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Abstract

We introduce the periodic Airy—Schrodinger operator and we describe its band spectrum. This is an
example of solvable model with a periodic potential which is not differentiable at its extrema. We prove
that there exists a sequence of explicit constants giving upper bounds of the semiclassical parameter for
which explicit estimates are valid. We completely determine the behaviour of the edges of the first spectral
band with respect to the semiclassical parameter. Then, we investigate the spectral bands and gaps situated
in the range of the potential. We prove precise estimates on the widths of these spectral bands and these
spectral gaps and we determine an upper bound on the integrated spectral density in this range. Finally, we
get estimates of the edges of spectral bands and thus of the widths of spectral bands and spectral gaps which
are stated for values of the semiclassical parameter in fixed intervals.
© 2017 Elsevier Inc. All rights reserved.
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1. Introduction and outline of the paper

For periodic Schrodinger operators, the semiclassical behaviour of the bottom of the spectrum
and of the widths of the spectral bands and gaps is well known when the potential is analytic
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or C*°. We introduce a periodic Schrodinger operator whose potential is not differentiable at its
minima and maxima points and for which we still determine the semiclassical behaviour of the
band edges and of the widths of the spectral bands and gaps.

The spectrum of the Schrodinger operator for a linear potential well is known. The eigenvalues
are given by the absolute values of the zeroes of the first Airy function and its derivative. Our
periodic Schrodinger operator with singular potential is a periodization of the truncated linear
potential well. We expect to find a spectrum made of spectral bands, each containing one of the
eigenvalues of the Schrodinger operator with a linear potential well. This is proven in the present
paper in Theorem 2.5.

1.1. From the model to the semiclassical problem

Let 2L € RY be a characteristic length modelling the distance between two ions in a one
dimensional periodic lattice of ions. The behaviour of electrons of mass m in this lattice is mod-
elled by the following 2L-periodic Schrodinger operator acting on the Sobolev space H>(R),

K2 d?
H=———+YV, 1.1
2m dz2 + (.1

where 7 is the reduced Planck constant and V is the 2L-periodic function on R defined by

Vzel-Lo, Lol V@ =Vo (F 1),

Vo € R being a reference potential. The ions, in this model, are located at points 2nL¢ for
n € 7, this points corresponding to the minima of the potential V.

We call H the periodic Airy—Schrodinger operator on R.

Since V is periodic and locally integrable, the theory of periodic operators ([12]) asserts that
the operator H has purely absolutely continuous spectrum and that this spectrum is the union of
spectral bands:

o(H)=|J[ED, Efax]
p=0

where E?. and E[, are the spectral band edges. For p > 0, we shall call [E P EP.«]the p-th

min min’
spectral band and (EL,,, Elfl;;]) the p-th spectral gap. We will state precisely these notations and
characterize these spectral band edges in Section 3.2.

Traditional results describe the spectral bands near the minimum of a C? potential ([5]). We
generalize this analysis to the case of the potential V which is not differentiable on its minima
points. We are able to count the number of spectral bands in [—Vj, 0], the range of the poten-
tial V, for any value of a dimensionless parameter defined in (1.3), and to describe precisely
these spectral bands.

In order to describe the spectrum of H, one considers the equation on i € H*(R),

h2
— V@Y =EY (1.2)



H. Boumaza, O. Lafitte / J. Differential Equations 264 (2018) 455-505 457

As V is affine on every interval [nLg, (n + 1)Lo] for every n € Z, one recognizes in (1.2), after
rescaling and translating the variable, the Airy equation: u” = zu. The canonical solutions u
and v (with Cauchy data (1,0) and (0O, 1)) will be used throughout our study, as well as the
classical pair of solutions (Ai, Bi).

We introduce the semiclassical parameter h

h
hi=—-—r. (1.3)
Lo(2mVp)2
¥4
Notation. For any real number E, we set E = V% In particular, we set, for any p > 0, Eiin = EVL(;“
¥4
and EZx = E%)

We use the semiclassical parameter h to rewrite the periodic Airy—Schrddinger operator in a
form analog to the operator studied in [5].

Definition 1.1. Let H be the periodic Schrodinger operator acting on the Sobolev space H?(R)
and defined by

d2
H=—-h"—¢+ V() (1.4)
dx2
with V the 2-periodic function equal to V(x) = |x| — 1 on the interval [—1, 1].
Then, the equation (1.2) is equivalent to:
Hp =E¢, ¢ecH®R). (1.5)

One of the purposes of semiclassical analysis is to prove estimates, when h tends to 0, of quan-
tities depending on h. If these estimates are valid for any value of the semiclassical parameter
in a fixed interval (0, hp] with hg > 0, we want to say that the considered estimate is universal
in (0, ho]. This notion of universal estimate in the context of semiclassical analysis follows the
discussion of [6] about the domain of validity of the semiclassical analysis for their model.

In the literature, many results of semiclassical analysis are stated in this setting, providing
estimates uniform on h € (0, hg] (see [13,11]). An explicit constant hg is found in [7], though, in
general, the constant is not explicit. For general references about semiclassical analysis we refer
to the textbooks [3,9].

We give explicit values of hg, for estimates of the spectral band edges and thus of the widths
of the spectral bands and gaps. These estimates take the following form. Let E, be an edge of the
p-th spectral band [Er[;in’ El.x]. IfE p 1s in the range of V, we prove that there exist an explicit

ho(p) > 0 and universal constants C, > 0 and A, # 0 such that for every h € (0, ho(p)),

_2 3
< Cph3(1 —aphi)~2e 303w (16

2 2 4 3_a,)d
E,— (—14a,h3 +1,hie3 ’

where a,, is defined in Section 2.4. Moreover, (1.6) extends to h =0 by continuity in h of E,
(setting E,(0) = —1) and the fact that the other quantities admit finite limits when h tends
to 0.
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1.2. Outline of the paper

In Section 3.1, we describe the localization of the zeroes of the canonical solutions of the Airy
equation and their derivatives. These intervals of localization imply an important result of sepa-
ration and ordering of the zeroes of the canonical solutions and their derivatives. In Section 3.2,
the equations on the edges of the spectral bands are derived from the classical theory of periodic
operators. The result on ordering the roots of these equations is the key result which allows to
distinguish the upper edge of a spectral band from the lower edge of the next one among the solu-
tions of the equations obtained in Section 3.2. This numbering of the spectral edges is performed
in Sections 4 and 5.

Section 3 is devoted to the study of families of strictly monotonous and continuous functions
which allows, in Sections 4 and 5, to describe the solutions to the equations which define the
spectral edges. Section 3 gives also the graphical interpretation of these equations, in terms of
the functions 7 and %, which has guided our analysis throughout this paper.

Section 4.2 is devoted to the proof of Theorem 2.2. This proof contains most of the results
used later in Section 6 to get all the uniform estimates of the widths of the spectral bands and of
the spectral gaps. We also investigate in Section 4.3 the behaviour of the upper edge of the first
spectral band in the semiclassical limit h — 0 as well as for h tends to infinity. In Section 5 we
characterize the spectral edges of all the spectral bands in the range of V, we count these bands
and we prove Theorem 2.4. We also prove a result on the integrated spectral density in the range
of V.

In Appendix B, a variant of the Sturm—Picone lemma showing interlacing results on zeroes
of solutions of general ordinary differential equations leads, in Appendix C, to monotonicity of
auxiliary functions used in the sequel. This is a key point of the arguments developed in this

paper.
2. Notations and main results
2.1. The canonical solutions of the Airy equation

Recall that u and v are the canonical solutions of the Airy equation, satisfying

u(0)=1, W’'(0)=0 and v(0)=0, vV (0)=1,

which Wronskian is 1. One has the expression of # and v in terms of the classical Airy functions
Ai and Bi:

Vx € R, u(x) =m(Bi’'(0)Ai(x) — Ai'(0)Bi(x)) 2.1
and

Vx e R, v(x) =n(Ai(0)Bi(x) — Bi(0)Ai(x)). (2.2)
Both # and v are analytic functions on R. Moreover, # and v are strictly increasing and pos-

itive on (0, 400). Thus, the zeroes of u, v and their derivatives are all non-positive real num-
bers.
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Notation. We denote by

1. {—é2;}j=0 and {—¢2j41}j>0 U {0} the set of the zeroes of respectively u and u’,
2. {—c2j+1}j=0U {0} and {—c2;} j>0 the set of the zeroes of respectively v and v’.

A direct consequence of Proposition 3.1is: Vp >0, —¢, < —cp.
2.2. The first spectral band

Our first result gives the initialization of the counting of the spectral bands which are included
in the range of V, [—1, 0].

3

Theorem 2.1. For h > Co_ 2, there is no spectral gap of H in [—1,0]. The first spectral gap
3

intersects [—1,0) as soon as 0 < h < 00_7.

We get precise estimates of the ground state E?nin for values of h in a fixed interval of the form
(0, hg) and when h tends to infinity. Before stating them, we need to introduce notations for the
zeroes of the Airy function Ai and its derivative.

Notation. We denote by {—a;} ;> the set of the zeroes of Ai and by {—a;};> the set of the
zeroes of Ai’ where the real numbers —a; and —a; are arranged in decreasing order. These
sets are both subsets of (—oo, 0]. Moreover, for every j > 1, —a; € (—aj1, —a;). We set a =

—%((00)) > (. An approximate value of « is: o >~ 1,372.

All the quantities in (2.4) below are continuous in h at 0 if one replaces E?nin by —1 and all
the other quantities by their limit.

0

Theorem 2.2. We have the following estimates on E; :

1. Foreveryh >0
0 . 1 ~ 2
—1 <EQ, <min(—4, ~1+an?). 2.3)

_3
2. There exists a universal constant Mg > 0 such that, for every h € (0, Ezl ),

B0 — (<14 ah} +ay/3Ucintpie-fn -
al o @ e 3

min

(2.4)

5 L2003 4g
Moh3(1 —aih3) 2e™ 3

Remark 2.1. In the proof of (2.4), we get a family of explicit constants Mo , depending on a
technical parameter T > 0 for which (2.4) is valid. Optimizing in 7, we find an approximate
value of the minimum of t = My ; equal to 7271. We can take this value for the constant M.
Note that this value is not proven to be optimal for the universal estimate (2.4).
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When h tends to infinity, the first spectral band of H satisfies:
Theorem 2.3.
1. One has,

1
h—l:r-ll—]oo E.i.= 5 and h—]:r-il-loo E . = +00.

2. More precisely, when h tends to infinity,

1 1 1 1
0 _
Enin = =3~ T20m2 +O(h—4)' @3

2.3. Counting and estimates of the spectral bands in the range of V
We have estimates on the widths of the spectral bands and the spectral gaps which are located
in the range of V.

Two h-dependent integers are of interest in this paper:

1. the unique integer pg such that

- . 2 _ . . -3
Cpot1 —Cpy <73 <Cp —Cpy—1  when h>c¢,”; (2.6)

2. the unique integer k¢ such that
_2 ~ - _2 _%
Cky<h™3 <cp, or cx<h73 <cry1 when h<cy”. 2.7

Denote the integer part of a real number x by [x]. One has kg = [% %] or kg = [% %] — 1.

Let p > 0 an integer and denote by §, = EL. — Ef;in the width of the p-th spectral band of H

and by y, = Efr’l;l — EX .« the width of the p-th spectral gap.

_3
Theorem 2.4. Leth < ¢ °.

1. The ko + 1 first spectral bands are included in the range of V.
2. One has, forevery p € {2, ..., ko},

1 2
7 +1 3\3 K3

0<sp= (24— <—> -, 238
Tplp+3))\7T/) p3

and for every p € {2,..., ko — 1},

| 2
2 2 h3 7 p 3\3 h3
0<2<(%)3—1>(§)3m<yp§(n+§p2_l)<;> m (2.9)

In particular, none of the gaps in o (H) N [—1, 0] is empty.
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1

Thanks to ko_ 3 is of order h%, the highest spectral band in the range of V is of size of or-
der h.

We do not prove in this paper a lower bound of §,,. A still open conjecture is whether or not
38, has an exponential lower bound.

For any B > 1, the inequality in (2.9) shows that (p? ¥p) p>2 1s not bounded when h tends to 0.
It was expected since, by results of Hochstadt, it would imply that V' is a smooth function (see
[8]). Moreover, an exponentially small upper bound of y,, is characteristic from the analyticity
of V (see [14]).

The inequality (2.8) implies an upper bound for the spectral density in the range of the poten-

3

tial V in the semiclassical limit. Let ko(h) be the integer defined in (2.7). For any h < c(; Z we
denote by D(h) the sum of the lengths of the ko + 1 first spectral bands (which are all included
in the range of V) divided by the length of the range of V (which is equal to 1):

ko(h)

. D) =5,
p=0

w

(S}

Vh<c0

Corollary 2.1. When h tends to 0, D(h) admits a limit denoted by Dy. Moreover,

2\ 3
0<Dy< <§> . (2.10)

The limit Dy can be interpreted as the integrated spectral density in the range of the potential
V in the semiclassical limit.
Note that the number of gaps intersecting the range of V increases by one each time the
3

semiclassical parameter is equal to one of the numbers c;i, p > 0. To complete the first point of
Theorem 2.4 we observe that the roots of the canonical solutions of the Airy equation and their
derivatives characterize the values of h for which a spectral band either enters in the range of the
potential or completes its entrance:

Proposition 2.1. There exists a unique spectral band for which either the upper or the lower
3 3

edge is equal to 0 if and only ifh € {c;7 , 5;7 }p>0-

The counting of energy levels in the range of the potential can be found in [4], in the simple
case of the rectangular potential hole, which is not periodic (and thus [4] counts eigenvalues and
not spectral bands). In [4], explicit values of the “size parameter” for which an eigenvalue enters
the range of the potential are not given.

