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M1 Functional Analysis Exercises sheet 2-conections
Operator theory

Exencise 1
D

For UGL(X) ane has :
-

Tu= (x (Syk( ,y) u(y) dy /de
and :

(Sy k(n ,y) u(y)dy/ (Smy))),lilyle
Hence :

(x(Sykn ,y) ucy dynSx(S/ 1kmysidy))), Incyldy) de



⑳ => Lune Sx)/ 1km ,yll day de
= Nulle((x)11k1(xxx) +0

In particular TUE((x) and Tr : (
- (x)-((x) is well-defined.

It is of course lineo by lineonity of the integral.
3 From question 1; onegets :
*u+ (+)

, Itiulli Ellkx Nulle
Hence Ti is a bounded operator and

IlTrl(24) -11k10(xxx)
3 Let u , rel4X)

.

One has :

(Tuln) = Sy)(ykm,y) a(y)dy)a) da



Fubini
③ -

= Sx(xk(,y) u(y)n[x) dudy
= Syn(y) (S, K ,y) noTell de dy
= In 1T*) with :Fy ex, (T)(y)= (

/

km
,y) Tald

But :
Sk,y) erTal da =)y) Whilde

let 18 definedby: Fa,y EX, (
*(,y) = k(y ,x)

Then : Fuel,n ex, (Tigulm) = (,hy,a) ucyidy=(kxu)(y)
and T= Tick -

It is maloyous to the caseofmaties : A=*5=(ji) isism
12j1m



⑪ Exercise 2 :

We always have : 11 T*T12116) = 11 THis)
Indeed

, 11T* /2) = "Tly, and 1T
*

TH ET*"THy(4) = 11TI214)
Reciprally , for -H , Vill,1 :
IITull = (TulTul = (TTulu) IllTull Klull I 11TTHy Kull KallCS

hence 11Thi 11T*Type
If T isself-adjoint, T=T and 11 Ty =1TI · Terating
this relation one gets:MER , 11 T

*

/ = 11T12) Ym
Using the speckal radius famla : eCT=Tim 1ITRI- tim 11T

Ill
Roto I nota 416

=>tim(IT 1 TH)



⑤ Exercise 3 :

Re : Vuity mens that UU= USU =Edy.
1 Hint: Show thatit is enough to prove that

Ka (VP-1) = Ken (V -I)
We show that Ka (U-1) = Ke (V*-1).

Ver (V-1) (Ver (VP-1) : Letreken (V-1) :

Ux=x : applying US : UPUe= UPx
() n= Vox

(xEk(UN -I).



⑥ vo (V-#) (Kn (V-1) : letre Ker (UP-F) :

UYx= x : applying U : UUYe= Ve
Ex = Un

= xEk(U
-E)

.

Then : Ken (V-1) =KnLUP-1)= Kel(V-1)*)
= Fm(U -I)

+

and ( (V-1)(+=
Since U sibounded

,
Ver (U-1) is closed in 16

and :
H= ve (U-) Ma(-1)+

= Ver (V-)Em(U -1)



*? If Welt : 5 ! (x, y) Eku(U -1) x =m(V-1) ,
u = x+y

By definition Pu=x.

We have to prove that: Fueiv, Sun
->x=Pu
not

AneM
, Sun= Sur+Say · Neprove (i) : Sur notre

(ii) Synt
(i) WehaveKen (V-1) :

Ux =x and :M
,
1
,
UMx=x

So : Su=(+u+ --- +m)v

-
So : Ym>

,
1
, Suren hence Sux

no+=&



⑨ (ii) We have y- En(U-1).
Let 20 : Jy, EEm(U-1) , lly - Yelly &S

Since YGEIm(U-1) : 1 Sel , yz=N-=)zs
Then : Vm

,
1
, SuY+ U+ ---+ ) ya

=> (F+U+- ..+h)(uzz -2)
=>(3+V5. M/-Au
=Un -3a)



⑳ Hana : Fr,1
,

115myallisIlgalle
Mt

-> m(IUly() II sall +1lzalls)
S
=1 since U is unitory

= i Ilselmot
i
.e

.
INEM ,Fa, No, 11SuYelly

E.

