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Exercise 1 :

Let 30
, -- un ....] be onemumeration of the

elements of D. For each moi , let Om=R1[M3. Then

each On is an opendence setof in and MOm = 10:
MGMW

Pwhich is motopen butof coure dense intis Iwhich sols
not contradict Bain's theorem) .



- Exercisee

Let 220 . First
, for every per,

Fp= 1 {x30, If(all35) is a closed set as an
intersection

P

of closad sets
, by continuit of f -

Monover
,
R %%

Indeed
, if acry , - pou, Un,p , If (mall?

b hypothesis . It means exactly that fou every
aERY ,

there exists poin, a etp , ine me
dU ~

pl,y

In particular, since IRIC p4F C plo is of
↑



3 non-empty interion . By Baire's themem attent

aneof the Ep's is of mon-empt, interion .
Enckeed

, any countable union of closed setsofempt,
inkenious is of empty interion .
Hence :

=p030. Ent(Fpolf - and :

-a,, 7830, Ja-d,at (FCIRt-
By definition of Epo : Vx6]a -d, a+ [ ,Yn),po,

If(nx)1 = E .

Let poriv such that :
V m
, pe , a <(n+1)5. and

lit No = Max (Po,pl .

Then U(n(a- ) , n(a+6)[ =]N(n-1), +-[m
, No



4 It y, Nocat] , 18 (115 .

Indeed
,
there exists m)

,
No
, y E]m(a-01, m(a+5)[

i
. e
. * ja-, a+o[ and If (m)) E

-

Finally , Sou every 20. There exists A =No(n-5K0
,

by A , If(ys135 i. e . flye8



Exercise 3
S

mer
,
let Fn=(220, f" (z) = 0] . Then Enis dosad

in D -

By hypothesis : 2e
, amzGr, f(m)(z)= 0 -

Hence : UFm= & since if =EC, Angerv, 2Ezn6AV

i
.e & CUEn -

non

In pantrcutan , nor En is of non-empt, interion and
at fearst one of the Ens , say Fro is of mon-empty
intenion .
Then : -2 Ens ,7130 , D ,

1 CFr and :

V2eD(2 ,3) , f(x)(z)=1 -
By analytic continuation

, f(B) = 0 .

Idence fisapolynomial function.



D Exercise 4 :

1
.

This is exactly Baine's theoem
.

- Since Unis an openset of i ,Win/E, --13 is also

am open
set of IR .

Let U bea man-empty open set of IR :

War = (a 52 , --, 3) 10
-Vn(--,3) ED by densit

, of Un-
non-empty opensetofi

Hence Wiis dense in IR .
3
:
By Baine's theoem

, maWn isdense in ir hence itis mon-empty
But 1Wm=V1[m(msn] 4- Since any coutable subset

moRV
A of in cam be witteros (un Insors, VIA ** i. e . VFA.



- ExerciseS

1
.
One wiles faneach mer and mor*,
Am

,m
=

es
,

{x=5) (fm(n) - fe(n)) -> 3

andeach Set (x=E((fm() -fy())) is a closed setby
continuity of fin molfe .

Hence Am
, m
is a closed set as internation of closed sets.

e
:

Let notfixed . Since (fonimsi converges pointwisetof,
for eachrest, Iffllmen is a camchy sequence ofreal numbers

Imparticulan , since 40
,
there exists Mathr

,
VI
,Mas

Ifi(n)-fefall ine atten
,
me



8 We did justprove that ECmer Anim and since farach
mor , Am

,
C, mYrAm,m2E-

idence
mEr Am ,m =E

3
;

Fau each n ERU
*

fixed , On is amopen set as a union of
open sets ,

the O
m,
-

We aimat showing that Omisdense int . Lett be anopen
mon-empty setof 5. Let A

m
,m

= Am
,
mU. for eachn,m

Then (5m,m /main is a countable family of cosedsets
ofU whose union is U Since mar Amim=
Idence

,
by Baine's themem

,
atfearst one of the Am,m has non-empty

-

interion
. ↳

Let in sin be such that Int(Amo
,
m) #4:M W

for the induced topologymU.