2.4. Universal estimates for the spectral bands and gaps

Thanks to the explicit form of the bands, universal estimates are proven.

Notation. Let j > 0 and define the real numbers ax; = a1 and axj 41 =a;y.
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Theorem 2.5.

1. Let p > 0. The shifted and rescaled p-th spectral band,

[h"3(1 +E”. ), h~3(1 + EDg)]

‘min
tends to the singleton {a,} when h tends to 0.

_3
2. There exists a universal constant K»j > 0 such that for every h € (0, c, j2 1

H—ar )2 2 43 3
8aj — 2ay/3 U 5o ST —a? |
J

@2.11)

_2 3
Kajhi (1 = agjhf)lem 30 mo)?

when p =2j and there exists a universal constant K>jy1 > 0 such that for every h €

3
-2
(Oa 02j+1]’

_2 3
82j+1 — 203/3(u(—a;41)) hie= S Tma |
(2.12)
_2 3
K2j+1h%(1 - a2j+1h%)_%e_%(h 3 —azj41)?
when p =2j 4+ 1.
_3
3. Leth e (0,c, "] Forevery p € {0, ..., [%%]} (2.11) holds trueif p =2j is evenand (2.12)
holds true if p=2j + 1 is odd.

Remark 2.2. Formulas (2.11) and (2.12) hold true when one replaces, for h =0, §,, by 0 and all
the quantities by their limit.

Remark 2.3. Explicit formulas for the universal constants K>; and K> are deduced from
those given for M3;, M>j, M>;11 and M54 in the proof of Proposition 6.1. Note that we did
not prove that these universal constants are optimal.

Remark 2.4. Using Taylor formula for the exponential function, estimate (2.11) implies that

_3
there exists a universal constant K/, P> 0 such that, for every h € (0, ¢, jz 1,

N—an )2 24— L 4, 1
82 — 2a/3 U T INTH20N | < ) e 420 2.13)

and we have a similar estimate for p odd. In (2.13), the factor % in front of the h~! is the Agmon
distance between two consecutive minima of the potential V. Hence, (2.13) shows an extra term

2ay; h™3 for the tunnelling effect compared, for example, to the quadratic double well.
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The first statement of Theorem 2.5 shows the convergence of the band spectrum of the periodic
Airy—Schrodinger operator to the pure point spectrum of the Schrodinger operator for a linear
potential well. Note that the eigenspace associated with aj; is spanned by x — Ai(|x| — az;)
and the eigenspace associated with a1 is spanned by x > sign(x) - Ai’(|x]| — azj41).

The spectral bands obtained for this non-C! potential are larger than the ones obtained in the
case of a C? potential. Indeed, Theorem 1.1 of [5] shows spectral bands of widths proportional
to an exponential term equal to

he=$nta=Cprim? (1 +o(h%)). (2.14)

This difference of behaviour is expected since the size of the spectral bands depends strongly on
the regularity of the potential. In [5], the potential is assumed to be at least two times differen-
tiable at its minima and maxima points while in our case, it is not even differentiable at these
points.

The width of a spectral gap is close to the difference of two consecutive eigenvalues of the

Airy—Schrodinger operator multiplied by the h factor.

Theorem 2.6.

3

1. Forevery p > 0, there exists a universal constant 1%,, > 0 such that, for every h € (0, ap_?_l),

3
2

_2
Yp— (aps1 —ap)h3| < Kpe 30 3-ape02 (2.15)

_3
2. Lethe (0, ¢, 2. Forevery p€ {0, ..., [%%] — 1}, (2.15) holds true.

Remark 2.5. Notice that, for every h > 0, h < a[

(ENENT

W)
q
T=

}, which justifies the second statement of

Theorem 2.6.

Sharper estimates for the widths of the gaps are found in Proposition 6.2.

We can also prove, using the bootstrap technique proof of Theorem 2.2 and after reversing the
numbering of the bands, a result similar to Theorem 8.1 of [10] (it is the case u € [-Ch, 0] in
its notations) for the widths of the gaps and the bands, but with a different order of magnitude
of these widths. These differences are due to the fact that in [10, Theorem 8.1], the potential is
supposed to be analytic and in our case it is only piecewise analytic.

3. Preliminaries to the computation of the band edges
3.1. Localization of the zeroes of the canonical solutions
The aim of this Section is to obtain precise intervals of localization of the roots of u, v, u’

and v’. This will be a consequence of the expressions of these canonical solutions in terms of
fractional Bessel functions.
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For this purpose, one defines functions P (v, -) and Q(v, -) for any real number v through the
Bessel functions J, (see [11])

P(V’§)=\/m<fu($)sm<§+ VI — 41—171>+J_V($)sin<é—%vn—}—tn)>

and

oW, &)=,/ 2sm(w) (Jv(f;')cos (S + %vn - %n) —J_y(&)cos (S - %vn — %n)).

The functions P (v, -) and Q(v, -) have known expansions. In particular one has, for every & >
e P(5.6) > 0and

1
VéE > —,
5 V13

Q(%,E)‘ 5

—. 3.1
ple)| " 36 GD

1 2
Moreover, for every & > 75 P(3 ,€)>0and

1
VéE > —,
: V11

—. 3.2
P(3.8) RRES G2

Q(%,E)‘ 7

L,a

Notation. For every x > 0, we set £ = 2x2.
We have, for every x > 0,

u(—x) =23 x4 AP (0) (sin (E-Z)p (%, s) +cos(E— %) 0 (%, g)) (3.3)

W (—x) = =273 x% Ai' (0) (cos (—Iz)p ) (3.4)

v(=x) = =273 x4 Ai (0) (sin (E+Z)P ) (3.5)

V(—x) = =27 x7 4i(0) (—cos (§ + ) P (3.6) +sin(e + 5) 0(3.6)) (3.6

Heuristically, from these expressions and using (3.1) and (3.2), approximations of the zeroes of
u(—x), u'(—x), v(—x) and v'(—x) for x > 0 are given by:

Siﬁ—nrr—i—(SE neN, §e{0,1},

the zeroes of the cosinus and sinus in (3.3), (3.4), (3.5) and (3.6).
Note that the roots of u, v, u’ and v’ are interlaced with the zeroes of Ai and Ai’ thanks to
(2.1) and (2.2). Thus, for every j > 0,
—C2j € (—ajt1,—Aj4+1), —Cajt1 € (—Aj42, —ajt+1), 3.7

—C2j € (—aj1, —aj41) and — c2j41 € (—Aj42, —Aj11). (3.8)
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In order to give more precise intervals of localization of the zeroes of the canonical solutions and
their derivatives we use their expressions in terms of the fractional Bessel functions J,,.
We have, for every x > 0,

u(—x) = —%Ai/(o)ﬁ- J,%(é‘), (3.9
u'(—x) = —%Ai’(O)x T2 (6), (3.10)
v(—x) = —%Ai(O)ﬁ- J% ). (3.11)
V(—x)= %Ai(O)x T2 (). (3.12)

These expressions are obtained from the expressions of u and v in terms of the classical Airy
functions, using the expressions valid for any x > 0,

Al = VE (1 © +11©), Bito = %ﬁ(g(s) ~1®).

Ai’ _ ! J J d Bi _ ! J J
(0 ==3x(13© - 15®) ad B0 =7 (130 +730)

and the equalities Bi(0) = +/3Ai(0) and Bi’(0) = —/3Ai’(0).
From the expressions (3.9), (3.10), (3.11) and (3.12) and the variations of the fractional Bessel
functions (see [1, 9.1]), we also obtain the variations of # and v.

1. u is positive on (—¢y, +00) and for every j > 0, (—1)/u is negative on [—C2jy2, —Coj] It
is strictly increasing on (—cj, +00), and for every j > 0, (—1)/u is strictly decreasing on
[—C2j43, —C2j41]. .

2. v is positive on [0, +00), negative on [—cy, 0] and for every j > 0, (—1)/v is positive on
[—c2j43, —c2j41]. It is strictly increasing on (—co, +00), and for every j > 0, (=D is
strictly decreasing on [—c2j42, —c2;].

Notation. We introduce, for every p > 0,

23 i
Engc,z, and &,=-¢;
Proposition 3.1. Let j > 0. One has
5w 7 S 7
P I LA S 3.13
52’e[lzﬂﬂ 207 +5) 12+]”+12(jn+%)] (3-13)
frie| BT 4 > L > (3.14)
2j —tjr-——, — +jr+t ——— |, .
T T T e+ 2y 12 T T S + )
o L > LI (3.15)
el —+jr—————, —+jr+—— |, .
EI R T T 36+ 5 12 T T 360w+ 5)
Boe| 224 l B in+ (3.16)
; —_— tjr-— —+ jr+ —|. .
HEI T T T Gy 12 T T G on
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Proof. It can be deduced directly from the expressions (3.9), (3.10), (3.11) and (3.12) and the
expansions of the zeroes of the fractional Bessel functions given in [1, 9.5.12]. Actually, these
specific intervals of localization of &, and § p are found using the expressions (3.3), (3.4), (3.5)
and (3.6) and thanks to the inequalities (3.1) and (3.2). For example, for éz j» one determines the
sign of u(—x) at each x corresponding to an edge of the interval given in (3.15) by using (3.3)
and (3.1). Since the two signs are opposite, it is just a consequence of the intermediate value
theorem. O

3.2. Characterization of the spectral band edges
The band edges are characterized through the theory of Bloch decomposition for periodic
Schrodinger operators ([ 12, XIII]).

Let w € [—1, 1]. We start by considering the restriction H(w) of H to H2([—1, 1]), the Sobolev
space of functions ¥ € H2(R) which satisfy

(1) =™y (—1) and  y'(1) =TTy (—1). (3.17)

According to [12], H is the direct integral of the operators H(w):

H= H(w)dw.

\@

—_

[-1.1]

This decomposition in direct integral allows to recover the spectrum of H from the spectra of the
H(w)’s.

To determine the spectral band edges of H, we solve the equation (1.5) on [—1, 1] with the
boundary conditions (3.17). A pair of fundamental solutions is x — u(—h_%E + h=3 |x]) and
X > sign(x) - v(—h_%E + h_% |x]). It leads to solve the four equations in X = h_%E:

V (=X)u' (=h~3 —X) — v/ (=h~3 = X)u/(=X) =0, (3.18)
u(=X)v(=h~3 —X) — v(=X)u(=h"3 —X) =0, (3.19)
v(=X)u' (=h™3 = X) — u(=X)v'(=h~3 —X) =0, (3.20)
V(=X)u(=h~3 =X) — ' (=X)v(=h~3 —X) =0. (3.21)

The general theory of periodic operators asserts that the set of solutions of (3.18) and (3.19) after
E2. ,E3 . ...} and the set of solutions of (3.20)

min’ ~'max’
and (3.21) (again after multiplication by h%) is exactly (E0_ E! E2  E3

max’ “—“min’ ~'max’ min""}'

Then, using [12, Theorem XIII.90], the spectrum of H is the band spectrum:

multiplication by h3 is exactly {E*.  E!

min’ ~‘max>

o) = [N, Efa] .
p=0

Moreover o (H) is purely absolutely continuous and H has no eigenvalues.
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Remark 3.1. The spectral band edges are the zeroes of the two solutions of (1.5) and their deriva-
tives, associated with the Cauchy data (1, 0) and (0, 1). They are respectively the even and odd
canonical solutions of (1.5).

One must exert caution for solving the equations (3.18), (3.19), (3.20) and (3.21) with the
particular values of h such that

h™3e{cy—¢cr, lg>r=0}:=2Z.

Then, for h_% =Cq — Cr € Z, in the set {cp, Cp}p=0, X = h_%Er is the unique solution of the
equation: (3.18) if ¢ and r are odd, (3.19) if ¢ and r are even, (3.20) if g is odd and r is even and
(3.21) if g is even and r is odd.

Conversely, if h=3 ¢ Z, then none of the h=3¢ p 1s a solution in —X of any of the equations
(3.18), (3.19), (3.20) and (3.21).

2
Assumption. From now on, we assume thath™3 ¢ Z.

Note that, however, all our results hold true when h_% € Z, this assumption is only made for
convenience’s sake.

With the assumption above, the band edges of the spectral bands of H are solutions of the four
following equations:

/ /

v 2 v - _2 ~

—(=h73 =X) = —(=X), for X ¢{c2j+1 —h73}j>0U{c2j+1}j>0, (3.22)
u u

v, 2 v _ _2 _

;(—h 3-X) = ;(—X), for X ¢ {co; —h73}j>0 U {25} >0, (3.23)
v 2 v N _2 N

;(—h 3I-X)= ;(—X), for X ¢ {c2j+1 —h73}j>0U{C2j})>0, (3.24)
v 2 v . 2 -

;(—h_§ -X) = ;(—X), for X'¢ {c2; —h73};>0U{C2j+1}j>0- (3.25)

3.3. Variations of i, and +

Using the value of the Wronskian of # and v one has:

vxe[0.400). () ()= 51— and Vi € (0. +00) (”—) () =——"—.
; -\ 2(x) ’ A\ (' (x))?
Similarly,
Vx € (0, +00) (E>/ (x) = L andvre(o +00) <u—/)/ 0=—"—.
’ "\ (v(x))? ’ "\ (v'(x))?

