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A scattering zipper is a system obtained by concatenation of scattering events
with equal even number of incoming and outgoing channels. The associated
scattering zipper operator is the unitary analog of Jacobi matrices with matrix
entries. For infinite identical events and independent and identically distributed
random phases, Lyapunov exponents positivity is proved and yields absence of
absolutely continuous spectrum by Kotani’s theory. © 2015 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4906809]

|. RANDOM SCATTERING ZIPPERS
A. Deterministic scattering zippers

Let L be an integer larger than 1. An infinite scattering zipper describes consecutive scatter-
ing events with a fixed number 2L of incoming and outgoing channels each. It is described by
a sequence (S,),ez of unitary scattering matrices in the unitary group U(2L). More precisely, the
matrices S, are chosen to belong to the following subset:

UQRL)w = {(55) €UQRL) | @,7.6 € Mi(C)and B € GLL(C) | . (1)

The scattering zipper operator U associated to the sequence (S,)nez is the operator acting on
£*(Z,C") and defined as

U=VW, 2

for the two unitary operators V and W acting on £*(Z,CL) and given by
v=| ® L owe=| s : 3)

where the 2L X 2L blocks in V are shifted to the left by L with respect to those of W along the
diagonal.

The action of U on its wave functions is as follows. Let z € C and let ¢ = (¢,)pez € £%(Z,CF)
be a solution of U¢p = z¢. Let y = W¢. Then, Vi = z¢ and ¢ = z7'Viy. Rewriting these relations in
terms of scattering matrices, one has

() =s:(8) . (&) ="(0) . () =5(5). (&) ="(0) - @

The shift of the blocks in V allows to consider the model of scattering zipper as a generalization
of both the Blatter-Browne model, introduced to understand the Zener tunneling effect’ and the
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Chalker-Coddington model on a strip.? Indeed, the operator U has the same unitary band matrix
structure as the Blatter-Browne model and the Chalker-Coddington model on a strip, but with an
arbitrary large width for the band. Note that since the operator U is a special case of unitary band
matrix, general results on unitary band matrices apply.” Some of these results will be used in
Sec. IV. However, the scattering zipper model is different from the Chalker-Coddington model on
the whole lattice Z? since it is one-dimensional and not two-dimensional.

The scattering zipper model can also be considered as a matrix-valued generalization of the
CMYV matrices. The CMV matrices are the unitary analog of Jacobi matrices and they were intro-
duced in the first place to study orthonormal polynomials on the circle (see Refs. 26 and 27 for a
large review on that topic). On the other side, Jacobi matrices were generalized to Jacobi matrices
with matrix coefficients.?#>> Scattering zippers are introduced in order to have a unitary analog of
Jacobi matrices with matrix coefficients which shares with CMV matrices spectral properties and
a way of representing their coefficients. Thus, the factorization in two diagonal by block operators
for CMV matrices® is used in (2) as a definition for scattering zippers. In the following diagram,
horizontal arrows represent the change from scalar-valued to matrix-valued operators and vertical
arrows represent the “unitarization” of the models.

Jacobi matrices — Jacobi matrices with matrix coefficients

3 3

CMV matrices —  Scattering zippers

From the spectral point on view, Verblunsky’s theorem states that any sequence in S' is the sequence
of Verblunsky coefficients for a unique probability measure on the unit circle.?® Thus, to each CMV
matrix, one can associate a unique probability measure on the unit circle which is its spectral
measure. A matrix-valued version of CMV matrices was also considered in Ref. 11 and corresponds
to a particular case of scattering zippers with all the phases set to I;, where I is the identity
matrix of order L. But, this matrix-valued version of CMV matrices does not satisfy an analog of
Verblunsky’s theorem: (see also Ref. 10). One of the motivations to introduce scattering zippers
was to fill this gap. It was proven in Ref. 23 that, for every scattering zipper, there exists a unique
matrix-valued probability measure on S' which is the spectral measure of the scattering zipper.
Thus, scattering zippers satisfy an analog of Verblunsky’s theorem.

