = 0, we finally have:

−(yz′ − zy′)′ = −(g1 − g2)yz,

which proves (B.1). �
Lemma B.2. Let a < b be two real numbers and let q1, q2, g ∈ C0([a, b]) ∩ C1((a, b)), q1 >

q2 > 0. Let z be a solution of −(q1z
′)′ + gz = 0 and let y be a solution of −(q2y

′)′ + gy = 0
with y > 0 on (a, b]. Then:

(
z

y
(q1yz′ − q2y

′z)
)′

= (q1 − q2)(z
′)2 + q2

(
z′ − y′z

y

)2

. (B.2)

Moreover, if there exists η > 0 such that q1 − q2 > η, then there exists A > 0 such that

[
z

y
(q1yz′ − q2y

′z)
]b

a

≥ A

b∫
a

z2(x)dx. (B.3)

Proof. We have, on the interval (a, b),

(
z

y
(q1yz′ − q2y

′z)
)′

=
(

q1zz
′ − q2

y′

y
z2

)′
= (q1z

′)′z + q1(z
′)2 − (q2y

′)′ z
2

y
− q2y

′
(

z2

y

)′

= gz2 + q1(z
′)2 − gy

z2

− q2y
′
(

z2 )′
= q1(z

′)2 − q2y
′
(

z2 )′
y y y
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= (q1 − q2)(z
′)2 + q2

(
(z′)2 − y′

(
z2

y

)′)

= (q1 − q2)(z
′)2 + q2

(
(z′)2 − 2y′ zz′

y
+ (y′)2

y2
z2

)

= (q1 − q2)(z
′)2 + q2

(
z′ − y′z

y

)2

.

This proves (B.2). Then, integrating (B.2) between a and b and using Poincaré inequality in the 
last inequality, there exists A > 0 (depending on η, a and b) such that

[
z

y
(q1yz′ − q2y

′z)
]b

a

=
b∫

a

(q1(x) − q2(x))(z′(x))2 + q2(x)

(
z′(x) − y′(x)z(x)

y(x)

)2

dx

≥
b∫

a

(q1(x) − q2(x))(z′(x))2dx

≥ η

b∫
a

(z′(x))2dx ≥ A

b∫
a

(z(x))2dx.

This proves (B.3). �
Appendix C. The monotonicity arguments

We have defined the functions fx , gx and the functions zk for k ≥ 0 in Section 3.4.

Lemma C.1. Let k ≥ 0. Then, for every x ≥ 0,

zk(x) ≥ 0 and zk(x) = x − ψk(x).

Therefore, zk is continuous on [0, +∞). Moreover, for every j ≥ 0 and every x ≥ 0,

0 < x + ã1 < z0(x) ≤ x + c0 < · · · < x + ãj+1 < z2j (x) ≤ x + c2j

< x + aj+1 < z2j+1(x) ≤ x + c2j+1 . . .
(C.1)

Proof. In this proof it will be easier to use the expressions in terms of Airy functions for fx and 
gx since we will use classical properties of the Ai and Bi functions and in particular the fact that 
Ai′ is strictly negative on the positive real half-line, which is not the case for u′.

For x ≥ 0, Ai(x) > 0, Bi(x) > 0, Bi′ is strictly positive on [0, +∞) and Ai′ is strictly nega-
tive on [0, +∞). If z ≤ 0, x − z ≥ 0 and fx(z) > 0. Thus, z0(x) > 0. Then, 0 is a zero of gx and 
since Bi

Ai
is strictly increasing on [0, +∞), and for z < 0, x − z > x and gx(z) > 0. So, 0 is the 

first zero of gx . In particular, for every k ≥ 0, zk(x) ≥ 0.
Let j ≥ 0. We remark that, by definition of ψ2j , we have fx(x − ψ2j (x)) = 0, and by 

definition of ψ2j+1, we have gx(x − ψ2j+1(x)) = 0. Moreover, for x − z /∈ {−c̃2j+1}j≥0, by 
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unicity of ψ2j (x) in [−c2j , −ãj+1), x − ψ2j (x) is the unique zero of fx in (x + ãj+1, x + c2j ]. 
Since we have fx(x + ãj+1) = Bi′(−ãj+1)Ai(x) �= 0, the set of the zeroes of fx is exactly 
{x − ψ2j (x), j ≥ 0}. Thus, for every j ≥ 0, z2j (x) = x − ψ2j (x).