Thus, the functions ;- and Z—: have the following behaviour (Fig. 1).
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10

2155

i Yoand ¥
Fig. 1. Graphs of ;; and e

1. On every interval (—¢2;12, —C2;), the function % is continuous, strictly increasing and is a
bijection from (—¢2;42, —¢2;) to R. The function 5 is continuous, strictly increasing and is
a bijection from (—cg, +00) to (—o0, «).

2. On every interval (—C2j43, —C2j+1), Z—: is continuous, strictly increasing and is a bijec-
tion from (—¢2;43, —C2;+1) to R. The function Z—: is continuous and strictly increasing on
(—¢1,0) from —oo to +o0. It is also continuous, strictly decreasing and a bijection from
(0, +00) to (o, +00).

We remark that « is the common limit at infinity of the two functions 5 and Z—:, thanks to the

Biw _ , jooand B2 o,

limits 3765 e AT 1o

3.4. Some auxiliary functions

One sets, for x >0 and z € R,

fe(@ =" (x — Dux) —u'(x — )v(x) =7 (Bi' (x — 2)Ai(x) — Ai'(x —2)Bi(x))  (3.26)
and

gx(@) =vx —Du) —u(x —2)vx) =7 (Bi(x — 2)Ai(x) — Ai(x —2)Bi(x)).  (3.27)

The expressions in terms of the Airy functions allow us to use classical properties of the Ai and
Bi functions instead of the properties of # and v when it makes proofs easier.

The functions f, and g, are non-zero solutions of differential equations of the form u” =

p(x)u which satisfy the assumptions of Sturm’s theorem (see [2]), thus their zeroes are isolated
on the real line. We denote by
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20(x) <z2(x) <+ <z22(x) <...

the zeroes of f, arranged in increasing order. Then, since O is the first zero of g, for every x, we
denote by

0<z1(x) <z3(x) <+ <z2j41(x) < ...

the zeroes of g, arranged in increasing order.
We characterize these zeroes and prove that none of them is negative.
Let j > 0 an integer. Let x > 0 and denote by v (x) the unique solution of the equation

L@ =2, z€l—caj,—j11). (3.28)
u u

We also denote by 5 ;11(x) the unique solution of the equation

E(z) = E(x), z€[—c2j41, —aj11). (3.29)
u u

Lemma 3.1. For every k > 0, the function i is well defined, continuous and strictly increasing.

Proof. Let j > 0. Recall that « is the common limit of % and Z—i at infinity. The function Z—i isa

bijection from [—c2;, —aj+1) to [0, ). Since for every x > 0, %(x) € [0, @), we have:

-1
[C2j>¢~lj+l)> (g(x)) '

Thus, the function ; is well defined and it is continuous by continuity of * on [0, +-00) and
of the inverse of Z—; on [0, @). Since ’;—: is strictly increasing on [—c3;, —a;41), its reciprocal
function is strictly increasing on [0, &) and since ﬁ is strictly increasing on [0, +00), we deduce
that vy, is strictly increasing on [0, +00).

The function % is a bijection from (—c2j41, —a;j+1] to [0, «). With the same arguments as

before, we have that

/

Vx>0, Yo, (x) = (Z—

—1
v v
Vi >0, Yoj41(x) = (—] ) (5m)
ul(=cajr1,—ajt1] u

and thus ;11 is well defined, continuous and strictly increasing. O
Lemma 3.2. Let k > 0. Then, for every x > 0,
z%(x) >0 and zx(x) =x — Yp(x).

Therefore, zj is continuous on [0, 400). Moreover, for every k > 0, the function zj is strictly
increasing from [0, 400) fo [ck, +00).
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This result is proven in Appendix C.
Let j > 0. For x > 0, denote by 1/f2~/ (x) € (—ajy1, —C2;] the unique solution of the equation

v v/ .
—(2) = — ), z € (—ajt1, —C25]. (3.30)
u u

We also denote by Y2t (x) e (-a j+2, —C2j+1) the unique solution of the equation

v v

—(2) = —(x), z€(—aj42, —Caj+1)- (3.31)
u u

Lemma 3.3. For every k > 0, the function ¥ is well defined, continuous and strictly decreasing
on [0, +00).

Proof. We assume that k is even, k =2 for one j > 0. The function 5 is a continuous bijection

from (—ajy1, —C2j] to [a, +-00). Since for every x > 0, ;—:(x) € [a, +00), we have:

-1 /
vrz0. sz(x) - (Z‘(—w 1 —52']> <%(X)> .

Then 1p2j is well defined, continuous and it is the unique solution of (3.30). Moreover, (5);}1
is a strictly increasing function from [&, +-00) to the interval (—a; 41, —C2;] and Z—: is strictly
decreasing on [0, +-00). Thus, wzf is strictly decreasing on [0, 4-00).

We assume that k is odd, k = 2j 4 1 for one j > 0. The function Z—: is a continuous bijection

from (—ajy2, —C2j+1) to [, +-00). Since for every x > 0, ;—;(x) € [a, +00), we write:

) U/ —1 v/
Vx>0, yH () = (—, o ) (—,(x)) :
ul(=aj12,—C2j11) u

Then wzf' +1 s well defined, continuous and it is the unique solution of (3.31). More-

/
over, (%

(=a@ji2,—C2j+1) and Z—: is strictly decreasing on [0, +-00). Thus, ¥2/*! is strictly decreasing on
[0,400). O

-1
; ; ) is a strictly increasing function from [o, +00) to the interval
(=aj+2,—C2j+1)

4. The first spectral band
4.1. Lower bound of the continuous spectrum

For E < —1, we show that there are no solutions to equations (3.22), (3.23), (3.25) and (3.24).
This writes:

Proposition 4.1. For everyh > 0, o (H) C [—1, +00).
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Proof. We remark that on the interval [0, +00), 5 < a and Z—: > «. Thus, these two functions

cannot have a common value on this interval and equations (3.25) and (3.24) do not have any
solution with 0 < —h_% —X<-X. /

Moreover, we already know that 5 is strictly increasing on [0, +00) and % is strictly decreas-
ing on (0, +00). Since —h_% — X # —X the equations (3.22), (3.23) do not have any solution
when 0 < —h*% - X<-X. O

Remark 4.1. This result holds true for every h strictly positive. In particular we do not need to
assume the semiclassical parameter h to be small.

4.2. The bottom of the spectrum

The bottom of the spectrum is a solution of either the equation (3.22) or the equation (3.23)
with —X > 0 and thus —h~3 — X < 0.

We start by proving that for every h > 0, the equation (3.22) has a unique solution with
~X>0and —h~3 — X €[~ay,0).

The function % is an increasing continuous bijection from (—ay, 0) to [«, +00) and thus,

. ’
since for every x > 0, %(x) € [a, +00), one defines:

v Ly
Vx>0, ¥(x)= <; Ca O)) <;(x)) . 4.1)

The function ¥ does not belong to the family of the functions k1, due to the difference of
behaviour of ;’—: on (—ap, +00) compared to (—oo, —ay).

The function ¥ is a continuous decreasing bijection from (0, 4-00) to (—ay,0) and x +—
Xx — ¥ (x) is a continuous increasing bijection from (0, +00) to (0, +00). Thus,

Vh>0, 3% >0, — () =h"3.
One sets X = — and since ¥ = h*% + ¥ (x) e (—a + h*%, h*%) one has
_2 S _2 ~
—h73 <X < —-h"3+aj. 4.2)

Observe that X is the smallest solution of (3.22) and that it is a continuous function on h €
(0, +00).

Now we turn to the smallest solution of (3.23). Since the function z; is an increasing contin-
uous bijection from [0, +00) to [c1, +00),

_3
Vh<c, *, 31 >0, z1(x1) =x1 —Wl(X1)=h_%-
One sets )21 = —x; and since x| = h_% 4+ Y1(x1) € (—c1 + h_%, —aj + h_%) one has

2 o 2
—h73 4+a; <X <—=h"3 4.
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Since a; < a; we have X < X1 and thus, if Xglm = Eglm, XOmln =X.In particular, Xmm i
the smallest solution of (3.22). Moreover, it is the smallest solution among those of (3.22) and
(3.23).

Now that we have identified the bottom of the spectrum of H, we prove the estimates stated

in Theorem 2.2.

Proof of Theorem 2.2. (1) Since X?nin =X, by (4.2) we have, for every h > 0, —1 < Eglm
—1+a h% and E?nin tends to —1 when h tends to 0.

Let h > 0. By the previous inequality, —Eglin €(—a 1h% + 1, 1). We recall that, since u and v
are linear combinations of Ai and Bi and since Xglm is a solution of (3.22), it also satisfies:

_2 0 0 _2 ~
—h 3)_ ,( X.) —-X_. —h"3e(—a0).

min min

LIS o8

min

‘We introduce the functions

I:|:—> R
Fi(,h) : Bi' h3 Bi' h3
SRl Ete il Bl vl B i

with I_ = (—%h_%, %h %> and I} = (—&] + %h_%, %h %> We remark that, for every h > 0,

. 0 1,.-3
the unique zero of F(-,h) on I is — X . — 5h73.
f Bl

Thanks to the fact that 0 is the point of maximum of ‘= on (—dj, +00), one has:

Fi( h=3 h>_Al/(0) Bi' (h=3) > 0.

First case: h < (2&1)_% In this case, —a; + %h*% > 0 hence the unique zero of F, (-, h) on
I is strictly positive, hence Xmln %h_% > 0 which implies that EOmin < —%. Thus, point (1)
is proven for every h < (2a;)~ 2

Second case: h > (2ay)~ 3 We prove that the unique zero of F4.(-, h) on I is strictly posmve

Since Fi( h_' ,h) > 0, it is sufficient to prove that F1(0,h) < 0. Indeed, if h > a1 , then

0 € I- and we study the unique zero of F_(-,h) in I_. If (2a;)” 3 <h< a1 , then —a; +

%h_% < 0and 0 € I;. In this case, we study the unique zero of F (-, h) in I.
We have:

i’ 2 . )
Faco.m =7 (4n7F) -4 (3r77).

Lety= %h_% so that y € (0, a;) and set:

vy € (0,a1), G(y)—Al/( y) — Al,(y).

One has, for every y € (0, ay),
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/ y . . . .
G(y)= (A" (—y))2 (A (v))? ((Ai"(=y) — Ai" O)(AI' (—y) + Ai'())) .
On (0, @), m > 0 and as Ai’ is negative on (—ay, +00), Ai'(—y) + Ai’(y) <0
for every y € (0, ai.
Let

K - ©0,a;) > R
Ty e All(=y) - A(y)

Then K (0) =0 and
Vy € (0,a1), K'(y) =—Ai"(—=y) — Ai"(y) = y(Ai(=y) — Ai(y)).

But, the Airy function Ai is decreasing on (—aj,+00) hence, for y € (0,a;), Ai(—y) —
Ai(y) > 0and K'(y) > 0. Thus, K is strictly increasing on (0, ;) and

Vy e (0,a1), K(y) > K(0)=0.

Thus, for every y € (0,d1), G'(y) < 0. Since G(0) =0, for every y € (0,a1), G(y) < 0, which
rewrites

Vh > (2d,)"3, F+(0,h) <0.

Thus, the unique zero of Fi (-, h) in Iy is strictly positive. Thus, X0 _ %h_% € (0, %h_%)

min
and E?nin < —%.
Taking in account the result in both cases, point (1) is proven.
(2) Since XY s the smallest solution of (3.22), if one sets X = X0 h_% +ap, then X

A min min
satisfies
/ /

Lx—an=S(x+ni-a), Xel0al 4.3)
v v

Let 7 > 0. We assume that h < (a; + r)_% and thus X + h*% —a;>rT.
By Lemma A.5, equality (4.3) implies that

[

V3 _d(x+n~T—ap)

u' - 1 4 _2 ~ _% —4(X+h
(X =) - 4+ e 52.83(X+h 3—a1) =
v

4.4

2
, which amounts to h_% —a; = (—% ln(e)) * . Note that € is well defined

Wl
[

™ 3-ap)

Lete =e™

. R . . ~ _3 .
if and only if h™3 > a; hence our choice of restricting ourselves to h < (a; + 7)™ 2 for a given
T >0.
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We use the following identity valid for strictly positive real numbers a and b:

2. /e 41
1obr—3bra—b)=(a—b>P—"— \[ -

(i)

Define Y through X = €Y and consider a = X—l—h_% —a; = eY—l—h_% —ajand b = h_% —a; =
( ln(e)) . One has,

a b3 (4.5)

(1[0}

+4 ((-% 111(6))%>g +2 (—%111(6))%

_1
= (—%ln(e)) T (€Y)20(e, Y)

%(X+h 3 —al)

where

v .
2(E(Jrh ;% +1
4 -3 In(e)
Q(Ga Y) =3 PN
3 2 1
5 (eY+h‘?—éll)7 1
(—gln(e))3
. - T _43
The condition h < (a; + 1) 2 implies 0 <e <e 3"" <1
Since €Y +h™3 —a; = -X%. >0,
(¥ +n75 —a):
€ —a
L >0.
3
(—%ln(e)>
If ¢ : Ry — R is defined, for every x € R4, by ¢(x) = m, then ¢ is decreasing on R,

3
o0) = 2 and ¢ tends to 0 when x tends to +oco. Thus, for every € € [0, e —372 ] and every Y,

0<Q(,Y) < % (4.6)

‘We have,

3
2 2 1
4 x+h*§—a) _o(_3 -3 2
. 3( | e 2( ln(e)) eY+< ]n(e)) (eY) 0er) @7)

The condition X € [0, a;) implies that
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wIN

3 % ~ _2 _2 . ~ 3
(—Zln(e)> — G +h i<X+h 3—a1§a1+<—zln(e)> .