The structure of the elements in U(2L);,, is now investigated. Invertibility of the upper right
entries of size L X L of the S,,’s is the only hypothesis done on these unitary matrices. This hypoth-
esis ensures that the scattering is effective so that U does not decouple into a direct sum of two or
more operators. It suffices to assume invertibility of the upper right block because of the shift by L
of the blocks of V with respect to those of W. Equivalent to the condition that S is invertible is the
condition a*a < I.. Furthermore, one has the 1rep1resentati0n23

UQL)iny = {S(a,U,V) e UQRL) | a’a < I and U,V € U(L)} , 5)
where
S(a.U,V) = y Py and p(@) = (I - @a”)?, p@) = (I -a'a@)? (6)
) T\ Ve —very ) P T ML > PO = '

In what follows, when there is no ambiguity, p and p denote, respectively, p(a) and p(a). The
sequence (a,), <z corresponding to the sequence (S,),cz is called the Verblunsky sequence associ-
ated to U.

B. Random scattering zippers

The aim of this section is to introduce the random setting which allows to define a random
version of the scattering zipper U. It will be achieved by defining an ergodic family of scattering
zippers whose phases are randomly picked in the unitary group.
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Let Qg = U(L) x U(L), By the Borelian o-algebra over U(L) x U(L) for the usual Lie group
topology, and Py = v ® v, where v is the Haar measure on U(L). Then, Py is a probability
measure on .

We define the product probability space

(Q,8,P) = ()% ®,e2B0, ®nezPo) -

Notation. For w € Q and n € Z, we denote w,, € Qg more explicitly by: w,, = (U,(w), V,,(w)).

Let w € Q and let (a,),cz be a sequence of matrices in My (C) such that for every n € Z,
ayay, < I. Then, for every n € Z, one considers the random unitary matrix S,(w) € U(2L)iny
defined by

Sn(w) = S(a,, Un(w)v Vn(w))

The sequence (U, (w), V,(w)))nez is a sequence of independent and identically distributed (i.i.d. for
short) random variables defined on the probability space (€, By, Py). Therefore, (S, (w)),ez is a
sequence of independent random matrices in U(2L);,y, but not necessarily identically distributed
since it depends on the sequence (@), <z

Associated to this sequence (S,(w)), <z, one defines the operators V,,, W,,, and U, = V, W,
asin (2) and (3).

Definition 1. We call random scattering zipper associated to (S, (w)),c 7 the family of random
operators {Uy, }wea

In order to study spectral properties of random scattering zippers, the spectrum of the operator
U,, must not depend on the random parameter w, at least P-almost surely. This property will be a
consequence of the ergodicity of the family {U,, },<q. To have this ergodicity property, it suffices to
make the following assumption.

Assumption A. The Verblunsky sequence is constant, equal to some a # 0.

Remark 1. Assumption A also implies that the sequence (S,(w))nez is a sequence of i.i.d.
random matrices in U(2L)iyy.

Notation. Denote the shift 7 : Q — Q defined by
Yo e Q,VneZ, (t1(w), = wpi.

The shift 7 is ergodic on (Q,8B,P). Moreover, using 7 and the Assumption A, one shows that
the family of random operators {U, } o is 2Z-ergodic. Indeed, for p € Z, let U, be the unitary
operator on £*(Z,CL) defined by

Vo € ((Z,CF), Vn € Z, (Up®)n = dnp-

Then, for every w € Q and every m € Z, Urm(y,) = U, Uy U;,, . The 2Z-ergodicity instead of Z-
ergodicity as in Anderson models is due to the fact that the scattering matrices are picked in U(2L)
and that the blocks of V are shifted only by L and not 2L. The induced overlapping of the blocks of
V and W is an obstruction to the Z-ergodicity.

Let S' denote the unit circle in C: S' = {z € C | |z| = 1}. Since for every w € Q, U,, is unitary,
its spectrum o(U,,) is a subset of S!. Moreover, using the 2Z-ergodicity of the family {U, },cas
there exists X c S' such that for P-almost every w € Q, X = 0(U,). The set X is called the
almost-sure spectrum of {U,, },, <.

There also exist Zp,, Xy, and Xy, subsets of S', such that for P-almost every w € Q, X, =
0pp(Uw), Zae = 0ac(Uy), and X = 0(U,,), respectively, the pure point, absolutely continuous, and
singular continuous spectrum of U,,. This is a general property of ergodic unitary operators. For a
proof of these results, one can follow Chap. V in Ref. 9. Although the results of Ref. 9 are stated
for self-adjoint operators, the proofs only rely on the existence of a spectral measure for the operator
and properties of functional calculus, which in our setting is a consequence of the spectral theorem
for unitary operators (see Ref. 22, Chapter 31).