For x − z /∈ {−c̃2j }j≥0, by unicity of ψ2j+1(x) in [−c2j+1, −aj+1), x − ψ2j+1(x) is the 
unique zero of gx in (x +aj+1, x +c2j+1]. Since we have gx(x +aj+1) = Bi(−aj+1)Ai(x) �= 0, 
the set of the zeroes of gx is exactly {0} ∪ {x − ψ2j+1(x), j ≥ 0}. Thus, for every j ≥ 0, 
z2j+1(x) = x − ψ2j+1(x).

By Lemma 3.1, we deduce that zk is continuous on [0, +∞). Since for every j ≥ 0, ψ2j (x) ∈
[−c2j , −ãj+1) and ψ2j+1(x) ∈ [−c2j+1, −aj+1), we deduce (C.1). �

We now prove further properties of the functions fx and gx and in particular their signs and 
their variations.

Proposition C.1. For every x ≥ 0, the functions fx and gx from R to R have the following 
properties:

1. ∀z ∈ R, g′
x(z) = −fx(z) and f ′

x(z) = −(x − z)gx(z).
2. gx satisfies the Airy equation: g′′

x = (x − z)gx and fx satisfies the ordinary differential equa-
tion on R \ {x}:

(
f ′

x

x − z

)′
= fx. (C.2)

Proof. This results from direct computations. �
Proposition C.2. For every x ≥ 0, the functions fx and gx from R to R have the following 
properties:

1. The function f ′
x vanishes exactly on 0, x, and z2j+1(x) for every j ≥ 0. It is strictly negative 

on (−∞, 0), strictly positive on (0, x), strictly negative on (x, z1(x)) and, for every j ≥ 1, 
(−1)j+1f ′

x is strictly positive on (z2j−1(x), z2j+1(x)).
2. The function fx is strictly positive on (−∞, z0(x)) and, for every j ≥ 1, (−1)j+1fx is 

strictly positive on (z2j−2(x), z2j (x)).
3. The function g′

x vanishes exactly on z2j (x) for every j ≥ 0. It is strictly negative on 
(−∞, z0(x)) and, for every j ≥ 1, (−1)j+1g′

x is strictly positive on (z2j−2(x), z2j (x)).
4. The function gx is strictly positive on (−∞, 0), strictly negative on (0, z1(x)) and, for every 

j ≥ 1, (−1)j+1gx is strictly positive on the interval (z2j−1, z2j+1).

Proof. We will again use the expressions in terms of Airy functions for fx and gx .
(1) From the expression of f ′

x , it is clear that f ′
x(0) = f ′

x(x) = 0. We have already 
proven in Lemma 3.2 that for z ∈ (−∞, 0), f ′

x(z) < 0. Then, for z ∈ (0, x), x − z > 0, 
x − z < x, Bi

Ai
(x − z) < Bi

Ai
(x − z) and f ′

x(z) > 0. From f ′
x(z) = −(x − z)gx(z) and 

Lemma 3.2, we know that the remaining zeroes of f ′
x are exactly the z2j+1(x) for j ≥ 0. 

We also have f ′
x(x + a1) = a1Bi(−a1)Ai(x) with a1 > 0, Bi(−a1) < 0 and Ai(x) > 0, 

thus f ′
x(x + a1) < 0. Since f ′

x is of constant sign in (x, z1(x)), one deduce that f ′
x is 

strictly negative on (x, z1(x)). To finish the proof of point (1), it is sufficient to remark 
that f ′

x is of constant sign on every interval (z2j−1(x), z2j+1(x)) for j ≥ 1. But, x + a2j ∈
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(z4j−3(x), z4j−1(x)) and f ′
x(x + a2j ) = a2jBi(−a2j )Ai(x) > 0, since Bi(−a2j ) > 0. Thus, 

f ′
x is strictly positive on (z4j−3(x), z4j−1(x)). Similarly, x + a2j+1 ∈ (z4j−1(x), z4j+1(x)) and 

f ′
x(x + a2j+1) = a2j+1Bi(−a2j+1)Ai(x) < 0, since Bi(−a2j+1) < 0. Thus, f ′

x is strictly nega-
tive on (z4j−1(x), z4j+1(x)).