Moreover,

I

3 5 - 1 2 3 1
3)\3 aj ( 2 ~ 2 4
i) =(X+h5-a) =3 : (4.8)
((4) 1n(e>|%) |In(e)| ) 3 ne)|

Using (4.4) and the identity é = %(_&1)’ which comes directly from the expressions of u and v

3
. . . _4.3
in terms of Ai and Bi, for every € € (0,e 37" ],

€

=

1 _1
1 (u’ ' )+ £672<7%ln(e))‘geYe(f%ln(e)) 3 €0)20(e 1)
o

LY —a) — =(-a)
v v

(4.9)

1 _1
i«/_? 2.83 e_z(_gm(e))%ye(—gln(e)) S(EY)ZQ(G,Y)'
3 a |In(e)|

To estimate the left member of (4.9) one uses:

1 1
W ey —an - “i—an / “\ (Cay +revyevar / LA
—(eY —ay) — —(—ay) = — | (—a; +teY)eYdt = | ——————€Ydr.
v/ ey v/ : (V' (—a; +teY))?
0 0

Using the upper bound for (v/(XW and x <0 given in (A.1), and since a; — %EY € (%, ai] and

1o a
a2

/ !/

_4.3 |u . u . 1
Vee (0,e73"7], |— (Y —a1) — —(—ay)| = —€Y. (4.10)
v v o

Using (4.9), (4.10) and (4.6),

1 1
3 3 3 2(_3 -3
Vee 06T, v < Ao 2-in@) ¥ (-3 o) (GY)2<1+2.83—4 ( : >>
V3 \In(e)|

which rewrites

W=

3 3
Ve e (0,e7377], Yez<_Z i)

1
; -3
¥ _ 3e§(_;1n<e>) <ey>2<1+2.83i< 1 ))

V3 \|In(e)]
But, €Y = X €[0, a;) is bounded and thus (4.11) where B; > 0 is independent on h and Y,

1

3 3 3 _1 3
Ve e (0.e 477, y2(-im@) e _ zoacia (1+2.83«/§f%) — B, 4.11)

and
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W=

3 1 3 1
Ve € (0, e 372 ], € (—% ln(e)) ’ Ye2< 4 ln(€)> <r <e (—%ln(e)> ° B,.

The function x — xe?* is C! and strictly increasing on R, let us denote by k its reciprocal
function which is also C'. From (4.11) one gets

Ve € (O,e_%’%], € (—%ln(e))% Y <k <e (—%ln(e)f Bt> )

1
3

Since k is of class C!, k(0) = 0, k’(0) = 1 and since for every € € (0, 1), € <—% ln(e)) € [0, %],

4.3
for every € € (0,737 "],

I

k (6 (—%ln(e)f Br) < B:e (—% 111(6))% + %BTZ sup |k (s)] - € (—% ln(e)) .

s€[0, 3 B]

Thus,

w

(]

l £y
Ve € (0,673, Y <B.+ B sup |k”(s)|-e(—§1n(e))3, (4.12)

s€l0,1B;]

from which we deduce that Y is bounded by C; := B; + Bf (1 +2In(1 + %BJ), since for every
s >0, k"(s) <44 8In(1 + 5). Thus, |X| < Cr€, namely

I

.3
—ap)?

o
|X| < Cre 3™

and since X = —X°

hin — h_% + a, we already have

_2 3
E° 3—ap)?2

.2 2 4
0 +1—ah3|<C;hie™s

We refine the estimate. Using Taylor formula and since for every € € (0, e_%f ], €Y € [0,

Cfe_§T ] C [O’ CT]»

[0

a3 u' u\'
Ve € (0,e"37%], —/(eY—ElQ——/(—&Q—(—/) (—ay)(eY)| <3C2e2 (4.13)
v v v
since
AN I\
u u
sup (—/) ] < sup (—/) (s)| <3. 4.14)
se[—ay,—a;+C.1| \V se[—ay,+o0) | \V
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3

1
Using (4.6) and (4.12) and since, for every € € (O,C_%ﬂ], 6(—%111(6))3 € [O,%] and

(—%ln(e))_% € (0,711,

3 3 3 -3 2
) (_Zln(e)> €Y+(—Zln(e)> (€Y)"0Q(, V)

1
3\ 2
S(Z) (2C,+§C$r—1)e|1n(e)|%.

Let D; = (%) } (ZCT + %C?r’l). Using Taylor formula for the exponential function,

3
Ve € (0,e7377],

(4.15)

1

3 —2(—% ln(e)) jeY+<—% lﬂ(é))_% (€¥)’Q(e.Y) _

Ve € (0,e7372], < D.elln(e)]3.  (4.16)

e 1

3
One deduces from (4.9) and (4.16) that, for every € € (0, e_%f . IR

‘(”—) can- v+
v o

Since for € € (0, 1), €] In(€)| € (0, 11, €] In(e)|3 € (0, 1] and €| In(e)| € (0, 11, if

3 443 2.83
IDTe|ln(e)|% + —£—Dz€|1ﬂ(€)|%~

<3Cle+-—
SOt 372 |Ine)]

3 V3 2
L,:==-C*+ "D, +283- —D,,
! 2 ot 20 ot V3a T

L. > 0 1is independent on h and

3 N 3 L
Ve e (0,637, M—, (—c~z1)~Y+£ <—.
v a |7 [In(e)]
"/ -
Since (%) (—a1) = gy forevery h < (@) + 073,
3 o e
y_§7<v<;1>> < LW (5 g3, 4.17)

/ ~ 2 / ~ 2
But, L © (_Ial)) = (El‘”)) . Thus, for every h < (a; + r)_%,

> o a

=~ )2
‘X - a\/g—(u/(jal)) e_%(h_% —an?

o= \2 2 3 _4,—
< L o2 WCRY (-} gy de-te
a a
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and finally, using X, = —X — h=5 + ap and multiplying by h%, for every h < (a; + f)—%’

min

2

3
2

E), + 1 —aihi +a/3W G pie 503 -2 | <

'min —

(4.18)
2 3
Lea? WM (=5 _g))=3piem s i -an?
1
_3
Since —1 <E?mn —l+&1h%,f0reveryhe[(dl+r)_7,51 2),
2 3
E?n1n+1_alh3 +oy/30 A" ’l'))zh?e_?(h TTat <
(4.19)
2 3
alnegfz(hi—al)*%h% —3(73-an?

43

r_7 )2 5
Let Mo ; := max (aZWLT, &n’ge?ﬂ). Then, (2.4) is valid for My for every v > 0.

[SI[%)

. . "(—ar))? . 3 4
Remark that the smallest value of My ; is obtained for t such that az% L; =ajt2e3"

whose approximate values are T > 3.075 and My 3075 = 7271. O

!’ 7 / "
Remark 4.2. We had to consider equation (4.3) involving {; instead of ;—, because (%) (x)

tends to 400 when x tends to 0F.
4.3. The upper edge of the first spectral band

The upper edge of the first spectral band is given by the smallest value of X among the
solutions of equations (3.24) and (3. 25)

We start by assuming that h € (Co » o 2] In this case (3.25) has no solutlon with — X > 0

and we prove that (3.24) has a unique solution such that —X > 0 and —h™ 5 X € [—cp, —ay).
Indeed, the function zo : [0, +00) — [cp, +00) is a continuous bijection and

_3
2

Vh < ¢ 2, 3xo = 0, 20(x0) = xo — Yo(xo) =h™ 3.

One sets 5(0 = —x¢ and since xy = h_% 4+ Yo(xo) € [—co + h_%, —a) + h_%) one has

—h 3 +4a <Xo<—h"3 +c (4.20)

_3 M
Thus, for h € (¢, %, ¢, ] X9« = Xo.

=3
2

We then assume that h < cO . In this case, (3.24) has still a unique solution such that —X > 0

and —h_% —X € [—cg, —ay), namely Xo, but one can also find a solution of (3.25) with —X > 0.
Indeed, the function from [0, +00) — [Cg, +00) which maps x > 0 to x — wo(x) is a continuous
strictly increasing bijection. Thus,
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_3 2
Vh<§,?, A% =0, io—y (F)=h3.
One sets X = — ¥ and since %o = h*% + v %(F) € (—a1 + h*%, —Co + h*%] one has
_2 ~ S _2
—h 3 +¢co0<Xop<-—-h"3+aqy.
Since ¢y < ¢, one has Xo < Xo which implies XmaX = Xo and Xrlnin = 5(0.
As we identified X% among all the solutions of (3.24) and (3.25), we give more precise

estimates. Notice that (4.21) can be extended for h = 0 by continuity.

oy . . 0
Proposition 4.2. We have the following estimates on E;,,

w)

1. Foreveryh <, -

~ 2 0 2
—1+ah3 <E, <—14ch3.
~ _3
2. There exists a universal constant My > 0 such that, for every h € [0, ¢, 2],

2

2 f_a2 2 _4g-3 a3
Eglax_<—1+alh§ +ay/3UCapiem 3t 3—“”2)

4.21)
_ .3
Moh3 (1 —ah3)~2e=30 F-an?,

Proof. (1) The first point is (4.20) multiplied by h and the inequality is strict since zg is strictly
increasing.

2) For the second point, we follow the proof of point (2) of Theorem 2.2. We assume that

h=<c, -3 (for the 1dent1ﬁcat10n of Emax) andthush < (a; + 1)~ 5 with T = ¢g — a; > 0. One sets
= X0 —h~3 4. Then X satisfies

/

X —ay="(X+hF—a), Xel-co+a,0). 4.22)
v v

Using Lemma A.6 and (4.22),

/ 2 .3
—<x_al>——+*/§ 4o ap?
o

(4.23)
_3
261 - (X +h3— al) 2 e 3(X+h

2

u

Again, we set € = SEUREE € (0, e~ 30 “1)2] We also define Y as in the proof of point (2)

of Theorem 2.2. Then, equality (4.7) holds and the condition X € [—cg + ay, 0) implies that
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~ 3 % _2 _2 . 3 %
—co+ar+(=3In©)  =—c+h T =X +h7i —a = (-FIne@)" .
4 3
Moreover, for every € € (0,e 37" ],
1 2 -3 I !
3 <(X+h_§—511) <((§)’ + A= ) .
(o)l ~ W\ s/ inge)]
. . 1 ! ~ 4 %
Using (4.23) and the relation ,; = %(—al), one gets, for every € € (0,e737°],
<

1 1
/ / 3 3 3 -3 2
‘1 (“—(eY - u_/(_&l)> N ﬁe—Z(—Zln(e)) eYe(—Zln(e)) (eY)20(eY)
€ v o

v/

(4.24)

1

1 1
443 261 672<7%ln(e))‘seYe(f%ln(e)) Yo
3 a |In(e)|

Inequality (4.10) holds and, using the fact that €Y = X € [—cp — aj,0), one gets that Y is
bounded and there exists an explicit constant C > 0 (similar to C.,_;, with 2.83 changed by
2.61) such that

I
[0

—ap)

Y
|X| < Ce 3

Then, the bootstrap argument gives the existence of L > 0 (similar to Lz, with 2.83 changed
by 2.61), such that

_3 1= \\2 1e_= )2 2 3
Vh<cy?, Y—}—a\/g(”(gf')) SLaz(”(glal)) (h™3—a)" 2

3
-3
and for every h < cy s

2 f_ =2 2 4dp—% -3
Eglax+1—&1h3—a\/§—(”(gf”)) h3e~3(h F-an2| <

(4.25)

F_= W2 2 2 3 4
aZL(u (glal)) hz(h7§ _le)*jefj(h

~ / ~ 2 ~
which proves the second point for My = L % Note that an approximate value for My
is2.32x 10°. O

We deduce from the estimates in h of EC. and E _ an estimate of the width of the first

‘min ‘max
spectral band.
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_3
Proposition 4.3. There exists a universal constant Ko > 0 such that, for every h € (0, ¢, *],

,Z 3
3

—an? <K0h3(1—a1h3) 2e 3(

L»\N
[S]I%)

_ g9, )—205\/_(14( al)) h_ -3

max min

(E?
(4.26)

Proof. Indeed one sets Ko = max(Mo, Mg) = Mo ~ 2.32 x 10° and (4.26) is a consequence of
(2.4)and (4.21). O

_3
For h > ¢, *, the situation changes. The range of the periodic potential V is included in the
first spectral band.

_3
Proposition 4.4. Ifh > ¢, 2, E

max > 0 and we have

. -~ 2
[mln (—% —1 —|—a1h3> , 0] [E?mn,EglaX]

,é
Proof. If h > ¢, *, no solution of (3.24) or (3.25) satisfies X > 0. Thus, EY,. > 0. Using the

‘min’ max] Using point (1)
], which proves the proposition. 0O

upper bound on E0 o givenin Themem 2.2, we have —1 + a1h3 e [E0
of Theorem 2.2, we also have —5 € [Emm, hax

Proposition 4.4 along with Proposition 4.2 imply Theorem 2.1. The following proposition
states more precisely the behaviour of EQ, .