The introduction of randomness in deterministic scattering zipper model (2) is necessary to be
able to consider this model as a generalization of the Chalker-Coddington model on a strip where
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the phases are random.” In this last model, the phases appear as diagonal coefficients of two by two
matrices, those being the diagonal blocks of the operator defining the Chalker-Coddington model
on a strip. In the random scattering zipper, the phases (U,(w)),cz and (V,(w)),cz are no longer
scalar-valued random variables, but they are matrix-valued in U(L). Thus, assuming that these
random variables are distributed according to the Haar measure on U(L) is a direct generalization of
taking phases distributed according to the Haar measure on the unit circle.”

The one-dimensional Anderson model has been thoroughly investigated'? and generalization to
quasi-one dimensional Anderson model (Anderson model with a matrix-valued potential) has been
considered.’ The random scattering zipper is the same kind of generalization with the random CMV
model playing the role of the Anderson model. Instead of considering scalar-valued coeflicients in
our infinite matrices, we consider matrix-valued coefficients. In this comparison with the Anderson
model, Assumption A has to be understood as the analog of the single-site potential assumption
made in the Anderson model: a compactly supported potential is shifted throughout Z and only
the random variables differ at each point of the lattice Z. This assumption is necessary to have
ergodicity of the considered family of random operators and thus to be able to apply the well-known
results of the theory of ergodic families of operators.

One can also see the random scattering zipper as a unitary version of the quasi-one dimensional
Anderson model. There already exists a unitary version of the scalar-valued Anderson model which
has been studied by Hamza, Joye, and Stolz in Ref. 15, but until the introduction of the random
scattering zipper, there was no unitary version of the matrix-valued Anderson model.

C. Main results

After having precisely defined the studied model, we state the three main results of this paper.
For the definition of the Lyapunov exponents associated to the random scattering zipper {U,, }w <0,
see Sec. II.

Theorem 1. Under Assumption A, for every z € S', vi(z) > y2(z) > - -+ > y1.(z) > 0.

Using Theorem 1 and adapting some results of Kotani’s theory, one deduces the absence of
absolutely continuous spectrum for {U, }, 0.

Theorem 2. Under Assumption A, the random scattering zipper {U,},cq has no absolutely
continuous spectrum: X, = 0.

A more general result giving a relation between the multiplicity of the absolutely continuous
spectrum of U, and the number of vanishing Lyapunov exponents is shown in Sec. IV. This result
is a version of the Ishii-Pastur theorem valid for general ergodic scattering zippers which do not
necessarily satisfy Assumption A. For j € {1,...,L}, we set

zj={zes"|AN,....Lye{l.... 2L} y;(2) = -+ = y1,,(2) = O} .

Then, we have

Theorem 3. Let (a,),cz be such that the associated scattering zipper {U,,},eq is ergodic. For
P-almost every w € Q, the multiplicity of the absolutely continuous spectrum of U,, on Z; is at most
2j.

Theorem 2 is deduced directly from Theorem 3.

Let us finish this introduction by giving the outline of the article. In Sec. II, we present the
formalism of transfer matrices for the random scattering zipper, and we define the Lyapunov expo-
nents associated to these transfer matrices. We also recall some of the first properties of these
exponents. In Sec. III, we prove Theorem 1 by reducing it to an algebraic result on the Lie group
generated by the transfer matrices of {U,, }., <o, the Fiirstenberg group. Finally, in Sec. IV, we prove
Theorem 2 by adapting many ideas of Kotani and Simon?! to the setting of random scattering zip-
pers. In particular, we characterize the multiplicity of the absolutely continuous spectrum in terms
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of the number of vanishing Lyapunov exponents on a subset of full measure of the unit circle and
thus prove Theorem 3.

Results on the positivity of the Lyapunov exponents are already known for some models of
unitary band matrices (see Refs. 7 and 16). The article of Bourget, Howland, and Joye’ was a
pioneering work on the study of one-channel unitary models and it was followed by additional work
by Joye.!”!8 For a review of these results and for a presentation of the associated physical models,
one can read Joye.!” These unitary models deal with scalar coefficients compared to our model
which deals with matrix coefficients.

The positivity of the Lyapunov exponents for matrix-valued models is also known for matrix-
valued Anderson models, both in the discrete and continuous settings (see Ref. 13 for the discrete
case and Ref. 6 for the continuous case). The Lie algebraic techniques used to prove positivity of the
Lyapunov exponents for these models, and on which Theorem 1 is based upon, were developed in
the 1980s and 1990s in several papers and in particular the work of Goldsheid and Margulis'# and
the work of Klein, Lacroix, and Speis.? For all these models, the positivity of the Lyapunov expo-
nents implies absence of absolutely continuous spectrum through the results of Kotani’s theory.”-!
The positivity of the Lyapunov exponents is a strong sign of the Anderson localization and one can
expect that random scattering zippers exhibit such localization and also exhibit strong dynamical
localization.’

