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Exercises sheet 2 : Hilbert spaces

Exercise 1

Consider H = L2([0, 1],R) which, with the usual
scalar product, is a Hilbert space. We consider

φ :
[0, 1] → H
t 7→ 1[0,t].

where 1[0,t] is the characteristic function of the in-
terval [0, t], which is 1 on [0, t] and 0 everywhere
else.

1. Show that φ is continuous. Show that φ is
nowhere differentiable.

2. Show that if 0 ≤ s < s′ ≤ t < t′ ≤ 1, then
φ(s′)− φ(s) is orthogonal to φ(t′)− φ(t).

Exercise 2

We define an application φ : C [X]× C [X] → C by

φ(P,Q) =
1

2π

∫ π

−π
P (eiθ)Q(eiθ)dθ

1. Show that φ is a Hermitian scalar product on
C [X].

2. Show that the family (Xk)k∈N is an orthonormal
basis for the previous scalar product.

3. Let Q = Xn + an−1X
n−1 + · · · + a0. Compute

∥Q∥2.

4. We set
M = sup

|z|=1
|Q(z)|

Show that M ⩾ 1 and study the case of equality.

Exercise 3

We define an application φ : R [X]× R [X] → R by

φ(P,Q) =

∫ +∞

0
P (t)Q(t)e−t dt.

1. Show that φ defines a scalar product on R [X].

2. Let p and q be two integers. Calculate
φ(Xp, Xq).

3. Determine

inf
(a,b)∈R2

∫ +∞

0
e−t(t2 − (at+ b))2 dt.

Exercise 4

Let ℓ2(N,C) be the space of summable square se-
quences, with the norm defined by :

∀(xn)n∈N ∈ ℓ2(N,C), ||(xn)||2 =

(
+∞∑
n=0

|xn|2
) 1

2

.

For any integer N ∈ N fixed, let MN be the vec-
tor subspace of ℓ2(N,C) composed of the sequences
(xn)n∈N such that

∑N
n=0 xn = 0.

1. Show that the application T : (xn)n∈N 7→∑N
n=0 xn is a continuous linear form on ℓ2(N,C).

What can we deduce about MN?

2. Justify that ℓ2(N,C) = MN

⊥
⊕ M⊥

N .

3. Let E = {(yn)n∈N | ∀0 ≤ i < j ≤ N, yi =
yj and ∀n > N, yn = 0}.

a. Show that E ⊂ M⊥
N .

b. Show that M⊥
N = E. Hint: Note that for

0 ≤ i < j ≤ N , the sequence (xn)n∈N such that
xi = 1, xj = −1 and xn = 0 for n ̸= i, j belongs to
MN .

Exercise 5

Let Ω be a bounded open set of Rd and H = L2(Ω).
Let A =

{
f ∈ H;

∫
Ω f(x)dx ≥ 1

}
.

1. Show that A is a closed convex of H.

2. Let g ∈ H. Show that the minimum
minf∈A ∥g−f∥H is reached in a single element
ḡ ∈ A.

3. Calculate ḡ for g = 0 (use projection charac-
terization).
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Exercise 6

Let (H, ⟨·|·⟩) be a Hilbert space and A be a contin-
uous endomorphism of H.
1. Let y ∈ H fixed.
a. Show that the linear form ϕy : x 7→ ⟨Ax|y⟩ is
continuous.
b. Deduce that there is a vector A∗y such that :

∀x ∈ H, ⟨Ax|y⟩ = ⟨x|A∗y⟩.

2. Show that the application of H in H, y 7→ A∗y
is a continuous endomorphism of H. Call A∗ the
adjoint of A.
3. Verify that (A∗)∗ = A and that |||A∗||| = |||A|||.
4. Let H = Cn endowed with the scalar product

⟨x|y⟩ =
n∑

i=1

xiyi.

Compute the matrix of A∗ in the canonical basis as
a function of A.
5. Let T be the linear application defined on
ℓ2(Z,C) by

∀u ∈ ℓ2(Z,C), ∀n ∈ Z, (Tu)n = un+1.

a. Justify that T is continuous.
b. Compute the adjoint T ∗ of T .

Exercise 7

Let Ω be an open set of the complex plane C. We
define the Bergman space of Ω by :

A2(Ω) = {f ∈ L2(Ω, dλ) | f is holomorphic in Ω}.

where L2(Ω, dλ) denotes the space of square inte-
grable functions on Ω for dλ the Lebesgue measure
in C identified to R2. Let L2(Ω, dλ) be the usual
Hermitian scalar product (f, g) 7→

∫
Ω fḡdλ and the

associated norm || · ||2. We also provide A2(Ω) with
the restrictions of this scalar product and norm.

For z ∈ C and r > 0 we set B(z, r) = {w ∈
C |w − z| ≤ r}.
1.a. Let z ∈ C, r > 0 and n ∈ N. Show that∫

B(z,r)
(w − z)ndλ(w) =

{
0 if n ̸= 0

πr2 if n = 0

b. Let z ∈ C and r > 0. It is assumed that
B(z, r) ⊂ Ω. Show that for any f ∈ A2(Ω),

f(z) =
1

πr2

∫
B(z,r)

f(w)dλ(w).

c. Let z ∈ C. Let d(z,Ωc) be the distance from z to
the complement of Ω. Show that :

∀f ∈ A2(Ω), ∀z ∈ Ω, ∀r > 0,(
d(z,Ωc) > r ⇒ |f(z)| ≤ 1

r
√
π
||f ||2

)
.

2.a. Let (fn)n∈N be a Cauchy sequence of A2(Ω).
Let K be a compact of Ω. Show that (fn)n∈N con-
verges uniformly on K.
b. Deduce that there exists f holomorphic on Ω
such that (fn)n∈N converges uniformly to f on any
compact Ω hence pointwise to f on Ω.
c. Show that A2(Ω) endowed with the scalar prod-
uct of L2(Ω) is a Hilbert space.
3. For z ∈ Ω we set

δz :
A2(Ω) → C

f 7→ f(z)

a. Show that for any z ∈ Ω, δz is a continuous linear
form on A2(Ω).
b. For any z ∈ Ω, show the existence of Kz ∈ A2(Ω)
such that

∀f ∈ A2(Ω), f(z) =

∫
Ω
f(w)Kz(w)dλ(w).

4. We note for all (z, w) ∈ Ω2, KΩ(w, z) = Kz(w).
a. Show that, for all (z, w) ∈ Ω2, KΩ(z, w) =
Kω(w, z).
b. Let (en)n∈N be a Hilbert basis of A2(Ω). Let
z ∈ Ω. Show that

Kz =
+∞∑
n=0

en(z)en

with convergence of the infinite sum in A2(Ω).
5. We now choose the example of the open unit
disk. We take Ω = D = {z ∈ C | |z| < 1}.
a. For all n ∈ N and z ∈ D, we set :

en(z) =

√
n+ 1

π
zn.

Show that (en)n∈N is a Hilbert basis of A2(D).
Hint: we can use the equality case in Bessel’s in-
equality to show the total character of the family: if
(en)n∈N is an orthonormal family of a Hilbert space
(H, (·|·)), then

x ∈ Vect((en)n∈N) ⇔ ||x||2 =
∑
n∈N

|(x|en)|2.

b. Compute the function (w, z) 7→ KD(w, z).
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