I Since U is aupen set ofE, Antr/Am
,
n) is also amapenset

of E and since Entr(Am
,
m) C Amo

,
m Entr(m

,
m) <Int(Amo

,
m)

Since Intr(Ams
,
m) CU ane has : Intr(Amo,m) (Int/Amo ,m) 15

Hence of+ Ent(Am /n) C/mount/Am,m15 = On 18
which is non-empty -

Idence On is dense in E.

I. Let G =nevOn , a -G and E30 .

a
;
Letmer

, 12 . Since atG , a 0 and there existsmor
,M

a =On
,m

Since Om
,
Am

,n , far each x tOm
,m/ if ,m,

Im(1-fe(n)) -E

Letting & tends to +a
, Ifm() - fasl!E .



18 Imparticulan , fanze=a -Om,m , (fm(a) - f(all- .
6. By continuity of Im at pointa , these exists Uneighborhood
of a such that: VreEV

, /fabl-finkl) -35 .
c Let zEV

.

Then :

18 (1 - f(a)) -18() - fab) /+(fmG) - fin(a)(t)fm(a)-fall
I E I E + [

=

32

Hence the continuity of I at pointa .
5
:
Recall that a residual set of a meltirc space is n set
which contains an intersection of opendence sets 2

Since the setof continuity pointsof f contains G, it is
a residual set of E .

6. It is not since it is nowhere continuous in IR
.



11 Execise 6 .

1
:

Let re6E
.

One has :

XTrSA
, IlEnhIlle = ((n(n)it= mix

i=1

Thus implies that : VIEA, 11Thilly- misent
But rett and the sen one all equalts = except for a
finie number of them . Dence : Im 1

,
Un
,No , n(n)

=8

and the sequence (m(1)n
,1
is bounded
, say by 0.

Then : TEA, IlInhelly- C

and As is bounded by C in R*1
.

2
:
Let>
,
1
. Cone has

:
Vret such that Illys=1,

IlEn Calligr = -(2) m Ikelly- ->M



12 Indeed Gareaches,1 , bel il hancelants elles
Hence : IlTalll Im

But
, if for each m,1, en is the element of +MV4)

such that for each if m , (en) i 50 and /em11 . Then
Ilenile--1 and : 1)Trenly- =m .

Idence InFulll),m and

finally , Un31, IIITulll = m and A is notbounded .
3
: If was a Banachspace , since each As isbounded

,
using Bonach-Steinhaus theorem , s should wiso be bourded.

Hence E is mota Bannch space .

Actually , it can be proven direct by constructing a lauchy
sequence in which does not converge inE .



For m
,
1
,
let :

13
vise

, Gali="
Then frt but :

~> 44,1, "lo-felle- = E
,
-Et ete . Sinn(240)

-

ev
, by the auchy ailean : 1950, 7 Na,0, Vp39L,Na, Epi
and Ilip-felle > 3 .
Hence (fins, is a Conchy sequence in E .

-

But : Intaplise which is not in Esie

it is notequal to o afte some is
Indead

;if f =(is
,1

: Anc
.
1
, Ilfr-81= te mate



127 Exencise

I let u= /new .
Then ust"cril but:

WEA
, lu-rlly), 1 since an infinite number of kenne

of ir one equaltos .

Hence s is not dense in (1*(iN)
,
11 Ia)

⑬ Let Get()
. Forevery New , let

Fr= 4, --- , 4N,8 ,---) EA .
One has :
Ter

,
Il mWilly-al -o since netYN

.

No +X

Idence A is cene in (EN) , 1117) .



15 e (TIr , 11 17 and 19
*(M)
,
11 Ial one both Bernach

spaces .
Asseme that these existsa sequence commo of positive

rol numbers such that

(An Un)non
ECIN) (un) et (M).