(2) We have already proven in Lemma 3.2 that for z ∈ (−∞, 0), fx(z) > 0. We also have 
fx(0) = 1

π
> 0 since it is the value of the Wronskian of Ai and Bi and thus, for every z ∈

(−∞, x), fx(z) ≥ 1
π

. Since z0(x) is the first zero of fx , this function is strictly positive on 
(−∞, z0(x)). We remark that fx is of constant sign on every interval (z2j−2(x), z2j (x)) for 
j ≥ 1. But, x + ã2j+1 ∈ (z4j−2(x), z4j (x)) and fx(x + ã2j+1) = Bi′(−ã2j+1)Ai(x) > 0, since 
Bi′(−ã2j+1) > 0. Thus, fx is strictly positive on (z4j−2(x), z4j (x)). Similarly, x + ã2j+2 ∈
(z4j (x), z4j+2(x)) and fx(x + ã2j+2) = Bi′(−ã2j+2)Ai(x) < 0, since Bi′(−ã2j+2) < 0. Thus, 
fx is strictly negative on (z4j (x), z4j+2(x)).

(3) It is deduced directly from point (1) of Proposition C.1 and point (2).
(4) It comes from point (1) of Proposition C.1, point (1) and the fact that for z ≥ z1(x), z > x

and x − z < 0. �
We have now all the ingredients needed to prove that zk is a strictly increasing function.

Lemma C.2. For every k ≥ 0, the function zk is strictly increasing from [0, +∞) to [ck, +∞).

Proof. We will separate the proof in two cases, depending on the parity of k.

Case 1: k = 2j for j ≥ 0. Let 0 < x1 < x2. We want to prove that z2j (x1) ≤ z2j (x2). Assume 
that z2j (x2) < z2j (x1). Let δ > 0 be such that z2j (x2) + δ < z2j (x1). We use (C.1) to get

z2j−1(x1) < x1 + ãj+1 < x2 + ãj+1 < z2j (x2) < z2j (x2) + δ <

z2j (x1) < x1 + aj+1 < x2 + aj+1 < z2j+1(x2).

In particular, x1 − (z2j (x2) + δ) < 0, x2 − (z2j (x2) + δ) < 0 and

(z2j (x2) + δ) ∈ (z2j−1(x1), z2j (x1)) ∩ (z2j (x2), z2j+1(x2)).

Thus, using Proposition C.2,

(−1)j fx1(z2j (x2) + δ) > 0, (−1)j f ′
x1

(z2j (x2) + δ) < 0, (C.3)

and (−1)j fx2(z2j (x2) + δ) < 0, (−1)j f ′
x2

(z2j (x2) + δ) < 0. (C.4)

There exists η > 0 such that, for every z ∈ [z2j (x2) + δ, z2j (x1)], 1
x1−z

− 1
x2−z

≥ η. More-
over, since (z2j (x2) + δ, z2j (x1)) ⊂ (z2j−1(x1), z2j (x1)), for every z ∈ (z2j (x2) + δ, z2j (x1)), 
(−1)j+1fx1(z) > 0. Similarly, since we have the inclusion (z2j (x2) + δ, z2j (x1)) ⊂ (z2j (x2),

z2j+1(x2)), for every z ∈ (z2j (x2) +δ, z2j (x1)), (−1)j+1fx2(z) < 0. Then, applying Lemma B.2,

z2j (x1)∫
z (x )+δ

(
fx1(z)

fx2(z)

(
f ′

x1
(z)fx2(z)

x1 − z
− fx1(z)f

′
x2

(z)

x2 − z

))′
dz > 0. (C.5)
2j 2
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Since fx1(z2j (x1)) = 0, the integral in the left side of equality (C.5) is equal to

−fx1(z2j (x2) + δ)f ′
x1

(z2j (x2) + δ)

x1 − z2j (x2) − δ
+ f 2

x1
(z2j (x2) + δ)

x2 − z2j (x2) − δ
· f ′

x2
(z2j (x2) + δ)

fx2(z2j (x2) + δ)
< 0 (C.6)

by the use of (C.3) and (C.4). But (C.6) contradicts (C.5) and thus we must have z2j (x1) ≤
z2j (x2). The function z2j is an increasing function from [0, +∞) to [ck, +∞).