Then:>1
, ISnylly =1Sy - SnYz +Snyally

= (1Sm(y -ya) + SuYell)
11 Sullypally tisanaleE E form,No

But : Aulas*(Flyy+ IVHypt--tlV)= = 1

& El



⑪ Finally for n),No :
USnyll ,<1xE + 3 = 22 .

and Sny -0nora
Sul = Surt Say - x+0 =x = Pu

mo +X ↑

Exemple: for U a rotation int : Ker (V-1) is the
axis of the rotation/ the set of fixed points 1.

-Ver(u-E) U=10

not un= 1

unTr



⑯ Exercise 4 :

1 let Immeau on other Hilbertboors of 16. Then :

↑ T=Helene
=Tel. Tselfadjoint (5 .al

But
, using Ponseval's identity with 18m/msi :
Fro

, 11 Telle
Henc:T=enfm)(T*Sm))

positiveTens
andT**S :a

But foraymei , using Pouseval's identity with Ce mer :

(TIm/1(T*Im(en))men=11IlM=T



⑬ Idance :
T=T SHm(m) =T

as previously
Finally , to T doesnot depend on the choice for Hilbart basisfor 1.

2 One has :-
In (Tts=+Seule=ht+S

M=T

Simitouly , for 3.0 / so that JTSO and tr (JT) is welldefined) :
h(JT)=teneHelen

3 If T-54,0 then :
EMEN

, /(T-slemlenk, Fusa,/Temlen) (Senlen).
Takingthe sum leads to : InT, S.



⑭ 4 If V isunitory and Centrem is a Hildert basis of 16 then

(Ven'ne is also a Hilbert basisof 1 . Therefore :
↓T (en) (Ven)=
similarly , since (0)* U and (0enmoar is also a Hilbert basis
g:Tenue

recipsael imageExercises: ↓ by9
Let JE 4 /mesC . Then : 7570 , lb(C*D1,3)=0.

() 7530 , for lab a . e . xER , ((l &D(d, 3)
=) FEL0, for leb a .e.Et, 19m-JK, 5 .



⑮ Let NELTIP) . We want to solve innELIR) theequestion
(4q -J)n=N.

Let a definedby : Frein
,
uSamWil sigmid

O sinon

Since thereexists 30 suchthat form.e . KER , (4m)-JK,E,·

U J e 0 .2 . on IR.

Marover :
14134101 Leb-p.p sig IC-5K, 3 leb-pop.

En particular nfL4r) andby construction itsatisfies Mg-bluze
in LCCR) . Henc Jeg(mg) .
Finally : JECesse JEpCMa) from which

We deduce that :
a(Mc) (EmosC



⑯ Reciprocally , letus show that Emero co(Mal.
Again , it suffices to show that p(Mc) Cid) Emerc.
let Jep(Mq) . Then :7

,
Fusin)

,Il(Mall
For ELG andMerv

,
let : us

,
m=q-1(D(,a))18m,m]

E(T(IR)
.

Then :
11Mc-)
*

Me , n
/1, =)

,plusun im-1 da
-1(D(J

,a))n[ -m,m]

But
, if n = Q "(D(,3) , (m) ED(6,3) and 1 Qcl-11045

Hanc : 11-51%E . Therefore :

Il (Mc-Sl
*
Us
,
/E Leb(71(D(,)) 17m ,m))



# Using (*): Leb(
*
(D(,)MM])Cleb()17m,m)

= Leb(*(D(,) &(m,m])-E Leb(**(D(,2)&(m,m])
For 230 suchthat c2 it implies that

Leb(**YD(6
,2)&[M,m]) =0-

Therefore : Lb(Var(@**D(,21) 1EM,MJ)) =0 and Leb (451D(,51))=0
i
. e . Je Enes4 . Finally , p(My) <KEmesse

and Emers& Co(Me).

By double inclusion : -(Mq) =EmessC



⑱ If C is defind ona compact interval [a ,b) andis
asomed to be continuous

,
it is t andwe canprove that:

Emess (= (([a ,b).