Then
,
inknoduce :

+Prive-ecr)
Canmoi - (OnUn/moNS

T is timem and bijective of explicit inverse :
T
-1 e "(MV) -> e

*(N)
unimait Le an Ennor

Moreover
, if one takes u = (msito (rr) then

canimo=Con'moir CRU) i.e Samor-
+

Hence : PustY
, IITully-im nulle [am

mo



16 and T is continuous
.

B-the isaaphism themem of Banach,
it is also continuous

.

Note that since all the an one different from 8 , 1 =TA -

and A being dense infetcoiv)
, IIIy) and Theirgo

homeomorphism , it should be dense in Le*V) , IIIla) -
But it is not !

Hence Culnoir cannot exist and there is no smalle
nate of ar for the absolutely converying series



17 Exercise 8

1 If 862) Hen CanGlaz tends to 0 atta

by Riemon- Lebeogue's theorem - i.e InDlmo **
idence T is well-defined and it is limeon by limea it, of
the integral .

~8 e), roz, lanyll galle, cheMoreover :

Idence : Ve L() , Il (anglmoza HIf11 =141y
andT is continuous -
We admit that it is injective . Esprove this one could

PWe He Fejen kernel :
·en

,
-- fNo +a

* faeven + est e et bien terrand
f = 0 .

Hence Vent= 403



18 2
: If one assume thatT is also auto

,
thenT is an isomaphism

and T is also continuous:
7530

, N8ET) , 1181p
& suplanf) .
MOZ

3 Let N0 . For each moz one sets:
8 if <n(y)=0

am=SEnif 19178-

Then
-

-*ne
, En mg) =/an(g) 1 .

Therefor : [lancpl= [ Emilin Enau glace de
/MIN IM) N

-ins
*

u un a weime da= gen franch



19 Ance
:
VNso

,
[Iamil Igly fully glemalefull
imIN

But : N
,
nez
, Infull-lanke if Inter

and in(r) = 8 if InK
,
N+1 -

En particular : m (enfr)1 = and

[lantll ligty .

ImN

4
.
Since No

, plus) is on incessing sequence
withan

upperband it converges .
Hence
, [Englein

:

ernonall
,m6Z

en 0
,
! ↳ the continuous function scho [Englein

M6Z

since every Kenn in the sun is continuous .



20 Since [0
,
21]
, by the dominated or theorem

,
the

or of the serie also tabesplace in (2, is) with
the same limit

Since ge[25, 3) (it is bandan ic and it persoulig
using Ponseval's equality , g()= [Engleinn a .e .

n6Z

Idence
, of being y

sit periodic ↳
* function wouldbe

equalto a continuous function a.e ! Of couse it is not
tre hence Iconnot be auto-



-1 ExerciseI

I Let /fra FN a sequence which autol eta fallla-
Since EaCE and Ilfm-flla ? Ilfflly foreneym, the

sequence (faloir also or to f in (E, 11 Ila). But Fis closed

in hence GEF, i.e. Fisclosed in (Exilllal -

↳ Fis closed in (IIla) which is Banach space and is also
closed in (E , Illal which us alse a Banach space
Idence

, (FIIla) ad (FIl al one both Banach Spaces-
Lat i: (FIIla) -CFl(a) . Then i is a lineon map whichfrof
is a bijection. Moreover it is continuons sunce

:VfE, If tatif



22 By the isomorphism themem of Bonach , iis also continuous
and :
=
, VfEF, Illa-Cla

3
:

Leti be the unitbull of (F, Il Ial -
Let f(B = II9lle1 and ligla-.
Then

: 1938
,
Yx
, y EC0,13, (x

-y|a*,
Vf EB, (f(n) - f(y)) = (1a(x-y = < 3

and B is equicontinuons in (([0,1], 41 .
Moreover : Vre[s

,
11
, YEB, If (11] Ila1 .

and for sach =[S,1, [frages is bounded .