_3
Proposition 4.5. Leth > ¢, *

I Ifhe [CO NG —co) 2) then B) . € (—1 +50h%,()]
2. Ifh> (¢ —co)~ 2, let po defined in (2.6). Then, E?n e[-1 +cp0hz cp0+1hx] or EmX
~ 2 . 2
[—1+cpy—1h3,cph3].
3.

lim E°  =-+o0. 4.27)

h—+o00 max

Proof. (2) Since (Cp+1 — C€p)p>0 is strictly decreasing and converges to 0, for any h € ((¢| —
50)’% +00), the integer pp > 1 defined in (2.6) is well defined and unique.

X?nax is a solution of either (3.25) or (3.24). Let k > 1. The restriction of the function ;-
to (—Cak, —Cox—2) is a strictly increasing and continuous bijection from (—cok, —Cox—2) to R
and Z—; induce a strictly increasing and continuous bijection from (—cog+1, —C2x—1) to R. Then,
studying the sign of f, for x € (—cyx, —Cok—2) and using the Sturm—Picone’s lemma as in the
proof of Lemma C.2, we prove that the function
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v 1y
x>x == y —‘ o (x)
U 1 (—C2k+1,—Cok—1) U \(—cak,—Cok—2)

is strictly increasing and continuous from (—Cag+1, —C2k—1) t0 (C2k+1 — C2ks C2k—1 — C2k—2)-

. . . . ~ ~ _2
Thus, (3.24) admits a unique solution X, with —X; € (—c, —Cox—2) and —h73 — X €
(—C2k+1, —C2k—1)-
The sign of f is deduced from the signs of u, v, u’ and v’ on the interval (—¢g41, —C2k—2),
since x € (—Ck, —Cok—2) and x — z € (—Cox+1, —C2k—1). For example, we have on (—Cax+1,
—C2k+1),

—Du<0, (—D'>0, (~DFv>0, (=D <0
and on (—c2k41, —C24),
(-D*u <0, (=D*/' >0, (-Dv <0, (-D*' <0

and the signs alternate on the intervals (—cag, —cax), (—c2k, —Cok—1), (—Cogx—1, —C2k—1) and
(—c2k—1, —C2k—2).

The restriction of the function % to (—Cak+2, —Cok) is a strictly increasing and continu-
ous bijection from (—coky2, —Cox) to R. We set for every x € (—Cok+1, —Cok—1) and every
2 € (=Coky1 + Cory2, —Cok—1 + C2)s &x(2) = v(x — ' (x) — u(x — 2)v'(x). Then g, satis-
fies the Airy equation and using the signs of u, v, u” and v’ given above and a Sturm-Picone’s

—1 ,
C C ) (% c ¢ ) (x)
(=Cau+42,—C20) / o, (=Cok41,—C2k—1)

is strictly increasing and continuous from (—cox+1, —C2k—1) t0 (—C2k+1 + C2k+2, —Cok—1 + C2k)-

argument as in Lemma C.2, we prove that x — x — < L

u

Thus, (3.25) admits a unique solution X; with =X € (—C2k+1, —Cok—1) and —h*% —X; €
(—Cok+2, —C2k)-

Since Cpyt1 — Cpy < h=3 < &po — Epy—1, we have either X0, = X, or X = X for k equal
to the integer part of 2.

~ ~ _2 ~ ~
We deduce that —X0 e [—Cpot1, —Cpy—1] and —h73 — X0 € [—Cpo+2, —Cpyl. or

—X9 .« € [=Cpys —Cpp—2] and —h73 — XY o« € [=Cpot1, —Cpo—1]. After multiplication by h3,

this proves the second point of Proposition 4.5.
_3 /
(1) If h € [cy2, (@ — &) ?), then h™3 € (& — &,&). The function ¥ induces a
strictly increasing and continuous bijection from (—c1,0) to R. Then, the function x
-1

x—12 8

(” (—Ez,—a))) (“ (~¢1.0)

(¢ —¢1, €p), using again Sturm-Picone’s Lemma with g, for x € (—c, 0). Thus, (3.25) admits

)(x) is strictly increasing and continuous from (—c¢yp,0) to

a unique solution X, with —X € (—¢1, 0) and —h_% — Xy € (=&, —¢). Since Xglax =Xy, we
proved the first point after multiplication by h3.
(3) The integer po tends to +-00 when h tends to +oc. Indeed, using the asymptotics of the
¢ deduced from those of the £, as in (3.15) and (3.16), one has that there exist constants C| > 0
and C» > 0 such that C1h? < py < C>h? for h large enough. Since Cp —+> 400, we get
p—>+00

(4.27) and prove the third point. O
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Proof of Theorem 2.3. (2) We start with the proof of the second point since it will imply the
first limit in the first point of Theorem 2.3. We look at the behaviour of E0 min When h tends

is a solution of (3. 22) with —X°. > 0 and

n min

—h~ 3 — X% e (—ay,0), when h™ g tends to 0, both —X%. and —h~ 5 _X(r)nin tends to 0. In

min mm

to 1nﬁn1ty and thus h™3 tends to O Since Xml

order to avoid the technical difficulty induced by the fact that - " tends to +o00 at 0, we notice that

0 . . . _2 .
X, is also the unique solution in (—h~3, 0) of the equation

/

u 2 u
—(—h73 = X) = —(-X). (4.28)
v v

Note that # and v stand for f and g in [1, 10.4.3]. Thus, for x in a neighbourhood of 0 where v’
does not vanish,

"\ / 1 2
(“—) (x) = (”) (0) + x — =X+ 0P, (4.29)
v’ 15

_2
Lety= -X0. _ % Then, (4.28) rewrites

min
u h7% u 72
? ( - T) (y + ) (4.30)

Since —h™ 5 < Xgm <0, |yl <5 and y=0(h" %) Thus equation (4.30) and equality (4.29)
imply

2 4 4(wi) o 2 (e?)! -4
_ 2B _Z(h3 = (1= O™ 7). 4.31
Y= 157 3< ) V=152 + O( ) (4.31)

Then, y=0O(h™ 5 ). Hence, y = ﬁ h_g +O(™ %). After multiplication by h% , this proves (2.5).
(1) The first limit is a direct consequence of point (2). The second limit follows from point (3)

of Proposition 4.5. O

4.4. The first spectral gap

Similarly to the estimates for the edges of the first spectral band, we prove the following

1
estimate for E_. .

_3
Proposition 4.6. There exists a universal constant My > 0 such that, for every h € (0,a, *),

) -

Min3 (1 —ah3)~ 33

2

EL. < 1+ a1h’ —av/3(u(—a;))?hie= 30 3 —a

N\Lu

<
min —_

4.32)

2
3

I\)lu

—daj
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Proof. We follow the proof of point (2) of Theorem 2.2. Let t > 0. We assume that h <
(a1 + r)_%. One sets X = —X!. h_% + a; which satisfies

mln
v v 2 -
;(X—al)=;(x+h 3—ay), Xel0,—co+ay). (4.33)

Using Lemma A.3, (4.33) implies that

2

23
L(X —a)) - — ay/3e XTI
u

<
(4.34)
2 - 4 ~2 3
Ac(X+n7E—ay) TemsrEnima?,

We set € = e_%(hi e (0,e ;‘r land Y = 1X Since o = ”( ap) and using the fact that

(3)/ = uiz is bounded from below by 5 by (A.7), one shows with a similar proof as (4.10) that:

u

3
2

Vee(O,e_%r 1, (X—al)——( ap)| = —EY

Then, using that €Y = X € [0, —Co + a1 ] is bounded, one gets that Y is bounded and there exists
C; > 0 (similar to the constant C; in the proof of the estimate of Egﬁn with A; instead of 2.83)
such that

2

3
X| < Cpem 3 T man?,

Using Taylor formula as in (4.13) and since (%)// is bounded by 1 on [0, 4+-00),

Ve e (0,637, ‘E@Y—al)—ﬁ(—al)—(3)’(—a1)(eY) <2
u u u

But, (5)/ (—ayp) = G ))2 and we get, similarly to (4.17), the existence of L, > 0 such that
Vh< (a1 +1)72, ‘Y - a~/§(u(—a1))2) < (u(=aD)’Le (73 —ap)~3

from which we obtain (4.32) on (0, (a; + r)_%] for the constant (u(—aj))?L;.
_3
Since —1 + 60h% < Erlnin < —1 +Zzlh%, for every h € [(a] + r)’%,al ),

2 3
E11111n+1_a1h3+05«/—(“( al))2h3e $(h73-a))2 <
3 ) , (4.35)
(al—CO)T263T2(h_2—al)—%h% %(h7§—al)7‘
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3
Let M . := max <(u(—a1))2L,, (a1 — Eo)rge%ﬂ). Then, (4.32) is valid for M; ; for every
7 > 0. Remark that the smallest value of M| ; is obtained for t such that (u(—al))zLr = (a1 —

3
.. 3 4.5 .
co)t7e3’2 whose approximate values are T >~ 3.01 and M| 301 =~ 1942. O

Remark 4.3. In this proof we had to consider equation (4.33) in this form and not with % and Z—:
as in the proof of Theorem 2.2, since (5)// is bounded on [0, +00) and (%)U is not.

Combining the estimates of E_ and E!

max min W€ deduce an estimate of the first spectral gap
of H.

~ _3
Proposition 4.7. There exists a universal constant Ko > 0 such that, for every h € (0, a, 2),

<

R
(Epyin — Eay) — ((al —anh? —av3(u(—ar)*hie 30 3a1>2> <

min

(4.36)

[BSIN
[

Koh3(1 —ajh3) 230 3 -an?

Iiroof. We c~ombine (4.32) and point (2) of Proposition 4.2, use a; > a; and we get (4.36) with
Ko =max(My, My). 0O

5. Counting the spectral bands in the range of V

In this section, we prove Theorem 2.4 by determining the band edges which are contained in
the interval [—1, O] for a fixed h.

3
Proposition 5.1. Let p > 0 and assume that h < ¢, *. Then, for every k € {0, ..., p},

1. If k =2j is even, (3.25) has a unique solution ng with —ij € [0, +00), —h_% — ij €
(—aji1, —C2j] and satisfying:

—h7% +0j < ij < —h7% +aji1. (5.1)

2. Ifk=2j+ 1isodd, (3.22) has a unique solution 5(2,41 with _X2j+l € [0, +00), hTi -
X041 € (—=ajy2, —C2j1] and satisfying:

2 - S _2 -
—h73 +¢3j41 = Xpjr1 < —h73 +aj40. (5.2)

Proof. By Lemma 3.3, for every k > 0, the function x > x — ¥*(x) is a strictly increasing and
continuous bijection from [0, 400) to [¢k, +00). Thus, if h_% > Cp = Cy, there exists a unique
x* > 0 such that h*% =xk— wk(xk). Let Xk be such that Xk = —xk_ Then,if k = 27, ng is the
unique solution of (3.25) with —)A(zj € [0, +00) and —h_% — ij € (—=ajy1, —C2;]. Moreover,
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A _ Z - A
—aj+1 < —Xp —h73 < —¢ <0< Xy,

and we get (5.1). If k=25 + 1, Xng is the unique solution of (3.22) with —X2j+1 € [0, +00)
and —h_% — X2j+1 € (=ajy2, —C2j+1]. Moreover,

_&j+2 < —)A(k - h_-% <—¢ <0< —f(k,
and we get (5.2). O

_3
2

Proposition 5.2. Assume that h < c,, *. Then, for every k € {0, ..., p},

1. If k =2j is even, (3.24) has a unique solution ij with —ng € [0, +00), —h*% — ij €
[c2j, —aj+1) and satisfying:

—h73 td;y <X < —h73 4oy (5.3)

2. Ifk=2j + lisodd, (3.23) has a unique solution X2j+1 with —5(2]-“ € [0, +00), —h_-% —
Xojy1 €lc2jy1, —ajq1) and satisfying:

2 5 2
—h73 +aj1; <Xoj41 = —h73 +c2j41. 5.4

_3
Proof. Let k € {0, ..., p}. Since h < ¢, *, we have h_% € [ck, +00). Thanks to Lemma C.2,

Zx 1is continuous and strictly increasing and there exists a unique real number x; > O such that
2 9 i < N . -
h™3 = zx (xx). Let Xy be such that X; = —x;. Then, X5; is the unique solution of (3.24) such
o 2 o _
that —X5; € [0, +00) and —h™3 — X5 € [¢2j, —aj+1). Moreover,
S _2 ~
—cr ==X —h73 <—ajyq

and we get (5.3).
Similarly, X2j+1 is the unique solution of (3.23) such that —5(2j+1 € [0, +00) and L
X241 €lc2j41, —aj+1). Moreover,

—cr < —X]( — h_% < —aji1
and we get (5.4). O

We deduce from Proposition 5.1 and Proposition 5.2 the following proposition on the p first
spectral bands and the p — 1 first spectral gaps of the operator H.

w

Proposition 5.3. Let p > 0. Assume thath < ¢, >.