Indeed , let yeq([a,b)) . For every 530, Dly,a) is an
open disk and by continuity of C, (71)Dy,31) is an
open set of R. Emparticular :

Leb (¢**(Dly ,El)) <O and d Etiesso

Recipocally, if y Emera , forevery 12,1 , there exists
-ne*(d(y,) En particular : Ens,1 , (4(m) -ym/
and une[a ,b] . Since [a

,
b) is compact mecom extract from

fanins
,,
a subsequence locelm, which er to sameEtab).



⑬ Then : Unew
, 14 (es)-y)us which shows

,

using continuity ofC : cemy · Kence yec(2013)
We got the second inclusion and we conclude that:

Emes( =(([ ,b).

Remark : In general we don't have , for C: /RT @ continuous
andbounded

,
thatImessc =C(IR1 .

Endeed
, CRb is continuous andbanded lu

Emer =50, ta[ and CCIR)=0,+AT !



⑳ Exercise 6:

1 ane has : FueE
,
IlTulla = sup Il =suplumHulla-

MGZ MGZ

Hence T is bounded and it is an isomedy : 11 TF1.
=> Let Jee such that 1611 . Then (M)nezEE and:
frez

, (+ (mmsa)n = (n+
1
=6ym

Hence J is an eigenvalue ofT with associated
eigenrector (Jmez
3. let JEx,with 16 (1 . Let ueE

.

Let Jelt-Du
Then :

UnEZ, Un+ -Jum =Im
Hence : FnEZ

, Un
= Jun- +In-+= J(Jun--+fn- ) + fn-

= In-e +12-2 + 6-4m



⑰ By recurence , one gets p,1, une
Since h is bounded and 16141

, 60 um-p pro
Hence : FuEz

, Un
The infinite sum converges since 161 21 and (fr) isbounded
since u is bounded.

If for get one sets forevery MEI,+X

(R(g)m=de
one has Rjg etsince IlRsyllaglo- ligy
Using the previous computations :
Amaz

, (Ry(t)glum-n = yn-



⑳ It remites : Ry(T-1) = Ide -
We also have : Jyyk-1

*mz
,((t)((f))n-
-

b-1-k += gn - (2-1)
in the first -Ink -[(ynt =20gn =ymsum

k=1

Idence : (T-J) Rj=Ide-

Finally : Ry = IT-5)* and since Ry is bounded (IIMys)
we have Jeo(T).

If 16141
, Je.



⑬ 4 By 1,, act) (1) since ITy=1 -
By 2 :
He

,
111
, Jer(t) .

By 3:JED(1) , deoCT) .
We deduce that(T) = $"theunitcircle

5. Let J , 16/1 . Assume that derCTF). Then

Jep(Tf) and Tr-J is bijective.
But Tr-J :

For and by sinjectivity,
(Tr-b) (F) = F . Similarly (Tr-1)

"

(FF.

Let gef definedby :
In=1 if n 50 and Int if >0.



⑭ By the computations done atquestion 3,validforevery JED, 11,we have
Fnez

,(ITf-))nk=1

- to if d +0.

and if 60 , (TF-5) (g) #F although Fis stable by (TF-3)
Hence if JEK, Idando, Jep(Tf) . ie JeaCIEl
Finally : D(o

,1) 1903C 5 /TF)
6. Moreover , since IITFINITI_1,CTF) CDTT,1) ·

By 5 , Dp,111503 COCTF) . Since acTrl is a closed
-

set of D : stf) = Sall.



⑤ Exercise 7 :

1. Let JECo,1) . Assume that: VoEE
,
JUEE

, (F-du-n

Then : v=H-J(n () tu (
,
1
,
v(l = xu(x) +(Lu)g(x) -Jum)

= Axe[p,1 , v(n) = ( -b) um) ((u) g(u) -
· If g(6) then ~(J)=0 . In this cose , w(ll=0 is
a necessary condition for s to be in Em(T-J).
But
, if wetake N=1 on To

,
B
,
NEE and(d)O-

Idence v Fm(T-6).
Conclusion : if g(b) =0 , #J is not surjective.