Il. TRANSFER MATRICES AND LYAPUNOV EXPONENTS
A. Transfer matrices

In this section, we present the formalism of the transfer matrices which allows to reduce the
understanding of the asymptotic behaviour of the solutions of the equation

U,¢ = z¢, forze S, (7

to the understanding of the asymptotic behaviour of a product of random matrices in the Lorentz
group.

The dynamics of the wave functions of U, are difficult to understand by using only relations
(4), since the action of S, on ¢ and ¢ depends on the parity of n. Therefore, one needs to rewrite (4)
in a more suitable form. Instead of looking at the “input-output” relations through S,,, one needs to
understand how to pass from (32) to (Zj:i: ) for ¢ a solution of (7) and ¢ = W¢. This is done by
transforming the scattering matrices which lie in U(2L);,, into elements of the Lorentz group.

The Lorentz group U(L, L) of signature (L,L) is defined to be the set of 2L X 2L matrices
preserving the form
L. 0
= ) 8
L ( . IL) ®)

Then, the application from U(2L);,, to U(L, L),
U(ZL) v U(L7 L)
L a B y-68"'a 687!
(7 6 ) = ( - la B!

is a bijection. Let z € S'. With ¢ and i as above, the following relations hold:>*

VneZ (5) =@ ' Suw) (521) and  (52) = @(Sann(@)) (52 - 9
Thus,
Ve Z, (5272) = ¢(z7 Sonsa@)) - @(Sansi(@)) (52) (10)
and

VneZ, (2071) = oz i) - @(Sm(@)) (227 (an
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Moreover, one has

VneZ, (527) = ¢z $()) - ¢(San-1(@)) -+ - oz 7' $2(w)) - ¢(Si1(w)) (5°) (12)

and

e, (507) = 0 Sonar(@) - ¢Su@)) - (7 Sw) - ¢S (1) (13)
Therefore, because of Assumption A and because of the i.i.d. character of the sequence ((U,(w),

V(w)))nez in Q, the asymptotic behaviour of both sequences ((gi:‘l ))nEZ and ((z%:: ))neZ is the

same and is given by the asymptotic behaviour of the product in (12) or (13). It leads to consider the
application T'(z,-) : Q —» U(L, L),

Vi 0 A 1% 0 A
Vo € Q. 7o) = (Y6 ) T (57 ey ) T (14
with
. Z_lﬁ_l 5_10’* . 5—] E—la*
T()(Z) = ~_1 _1 and T1 = ~_1 -1 )
ap p ap p

since the following relation holds:>
Vo € Q, ¥z €S, Vn € Z, T(z,7"(w)) = (27 Son(@)) - @(Sans1(w)). (15)

Definition 2. Let z € S', n € Z, and w € Q. The nth transfer matrix associated to the operator
Uy, is the matrix T(z, 7" (w)).

The sequence (T(z,7"(w)))nez is an i.i.d. sequence of random matrices in U(L, L) because of
the i.i.d. character of the sequence ((U,(w), V,y(w)))nez in Q and because of Assumption A. It was
necessary to consider as transfer matrices a product of two matrices ¢(z™'Sy,(w)) - ¢(S2,+1(w)) and
not just one of these matrices to have the property that they are identically distributed.

The transfer matrices 7(z,-) generate the cocycle ® on the ergodic dynamical system (Q, B, P,
(T")nez) with ®(z,-,-) : Q X Z — U(L,L),

T(z, 7" (w))...T(z,w) if n>0
O(z,w,n) = b it n=0.
(T(z,7"(w) ... (T(z,7  (w)™" if n<O0

Due to (12) and (13), for fixed z € S! and w € Q, the asymptotic behaviour of the solutions of (7) is
the same as the asymptotic behaviour of the sequence (||®(z,w,n)||),cz, Where || || is any norm on
U(L,L).

B. Lyapunov exponents

The Lyapunov exponents associated to the family {U,, },,<q are defined by using the cocycle @.

