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M1 Maths
Functional Analysis Pontial Exam - Solution

1 Exercise1:

1. Let [Ifa ,Tfl3nomr & sequence of elements of 6(t)
which converges to If , g) in ExF.
By definition of the product topology :

11 fr-fllae and Il Tfr-gl0moi
Idence (fr) CU miforly Tofan 20

,
17 and (fr) =(f) Cr

unfary log an [0
,
1
.

By a classical result, g c= and y =f=Tf -



- Hance If, y) = 19, if) EGCT) and GIT) is

closed
.

1
,

Assume that I is continuous
.

Since it is limeon :

7 c30
, YfEE, Ilifl! clifle -

/

Let for any m> 1 , fr : site .
Then

: Un
-
1
, fa Stand :

Unem, Il fallo- Hier elle
and

: En savo
, Ilfully=1 .

Hence In
,
1
,
n SCx1 which is absund: Tisnot

continuous



3 3
: If both (E, IIIla) and (F, IIIla) where Banach spaces,
the closed graph theoremwould ensure that Tis
continuous since by 1 , 6(t) is closed .
Since (FIIIa) is a Banach space and I is notcontinuous

,

BoIE
, Il Kal is not a mach space .



4 Exercise:

finst
,
B is a cose converset of 16 hence Pas , the anthogonal

projection on B iswell defined -

For roB it is dem that Pistal=2 .

Assume that re IBad set plul -Full (1211 hance

different froms) .
Let yB .

Ther
=Pis if and only if : <y -p(l(x-p1n)) 58.

But:
sy-Funlin) =<412) - ann) - Di )Si ila)
=cyl)- - /+

=1
= Hall



S =In(y)) -Hall-(y)) +

=Il(y()-1) -(l)-1)
=(1)-1)((y(,) -1)

Since x kB
,
Ill-14
,
0 andsince ytB: by Conchy-Schwonz :

kyl)) = "y" Il. unl) = (y 11 - 1
Hence (1) -120 and finally :
<y -P(x)(x-p()) -0

We conclude that: VxB
, Pr(1-pm)=all



6 Exercise

1
.

First
,
since for amy seEl, PrlCF , by definition

ofd( ,F) : 112 -pr/mIl, dIn, Fl .

conversely , let y ef and let Ell . We decompose
re in Fr : x =Pf() +x where x + EF

Then
: 11 -yll = (PI(l+4r-y(Pf(a)+4 r+ -y)

=(pr(-y(Pf(-y) + Re(PEGy/xt)) + (x+ /nft)
-t
--

=11Pr(1-yll +121)



* But : Ifill- 11 r-pfull -
Hence=

Vy CF, 112 -y1 = 11p()-y1l +11x-prwill-, /2- pf(us))
and : d (2

, f) >, (12 -p=(11) .

Finally : d(a
,
F) = 11x -Pr(ill .

en
, e) - 4m~(a) FON ,0 fixed , let UN :

Salmonto [am-

M=0

Then Mr-Ken Un -

Buti is a continuouss line form
Ended : Vasechel

,Il re (E)twie Haller
Canchy-Schwarz

Henaken Un is a closed subspace of 1°nV, II .



8 (b) Soit G= Vert (1, . . . .,1 , 0 ... 1)
-

N+1 times
Then

: VxCM
, y G

, <rely) = <x16 (1, -.., 1, 0...

Hence G
=Mit

.

:3 m
=

(C) Le es = 11 , 8 , ----)
Then : es-Pred +Pu (eo) =Pro +Je, ...,1, 0...)
with Je,D . To determine Je one compute the sum

of the not comolinativates of the vectons in the decomposition ofto :
des +-.. +be = (N+1)de

.

1 +0
...+ =

0/smape EM
Hence des =+ 1



9 But : des
,Mr) = Her-Proll= Ide (1, . . - , 0 .... ( Her78

= 111
, ..,
1
,
0...) les=-N +1

Finally :
des
,Mrl=



10 Exercise 4 :

1 We use Ascoli's theorem
.

· Let x 620
,
1) and fEF :

If (1) = 1f(n) - f(x) +()) = 1f()-f(x)3-(x- !
Hence Fispunctually banded

.

· Let 540 · Forexery x, y (25,13, beylS
for every fEF :

1f(1 - f(y)) = -(a -y)= 24 = E

Hence F is equicontimom .

By Ascoli's theorem
,
I is relatively compacti ((5, 13,IR1.



11 But
, if Inl is a sequence of elements of which au for

IIIe to fe CCC1
,
11
,
141
,
then :

Xx
, y 55,
1
, 18 () f(y)) = (fn() -faly)) -2(x-y)

and I is -Lipschitzian .
Monover : f(1 = fab = 1 andfH)- fr (1)= 0 -

Indeed
,
or follle implies pointivise or an 0

,
17
.

Henc , Fisclosed in CCC
,17,14, 14a) .

Since it is

relatively comport, it is compact



12 ↳
,

Let
u :

(9
,
1
,1R) - IR

grig .

·hen :
Xgf (20,13,ir), In(g)) = 59) = 4- Igla= Igla

and n is continuous
In particular , u is continues on the compact setF, hence
it is bounded an Fond it attained its supremunion :

=GEF, n(f) = sup(u() /g -E]
i
.e 516F, (1 = 2359/y25) -