· Assume that g(b)#0 - Assume ,by the absond , that
[0]-Rhi
x+Amb is in Im (T-J).



⑯ By definition of the range:
JusE
,
fr6[o

,13, /bl =(x-J) u() +(u) g(u)
This implies that:Exe[o,1155],

1=ablumithusa
Fa-All

If Kendstod : 1 = 0 +0 ! since g(d)+Oand o is

bounded (because it is continuous on [P,11)-
P

Wa getacontradiction from which we deduce that
h Im (T-J) · Hence T-J is not senjective.

Conclusion : If JET,11 ,T-J is not sunjective hence
not bijective i..e . Je(t).

Hence : [0,13 Co(T).



* ↳ let Je & 190
,13.In particular:nE,1,

atto
.
Ance

, if het ::
(T-D)n=h fxE,D, (x-5)um) +(u)g() =h()
fr(,1), u()=)
=re

,
1)
,
um=S Lu = Eq

S(en)
<
,
13
,umh
[
,
1)
,
un =-N=J dy

ESN(1+5 dy) =5 guy
(fe

,
1)
,
um)=h



⑱ If15y dy fo, the first equtrancomits a unique solutione
andthe second equation gives us in a unique way. Hence there exists a

unique ne E such that IFJuth.
S

Hance
, if15y dy #O and if JEE,B,T-J is bijective and
JECT) .
Wededuce that : JE SCHE,1 =1 dy=0
Fix Je 4 1[,1) and set :-

F(5) := 1+d

Then Fisholomophrc on KIE ,1) andsince F(6) - 1 Ibydommalder(
Ilota

F does notvanish identically undits zeres one isolated
i.e. (CTI[1] · isinaset of isolated points.



⑲ Moreover , i F(670 , the equation (T-J) u=0 is equivalents
&

ko the system :

x0=0 ()EFre[1], MME-(1)
This syskem hasan infinite number of solutions neE, hence T-J is not

injective andJ is on eigenvalue ofT. By (1), (T-d) =Vectrom
3 Wehave : F(6) =1y andon I We also deduce that:

JERID
, JETCH(Co,1] FIJlO.↑

=m) =mJ
and
aCT)([o

,
7) Cop(i)

Ance.Secti
,1) F(d) =0=



st En particulon ,s Er and therefor

=-E eSe
But, brod et the du me holemorphic on 150, 1] which
is a connectedset

.

Moreover they one equal on RICO,17 (C)[0,1]
which cantrins non-isolated points. These two functions me therefore
equalon 150,17 by amalytic continuation
Henca :

#Je 12
,
1
, byze-

andfinally : act=0,10S].



⑪ Exercise S

1. a; Since Ais self-adjoint, formy El,AER.
Hence ,for amy a so,

SeAlll
But aso hence different from zer0 and 1111 = 0 = C=0.

Hence A-a isinjective.
3 Let 4 Em(-u))t · Then:&E, (18-2(414)0

Since A is self-adjoint, so is A-a and :

-des , (P)(-a)y) =0 = (A-u)4 =0 .



B Then : (5414) = (xy(4) = ally1):

But 10414K,0 and 20 . Itemplies that 114110
and 4=0. Hence (Im (A-x))

+
= 503 and

#(A-u) = (m(-n)(+)
+
= 2037= 4.

which proves that EnC-n) is dense in 76.

d. We prove that EMC-a) is closed.
Let (m)

noph asequence in EmIA-m which converges to

~H
.

Then : Frew
, JunE1, Un =A-1) un and using

question 1
,
a:

En
,
mEM, 11 Nu-~m() = (l(A- x)4m = (1 -usun/

=Il(A-u) (m- Un) /l >, a lum-Mull



⑬3 Since Wi) on it is a conchy sequence which implies
that (mm) is a Cauchy sequence using the previous
vality- Hence (m) on to some U Els and by coofineq
Aon the fact that since it is self-adjoint, it is a closed
operator) /

Not

Amer Nn=A -4)un = v=H-x)uEIm(A-x)
and Em/A-u) is closed. Since itis dense in 16,
Tom A-u) = 16 and A-a is sujective .

