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M1 Maths Exercises sheet : Hilbert spacesFunctional Analysis solutions

1 Exercise1:

1
.. Let E

t Feco
,1) . Then :I

119(47 -4(+311,j = J- 44,(a) - 10, s ta)(be
-(da) = It-H

.

Fa
=
9
, if It-H= or then 19(-4(+1.-

and 4 is continuons

· Let 0< 5 2721
.

Then : 9 = +!



- and :

14T4
*
His - 1 - =1 -> +
I tot+t

Hence I is not differentiable int hence it is nowhere

ble
.differentra

%
Let 0 55 St (31

.

Then
: (4(5) -4(s(q(5) -q()) =((X2s

,
53/4

,

3)
-155,s(2) [1, 3 Mich
-

s
,53n[4]=

- Jock= O .
Idence (((5) -d(s) 1 4(4)-4(t)



3 Exercise

1
:
It is clear that for every p,P,0,Ge224] and every
J
,N =4,

D 4(PP) = (0 , P) and

D q(10+p, p) =54(p,91++(P,a) -
4(P, 12+NG) = >4(P,9) +p((P,p)-

· Morover : (P, P)= Plein des
, andig

CCP,P) =0 then by positivity andcontinuit, of
Or IP(e)1 :FOCEIT, i], IP129138
Hence every2 = 5={2 4/121 13 isaroot of P

je =0This set being infin



4 I Let k
,
CEHV

. One has :

911,4 =4) - 20etodo = eisenop

↑if kF=>Site ifk =1N

-Site
Hence

, 1/4)boon is an authonomal boos of RCX]fon4.
3. One has :

1191 = 41 ,51= (4,4) +414,4)



S = 1 + In =
+1g1+ ....+anel, 1

.

&=

ts On the otherside
, 1121 !le doImio=

and III SM .
But 1121)
,
1 henc M 3 1 .

If M=1 using &3: kan- 1 = -----ab=0 and{=!

Reciprocally if P=Y ,
M = sup 12 M = Su
I

=1

Hanco :

*

n= 1 ( p =Y



6 Exercise3:

%. It is clear that for every,P,0,GenEx] and every
NER,J,

D 4(PP) = (0 , P) and

D 4(10+p, p) =34(p,91+N((P,a) -
4(P, 12+NG) = >4(P,9) +p((P,p)-

· IfPERE, CIP, P) = &*Heat, 0 .
So

andig (CP, P) =0 by c and positivity of tro(PCe*,
* [0

,
+0
,
PA) - +

= 0 = 130
,
PH=0.

Henco every positive sal number is a rootof P which has



- therefore an infinite number of roots : P=0 .

&. Let p, qEMV .

4(X4, /4)= (** P et d= (+ 4) pas et at
=0 + +(p+a))+ +

+4+ *d

Usting a recurence :

4(X
,
44) = (p+q) ! (** = (p+y) !

⑤
.. This infimum is the squareofthe distanc between / and the plan

R1[X] CIR[X] for Ho scalon product defined by 4.
Idence

, if PR, (1) is the outhogonal projection of X auto/Ry]



8 inter (et-lattbilt=11 4- Pics/ li
42

-
d(X+,1(y3)

j <Pix]
⑭

First
, we

need t construct anauthonoumal boots ofIs,
athorornal for 4 -

We apply Gram-Schmidt to the comonical basis 11
, 1).

We have : ((1,1) = (8+0) ! =1
Then we search b

,Nen , 11d+p/



I 411, 6 +y) = q(, 6) + q(1,yX)
=> 41, 1) +N((1, X)
- 6 + y(0+1) ! = d+N .

ane cam choose =1 andy= - 1 to get 411, 1-11=0
and 111-4-
Itremains to renomalize 1-1 :

11 1 xg = 44-4 , 1-x) 4(1,1) - 24(1,X) +4(X,X)
= 1 - 2x1 ! + 2 ! = 1 -2+ 2 = 1 .

Hence 111-11g= 1 -

Finally , M
,
1-1) is an anthonoural basis of(R, 804.

Then
: P,

(41= 9(X,1) +1+ 414,14144-x)



10 = (1+0 ! +1 + ((+0) ! - (2 +1) ! )(1-x)
= - - 4(1-4) = 44 -3 = -(24-1)

↳Then
: (d(X> M, [x31)= 11 - 14 -) Il
=4(X

=

4y+2, X-4x + 1)
- 4(xi
,
x)-44(xi, X) +-qy, 1) -44(X,7-)

+164(,7)
-84(X,1) +- 4(1, 47) -844,X)+441,1)

= Y! - 43 ! + - + ! - 4 /3 ! +16x2 ! -81 ! +2x2!
2

- 8 + 1 ! + 44 0 !
-- 4 -/ /-4 +4 -8 + y -+ +4 =4
Hence infin

,b) e

+(t cat+bi) d= 4



11 Exercisell
.

1
,
t is clearly limeon .

Moseover
, if InsarCr, 41,N

Immoavl) = 1 Enl cont
,

SiteEll*
Schwarz

Hence the continuity ofT.
N Il almainle

Since Mr-kent, Mais posed in >(N
,
KI
.