It remains to prove that z2j is strictly increasing. If z2j is not strictly increasing, since it is 
increasing and continuous, there exists an interval in [0, +∞) on which z2j is constant. But, 
z2j is also analytic on [0, +∞) since one can prove that actually the functions ψ2j are analytic. 
Thus, if it is constant on an interval, it should be constant everywhere which is not the case, so 
z2j is actually strictly increasing.

Case 2: k = 2j + 1 for j ≥ 0. Let x1 < x2. We will show by induction on j ≥ 0 that z2j+1(x1) <
z2j+1(x2).

For j = 0, we directly apply the classical interlacing zeroes theorem of Sturm with potentials 
q(z) = −(x2 − z) < p(z) = −(x1 − z), since gx1 satisfies −g′′

x1
+ pgx1 = 0 and gx2 satisfies 

−g′′
x2

+ qgx2 = 0. Applying this theorem between 0 which is a common zero to gx1 and gx2

and z1(x2) which is the first strictly positive zero of gx2 one gets that gx1 admits a zero in the 
interval (0, z1(x2)). Since z1(x1) is the smallest strictly positive zero of gx1 , we necessarily have 
z1(x1) ∈ (0, z1(x2)) and z1(x1) < z1(x2). Thus, z1 is strictly increasing.

Let j ≥ 1. We assume by induction that z2j−1(x1) < z2j−1(x2) and we want to prove that 
z2j+1(x1) < z2j+1(x2). We assume the contrary: z2j+1(x2) ≤ z2j+1(x1). Then we have

z2j−1(x1) < z2j−1(x2) < z2j (x2) < z2j+1(x2) ≤ z2j+1(x1). (C.7)

We apply Lemma B.1 to gx1 and gx2 between z2j−1(x2) and z2j+1(x2) to get

z2j+1(x2)∫
z2j−1(x2)

(
gx2(z)g

′
x1

(z) − gx1g
′
x2

(z)
)′ dz =

z2j+1(x2)∫
z2j−1(x2)

(x1 − x2)gx1(z)gx2(z)dz. (C.8)

But, using (C.7), we have (z2j−1(x2), z2j+1(x2)) ⊂ (z2j−1(x1), z2j+1(x1)). Using Proposi-
tion C.2,

∀z ∈ (z2j−1(x2), z2j+1(x2)), (−1)j gx1(z) < 0 and (−1)j gx2(z) < 0.

Since x1 − x2 < 0,

z2j+1(x2)∫
z2j−1(x2)

(x1 − x2)gx1(z)gx2(z)dz < 0. (C.9)

We have,
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z2j+1(x2)∫
z2j−1(x2)

(
gx2(z)g

′
x1

(z) − gx1g
′
x2

(z)
)′

dz =

− gx1(z2j+1(x2))g
′
x2

(z2j+1(x2)) + gx1(z2j−1(x2))g
′
x2

(z2j−1(x2)).

But, using again Proposition C.2,

∀z ∈ [z2j−1(x2), z2j (x2)), (−1)j g′
x2

(z) < 0

and

∀z ∈ (z2j (x2), z2j+1(x2)], (−1)j g′
x2

(z) > 0.

In particular,

(−1)j gx1(z2j+1(x2)) < 0, (−1)j g′
x2

(z2j+1(x2)) > 0,

and

(−1)j gx1(z2j−1(x2)) < 0, (−1)j g′
x2

(z2j−1(x2)) < 0.

Thus,

z2j+1(x2)∫
z2j−1(x2)

(
gx2(z)g

′
x1

(z) − gx1g
′
x2

(z)
)′ dz > 0

which contradicts (C.9). So we have z2j+1(x1) < z2j+1(x2) and z2j+1 is strictly increasing.
We have thus proven by induction that for every j ≥ 0, z2j+1 is strictly increasing from 

[0, +∞) to [c2j+1, +∞). This finishes the proof of Lemma C.2. �
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