Proposition 1. Let z € S'. For P-almost every w € Q, the following limits exist and are equal:
Y(z,w) = lim (O(z,w,n)) d(z,w,n)"’*" = lim (P(z,w,n)) ®(z,w,n))"/*". (16)
n—+oo n——0o

For every k € {1,...,2L}, denoted by M (z,w), the eigenvalues of ¥(z,w) arranged in decreasing
order. Then, there exist real numbers M(z) > 0 such that for P-almost every w € Q, M(z,w) =
M (2).

Proof. This is a direct consequence of Oseledets theorem applied to the cocycle ®(z,,-). In-
deed, according to Ref. 1 (Remark 3.4.10), one can apply Ref. 1 (Theorem 3.4.11) on C~ instead of
RZL. m}

Notation. Denote by € 4, a subset of Q such that
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d IP)(QLyap) =1,
o for every w € Qy,p, limits (16) exist,
o forevery w € Quy.p, forevery k € {1,...,2L}, M(z,w) = M(2).

Proposition 1 leads to the definition of the Lyapunov exponents associated to the ergodic family
of operators {U, },cq-

Definition 3. The 2L Lyapunov exponents associated to the ergodic family {U,,} ., cq are defined
by
Vke{l,...,2L}, yi(z) := log(h(2))-

Since the transfer matrices lie in the group U(L, L) and thus, for every n € Z, the matrix ®(z,w,n)
lies in this group too, we get a symmetry relation for the Lyapunov exponents

Yk €{0,...L}, y2r-1+1(z) = —y:(2).

It implies that the Lyapunov exponents arrange by pairs of opposite real numbers

Yi(2) 2 y22) = - > y(2) 20 2 ys(z) = —y(z) = -+ = y2(2) = =yi1(2). (17)

Therefore, only the L first Lyapunov exponents are relevant to prove the non-vanishing of all of
them.

In Sec. III, the Lyapunov exponents associated to the cocycle @ are proven to be all distincts.
Thus, using inequality (17), the L first Lyapunov exponents are all positive.

lll. POSITIVITY OF THE LYAPUNOV EXPONENTS
A. The Fiirstenberg group

Let z € S!. To prove that the Lyapunov exponents are all distinct and strictly positive, one
considers the Fiirstenberg group associated to {U,, },cq, Which is the closed subgroup of U(L, L),

G(z) = (suppu;) c U(L,L),

generated by p,, the common law of all the transfer matrices T(z,7"(w)), for every n € Z. The
closure is taken for the topology on U(L, L) which is induced by the usual topology on M, (C).

Since (T(z,7"(w)))nez is an ii.d. sequence of random matrices in U(L, L), using Assumption
A and the fact that the Haar measure on U(L) is supported by the whole unitary group, we get the
following internal description of the Fiirstenberg group:

G2 = ({(¥ @) o2 (0 wny ) 1100, Vo, U1, V1) € U(L)H). (18)

The Fiirstenberg group is therefore the closure of the group generated by the first transfer matrix
when the random phases take all possibles values in the unitary group. This description of the
elements of G(z) is used to prove that the subgroup G(z) is actually equal to the whole group
U(L,L).

Proposition 2. Forany z € S', G(z) = U(L,L).

Proof. By connexity of U(L, L), it suffices to show that the Lie algebras of G(z) and U(L, L) are
equal. The Lie algebra associated to U(L, L) is given by
u(L,L) = Lie(U(L,L)) = {T € My.(C) | T*L + LT = 0}.
Thus,

w(L,L) = {(; g) € My (C)| A*=-A,D*=-D,(A,B,D) € ML(C)} .

Denote Lie(G(z)) = g(z). The proof divides in numerous steps.
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Step 1. Setting Uy = Vy, = U; = V| = I, one gets To(2)T) € G(2). As G(z) is a multiplicative group,
(To(z)T1)~" also belongs to G(z). Thus, setting U, = V| = I, letting Uy, V, free and multiplying at the
right by (Ty(z)71)~" shows that

Y(Uo, V) € U(L), (VO 0 ) € G(2).

0 U
Step 2. By Step 1, one has U(L) ® U(L) ¢ G(z). This implies that

Lie(U(L)) & Lie(U(L)) c g(z).
Since Lie(U(L)) = {A € M. (C)|A* = -A},

e

Step 3. For V, = Uy = I and for any U, V;, To(z) (‘6‘ Uf) T\ € G(z). Therefore,

A*=—A,D*=-D,(A,D) € ML(C)Z} c g(2).