A

1. Foreveryk €{0,..., p}, EMT = h%Xk and Ef‘nax = h%)v(k.

‘min
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2. We have the estimates on the spectral gaps:

. ~ 2 2j
Vji>1,0<(Gj—1 —c2j—1)h3 <EL —Erl' < (@@j41 —Cl/)h3
and

. ~ 2 2 1 2j ~ 2
Vji>0,0< (@, —cjhs <ET Bl < (ajy1 —ajinhs.

In particular, all the spectral gaps in o (H) are not empty.

lv’roof.A (1) Using the estimates obtained on Xk and Xk and using the fact that ¢; < ¢, we have
X < X. Since

—1<EY, —l—i—fllh% <h%X0<h%X0,

min

= h%f(o and Erlnin = h%f(o. Then using Xk < Xk, we deduce the first point.
(2) These two estimates are deduced directly from the estimates proven on Xk and )Zk in

0
we have E . =

. .
Proposition 5.1 and Proposition 5.2. We just have to be careful with the fact that Erznjin =h3Xp;

2 A
and Eiﬂ:l =h3Xj; and to use the right estimate in Proposition 5.1 depending on the parity

of k. O

Propositions 5.1, 5.2 and 5.3 imply the proof of Proposition 2.1.

Proof of Proposition 2.1. For every p > 0, —EL.(h) = (z p)_1 (h_%) and since z, is strictly
increasing and continuous on [0, +00), h |—> EL . (h) 1s strictly increasing and continuous on
[0, +00). Since for every p > 0, Emax(cp ) =0, cp7
function h — EZ., (h).

is the unique zero in [0, +00) of the

P k) = (27)~ 1 (h~3) (where 2P : x > x — WP (x) is strictly

Since for every p > 0, —E_ ;|

increasing and continuous on [0, 400)), h — E”* H (h) is also strictly increasing and continuous

m1n
p+1

on [0, +-00), and since for every p > 0, E, ;| (~,, 2) =0, c,,>7 is the unique zero in [0, +00) of

the function h — EQ;l h). O
The estimates in Propositions 5.1, 5.2 and 5.3 combined with the intervals given in Lemma 3.1
lead to the proof of Theorem 2.4. Before that, we prove a technical lemma.

3
y2+1

* _ (3 L
Lemma 5.1. For every y € R, let I1(y) = (5)3 AT

Then, for every n > 0 and every real
number 0 < b < a such that %2 ¢ [0, n],

2
3

(a—b)b’%l((l—i—n)%)s(%a) _(g) <(a—bb31(1). (5.5)

wIN
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Proof. One checks that /(1) = (%)%, I'(1)=—¢ and that I’ < 0 on [1, +00[, hence

)51(1).

Wl

(43 <1 ((%)

Since

we get (5.5). O

3
Proof of Theorem 2.4. Let h < ¢, 2. The first point in Theorem 2.4 is a direct consequence
of point (1) of Proposition 5.3 and Propositions 5.1 and 5.2 which ensure that for every k €
{0, ..., ko}, Ek and Ek arein [—1, 0].
For the second point, using Propositions 5.1, 5.2 and 5.3 one deduces that

Vpef2 ... koh (ép—cphi <EPH _EL. < (G, — ¢, o)h7
and

~ 2
Vpe{2,...,ko}, 0 < Emax EII‘Zlin = (Cp - Cp—l)h3 .

Let p e {2,..., ko}. Assume that p is even, thatis p =2j for j > 1. Then,

2
~ ~ 3z 3 3z
Crj — Crj—2 = (zifzj') - (552,‘—2)

5 _2) 2 ] and

2
3

Using (3.15) in Lemma 3.1, we have ézj — ézj_z € [n — 5T (2]_)271, T+ 971 @i

1 1
.1 57 . 5 3 Q2j—Dmr\ 73
‘52/'3—25(_6“”_@) f(T) |

Thus, by Lemma 5.1,

s 52 @j—Dr\7
s (oo 2 ) (25%)

If pisodd, thatis p =2j+1 for j > 1, then, using (3.16) in Lemma 3.1, we have §2j+1 —ézj,l S

1 _1
_ 1 _2j+l 7 _2j+l 73 2jzy 3
[rr T (2]_H)271,n + 37 (2j+1)2—1] and §2j—1 < ( 5 ) . Thus, by Lemma 5.1,

i s T 201 3\3 [2j7\ 3
Cajp1 — Coj— T4+ ———]| = —_— .
2+l =02y = 3t 2j+n2—1)\2 2
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Since % > %, we have

1
7 3\3
Vpel2, ... kb, 5p_5,,2§(,,+_L>(_> (1)}

37 p2—1
which proves (2.9). The proof of the upper bound in (2.8) is similar. We estimate both ¢2; —
¢2j—1 and czj 41 — €2 for j > 1 by using (3.13), (3.16), (3.15) and (3.14) to obtain that &; —

.1 -1 . 1
Pt 7 7 2j+3 = 7 2j+3 ] Pt [n 5 2j+145 e
i—1 €13 — 375752203 T 37557 and 541 — & €| T~ oo T3 T
£2j-1 [3 m2jej+h’ 3 T 3 2jei+)) 5241 =82/ € |5~ or gt 3

5 2j+1+]
o <2;+1><2j+1+ )
% > 971’ we get the upper bound of (2.8) by using Lemma 5.1.

It remains to prove the lower bound in (2.8). We have to find a lower bound of ¢, — ¢, for
every p € {2, ..., ko}. Using (3.15) and (3.13) we get for every j > 1,

- T 229 & 229 T 2w
brj —&j € 5 s =+ Cls o |-

1 -1
]. We also have that, for every p € {2,...,ko}, §,° < (@) * . Since

4327 6 4327 99
We have
gzj_&j< 2771 <21ﬂ<i<1
by T X4a-—LTETs51T6
Moreover, since % + 8%2 <1,

@)t (Z 2T ] _%>(”) Qj+ 1t
W=\ Ter) T\ /
Thus, we take n = é and use the lower bound in (5.5) to get

1

2\ 2371
1<(%)§)3_(21+1) 20—y

For p=2j+1,since § < & — 269171 and 2 z+ 33 = < |, and taking n = 2,W€ get a larger lower

bound which is

3 % 2%75% . L
I (5) T(21+2) 3 <Coj41 — C2j41-

It allows to conclude that the lower bound valid for every p € {2, ..., ko} is the one obtained for
p even. This proves the lower bound in (2.8). O

Proof of Corollary 2.1. Recall that the integer ko(h) defined in (2.7) is equal to [%%] or to

[3n E] — 1. Using (2.8), one has:
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ko(h) ko(h) 1 L2
b4 7 pt+3 3\3 h3
\7’h<c0 0< E 8p < E ( +_72) (;) —. (5.6)

37 p(p + )

ilandx|—> 1

1 2
L LS X( JF E )
sums and lntegrals,

Since x >

are decreasing functions on [1, 4-00), by comparison between

2
3 o pi 3
2h3 (ko + DT —25) < Z “r=2h5 (tko)F — 1)
2 I=7
p=2 P
and
ko(h)+1 ko(h)
21 x4+ N e e 1 ox+1
W[ sy LIS [
) (x+ ) P 2P(P+3)p? x3x(x+3)
Since

WA

2
kOX(:h)h% 3043 d"“ih) p+i h
— —— | =—) an
3 h=0 2\37

p=2 P? 7o P(P+3) pi o0
Thus,
ol CAAEAT I YEA L 2’ 57)
—t -] —— =) . .
2 3 37 p(p—|— %) T % h—0 3
ko(h) ko(h)
The function h — Z dp is increasing and for every h > 0, Z p<(0- Egﬂm) < 1, since the
p=0 p=0

spectrum of H is included in [—1, +o00] by Proposition 4.1. Thus h — D(h) admits a limit in R
at +o00. Then, (5.6) and (5.7) imply (2.10). O
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6. Uniform estimates of the widths of the spectral bands and gaps

Proposition 5.3 allows us to identify the spectral band edges among the solutions of (3. 25)
(3 24), (3.22) and (3.23). Using proofs similar to those of the estimates and asymptotics of Emm,

and E! . one gets the following estimates for the spectral band edges.

max 'min’

Proposition 6.1. Let j > 0.

1. There exists a universal constant M>; > 0 such that for every h € (0, a ; +1)

min

. _2 . 3
el _<—1+d/+1h§_a«/’7(”( 4V 3~ *amﬂ)‘

aj+ 6.1)
5 L 23 ag3og 3
§M2jh3(1—aj+1h3) 2e 3 aj+1
- _3
and there exists a universal constant M > 0 such that for every h € (0, ¢, jz 1,
i 2 u'(—a 2 4 -z . 3
Erznjax_ (—l—i-fljﬂh? +Ol\/——( (=aj+1) 3e3( 3—a_/+1)2>
AR (6.2)

W

5 ~ 2 3 _4AnT3_4.
< Mpjh3(1 —ajh3) 2e 3 702
2. There exists a universal constant M1 > 0 such that for every h € (0, a]+1)

2

g2 (—1 Fajih’ —oav/3(u(—ajpp))*hie 307 )

[

min

) ‘ (6.3)

~ _3
and there exists a universal constant Mj11 > 0 such that for every h € (0, ¢, jzﬂ],

IS

3 2003 4m 340
< Myjh3(l —aji1h3) 2e73 i

i 2 2 _4p-3 3
Edt' — (—1+a,-+1hs+a«/§(u<—a,~+1>>2h3e‘s<“ - >)‘

(6.4)

2

3
124103 (1 = @ h5) T30 Fma?,
_3
3. Let h € (0,c, *]. For every p €0, .. [3n h]} (6.1) and (6.2) hold true if p =2j is even
and (6.3) and (6.4) hold true if p = 2] + 1 is odd.

Remark 6.1. The estimates (6.1), (6.2), (6.3) and (6.4) can be extended to h = 0 by continuity
on [0, +00) of the spectral band edges and since all the quantities have finite limits when h tends
to 0.
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Proof. For j = 0 we already obtained the estimate of E0 . For every j > 1, ij in 18 the

unique solution of (3.22) with —h_% — Xmln €[—ajy1,—C2j— 1) Using Lemma A.1, the func-

tion x — ﬁ is smaller than —é on the interval [—a; 1, —C2;—1). Thus, the scheme of

the proof of the estimate of Eml can be followed and leads to (6.1), using the inequality

n
—1 4Gy 1h3 <EX < —14G;4 h3. Setting Byj, = ﬁe%féﬁﬁl(l +2.83v/3773) and
defining Czj ¢, D2j,; and Lj; ; as in the proof of the estimate of E?nin but with By; ; replacing
2 (“/(Efﬂl))z I
universal constant M3 ;. Thus, we set: M»; := inf;-o M3 -, which is obtained for T such that

3
- 3 4.5 .

B, one sets M3 ; := max(« 2j,r,aj+1rze3fz). Any value of t > 0 provides a
Q2 W a2
aj+1

i . . . _2 i -
For every j >0, szrfax is the unique solution of (3.24) with —h™3 — sznjax € [—c2j, —ajy1).
Since the function x %))2 is smaller than —é on the interval [—c2j, —a 411, the scheme of

~ 3 4.3
2j,1 =aj+1r2e3t .

the proof of the estimate of E__ can be followed and leads to (6.2). Defining L5 ; ; as in the proof

2(”( a_]+1)) L
aj+1
For every j > 0, Xmm is the unique solution of (3.25) with —h’j — an’HTl €l—ajy1, —C2j).
Since the function -5 is greater than 5 on this interval, the scheme of the proof of the estimate
2j+1 <14

'min
we define Ly with A; given in Lemma A.3 instead of 2.83 and a1

max

of the estimate on EV__ but for T = c2j —djy1,0ne sets Mg

max

of E1 min can be followed and leads to (6.3), using the inequality —1 + 52J~h% <E
ajpih3. As for B

'min’

3
. ~ ~ 3 4.5
instead of a; . Then we set Maj 1 ; := max((u(—aq,~+1))2L2j+1,f, (@j1 — czj)tzeﬂz) and
we set: Mpjy = inf,>0 M2]+1,t.
. . . _2 j
For every j > 0, XmaX 1s the unique solution of (3.23) with —h™3 — Xi{;{l € [—c2j41,
—ajy1). Since the functlon is greater than 5 on this interval and using the estimate (A.19),
maX and Erlnin leads to (6.2). Defining L4 for 7 =

Caj41 —@jt1, one sets Maj 1 = (u(—aj1))*Laj41.
The last statement is a direct consequence of the counting of the number of spectral bands in

combining the proofs of the estlmates of E?
the range of V done in Theorem 2.4 and the fact that both sequences (cp ) p>0 and (ap ) p>0
are strictly decreasing and interlaced. O

Proposition 6.1 implies Theorem 2.5.

Proof of Theorem 2.5. The first statement of Theorem 2.5 is about the convergence of the spec-
tral bands to the zeroes of the Airy function Ai and its derivative, and is a consequence of
the first two terms of (6.1), (6.2), (6.3) and (6.4). More precisely, for every j > 0 and every

_3
he (0. cy/),

=31 +E) Y=dj41 40 (e 3l “f“h”z)

and
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53
h*i(l +Emax) =aj41+0 <e $Ld=aj41h3) )

and both h—3 1+ Emj ) and h~3 a1+ Emax) tends to @41 when h tends to 0.
Using (6.3) and (6.4) we prove similarly that both h_% 1+ Erznij
to a1 when h tends to 0.
The estimate (2.11) is obtained from (6.1) and (6.2) for K»; = max(sz, M3j).
The estimate (2.12) is obtained from (6.4) and (6.3) for

) and h_% (1 +Er2r{§1) tends

Kojy1 =max(Maji1, Majt1).