I. As Mr is a closedl subspace of eci, 41 /
Ti

,
e = M 8 m

3- a
;
Let lair Stand Calmor CM



10 Then : (IninsarYalmon)-ni ; unir-youI
sinceM

-y- + = 0
Since tr>N

, yn=s byckfoft

Hence Cyningi M and ECMrt .
b
: Recipically , letus show that Mit CE

.

Let Cynimoit Mit . Then
: VIminsar Mr , (CYninsow/MmInoN) =6

Emparticula , if fau 0 55j N ansets 2i=1 andry=-1
kand fou +i , j , =

0 than 54m= i
. e moi M

n=
+D

and : 0 = [YnEn = yi4,
+

yj2
= yi -yji ey, =yj-

m=0

Thus
, cynimoine and Mot Ca . Finally , = Mit



13 Exercises :
Let f , g +A and 6 [0

,
13

. then

I⑰- ) fl bglache =
-6) /fachetdglache

↳(1-3) + 1 + 6x1 = 1
.

Tha H-D8+ g
Es and is conver

Moreover
, if Ifn)=Ar converge to fels then by

Canchy-Schwary :

IStriche-fra)- (enhalftlche(Sel Sabt-fras(sh)(Tabl
=Infl (Leb(ell"- -0Mot



14 Aure Sa fatal desmatfau che
But : FnGrV

, Grfablche],1 and letting a tends to infinity,
Saffal dock,1 and fEA .

Hence A is a closed conver setof 16 .
2
;

Since A is aclosed convexsetof 16 , amecom apply the anthogonal
projection themem to since =Lorlisam Hilbert space .

Then mit le-fll is attained at ges , o being the
GEA

autogonal projection of g on 1 and only at this point.



15 B3
.

+ characterization of the athogonal projectioni esofganA,
= f = 1 ,Re(y - 5(f - j) 8.

Far q=0 it gives

VfEA, Ref(g1f-g)))20 - Rely1fg)30 , VIE
-

( VffA ,Re((f(x)y(n)d),Re((g(n) in
But

,
since fe (affalch), 1, e isapossible

choice
. By uniqueness , one has :

mic

jes
181, = Metallis a



16 Exercise 6 :

1 Let yel6 fixed .
Canchy-Schwarz inequality

a. One has : Vest
, (y(1)=13Anlys) * IAullIy1

-IAII (y11 Ikell
-

Hence the continuit, of by . constant independant ofs

b. Using Riesy representation theorem of the continuous linear
forms in a bilbert space :

Ju6H
,
Xx6H

, Py(n)= (x(u)
Letus set u = Yy .

Then
:

Une
, Arely)=(x(A

*

y)



17 1
,

Let ye , yEH and d D. Tue has :

VasH
, (2 119(yNye)) = <An dynty-)
- IAn(y1)<Axly-)
=> (x(18y1) + f(x(Aby)
- (x) >*y+1y))

Hence
:

XrGH
,
(n(A* (by, +Nyo) -/61*y+NAy0)3 = 8

and in particular fax = A*(dy, +Nys) - (618y, +sy.)
one gets : **(dysty() = (614,+NA4y-)= 8

i
.
e ** (y1ty-) = >Ay + Aye .

Hence y toy is lineo
-



18
Moreover : VyCH , 111*y1= (88(1*y) = (y/11y)

Canchy-Schwarz- - HyI1 Il As*yll Hy11 (1A (1) (154y)(s)
of M*11 =0 them

: 8 = 11AyIl IIIA(1y11
Else

, dividing by 11A*yI the 181 inequality :
111*yI1 - IALCIy1-

Hence 18 is continuous and MA *I >MAI .

3
:

One has : VuyCH, <21 (148y) = < A* ly)
-(1) = ((y(x) =2x(sy)

Idence (***=A .
Then

: 11 (14*111 IIII A
* Il by theprevious imequality (92)

i
.e
. IIIA(13 111A*1 . Finally : MA*Il=MAN .



19 4 One las : i
, j = 41 ,mD , Je; 1 ej) = <Ae; lej)
-

i.e
. aj= Aj; and

*=45
.

-zej(seit

5
; 4. Foru &12,41 ,

litulle--InEl"ntelt"-(Ell)
*
-culler

hence the continuit, oft.
b
.

Sne has : Vu
,
oc (2

,
41
,
2 u/Tr) = nom(Folm

=[Yn wate = I Yn-1 En = (T
*u(r)

Mo noZ

dence : ne
,
e1
,
Ynk

, (a)n= -1



0 Exerciseti

12: to compute this integral, we use polacoordinates :
Let ze¢ , 1)0 and mORV

.

Then :
2

S --dblo S pein, ddD=() simed)()Y
*

d)-

(
,
n)

grea to
do " and jand-

Henc : Si (a)-):* > it8-( igh,



* b
:

Let fectr) .