T e 004 (To(2)T1) ' To(2) Vi 0 T € G(2).
0 U 0 U

For j e {l,...,L} and t € R, picking V; = diag(l,...,1,¢",1,...,1) with ¢ at the jth place,
U, = I, and derivating at ¢ = 0 yields

. oot (Eii 0) 4
Vje{l,...,L},if; o 0 Ty € 9(2),

where Ey; € My (C) is the matrix with all entries zero except the (k,/) entry which is one. Then,
summing over j gives

Writing 7} as a block matrix, by direct computation,

(0 p
1(_05_2 0 )eg(z).

Step 4. Since @ # 0 and p 2 is invertible, p ~2a* # 0. So, there exists a couple of indices (jo, ko) €
{1,...,L}? such that (p2a*)(j,k,) # 0. Let ¢ = (p2a*)(j, k) Since the Lie algebra g(z) is stable by

brackets,
0 0 E 0 0 o 2a* 0 Ep,i
i N s T R || T O o) ¢ 4.
0 Ejojo 0 0 —ap 0 _CEjOkO 0
Thus, we have shown that there exists an index (jo, ko) € {1,...,L}?>and ¢ € C, with ¢ # 0 such that
. 0 CEkOj()
il _ € 9(2). (19)
(_CEjoko 0

Step 5. Let (j,k) € {1,...,L}?>and y € C. By Step 2, the matrix ( yEjk 67’5“ g) belongs to g(z) as
the block y Ejx — y Ey is anti-hermitian.
Using Step 4, forany k € {1,...,L} \ {ko} and any y € C, one has

yEkko_yEkok 0 i 0 CEkO]O —i 0 yCEij
0 0" \CEjy, O J| \-UcEjx 0

) € 9(2). (20)

By Step 2,

‘(o 0 ) @
i € g(2).
0 Ejj+Ejy;
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Then, forany j € {1,...,L}\{jo},

. 0 ycEy;,\ . (0 0
il i
—yCEjOk 0 0 E]]0+EJOJ

1

—ycEjy 0

( 0 _yCEkj) € g(2). 21

Setting y = —c~'or y = —ic”'in (21), one gets:

) 2 o Ey; 0 1Ey;
V(],k) € {1’ .. 7L} \{(JO?kO)}’ ( ) € Q(Z) and (_1 ) € g(Z) (22)

0
Ejx 0 Ejx O

Step 6. In the case (j, k) = (jo, ko), by the same computation as in (20), one obtains

0 — J)cExy;
i 0 WP ) (23)
—(Y — y)CEjy, 0
For y = —i,
0 E,W-O)
€ g(2). (24)
(Ejoko 0

If Re(c) # 0, then Im(ic) # 0 and, using (19) and (24),

1 0 Er,; 0 E; 0  iEy;
(i R Re(ic) o)) (7 i) gy (2s)
Im(ic) \ \—CEjy, 0 Ejk, O —iEjok, 0

If Re(c) = 0, then Im(c) # 0 since ¢ # 0. Taking y = —m in (23), one has again
0 iEy,;
. Vo) € g(2). (26)
_lEjokO 0
Let

-2

Since the elements of g(z) constructed in (22), (24), and (26) form a basis of a, (as a real vector
space), one has

B e ML(C)} .

ay C g(2).
Step 7. By Step 2 and Step 6, one gets that u(L,L) = a; ® ay C g(z). Therefore, u(L,L) = g(z),
which ends the proof. O

Remark 2. In the case a = 0, one can show that §(z) = ay € u(L,L). The hypothesis a # 0 is
therefore needed to prove Proposition 2.

B. Proof of Theorem 1

This section is devoted to the proof of the positivity of the Lyapunov exponents of the ergodic
family {U,, },, <. We explain how to reduce the proof of Theorem 1 to the result of Proposition 2.

Proof of Theorem 1. We can follow the strategy of Ref. 2 (Theorem 6.1). Let z € S'. By Propo-
sition 2, G(z) = U(L, L). By Cayley transform, the group G(z) is unitarily equivalent to the complex
symplectic group. Indeed, if C € M, (C) is the matrix

1 (L =il
C=— L ‘ L
\/E IL lIL
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= 0 —IL’
L O

U(L,L) = CSp,(C)C",

and J is the matrix

one has

where
Spi(C) ={M € My (CO)IM*IM = J}.