The last statement is a direct consequence of the counting of the number of spectral bands in
_3

the range of V done in Theorem 2.4 and the fact that the sequence (c,, *) p>0 is strictly decreas-

ing. O

Proposmon 6.2. Let j > 0. There exists a universal constant K» ; j > 0 such that, for every h €

(0, a]+])

2 3
Y2j — ((Clj+1 —ajphT —av3u(—ajs1)) hie 30 3“1’+1)2>‘

(6.5)
~ 5 2 3
< Kyjh3(1 —ajpih3) e a0,
~ _3
and a universal constant K11 > 0 such that, for every h € (0, lefz),
~ 2 4 _2 - 3
V2j+1 — ((aj+2 —aj+1)h§ —(x«/_(u (auj;z» e~ 3 3—”_/+2)2)
(6.6)

2

= 3 ~ 2,3 4 3-g; 2)%
<Kzj+1h3(1 —ajzh3) 2e73 2=

Proof. The estimate (6.5) is obtained for 122 i= max(Mz j»M>2j41) and is a consequence of
(6.3), (6.2) and the fact that a1 > c2j > aj41.

The estimate (6.6) is obtained for K2]+1 = max(leH M3j42) and is a consequence of
(6.1), (6.4) and the fact that @12 > c2j41 > ajy1. O

This proposition implies directly Theorem 2.6 of the introduction. The last statement of The-
orem 2.6 is a direct consequence of the counting of the number of spectral gaps in the range of
3

V done in Theorem 2.4 and the fact that the sequence (ct;,j ) p=>0 s strictly decreasing.
7. Conclusion

Let us summarize some of the results obtained in this article.



494 H. Boumaza, O. Lafitte / J. Differential Equations 264 (2018) 455-505

1. We obtained estimates of the widths of the spectral bands and the spectral gaps, which are
universal in precise intervals of the semiclassical parameter, for a periodic and symmetric
potential which is not differentiable at its extrema. Our estimates rely on a thorough analysis
of the special functions involved here.

2. Asexpected, the spectral bands are exponentially thin in the semiclassical limit, but the width
is somewhat larger than in the regular case.

3. Thanks to the rather explicit estimates, all our results are obtained for h € [0, hy) where hy
is explicit and depends only on the number of the spectral band.

4. Counting results of the spectral bands and gaps situated in the range of the potential V are
obtained.

5. We prove an upper bound on the integrated spectral density in the range of the potential.

u u v

Appendix A. Uniform estimates for 7, 3=, -, ;—’, and their derivatives

The real number « provides lower and upper bounds for the derivatives of 7, ”'j—:, - and Z—: on
the negative half-line.
Lemma A.1. For every x € (—00,0) \ {—c2j+1}j>0,
! < ! (A.1)
vV2(x) T o« '
and for every x € (—00, 0]\ {—c2;};>0,
X - 1 (A2)
max | ——,x ). .
W)~ o

Proof. Using (2.1), the equality Bi(0) = \/§Ai(0), one has, for every x € (—00,0) \
{—c2j+1}j>0,

1 1 o 1
C2(x) o 72(Ai0)2 (—v/3Ai(x) + Bi(x)?

(A3)

Let M = +/Ai? + Bi? be the Airy modulus. The function M is strictly increasing on (—oo, 0]
(see [11]) and we have, for every x € (=00, 0) \ {—c2j11} >0,

1 _ (WVBAiW +Bi@)® 1
(—/3Ai(x) + Bi(x))2 (M (x))* T (M(x)?
With (A.3), it leads to
1 1 o 1 1 o 1

TR0 o THA0)? MWZE S 2202 (MO)2

forevery x € (—o0, 0)\{—c2;+1}j>0. Since M (0)% = 4(Ai(0))%, we get, forevery x € (—o0,0)\
{—c2j+1}j>0,
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1 1 o 1
S
vV2(x) T o 4n2(Ai(0)* T«

since 2.19 > 1, and (A.1) is proven.

o ~
472 (Ai(0)* —
Derivating (2.1) and using the equality Bi(0) = «/§Ai(0), one has, for every x € (—o0, 0] \

{—c2j}j>0,

X _ l . o . X
W@)2 o w2(Ai(0)2 (—/3Ai'(x) + Bi'(x))?

(A.4)
Let N = /(Ai’)2 4+ (Bi’)2. Then, x — (N (x))~% and x — x(N (x))~? are strictly increasing on
(=00, 0] and we have, for every x € (—00, 0] \ {—c2;} >0,

X - 4x - 4x
(—V3Ai"(x) + Bi’(x))? ~ (N(x))> ~ (N(0)%’

Since N (0)* = 4(Ai’(0))?, (A.4) implies that for every x € (—o0, — =1\ {—c2;} >0,

_x 1 o Yyt AS
W ()2~ a w2(Ai(0)Ai’(0))2 ( 12a) T (A-5)

since JTZ(Ai(O)Ai/(O))Z = 12. Moreover, on (—cg, 0], x is strictly concave and its

_x
(' (x))?

graph is under its tangent at 0. Since —cgp < ﬁ, one has:
Vx € [—1h,0], ——— <x. (A.6)
“ (V' (x))?
Finally, (A.5) and (A.6) implies (A.2). O
Lemma A.2. For every x € (—00, 0]\ {¢2} >0,
1 o
-z A7
2 2 (A7)
and for every x € (—00,0) \ {¢2j+1} >0,
—— (A8)
— > . .
W@y ¢
Proof. For every x € (—00, 0]\ {¢2;} >0,
1 o 2« 1
= ) (A9)
ur(x) 2 m2(Ai(0)? (V3Ai(x)+ Bi(x))?

If M is the Airy modulus,

Vx <0, (v/3Ai(x) + Bi(x))? < 4(M(x))* < 4(M(0))>%.
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With (A.9), for every x € (—o0, 0]\ {¢2;} >0,

1 - o 20 1
W2(x) 2 w2(Ai(0))? 4((Ai(0)% + (Bi(0))2)

Since

2a 1 ~
A AL BT 1.09, one deduces (A.7).
One also has, for every x € (—00,0) \ {¢241} >0,

X o —X

T W Y T2 A0 (VA + B2

(A.10)

The function x +— |x|_%N(x) is strictly increasing on (—o0, 0) (see [11]) and:

1
—X —x-|x|72

Vx <0, = 1
* (V3AI'(x) + Bi' ()2~ 4(N(x))2|x|"2

1
. 2 S .
Since x +— x| T is strictly decreasing on (—o0, 0), one has:

(N@))2|x|”2
—X le

— > .
T (BAr ) + B2 T AN Can)?

As (N(—=ap))? = |Bi'(—=ay)|, with (A.10) one has, for every x € (—oo, —ai] \ {¢2j} >0,

o aip

X
W2 =Y @0 4B (—anl

With

o . aj ~
A2 | HBTCa] = 2.74, we deduce that

Vx < —ay, __ > .
(' (x))?

Moreover, the function x > — is convex on the interval (—cy, 0) and its minimum on this

X
(U (x))?
interval has an approximate value equal to 2.03 > «. Since —¢| < —aj, we deduce (A.8). O

We also get estimates on the positive half-line.

Lemma A.3. Let t > 0. There exists A; > 0 such that, for every x > t,

U/

_4.3 343
— () —a—av3e 3| < AxT2e73. (A.11)
u
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Proof. Let 7 > 0 and x > 7. One has:

Ai’ (x)

v’( ) Ai(0)Bi' (x) — Bi(0)Ai’(x) N
—X) = = -
w —AI(O)BI(x) + BI'0)AI'(x) | /340
A-/ A-/ 2 1 _ 3Al:(x)
—a— 2a«/§Bl,/(x) 3a <B’_,(x)> 14— (A.12)
i’ (x) i’'(x) L+ 3%m05
Forx > 1,
1 — /34w )
0<14+ Brx) . (A.13)

= Ai'(x) — Ai'(1)
1+V3% 1 +V3%m0

Using [1, 10.4.61, 10.4.66] and since each error term in these expansions is bounded in absolute
value by the first neglected term of the expansion ([11, Section 4.4.1]), one has for every x >,

y I 11 2,3 . 7 11 3 2.3
Ai (x):—En 2x3e” 3"" 4+ Ry with |R1|§%n 2xix 2e 3 (A.14)
and
g 11 2.3 . 7T 11 3 2.3
Bi'(x) =m"2x%e3"" 4+ Ry with |R2|§@n 2xdx"2e3" . (A.15)

Thus, for every x > t,

Ail | 43
P00 _ L4 4 R with
Bi’(x) 2

s 2 3 (A.16)
|R3|<)F%e*%x‘z l+§ ’ 17%—1—1 7 73
- 48 2\ 48 2 \ 48
We also remark that for every x > 7,
v 2 3 3 3 3
(21/Ex;> = él—le_gx2 32 R; + R% and e~ %7 < xrem3T, (A.17)
i’(x >

Let Aro =%+ 3 (%) 777 + 1 (%)’ 3. Combining (A.12), (A.13), (A.16) and (A.17), we

get (A.11) for

3
A = Ar,O + -«

3
5 1+Ar,o+r*§A%’0]. o (A.18)

— e |
Ai'(t)
1+ 332/(2)

Remark A.1. From (A.18), we get that A; tends to +00 when t tends to 0.
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Lemma A 4. For every x > 0,

[

3
‘ (x) — o + a/3e” 3% <2.46-x7%67% X2

(A.19)

Proof. A similar proof as the one of Lemma A.3 leads to (A.19) for x > 1 since Ao +
~ ~ ~ 2 3
%a (1 + Ao+ r_%A2> ~ 2.458, where Ag = % + 3 <i> + % (%) and since, for every

N\L,a

3
e €[0,2]. Forx €[0,1], x — ”(x)x2e3" —axie —i—oe«/—xz is a continu-

1+ th(x)
ous increasing function whose approximate value at 1 is 0.684. Since 0.684 < 2.46, we deduce
(A.19). O

x>0,

Lemma A.5. For every x > 0,

/ 1 3 3 3
Zw-—+ NETRETS | PR e 1t (A.20)
v o o
Proof. Let x > 0. One has:
. . Ai’(x)
u_'(x)z 1 2V3A'w) 3 (Az/(x))z . 1+ V3570 A2
/ :/ i Ai’'(x) :
v o o Bi'(x) o \ Bi'(x) 1— 33;,&)
For x > 0,
Ai’(x)
0<1 1+[B”<X) (A22)
- 1— 3A1’(x) :
B’ (x)

Combining (A.21), (A.22), (A.16) and (A.17), we get (A.20) for x > 1, since Ao +
3 (14 Aj0+ A3 ) ~2.828 < 2.83, where Ay g is given after (A.17) for 7 = 1. For x € [0, 11,
o 343 1 343 33 . . . . . .

X 5(x)x2e3tT — o x 3 e’’’ + ¥=x2 is a continuous positive function which admits a unique
maximum smaller than 1. Since 1 < 2.83, we deduce (A.20). O

Lemma A.6. For every x > 0,

N\..a

4x
3%

<2.61.-x 3¢ (A.23)

Proof. A similar proof as the one of Lemma A.5 leads to (A.23) for x > 1, since A+

S(14+A+4) 22604 <261 with A= 5 + 3 (%)2 + j (48)3 Indeed, for every x > 0,

2 u 3 4.5 1.3 4 7 f
W € [0, 2]. Moreover, for x € [0, 1], x — ;(x)x2e3x — o xze 3% x2 is a contin-
1(x

uous function, increasing from O to its value at x = 1 which is approximately equal to 2.594.
Since 2.594 < 2.61, we deduce (A.23). O
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Appendix B. Sturm-Picone’s lemmas

In this Appendix we prove a Sturm’s formula and a version of the Sturm—Picone’s formula
adapted to the setting of the proof of Lemma C.2.

Lemma B.1. Let a < b be two real numbers and let g1, g» € CY%(a, b)). Let 7 be a solution of
—7"+ g1z =0 and let y be a solution of —y" + goy =0. Then:

(vZ —2') = (&1 - 82)yz. (B.1)

Proof. We have:

v~ + g1 2=y +ay) =y + " =07 -2
We also have:

(=Y +g1y) = (=Y + g2y) = (g1 — g2)y.

Then,

y(—=2"+g12) —z (=" + g2+ (g1 — g2)y) = — (7' —zy)".
Since —z” + g1z =0and —y” + g2y = 0, we finally have:

~(yZ' =) =—(a1 - g)yz,

which proves (B.1). O

Lemma B.2. Let a < b be two real numbers and let q1,q2, g € CY%a, b)) N Cl((a, b)), q1 >
g2 > 0. Let z be a solution of —(q1z') + gz =0 and let y be a solution of —(q2y’) + gy =0
with 'y > 0 on (a, b]. Then:

/ / 2
(g(myZ’ - qzy’z)> =(q1 -+ (z’ - %) . (B.2)

Moreover, if there exists n > 0 such that q1 — g2 > n, then there exists A > 0 such that

b
[é(quz/—qzy/z)] zA/zz(x)dX- (B.3)

a

Proof. We have, on the interval (a, b),

Z / y/ / Zz 22 /
(;(quZ’ - qzy’z)> = (qlzz’ - ;z2> =) z2+q1() - (qzy’)’; —q2y (;)

/

2 N2 Z2 / Z2 ' N2 / Zz
=g7z" +q1(z) —gy;—qzy 3 =q1(Z)" —qy 5
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2 !
= (g1 — )@ + 2 ((z’)2 —y (%) )

2
=(q1— @)+ <(z’)2 2y Z (y) )
y y

/ 2
=(q1 — )@+ (z/ - %) .