Then I is holomaphic onr and
B (z

,
n) Cr is connected

.
Idence :

-we(z
,
1)
, f(w)= (w-

with uniform or on 12
,
11

. Imparticulan one cam exchange
<and) in :

Sain,Plaid en
-dblal fr) sald(w+I

n=
n !
r
,
n

- -(2) + /T = Trif(z)
!

Finally : f(2) = (5iz
,
((w(d)<col



& - Letff, E and no
. Asseme that d(z, 41 -

Then B(z
,
n) 2 R and : e(t)

191) li, ct) r J Tu se (l
Cauchy-Schwar "8IleIl B

,
n "

Sin

Me (Süsse,)
-
- elle n

-elle
idence

: If 1211 flle



23 ↳
.

Let (fulmotiva Cauchy saquence inAle
Lette Ce a compact set. Then , wing Borel-Leberges

property : (n>
, k([2 =r(d(z,-4) v3

Then
, if p,geRV and if = Ele , using 1 . C:

(fp(2) - fq(z)) = 11p - fq)(z)) = i]"fp-fle-
cal

Idence (fulnsavis uniformly Cauchy ant hence it cr
unifouly ant .
b. Ling Weinstra themem

,
there exists f holomaphic

on such that (fulmon er uniformly of an every compact



24 setoff and in particula . Ifulmor or pointwisely tof
on

. To show that i il is complete for IIII_, it remains
to prove that I obtained at -b is in it(1 and
that Inlmonv or of in() .

Let 0
. By Canchy propert : Na or, Vp,q, Na,

118p -ff) 3= =Nat,p, NasSelfokul-fq(a))b(a)5
We fixp and use liming imcy to obtain

, using Fator's lama,
(x) f(p(w) -f(w)

-
db(w) =f Enf (p() -1,(w))db(n) infplut-fqlol) adw



25 Hence (p-fe-(r) and sincepel(r), fe(91 .
since I is also holomaphic on1, &EAN1.
With fertil one nemites :(1) :
vaxo

, NaGRV , Ap, Na , Ilfp-fIl. E

Itmeans that (falmom or tof in (i() hence inArrl
.

This finally proves that /Ar, (-11) is albilbet space .
3
,
a
, d is clearly limon andif 30 is such that t,nic
then using 1 . (3) :

fe(a) , (62(1) = f(z)) fly



26 i
.
e
. 52 is continuons and its mon asalimon map is smalle

tham t fon every 20 such that (2
,
1) cr .

131 Let zer
.
Since Abel is a Hilbert space and de isn

continuous limeon form on L
, using Riesy representation

theorem
,
these exists a unique KA l such that:

XGEAR , 218) = (81kz) (fdd
i
-e -Vent, f(z) = Jau) Ela) db(r) .



* 2. (a) Let (
,IEr · Appliyin 3(b) with f= 12 and

"2
=
w" :

kr(w ,z) = ky(w) = (kz)ka)- wkz)
!

-Kakz) = 2
,
w)

Henc :
(
,
wer; km (2,w)=(w,2)

(b) Since Celeir isa Hilbert baxis of Al one mites
the decomposition of K2 ACl on it:

K2 = Eckelele with av inArt

But:
Infir

,
(kullen ! - Kul-entzl



-8 Hence :

Ke= entulen wither in All

3
,
(a)

.We have to prove that the given family cenimoir is autonomal
and is such that : Vert (Cen'nearl = AD) .
(i) Let m ,pEN :

celepl Swedb(w)
polar wordinales -=-pas 5* + e im-dp dO

-(I
*
- -

/1)
->

re



29 - if +P
-->

mettentate itma et
Hence Certai is athonoural

(ii) We prove that faomy f(ATD) ,III. flenI :

Using equality case in Besselineqmelit, one yets them that
DD C Vect(cenimon , which implies the equalityof
the two sets

,
the other inclusion beng always De-

Let =AID) and z ED : f(z) = frz
since fis holomorphic on the connected setD

.



30 Then
: 181=(pIfz) de =I

*

If(neinotto

-(1
*

(freig/do) ch
But :

*

Indo = * freind do

-j
*

( freimp) Té de Isimall 22)

ustig uniform av -I* Interim-plO dO

an D-10
,
1)
, n21 ↓
, Je tent jei-pl-

-Inli



31 Remark that we coul also have directly apply Penseralsequality
Then

: MH=J'e (ente) dein fuite
-E fa

But
, if mo : (flent lentel de=Incion/- co
-In (j*peipe-dolch

As before :

je forte"(p-nl0=fpreid = - fr



32 Ance
: (flenl* Tifm+(th-Fr fa

and :
(flent al

Finally : 11911- (flen)!
n=

This proves that ATD1= Vect (em(monu
Hence Ceninsin is a Hilbet bais of ADI .



33 (b) Using 4(b) :
+

↓(CD
,

2 D
, Kp(w,2)= K, (0) = [enteen()

M=

-(w
Let u = zw

.

Remonte that: miu= In* 1 .

Hence : VIw
,21eD, K 1- aunt-tr↑

uniform crof denivake
serves an every compact
in the cr disk

-> En Ful
Hena : (w

,
z1eD: ((w,z) =Fa)