Applying Ascolis themem , Bis relatively compact, hence



23 compact. By Riez's theorem
,
F is of finite dimension

.

Ascoli : · A CCCE
,
f) is equicontinuons in se-E if :

* 939
,
1

, Yye, d[(yr)2a , d=/f(n), f(y))) -35, 466-
A is equicontinuous if it is equicontinuons at eachnet.
· If sac is equicentimons ad if feracen
recz

, An={f(1)fesis relatively compactinf , thenAis
relatively compact-



-4 Exercise 18

1 Let (en)
mo

which or strongly tou int andlet
not Then :

In(n) -umil Pulls, Imanyl ->8
->y

Nota

and en x nota

↳. Asseme that en 20 in E and that-
in E . Then : Fact

,
u =ma im) = (g)

Recall the corollary of Hahn-Banach's theorem:
Uncz

,
Ill- sup[Inhil/ut'adling=1] and this

suporum is atained
-



25 Then
:
INGE

, Wills-1 , 1x, -2511 =N(x- 1)

Idence us= and the weak limit isa M =-

3. Let Memon which or weakly toxet .
Let usE Then Incallmon (U to ucal and imparticular
it is bounded by some constantMu>0 -

Then
, far eachmer, conside the limeon form :
In :E I
au(n)

One has : ↳mer
,
Vutz'

,
Ih(u)) ?Mn . Since Eland D

ane Banach spaces, one coupply Banach-Steinhar theorem
to get the existence of M30 suchthat:



26 Face
, lule , a In(s) M .

But using augain the duali thema , foreachmorr,
there exists un E, lunls- , /(mm))=1xall .
One dednces that:

Ange
, Han = (I(un)) -M

and Inlnow is a bounded sequence .

↳. Assume that en-net

Brig the duality theorem, thereexists nez, Ilulls*
and lum)I-Hall

.
Forthis mes'and forevery mei,



-X Incall3Iully limll=Ial .

Since lumil -> Incas-Hall one gets :Mot

Ilr1l = tim Incon))= tuning (ucm)) - timing (sall .
MotD



Exercise1
28

1 By Riez theoem , since is of infinite dimension
,
it's

unitball is notcompact
de aj Let a=20

,
13
. LetutE

,M

Then
: Incas1] Incas-ucal +ucol = Incal-upl +(wall

kx+ 2k+M.
-0
,13Hence

, SucalJacamis bounded by b+t .

↳. Let Es adlet 2e e29
,17 . Lot also & =E

Then : y et,17, by /28 one has
,

XuE
,
m , Incal-usysl Ilny) ! b =

E

Hence
, Fa is equicontinuoms an [S

,17 .

- Using Ascoli's theorm,m is compact. Since Fa
,
mis closed , Fa

,
mis compar



&9 Exercise12 :

I Forevery E29
,13 andmerc

,
let EnCH)faisids .

Since (f) or uniformly tog an 20
,
13
,

wh Falt=Je frsics-Sy(sids -

But: e [0,, Enl=fr(t)-80) hence
, using

uniqueness of the limit,
~+Ese

,
1
, f(H- fb) =-(sds .

Moreone
,
since the Ii one " on 20

,
17 andcr uniformly

to g an 23,
17
, gisalso con /o,11. Hence tro Gig(sics

is can 20
,
7) and I is cance,17 with :



30 Ve
,
1
,f = y(t) -

Idence the wonked result.

% a Let (fn) a sequence of elements of (III1a) whicher
to fEz andsuch that (Tifullmor or to im (F

, IIIy) -

i
.e(fr) Ce tog an 25,13 and (fr) cro to you

[6
,
13

-

By 1 , I is clanss, and fg i
.e
. g=Tf1-

Hence the graph of T is closed and since (5
, IIIIa) and

IFIIla) one Banach space las Fisclosed in the Banach

space ,I beng limeon
,
it is continuous

.