This proves (B.2). Then, integrating (B.2) between a and b and using Poincaré inequality in the
last inequality, there exists A > 0 (depending on 7, a and b) such that

y’(x)z(x)>2 ‘
_— X
y(x)

b
b
[%(qwz’ - qzy’z)} = /(ql (xX) — 2 () (X)) + g2(x) (z’(X) -
> / (@1(0) — 200) (' (x)%dx

b b
> / (& (0)2dx = A f (2(x))dx.

This proves (B.3). O
Appendix C. The monotonicity arguments
We have defined the functions f,, g, and the functions z; for k > 0 in Section 3.4.
Lemma C.1. Let k > 0. Then, for every x >0,
2(x) =0 and  zx(x) =x — Yr(x).

Therefore, zj is continuous on [0, +00). Moreover; for every j > 0 and every x > 0,

O<x+4a <zo(x)<x+co< - <x+aj41 <22j(x) <x+cj (C.1D
<x+ajt1 <z22j41(x) Sx +coj41 ...

Proof. In this proof it will be easier to use the expressions in terms of Airy functions for f, and
g since we will use classical properties of the Ai and Bi functions and in particular the fact that
Ai’ is strictly negative on the positive real half-line, which is not the case for u’.

For x > 0, Ai(x) > 0, Bi(x) > 0, Bi’ is strictly positive on [0, +00) and Ai’ is strictly nega-
tive on [0, +00). If z <0, x —z> 0 and fy(z) > 0. Thus, zg(x) > 0. Then, 0 is a zero of g, and
since ﬁ’ is strictly increasing on [0, +00), and for z < 0, x — z > x and g, (z) > 0. So, 0 is the
first zero of g,. In particular, for every k > 0, zx(x) > 0.

Let j > 0. We remark that, by definition of vr;, we have fi(x — v¥;(x)) =0, and by
definition of Y41, we have gy (x — ¥2;11(x)) = 0. Moreover, for x — z & {—C2j+1};>0, by
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unicity of v (x) in [—c2j, —aj11), x — ¥ (x) is the unique zero of fy in (x +a;41,x + c2;].
Since we have fy(x + aj11) = Bi'(—aj11)Ai(x) # 0, the set of the zeroes of f, is exactly
{x — Y (x), j=0}. Thus, for every j >0, z2;(x) = x — 2 (x).

For x — z ¢ {—C2j} >0, by unicity of ¥2;11(x) in [—c2j11, —aj41), X — ¥2;11(x) is the
unique zero of g, in (x +aj41,x +c2j41]. Since we have g, (x +aj1) = Bi(—aj41)Ai(x) #0,
the set of the zeroes of g, is exactly {0} U {x — v¥2;41(x), j > 0}. Thus, for every j > 0,
2j+1(X) =x — Y41 (x).

By Lemma 3.1, we deduce that zi is continuous on [0, 4+-00). Since for every j > 0, ¥2;(x) €
[—Czj, —5j+1) and 1//2j+1(x) € [—C2j+1, —aj+1), we deduce (C.1). O

We now prove further properties of the functions f, and g, and in particular their signs and
their variations.

Proposition C.1. For every x > 0, the functions f, and g, from R to R have the following
properties:

L. VzeR, g.(2) = — fx(2) and f(2) = —(x — 2)8x(2).
2. gy satisfies the Airy equation: g\ = (x —z)gx and fy satisfies the ordinary differential equa-
tion on R\ {x}:

(L) = fi. (C2)

xX—z
Proof. This results from direct computations. [

Proposition C.2. For every x > 0, the functions f, and gy from R to R have the following
properties:

1. The function f vanishes exactly on 0, x, and z2j11(x) for every j > 0. It is strictly negative
on (—00,0), strictly positive on (0, x), strictly negative on (x, z1(x)) and, for every j > 1,
(—l)ij; is strictly positive on (z2j—1(x), z2j+1(x)).

2. The function fy is strictly positive on (—00,zo(x)) and, for every j > 1, (—1)J*t! f is
strictly positive on (z2j-2(x), z2j(x)).

3. The function g, vanishes exactly on z3;(x) for every j > 0. It is strictly negative on
(—00, zo0(x)) and, for every j > 1, (—1)j+1g; is strictly positive on (z2j2(x), z2j(x)).

4. The function g is strictly positive on (—00, 0), strictly negative on (0, z1(x)) and, for every
j>1, (—l)j“gx is strictly positive on the interval (z2j_1, 22j+1)-

Proof. We will again use the expressions in terms of Airy functions for f; and g,.

(1) From the expression of f7, it is clear that f/(0) = f/(x) = 0. We have already
proven in Lem_ma 3.2 that er z € (—00,0), f)é(z) < 0. Then, for z € (0,x), x — z > 0,
x—z<ux, Bx —2) < B(x — 2) and fl(z) > 0. From f/(z) = —(x — 2)g«(z) and
Lemma 3.2, we know that the remaining zeroes of f, are exactly the z2;11(x) for j > 0.
We also have f/(x + a1) = aiBi(—a1)Ai(x) with a; > 0, Bi(—a;) < 0 and Ai(x) > 0,
thus f/(x + a1) < 0. Since f, is of constant sign in (x,z;(x)), one deduce that f, is
strictly negative on (x,z;(x)). To finish the proof of point (1), it is sufficient to remark
that f; is of constant sign on every interval (z2j-1(x), 22j+1(x)) for j > 1. But, x +ay; €
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(z4j-3(x),z4j—1(x)) and filx + aj) = azjBi(—azj)Ai(x) > 0, since Bi(—az;) > 0. Thus,
fi is strictly positive on (z4;—3(x), z4j—1(x)). Similarly, x + a2j+1 € (z4j—1(x), z4j+1(x)) and
fi(x +azjy1) =azj+1Bi(—azj4+1)Ai(x) <0, since Bi(—azj4+1) < 0. Thus, f is strictly nega-
tive on (z4j-1(x), z4;+1(x)).

(2) We have already proven in Lemma 3.2 that for z € (—00,0), fy(z) > 0. We also have
fx(0) = % > 0 since it is the value of the Wronskian of Ai and Bi and thus, for every z €
(—00,x), fr(2) > % Since zg(x) is the first zero of fy, this function is strictly positive on
(=00, zo(x)). We remark that fy is of constant sign on every interval (z2;-2(x), z2;(x)) for
J=1.But, x +asjq1 € (z4j—2(x), z4j(x)) and fi(x + azj41) = Bi'(—azj4+1)Ai(x) > 0, since
Bi’(—Engl) > 0. Thus, fy is strictly positive on (z4;-2(x), z4;(x)). Similarly, x + azj12 €
(z4j(x), zaj42(x)) and fr(x + azj42) = Bi'(—azj+2)Ai(x) < 0, since Bi’'(—dzj42) < 0. Thus,
fx 1s strictly negative on (z4;(x), z4j42(x)).

(3) It is deduced directly from point (1) of Proposition C.1 and point (2).

(4) It comes from point (1) of Proposition C.1, point (1) and the fact that for z > z;(x), z > x
andx —z<0. O

We have now all the ingredients needed to prove that zi is a strictly increasing function.
Lemma C.2. For every k > 0, the function zj, is strictly increasing from [0, +00) to [cg, +00).
Proof. We will separate the proof in two cases, depending on the parity of k.

Case 1: k =2j for j > 0. Let 0 < x; < x2. We want to prove that z2;(x1) < z2;(x2). Assume
that z2;(x2) < z2;(x1). Let § > 0 be such that z5;(x2) + 8 < z2;(x1). We use (C.1) to get

22j-1(x1) < X1+ djp1 <x2+ajp1 <22j(x2) <22j(x2) +8 <
22j(x1) < X1+ aj41 <x2+aj1 < z22j+1(x2).
In particular, x1 — (z2(x2) +8) <0, x3 — (22 (x2) + ) <0 and
(z2j(x2) +6) € (z2j—1(x1), 22 (x1)) N (225 (x2), 22j+1(x2))-
Thus, using Proposition C.2,
(=1 fi (22j(x2) +8) >0, (=1)! £}, (22 (x2) +8) <0, (€3)

and (=1 fr, (22j(x2) +8) <0, (=1)/ f] (225 (x2) +8) <O. (C4)

1

There exists n > 0 such that, for every z € [z2;(x2) + 8,22 (x1], XII—_Z == More-
over, since (z2;(x2) + 8, z2;(x1)) C (z2j-1(x1), 22j(x1)), for every z € (z2;(x2) + 8, z2j(x1)),
(—l)fﬂfxl (z) > 0. Similarly, since we have the inclusion (z2;(x2) + 8, 22;(x1)) C (z2;(x2),

22j+1(x2)), forevery z € (z2;(x2) +8, 22 (x1)), (=1)/T! f1, (z) < 0. Then, applying Lemma B.2,

225 (x1)

/ (fXI(z) (fx1 @Qfn@  fo (Z)fx2(2)>) dz > 0. (C.5)

S, (2) X1 —2z X2—2

22 (x2)+8
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Since fy, (z2;(x1)) =0, the integral in the left side of equality (C.5) is equal to

B fr (22 (x2) + 8) f, (22 (x2) +8) fle (z2j(x2) +6) . 1, (22 (x2) +8) -
X1 —22j(x2) =& X2 —22j(x2) =8 fi,(22j(x2) +8)

0  (C.6)

by the use of (C.3) and (C.4). But (C.6) contradicts (C.5) and thus we must have z;(x1) <
22j(x2). The function z3; is an increasing function from [0, +00) to [ck, +00).

It remains to prove that zo; is strictly increasing. If z»; is not strictly increasing, since it is
increasing and continuous, there exists an interval in [0, +00) on which z5; is constant. But,
72; is also analytic on [0, +00) since one can prove that actually the functions vr;; are analytic.
Thus, if it is constant on an interval, it should be constant everywhere which is not the case, so
72; is actually strictly increasing.

Case2: k=2j+1for j > 0. Let x| < x2. We will show by induction on j > 0 that z3; 1 (x1) <
22j+1(x2).

For j =0, we directly apply the classical interlacing zeroes theorem of Sturm with potentials
q(z) = —(x2 — 2) < p(z) = —(x1 — 2), since gy, satisfies —g)/c/1 + pgx, =0 and g,, satisfies
—g)/c/2 + qgx, = 0. Applying this theorem between 0 which is a common zero to gy, and gy,
and z1(x2) which is the first strictly positive zero of gy, one gets that g,, admits a zero in the
interval (0, z1(x2)). Since z; (x1) is the smallest strictly positive zero of g,,, we necessarily have
z1(x1) € (0, z1(x2)) and z1(x1) < z1(x2). Thus, z; is strictly increasing.

Let j > 1. We assume by induction that z2;1(x1) < z2;j-1(x2) and we want to prove that
22j+1(x1) < 22j41(x2). We assume the contrary: z2;41(x2) < z2j4+1(x1). Then we have

22j-1(x1) <2z2j—1(x2) < 225 (x2) < z2j41(x2) < z2j+1(x1). (C.7)
We apply Lemma B.1 to gy, and g,, between z2;1(x2) and z2;41(x2) to get

22j+1(x2) 22j+1(x2)

(8, (2)8, (2) — 8x, 84, (2)) dz = / (X1 — X2)8x, (2)8x, (2)dz. (C.8)

22j-1(x2) 22j-1(x2)

But, using (C.7), we have (z2;_1(x2),z2j+1(x2)) C (z2j-1(x1),22j+1(x1)). Using Proposi-
tion C.2,

Vz € (z2j-1(x2), 22j41(x2)), (=1) gy, (z) <0 and (—1)/ gy, (2) <O0.
Since x; —xp <0,

22j+1(x2)

(x1 — x2)gx,(2)gx, (2)dz < 0. (C9

22j-1(x2)

‘We have,
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22j+1(x2)

(80 (2)8), () — 8 8,,(2) dz =

z2j-1(x2)

— & (22j41(x2)) 81, (22j+1(x2)) + &xy (22— 1(x2)) g, (22j—1(x2)).

But, using again Proposition C.2,

Vz € [22j-1(x2), 22 (x2)). (—1)/ g} (2) <0

and

Vz € (22j(x2), z2j4+1(x2)], (—1)jg§2(2) > 0.

In particular,

(—1) gu (z2j11(2) <0, (1) g} (2241 (x2)) > O,

and

(=1 gy (22j-1(x2)) <0, (=1)/ g, (z2j-1(x2)) <O0.
Thus,

22j+1(x2)

(8 (D)8, (@) — 81,85, (z))/ dz>0

22j-1(x2)

which contradicts (C.9). So we have z2;41(x1) < z2j4+1(x2) and z241 is strictly increasing.
We have thus proven by induction that for every j > 0, zp;41 is strictly increasing from
[0, +00) to [c2j41, +00). This finishes the proof of Lemma C.2. O
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