Since the results of Ref. 4 are stated for the real symplectic group, one can introduce, as in Ref. 2,
the following application which splits the real and imaginary parts of the matrices in M, (C),

. Mo (C) - Mur(R)

" A+iB o~ (878)
Then, 7(C*U(L,L)C) c Sp,.(R). With this setting, one deduces immediately from Ref. 2 (Lemma
6.3) that 7(C* - U(L,L) - C) is Ly,-strongly irreducible for every p € {1,...,L} (for a definition of
the notion L ,-strong irreducibility, see Ref. 4 (Definition A.IV.3.3)). To adapt the proof of Ref. 2
(Lemma 6.4) to scattering zippers, one only needs to perform a permutation of lines and columns of
the matrix with 2L distinct singular values which is defined in Ref. 2. More precisely, let P denote
the permutation matrix which send, for j € {1,...,L}, the (L + j)—th line of the identity matrix of
order 2L to the line 2 and, for k € {0,...,L — 1}, the kth line to the line 2k + 1. Then, multiplying
on left and right by P the diagonal by blocks matrix used in Ref. 2 (Lemma 6.4), one gets an
element of U(L, L) with 2L distinct singular values. Thus, 7(C* - U(L, L) - C) is 2p-contracting for
every p € {1,...,L} (for a definition of p-contractivity, see Ref. 4 (Definition A.IV.1.1)).

By applying Ref. 4 (Proposition A.IV.3.4) to the group 7(C*- U(L,L) - C), all Lyapunov expo-

nents are distincts. Moreover, using inequalities (17), the L first Lyapunov exponents are positive.
O

IV. ABSENCE OF ABSOLUTELY CONTINUOUS SPECTRUM

In this section, we prove that Theorem 1 implies absence of absolutely continuous spectrum for
the family {U,, }, cq. For this purpose, we prove an analog of the theorem of Ishii and Pastur on the
characterization of the absolutely continuous spectrum in term of zeros of the Lyapunov exponents.
More precisely, we obtain a unitary version of the matrix-valued analog of Ishii-Pastur’s theorem
which was proven in Ref. 21 (Theorem 5.4).

Except at the end of this section, when we use Theorem 1 to prove Theorem 2, we will not use
Assumption A. We only need to assume that the sequence (@), <z which defines the operators U, is
such that the family {U,, },,<q is ergodic. Of course, Assumption A ensures ergodicity of this family
but although it was needed to prove positivity of the Lyapunov exponents in Theorem 1, it is not
needed to prove Theorem 4.

Recall that for w € Qyyqp, the operator U, has 2L Lyapunov exponents which can be regrouped
by pairs of opposite real numbers

Y1) 2 2 y(2) 202 yea(z) = —ye(2) 2 - 2 y21(2) = =71(2).
Also recall the definition of the sets Z; given in the introduction. For j € {1,...,L}, we set
Zi=A{z € SHES coobje{1,.. L 20) yiy(2) = -+ = yip,(2) = 05
A sequence ¢ € (CL)?is said to be polynomially bounded if there exist C > 0 and p > 1 such that
Vn € Z, |lgnller < C(1 +|nl)”,
where || - ||oz is any norm on CL. With these definitions, we can state the first result of this section.

Proposition 3. Let j € {1,...,L} and let 7 € Z; be fixed. Let w € Qyyap. Then, every subspace
of the space
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{p € (CH2| Uy = z¢, ¢ ¢ £3(Z) ® CE and ¢ is polynomially bounded }

has dimension at most 2j.

Proof. We set
Viol(2) = {g € (C1)* | Uwp = z¢},
Vo(z) = {¢ € Vioi(z) | ¢ is polynomially bounded},
and
Va(2) = {¢ € Via(2) | ¢ € £3(2) ® CH}.
To prove the proposition, one has to show that
dim Vp(z) < 2j + dim Vj2(z).
For ¢ = (¢n)nez and ¢ = (Yn)nez in Vioi(2), we set
Wew) = (o) L (50)-

Then, W is an antisymmetric form on V,,(z). Moreover, since ¥ is in Vo (z), it is uniquely deter-

mined by (g?) and since L is non-singular, W is non-degenerate. Indeed, let ¢ € Voi(z) be such
that for every ¢ € Vio1(2), W(p,) = 0. Then, we apply this equality with 2L different ¢’s, those

being such that ({!) are the 2L vectors of the canonical basis of C*£. Writing these 2L relations, we
obtain a Cramer system with unique solution £ (g?) = 0. Since £ is non-singular, we get (i?) =0

and since ¢ is uniquely determined by (g? ), we gety = 0.
Now, since W is a non-degenerate antisymmetric form on Vi, (z), if V; and V; are two subspaces
of Vo1(z) such that