Sic by 1. (6)
it is injective , it isbijective.

e% let Ye/ and=Blu) Y EH .
Then (A-u)9= 4

and by 10 :

2 Il Ros 411·1411*= Ils /Syl



⑬4 Hence Rota) is bounded and : 11 Romill2001 *
18) Since a is self-adjoint, w(s) CIR.
But

, question e(e) shows that amy re <0 is impa)
hance(A) <IRt

8 We prove the converse
.
Assume that #(A) CIR

+-

Since A is self-adjoint, by the speckal theorem , there
exists n unique speckal family E such that:

A=) + dz(t
SIT) +

But since WA) (60
,
tos

,
A=) +del



③5 Let B= 5 dEl =J .

Then BEA and Bis

self-adjoint hence :
+=1 , (p(ay) = (9(B) =(1By) =(B9(39)

=Bq11%, 0
Idence A is positive.



⑯6 Exercise9

1 let &E%MI . Then if Polisa Aux+-
11Itllysetms) Ell Bolisallysems) + 11 (emv)
But we proved that11Adrsil20N) 32 and we

have 11 VI
acen)

=ally

idence : 11 Hllacevil &Hully and It is bouded.
To show that it is self-adjoint itremains to show thatitis
symmetic.



* Let , per) .

(1214)=c
= (-91+rd) To +Aux -9n-1 +wm)Tn
=(+d)-ThunEn
=(9+No)To-Un

conNER
=-To +Pot)+-Outre-pour

i

=Pott)+m4n+ +NnYr)
Yl

= (p(44) .

Hence It is self-adjoint.
ITr



⑳ 9 Since Hisself-adjoint, w(16) CIP and plAK CIR.

If zECIR ,
H-2 is investible and G(21 is well-defined

one has :
G(z) - G(z)= (z -z)G(z)G(z) = 2i1mzG(z)G(z)

1=1*

But G(z) = ( -z)=-((1-2(4)" =( -2)+)*= (())*

hence IlG/zIII = 11G(z)II.
Then :

&Em21 /l G(z)GzIll = lG(z)- Glz)I) IIIG()IIHGl
-IlG(zIII

Hence (Em2) /lG(z)G(z)Il 1 /lG(2)/I

But
: 11 G(z) G(z)()= 11(G(2)) (G(2)*() = 46(2)1)2

Hence : (Em2) /lG((11
:

&11G(III.



Ge Since G(2) is invertible , G(27) and 116/2/11#0·

idence : 1m21/1G(2)1131 and 11G/zIIIIm2)
3 One has

, using speckal theorem for 1 self-adjoint,
G(z)=(H -2)1 =(, dE)

Hance :
Am

,
m , (Jm16(du) =Sird(dm(E()Gu)

fir5 Ym(d) Ym (5) dp(J)
Finally : Gm

,
n(2) =) UnHm(d) dp



# ane has :Fn
,
o
,
ImGm

,
(i)=Im) de
=Sir (m(b))

-

Im()dp(s)But : En m
Therefor : EmG(i)= (sol
But : Em En

, n
(i) (m

,
mill = 1/8m , Gli) Sall
Ell Salle Il GCi)Salle
IllGalle SullyellGCi) 11200m)

=T F

=IIG(i)le vilmil = IKence :

g(dp( 2



⑭ 5 letEso .

(81)dp+mo+
+dp()

Eapplevi=MineSirIl
But
, using

H,,

Insn1+25

and[nis
Hence),Occo(s)+0 and0(6)<+0 forp-a . e.J.

5

. Since for p-n .e J ,OC) <+ 2 ,
the serie which

defines OCJ) is or for p-n .

et and for such a J :



⑱ (4m(b))
&

(1 +67)(1+m*+22
Then : -N

.
EN
,
fu>
,No, (Ym(d)(

*
<(1+67) (1+m*

+3)

and : fr>N , (4m(6)((((1+my +3)
and Yn(s) is polynomially bounded inn

(monprecisely .Un>0,14m(/IMax s ,.../H+m
++4)