31 b
:

Let By the unit closedball of F.
Let 58 and I

,FEC,13 . Then :

NEF, 191- f(+)1 =1) fesids)[17-#Illflla
= It-#111Tif)Ily 1- #CIIflyCl

-1
whereC is such that

: Vfe, IlTa ?CIgly which
exists by ... and the cooft.
For &=I E (8 one gets :
V+, 3

,
1
,
14-FIC

, Xff, If(f(+1)-73= 2.
Hence BI is equicontimous



32 Monover : #eco,1), YfEBE , If (1 > 119101
Idence

, 98(3fetis
bouded for every e exo, 1.

Using Ascoli's theoem , Br=Bi is compaction =
CCC0, ,1)

.

C Since BE is compact, by Riez theorem , Fis of

fimile dimension



33 Exercise 13

1
:

Since &*CHU) is of infinite dimension , by Riesy
theorem

,
its unit ball is not compact.

4. 9 . let Mickwhich in to same & EC
,
13
.

>
I

L

Then eithe (m) tabes anly a finie number of different
Lvalues and in this case (m) is stationary to some kEK

3farm lauge enough moth,either (m) is a subsequence of
() mer which Kands to o atinfinity hence I= 8-

In both coses + <1 and Kis closed in [0
,
17

.

since it is bounded by 1 , it is a compact at of
R
.



34
b
.

Letus show first that GCC1K, IR) . Let &EG .
Let esck . Let (en) elea such that enwis .

moty

Let us show that flulmatafli) to prove that is

continuous at 2.
·If x =0 then since :

Uneriv
, If (milungO

hence f(n) -8 -

nota

Butsince 18101130, 161= 0 and f(x)wef()=f().
·If usto since et

, Jus1 ,2
since is an isolated point of te amilfen) or to e,
=NoeN

,
Un No , en and : fem)=f(s)-fl

Hence , angain
:

Ilum(waflus)
Hence o is continuous ateach is el hance , IECCK, ASI.



35 Let (fn) a sequence of elements of ↓ which converges
to I for Il I -

In particularful ar pointwise to fank and since :

Ense
,
rect

, Ifahla ,
and tetting i Kands to infinity : Jack, If full z .

Idence
, feG and Gisa desedset in (C(K

,
1)
, III) ·

c Fau U
,
P
,

11T(u) -T(r)l = /T(u)(n) -Tw)(s)
- max 18, (Tu)(E)-to)(f))
=sup /Un-n)=llk-oll-
n
,1



36 Hence Tis on isamely from (F, II (a) to (G
,
11 (1) -

In ponticulan ,Tis continuous
.

Moleover
I
Tis abjection of recipiocal map ,

T
-1 GroF 0 = f(x)ifn =3

fro in
wher

:
Ferr

, Unffl if ma, 1
Then : V , gfG ,
11 T (f) - + (g(la = max/ , no(f(-) -g()))

-If()-fl) (since fanf,geG,
f(0)=0 andglof)

-Hf-glk-
Hence isalso amisamaty ad therefore it is continuous



2 Finally , Tis C, Tisabjection and T is 8
:

Tis an homeamorphism from (F, Il (10) to (6, 11 Il pl -
d
: If Fis compact, T(F) is also compact byCof

and T(F) = G hence Gis compat.

if G is compact, F= T (2) is compact bycofT

3... Let reEK. Then :

VfCG , If(a) 21 and{f(gea"sbouded by1.
↳
:
Let rEl and let 30 .

· If u= then for every yek , In-y136 , 1y1-9
and

: VICG, If (1 -f(y)) = 1fb) - f(y)) = (f(y))- y - -

G is therefore equicontimons 2 0
· If x [3m then there est mett=



38 Let o=1 - ) =1 0
. Thenfa every yet,

-k(k+1)

M-y(d , x=y and If (1 -f(y))= 0=E -

Idence G is equicentimons at 2 -

Since R = 50305-3ms, Giseqnicant inou anK .
2
; Using Ascolis theorem

,
E is compact. But since 6

is closed
,
G is compact and therefore Fis compact-