Vo e Vi, Vg € Vo, W(p,¥) =0, 27
then
dimV; +dim V, < 2L. (28)
Indeed, V| and LV, are orthogonal for W.
We set

D, = {¢ € Vioi(2) | ¢ decays exponentially at + co}.
Since z € Zj, exactly 2j among the Lyapunov exponents vanish at z. Thus, by Oseledets theorem,
dim D, =L —j.
We also have D, N D_ C V,2(z), so
dim (D, + D_) = dim D, + dim D_ — dim (D, N D_)

> 2L —2j —dim V(z). 29)
Moreover, if we take ¢ € Vp(z) and ¥ € D, + D_, then, by direct domination, we have
- $n * lpn —
i (S0 L () =0 &

But, one can actually show that the sequence ((fn] )* r <wz//n )) is constant when we choose ¢
n+ n+l nez
and ¥ in Vi (z). Indeed, since |z| = 1, T(z,7"(w)) € U(L, L) for every n € Z. Thus, for every n € Z,
(G L () = T @) (4 ) LT W) ()
= (o) Ty LT ) ()))
— Pn \* ‘/’n
- (‘p"“) .E (¢n+l) '
In particular,

(PyL(ye) = tim (Jn)L(,m)=o0. (31)

|n|—+o00
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Thus, if ¢ € Vp(z) and ¢ € D, + D_, W(p,) = 0. Then, by (28),
dim Vp(z) + dim (D, + D_) < 2L.
Combining this inequality with (29),
dim Vp(z) < 2j + dim Vj2(z),
which proves the proposition. O

Let Pyqq be the set of all the complex numbers z of modulus 1 such that the equation U, ¢ = z¢
admits a non-trivial polynomially bounded solution. Since operator U,, has band structure, we can
use results from Ref. 7. In particular, Ref. 7 (Lemma 5.4) and Ref. 7 (Corollary 5.2) applied to (2)
lead to the following result.

Proposition 4. For P-almost every w € Q,

o(Uy) = Poaa = {z € S [ ¢ € Vol(2) \ {0}}

and ESI\Pbdd(U“)) =0, where Esl\Pbdd(Uw) is the spectral projector on S"\Ppyq associated to the
unitary operator U,,.

With this proposition, we can prove the main result of this section, an Ishii-Pastur theorem for
scattering zippers.

Theorem 4. For every w € Quyap the multiplicity of the absolutely continuous spectrum of Uy,
on Zjis at most 2j.

Proof. Let w € Qpy,p. For A a Borelian subset of S', we denote by EA(U,,) the spectral projec-
tion on A and by Ei’(U,,) the spectral projection on the absolutely continuous part of o(U,) in
A.

To prove the theorem, we have to prove that

rk Eazcj(Uw) <2j.
Since by Proposition 4, Esl\pb . d(U‘”) = 0, we have
E%:}(Uw) = Eé;:jnpbdd(Uu)) = E?jﬂPbddﬂS(U“)) + EaZCjﬁPbddﬂSC(U“))’

where S = {z € S'| Ap € Vp(2) N Vj2(2), ¢ # 0}.If z € S, then 7 is an eigenvalue of U,,. Since there
are only countably many £2-eigenvectors for U,,, the Haar measure of S is zero. Thus,

E?jmpbddnS(Uw) =0 and EaZCj(Uw) = E?:jﬁpbddnsc(Uw)' (32)

But, since z € Z;, we can apply Proposition 3 to get directly that

rk EZ_/meddﬂSC(Uw) < 2]
which implies

rk E?jﬂpbddﬁsc(U‘”) < 2] (33)
So, combining (32) and (33), we have proven that

rk E}Cj(Uw) <2j,

which achieves the proof of the theorem. O

Recall that v; denotes the Haar measure on S'. Theorem 4 implies the following corollary.

Corollary 1. If for vi-almost every z € S', y1(z) > - -+ > y1.(z) > 0, then T, = 0.

Proof. If 7 € S' is such that y;(z) > 0, then no Lyapunov exponent vanishes at z, which means
that z € Zy. By Theorem 4, EaZCO(Uw) = 0. Now, if A is a Borelian subset of S', since by hypothesis
vi(Zo) = 1,

EX(Uo) = Ex7,(Uw) = 0, forP-aew € Q.
It implies Z,. = 0 by definition of X,. ]
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Finally, from Corollary 1 and Theorem 1, we deduce Theorem 2: the random scattering zipper
{U, }weq has no absolutely continuous spectrum.
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